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Abstract

Despite the success of traditional cancer treatments, a definite cure to several can-
cers does not exist. Further, the traditional cancer treatments are highly toxic
and have a relatively low efficacy. Current research and clinical trials have in-
dicated that virotherapy, a procedure which uses replication-competent viruses
to kill cancer cells, is less toxic and highly effective. Some recent studies suggest
that the success of combating cancer lies in the understanding of tumour-immune
interactions. However, the interaction dynamics of recent cancer treatments with

the tumour and immune system response are still poorly understood.

In this thesis we construct and analyse mathematical models in the form of or-
dinary and partial differential equations in order to explain tumour invasion dy-
namics and new forms of cancer treatment. We use these models to suggest
possible measures needed in order to combat cancer. The thesis seeks to deter-
mine the most critical biological factors during tumour invasion, describe how the
virus and immune system response influences the outcome of oncolytic virother-
apy treatment, investigate how drug infusion methods determine the success of
chemotherapy and virotherapy, and determine the efficacy of chemotherapy and

virotherpy in depleting tumour cells from body tissue.

We present a travelling wave analysis of a tumour-immune interaction model with
immunotherapy. Here we aim to investigate the existence of travelling wave solu-

tions of the model equations with and without immunotherapy and calculate the
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minimum wave speed with which tumour cells invade healthy tissue. This inves-
tigation highlights the properties which are most vital during tumour invasion.
We use the geometric treatment of an apt-phase space to establish the intersection
between stable and unstable manifolds. Numerical simulations are performed
to support the analytical results. The analysis reveals that the main factors in-
volved during tumour invasion include the tumour growth rate, resting immune
cell growth rate, carrying capacity of the resting immune cells, resting cell supply,
diffusion rate of the tumour cells, and the local kinetic interaction parameters. We
also present a mathematical analysis of models that study tumour-immune-virus
interactions using differential equations with spatial effects. The major aim is to
investigate how virus and immune responses influence the outcome of oncolytic
treatment. Stability analysis is carried out to determine the long term behaviour
of the model solutions. Analytical traveling wave solutions are obtained using
factorization of differential operators and numerical simulations are carried out
using Runge-Kutta fourth order method and Crank-Nicholson methods. Our re-
sults show that the use of viruses as a means of cancer treatment can reduce the
tumour cell concentration to a very low cancer dormant state or possibly erad-
icate all tumour cells in body tissue. The traveling wave solutions indicate an
exponential increase and decrease in the immune cells density and tumour load

in the long term respectively.

A mathematical model of chemovirotherapy, a recent experimental treatment
which combines virotherapy and chemotherapy, is constructed and analyzed. The
aim is to compare the efficacy of three drug infusion methods and predict the
outcome of oncolytic virotherapy-drug combination. A comparison of the effi-
cacy of using each treatment individually, that is, chemotherapy and virotherapy,
is presented. Analytical solutions of the model are obtained where possible and
stability analysis is presented. Numerical solutions are obtained using the Runge-

Kutta fourth order method. This study shows that chemovirotherapy may have a
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higher chance of reducing the tumour cell density in body tissue in a relatively
short time. To the best of our knowledge, there has not been a mathematical study

on the combination of both chemotherapy and virotherapy.

Lastly, the chemovirotherapy model is extended to include spatial distribution
characteristics, thus developing a model which describes avascular tumour growth
under chemovirotherapy in a two dimensional spatial domain. Numerical inves-
tigation of the model solutions is carried out using a multi domain monomial
based collocation method and pdepe, a finite element based method in Matlab.
This study affirmed that chemovirotherapy may possibly eradicate all tumour

cells in body tissue.
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Chapter 1

Introduction

1.1 Background and motivation

Cancer, known medically as a malignant tumour, is currently the third leading
cause of death in the world, after cardiovascular and infectious diseases (see Refs
[1-3]). The National Vital Statistics Report [1] ranks neoplasms of the trachea,
bronchus, and lung cancer as some of the most dangerous cancers and leading
causes of death. The 2014 World Health Organization Cancer Report [4] states
that 8.2 million people die each year from cancer, which is about 13% of all deaths

worldwide.

Cancer begins when body tissue cells grow uncontrollably to form a solid tis-
sue mass, known as a tumour, which later becomes invasive. Solid tumours are
mainly caused by genetic disorders, tobacco and alcohol abuse, poor diet and
physical inactivity, and radiation exposure among other carcinogens [5]. There
are over one hundred distinct cancer types with diverse dynamics [6]. The partic-
ular cancer type is usually reflected by the tissue in which it arises, for example,
gliomas arise from the nervous system; carcinomas result from epithelial cells,

and meningiomas from the meninges.
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A human body is made up of cells of different types. These cells are subjected to
signals which determine their division, differentiation or death. If the cell mul-
tiplication is uncontrolled, for reasons mostly originating from altered Deoxyri-
bonucleic acid (DNA) sequences, this may lead to the formation of a spherical
cell mass. This mass can grow and expand, and can move to other body locations
through a process called metastasis, thus becoming cancerous. A tumour devel-
ops through two stages; the avascular and vascular growth stages. The avascular
stage is the first phase during which cells replicate uncontrollably. These cells,
after contracting in one place, require oxygen and other essential nutrients for
further growth. In the search for these nutrients they sprout out blood vessels to
surrounding body tissue, thus moving to other body parts through two processes;
angiogenesis and metastasis, which form the second stage of tumour growth [7].
During angiogenesis, tumour cells secrete biological signals known as tumour an-
giogenetic factors (TAF) which attract blood vessels towards the tumour to supply
unlimited nutrients. Tumour cells can then move into the blood stream and settle
in other body parts, a process known as metastasis. In this thesis and for all the

models, we consider avascular solid tumours prior to angiogenesis.

A solid tumour consists of three layers: the necrotic core which contains cells
deprived of nutrients, a quiescent layer which contains nascent cells, and a zone
containing cells lying at the sheath of the tumour. The sheath of a tumour con-
tains fast proliferating cells. Nascent cells lying in the quiescent layer may either
die and move to the center of the tumour to form the necrotic core or may later
be recruited into the proliferating zone [8]. A tumour may however remain dor-
mant without metastasizing, possibly for an entire life time. This is supported by
clinical evidence by Aguirre-Ghiso [9] and some mathematical models (see, for
example, [10, 11] and the references cited therein). Current research attributes

this dormancy to the interactions of immune cells with tumour cells (see [10, 11]).
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Mambili-Mamboundou et al. [11] showed using a mathematical analysis that tu-
mour infiltarating cytotoxic lymphocytes (TICLs) are capable of reducing tumour
cell density to a very low and dormant state, but may not completely eliminate

these cells.

Tumour cells have mechanisms through which they elude the immune system
surveillance. These include: immune inactivation by tumour-derived cytokines;
macrophage migration inhibitory factors (MIF) blocks T-cells activation and in-
duces their death [12], immunosupression through amino acid depletion, accu-
mulation of tumour regulation T cells (Tregs) [13], resistance to apoptosis, and
immune inactivation by tumour derived cytokines [14]. It is therefore virtually

impossible to mitigate tumour growth without any form of clinical therapy.

Cancer therapies are as diverse as cancer itself. The function of all cancer treat-
ments however is to destroy cancer cells and should also distinguish between can-
cerous and healthy cells. Traditional cancer treatment methods include chemother-
apy (see for example [15-20]) , surgical methods (see for example [21-24] ), and
radiation therapy (see for example [25-27]). Modern cancer therapies include
imunotherapy (see for example [28-31]), use of anti-angiogenic drugs (see for ex-
ample [32, 33]), and virotherapy (see for example [10, 34-37]). Here we give a
review of chemotherapy, immunotherapy and virotherapy as they are the most

relevant to the aims of this study.

Chemotherapy involves the use of drugs which are administered orally or intra-
venously to directly lyse cancer cells. These drugs target fast multiplying cells,
thus utilizing the fact that cancer cells are fast replicating and hindering their
ability to grow. Many of these drugs have the ability to interfere with the syn-
thesis of molecules needed for DNA replication. They may accomplish this in

several ways, for example, they can hinder the cell from completing the S phase
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of the cell cycle. Some drugs like antitumour antibiotics, bind to the cell DNA to
interfere with DNA replication and transcription. A class of drugs inhibits cell
replication during mitosis. During this stage of cell growth chromosome sepa-
ration requires spindle fibers which are made of microtubules; spindle inhibitors
prevent the synthesis of microtubules [38, 39]. Because chemotherapeutic drugs
lyse fast multiplying cells, they also kill certain cells that divide rapidly such as
hair follicles, cells in the gastrointestinal tract, and bone marrow cells thus caus-
ing dangerous side effects which include severe hair loss, low white blood cell

count, and gastrointestinal distress [38].

Immunotherapy involves boosting a body’s immune system to mitigate cancer
growth. There are three categories of immunotherapy: the use of immune boost-
ing substances, use of monoclonal antibodies, and the use of vaccines. In the
first category, non-specific immunotherapies for example, laboratory made in-
terleukines and interferons are injected in a human body to boost the immune
system thus lysing or slowing down the growth of cancer cells. Most non-specific
immunotherapies are administered in combination with other treatments, for ex-
ample, chemotherapy [40]. The second category involves monoclonal antibodies
which are directed against a specific protein in cancer cells. Once a monoclonal
antibody attaches to a cancer cell, it may allow for the immune system to destroy
it or prevent it from rapidly growing. Some monoclonal antibodies direct drugs
to the cancer cells, for example, Brentuximab vedotin (Adcetris), a cancer therapy
for certain Hodgkin types and non-Hodgkin lymphoma [40]. Other monoclonal
antibodies which are currently in use for cancer treatments include recombinant
DNA-derived humanized IgG1 kappa monoclonal antibody (Alemtuzumab), Be-
vacizumab, Cetuximab, Ipilimumab, and Nivolumab. Several others are under
clinical trials. The use of monoclonal antibodies can also be classified as a form
of targeted therapy where they are used to target tumour cell specific genes, pro-

teins, or the tissue environment that contributes to cancer growth [40]. In the third
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category, vaccines are used to expose the immune system to antigens thus trigger-
ing the immune system to recorgnize and destroy the protein or related materials.
There are two major types of vaccines: preventive vaccines which are given to a
person with no cancer symptoms to prevent the person from developing a specific
cancer type, for example, Gardasil and Cervarix are vaccines that prevent infec-
tion from human papillomavirus (HPV), and treatment vaccine which helps the
body’s immune system fight cancer by instructing it to recognize and lyse cancer
cells [40]. Immunotherapy side effects include low blood pressure, rashes, and
flu-like symptoms, such as fever. In this study we consider only the first category
where a laboratory made protein, specifically interleukine? (IL;), is injected into
a human body to stimulate the immune system thus boosting its response to the

growth of cancer cells.

Virotherapy involves the conversion of certain viruses into cancer-fighting agents
by engineering them to directly attack cancerous cells, while normal healthy cells
remain undamaged. The idea of using viruses as a treatment for cancer began
in the 1950s, when tissue culture and rodent cancer models were originally de-
veloped [41]. Oncolytic treatment involves the use of virus genomes which are
altered to greatly enhance their anti-tumour specificity. This began with a study
in which thymidine Kinase-negative HSV with attenuated neurovirulence was
shown to be active in a murine glioblastoma model. Since then, the pace of clinical
activities has accelerated considerably, with several trials using oncolytic viruses
belonging to different virus families [10]. To date, several viruses have been de-
veloped, for example, adenovirus which has been approved in China [42], and
Newcastle-disease virus (NDV) which are in phase three of clinical trials [43].
There is no recorded toxicity as a result of clinical use of oncolytic virotherapy
to treat cancer [10, 34-37]). The virus characteristics that are most important in
increasing the efficacy of virotherapy treatment are not well known despite the

magnitude of research which has been done so far. In this thesis we will highlight
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some of the most important virus characterisitcs which need to be optimized in

order to mitigate cancer growth in body tissue.

Despite the success of existing cancer therapies, a definite cure to several can-
cers does not exist. This is because tumours possess mechanisms that suppress
anti-tumour activity such as ligands that block natural killer cells and cytotoxic
tumour infiltrating cell functions [44]. Thus tumour cells disguise themselves as
normal body tissue cells, making it hard for them to be lysed. Moreover most of
the traditional cancer treatments are highly toxic. This is as a result of their lysis
characteristics, that is, killing fast multiplying cells, however certain normal body
cells are also fast replicating. There is a dire need to therefore investigate the effi-
cacy of new forms of cancer treatments that are less toxic, and determine tumour
invasion characteristics that should be targeted in order to eradicate tumour cells

from body tissue which could lead to a cancer cure.

1.2 A review of mathematical models

In this section we review mathematical models of tumour invasion dynamics and
cancer therapy. We also point out some studies in cancer research that are of

relevance in this thesis.

Mathematical modeling of tumours and their macro environment have been stud-
ied since the early 1980’s (see for example [45]). Differential equations as tools of
modeling have since been employed to draw very important deductions in can-
cer dynamics and therapy. The major results which have thus far been drawn
from the analysis of these models, according to d’Ontfrio et al. [46], include; the
existence of a tumour free equilibrium, the possibility of a tumour growing to
maximum size, the possibility of co-existence of a tumour, in small concentra-

tions with immune cells (see for example [11]), limit cycles, where the tumour
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and immune cell concentrations can keep alternating in a repetitive manner (see
for example [47]), and a constant influx of immune cells in the tumour localiza-
tion. Cancer treatment models, using differential equations have also since been

developed and analyzed (see for example the models in [48]).

Mambili-Mamboundou et al. [11] presented a tumour-immune interaction model
with immunotherapy to investigate cancer dormancy, a scenario where a tumour
remains dormant for several years. Their model divided the cell population into
concentrations of primed tumour infiltrating cytotoxic lymphocytes (TICLs), tu-
mour cells , interleukine2, a cell complex, a chemokine , and resting cells. They
assumed that the IL, does not bind with TICLs to form a cell complex but instead
stimulates the immune system response against tumour cells through lymphocyte
activation, growth, and differentiation. The model was an extension of Matzavi-
nos et al. [47] with the inclusion of a class of resting cells and the assumption
that the formation of the cell complexes occurs on a time scale of a few hours,
while that of tumour cells as well as the influx of immune cells into the spleen
occurs on a much slower time scale. They extended this model to incorporate
space and thus studied the tumour-immune spatial temporal dynamics. The ho-
mogeneous model was analyzed through a stability analysis and numerical sim-
ulations and the heterogeneous model was simulated using the Crank-Nicholson
scheme. Their analysis showed that immune cells are capable of keeping the
tumour cell concentration at low levels and for a long period of time but may
not totally eliminate them. The spatial model simulations showed oscillations
in densities of both TICLs and the tumour with the tumour cell density having
a small amplitude compared to the TICLs. The analysis also revealed that im-
munotherapy may reduce the tumour cell density inside the body tissue. Despite
the fact that these results are helpful in explaining cancer dormancy, they did
not explain the most important tumour invasion parameters. Furthermore, a dor-

mant tumour may metastasize [49]. It is therefore important to investigate the
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pertinent mechanisms, that is parameters in mathematics, through which tumour
cells escape the immune system surveillance. Other studies of tumour dynamics
and immunotherapy include the following research [45, 47, 50-54]. These stud-
ies give an indication of some important issues pertaining to cancer dynamics.
Nevertheless, the dynamics of tumour-immune interactions are highly intricate
and involve many parameters and therefore, there is a need for more studies to
decode the mechanisms of tumour-immune interaction as this could potentially

reveal another avenue of determining a cure for cancer.

Phino et al. [55] developed a mathematical model of chemotherapy for treatment
of a tumour with the aim of investigating the efficacy of chemotherapy in elimi-
nating cancer cells. In their analysis they showed the region of parameter space
in which cancer cells can be eliminated. They also showed the outcome of the
cell concentrations with varying infusion rates of the drug. Other chemotherapy
mathematical models include [55-58]. Ursher [48] gave a comprehensive sum-
mary of mathematical models for chemotherapy. The analysis of all these models
do not point to chemotherapy as a global cure for cancer. Therefore, there is a

need to study new cancer treatment forms and combinations.

Tian [59] constructed and analyzed a basic mathematical model of virotherapy. He
considered populations of uninfected tumour cells, infected tumour cells, and free
viruses. His analysis showed that there are two threshold burst size values: below
one of these values the tumour always grows to its maximum size, while above the
other value, there exists one or three families of periodic solutions arising from
Hopf bifurcations. His study confirmed that a tumour can be reduced to low
undetectable cell counts when the burst size is large enough. Similar virotherapy

mathematical models include [60-62].
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Mathematical models to simulate cancer treatment combinations are few in num-
ber, despite the large number of theoretical and experimental studies. Dingli et
al. [63] developed a mathematical model of cancer radiovirotherapy. They proved
the existence of steady states related to a complete success, partial success, and
therapy failure. They further evaluated the relevant therapeutic scenarios for the
treatment combinations and identified important elements of optimization. Tao
and Guo [64] described cancer radiovirotherapy using a free boundary problem
for a non-linear system of PDEs. They proved global existence and uniqueness
of the solutions to the boundary problem and constructed an explicit parame-
ter condition corresponding to the success of this therapy. To the best of our
knowledge, there has not been a mathematical study on the combination of both
chemotherapy and virotherapy, yet experimental studies have shown that the on-
colytic virotherapy (OV)-drugs combination may be a success in cancer treatment
(see Reference [65]). Therefore treatment outcomes of chemovirotherapy need to

be further investigated.

1.3 Classification of tumour dynamics models

There are several types of mathematical models, each requiring different tech-
niques of analysis. In this section we present a basic classification of tumour

dynamic models in mathematical biology, and appropriate to this thesis.

Mathematical tumour growth models may be categorized into microscopic and
macroscopic models. Microscopic models are based on observations on a micro-
scopic scale, for example, acidity, vascularization, and other internal cell dynam-
ics [66]. These models mostly incorporate observable chemical reactions between
tumour cells, the extra-cellular matrix and normal tissue cells, pressure, cell cohe-

sion, and adhesion. The chemical reactions include the diffusion of nutrients and
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oxygen into the tumour, mitosis, cell division, natural cell death, surface tension,
cell cycles, and chemotaxis. Consequently, there are several parameters involved
in such models and a large variety of mathematical techniques are a requirement
to analyze them. Some examples of microscopic models include those given in

[67-70] and the references therein.

Macroscopic models are based on observations on a macroscopic scale using,
for example, diffusion tensor images (MR-DTI), computed topography (CT), and
magnetic resonance images (MRI) [66]. The tumour dynamics observable fac-
tors on a macroscopic scale are limited and for this reason, macroscopic mod-
els are mathematically simple to analyze. The parameters that are most impor-
tant in macroscopic modeling include diffusion and chemotaxis. Examples of
macroscopic models can be found in the studies [11, 47, 50, 71, 72] and the refer-
ences therein. Malinzi [71] gives a further classification of tumour growth mod-
els. In this thesis we consider modeling on a macroscopic level with diffusion
and chemotaxis where necessary. We incorporate certain other salient features in
tumour growth modeling such as apoptosis, natural cell growth, and local cell

kinetic interactions.

The diffusion of cells, drugs, viruses, and other nutrients can be modeled using
the Fisher-Kolmogorov equation (see [73]). This equation can be used to model
the random movement of cells and nutrients in body tissue. The simplest macro-

scopic form of the Fisher-KPP can be written as

ou 0 ou
FTE a(D(x)g) +poU(1-U), (1.1a)
Vitan = 0, (1.1b)

where U(x, t) is the cell density, D(x) is a space dependent function that models
the tumour diffusion coefficient. The function pU(1 — U) may be considered to be

the tumour density natural growth function where p is the tumour proliferation
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rate. Equation (1.1b) models the cell density at the boundaries of the tumour

(no-flux boundary condition). x and ¢ are space and time variables.

In the context of this thesis, chemotaxis is the movement of cells in response to a
stimulus. The chemotaxis phenomenon can be simulated using the Patlak/Keler-
Seigel equation (see [74]). It takes into account the density U(x, t) of cells and the

chemo-attractant C(x, )

ou o*u o, oC p
= = 3m X5 (U5), t>0x€ERY (1.2)

where C(x,t) is the chemical density, x represents the chemotactic sensitivity
function. The boundary conditions of Equation (1.2) depend on the assumptions

made pertaining to the movement of cells at the boundary of the tumour.

The mathematical models we construct in this thesis are in the form of ordinary
and partial differential equations. A differential equation relates a function with

its derivatives. The function simulates observable quantities in real life.

1.4 Aims of the study

Despite the fact that several mathematical studies on cancer treatments have been
conducted, more needs to be done in order to decode the complexities of the
underlying processes in tumour invasion. Striving to determine a cure for cancer
requires an investigation of processes such as the tumour invasion characteristics
and understanding the mechanisms of interaction of the immune system with
tumour cells. However, a full comprehension of tumour-immune interactions is

still lacking (see Ref [71]).

In recent studies, virotherapy, a less toxic treatment, has been identified as a
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possible cancer therapy (see [10, 41, 75]). This treatment type involves the use of
laboratory made oncolytic viruses that infect, multiply, and directly lyse cancer
cells with less toxicity [75]. The virus specific properties allow for biding, entry,
and fast replication in the tumour [65]. Nevertheless, little is known about the

virus characteristics that are most important for therapeutic purposes.

The major aim of this thesis is to investigate the efficacy of recent cancer treat-
ments and explain the phenomenon of cancer dormancy. This thesis seeks to
use analysis of mathematical models to achieve the following objectives: deter-
mine the most critical biological factors during tumour invasion, describe how the
virus and immune system response influences the outcome of oncolytic virother-
apy treatment, investigate how drug infusion methods determine the success of
chemotherapy and virotherapy, and determine the efficacy of chemotherapy and
virotherpy in depleting tumour cells from body tissue. Firstly, we seek to ob-
tain an estimate of the strength with which a tumour invades immune cells, or
the ability of tumour cells to resist attack by immune cells, and also identify the
tumour invasion properties in the form of the main parameters that should be tar-
geted to mitigate cancer growth in body tissue. Secondly, we seek to study how
virus and immune responses influence the success of oncolytic treatment thus
predicting the success of virotherapy as a cancer treatment in depleting tumour
cells from body tissue. Thirdly, we construct a mathematical model to simulate
chemovirotherapy, a cancer treatment that employs both chemotherapy and on-
colytic virotherapy, use mathematical analysis to predict the efficacy of oncolytic
virotherapy (OV)-drugs combination treatment, and compare the efficacy of using
each treatment, namely, chemotherapy and virotherapy individually. Fourthly,
we also aim to investigate how drug infusion methods determine the outcome
of chemotherapy and virotherapy. Lastly, we develop a model of avascular solid
tumour growth under chemovirotherapy treatment in a two dimensional spatial

domain to study the spatial-temporal effects on chemovirotherapy treatment.
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This study is likely to be of use to medical practitioners in a way that a more
efficacious mode of cancer treatment will be pointed out. Further, this study is
likely to identify the best infusion method for cancer drugs. An investigation into
the tumour invasion characteristics which are most important during invasion
may shade light in the development of effective cancer drugs. Lastly, alternative
cancer treatments, other than chemotherapy, radiotherapy and surgery, will be

suggested in this study.

1.5 Overview of the thesis

This thesis is divided into six chapters. In this chapter we have given background
information and motivation for this research. We briefly discussed the biology
of tumour formation and cancer therapy, reviewed some important mathematical
models on tumour-immune modeling and cancer dynamics, and outlined some

of the important methods which we employ in this thesis.

Chapter 2 describes a model for the analysis of a tumour-immune-immunotherapy
interaction. An estimate of the strength with which a tumour invades immune
cells is made, and we determine the parameters that are most pertinent in tu-
mour invasion dynamics using a traveling wave analysis. Chapter 3 gives a study
of the dynamics of tumour-immune-virus interactions. In Chapter 4 a chemovi-
rotherapy model is developed and analyzed in order to investigate the effects of
chemovirotherapy and the efficacy of chemotherapy and virotherapy treatments,
and also to determine the infusion method that is most efficient in cancer treat-
ment. Chapter 5 is an extension of the work presented in Chapter 4. The chemovi-
rotherapy model is modified to incorporate space thus developing an avascular
solid tumour growth model for chemovirotherapy treatment in a two dimensional

spatial-temporal domain. Chapter 6 contains a general conclusion and discussion
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of the findings in this thesis and suggestions for areas of further study.



Chapter 2

Response of immunotherapy to tumor-
TICLs interactions: A travelling wave

analysis

In this chapter we present a traveling wave analysis of a tumour-immune inter-
action model with immunotherapy. The mathematical model takes into account
local kinetic interactions between cells, the random movement of cells and the
chemotactic response of immune cells once a tumour cell interacts with a tumour
infiltrating cytotoxic lymphocyte. The existence of traveling wave solutions is
proved by establishing a heteroclinic connection between the stable and unstable
manifolds in the apt-phase space. A minimum wave speed of the tumour solitons
is estimated to measure the strength with which a tumour attacks immune cells
or the strength with which immune cells resist being lysed by tumor cells. The
expression of the minimum wave speed highlights the parameters which are most
crucial during tumour invasion, thus indicating the tumour invasion characteris-
tics which need to be targeted in order to mitigate tumour growth. Numerical
simulations of the model are determined. Finally, implications of the model anal-

ysis are presented.
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There are several cancers for which effective treatment has not yet been identified. Mathematical modelling can nevertheless point
out to clinicians tumour invasion properties that should be targeted to mitigate these cancers. We present a travelling wave analysis
of a tumour-immune interaction model with immunotherapy. We use the geometric treatment of an apt-phase space to establish
the intersection between stable and unstable manifolds. We calculate the minimum wave speed and numerical simulations are

performed to support the analytical results.

1. Introduction

In travelling wave analysis, the medium moves in the direc-
tion of propagation of the wave. Travelling wave analysis is
important in tumour-immune interaction dynamics since if
travelling waves exist, then we may estimate the potential with
which the tumour cells invade healthy tissue [1]. Tumour-
immune interaction studies have revealed a lot of information
regarding cancer and cancer treatments [2-9] including
cancer dormancy, when tumour cells remain in a quies-
cent state for a long period of time without metastasizing.
Cancer dormancy has been attributed to tumour-immune
interactions, particularly tumour infiltrating cytotoxic lym-
phocytes (TICLs) [2]. Travelling wave analysis could lead
to an understanding of the analytical connection between
model parameters and tumour invasion properties.

Most of the standard cell invasion models are related
to the Fisher-Kolmogorov equation. The Fisher-Kolmogorov
equation [10, 11] is the simplest macroscopic reaction-
diffusion evolution equation for modelling cancer invasion
just as seen in [12]. Many authors, for example, [12-14], have
used the Fisher-Kolmogorov equation in modelling diffusive
tumours and the evolution of cancer on a macroscopic scale.
Several studies have shown that this equation exhibits travel-
ling wave solutions and the minimum wave speed for these

models has been estimated (see [15, 16]). The tumour-im-
mune interaction model presented in this paper employs the
Fisher-Kolmogorov equation to model the random move-
ment of cells. The aim of this paper is to investigate the
existence of travelling wave solutions in a tumour-immune
interaction model with and without immunotherapy and to
estimate the minimum wave speed with which tumour cells
invade healthy tissue. In this way we obtain an estimate of
the strength with which a tumour invades immune cells or
the ability of tumour cells to resist invasion by immune cells
and also identify the tumour invasion properties in the form
of parameters that should be targeted to mitigate cancer in
body tissue. The work presented in this paper complements
the analysis done by Mambili-Mamboundou et al. [17]. They
presented similar model equations, analyzed their equilib-
ria, and found numerical solutions. The main objective in
Mambili-Mamboundou et al’s work [17] was to ascertain
the cause of cancer dormancy and investigate the effect that
immunotherapy has on the response of TICLs to solid tumour
invasion.

2. The Model

The model considered here was derived by Mambili-
Mamboundou et al. [17]. It subdivides the cell population
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FIGURE I: Schematic diagram of the local kinetic cell interactions [17].

into local concentrations of primed TICLs E, tumour cells T,
interleukin 2 concentration IL,, tumour-immune cell com-
plex C, a chemokine «, and resting cells R. The class IL,
represents a population of cultured immune cells that have
antitumour reactivity with the tumour host. We assume that
IL, does not necessarily bind with TICLs to form a cell
complex but rather stimulates the TICLs to fight cancer
through lymphocyte activation, growth, and differentiation.
We also assume that IL, increases the rate of conversion of
resting TICLs to primed TICLs (see [17, 18]). R is a class
representing the population of TICLs which have not yet
matured or been activated by antigens. During a tumour
attack on immune cells or any other body tissue infection,
naive or resting TICLs are primed by antigen presenting cells
(APCs) in secondary lymphoid organs such as lymph nodes
and spleen [19]. Figure 1 shows the cells’ local kinetics.

Following the receptor-ligand kinetics theory in [20],
when a tumour cell and an immune cell come into contact,
it may lead to the formation of a tumour-immune complex
at a binding rate k; which later can either lead to tumour cell
death with probability p at a rate k, p or lead to inactivation
of TICLs at a rate k,(1 — p). In case of the latter, the tumour-
immune complex is dissociated at a rate k_,. k, is a parameter
describing the detachment rate of TICLs from tumour cells,
resulting in an irreversible programming of the tumour cells
for lysis. Complex formation reduces both TICLs and tumour
cell densities and increases the complex density by k,ET.
Similarly the TICLs and tumour cell densities, respectively,
increase by (k_; + k,p)C and (k_, + k(1 — p))C, in case the
tumour or immune cell dies. The binding of the primed TICLs
to tumour cells leads to the production of a chemokine «.
The chemokine gradient defines the migration of the TICLs
towards the tumor by a process known as chemotaxis which
is represented by xV - (EV«) in the model, with y being
the chemotaxis constant. We assume that the rate of supply
of immune cells into the region of tumour localization is
pR, where p is the supply rate. We consider the immune
cells proliferation term to be fC/(g, + T) and similarly the
chemokine production term to be fC/(g; + T), where f, g;,
and g; are constant parameters derived from experimental
results. fC/(g, + T) is a function that explains how tumour
cells proliferate as a result of interaction with immune cells.
We consider that all cell densities diffuse at constant rates.
We thus consider the following system of parabolic nonlinear

partial differential equations (Mambili-Mamboundou et al.

(171):

OE 5
— =D,V°E — ¥V - (EV. R
ot ! XV - (EVa) +p +g1+T
—dE-KkET + (k_; + k,p)C
E-IL
+wIL2~R+L +eT,
g, +1L,
T
Z—t = D,V’T +a,T (1 -bT) - k,ET
+(k_y + 1k, (1-p))C,
aa_f K ET - (k_, +K,)C,
C
O = D,Va + € _ dya,
ot gs +
1L
% = D,V’IL, + s, — d,IL,,
2—1: = DsV’R +s; + a,R (1 - b,R)
—wIL, - R - pR,
4]
where D;, i = 1,2,...,5, are diffusion coefficients of primed

TICLs, tumour, IL,, &, and resting cell densities, respectively,
and w is the rate of stimulation of resting cells into activated
TICLs as a result of injecting a patient with IL,. The capacity
of IL, to stimulate the production of antibodies is denoted
by eT and 6,E - IL,/(g, + IL,) is a proliferation term also
considered by Kirschener and Panetta [3]. It models the
stimulation of TICLs by IL, and is of the Michaelis-Menten
form (see [3]). a;T(1 — b, T) and a,R(1 — b,R) are logistic
growth terms, respectively, modelling tumour and resting
cells’ growth, where a; and b ', i = 1,2, are, respectively, the
growth rates and carrying capacities, s, is the IL, supply, and
d,, d5 are, respectively, the deactivation rates of IL, and «.
s, ay, and b, are, respectively, the resting cells supply rate,
growth rate, and carrying capacity.
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We consider a one-dimensional spatial domain on the
interval [0, x,] and assume that there are two regions in
this interval, one fully occupied by tumour cells and the
other fully occupied by TICLs (both activated and resting).
We propose that the initial interval of tumour localization
is [0,L], where L = 0.2x, [2]. In our model, we do not
include the Heaviside function since we consider a resting
cell class. We further assume that these resting cells can
be recruited into the activated cell class. The boundary and
initial conditions therefore are

n-VE=n-VT =n-VIL, =n-VR

=n-VC=n-Va=0 atx=0,x=x,,

peo - |0 0<x<L,
e Eo[l—exp(—looo(x—L)z)], L<x<x,
0, 0<x<IL,
R(x,0) =
(x.0) <[Ro[l—exp (—IOOO(x—L)z)], L <x < x,
IL, (x,0) = IL,, Vx € [0,x,],
C(x,0)=C, Vxe€[0,x,],
a(x,0)=0, Vxe€[0,x,],
T, [1 - exp (-1000(x - L)*)], 0<x <L,
T (x,0) = o[1 - exp (~1000(x - L") x
0, L <x < x,.

()

It has been shown that chemotaxis does not influence the
existence of travelling wave solutions (see, e.g., [1]). We
therefore do the travelling wave analysis without the effect
of chemotaxis. Assuming that the formation of cellular
conjugates occurs on a time scale of a few hours while that
of tumour cells as well as the influx of immune cells into
the spleen occurs on a much slower time scale, probably
tens of hours, and nondimensionalizing the above system
of (1) by taking E, T, IL,, and R as fractions of their initial
concentrations with t;, = x,/D; and x, = 1 cm give

—  B,ET
oF = V’E + $,R + 6, —yE — vET
ot m+T
6,E - IL
+wIL, - R+ O.F 1L, +eT,
1, + 1L,
oT 2 _
e ¢VT + BT (1 - B,T) - i ET, 3)
oIL
—2 = (V2L + 0, - IlLy,
ot
?)—1: ={V’R+0;+a,R(1-,R)

~w)IL, - R — ¢,R,

3
where
0, = 0,10 y =d,tg 6, = 6,t,,
Tt _ wRYIL, ¢
g = 0o @ = 0 0,
E, E,
g
= M = 9ato> By = aty,
0
By = b, Ty, th = mEty,
t
03 = 5132_0) v =ITyt,, ¢ = D,t,,
0
& = Dytos 115 = Gstos
—  pRyt 0,t,
0 2
¢ = Dsto, th = thtop
w, = wIL, to, o = ayty,
a, = bR, ¢, = pto,
=Kk, (1-p), 0, = fK,
k
=Kk,p, K= !
" P (k_y + k)
(4)
The boundary and initial conditions are, respectively,
OE oIL, OR oT
—(0,x) = —=(0,t) = — (0,x) = — (0,£) =0,
35 (0% = ==(0.0) = = (0,x) = == (0.1)
OE OR 0IL, oT
— (L) ==—(1,t) = =—(L,t) = — (1,£) =0,
5 (Lt =5 L1 = == (1= (1)
0, 0<x<I,
E(x,0) =
0 {[1 ~exp (1000~ 1)?)], L<x<1,
(5)
Rex0) - |® 0<x<L,
|1 —exp(-1000(x - L)*)], Lsxs<1,

IL, (x,0) =IL,, Vxe€[0,1],
[1-exp(-1000(x - L)*)], 0<x<L,
0, L<x<l.

T(x,O)z{

3. Travelling Wave Solutions

In this section we investigate whether model (3) exhibits trav-
elling wave solutions or not. We use the geometric treatment
of an apt-phase space to establish the intersection between
stable and unstable manifolds, a method also employed by
Bellomo et al. [1] in investigating travelling wave solutions.
The gist of this method is to establish the presence of a
heteroclinic orbit joining two different equilibrium points in
the phase space. We specify a travelling coordinate z = x —ct,
where c the travelling wave speed is greater than zero (¢ > 0),



and let E(z) = E(x,t), T(z) = T(x,t), Iy(2) = IL,(x,t),
and R(z) = R(x, t). For simplicity, we drop the tildes and the
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TaBLE 1: Dimensional parameter values for model (1).

system (3) is transformed into Parameter Estimgtjc; value :niff SO[I.;I]‘CEB
a . ay
dE d°E —_ 0,ET k, 1.3x107 day cells ! cm 2]
e =5 + ¢ R+ — - yE - vET k, - day™! 2]
_ d, 0.0412 day ! [2]
_ 0,EIL _ 7 -1
+ @IL,R + 2 2 4ol g 2.02 x 10 cellscm [2]
1, + 1L, b 2.0x107° cells™! cm (2]
k_ 24 day! 2]
dr _ d°T !
—e = ¢F + BT (1-B,T)-mET, p 0.9997 Dimensionless 2]
z z f 0.2988 x 10° day ' cellscm™ [2]
diL, d21L2 TIL s 1.36 x 10* day ' cellscm™ [2]
—¢ dz 5 dz? t 03~ il D, 10°° cm? day ™ [2]
D 107¢ cm?® day ™! [2]
drR _d°R ’ .
-c— ={=—= +0;+qR(1-x,R) 0, 0.1245 day™ (3]
dz  “dz e 0 < ¢ < 0.005 day™ (3]
~ @IL,R - §,R. 9 107 cm’ (3]
6) d, 10 day™ [18]
. . . a, 0.0245 day™ (18]
For simple phase space analysis, we define variables b, 1 cell! (18]
107
- d_E - d_T P 6.4x10°° cells™ day™* (18]
Ydz’ Yde’
dIL dR 7
IL, = —2, R, = —,
T o lim (E,,E,T;,T, 1Ly, 1L, R, R)
lm b b b b b b b
and (6) are transformed into a system of autonomous first z5t00 " ! e
order differential equations as follows: _ X' = (0,E,0,T,0,IL,, 0, R),
b (10)
AX 77:1 where X° and X' correspond to the equilibrium points of the
——=f(), whereX=| . eR®%  (8)  system (8).
dz ILZI The system (8) can be regarded as an eigenvalue problem
R2 because the wave velocity ¢ is unknown. We take ¢ = 20, a
Rl value that numerically gives rise to travelling wave solutions.
We chose this value after simulating the system of (3). There
f(X) are several other values of ¢ that can give rise to travelling
wave solutions. In the next section, we calculate a critical wave
r - o 1 speed below which travelling wave solutions do not exist. We
0,ET - 6,EIL, .
B, — ¢ R~ e VE +vET - &, IL,R — LI, ¢ find a heteroclinic connection between X° and X', where,
E, after substituting parameter values in Table 1,
1
a (=T, = B, (1 = B,T) + w ET) 0 0
) T, 0.0001 5.8934
B 1 ’ 0 0
— (—cIL, — IL
E( Ly — 0y + i, 1L,) XO N 0 Xl - 0.7986 a1)
IL,, - 0 ’ h 0
% (-cR, — 03—, R(1 = a,R) + @,IL,R + §,R) 0'7368 0'7368
R, 0.001 0.0002

©)
with boundary conditions

lim (E,,E, T;,T, 1Ly, 1L, R, R)
zZ— =00

=X’ =(0,E,0,0,0,1L,,0,R),

Here, X° and X" are equilibrium points of the system (8). Our

interest is to establish the existence of an orbit X

satisfies

. 0
ZI_IEIOOXcon (2) = X7,

. 1
zgl}}ooX“’“ (z) = X".

(z) that

(12)
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The existence of such an orbit would imply that travelling
wave solutions do exist [1].
We consider the linearization

ax

dz

Df (X)X, —=Df(X")X 13
fx)x X oprayx o
of the vector field f at the equilibrium points X° and X',

respectively. From the Jacobian

Df (x)
- A, 0 A, 0 A; 0 —-lw, —-¢
1 0 o 0 0 0 O 0
Tu, ¢
0O — — A, 0 0 O 0
¢ ¢
0 0 1 0 0 0 O 0
1 0o 0o 0 o —% w0 o |’
0 0 o 0 1 0 O 0
0 0 o 0 0 —= —= A
& ¢ ’
0 0 0O 0 0 o0 1 0
(14)
where
To 16
A =Ty— —2 4y,
T+n I+m,
0
A, =FEe+Ev— —17_
T +m)
En,0
A3=}1—222, (15)
(I+1,)
2T, E
W TBE B B
¢ ¢ ¢
2Rayet,  Iw, +¢, o
As= -2
¢ § 4

we determine the spectrum of the matrices Df(X°) and
Df(X"). For parameter values in Table 1, Df(X°) has eight
real eigenvalues (213.22,27.11,20,15.68, —=5.35 X 1077,
—-7.11,-15.48,-193.22), four positive and four negative.
The four positive eigenvalues imply the existence of a
4-dimensional unstable manifold W*(X°). Similarly,
Df(X") has eight eigenvalues (213.2,27.11,20,-15.68,
—0.0002,-7.11,-15.48,-193.22), three positive and five
negative, implying the existence of a 5-dimensional stable
manifold W*(X?'). From this result, we note that

dim (W* (X°)) + dim (W* (X)) = dimR® + 1. (16)

Equation (16) suggests that W*(X°) and W*(X") intersect
transversally along a one-dimensional curve in the eight-
dimensional phase space. This is because the solutions of the
system (8) lie in eight dimensions (8D) but the summation
of the dimension of the stable and unstable manifolds is nine

(9D) just as shown in (16) (see [1, 21]). If this is the case, then
this curve would define a generic heteroclinic connection [1].
This therefore confirms that the system (1) exhibits travelling
wave solutions for certain parameter values.

4. Minimum Wave Speed

In the previous section, we established that (3) exhibits
travelling wave solutions. In this section, we calculate the
minimum wave speed for model (3) with (IL,#0) and
without (IL, = 0) treatment connecting the tumour-free
equilibrium point to the cancer dormant equilibrium point.
In this section we seek the minimum wave speed c¢. We apply
the same technique used by Chahrazed [22] and Maidana
and Yang [23] in determining c. This technique involves
analyzing the phase space by characterizing the equilibrium
points of the autonomous system. The minimum wave speed
corresponds to a change in the eigenvalues of the travelling-
wave differential equations at the equilibrium point ahead of
the wave.

To calculate the minimum wave speed, we impose a
condition that X°, the tumour-free equilibrium point of
(8), must not oscillate. In other words, the eigenvalues A,
corresponding to this equilibrium point must have real
values; that is, A; € R. We seek the travelling wave speed both
with and without immunotherapy.

4.1. No Treatment Case. With IL, = 0, the tumour-free
equilibrium point of the system (8) is

X°=(0,E*,0,0,0,R*), where

. (“1 —¢+ \/4“10‘2‘73 + (o — ‘/’2)2) ¢
b 2000y W)

2
« %17 ¢, + \/4“10‘2‘73 + (g — ¢,)
20,0, '

R

For the equilibrium point X° to be biologically meaningful,
E” and R* must be positive. E* and R* are positive provided
that

ap + \/4“1“2‘73 + (o - ‘/52)2 > ¢,. (18)

The eigenvalues A;,i = 1,2,...,6, corresponding to X° are

1 1

A= _Ec + E\/cz + 4y, (19)
1 1

Ay = -3¢ E\/cz + 4y, (20)

c+ \jc2 + 4<\/40¢10¢z‘73 + (o - ¢2)2)£ (21)
2 ’

A=



c— \/cz +4<\/4oc106203 + (061 —‘(52)2)5 (22)
Ay =-— 2% ’
As
:-((xlocza//
+\/2\/(4ocloc203 + (o - ‘/’2)2)“1“2#1‘/521# -C+ D)
X (2“1“2‘/"//)71’
(23)
A
=—<0610‘25‘//
—\/2\/(4cxlcx203 + (ay - ¢2)2)“1“2M1¢2‘/’ -C+ D)
X (20‘1“2@!/)71’
(24)
where
C= (4cxfa§,31¢ 06206; z)ll’ >
(25)
D=2 ((Xf“zlh‘/’z - “1“2M1¢2¢2) v

The first four eigenvalues (19)-(22) are real. Therefore (23)
or (24) should determine the minimum wave speed which we
obtain by setting

\jz \/(4“1“203 + (o - ¢2)2)“1“2#1¢2V/ ~C+D=0, (20)

since we require A5 ¢ to be real. Solving for ¢ in (26) gives

2u,¢°¢, _

any

2.”1¢2

c= 4,4 + o

(27)
1/2

2
2\/40‘10‘2‘73 +ai =200, + Py d

oseor

Substituting parameter values from Table 1 into (27) gives
¢ > 4.176. This indicates that the minimum wave speed
Cmin for the tumour-immune interaction model without
immunotherapy is approximately 4.176.
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4.2. Treatment Case. With IL, # 0, the tumour-free equilib-
rium points of the system (8) are

X°=(0,E0,0,0,IL,,0,R), where

e

_ (a1 +@10,) (mapr +03) (P1 = o+ V(A+P) = (B+Q))

2 (ot + W, — 030,) 0y o143
>0,
I, =2,
H
R= pi-p+tVA+P)-(B+Q) >0,
200051,
provided (A+P)>(B+Q), (s + 0,) ¥ > 0,0,,
pr+VA+P)-(B+Q) = p,, where
A= 4“10‘2[4503 + 0‘%1‘; B= 20‘1/45‘/’2)
p= #gﬁbg + “"5‘7;’ Q =2 (a0, = phwy¢,) 05,

P = o, P2 = oy + @,0,.

(28)

The eigenvalues A;, i = 1,2,...,8, corresponding to X°

(with immunotherapy) are

c+\4uE% + 2

= (29)
1 2& >
Y i (30)
28 '
Cy + \/ 2+4/(A+P)-(B+Q) ;425 (31)
Ay =-—
21,8
N G- \/cy2+4 (A+P)- (B+Q;/t25 (32)
b 2u,€
As

:—<C’72!42 +co,
+ ((’72#2 +03)
X (szlzﬂz + 4’12#21//+(CZ+4‘//) 0y * 40262))1/2>

X 2(1op + 02)_1’
(33)
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FIGURE 2: Travelling wave solutions of the system (3) for different travelling wave coordinates without treatment.
-I,-yJ(A+P)-(B+Q)-C+D+Loa,
8~ 2 >
= _<C,12‘u2 +co, 2 (a5 dy + g ooy, — g ¢oy0,)
(36)
- +to
((’72.”2 2) where
2 2 1/2 _ 2
X (c Motk + 4112u21//+(c +41//) 0, + 40292)) > [} = —o 0 + 0 Qo Cpy Yo, — & 4y Cy 0,0,
-1 22 2 2,2 2 2
X 2oy +03) L=] (4A Ay = 2001h¢; + th$; + wy0; (37)

7:

-I;+V(A+P)-(B+Q)-C+D+La,

(34)

2 (a5 by + ayay iy, — “10‘2!42‘/"7292))

(35)

1/2
=2 (0w, — hwy$,) ‘72) »

wl;ere ] = 20y o by + @, 05 + (1opty phy @y + phy pr by )
05).
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FIGURE 3: Travelling wave solutions of the system (3) for different travelling wave coordinates with immunotherapy.

The first six eigenvalues (29)-(34) are real provided
that the conditions we have imposed for positivity of
the tumour-free equilibrium point are fulfilled. Equation
(35) or (36) should therefore determine the conditions for
the existence of a minimum wave speed. We set I}, —
VA+P)—(B+Q)-C+D+T,aja, = 0 and substituted
parameter values in Table 1. The result gave the value ¢ >
4.176 as in the case without treatment. This implies that the
minimum wave speed for model (3) for both with and without
treatment is the same. In other words, immunotherapy may
possibly not influence the strength with which the tumour
cells attack immune cells because the minimum wave speed
with or without clinical treatment is the same. Fisher’s

equation exhibits travelling wave solutions for ¢ > 2 [24]. The
minimum wave velocity which we obtained is greater than
two and therefore not a violation of the minimum wave speed
for Fisher’s equation.

5. Numerical Simulations

Using the parameter values in Table 1, we simulate model (3).
These parameter values were obtained from data where the
murine B cell ymphoma was used as an experimental model
of tumour dormancy in mice [25]. The kinetic parameter
values that were obtained in this experiment are shown
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in Table 1. We assumed that R and IL, diffuse at the same
rate as TICLs (i.e, D, = D, = Ds = 107°) and used the
diffusivity value 107° for immune cells by Matzavinos et al.
[2]. We took the travelling wave speed to be ¢ = 20 and
implemented the simulations in python using a Runge-
Kutta numerical method. The numerical simulations (see
Figures 2 and 3) indicate that the system of (3) exhibits
travelling wave solutions for certain parameter values. This
supports the analytical results on the existence of travelling
waves in Section 3. Figures 2 and 3, respectively, show the
numerical travelling wave solutions for model (3) without
and with clinical treatment, and for different travelling wave
coordinates. They depict solutions that are periodic and
oscillating around a stable equilibrium state. These solutions
describe heterogeneous cell distributions with a relatively low
tumour cell density. The travelling wave solutions indicate
that tumour cells invade immune cells at a high potential.
The minimum wave speed obtained in the previous section
indicated that the model exhibits travelling wave solutions for
¢ > 4. This is consistent with our numerical simulations for
which we used ¢ = 20.

6. Conclusions

Many biological and physical phenomena can be described by
reaction-diffusion equations. However not many nonlinear
reaction-diffusion equations are integrable. It is therefore
imperative to find other quantitative methods for tackling
such nonlinear systems. The objective of this study was to use
a quantitative method to investigate travelling wave solutions
of a tumour-immune interaction model and also identify
the tumour invasion properties in the form of parameters
that should be targeted to mitigate cancer by estimating
the minimum wave speed. We investigated the existence of
travelling wave solutions and estimated the minimum wave
speed of the wave solutions by analyzing the model phase
space. The existence of travelling wave solutions confirmed
that a tumour attacks immune cells at full potential. The
expression from which the minimum wave speed was cal-
culated determined the parameters that need to be targeted
to eradicate cancer in body tissue. We simulated model (3)
and compared the results to analytical results. The numerical
travelling wave solutions depicted periodic cell densities with
a low tumor level, oscillating about a stable equilibrium
state. These solutions depict cancer dormancy which has
been observed in several cancers, for example, osteogenic
sarcomas, basal-cell carcinoma, and breast cancers, and they
also imply that the tumour cells attack the immune cells at
their full potential.

Equation (27) highlights the main parameters (f;, &}, &,,
03, ¢, ¢, 4p) involved in tumour invasion corresponding to
tumour growth rate, resting TICLs growth rate, carrying
capacity of the resting TICLs, resting cells’ supply, diffusion
rate of the tumour cells, and the local kinetic interaction
parameters (tumour cell death and inactivation of TICLs).

The results obtained in this paper are similar to those in
Matzavinos and Chaplain [26]. In their work, they performed
a travelling wave analysis of a model describing the growth

of a tumour in the presence of an immune system response.
Their results showed that indeed a tumor attacks immune
cells at full potential since their model exhibited travelling
wave solutions. In the future, we hope to consider diffusion in
higher dimension due to the fact that body tissue geometry is
highly intricate.
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Chapter 3

Analysis of virotherapy in solid tumor

invasion

In this chapter we study the dynamics of two tumour-immune-virus interaction
models, that is, homogeneous and heterogeneous, with the aim of determining
the efficacy of virotherapy and identifying the most important virus characteris-
tics which are most pertinent during oncolytic virotherapy treatment. A stability
analysis of time invariant solutions for the homogeneous model is presented. The
heterogeneous model is analyzed by determining analytical traveling wave solu-
tions using factorization of differential operators. Both models are numerically

simulated and the solutions are compared to the analytical results.

26
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1. Introduction

Cancer is one of the most dreadful and persistent killers. It is a
group of diseases characterized by uncontrolled cell growth. In 2009,
the risk of being diagnosed with cancer before the age of 85 was 1
in 2 for males and 1 in 3 for females [1]. The World Cancer Report, a
publication of the World Health Organization shows that in 2012 the
global incidence of cancer escalated to approximately 14 million new
cases, a figure expected to further rise to an annual 19.3 million by
2025 [2].Cancer treatment is therefore still a major field of research.

Traditional cancer treatments include surgery, chemotherapy, and
radiation therapy. These treatments however all involve a high level of
toxicity and none of them has been found to be a definitive cure to any
cancer [3]. Surgery, which involves the direct removal of the tumor, is
not always a viable option and may lead to fatigue, loss of appetite and
other infections. Radiation therapy involves the use of high ionizing
radiation to kill the tumor cells. It may, depending on which part
of the body is being treated, cause, among other side effects, severe
hair loss. Chemotherapy involves the use of drugs that destroy cancer
cells. Some common side effects of using drugs to treat cancer involve
fatigue, nausea, vomiting, hair loss, mouth sores, and decreased blood
cell count (see Ref. [2]). Modern therapies include immunotherapy

* Corresponding author. Tel.: +27 717990712.
E-mail addresses: josephmalinzi@aims.ac.za (J. Malinzi), SibandaP@ukzn.ac.za
(P. Sibanda), Mambilimamboundou@ukzn.ac.za (H. Mambili-Mamboundou).

http://dx.doi.org/10.1016/j.mbs.2015.01.015
0025-5564/© 2015 Elsevier Inc. All rights reserved.

and combinations of treatment types. Immunotherapy involves the
use of genetically engineered cytokines which are used to boost the
immune system. This however may not completely cure cancer in
human body tissue (see Ref. [6]). It is therefore imperative to obtain
a treatment with few side effects.

Oncolytic virotherapy uses replication-competent viruses to Kkill
cancer cells. Specific viruses are turned into therapeutic agents to treat
cancer. The idea of using viruses as a treatment for cancer began in the
1950s, when tissue culture and rodent cancer models were originally
developed [4]. Today, oncolytic treatment involves the use of virus
genomes which are engineered to enhance their anti-tumor speci-
ficity. This began with a study in which thymidine kinase-negative
HSV with attenuated neurovirulence was shown to be active in a
murine glioblastoma model. Since then, the pace of clinical activi-
ties has accelerated considerably, with several trials using oncolytic
viruses belonging to different virus families [5]. To date, clinical trials
have pointed out talimogene laherparepvec as a possible treatment
for melanoma [5]. Clinical trials are ongoing using different viruses as
cancer therapies. There is no recorded toxicity as a result of clinical
use of oncolytic virotherapy to treat cancer [7].

There is however still a dire need to identify the virus charac-
teristics that are most important for therapeutic purposes. Studies
show that cancer cells exposed to viruses have quickly died com-
pared to those that are not. Nevertheless, this cannot be entirely
attributed to viral replication alone but also to cytotoxic-T-cells (CTLs)
[8]. The responses detected as a result of a CTL meeting a tumor cell
are a very important factor in tumor necrosis. Tumor-immune-virus
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Fig. 1. Schematic diagram of the local kinetics between a CTL and an infected tumor cell.

interactions are highly complex and poorly understood. Therefore
much effort is needed to understand the tumor-immune-virus dy-
namics. The aim of this study is to use mathematical models to un-
derstand how virus and immune responses influence the outcome of
oncolytic treatment.

Earlier mathematical models that were developed described the
evolution of a tumor under a viral injection [8-11]. A few mod-
els to include an immune response, for example [12,13], have also
been constructed. Our model builds upon the model presented by
Mukhopadhyay and Bhattachrrya [13] with inclusion of local kinetic
interaction terms of tumor cells and CTLs, and a modified functional
immune response to account for the saturation of immune cells in a
tumor localization and the fact that only a portion of a tumor nodule
comes into contact with CTLs (see Refs. [14-16]). Mukhopadhyay and
Bhattachrrya [13] presented a deterministic model to study the dy-
namics of tumor-immune-virus interactions. They showed the im-
portance of different host, viral, and immune system parameters in
controlling the system dynamics. They extended their model to in-
corporate random noise. Our model captures important factors in the
local kinetics and spatial distribution of the cells.

2. The homogeneous model

The model presented here subdivides the cell population into
local densities of CTLs X, uninfected tumor cells Y, and the infected
tumor cells Z, as a result of injecting tissue with an oncolytic virus.
We consider the CTL supply into the tumor cell localization to be
constant. When a single CTL comes into contact with a tumor cell,
following the receptor-ligand kinetics theory in Ref. [18], it leads
to the formation of a tumor-CTL complex which may either lead to
tumor cell death or CTL deactivation. We consider only virus specific
immune response just like in Ref. [13] and thereby not considering
local kinetics between CTLs and uninfected tumor cells (see also Refs.
[5,17]). When the infected tumor cells are destroyed, they release
new infectious virus particles to destroy the remaining tumor. The
virus also stimulates host anti-tumor CTL responses. The local kinetic
interactions between a CTL and an infected tumor are schematically
described in Fig. 1. With the above considerations, the system is
described by the following nonlinear coupled system of ordinary
differential equations;

X fc,

@ = s—di{ X+ e 12 — k1XZ + (k_1 + kap)C,,

dy 0zy

g~ -eh =g

dz 0zy

E = b]Z(] — bZZ) + m — k1XZ + (k,] + kz (1 — p))CZ, (1)

X0)=Xo, Y(0)=Yo, Z(0)=2,

with the cell complex equation derived from the kinetics in Fig. 1
given by
% kxz - +o)C 2)
where s is the CTL supply rate into the tumor localization, d; is the CTL
death rate, fC,/(g1 + Z) is a response function of Michaelis-menten
form [14] to model the increase in CTL proliferation in the tumor as
a result of a single CTL meeting with an infected tumor cell, where
f and g; are constant parameters derived from experimental results.
ky is the binding rate of a CTL to an infected tumor cell to form a
complex C, k_1 is a rate at which infected tumor cells get dissociated
from CTLs resulting in an irreversible programming of the tumor cells
for lysis. The probability with which infected tumor cells are killed
through CTL-mediated mechanism once they form a cell complex is
denoted by p and consequently k;p is their rate of death. k(1 — p) is
the inactivation rate of CTLs. a1 Y(1 — a;Y) and b1Z(1 — b,Z) are logis-
tic growth terms respectively modeling uninfected and infected tu-
mor cells where a; and a; 1 are respectively the intrinsic growth rate
and carrying capacity of the uninfected tumor cells, and b; and bgl are
respectively the intrinsic growth rate and carrying capacity of the in-
fected tumor cells. The virus replication into the tumor is modeled by
the function 6ZY/(gy + Z) also of Michaelis-menten form [14], where
6 is the virus replication rate. It is important to note that the dynamics
of the lysed cell populations X* and Z* from the diagram of kinetics in
Fig. 1 do not affect the rates of change of the cell concentrations X,Y,
and Z.Itis therefore sufficient to analyze the behavior given by Eqs. (1).
Biologically, the formation of complexes occurs on a time scale
of a few hours while that of tumor cells and CTLs occurs on a much
slower time scale, of tens of hours [19]. This implies that C, ~ 0. The
system (1) is transformed to

% —s—diX+ g’TfZZ ~Ixz,

i%/ =Y —aY) - ‘%

% — biZ(1 - byZ) + ngTYZ ~mxz, (3)
where

[=Kks(1 —p). pr = fK. m =Kkop, K= — X

(k1 +k2)

The parameters in (3) have different units. It is therefore useful
to nondimensionalize this system by setting x = X/Xy, y = Y/ Yo,
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z=17/Zp and t = t/ty. We choose the magnitudes of the concentra-
tions to be Xg = 106 and Yy = Zy = 107 since human body tissue can
contain around 10°-10? cells (see Ref. [20]). We scale the time rela-
tive to the rate of CTLs’ deactivation, tg = d;l. We drop the bar on the
non-dimensionalized time  for notational simplicity and Eqgs. (3) are
expressed as

k=0 —x+ % _ix,
1
. 012y
= a1y(1 —ay) — :
y=oa1y(1 —y) —
. Orzy
— Bz(1 — —uxz. 4
2= p1z(1 - Baz) + iz M (4)
where
_ s & P B @
“Exd "Tz VMTa VTa YTa
6
ay =aYo, 01 = a (5)
1
) b _ _0Y ~ miXp
m=7 ﬁl—a, B2 = baZo, 92—2071, and p= 4
(6)

3. Asymptotics and stability analysis

We investigate the long term behavior of the solutions to (4) by
calculating the system’s asymptotic solutions. We do this by equating
Eqs. (4) to zero. We investigate the stability of these steady states by
linearizing the system (4) about each of the steady states to obtain

ax;

dt
where A; is the Jacobian matrix of (4) evaluated at the steady state X;.
The model (4) has four biologically meaningful steady states;

=AXi (7)

o Tumor free state: (x,y,z) = (0, 0, 0). In this steady state both the
infected and uninfected tumor cell concentrations are eliminated
and a complete remission of cancer is possible. The eigenvalues of
(7) evaluated at this state are;

AM=o1, Ay=-1,

The tumor free state is unstable, making it virtually impossible to
achieve.

Infected tumor free state: (x,y.z) = (0, 1/, 0) is a steady state
where the CTLs manage to kill all the infected tumor cells although
the whole tumor is not eliminated since some uninfected tumor
cells remain. The eigenvalues of this state are;

aBim2 + 62 —azmapo
Q12 ’

It is locally asymptotically stable only if aa 8112 + 02 < aana i

otherwise it is unstable. The condition for stability does not triv-

ially point out what needs to be clinically done in order to achieve

this state. Nevertheless, it is evident from this condition that

the properties which need to be checked are the intrinsic tumor

growth rates, the virus replication rate, and local kinetic interac-

tion parameters.

Uninfected tumor free state: (x,y, z) = (x*, 0, z*) with

and )\.3=ﬂ1—/LO'.

)u]:—Oll, }»22—1 and )\,3:

_A-AB AR -A
2B 2BB1 B2
where

A= BiBam + Bimv — By,

A = (B1B3nt + Biniv? =2 Bifamyi + iyt

B=2(mv-y)u, and

+2(B1Ban; — Pimn)v)o —4((B2niny — Bamiyin)o).

Here the virus manages to infect all tumor cells. The eigenvalues
of this state are;

}\2 =-1, and )\3 =f(A,B, A).

This implies that the uninfected tumor free state is unstable ren-
dering it impossible to achieve such a situation.

e Tumor dormancy state: (x,y,z)= (x**,y**, z**), where (x**,y**,
z**) are the roots of the equations

A=y,

o —X+ nixz —vxz=0,
m
912
l— — =
ai (1 —ay) iz =%
sz
1—-pBz2)+ —— —ux=0. 8
Bi( '32)+712+Z 2 (8)

Itis a difficult undertaking to calculate the roots to Eqs. (8) because
they are coupled and nonlinear, also involving many terms. How-
ever, we substitute parameter values in Table 1 with # =4 and
the steady state solution is (1.84, 0.004, 0.097) which is locally
asymptotically stable since all its eigenvalues (—1.88, —0.256 +
0.04i, —0.256 — 0.04i) have negative real parts. This biologically
signifies that the virus is able to completely reduce the tumor to a
low tumor concentration state which is dormant.

4. Homogeneous model simulations

We study the numerical solutions to the model equations (4)
to substantiate our analytical findings in the previous sections. The
fourth order Runge-Kutta method is used to integrate this system
with the following set of non-dimensional parameter values;

o = 1650585, 3 =23261, 1 =202 v=0.0073,
B1 =24272, B,=20, =0.1455 a;=4.3689,
a; =1.0, and 7, =2.02 9)

with varying values of 6; and 6, within the range of 6, the virus
replication rate. These values are obtained by substituting dimen-
sional ones from Table 1 into the expressions in Egs. (5) and (6).
Our choice of the initial conditions is approximately the infected tu-
mor free state with a fraction of some uninfected tumor cells and
no infected tumor cells to necessitate virotherapy, i.e. x(0) = 1.5,
y(0) = 0.1, and z(0) = 0. The range of 0 is as a result of the under-
lying virus characteristics, for example, burst sizes. The local kinetic

Table 1
Dimensional parameter values for the model (1).
Parameter  Estimated value  Units Source
k1 13 %1077 day cells~! cm [20]
ko 7.2 day~! [20]
k_q 24 day~! [20]
p 0.9997 dimensionless [20]
f 0.2988 x 108 day~! cellscm™! [20]
0 027<0 <4 day~' cellscm™! [13]
g1 2.02 x 107 cellscm™! [20]
2 107 cm? [13]
s 1.36 x 10* day~! cellscm™! [20]
d 0.0412 day~! [20]
dy 10 day~! [20]
a 0.18 day~! [20]
a, 2.0x107° cells~! cm [20]
by 0.1 day~! [13]
by 2.0x 109 cell ! [13]
o 1076 cellsday ! [20]
o 104 cells day~! [20]
X 1.728 x 106 cm?day ! moles = [20]
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Fig. 2. Variation of cell concentrations with time for parameter values as in Eq. (9) and (a) # = 0.33,(b)# = 0.8, (c) @ = 2, and (d) 8 = 4 respectively. Cell concentrations and time

are nondimensional.

parameter values were obtained from data in which a murine B cell
lymphoma was used as an experiment in modeling tumor dormancy
in mice (see Refs. [20,21]). It is important to note that the kinetic
parameter values are for tumor specific immune response and are
the closest we could find in the literature for virus specific immune
response.

Fig. 2 shows the variation of cell concentrations against non-
dimensionalized time. It shows that as the virus replication rate is
increased, both tumor cell concentrations decrease and converge to
lower concentrations. Initially, there are oscillations in both CTL and
tumor concentrations before they converge to the interior steady
states (a) (X,¥,2) ~ (9.52,0.35,1.16), (b) (%,y,2) ~ (3.3,0.02,0.57),
(c) %,y,2)~ (2.07,0.01,0.2), and (d) (x,y,2) ~ (1.84,0.004, 0.097).
Fig. 2 clearly shows that it is possible to clear all infected tumor cells
in body tissue for as long as the virus replication rate is high and all
other parameters remaining constant. These numerical results concur
with the stability analysis in the previous section. The stability analy-
sis showed that the tumor free steady state and the uninfected tumor
free states were unstable but the infected tumor free state was feasi-
ble to achieve under certain conditions involving the virus replication
rate, tumor growth rate, and local kinetic interaction terms. It was also
found out, using the same parameter values, that the interior tumor
dormant state is locally asymptotically stable. Numerically, it is also
found that the tumor load (y + z) decreases with increasing values of
0, the replication rate of the virus. Fig. 3 shows a variation of the tumor
load with time. We notice that the higher the virus replication rate is,
the higher are the chances of curing cancer in body tissue. Further-
more, it depicts cancer dormancy, a phenomenon where all signs and
symptoms of cancer have disappeared, although cancer may still be
in body tissue. This can clearly be seen in Fig. 3 where the tumor load
is reduced to a stable state with a small concentration of tumor cells.
Fig. 4 shows a phase portrait of the tumor load (y + z) against the CTLs
concentration with 6 = 0.8. It shows the solution curves converging
to the interior steady state.

5. The heterogeneous model

In this section we incorporate space in model (1). We do this by
considering diffusion in order to capture the random motion of cells
and derivation of nutrients and chemotaxis, the movement of CTLs
toward a specific target following a chemokine gradient. We consider
a one dimensional spatial domain to be the interval [0, ry] and as-
sume that there are two regions in this interval. One fully occupied
by the tumor load and the other fully occupied by CTLs. We denote
the region initially occupied by the tumor load [0, L]. We consider
the same denotation for the cell densities as considered in model 2
and the space variable is denoted by r. Therefore the cell density
solutions are denoted by X(t,r), Y(t,r) and Z(t, r). The chemokine
concentration is denoted by «. We assume constant diffusivity for
all the cell densities. With the above assumptions we have the
following system of parabolic reaction-diffusion partial differential
equations

% 24’1?)27)2( _X% (xaa—‘:) +sH(r)—d1X+£leZ ~Ixz,

% =¢2(‘;2%+(11Y(1 —azy)—gf%,

% =¢3% +biZ(1 —sz)-i—ngTYZ — mXz,

%7(: =¢4%2—g +gp]2% —dya, (10)

where ¢1, ¢2, ¢3 and ¢4 are respectively diffusion constants for
CTLs, uninfected tumor cells, infected tumor cells, and the chemokine
concentration. x is the chemotaxis constant. The response function
(02XZ /(g1 + Z)) models the multiplication of chemokine concentra-
tion at the tumor location and d, is the deactivation rate of the
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Fig. 3. Variation of tumor load (y + z) and CTLs with time for (a) 6 = 0.33, (b) 8 = 0.8, (c) € =2, and (d) € = 4 respectively. The other parameters used are in Eq. (9). Cell
concentrations and time are nondimensional.
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Fig.4. Phase portrait showing the cell concentrations converging to the interior equilibrium point with parameter values as in Eq. (9) and 6 = 0.8. The right hand figure is a zoomed
version.

chemokine «. The term sH(r) models the supply of immune cells The initial and boundary conditions are
in the domain where CTLs lie. 0. O<r<L
X(r,0)=
Xo[1 —exp(—100(r —L)?)], L<r<ro,
H) 0 ifr-L<0,
r)= . 2
B Yo[1 —exp(-50(r—L)*)], O<r<L
1 ifr—L>0 Y(.0) = ol p(=50(r - L)*)]
0, L<r<ro,
represents a heaviside function which divides the domain [0, o] into
two sections to differentiate tumor and immune cells localization and Zo[1 —exp(=10Gr—L)?)], O<r<lL
also incorporate space competition between the CTLs and tumor cells Z(r,0) = 0 [<r<r
; <r =Ty,

(see Ref.[20]). We consider initial and boundary conditions similar to
those considered by Matzavinos et al. [20]. We consider that initially a(x,0)=0, Vxel0,rol

the uninfected tumor cells occupy a wider domain than the infected

tumor cells with the assumption that virus multiplication will have

just begun and thereby covering a smaller part of the body tissue. =~ M-VX=0VY=nVZ=nVa =0atr=0andr=r. (11)
We assume that there is no cell movement at the boundaries of the We non-dimensionalize the model (10) by taking X, Y and Z as
domain, (see also Ref. [20]). fractions of their initial concentrations (x = X/Xo,y = Y/ Y0,z = Z/Zy)
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and the chemokine density through some reference concentration,
that is & = o/ag where ag = 10719 [20] with time T = t/tg where
to = ro/¢$1. We non-dimensionalize the space variable relative to the
space under consideration, that is ¥ = r/rg where ry = 1. We assume
L = 0.2 and for convenience, we drop the bar on r and «. The system
(3) is transformed to

ox  0%x 0 [ Oa Y1XZ
W_W_Aﬁ(xai)+0H(r)_wx+m — VXz,

+z
y - 612y
g—rﬁ 5 +a1y(1—azy)— =
0z - 0%z Orzy
57 = P33 T Az - P + miz M
oo - 0%¢x V2XZ
v _ 12
aT P4 FI m+z dar, (12)
where
St
= XT(J)’ Y =dto, 771=§*:Jv y1 = pito, v = IToto,
b2 = ¢oto, o1 =aity, arx=aYe, M= %, 01 = 0to,
$3 = ¢sto, Bi=bite, Po=bZy A= Eaot,
AN B _ p2Xo B
92 = Z s and M= mXoto, Y2 = olo s §= dz[’g.
The initial and boundary conditions become
0, 0<r<0.2
x(r,0) = )
Xo[1 —exp(-=100(r —0.2)?)], 02<x<1,
Yo[1 — exp(=50(r —0.2)?)], 0<r<0.2
y(r0) =
0, L<r<1,
Zo[1 —exp(—=10(r—0.2)?)], 0<r<0.2
z(r,0) =
0, 02<r<l1,
a(x,00=0, Vxe[0,1],
nVx=nVy=nVz=nVa=0atr=0andr=1. (13)

6. Traveling wave solutions

Finding analytical solutions to the system (12) is a difficult under-
taking due to its nonlinearity and the many terms involved. Never-
theless, we can find a certain class of particular analytical solutions
to this system. In this section we use factorization of differential op-
erators, a method developed by Rosu and Corneju [22-24] to deter-
mine traveling wave solutions to the system (12). These solutions
can be helpful in analyzing the tumor-immune-virus dynamics un-
der investigation thus predicting the future cell densities. For the
sake of mathematical simplicity we ignore the heaviside function
and do not consider the effect of chemotaxis. This is a realistic as-
sumption as it has been shown in Ref. [25] that chemotaxis and the
heaviside function do not influence the formation of traveling wave
components.

Factorization of differential operators provides an effective and
efficient way to obtain particular solutions of Lienard type equations.
It has been used in determining exact solutions of some types of
differential equations (see Refs. [26-28]). The equations in system
(12), without chemotaxis (o = 0), can all be transformed to be of
Lienard equation type

d*u

&0+ 6 ) = (14)
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0.8 ™, 0.8
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0.7 s TH0
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Distance into the tissue

Fig. 5. Initial tumor and CTLs densities for the model (12) showing the tumor load on
one side of the domain and the CTLs on the other.

We use the coordinate transformation & =r—ct and by ap-
plying chain rule, the system (12) is transformed to

dfz +G1(x 2 z)ds +Fi(x,y.2) =0,
d%y
&2 +Ga(x, y,Z) E E +RXY.2)=0,
d2z
&2 +G3(x. y. Z)dg +F(xy.2) =0, (15)
where
- —x(% - nz
G =c, F1—X<x 1/f+n]+z UZ),
_ C _ 012
G = % Fz(X,y,Z)—J’[Cl (011(1 —oy) - T)2+Z>]’

G3=q§’ Fs(x,y,2)=l[62<ﬁ1(1 p22) —

3

02y
m+z MX)] '
1= 1/<;§2, = 1/<;§3, and c is the wave propagation speed.
The factorization of (15) gives

[D—Y11(x.y.D]D - ¥12(x.y.2)]x =0
[D— Y21 (x.y. DD — ¥ x.y. 2y =0,
[D—¥31(x,y, 2D - ¥32x,y,2)]z =0, (16)

where D = %. Comparing (15) and (16), it is easy to deduce that

77+Z

Gi(xy,2) = <W]1 + Y2 + 8%2 )

G(x,y.2) = <1//21 + Yo+ 1/fy22y)

Go60.3.2) == (Vo + Y + e 2). (17)
and

Fi(x,y,2) = Yymvnax, BXy.2) = ¥avny,

F(x.y.2) = Y31z (18)

Choosing ¥;; in such a way that
Y Z%(%—I/f-i- nz/fz—vz),
Y1 = l [Cl <Ol1(l —0y) — nefzﬂ . Y =k,
Vs = — [Cz <ﬂ1(1 - p2)+ n +z - )] V32 = k3,

where k1, k; and k3 are arbitrary constants that can be deter-
mined from (18). The system (15) is transformed to eight possible

Y2 =K1,
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systems of first order differential equations and we choose to solve the
system (19)
[D—Yn2(x.y.2)]x =0,
[D—¥s2(x.y,2)]z=0,
which gives
x()=Cexp[k1§], y(§)=Cexp[k2§], z(§) = Cexp[k3&]. (20)
implying that the analytical traveling wave solutions of the system
(12) are
x(r—ct)=Cexpk(r—c7)],
y(r—ct)=Cexplia(r —c1)],
z(r—ct) = Cexplks(r —cT)],

[D—vnxy.2)ly=0,
(19)

(21)

where

K1 Z%C:I:%,/Cz-l—‘lw, Kz:%:l:%‘/(C/(ﬁz)z—‘lOl]Cl,
—c 1
29, £ 2V @2657 —4prcs

It is worth noting that the other systems which can be chosen from
(16) are rather not easy to solve because of the many nonlinear terms
involved. We therefore focus on one class of solutions.

and k3 =

Fig. 6 shows plots of the traveling wave solutions which we ob-
tained using factorization of differential operators. They show that in
the long run, the CTL density exponentially grows while both tumor
densities exponentially decrease.

7. Heterogeneous model simulations

Model (12) was simulated using parameter values in Table 1 and
6 = 2. We assumed that CTLs and tumor cells diffuse at the same rate.
We used Crank-Nicholson finite difference schemes to discretize the
model equations and solved the resulting system using LU decom-
position. We implemented this in PYTHON programming language.
Fig. 7(a)-(d) displays the spatial distribution dynamics of CTLs and
the infected and uninfected tumor cells in the tissue at times corre-
sponding to 300, 400, 700 and 800 days respectively. In doing these
simulations, we set two scales on either sides using twinx in PYTHON
software to clearly see the tumor density curves since the scale for the
CTLs is high (|0, 40]) and that for the tumor is low ([0, 1]). We notice
that the CTLs’ density overly keeps increasing with time and the tumor
densities are lowered throughout the tissue going by the areas below
the curves. We estimated these areas using Riemann sums. The areas
under the uninfected tumor curves for 300, 400, 700 and 800 days are
respectively 0.17964, 0.1222, 0.08445 and 0.07261 unit squared. The
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same is observed for the infected tumor cells, which areas are respec-
tively 0.30472,0.30472,0.1840 and 0.15715 unit squared. Comparing
Fig. 7(a)-(d) with (Fig. 5), we notice that the CTLs occupy more of the
domain [0.2, 0.4]. Initially the CTLs lie on [0.2, 1]. As time goes on, the
CTLs occupy much of the left hand domain. This shows the attack of
the CTLs on predator cells. Fig. 8 shows the total tumor load (y + z)
and CTLs spatial distribution. The results are similar to those that we
observe in Fig. 7, that is decrease in tumor load, increase in CTLs, and
a shift of domains depicting an attack of CTLs on the tumor cells. This
can be explained by the response of CTLs to a tumor in body tissue.

8. Conclusions

The advantage of using virotherapy is the fact that it offers less
harmful side effects during and after cancer therapy. Several clini-
cal trials for many viruses are currently ongoing and this treatment
may soon be available for clinical use. The aim of this study was to
examine how virus and immune responses influence the outcome
of oncolytic virotherapy. We constructed two deterministic models
with the second, an extension considering diffusion and chemotaxis.
We determined the homogeneous model’s equilibria and investigated
their stability. We determined traveling wave solutions for the hetero-
geneous model and numerical solutions were compared to analytical
predictions where possible.

The homogeneous model simulations together with the stability
analysis agreed to a fact that virotherapy can reduce the tumor load
in body tissue to a very minimum and cancer dormant cell concentra-
tion level by killing all the infected cells although a very small num-
ber of uninfected tumor cells may remain. Agarwal and Bhadauria
[8] in their tumor-oncolytic virus model analysis argue that the tu-
mor load can be reduced to a lower value provided that the net
growth of uninfected cells is less than the virus transmission rate,
in our case the replication rate. They also conclude that the interior
equilibrium point will always be locally asymptotically stable if the
growth rate of uninfected cells is higher than that of infected cells. The

model parameter values which we used all fulfill the above conditions
and the homogeneous numerical results are similar to Agarwal and
Bhadauria’s. Mukhopadhyay and Bhattacharyya [13] in their analysis
of a deterministic model to ascertain the most important parame-
ters that control tumor-immune-virus dynamics stated that the virus
replication rate has the ability to stabilize or destabilize the system.
Moreover, our homogeneous model simulations clearly indicated that
a high virus replication rate can result into a tumor free body tissue.
We introduced a space variable to incorporate diffusion and chemo-
tactic movement of cells thus developing a spatial model on a one
dimensional domain.

We determined a certain class of analytical solutions to the re-
sulting system of nonlinear hyperbolic partial differential equations.
All the spatial model equations, without chemotaxis, are of Lienard
type and this gave us an advantage to use the method of factorization
of differential operators. The numerical plots of the solutions which
we obtained conformed to the fact that in the long run, CTLs density
exponentially grows while the tumor cell densities decrease. Malinzi
et al. [29] showed that the main tumor invasion properties include
tumor growth rate, tumor cells’ diffusion rate, and local kinetic inter-
action terms. The analytical traveling wave solutions we obtained are
functions of the wave propagation speed, tumor diffusion rates, and
local kinetic interaction terms. Biologically, unchecked exponential
increase or decrease in cell population growth is not realistic in com-
parison to experimental studies (see e.g. Refs. [30-32]). Nevertheless,
these solutions point out a decrease in the tumor cell densities and
an increase in the CTLs. These solutions are similar to those obtained
in the traveling wave analyses done by authors of Refs. [25,33].

The heterogeneous numerical simulations showed the CTLs at-
tacking the tumor. The plots of the total tumor load showed that with
time the CTLs maintained the tumor density at a lower dormant level
while their density kept on increasing in the body tissue.

In reality, the geometry of human body tissue is intricate and
the one dimensional spatial model developed here is not in any way
equivalent to body geometry. Nevertheless the results derived from
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this model give important insights into tumor-virus-immune interac-
tion dynamics and the model can be extended to a more biologically
realistic geometry, perhaps a spherically symmetric one.
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Chapter 4

Enhancement of chemotherapy using
oncolytic virotherapy: A mathemati-

cal analysis

We have already studied in Chapter 2 the mechanisms of interaction of immune
cells and tumour cells. We have also determined the outcome of oncolytic vi-
rotherapy treatment in Chapter 3. From these studies we noticed that tumour
cells attack the immune system at full potential and that oncolytic virotherapy
may be successful in limiting tumour growth and thereby mitigating cancer devel-
opment but may not completely eradicate tumour cells from body tissue. In this
chapter, we seek to determine the outcome of a combination of treatment types,
in this case chemotherapy and virotherapy. The chapter starts by constructing a
model of chemovirotherapy. The model’s plausibility is shown by proving exis-
tence, uniqueness, positivity and boundedness of the model solutions. As with
the previous homogeneous models, steady state solutions are determined and
their stability is investigated. An efficacy analysis of three drug infusion meth-
ods is done to determine how best to infuse cancer drugs in a human body and
the outcome of each treatment is investigated. Lastly, the models are numerically

simulated and the solutions are compared to analytical results.

36
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Abstract

We propose a mathematical model of chemovirotherapy, a recent experimental
cancer treatment which combines both chemotherapy and oncolytic virother-
apy. We prove existence, uniqueness, and boundedness of the model solu-
tions. Analytical solutions are determined where possible and stability anal-
ysis presented. Numerical simulations are obtained using the Runge-Kutta
forth order method. We show that chemovirotherapy is capable of reducing
the tumor cell density in body tissue in a relatively short time frame.
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1. Introduction

Tumors possess mechanisms that suppress anti-tumor activity such as lig-
ands that block natural killer cells and cytotoxic tumor infiltrating cell func-
tions [1]. Because of this, successful cancer treatment often requires a combi-
nation of treatment regimens.

Traditional procedures including chemotherapy, surgery, radiation ther-
apy, and immunotherapy, are not a definite cure for cancer. They are also

highly toxic [2]. Chemotherapy, which is the most commonly used regimen,
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involves the use of medical drugs to lyse cancer cells. These chemotherapeutic
drugs circulate in the body and kill rapidly multiplying cells. Because cancer
cells are fast replicating compared to healthy cells, they are more susceptible
to the action of these drugs [3]. Damage to healthy tissue is unavoidable and
this accounts for the high toxicity of chemotherapy [3].

In the recent past, virotherapy, a less toxic experimental treatment has been
identified as a possible cancer treatment (see [4, 5, 6, 7]). Virotherapy involves
the use of oncolytic viruses that infect, multiply, and directly lyse cancer cells
with less or no toxicity [6]. Their tumor specific properties allow for viral
binding, entry, and replication [8]. Oncolytic viruses can greatly enhance the
cytotoxic mechanisms of chemotherapeutic drugs [9]. Further, chemothera-
peutic drugs lyse fast multiplying cells and, in general, virus infected tumor
cells quickly replicate [10].

Nguyen et al. [8] gave an account of the mechanisms through which drugs
can successfully be used in a combination with oncolytic viruses. They how-
ever note that the success of this combination depends on several factors in-
cluding the type of oncolytic virus (OV)-drug combination used, the timing,
frequency, dosage, and cancer type targeted. This combination of cancer treat-
ment is under clinical trials. There is therefore a need for an investigation into
the treatment characteristics which are most important for its success.

The model we construct combines elements from two different existing
mathematical models. We briefly review these models. Phino et al. [11] de-
veloped a mathematical model of chemotherapy response to tumor growth
with stabilized vascularization with the aim of investigating the efficacy of
chemotherapy in order to eliminate cancer cells. In their analysis, they showed
the region of parameter space in which cancer cells may be eliminated. They
also showed the outcome of the cell concentrations with varying infusion rates
of the drug. Other chemotherapy mathematical models include [12, 13, 14].
Ursher [15] also gave a summary of some mathematical models for chemother-
apy. Tian [16] presented a mathematical model that incorporates burst size

for oncolytic virotherapy. His analysis showed that there are two threshold
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burst size values and below one of them the tumor always grows to its max-
imum size, while above the other, there exists one or three families of pe-
riodic solutions arising from Hopf bifurcations. His study affirmed that a
tumor can be greatly reduced to low undetectable cell counts when the burst
size is large enough. Other similar virotherapy mathematical models include
[7,17, 18, 19, 20].

The major aims of this study are; to construct a mathematical model to sim-
ulate chemovirotherapy, consider three drug infusion methods and compare
their efficacies, use mathematical analysis to predict the outcome of OV-drugs
combination treatment, and to compare the efficacy of using each treatment,
that is to say, chemotherapy and virotherapy individually. We believe that
these issues have not been addressed in literature before. Further, to the best
of our knowledge, there has not been a mathematical study on the combina-
tion of both chemotherapy and virotherapy, yet theoretical and experimental
studies have shown that chemovirotherapy may be a success in cancer treat-

ment.

2. Model construction

We consider time dependent cell concentrations of uninfected tumor cells
U(t), infected tumor cells I(t), a free virus population V(t), and a chemother-
apeutic drug C(t) in an avascular tumor localization. The uninfected tumor
grows logistically at an intrinsic rate « per day and the total tumor carrying
capacity is K cells in a tumor nodule. The infected tumor cells die off at a
rate 6 per day. We model the virus multiplication in the tumor by the func-
tion BU(t)V (t), where B is the virus replication rate measured per day per 10°
cells or viruses. The response of the drug to the uninfected and infected tumor
is respectively modeled by the functions dyU(t)C(t) and 611(¢t)C(t) where &
and J; are induced lysis rates caused by the chemotherapeutic drug measured
per day per cell. We consider that the virus production is béI where b is the

virus burst size, measured in number of viruses per day per cell, and ¢ is the
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infected tumor cells” death rate measured per day. We model the chemothera-
peutic drug infusion into the body with a function g(t) and that the drug gets
depleted from body tissue at a rate A per day.

We simulate the drug infusion into the body using (a) a constant rate
g(f) = g, (b) an exponential g(t) = gexp (—at) and (c) a sinusoidal func-
tion ¢(t) = gsin? (at), where q is the rate of drug infusion. The constant a
determines the exponential drug decay and period for the sinusoidal infu-
sion. The constant infusion rate may relate to a situation where a patient is
put on an intravenous injection or a protracted venous infusion and the drug
is constantly pumped into the body. This form of drug dissemination is used
on cancer patients who stay in the hospital for over a week. Higher doses
of certain anti-cancer drugs may however lead to hepatic veno-occlusive dis-
ease, a condition where the liver is obstructed as a result of using high-dose
chemotherapy (see e.g. [21, 22]). The exponential drug infusion simulates a
situation where a cancer patient is given a single bolus and the drug exponen-
tially decays in the body tissue. This form of infusion is not common although
it is now used for some drugs, for example, a single dose of carbonplatin can
be given to patients with testicular germ cell tumors and breast cancer (see
[23, 24]). The third scenario is possible when a cancer patient makes several
visits to a health facility and is given injections or anti-cancer drugs periodi-
cally. This is a more common form of cancer drug infusion (see e.g. [25, 26]).

The assumptions above lead to the following system of non-linear first

order differential equations;
((t) = ali(t) (1 _ W) _ BU(HV(E) — 5U(HC(H),

(1) = UtV () - 6I(1) - 5I(HC(H),

C(t) = g(t) — AC(t), (1)
subject to initial cell concentrations

U(O) = UO, I(O) = Io, V(O) = VO, and C(O) = Co.



We re-scale the variables in system (1) by setting f = 6, U = KU, I = KI,
V = VyV, and C = CyC. We consider Vy = K. The parameters are renamed to

become
_x 5 ‘BVO = 50(:0 = 51 C() = bK _ Y
114 5 ’ ,8 5 7 90 5 s Y1 5 7 V() Y 5 ’
A

_Ll
¢= 5(:"’ 5 Ty

For simplicity, we drop the bars and equations (1) become

Ut

all(t) (1= U(t) = I(t)) — pU(£)V(E) = GU(£)C(t),
BU()V(E) — I(t) — 611(t)C(t),

I(t) = UV (t) =7V (h),
g(t) —pC(t). )

(
it
vt
(

C(t

)
)
)
)

o E(t) = ¢, E(t) = ¢pexp (—at), and ¢ sin®(at) respectively are the constant, ex-
ponential and sinusoidal infusion functions. For this model to be biologically
meaningful, its solutions should be positive and bounded because they repre-
sent cell concentrations. In the next section, we show that the solutions to the
equations (1) exist, are positive and bounded, and the domain in which they

s lie is positive invariant.

3. Mathematical analysis

3.1. Existence and uniqueness

Theorem 1. There exists a unique solution to the system of equations (2) in the

region (U,1,V,C) € R%.

Proor. We use the Picard-Lindeldf theorem (see [27]) as follows.
Consider the closed interval It = [ty — T,ty + T| and the closed ball By = {y €
R"| |ly — xo|| < d} in R" where T and d are positive, real numbers. Suppose that
the function

filpx By — R"



wo 1S continuous and that the partial derivatives in the Jacobian matrix D¢ where

105

oh oA o
dx1 dxp dxy
9 9f 92
Df _ dx;  9xp dxy
Ofu  Ofu 9fn
dxq dxo dxy

exist and are continuous in It x By. Then there exists a 6 > 0 so that the initial value

problem
dx

0 = £(t,2), x(t0) = %o

has a unique solution on the interval Iy = [ty — 6, to + J]. It is sufficient to show that

fi o=l () (1= U(E) — (1)) — BU(DV(E) — SoU(H)C(H)
;o foi= BU(H)V () — SI(F) — 51 1(t)C () .
fa = bI(t) = BU(HV(t) — V(8 ’

fa:=8(t) —9C(t)

and
of o o oA
oU 9 oV oC
A
Df_ |30 @ av ac 4
F=1% o o on @
oU dI 9V  oC
of A s U
ouU oI 0oV oC

exist and are continuous on R%. The functions (3) and (4) are polynomials and are

therefore continuous on R".

3.2. Boundedness and positive invariance

Theorem 2. if U(0) > 0, I(0) > 0, V(0) > 0, and C(0) > 0, then U(t) > 0,
I(t) >0, V(t) >0,and C(t) > 0 forall t > 0.

We use the same idea as in [16] to prove positiveness of the model solu-

tions.

Proor. Assuming that the Theory is not true, then there must be a time #;

such that atleast one of the solutions becomes zero first. We investigate each
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possible case; if U(t;) = 0 first, then U(t;) = 0. However, from the first
equation in system (2), by the uniqueness of the solution, we know that U(t) =
0 for all + > #;. The second equation then becomes I(t) = —I(t) — 5I(t)C(t)
and its solution is
t
I(t) = I(t) exp (-/ (1 +(51C(s))ds) and so I(f) > 0.

51
The third equation becomes V (t) = bI(t) — vV (t). If you set
V(t) =bI(t)—y=0> —qV(t)so V(t) > Rexp (—7t) meaning that V(t) > 0.

Similarly the fourth equation becomes C = &(t) — ¢C(t) and its solutions is

() = exp(—y1) [ o) explys)ds +C(tr)),

which implies that C(¢t) > 0 for all + > 0.

If I(t1) = O first, then I(t;) = BU(t1)V(t1) > 0 implying that when t > t1,
I(t) > 0 since U(t), V(f),C(t) > 0 as assumed.

If V(t) = 0 first, V() = by(t;) > 0, implying that when t > t;, V(t) > 0
since U(t), I(t),C(t) > 0 as assumed.

If C(t;) = 0 first, C(t;) = ¢(t;) > 0, so when t > t;, C(t) > 0 since
Uu(r),I(t),C(t) > 0 as assumed.

If two solutions are zero (eg U(t;) = 0 and I(t;) = 0) simultaneously at
t = t1, then following the same steps above, it is trivial to check that the other
solutions will be non-negative for t > t;.

If three solutions are zero (eg U(t;) = 0, I(t;) = 0, and V(t;) = 0) si-
multaneously at t = t;, it is trivial to check that the other solution will be
non-negative for ¢ > 1.

If the four solutions are zero simultaneously at t = t;, from the uniqueness

theorem, U(t) = I(t) = V(t) = C(t) =0 for t > #;.

Theorem 3. The trajectories evolve in an attracting region ID = {(U, LV,C) €
RE | U(t) +1(t) <1, V() < b/, C(t) < C(¢p)}, where C(¢) depends on the

drug infusion function used.
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Proor. From equation (1), we know that U + I < K. This implies that U + I <
1.

V(t) < bI(t) —qV(t), V(t) <b—qV(t), V(t) < % W exp’y(_’Yt),

lim V() <

t—o0

==

C0)+ye() =20, €)= exp(—y0) ([ e explynte +R),

where R is an arbitrary constant of integration. For the constant infusion
function ¢, lim;_,eo C(t) = ¢/¢. For &(t) = ¢pe ", lim;_. C(t) = 0, and for

. . 2
£() = gsin? (at), limy oo C(1) = 5720 — £

Theorem 4. The domain D is positive invariant for the model equations (2) and

therefore biologically meaningful for the cell concentrations.

Proor. The proof directly follows from proofs of Theorems 2 and 3.

3.3. Model solutions

To investigate the efficacy of each treatment and their combination we first
study the dynamics of the system without treatment. Without any form of

treatment, model (2) is reduced to only one equation
U(t) = al(t) (1-U(t)), U(0) = Uy ©)
whose solution is

o lim U(t) =1,

tt) = (1= Ug) exp (—at) + Uy t—co

implying that the tumor exponentially grows to its maximum fractional size.
We next analyze the model (2), firstly without virotherapy, without chemoter-
apy, and then with both treatments incorporated. We firstly obtain, where
possible analytical and time invariant solutions which predict the long term

dynamics of the model equations (1).



Without virotherapy (V(f) = 0), the system (2) is transformed to

(t) = &l () (1- U(H) — &UHC(E),

C(t) = ¢(t) —yC(h), (6)
with U(0) = Uy and C(0) = Cp. The second equation in (6) is a first order
linear ordinary differential equation which can easily be solved to give

() = exp(—y1) [ ety explyna + ) 7)

where R is a constant of integration. The solution to the first equation in (6)

depends on the infusion function ¢(t). For a fixed infusion function ¢

at 09t | dge¥1)
e [ [

ut) =

_M+‘508(7wf) . "
zxfe(a v v >dt—|— %
C(t) = (co - %) e ¥4 % (8)
From the solution of C(t) in (8),
- _¢
tango C(t) = s

Biologically we infer that with a constant drug infusion and without vi-
rotherapy, the tumor is not completely cleared and a certain proportion of

u the drug remains in body tissue. The tumor clearance depends on the drug
induced lysis of the tumor and the drug infusion rate which should be max-
imized, and the tumor growth and drug decay rate which should be mini-

mized.

For {(t) = ¢ exp(—at),

ant _ apt 5606(74’” _ acéoe(7¢t) (504)@(7’”)
e(afw A TN
1) =
u( ) <M7L¢t+céoe(7¢t) 7ac50e("/"t) +5047e(7”f>> <y
a— a— a— a— a—u)a a—
afe [ (a—y)y (a—¢) dar + euo"’
Cow—b pel—atv)
C(t) = ( R ) ©)

(10)
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From (9)
lim C(t) =0, and tlim U(t) = Uy,

t—o0
where U, is a fractional tumor cell concentration between 0 and 1. This sug-
gests that with a single dosage infusion of the chemotherapeutic drug with
exponential decay, and without virotherapy, the tumor cannot be cleared from

body tissue. The drug is also completely depleted from the body.
When (t) = ¢ sinz(at) is substituted in (6), the resulting differential equa-

tions are solved to give

c() = % (21{ - (tpz cos (2at) e + 2a1p::/;t;s—:—n1;:at) — (42 + ¢2)e(¢f))¢ L=
1)
where ) ) )
—¢(4a
and

tlim C(t)=Cu=f(a¢,¥).
This suggests that with time some drug concentration remains in the body tis-

sue. The analytical solution for U(t) is complicated and difficult undertaking

to interpret.

Theorem 5. The system (6), with constant infusion, has no periodic solutions for

positive U(t) and C(t).

Proor. We use Dulac’s criterion (see [30]) as follows.

Suppose X = f(x) and f(x) is continuously differentiable on a simply con-
nected domain ID C R. If there exists a real valued function g(x) such that
V.(g(X)) = V.(gf) has one sign in D, then there are no closed orbits in D.

Using Dulac’s criterion, it is sufficient to show that

9 .. 9, . ,
57 (8U) + 55 (8C) #0 VU, CeRE.

10
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Consider

g(u/ C) = ﬁ/

V.g%) = 377 (811) + 5 (sC).

(‘é+%) <0V U,Ce (R

Theorem 6. The system (6) has atleast two steady states for each of the drug infusion

functions:

1. For the constant drug infusion function {(t) = ¢ there are two steady states

of (6); (U=0,C = %) which is locally asymptotically stable provided that
dop > apand (U =1— 50‘/’ ,C = 0) which is locally asymptotically stable
provided that do¢ + ap > 250471112 otherwise it is unstable.

. For the exponential drug infusion ¢(t) = ¢exp (—at), (6) has two steady

states; (U = 0,C = 0,W = 0) which is unstable and (U =1,C =0, W = 0)
which is locally asymptotically stable.

. For the sinusoidal infusion function, there are four steady states of (6); (U =

0,C=0,W=0), (U=1C=1W =0), and(u_”“¢50¢c_

antp
W= ¢) which are unstable and (U =0,C = 1., W = E) which is locally

L
ayp’
asymptotically stable if bo¢p > anp and ¢ < 1.

ulp’

PRrROOF. 1. It is easy to show that when (6) is equated to zero, one obtains

two steady states. The characteristic polynomial of the Jacobian matrix

for (6) evaluated at (0 ¢

,IP)IS

A2+( f;b+¢>/\+5o¢—a¢,

whose roots A can only be negative if o > aip.
The characteristic polynomial evaluated at (1 — ‘50—4) ,0) is
A2 4 ( 28009 +a + zf +¢> A —280p9° + o + ap,

11
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whose roots are negative provided that do¢ + agp > 250py?.

. By letting W = ¢exp (—at), (6) is turned into an autonomous system

(1) = aU(e) (1 — U(H) ~ &U(HC(),
C(t) =W —9C(t),
W(t) = —aW. (12)

The eigenvalues of the Jacobian matrix for (12) evaluated at (0,0,0) are

—1p,, and 0 and at (1,0,0) are —a, —¢p, and —a are all negative.

. Similarly, by letting W = ¢ sin?t, (6) becomes the autonomous system

U(E) = () (1 - U(H)) - SU(1)C(H),
C(t) = W —yC(t),

M=

W(t) = [4aW (g~ W)t (13)

The eigenvalues of the Jacobian matrix for (12) evaluated at (0,0,0) are
—1p,, and 0 and the eigenvalues evaluated at (1,0,0) are i, —a, and

0. For the third steady state to exist aayp > JSp¢ and the eigenval-

. _anyp—bep  4ag _ s .
ues evaluated at this state are < W Ja0=p) 1/)), implying
that for it to be locally asymptotically stable, do¢p > aaip yet for this to

happen, the steady state will not exist. The eigenvalues evaluated at
(U=0,Cc=2 w= %) are (_ﬂlel)—Jo(p, S 1) —¢> implying that

W’ W ap—g)
this steady state is locally asymptotically stable if dp¢p > anyp and ¢ < 1.

Theorems 5 and 6 show that there are no repetitive patterns in the dynam-
ics of (6) and with a constant drug infusion, the tumor can be eliminated from
body tissue by chemotherapy provided that the combination of the chemother-
apeutic drug induced lysis of the tumor and the drug infusion is greater than
the combination of the intrinsic tumor growth rate and the drug deactivation
rate. The tumor can also be wiped out with a repetitive type drug infusion
provided that the combination of the tumor induced lysis by the drug and the

dosage is greater than the intrinsic tumor growth rate and drug decay rate.

12



With the exponential infusion method, where the chemotherapeutic drug is
wo only infused in the patient once and it exponentially decays, the tumor is not
removed from body tissue and may grow to its maximum size.

Without chemotherapy, (2) is reduced to

U(t) = al(t) (1 - U(t) = I(t)) — pU()V (1),

I(t) = pU(t)v(t) — I(t),
V(t) = bI(t) — UV (t) — YV (1) (14)

The analytical solutions to system (14) are not easy to obtain. We therefore
equate (14) to zero to obtain solutions which are time invariant and investigate

their stability by linearizing (14) about the steady states.

ws Theorem 7. 1. If B+ > bB, the system (14) has two steady states; a tumor free
cell state (0,0,0) which is unstable and an infected tumor free state (1,0,0)
which is locally asymptotically stable.
2. If bp > B+, the system (14) has three steady states; the tumor free state
(0,0,0) and the infected free state (1,0,0) which are unstable and a tumor
dormant state

_ o ay(Bb—=1) =) _a(Bb—=1)—1)
(”‘ G-Dp ' T BBb-12i0-1) " <b—1>2ﬁ2+m(>1é)

b > 1 which is locally asymptotically stable if ag,a1,a, > 0 and ajay > ag

where a; are coefficients of the characteristic equation.
Proor. 1. The characteristic equation evaluated at (0,0,0) is

A (y—a+ 1A+ (y —ay —a)d —ay =0,
A—a)A+1)(A+7) =0,

from which A; = «, A = —1 and A3 = — thus rendering it unstable.

The characteristic equation evaluated at (1,0,0) is
(A+a) (A2 + A1+ B+7) +Bp+7—bp) =0, (16)

13
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from which A; = —a and A2 + A(1+ B +7) + B+ v — bB = 0 which are
all negative since 4y > bp.

2. We obtain the same characteristic polynomials as in case 1 and in this
case (1,0,0) is unstable since b > B + v, which violates the condition

for the roots to all be negative.

3. The characteristic polynomial evaluated at the tumor dormant state is
A3+ aoA? + A + a9 = 0, where
a3 =QAx+AB+CB—a+7y+1),
a; = (ZAzocﬁfAzxﬁ+Co¢ﬁfAb,3+2Azx'y+C,B'y+2Azx+Aﬁ+Cﬁfzx'yfoc+'y>,

ap = —2 A%abf +2 A%ap + AabB + CaBy — Aap +2 Aay + CBy — ay,

and A, B, C are the coordinates of the tumor dormant state. Using Routh-
Hurwitz stability criterion, this state will only be locally asymptotically

stable if ag, a1,a, > 0 and aja; > ap.

Since the infected tumor free state is undesirable, the reverse of the con-
dition B+ > bp is necessary for tumor eradication from body tissue. In
other words b > B + v, that is, the product of the virus replication rate and
their burst size should be greater than the sum of the burst size and virus
replication rate. We also notice from (15) that

Iim U= 1lmU=0.

B—o0 b—

It is therefore evident that high virus replication rate p and burst size b lead
to lower tumor cell concentrations. The solutions (15) involve many parame-
ters and thereby giving rise to large expressions in the the conditions for its
stability. It is therefore a difficult undertaking to infer biological implications
from these conditions. Nevertheless we observe that virotherapy can only suc-
ceed in eliminating cancer from body tissue when the virus deactivation rate
is very small or even zero and the virus replication rate very high.

We next analyze the model with both treatments. For a constant drug

infusion rate ¢, the system (2) has three steady states;

14
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o Tumor free steady state:

(u_o,l_o,v_o,c_f).
L4

Here the tumor and viruses are cleared from body tissue by the coupled
treatment and a fraction of the chemotherapeutic drug remains in body

tissue. The eigenvalues of the Jacobian matrix evaluated at this state are
Sop — o

_ Gy
¥ p

implying that this desirable state is locally asymptotically stable if 5y >

= _’)// /\4 = _lp/

atp. From this condition, in order to clear a tumor, the combination of
the rate at which the drug kills the uninfected tumor cells and the drug
infusion must be higher than the tumor growth rate and deactivation of

the drug from body tissue.

Infected tumor free state:
(Uzl—(s()—q),I:O,V:O,C:f).
ayp 2

In this state, the whole tumor is not cleared as a fraction of uninfected
tumor cells remain and all the infected ones are cleared by the treat-
ment combination. The eigenvalues evaluated at this state have huge
expressions and the conditions for stability are not trivial. Using well
estimated parameter values in Table 3.3 the eigenvalues of the Jacobian
matrix evaluated at the infected tumor free state are 0.403, 8.13, and

2.598 & 2.418i, implying that the infected tumor free state is unstable.

Tumor dormant state:

__(Goty)y Ty "
<ll— blp(b—l)_51¢/3’1_ (51¢_(b_1)¢)ﬁ,V—F,C_ lp)/

where

[ (Boodr¢? — bBoogp — apdrgyp — adi gy + abpy’ + Blogp — afy® — ay?)
(b= 1By +apry? — pPo1gy ’

It is a difficult undertaking to investigate the stability of this state with-

out substituting parameter values because of the many terms involved.

15



Using the parameter values in Table 3.3, the eigenvalues are —0.031,

—0.025, —1.01, —8.13 implying that this state is stable.

With the consideration of an exponential infusion function ¢(t) = ¢ exp (—at),
the equations (2) are first turned into an autonomous system of differential

x5 equations by letting W = ¢ exp (—at). This system has three steady states:
e a tumor free state where all cell concentrations diminish to zero
(U=0,I=0,V=0,C=0W=0).

This state is unstable because the eigenvalues —vy, —¢, —a, —1, and «

are not all negative.
e a state where the tumor grows to its maximum size
(U=1,1=0,V=0,C=0,W=0).

The characteristic polynomial evaluated at this state is (16) and this state

is locally asymptotically stable if  + v > By, otherwise it is unstable.

<u_(7 [ (b —a)py—ay? V(“b_“)’g_”,c_o,w_o),

b—1)B"  (b—12p+ (ab—a)py’  (b—1)B +apy

b > 1. The eigenvalues evaluated at this steady state are also big expressions

and difficult to analyze analytically and extract conditions for stability. With

20 the set of parameter values in Table (3.3), the eigenvalues are —0.1 , —8.13,
1.054, and —0.014 £ 0.085i implying that this state is stable.

Similarly, with &(t) = ¢ sin? (at) we change (2) into an autonomous system

of equations by letting W = ¢ sin? (at). The autonomous system has six steady

states:

o Tumor free state where all cell concentrations are wiped out of body
tissue

(U=0,I=0,V=0,C=0,W=0).

25 The eigenvalues evaluated at this state are —y, —¢, —a, —1, and « im-

plying that it is unstable.

16



o A state where the tumor grows to its maximum size
(U=1,I=0,V=0,C=1W=0).

The condition for stability of this state are same as with the exponential

drug infusion case, that is, the state is locally asymptotically stable if

B+7r> B

o Tumor free state where some concentration of the drug remains

(u:o,jzolvz(),c: i/wz f)‘
ay a
This state is locally asymptotically stable if dop > ag and 3 < ¢ < 1

because the eigenvalues evaluated at this state are

dop —ap _bpty 2Qap9-9)
v v VA 9)

250 otherwise it is unstable.

e Infected tumor free state where all infected tumor cells are wiped but a

certain proportion of the uninfected remains

anp—dop _ ¢ _ ¢
(u W,Ifo,vfo,cf E'W7 E,>,aoal)250<l>-

e Drug free state where the chemotherapeutic drug is wiped out of body

tissue and proportions of all the other cell concentrations remain

__ _ (ab—a)By —ay? (@b—a)B—ay . -
(LI_ (bfl)/ﬁ’l— (b_l)zﬁz-l-(txb—a)/g,y’v_ (bl)lB2+alB'y'C_O'W_0)’

b>1.

e Tumor dormant state

4

_ (519 +ap)y _ Loy :ﬁcziwzf
u (ab—a)Byp — o1’ abyp — 519 — ayp’ ayp’ ayp’ a
where

_ a?abByp? — abBoody — axBérpyp — andiypp — a>afy? — a’ayp? + Béodrd? + aBdody
(abBy + axyy — Borp — app)apy '
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Table 1: Dimensional parameter values.
K « B 0 v b g A & o1
10° 0.206 0.001 0.5115 0.001 10 5  4.16 0.005 0.006
[28] [28] [28] [28] [28] [29] [11] [11] estimated estimated

The conditions for stability for the last three states all depend on huge expres-
sions from which it is hard to extract meaningful biological implications. This
analysis however suggests that with both treatments and using a sinusoidal
type infusion, the tumor can be eliminated from body tissue provided that the
combination of the drug infusion rate and the lysis rate of the tumor is greater

than the combination of the tumor growth rate and rate of drug loss.

4. Numerical simulations

4.1. Parameter values

In this section we use estimated parameter values in Table 3.3 to solve
model equations (2). These parameter values were obtained from fitted ex-
perimental data for untreated tumors and virotherapy in mice [28]. A 13
mm tumor lump contains about 10° — 10° tumor cells [31]. Therefore we
considered a carrying capacity of 10° cells per unit volume. Several invivo
experimental tumor growth models estimate the intrinsic rate of growth to be
0.1 — 0.3 [32]. We consider the number of viruses produced per day b to be in
the range 10 — 1000 (see Ref [29]). We consider the rate of drug infusion g to
be 5 mg/day and the decay rate A to be 4.17 mg/day, values which conform
to cancer pharmokinetic studies (see eg. Refs[23, 24]). Since infected tumor
cells multiplication is enhanced by the oncolytic virus replication, the tumor
cells lysis 41 is considered to be grater that for uninfected tumor cells ) (see

Ref [11]).

4.2. Results

We present numerical simulations firstly with only either treatments and

with both treatments implemented. In all our simulations, unless stated oth-
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Figure 1: Solutions of the model without virotherapy (6) showing a variation of fractional
concentrations with time, using (a) a constant , (b) an exponential, and (c¢) a sinusoidal drug

infusion. The intial cell concentrations are Uy = 0.8, and Cy = 0.2.

erwise, we considered initial concentrations Uy = 1, Iy = 0, V; = 0.1, and
Cp = 0.1 with a high fractional untreated tumor cell count to necessitate clin-
ical intervention. The equations were integrated using a Runge Kutta fourth
order scheme and implemented in MATLAB. It is worth noting that the scale
for the time and cell concentrations is respectively 1 unit ~ 2 days and 1 unit
= 10° number of cells.

Figure 1 shows numerical solutions of the model (6). The figure shows

that a constant and sinusoidal forms of drug infusion are more effective in
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Figure 2: Solutions of the model (14) without chemotherapy showing a variation of fractional
cell concentrations with non-dimensional time using low and high values of the virus repli-
cation rate § and burst size b, that is, (a) § = 107%, b = 10, (b) g = 1073, b = 10, (¢) b = 10,
B =107% and (d) b = 100, 8 = 107°.

reducing the tumor concentration as compared to an exponential drug in-
fusion. These numerical solutions agree with the analytical results we earlier
obtained in the previous sections; that chemotherapy on its own may not clear
all tumor cells in body tissue, the tumor grows to its maximum size and the
drug concentration decays to zero with the use of an exponential infusion. We
noted in Section 3 that total tumor clearance from body tissue can possibly be
achieved if oy > ayp. The parameter values we used however do not conform
to this condition.

Figure 2 shows the dynamics of the model without chemotherapy. It is
clear from this figure that virotherapy alone could possibly deplete all tumor
cells from body tissue provided that the virus replication rate is high. It is
worth noting that a high virus burst size also leads to similar results, that is to

say, the higher the virus burst rate, the higher the chances of clearing tumor
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Figure 3: Solutions of the model (2) with both treatments showing a variation of fractional
cell concentrations with time using low and high non-dimensionalized values of the virus
burst size, that is, 15, 25 and with diferent drug infusion functions, that is, (a) constant, (b)

exponential and (c) (sinusoidal).

cells from body tissue (also see [16]). Figures 2(a) and (b) show a variation of
the fractional tumor and virus concentrations against time for different values
of the virus replication rate. We notice that with a small virus replication rate
for example B = 1079, it takes a longer time to clear the tumor cells. Figures
2(b) and (c) show a variation of the fractional concentrations with two different

burst sizes. From these figures we notice that when b = 10, it takes about
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10 days to reduce the whole tumor cell concentrations to zero while it takes
only about 5 days with b = 100 implying that a high virus burst size yields
a quick recovery with virotherapy treatment. These numerical intimations
concur with the analytical results we established in Sub-section 3.3.

Figure 3 displays the dynamics of the model (2) with both treatments.
The numerical results are similar to those of Figure 2, only that with both
treatments it takes a shorter time to bring the tumor cell concentrations to
zero. High values of the virus replication rate and burst size lead to tumor
clearance in a shorter time period. Both figures 2 and 3 show that an increase
in the virus multiplication rate and burst size increase the infected tumor cells
concentration. For example comparing figures 3(a) and (b) the number of
infected tumor cells were about 0.15 x 10® when b = 15 and this increased to

0.35 x 10® when b = 25.

5. Conclusion

The aim of this study was to construct a mathematical model to simulate
the outcome of using both chemotherapy and virotherapy in treating cancer, to
investigate the effect of three different drug infusion methods, and to compare
the efficacy of using chemotherapy and virotherapy individually.

We constructed a mathematical model in the form of non-linear and non-
autonomous first order ordinary differential equations. We firstly validated
the model’s plausibility by proving existence, positivity and boundedness of
the solutions. We analysed the model with each of the treatments and for each
of the infusion functions. We considered the model with both treatments. We
found exact solutions where possible and determined the behavior of these
solutions. We investigated the stability of time invariant solutions to deter-
mine the conditions under which a tumor free situation may be achieved. We
simulated the model using a Runge-kutta forth order scheme. The numerical
simulations tallied with the analytical predictions. The model analysis sug-

gested the following: A tumor can grow to its maximum size in a case where
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there is no treatment and chemotherapy alone is capable of clearing tumor
cells in body tissue provided that the combination of the drug induced lysis
of the tumor and the drug infusion rate is greater than the combination of
drug decay and tumor growth. That a constant and periodic drug infusions
are more efficacious than the exponential induction method which biologi-
cally suggests that a repeated-dose regimen in which intravenous injections
are given at regular intervals or putting a patient on an intravenous injection
so that a drug is continuously infused in body tissue is more efficient than
giving a bolus infusion. The model analysis also suggested that successful
virotherapy is highly dependent on a large virus burst size and a higher virus
replication rate and that with the use of both chemotherapy and virother-
apy, a tumor may in less than a month be cleared from body tissue. Lastly,
successful chemovirotherapy depends on the virus burst size and replication
rate, chemotherapeutic drug lysis, infusion and decay rates, and the method
of drug infusion.

Biologically, the reduction of a tumor to undetectable levels in less than
a week is unrealistic in comparison to existing clinical and research studies
(see e.g. [33]). The duration of cancer treatment depends on several factors
including the type of cancer being treated and the patient cells’ characteristics.
This makes it hard to predict the time period to clear a tumor in body tissue.
Moreover, a tumor may be reduced to insignificant levels but later reappear
[34]. Nevertheless, our study shows that chemovirotherapy is highly likely to

bring the tumor to undetectable levels in a short time period.
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Chapter 5

Spatiotemporal dynamics of chemovi-

rotherapy

This chapter is an extension of the study in Chapter 4. The model developed to
simulate chemovirotherapy is extended to incorporate diffusion and thereby cap-
turing the spatial cell distributions. Steady state solutions for the homogeneous
part of the model are obtained and their stability is investigated. Model solutions
are obtained numerically using pdepe in Matlab and a multi-domain monomial

collocation method.
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1 Introduction

Total elimination of a tumour from body tissue using viratygy requires high dozes
of oncolytic viruses which may be lethal to normal tissudscélfoyoizumi et a)
1999. Using chemotherapeutic agents can counter balancevhiabmduced toxins
thus eliminating the tumour without harm to body tissAglfi et al 2006 Alonso
et al 2007 Siurala et g|2015.

Chemovirotherapy is a cancer treatment under clinicalstria combines both
chemotherapy and virotherapy treatments. The essencengf tinéss combination is
that oncolytic viruses directly lyse tumour cells or detigenes that make them more
susceptible to chemotherapeutic drugs. Some oncolytises used in chemothera-
peutic trials have reached phase three out of five of clirticas and may therefore
soon be released to the general public for use, for exani@egovirus for treating
head and neck canceBi(iz et al 2015. Pre-clinical and experimental studies, for ex-
ample Binz et al 2015Ungerechts et al 200Bossow et al 201;1Zaoui et al 2012
Tusell Wennier et al 2012Shafren et al 2004Kumar et al 2008Liu et al 2007,
have indicated that this type of treatment is capable ofieltmg tumour cells with
no harm extended to body tissue. Nevertheless, there ie aeld for further studies
to describe and characterize the tumour-virus-chemapleeitec drug interactions.

Mathematical modeling can be an avenue for describing tleenolirotherapy
dynamics and determining the drug and virus combinatiotofacin form of param-
eters, which are most vital in tumour clearance. The outcoh@emovirotherapy
treatment can also be predicted using mathematical magéhie construct a spa-
tiotemporal model to consider movement and spatial digio of cells with the
aim of investigating the outcome of chemovirotherapy tresit and determining the
drug and virus combination factors, in the form of paransgtehich are most critical
during chemovirotherapy treatment.

2 Model construction

We develop a model that describes an avascular solid tunmowtlyunder chemother-
apy and virotherapy treatments in a two dimensional spdtiahain. We consider
tissue composition with the following variables: densitig uninfected tumour cells
U(r,t), infected tumour celld(r,t), a virusV(r,t), and a chemotherapeutic agent
C(r,t), wherer € [0,L] is the radius of the tumour at a tinhes [0,). We consider
an avascular tumour, with a necrotic core containing delislwéh a radiud_, in a
radially geometric setting with a fixed radiusWe assume that the tumour has grown
to its maximum size and it is just prior to angiogenesis, auaption to necessitate



clinical intervention. We model the movement of cells using Kolmogorov equa-
tion (seeMa and Fuchssteiner 1996 linear diffusion model used for simulating cell
movement.

Fig. 1 Representation of the tumour geometry. The tumour radus isL, a size beyond which it mes-
tasizes, with a necrotic core of radiud_qg

Figurelis a geometrical representation of the tumour with ratdiaed a necrotic
core of sizd. o.

Tumour densitylJ (r,t) andl (r,t)

The tumour is considered to grow logistically at an intrinisitea per day and its car-
rying capacityK is taken to be 19cells. The infected tumour density increases as the
oncolytic viruses multiply in the uninfected tumour celledaburst. We consider the
virus replication into the tumour to be of Michaelis-Menferm (see (Wagner 1973
Malinzi et al 2015). We also assume that the drug kills the tumour cells in @eon
tration dependent manndedrnari et al 1994, that is, the drug cytoxicity increases
with increasing drug concentration, asymptotically aggtong its maximum. The
uninfected and infected tumour cell densities are govebysthe reaction-diffusion

equations:
OU_ 10 ,0U U-—+I BUV ouUC
o 1ﬁa[r ﬂ*""u(l‘ K )_KU+U_KC+C’ @
al 10 [l BUV  &iIC
- r—za[ a}*‘m‘m‘f’" @)

whereD; and D, are diffusion coefficients of the uninfected and infecteahaur
densities respectivelf is the virus multiplication rate measured per day per cells,
OUC/(K: +C) andd11C/(K¢ + C) are receptively the chemotherapeutic drug re-
sponses to the uninfected and infected tumour cells wbgrand 6, are respec-
tively the lysis induced rates measured per #i@andK. are respectively Michaelis-
Menten constants which relate to lysis rates when the vinasthe drug are half-
maximal.



Virus densityV (r,t)

We consider a virus productid®l whereb is the virus burst size measured per day
andd is the infected tumour cell death rate measured per day. Fhs gets deacti-
vated in body tissue at a rayger day. We consider that the virus is locally delivered
and diffuses into the tumour. The non-linear differenti@liation @) describes the
virus density:

BUV
Kyt U

o = Doz

- W? (3)

ov b 10 [zav
or

r —} + bdl —

whereDs is the virus diffusion constant.

Drug densityC(r,t)

We consider that the chemotherapeutic drug is administesea single bolus and
its concentration in the blood stream exponentially degasisas in Gtamper et al
2010. We model penetration of the drug into the tumour using treadiffusion.
The drug density is therefore governed by the reaction siffuequation:

aC 10 [,0C
E_MEEPE

} +Cp(t) — AC, (4)

whereDjs is the chemotherapeutic drug diffusion coefficie@y(t) := oel " is the
prescribed drug plasma level in the blood stream, amglthe natural drug density
decay measured per day. The constaistthe initial drug concentration adelates
to the chemotherapy drug half lifg />, which is roughly one dayRibba et a/ 2009,
and is given by

In2

K= —.
T1/2

3 Initial and boundary conditions

We assume that the uninfected tumour density in the nearotieis zero and that it
increases towards the outside of the tumour, that is, intiiesgent and proliferating
zones (see for examphdalinzi et al 2015. We assume that the initial drug and virus
densities lie on the sheath of the tumour in small concdotrat We assume that
there is no flux at the boundary= 0 for all cell densities because of the geometry
considered. At the boundary= L, we assume no flux conditions for the infected and
uninfected tumour cells, and the virus density. We conditgtrthe chemotherapeutic
drug diffuses into the tumour through the outside tumournoauy r = L whose
permeability is denoted and that the virus density at the boundary is determined by
the tumour-virus interactions. With these assumptions hgecoff the systemi{4)



with the following initial and boundary conditions:

07 0 <r< I—O
u(r,0) = Uo (1_ efloo(rfLo)z) . Lo<r<li,

I(r,0)=0,r€[0,L]

V(r.0) = Vo, r=L (%)
710, elsewhere

C(r,0) = {go r=L

,  elsewhere

U al  av| oC

—| == ==| == =o,

or r=0 or r=0 or r=0 or r=0 (6)
ou ol ov oCc
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wherelg is the radius of the necrotic core.

Model re-scaling

The system1-4) is re-scaled by setting =U /K, 1 =1/K,V =V /V, andC = C/Co
with t =t/to andr =r /L whereL = 1 mm ando =ro/D1. The parameters become

. ~ BVoto —
@ —Dito, i =1,2,3.4, a—alo, p= 0 5 — 5Coto, Ku— 1L,
Uo Uo
ke o — bK _ — Otp D4
Ko_X 5 _ =2 v, 5= 20 L=, 5= =2
C CO’ 6]. 61C0t0a b VO , Y Vt07 o CO, H t07 03 o

Dropping the bars for notationality simplicity and takirgetnecrotic core to be
of radius 0.2mm (see R&arcia-Garcia et al 200gives a re-scaled model defined
by the following parabolic system of non-linear reactioffudiion equations:

N 12 ]y BV 0
% :@%% :rz‘;_cr:} +Co(t) —HC, (10)




with the initial and boundary condition$1) & (12).

0, 0<r<o0.z2
u(r,0)= {1_e(100Lo)27 02<r<1

f— — 3

1(r,0)=0, r € [0,1],

1 =1 11
vroy=4" " (1D
0, elsewhere
1 =1
cro={" '
0, elsewhere
and
u| Al v x|
or|_o Or|,_o Or|_, Or|_, 12)
a—U —a—l =0 a—V+V =0 a—C+C =0
or|,_, or|_; By P 1 B TP 1
Results

Homogeneous model analysis

Firstly, we present results for the model analysis withg#tisl dynamics, that is,
model predictions of the cell densities at different timei@#s without the consider-
ation of space. Without spatial effects the model equat(@+i)) become

BUV  3UC

tﬂozaua—U—n—KwHJ—E:E, (13)
. BUV  &IC

”U_&+u_&+c_&’ (14)
o BUV

vay_m—Kw+U—w4 (15)
C(t) = Gy(t) — HC. (16)

The Equationsi3-15) are highly non-linear and difficult to solve. Equatidir6)
is a first order linear differential equation and can be sblv&ing a suitable integrat-
ing factor to get

C(t) = Re (M) _ (L L7
® H—kKe ke — M
Equation (7) shows that with time the drug concentration is depletedhftuody
tissue. By equatingl(3-16) to zero we obtain the following steady states to which
the cell concentrations may converge after a long time getive tumour can be
eradicated from body tissue, namély= 0,1 =0,V = 0,C =0 or it can grow to its

>e<mkRQﬁ limc(t) =0. (17)



maximum size, that id) = 1,1 =0,V = 0,C = 0 or it may co-exist with the virus,
that is,

dyky
B(b—2)—dy’

(Oyky — b + Bd+ dy)ayky
(ayky +bp — Bd — dy)(Bd+ dy — bB)’
(Oyky — bB+ B+ dy)a(b—d)ky
(ayky +bp — Bd — 3y)(Bd — dy — bB)

U=

| = (18)

The characteristic polynomial of the Jacobian matrix eatdd at the tumour free
steady state has both positive and negative real rootssthay, —p, —k, o, —1. This
shows that the tumour free state is unstable and therefataimable. The other
states are stable or unstable depending on the paramatesyaiostlyK, K¢, andf3.
This implies that without the consideration of space, thmbgeneous model predicts
that, the tumour may either co-exist with the virus or it magvg to its maximum
size depending on several conditions as defined by the p&eesne (L8). Equation
(18) shows that with time, except for the chemotherapeutic daligumour densities
co-exist in body tissue. It also shows that high values of/thes burst sizé and the
virus replicationB lead to lower tumor densities.

3.1 Traveling wave solutions

In this section we employ the factorization of differentigderators method\Jal-
inzi et al 2015 Rosu and Cornejo-Pére2005 Cornejo-Pérez2008 to determine
traveling wave solutions to the syste+10) in one dimension. This method leads
to particular solutions of Lienard type equatiori®6u and Cornejo-Pére2005
Cornejo-Pérez22008. Using the transformatiot = r — ct, wherec is the propaga-
tion speed, the equation®-L0), in one dimension, are transformed to

d?u du
d—ZZ+Gl(Ua|aV7C)E+F1(Ua|avvc> :Oa (19)

d?l dl

d_zz+GZ(U7I7V3C)d_Z+F2(UaIavvc> :O’ (20)
d?v dv
d—zz+G3(U7I7V7C)d_z+l:3(ualav7c):07 (21)
d’c dc
d—ZZ+G4(U7|7V7C>d_a+F4(Ua|avvc) =0, (22)

where



Glzi, Flzclu(a(l—U—l)—KuBXU—%>
G3=é, F3<x,y,)—C3V(i’,' KUBEU )
Ga= o F3<x,y,z)=C4C<C”T(t)—u),

wherec; = l/(ﬁ, i=1234.
The factorization of Equationd $-22) gives sixteen possible systems of first or-
der differential equations

[D—y11(U,1,V,C)][D — Y12(U,1,V,C)JU =0, (23)
[D—W21(U,1,V,C)][D — W22(U,1,V,C)]I =0, (24)
[D —w31(U,1,V,C)][D — W32(U,1,V,C)]V =0, (25)
D — Was(U,1,V,C)[D — Waa(U,1,V,C)IC = 0, (26)

whereD = di Comparing 19-22) and £3-26) implies that

P11+ Y12+ qJ12U> , (27)

Wo1+ Yoz + E|> (28)

W32

=
=
(LIJ31+ P32+ —V) (29)
-

Pa1+ Pz + llJ4ZC) ; (30)

and

Fi=ynPiU, B =Yool , F3 = Wa1Paal, Fa = PaaPszC. (31)
Choosingyjj in such a way that

Y11= — ((1 U-1)- KUBXU kficc) W12 =y,
( IEUU+VU kc+cc 6)’ 22 =Y,

wsl—y—ls(v— erU V)7 W32 =3,

w41—y—14<%—u>, a2 = Ya,



wherey;, i = 1,2,3,4 are constants that can be determined from the equation
(27-30). We choose to solve the differential equations

D—y12U =0, D2l =0, [D—-Wz]V=0 [D—-PsrC=0, (32)

which gives
U(2) = k1€ 1(2) = k1ed2¥ V() = k1€¥38, C(7) = k14l (33)
u@) = Kle(VlZ) _ Kle(Vl(r_Ct)), (34)
1(2) = KoeV2%) = kqelY2lr—c) (35)
V(2) = kze's®) = kqel¥slr o) (36)
C(Q) = K4e<V4Z) _ Kle(V4(r‘°t>>, (37)

From equations7-30) the constants are determined to be

C 1 c\?
yl__ﬂié (@) +4a, (38)
C 1 c\?
__ e b leN, (40)
Y3 = 2(p1 2 0 Y,
C 1 c\?

Equations84-37) are cell traveling wave solutions which we determined ftbe
choice of differential equation which we made. These sohgiare all of exponential
form and they all suggest thgt should be less than zero, that ys< O for all the
cell densitiedJ,1,V,C to decay to zero ag, the traveling wave co-ordinate tends to
infinity. It is worth noting that the other sets of differeitequations inZ3-26) arising
from different choices are rather difficult to solve due teittmon-linearities and
the many terms involved. The equatio®841) highlight the parameters which are
critical in chemovirotherapy treatment. These parametmiside the cell diffusion
constants, tumour growth rate, infected tumour death eatd,the virus and drug
decay rates.

3.2 Heterogenous Model simulations
In this section we present results from numerical simutetiof the models7-10)

which describes the spatiotemporal dynamics of an avasituteour under chemovi-
rotherapy treatment. It is not an easy undertaking to findyéinal solutions to the
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Fig. 2 Fractional tumour cell densities att = 0 with the necrotic core lying in the region0 <r < 0.2.

equationsT-10) because it is highly coupled and involves many terms. kghttion

we use a multidomain monomial based collocation metidot$a 2015 and pdepe
(Skeel and Berzinsl990, a finite element based method in Matlab, to determine
numerical solutions to the system10).

The parameter values we used were obtained from fitted erpatal data for
untreated tumors and virotherapy in mi&ajzer et al2008. We considered the car-
rying capacity of the tumour to be 4@ells per unit volume because a tumour nodule
contains about T0to 1¢° tumour cells Spratt et 311996. The tumour growth rate
was taken to be .26 per day because several experimental tumour growth model
estimate it to be in the rangeldto 0.3 (Benzekry et 3l2014). The number of viruses
produced in a day is considered to be in the range 10 to 10@(RstBrock 199Q.
The rate of drug infusion into body tissue is taken to be 20dagkince most can-
cers require high dozes of treatment and the drug decaysratgimated to be.47
mg/day, values which concur with cancer pharmokinetic istidsee for example
RefsBosl and Patil 20110liver et al 201}. Since infected tumor cells multiplica-
tion is enhanced by the oncolytic virus replication, the duells lysis is considered
to be grater that for uninfected tumor cells.

Figure2 shows the initial tumour distributions. It shows that thextwr density is
zero in the necrotic core and increases towards the shetith tfmour. The infected
tumor density is zero throughout the tissue. We firstly sateithe equatiorv which
models tumour growth without any form of treatme@t£ V = | = 0) to investigate
the efficacy of each treatment and their combination.

Figure 3 shows the distribution of tumour cells in the tissue withanoy form
of treatment. The tumour density is zero at the center antcieases towards the
outside of the tissue. The figure shows that with time the wnadensity increases.
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Fig. 3 Spatial distribution of fractional untreated tumour density in the tissue at times correspond-
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Fig. 4 Fractional drug density distributions for different time periods.
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This can be seen from Figu®(a)-(d), where even after 1000 days the fractional
tumour density rose to 4 10° cells per unit volume from .2 x 10° cells per unit
volume. Figure4 shows the fractional distribution of the chemotherapediticy in
body tissue. It shows that the drug density is highest ingiddissue. It also shows
that the density is reduced with time. Initially the fractad drug density is maximum
outside the tumour and with time it circulates in the tumaudt eedistributes to have
a higher density inside the tissue, that it, maximum corredion is near the core than
outside where > 0.2.

We have determined numerical solutions of a tumour withoytfarm of treat-
ment and a chemotherapeutic drug in body tissue. We nextaienchemotherapy
and virotherapy treatments to determine how the drug an vieatment affects the
tumour density and spatiotemporal distribution. Later wabine both treatments to
simulate chmovirotherapy. Figuesshows numerical solutions of Equatiof) (vhich
simulates the tumour with chemotherapy treatment. The turdensity in the tissue
is reduced with time. Comparing the results in FiguBés5, we note that the tumour
density was reduced ta@ x 10° - 0.065x 1P cells per unit volume in 2000 days
whereas with the case with no treatment, even after 1000ttayfsactional tumour
density only reduced to.093x 10° - 0.196x 10° cells per unit volume.

Figure6 is a numerical representation of tumour treatment withthecapy sev-
eral days after administration of the treatment. We note\ilith time the virus re-
duces the uninfected tumour density and the infected turansity first increases
and then decreases, going by the areas below the curve® aiezs were estimated
using Riemann sums. Initially we assume that there are rextiefl tumour cells in
the tissue and that the tumour has grown to its maximum sifter A period of 10
days, Figures(a) shows that the uninfected tumour density begins to rednd the
infected tumour density begins to increase from the righirgiary, that is, from out-
side the tissue. After 100 days, and comparing to Fig(a¢ to 6(d), the uninfected
tumour density was reduced from 0.792 to 0.098 square urtis.infected tumour
density solutions are inform of a traveling wave front prgatng from the right to
the left.

Figure7 displays the spatiotemporal dynamics of the tumour witi lsbemother-
apy and virotherapy treatments combined. The figure shaatsiith time the tumour
density is reduced from both ends of the tissue, that is, frmide and outside the
tissue. We notice that with time the infected tumour dengitst like with the vi-
rotherapy treatment, first increases and then decreasegamg Figure$ and7
we discover that the tumour is attacked by both the virus haditug from outside
the tissue. The areas under the uninfected tumour curvelddrO, 25, 50, and 100
days are respectively 0.41, 0.35, 0.12, and 0.09 squarg unit
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4 Discussion

The main purpose of this study was to propose a spatioterhpadel to simulate
avascular tumour growth under chemovirotherapy treatmtht the aim of deter-
mining the outcome of combining drugs with oncolytic vira$e order to eliminate
tumours from body tissue and also to determine the parametdch are most criti-
cal during chemovirotherapy treatment. We constructed themaatical model of an
avascular tumour which has grown to its maximum size and ucidemovirother-
apy treatment. The resulting mathematical model equati@ne solved using pdepe
and a multi-domain monomial based collocation method. il traveling wave
solutions of the heterogeneous model, in one dimensiore aieo determined. The
traveling wave solutions depicted that the most criticabpeeters during chemovi-
rotherapy treatment are ; cell diffusion constants, tungoowth rate, infected tumour
death rate, and the virus and drug decay rates. The numsiticalations revealed
that chemotherapy or virotherapy alone may not be capalleméting tumour cells
in body tissue but a combination of the two is capable of eadig tumour cells and
in a relatively short time period. The numerical solutiofsbashowed the virus and
the drug lysing the tumour from outside the tissue.

Tumour cell propagation and progression may take severatims@r years. Nev-
ertheless, one may not live for many years with cancer, atfibwi treatment unless
if it is in a dormant situation. The 1000 days for which we slated a tumour with-
out any form of treatment may not be plaussible but we carr itifat even after
several years, without any clinical intervention, cancelymesult to death and that
chemovirotherapy treatment is capable of attenuating it.
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Chapter 6

Conclusion

This thesis was primarily concerned with modeling the role of the immune sys-
tem response to tumour invasion and investigating the outcome of some new
forms of cancer treatment. We used mathematical modeling techniques, which
are described herein. The mathematical models which we constructed are in the
form of ODEs and PDEs which allow for future predictions and investigation of

spatial density distributions.

In Chapter 2, we investigated the presence of traveling wave solutions in a tumour-
immune interaction model with immuotherapy, and calculated the minimum
wave speed. The purpose of this chapter was to measure the strength with which
a tumour attacks immune cells and to determine the most important factors, in
the form of parameters, which should be targeted to mitigate tumour growth.
The presence of traveling wave solutions was investigated using the method em-
ployed by Bellomo et al. [76]. We established the presence of a heteroclinic orbit
joining two different equilibrium points in the phase space in which the solutions
were defined. The model was shown to exhibit traveling wave solutions and this
confirmed that a tumour attacks immune cells at full potential. The numerical
solitons depicted periodic cell densities with a low tumour level, oscillating about
a stable equilibrium state. These solutions depict cancer dormancy which has

previously been observed in several cancers, for example ostoegenic sarcomas,
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basel-cell carcinomas, and breast cancers. The parameters which we noted as the
pivotal ones during tumour invasion are; tumour growth rate, resting immune
cell growth rate, carrying capacity of the resting TICLs, resting cell supply, diffu-
sion rate of the tumour cells, and the local kinetic interaction parameters, namely,

tumour cell death and inactivation of TICLs.

In Chapter 3, two deterministic models to simulate virotherapy were developed
and analyzed. We noted earlier, in Chapter 1, that there is a need to investigate
the outcome of the new forms of cancer therapy and also determine which condi-
tions are necessary in order to mitigate tumour growth. The stability analysis of
the homogeneous model, together with the numerical solutions, confirmed that
virotherapy can reduce the tumour load in body tissue to a very minimum and
cancer dormant cell concentration level, by killing all the infected cells. A small
number of uninfected tumour cells may remain, depending on the virus charac-
teristics, mostly the virus replication rate. We showed that oncolytic virotherapy
as a cancer therapy is most effective if the virus used in the treatment rapidly
replicates, that is, if the virus replication rate is very high. The stability analysis
of the homogeneous model’s steady states revealed the existence of an unstable
tumour free state, implying that achieving a cancer free state in body tissue could
be practically impossible. Nevertheless, the same analysis showed the existence
of a tumour dormant state where the tumour in very small concentrations can
co-exist with immune cells. We determined a certain class of solutions to the het-
erogeneous model using the factorization of differential operators. All the spatial
model equations, without chemotaxis, are of Lienard type. These traveling wave
solutions showed that in the long run the immune cell density grows exponen-
tially while the tumour cell densities decay exponentially. These solutions are all
functions of the wave propagation speed, tumour diffusion rates, and local ki-

netic interaction terms; parameters which were determined in Chapter 2 as being
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central to the process of tumour invasion. The heterogeneous numerical simula-
tions showed an attack on the tumour by the immune cells. The plots of the total
tumour load showed that with time the immune cells maintained the tumour den-
sity at very low dormant levels while their spatial distribution kept on increasing

in the body tissue.

In Chapter 4, we constructed a simple model to simulate chemovirotherapy treat-
ment with the aim of investigating the effect of three different drug infusion meth-
ods, and individually comparing the efficacy of chemotherapy and virotherapy.
We showed the plausibility of the model by proving existence, positivity and
boundedness of the solutions. The model was analysed by determining analytic
solutions where possible, and stability analysis of its steady states. The model
was also numerically simulated and the solutions matched with the analytical
results. The model analysis showed that a tumour can grow to its maximum
size in case there is no treatment. Chemotherapy alone is capable of clearing
tumour cells in body tissue provided that the combination of the drug induced
lysis of the tumour and the drug infusion rate is greater than the combination
of drug decay and tumour growth. We noted that constant and periodic drug
infusions are more efficacious than the exponential induction method. This bio-
logically suggests that a repeated-dose regimen in which intravenous injections
are given at regular intervals, or putting a patient on an intravenous injection so
that a drug is continuously infused in body tissue, is more efficient than giving
a bolus infusion. We discovered that virotherapy as a treatment form is highly
effective provided that a large virus burst size is ensured for the viruses used
during treatment. The analysis of the combined drug-virotherapy treatment re-
vealed that chemovirotherapy may be a definite cancer treatment provided that
the drug used is infused at a high rate, decays at a very low rate, and has a high
rate of lysis of tumour cells. Further, the virus used should have a large burst size

probably each with the capacity to produce about one hundred viruses per day.
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This specific result tallies with the results obtained in Chapter 2 where we noted
that successful virotherapy is dependent on the virus replication rate which, in

this case, is a combination of the burst size and infected tumour cell death rate.

Ben-Jacob et al. [77] noted that the three major challenges in cancer modeling
studies are concerned with understanding cancer dormancy and relapse, mul-
tidrug therapy and immune resistance, and metastatic colonization. This thesis
sought to address two of these issues, namely, cancer dormancy and cancer ther-
apy combinations. Nonetheless, it is impractical to incorporate all the natural
processes involving the dynamics of a tumour in mathematical modeling. The
mathematical models considered in this thesis therefore leave out certain aspects
which when considered could give more insights concerning tumour dynamics
and cancer therapy. Human body tissue geometry is highly complex and there-
fore a possible extension of this study would be to consider a higher dimensional
tumour spatial domain, such as 3-dimensional (3D) rather than the 1D and 2D
considered in this thesis. The interaction of the tumour with its macro envi-
ronment, rather than just considering its interior domain, would also be a good
aspect to consider in extending the models in this thesis. This would also give
insights into the dynamics of the cells in the surrounding tissue. Other analytic
techniques, for example, lie-symmetries could be employed in determining solu-
tions to the complex sets of ODEs and PDEs in this thesis. Multistage modeling to
consider all the tumour growth stages, rather than just the avascular stage, is also
a plausible extension of this study to investigate when a certain cancer treatment
would be feasible to give to a cancer patient. Lastly, fitting these models to real
data would make this study more deductive as it would determine how realistic
the models are and ascertain the parameter values that may be required for a
complete cancer treatment. This work may be of use to physicians, clinicians, and

cancer drug developers.



Appendix 1- Errata on chapter 2 and 3

In chapter 2:

e fC/(g1+ T) simulates immune cells proliferation. f and g; are Michaelis Menten
kinetic parameters derived from experimental results. f in this case relates to the
maximum immune cell concentration reached and g; may relate to the concentra-

tion at which the immune cells proliferation is half maximal.

e fC/(g3+ T) simulates the chemokine production term. Similarly, f and g3 are
Michaelis Menten kinetic parameters derived from experiments. f in this case may
relate to the maximum chemokine concentration reached and g3 relates to the con-

centration at which the chemokine production is half maximal.

o The term wlL,.R simulates resting cells activation where w is the rate of stimulation

of resting cells.

e There is a typo in equation (5). The boundary conditions on E and R should be

OE(0,f) __ AR(0,1)

ox ot
o 11 =81 /Toand 172 = g2/ ILa,.

e The term 6,/(11 + T) comes from the assumption that the formation of cellular
conjugates C occurs on a time scale of several minutes to a few hours, that is,
dC/dt =~ 0. This reduces the system to the terms in the model (See references [11]
and [70]).

In chapter 3:

87
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e The model (4) is not non-dimensionalized but rather a re-scaled one because some
terms like 772, B2 and 6, are still dimenaional. This does not however in any way

change any part of the analysis and results.

e The dimesnions of k; are day!cells~!cm.



References

[1] R.N. Anderson. Deaths: leading causes for 2001. National Vital Statistics
Reports, 52(9):1-88, 2003.

[2] R. Siegel, D. Naishadham, and A. Jemal. Cancer statistics. CA: Journal for
Clinicians, 63(1):11-30, 2013.

[3] R. Siegel, J]. Ma, Z. Zou, and A. Jemal. Cancer statistics. CA: Journal for
Clinicians, 64(1):9-29, 2014.

[4] World Health Organization. 2014 Cancer Report, Accessed on 01.09.2015.
URL http:/ /www.who.int/cancer/en/.

[5] World Health Organization. WHO handbook for reporting results of cancer
treatment, Accessed on 14.03.2016. URL http://apps.who.int/iris/handle/
10665 /37200.

[6] M.R. Stratton, PJ. Campbell, and P.A. Futreal. The cancer genome. Journal of
Nature, 458(7239):719-724, 2009.

[7] R. Weinberg. The biology of cancer. Garland Science, 2013.

[8] M.AJ.Chaplain. Avascular growth, angiogenesis and vascular growth in
solid tumours: The mathematical modelling of the stages of tumour devel-

opment. Journal of Mathematical and Computer Modelling, 23(6):47-87, 1996.

[9] J.A. Aguirre-Ghiso. Models, mechanisms and clinical evidence for cancer

dormancy. Journal of Cancer Nature Reviews, 7(11):834-846, 2007.

[10] S.J. Russell, K.W. Peng, and J.C. Bell. Oncolytic virotherapy. Journal of Nature
Biotechnology, 30(7):658-670, 2012.

89


http://www.who.int/cancer/en/
http://apps.who.int/iris/handle/10665/37200
http://apps.who.int/iris/handle/10665/37200

REFERENCES Page 90

[11] H. Mambili-Mamboundou, P. Sibanda, and J. Malinzi. Effect of immunother-
apy on the response of TICLs to solid tumour invasion. Journal of Mathemati-

cal Biosciences, 249:52-59, 2014.

[12] X. Yan, R.J. Orentas, and B.D. Johnson. Tumor-derived macrophage migra-
tion inhibitory factor (MIF) inhibits T lymphocyte activation. Cytokine, 33(4):
188-198, 2006.

[13] E. Alici. Therapeutic potential of natural killer cells in multiple myeloma. Institutio-
nen for medicin, Huddinge Sjukhus/Department of Medicine at Huddinge
University Hospital, 2006.

[14] K. Mitsui, S. Tanaka, H. Yamamoto, Akihito K.E. Tsuyoshi, T. Yano, H. Goto,
H. Nakase, S. Tanaka, T.Matsui, et al. Role of double-balloon endoscopy in
the diagnosis of small-bowel tumours: the first Japanese multicenter study.

Journal of Gastrointestinal Endoscopy, 70(3):498-504, 2009.

[15] E. Frei and G.P Canellos. Dose: a critical factor in cancer chemotherapy. The

American Journal of Medicine, 69(4):585-594, 1980.

[16] A.Yagoda and D. Petrylak. Cytotoxic chemotherapy for advanced hormone-
resistant prostate cancer. Journal of Cancer, 71(53):1098-1109, 1993.

[17] A. Yagoda, D. Petrylak, and S. Thompson. Cytotoxic chemotherapy for ad-
vanced renal cell carcinoma. The Urologic Clinics of North America, 20(2):303—

321, 1993.

[18] S.H. Kaufmann and W.C. Earnshaw. Induction of apoptosis by cancer
chemotherapy. Journal of Experimental Cell Research, 256(1):42—49, 2000.

[19] G.P Corrie. Cytotoxic chemotherapy: clinical aspects. Journal of Medicine, 36
(1):24-28, 2008.



REFERENCES Page 91

[20] A.J.J. Wood and C.G. Moertel. Chemotherapy for colorectal cancer. New
England Journal of Medicine, 330(16):1136-1142, 1994.

[21] LS. Cooper. Cryogenic surgery for cancer. In Federation proceedings, vol-

ume 24, page 5237, 1965.

[22] J. Lumley, R. Stitz, A. Stevenson, G. Fielding, and A. Luck. Laparoscopic
colorectal surgery for cancer. Journal of Diseases of the Colon & Rectum, 45(7):

867-872, 2002.

[23] J.G. Fortner, B.J. Maclean, D.K. Kim, W.S. Howland, A.D. Turnbull,
P. Goldiner, G. Carlon, and E.J. Beattie. The seventies evolution in liver

surgery for cancer. Journal of Cancer, 47(9):2162-2166, 1981.

[24] J. Werner, S.E. Combs, C. Springfeld, W. Hartwig, T. Hackert, and M.W.
Biichler. Advanced-stage pancreatic cancer: therapy options. Journal of Nature

Reviews Clinical oncology, 10(6):323-333, 2013.

[25] C.C. Wang, P.H. Blitzer, and H.D. Suit. Twice-a-day radiation therapy for
cancer of the head and neck. Journal of Cancer, 55(59):2100-2104, 1985.

[26] H.D. Thames, S.M. Bentzen, I. Turesson, M. Overgaard, and W. Van den
Bogaert. Time-dose factors in radiotherapy: a review of the human data.

Journal of Radiotherapy and Oncology, 19(3):219-235, 1990.

[27] D.M. Shepard, M.C. Ferris, G.H. Olivera, and T.R. Mackie. Optimizing the
delivery of radiation therapy to cancer patients. Journal of SIAM Review, 41
(4):721-744, 1999.

[28] I. Mellman, G. Coukos, and G. Dranoff. Cancer immunotherapy comes of

age. Journal of Nature, 480(7378):480-489, 2011.

[29] J.N. Blattman and P.D. Greenberg. Cancer immunotherapy: a treatment for

the masses. Journal of Science, 305(5681):200-205, 2004.



REFERENCES Page 92

[30] S.A. Rosenberg, J.C. Yang, and N.P Restifo. Cancer immunotherapy: moving
beyond current vaccines. Journal of Nature medicine, 10(9):909-915, 2004.

[31] M.J. Scanlan, A.O. Gure, A.A. Jungbluth, L.J. Old, and Y.T. Chen. Can-
cer/testis antigens: an expanding family of targets for cancer immunother-

apy. Journal of Immunological Reviews, 188:22-32, 2002.

[32] Y. Sato. [anti-angiogenic drugs]. Journal of Cancer & Chemotherapy, 36(7):
1072-1075, 2009.

[33] A.R. Quesada, Ramén Mufioz-Chépuli, and M.A. Medina. Anti-angiogenic
drugs: from bench to clinical trials. Jornal of Medicinal Research Reviews, 26(4):

483-530, 2006.

[34] J.E. Markus M.]. Vdahi-Koskela, E. Jari Heikkild, and A.E. Hinkkanen. On-
colytic viruses in cancer therapy. Cancer Letters, 254(2):178-216, 2007.

[35] S.J. Russell. RNA viruses as virotherapy agents. Journal of Cancer Gene Ther-
apy, 9(12):961-966, 2002.

[36] J. Davis and B. Fang. Oncolytic virotherapy for cancer treatment: challenges

and solutions. Journal of Gene Medicine, 7(11):1380-1389, 2005.
[37] G.Motalleb. Virotherapy in cancer. Journal of Cancer Prevention, 6(2):101, 2013.

[38] A.Does, T. Thiel, and N. Johnson. Rediscovering biology: molecular to global

perspectives. Annenberg Learner, 2003.

[39] A.B. Holder. Mathematical models for tumour invasion. PhD thesis, University

of Wollongong, August .

[40] American society of clinical oncology. = Understanding immunother-
apy, Accessed on 20.08.2015. URL http://www.cancer.net/
navigating-cancer-care /how-cancer-treated /immunotherapy-and-vaccines/

understanding-immunotherapy.


http://www.cancer.net/navigating-cancer-care/how-cancer-treated/immunotherapy-and-vaccines/understanding-immunotherapy
http://www.cancer.net/navigating-cancer-care/how-cancer-treated/immunotherapy-and-vaccines/understanding-immunotherapy
http://www.cancer.net/navigating-cancer-care/how-cancer-treated/immunotherapy-and-vaccines/understanding-immunotherapy

REFERENCES Page 93

[41] E. Kelly and S.J. Russell. History of oncolytic viruses: genesis to genetic
engineering. Journal of Molecular Therapy, 15(4):651-659, 2007.

[42] JW. Choi, ].S. Lee, SW. Kim, and C.O. Yun. Evolution of oncolytic aden-
ovirus for cancer treatment. Journal of Advanced Drug Delivery Reviews, 64(8):

720-729, 2012.

[43] K.W. Reichard, R.M. Lorence, C.J. Cascino, E.M. Peeples, R.]. Walter, M.B.
Fernando, H.M. Reyes, and ]J.A. Greager. Newcastle disease virus selectively

kills human tumor cells. Journal of Surgical Research, 52(5):448-453, 1992.

[44] V. Groh, J. Wu, C. Yee, and T. Spies. Tumour-derived soluble MIC ligands
impair expression of NKG2D and t-cell activation. Journal of Nature, 419

(6908):734-738, 2002.

[45] N.V. Stepanova. Course of the immune reaction during the development of

a malignant tumour. Journal of Biophysics, 24(1):220-235, 1980.

[46] A. d’Onofrio, U. Ledzewicz, and H. Schittler. On the dynamics of tumour-
immune system interactions and combined chemo-and immunotherapy. In
New Challenges for Cancer Systems Biomedicine, pages 249-266. Springer Milan,
2012.

[47] A.Matzavinos, M.A.] Chaplain, and V.A Kuznetsov. Mathematical modelling
of the spatio-temporal response of cytotoxic t-lymphocytes to a solid tumour.

Journal of Mathematical Medicine and Biology, 21(1):1-34, 2004.

[48] J.R. Usher. Some mathematical models for cancer chemotherapy. Journal of

Computers & Mathematics with Applications, 28(9):73-80, 1994.

[49] D. Wodarz and V.A.A Jansen. A dynamical perspective of ctl cross-priming
and regulation: implications for cancer immunology. Immunology letters, 86

(3):213-227, 2003.



REFERENCES Page 94

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[571]

D. Kirschner and J.C. Panetta. Modeling immunotherapy of the tumor—
immune interaction. Journal of Mathematical Biology, 37(3):235-252, 1998.

A. daAZOnofrio. A general framework for modeling tumor-immune system
competition and immunotherapy: Mathematical analysis and biomedical in-

ferences. Journal of Physica D: Nonlinear Phenomena, 208(3):220-235, 2005.

H.P. de Vladar and J.A. Gonzédlez. Dynamic response of cancer under the
influence of immunological activity and therapy. Journal of Theoretical Biology,

227(3):335-348, 2004.

V.A. Kuznetsov, I.A. Makalkin, M.A. Taylor, and A.S. Perelson. Nonlinear
dynamics of immunogenic tumours: parameter estimation and global bifur-

cation analysis. Bulletin of Mathematical Biology, 56(2):295-321, 1994.

A. d’Onofrio. tumour-immune system interaction: modeling the tumour-
stimulated proliferation of effectors and immunotherapy. Journal of Mathe-

matical Models and Methods in Applied Sciences, 16(08):1375-1401, 2006.

S.T.R. Pinho, H.I. Freedman, and F. Nani. A chemotherapy model for the
treatment of cancer with metastasis. Journal of Mathematical and Computer

Modelling, 36(7):773-803, 2002.

L. de Pillis, R.K. Fister, W. Gu, C. Collins, M. Daub, D. Gross, J. Moore, and
B. Preskill. Mathematical model creation for cancer chemo-immunotherapy.
Journal of Computational and Mathematical Methods in Medicine, 10(3):165-184,
20009.

W. Liu and H.I. Freedman. A mathematical model of vascular tumour treat-
ment by chemotherapy. Journal of Mathematical and Computer Modelling, 42(9):
1089-1112, 2005.



REFERENCES Page 95

[58] A.G. Loépez, ].M. Seoane, and A.F. Miguel Sanjudn. A validated mathematical
model of tumour growth including tumour-host interaction, cell-mediated
immune response and chemotherapy. Bulletin of mathematical biology, 76(11):

2884-2906, 2014.

[59] J.P. Tian. The replicability of oncolytic virus: defining conditions in tumour

virotherapy. Journal of Mathematical Biosciences, 8:841-860, 2011.

[60] D. Wodarz. Viruses as antitumour weapons defining conditions for tumour

remission. Journal of Cancer Research, 61(8):3501-3507, 2001.

[61] A.S. Novozhilov, ES. Berezovskaya, E.V. Koonin, and G.P Karev. Mathe-
matical modeling of tumour therapy with oncolytic viruses: regimes with

complete tumour elimination within the framework of deterministic models.

Biology Direct, 1(6):1-18, 2006.

[62] M. Agarwal, A.S. Bhadauria, et al. Mathematical modeling and analysis of
tumour therapy with oncolytic virus. Journal of Applied Mathematics, 2(01):
131, 2011.

[63] D. Dingli, M.D. Cascino, K. Josi¢, S.J. Russell, and Z. Bajzer. Mathematical
modeling of cancer radiovirotherapy. Journal of Mathematical Biosciences, 199

(1):55-78, 2006.

[64] Y. Tao and Q. Guo. A free boundary problem modelling cancer radiovi-
rotherapy. Journal of Mathematical Models and Methods in Applied Sciences, 17
(08):1241-1259, 2007.

[65] A. Nguyen, L. Ho, and Y. Wan. Chemotherapy and oncolytic virotherapy:
advanced tactics in the war against cancer. Frontiers in Oncology, 4(145):1-10,

2014.



REFERENCES Page 96

[66] J.D. Murray. Mathematical Biology I: An Introduction, vol. 17 of Interdisciplinary
Applied Mathematics. Springer, New York, NY, USA,, 2002.

[67] A. Boondirek, Y. Lenbury, ]J. Wong-Ekkabut, W. Triampo, LM. Tang, and
P. Picha. A stochastic model of cancer growth with immune response. Journal

of Physical Society, 49(4):1652, 2006.

[68] A.S. Qi, X. Zheng, C.Y. Du, and B.S. An. A cellular automaton model of
cancerous growth. Journal of Theoretical Biology, 161(1):1-12, 1993.

[69] E.A. Reis, L.B.L. Santos, and S.T.R. Pinho. A cellular automata model for
avascular solid tumor growth under the effect of therapy. Journal of Physica

A: Statistical Mechanics and its Applications, 388(7):1303-1314, 2009.

[70] J. Smolle and H. Stettner. Computer simulation of tumour cell invasion by a

stochastic growth model. Journal of Theoretical Biology, 160(1):63-72, 1993.

[71] J. Malinzi. Modelling the response of cytotoxic t-lymphocytes in control-
ling solid tumour invasion. Master’s thesis, University of KwaZulu-Natal,

Pietermaritzburg, 2013.

[72] P. Ashwin, M.V. Bartuccelli, T.]. Bridges, and S.A. Gourley. Travelling fronts
for the kpp equation with spatio-temporal delay. Journal of Physik, 53(1):103-
122, 2002.

[73] E. Konukoglu, O. Clatz, B.H. Menze, B. Stieltjes, M. Weber, E. Mandonnet,
H. Delingette, and N. Ayache. Image guided personalization of reaction-
diffusion type tumor growth models using modified anisotropic eikonal

equations. Journal of Medical Imaging, 29(1):77-95, 2010.

[74] B. Perthame. Pde models for chemotactic movements: parabolic, hyperbolic

and kinetic. Journal of Applications of Mathematics, 49(6):539-564, 2004.



REFERENCES Page 97

[75] T.C. Liu, E. Galanis, and D Kirn. Clinical trial results with oncolytic virother-
apy: a century of promise, a decade of progress. Nature Clinical Practice

Oncology, 4(2):101-117, 2007.

[76] N. Bellomo and E. de Angelis. Selected topics in cancer modeling: genesis, evo-
lution, immune competition, and therapy. Springer Science & Business Media,

2008.

[77] E. Ben-Jacob, D.S. Coffey, and H. Levine. Bacterial survival strategies suggest
rethinking cancer cooperativity. Trends in Microbiology, 20(9):403-410, 2012.



	Abstract
	Declaration
	List of publications
	Acknowledgments
	Introduction
	Background and motivation
	A review of mathematical models
	Classification of tumour dynamics models
	Aims of the study
	Overview of the thesis

	Response of immunotherapy to tumor-TICLs interactions: A travelling wave analysis
	Analysis of virotherapy in solid tumor invasion
	Enhancement of chemotherapy using oncolytic virotherapy: A mathematical analysis
	Spatiotemporal dynamics of chemovirotherapy
	Conclusion
	References

