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Only those who will risk going too
far can possibly find out how far one can go.
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Abstract

The presented work contains a new construction of a class of distinguished quasifree states for the
scalar field and Proca field on globally hyperbolic spacetimes. Our idea is based on the axiomatic
construction of the Sorkin-Johnston (SJ) state [58]; we call these states generalised SJ states. We give
a concrete application of this framework with the construction of the ‘thermal’ SJ state. By slightly
modifying the construction of generalised SJ states, we also introduce a new class of Hadamard states,
which we call generalised SJ states with softened boundaries. We show when these states satisfy the
Hadamard condition and compute the Wick polynomials. Finally we construct the SJ and Brum-
Fredenhagen (BF) states for the Proca field on ultrastatic slabs with compact spatial sections. We
show that the SJ state construction fails for the Proca field, yet the BF state is well defined and,

moreover, satisfies the Hadamard condition.
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Chapter 1

Introduction

The development and progression in modern physics stems from the interplay between theory and
experiment; a theory is developed and an experiment is performed to verify such a theory. Conversely,
new phenomena are discovered from experiments which then generates a driving force to understand
these results in a theoretical framework. This has been extremely fruitful, culminating in the con-
struction of the two pillars of modern physics: Einstein’s general relativity and quantum mechanics.
One of the greatest tasks of modern theoretical physics is the reconciliation of these two theories into
a coherent framework, which is largely known as quantum gravity.

Of particular interest to us is the causal set theory approach to quantum gravity and the framework
known as quantum field theory in curved spacetime. Causal set theory is a theory of quantum gravity
based on the idea that, fundamentally, spacetime is discrete [59] [18] 57, [56]. The theory incorporates
two central components of modern physics, the spacetime causal ordering from general relativity and
the path-integral from quantum theory. Quantum field theory in curved spacetime is a theory in
which the fields involved are treated fully quantum mechanically, but the gravitational ‘back-reaction’
is treated classically or semi-classically, in accordance to the principles of general relativity. Since
quantum field theory in curved spacetime only treats the gravitational field semi-classically at best,
it can only serve as an approximation to a full quantum theory of gravity. However, it has produced
some remarkable insights; notably so is the particle creation by black holes discovered by Hawking [37]
and the Unruh effect [61].

Quantum field theory in curved spacetime is a natural extension of quantum field theory on flat
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spacetime; however, there are profound conceptual and mathematical distinctions between the two.
Quantum field theory on flat spacetime allows for the construction of a distinguished maximally sym-
metric, minimal energy state known as the vacuum state, which is unique up to a phase factor. The
vacuum state then forms the basis of the theory; the Poincaré invariance of the vacuum state allows
for the identification of single particle states via Wigner’s analysis and the notion of particles has a
clear interpretation.

One may then be tempted to seek out a construction of a distinguished state for a general curved
spacetime. However, such efforts have been met with failure - and the existence of a distinguished
state with physical properties has been firmly dismissed and presented as a no-go theorem [27]. These
results have then shifted the efforts of constructing a distinguished state to the construction of a
class of states that are in some sense ‘physical’; such a class of states are known as Hadamard states.
Hadamard states have a short distance behaviour that approximates that of states in flat spacetimes
with finite energy. A precise definition of a Hadamard state was first given by Kay and Wald in [44]
and an elegant reformation of the Hadamard condition was given by Radzikowski in [52]. Hadamard
states are considered to be the largest class of states that are physically reasonable, they permit
the computation of Wick polynomials such as the stress-energy tensor and give finite results and
fluctuations. Fredenhagen and Brunetti showed that the Wick polynomials evaluated in a Hadamard
state are finite [I2], and a partial converse to this result is given by Fewster and Verch [29]. On a
general spacetime, Hadamard states for a spin zero field are known to exist via a deformation argument
presented by Fulling, Narcowich and Wald [32]. However, the argument is indirect and does not give any
information on how to explicitly construct Hadamard states. Therefore, seeking explicit constructions
of Hadamard states is an important question for quantum field theory in curved spacetime. It is the
purpose of this thesis to present an explicit construction of a family of quasifree Hadamard states for
both the free spin zero field and massive spin one fields.

A particular construction of a class of Hadamard states stems from the development of propagators
in causal set theory undertaken by Johnston [42]. Johnston uses the causal set analogue of the Pauli-
Jordan function for a free scalar field to construct a unique vacuum state. This construction was then
applied to a free scalar field over a continuum spacetime by Afshordi, Aslanbeigi and Sorkin, which
culminated in a distinguished pure quasifree state known as the SJ state. The SJ state for quantum
field theories on continuum spacetimes is a construction for a pure quasifree state using only the field

equations and a bounded region of a globally hyperbolic spacetime. The construction does not rely on
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any symmetries of the spacetime, and is well defined provided the bounded region in which the SJ state
is constructed obeys some technical conditions, which was shown by Fewster and Verch in [28]. The
SJ state, however, suffers from severe pathologies, which we expand upon in Chapter [5} In particular,
Fewster and Verch showed that the SJ state constructed on an ultrastatic slab with compact spatial
sections fails to be Hadamard [28]. There is, however, a modification to the SJ state construction due
to Brum and Fredenhagen that yields a class of Hadamard states, known as BF states [II]. The BF
states have been constructed on static slab spacetimes with compact spatial section and on expanding
slab spacetimes and are shown in both cases to satisfy the Hadamard condition. We review both the SJ
and BF state constructions in Chapter [5| The SJ construction essentially is constructing the ‘positive
part’ of the commutator function (also known as the Pauli-Jordan function) when the commutator
function extends to a bounded self-adjoint operator on a Hilbert space. The positive part is then used
to construct a two-point function, and from the two-point function a quasifree state can be constructed.
We review various aspects of quasifree states and Hadamard states in Chapter []

The SJ and BF state constructions have also been applied for the free Dirac field on ultrastatic
slab spacetimes with compact spatial sections [23]. The idea is to use the fermionic projector (FP)
construction of Finster and Reintjes [30], and apply a similar construction to the SJ and BF state
constructions. This construction yielded a pure quasifree ‘FP’ state and a softened FP state for the
Dirac field. On ultrastatic slabs, the FP state fails to be Hadamard whereas the softened FP state
(based on the BF state construction) satisfies the Hadamard condition.

In this thesis we present a new construction of quasifree states that is based on the axiomatic
construction of the SJ state due to Sorkin [58]. We call these quasifree states generalised SJ states.
The construction is well defined whenever the construction of the SJ state is well defined. The original
SJ state construction, due to Afshordi, Aslanbeigi and Sorkin, is based on the observation that, for a
suitable spacetime (M, g), the commutator function A = iE, where E is the advanced-minus-retarded
operator for the Klein Gordon operator, extends to a bounded self-adjoint operator on the Hilbert

space L?(M, dvoly). The ‘positive part’ of the commutator function A = ¢E is given by the operator,
1
AT = §(A+VA2), (1.1)
and is used to construct a two-point function by the prescription,

Wsi(f.9) =(f | ATg)  Vf.g€CFM). (1.2)
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Our construction of generalised SJ states uses the spectral theory for bounded self-adjoint operators

over a Hilbert space; a generalised SJ state has the two-point function,

Wss,(f,9) = (1 Ajg)  Yf,g€CFM), (1.3)

where Ag is the unique solution to a set of axioms for a suitable continuous function . We give
a complete description of the types of functions ¢ so that satisfies the field equations for the
scalar field, is of positive type, and has the correct antisymmetric part. Furthermore, we give a
concrete application of the generalised SJ state construction by constructing the SJ ‘thermal’ state on
an ultrastatic slab spacetime with compact spatial sections. We also present a proof giving sufficient
conditions on when summing smooth sections converges, which is presented in Chapter [ This result
will be used throughout the entire thesis.

Using the generalised SJ state construction, we develop a new construction of Hadamard states
based on an observation of Sorkin [58]. Sorkin conjectured that one may ‘soften the boundary’ of the SJ
vacuum state to obtain a Hadamard state [58], by modifying the volume form. The volume form dvol,
is modified to % dvol, for a suitable smooth compactly supported function p. We use the generalised
SJ state construction and the idea of Sorkin to construct a class of Hadamard states which we call
generalised SJ states with softened boundaries. We give sufficient conditions on when a generalised
SJ state with softened boundaries satisfies the Hadamard condition on ultrastatic slabs with compact
spatial sections. We also construct the thermal SJ state with softened boundaries on ultrastatic slab
spacetimes and show that it satisfies the Hadamard condition. We also compute the Wick square of
the field evaluated in the thermal SJ state with softened boundaries. Furthermore, on ultrastatic slabs
with a spatial section of a three sphere, we calculate the Wick square of the n—th derivative of the field
evaluated in the SJ vacuum with softened boundaries. We present numerical evidence that the Wick
square of the unsoftened SJ state diverges in the interior of the ultrastatic slab. Furthermore, we
construct the thermal SJ state with softened boundaries on ultrastatic slabs and show that it satisfies
the Hadamard condition.

Finally, we examine the SJ and BF state construction for a free massive spin one field on an
ultrastatic slab spacetime. The massive spin one field, or Proca field, is most elegantly described in
terms of differential forms. However, the inner product on the space of differential forms induced by
a Lorentzian metric is actually indefinite. The commutator function one would use to construct a SJ

or BF state is not an operator on a Hilbert space, but an operator on a Krein space. Krein spaces are
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essentially complete indefinite inner products that decompose into a direct sum of a positive definite
and negative definite subspaces. Analysis in Krein spaces is significantly harder than in Hilbert spaces;
it turns out the commutator function extends to a unbounded operator in both the SJ and BF state
constructions. We show that, on ultrastatic slab spacetimes with compact spatial sections, one cannot
construct the SJ state for the Proca field. A precise statement of this is beyond the scope of this
thesis, but we refer the reader to the papers [26], 25] for a complete rigorous construction. However,
one can construct a BF state for the Proca field on ultrastatic slab spacetimes for a suitable choice
of softening function, and we give an explicit construction to show that this is possible. Furthermore,
whenever a BF state on an ultrastatic slab with compact spatial section is well defined, we show that
it satisfies the Hadamard conditon. The non-existence of the SJ state for the Proca field and the BF

state construction are both rigorously done in [26], 25].

Thesis Layout

The layout of this thesis is as follows. Chapter [2| will include preliminaries required by the reader
to understand this thesis. Chapter [3] will review the algebraic quantisation of the free scalar field on
globally hyperbolic spacetimes, and is largely standard. Chapter [d] will review quasifree states and the
Hadamard condition, which again is largely standard. However, in section we present a new result,
which gives sufficient conditions for when the summation of smooth sections converges. This result is
based on the work appearing in [23] and will be the basis for proving if a state satisfies the Hadamard
condition. Chapter [5| will review the SJ vacuum state for the free scalar field on continuum spacetimes
and discrete spacetimes. Since our concern is for quantum field theories on continuum spacetimes, the
review of the SJ vacuum on discrete spacetimes is pedagogical in nature. Our focus will be on the
construction and properties of the SJ vacuum on continuum spacetimes. Furthermore, we review a
modification of the SJ vacuum due to Brum and Fredenhagen, which we call BF states.

Chapter [6] will present a new construction of states for a free scalar field on globally hyperbolic
spacetimes which we call ‘generalised SJ states’. This construction is based on the axiomatic approach
to the SJ state construction given by Sorkin in [5§]. Chapterwill give an application of the generalised
SJ state construction, where we construct a SJ ‘thermal’ state on an ultrastatic slab spacetime. Chapter
will present a new construction of a class of states that is based on a observation of Sorkin in [58],

which we call generalised SJ states with softened boundaries. We show that the SJ vacuum with
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softened boundaries constructed on ultrastatic slab spacetimes with compact spatial sections satisfies
the Hadmard condition. Furthermore, we give sufficient conditions on when any generalised SJ state
with softened boundaries on an ultrastatic slab is Hadamard. We calculate the Wick square of the
SJ vacuum with softened boundaires using a construction of compactly supported functions given by
[21, 22]. We give indications that the Wick square for the unsoftened SJ vacuum on ultrastatic slabs
with compact spatial sections diverges in the interior. Using the construction of the thermal SJ state in
Chapter [7] we construct the thermal SJ state with softened boundaries on ultrastatic slab spacetimes
and show that it satisfies the Hadamard condition. Finally, in Chapter [9] we extend the SJ state
construction to a massive spin-one field on an ultrastatic slab spacetime. We show that one cannot
construct the SJ vacuum for the massive spin one field. However, the BF state construction for the
massive spin-one field for a suitably chosen softening functions is well defined. Moreover, we show that
when the BF states are well defined on ultrastatic slabs they also satisfy the Hadamard condition.
This thesis presents contributions to the explicit construction of a large family of quasifree states for
both the free scalar field and free Proca field which is valid in a large class of spacetimes. We conclude

the thesis with a brief summary, as well as various open problems and directions for future research.
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Chapter 2

Mathematical Preliminaries

2.1 Notation

We now briefly review the notation that we shall use throughout this thesis. The space of smooth
K—valued functions over a space M will be denoted C*°(M, K), and the subspace of smooth functions
with compact support will be denoted C§°(M, K). Whenever we write C*°(M) or C§°(M) we implic-
itly mean the spaces C*°(M,C) or C§°(M,C). We will explicitly write C*°(M,R) and C§°(M,R) as
the space of smooth real valued functions and the space of smooth real valued functions with compact
support. We use units such that A = ¢ = 1. Let f € C°°(K) be a smooth function. The Fourier
transform of f is defined as,

flw) = | et (2.1)

— 00

2.2 Functional Analysis

In this section we will review various elements of functional analysis used throughout this thesis. We
will concentrate on the analysis of Hilbert spaces and operators on Hilbert spaces and leave analysis
of Krein spaces until Chapter [0} Whenever we write a Hilbert space % we implicitly mean the pair
(H, (- | -y) where (- | -) is a positive definite inner product. The space of bounded operators on a Hilbert
space H will be denoted B(H), where each element T : H — H is a bounded operator. We shall be

interested in the convergence of operators in various topologies on the space of bounded operators
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B(H). Before defining these topologies, we first define the dual space of H,

Definition 2.2.1. Let H be a Hilbert space. The dual space of H, denoted H* is the space of all

continuous linear functionals over H, where each element | € H* is the map,
l:H—C. (2.2)
We are now ready to define the required topologies on the space of bounded operator B(H):

Definition 2.2.2. Let H be a Hilbert space and B(H) be the normed space of bounded operators on

‘H. We can now define two operator topologies on the space B(H),

i The norm operator topology on B(H) is the metric topology induced by the norm || -||. A sequence
(Tw)nen converges to T, written as T;, — T, if and only if ||T,, — T'|| g(3) = 0. This is equivalent to

saying that T,, — T in the norm topology of B(#) if and only if | T, f — T f|| — 0 for every f € H.

ii The weak operator topology on B(H) is the weakest topology such that the maps,
E;:BH)—C
T — I(Tf),
are continuous for all f € H and all I € H*. We draw attention to the following theorem:
Theorem 2.1. Let H be a Hilbert space. Let {T,,}nen be a sequence of bounded operators and

suppose that, for every f,g € H, (T.f | g) converges as n — co. Then there exists a T € B(H)

such that {T,}new converges to T in the weak operator topology.
Proof. See [53, Theorem VI.1]. [

Definition 2.2.3. Let (H,(- | -)) be a Hilbert space. An operator U € B(H) is positive if for all
f € H wehave (f | Tf) > 0. If U € B(H) is a positive operator then we shall write U > 0. Due to
the positivity of the norm induced by the inner product (- | -), for any T' € B(H), we have T*T > 0.

A particularly nice class of operators to deal with are called compact operators, which we now

define:

Definition 2.2.4. The operator A € B(H) is compact if A maps bounded subsets U C H into
precompact sets AU € H. Equivalently A € B(#) is compact if and only if every bounded sequence

{fn}nen C H is mapped into a sequence {Af, }nen With a convergent subsequence.
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Compact operators have many useful features, two of which we shall use during this thesis:
i The Hilbert-Schmidt theorem for self-adjoint compact operators states the following,

Theorem 2.2. Let T € B(H) be a self-adjoint compact operator. Then there is a complete or-
thonormal basis {{n tnen consisting of eigenvectors of T, i.e. T, = A\ptby, where A, are eigenval-

ues that obey A\, — 0 as n — oo.
Proof. See [53, Theorem VI.16]. [

ii The norm limit of compact operators is a compact operator:

Theorem 2.3. Let {T,}nen be a sequence of compact operators. If T,, — T in norm topology,

then T is compact.
Proof. See [53] Theorem VI.12]. [

We will also use the fact that finite rank operators (i.e. operators whose image is finite dimensional)
are compact. The type of Hilbert space solely considered in this thesis are separable, and we shall use

the following theorem,
Theorem 2.4. A Hilbert space H is separable if and only if there exists a countable orthonormal basis.
Proof. See [53, Theorem II.7]. [

Another class of operators that will be used in Chapter [§] are Hilbert-Schmidt operators, to define
these, we first need to define the trace as a linear functional on B(H) where H is a separable Hilbert

space,

Definition 2.2.5. Let (H, (- | -) be a separable Hilbert space and {¢, }»en be a orthonormal basis.
Let U € B(H) be a positive operator. The trace of U is defined as,

tT’(U) = Z<¢n | U¢n>~ (24)
JEN
Definition 2.2.6. Let H be a Hilbert space. An operator T' € B(H) is called Hilbert Schmidt if and
only if tr(T*T) < 0.
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An important result for operators on Hilbert space is the spectral theorem for bounded self-adjoint
operators. This theorem will form the basis for the construction of generalised SJ states. We now

collect the necessary prerequisites to state the spectral theorem.

Definition 2.2.7. Let A be a bounded operator over a Hilbert space H. The spectrum of A, denoted
o(A) is the set of all A € C such that A— A1 is not invertible, where 1 € B(#) is the identity operator.
The resolvent is defined as p(A) = C\ o(A4).

Definition 2.2.8. The space of continuous real-valued functions over the spectrum of a self-adjoint
bounded A is denoted by C(o(A)), where the norm is given by the sup-norm defined by,
[fllc = sup [f(M)], (2.5)
A€o (A)

for all f € C(o(A)).

Theorem 2.5 (Spectral theorem - continuous functional calculus version). Let A be a bounded self-
adjoint operator on a Hilbert space H. Then there is a unique map © : C(c(A)) — B(H) that obeys
the following:

i)
o(fg9) = ©(/)6(9)
O(af) = aO(f) VYo € C,
(2.6)
O(1) = 1pmy
o(f) =o(f),

for all f,g € C(c(A)) where 1/1 (3, denotes the identity on C(o(A)) and B(H) respectively, f
denotes the complex-conjugate of f € C(0(A)) and O(f)* denotes the adjoint of O(f) € B(H).

These properties entail that © is an algebraic x—homomorphism.
i) 10Ny = I1flle-
i) Let f € C(0(A)) be defined by f(N\) = A; then O(f) = A.
w) If AU = AU then O(f)¥ = f(N)T

v) o(O(f) ={f(N) | A € o(A)}
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vi) If f >0 then O(f) > 0.
vii) If there exists a B € B(H) such that AB = BA then ©(f)B = BO(f).

viit) If a sequence (fn)nen converges point wise to f € C(0(A)) and || fn|co is bounded, then O(f,) —

O(f) in the strong operator topology.

Proof. See [53, Theorem VIIL.1] for ¢ — v and [53], Theorem VII.2] for vi — vii. [

Throughout this thesis, we write ©(f) = f(A) to emphasis the dependence on A.

2.3 Partial Differential Operators

We review some elementary facts about partial differential operators on smooth manifolds. The re-

sources for this section are [62, [3, [406].

Definition 2.3.1. A smooth K—wvector bundle of order n is a triplet (w, F, M) where F' and M are
topologcial spaces and 7 : FF — M is a smooth continuous surjective map. The map 7 is required to

satisfy the following,

1. For every x € M the space generated by the preimage of x with respect to 7, i.e 7= 1(x), is a

vector space isomorphic to K". The preimages 7~ 1(x) are called the fibres of the bundle.
2. For every = € M there exists an open neighbourhood V,, of  and smooth map,
o N (Vi) = Vi x K, (2.7)
called a local trivialisation.
In the following we will abbreviate a vector bundle (7, F, M) as simply the map 7 : F — M.

Vector bundles then look, locally, like a topological space with a vector space attached in a smoothly
varying manner. An important example of a vector bundle is the tangent bundle of a smooth manifold
M, denote T'M, whose fibres are the tangent spaces T, M, x € M. The dual bundle to the tangent
bundle T'M is the cotangent bundle, denoted T M, whose fibres are the cotangent spaces T, M,
x e M.

Definition 2.3.2. Let @ : F© — M be a vector bundle. The dual bundle is the vector bundle

7* : F* — M whose fibres 7* ! (z) at 2 € M are the dual vector space to the fibre 77 1(z).

21



Definition 2.3.3. A smooth section of a vector bundle 7 : F' — M is a smooth map s : M — F such
that m o s = idag. A section can be thought of as a one-sided inverse of a vector bundle. The space of
smooth sections is denoted by I'*°(M, F') and the space of smooth compactly supported sections in F'

will be denoted 2°°(M, F).

Definition 2.3.4. Let V be a vector space and b : V x V — R be a symmetric bilinear form. The

index of b is the dimension of the largest subspace W C V such that b|W is negative definite.

Definition 2.3.5. Let M be a smooth manifold. A metric tensor, or more simply just a metric, is

smooth section of the second symmetric power of the cotangent bundle T* M,
g€ F(SZ(T*M)), (2.8)

which is everywhere symmetric, non-degenerate and has a constant index. The pair (M, g) is called a
Riemannian manifold if index(g) = 0, i.e. the metric is everywhere positive definite. If dim(M) > 2
and index(g) = dim(M) — 1 then (M, g) is called a Lorentzian manifold. The metric defines, for
every p € M, a non-degenerate bilinear form g, over the tangent space T, M. In the case of a

Riemannian/Lorentzian manifold, the bilinear form g, is definite/indefinite respectively for each p €

M.

Definition 2.3.6. Let 7 : F — M be a K—vector bundle over a smooth manifold M. A connection

on F'is a K bilinear map,

V : T®(M,TM) x T°(M, F) — I°(M, F)

(2.9)
(X,s) — Vxs,
such that, for all f € C*°(M), X € I'°(M,TM) and all s € I'°(M, F) the following holds:
i It satisfies the Leibniz rule,
Vx(fs)=0xf s+ f-Vxs. (2.10)
ii The map V is C°°(M)—linear in the sense that,
Vixs= fVxs. (2.11)

A connection is said to be compatible with a metric g if Vg = 0.
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Definition 2.3.7. Let M be a smooth manifold and let V be an arbitrary connection. The torsion

tensor is defined as,

T:TM,TM) xT®°(M,TM) = T*°(M,TM) (2.12)
(X,)Y)—> VxY - VyX - [X|Y].
The connection V is said to be torsion-free if 7= 0. From now on, we assume that all connections are

torsion-free.

Definition 2.3.8. Let M be a smooth d—dimensional manifold and let H and F be two K—vector
bundles over M of order k£ and m respectively. A linear partial differential operator of order d is a
linear map P : (M, H) — I'*°(M, F), subject to the following conditions: For each p € M there
exists an open neighbourhood U, with coordinates (z1, ..., 24) on which the bundles H, F are trivialised

and there are smooth maps,

e 2 Up — Hom(KF K™), (2.13)
such that on U,,
olal f
(Pf)x) =) aa(x) S (2.14)
la| <k

Here, the summation is taken over all multi-indices a = (a, .....cq) € N¢ and | a |= a1 + az + ... + aq.

Definition 2.3.9. [62, 1.3.74] Let 7 : H — M and 7’ : F — N be two vector bundles over smooth
manifolds M and N respectively. The external tensor product of the bundles m : H — M and
7w’ : F — M is a vector bundle over the Cartesian product M x A defined by,

HXF — pri (H) x pri(F), (2.15)
where pr(H) = M x N and pri,(F) — M x N are pullbacks of the projections pr, : M x N — M

and pry : M x N'— N. The vector bundle H X F' has fibres H, ® F, for (z,y) € M x N.

Definition 2.3.10. A hermitian metric on a complex fibre bundle 7 : ' — M is a smooth section in

F* ® F* which is a hermitian scalar product on each fibre.

Definition 2.3.11. Let M be a smooth Riemannian manifold and 7 : FF — M be a vector bundle

with a hermitian fibre metric. The inner product on F' is the map,

(|):FRF—C

(2.16)
foge [ (1o),dwlr)
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where at each point p € M, the pairing (f, g)‘p is constructed from the fibre metric A via,

-

(f.9)], = F (0)9" P)has(p) (2.17)

Let 7 : F - M,n’ : H — M be two K—vector bundle over a smooth manifold M and let
P:T>*°(M,H) = I'*°(M,F) be a linear partial differential operator. Then there is a unique linear
partial differential operator P* : I'*°(M, H*) — I'*°(M, F*) called the formal adjoint of P that
satisfies, for all f,g € 2°°(M, F),

(f | Pg)=(P"f]g) (2.18)

Definition 2.3.12. Let H, F' be two K—vector bundle of order k£ and m respectively over a smooth
d—dimensional manifold M and let P : C®°(M,H) — C*®°(M,F) be a linear partial differential
operator of order n € N. The principal symbol, denoted op is defined globally as the map,

op:T*"M — Hom(H, F). (2.19)
Locally, in the coordinate chart of a point z € M the operator P takes the form,

Hled
P=>Y Ga— (2.20)

and the vector bundle F can be trivialised to identify Hom(H, F') with Hom(K* , K™). Then, for every
& € Ty M we have,

op(€) =Y &aalx), (2.21)

where £ = B¢ &dat, €% 1= €71 €52...657.

We are now able to define a particular class of partial differential operators called normally hy-
perbolic operators. Normally hyperbolic operators have many useful properties which we will use

throughout this thesis.

Definition 2.3.13. Let M be a d-dimensional Lorentzian manifold and F be K—vector bundle over

M. A normally hyperbolic partial differential operator is a linear partial differential operator P :

I'°(M, F) — T'°(M,F) of order two with the principal symbol,
op(&) = —g(&, §)idr, (2.22)
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for every € M and every ¢ € T M. Using local coordinates (x!,...,7%) on M and a trivialisation of
F', a normally hyperbolic partial differential operator may be written as,

A + AJ( )i+B( ) (2.23)
oxtoxI . ] . )

where g% is the inverse of the metric g;;, A7 and B are smooth functions on M and the summation

over repeated indices is understood.

Definition 2.3.14. Let M be a smooth Lorentzian manifold and L : T*°(M, F) — T'>°(M, F) be a
partial differential operator. Then L is said to be elliptic if its principal symbol o, (£) is invertible for

all non-zero £ € T M and all x € M.

Elliptic operators have many important properties which we will use throughout this thesis, for
example elliptic partial differential operators have smooth eigenvectors [20, Theorem 3 Section 6.3].

An important space that will be used in Chapter [ are Sobolev spaces.

Definition 2.3.15. Let 7 : F' — X be a vector bundle with a connection V on a Riemannian manifold
X. For a given u € I'*°(X, F) we have Vu € I'*°(X,T* ® F). Using the tensor product, we can apply
the connection on w arbitrarily many times; Viu € T'(X, (T*X ® F)®j) where,
(T"X@F)¥ =T"X@F® - 9T*X®F (2.24)
e
j times

The basic Sobolev k-norm on I'°(M, F) is defined as,

k
2 f— P 2
ot =3 /M Ty (2.25)
J= j times

The Sobolev basic k-norm is independent of the choice of connection. The Sobolev space of order k is
then defined as the completion of I'>°(M, F') with respect to the norm topology induced by (2.25) and
is denoted by L?(M, F).

Sobolev spaces will only feature in Chapter [l W shall also use the following result,

Theorem 2.6. Let D : T°(X,F) — I'™(X,F) be an elliptic operator of order m where X is a

compact manifold. Then for each s € Ng there exists a Cs > 0 such that,
[ulls < Cs(lllls—m + [[Dulls—m), (2.26)

for alluw € L?(X, F). Hence the norms || -||s and || - ||s—m + ||D - || s—m are equivalent.
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Proof. [46, Theorem 5.2]. [
We shall also require the following results for Chapter [4

Proposition 2.7. Let 7 : H - M and 7' : F — M be two vector bundles over M. Then,
F*M,H)@TM,F)> fog— fRgeT* MM, HX F), (2.27)
defines an injective smooth C*° (M) ® C*°(M)—module morphism with dense image in the C*°—topology.

Proof. See [62, Theorem 1.3.35]. [

2.4 Differential Geometry

We review various elements of differential geometry which will be required to define a spacetime. Our
primary resources used are [50, [47]. Over a n—dimensional Lorentzian manifold (M, g) we define the
space of smooth complex-valued differential k-forms as smooth sections of the k-th exterior power of

the cotangent bundle,
k
QF(M,C) = F(/\T*M) ®C, (2.28)

similarly QF(M,C) will denote k-forms with compact support. For brevity we supress the C in
Q%(M,C). Each k-form may be regarded as an antisymmetric covariant k-tensor field over C, hence
we shall make use of index notation when it is beneficial. The exterior product between two k-forms

w,v € QF(M) is the map,

A QP(M) x QI(M) — QPFI(M)

N  (p+q) (2.29)
(W V)al...ap+q = p|q' [al..AapVaerl...aerq]?
and the exterior derivative is the map,
d: QP(M) — QPTH M)
(2.30)

(dw)a1~»-ap+1 = (p + 1)v[a1wa2...ap+1]a

where V is any connection on M and the square brackets denote antisymmetrisation over the indices.

By virtue of the antisymmetrisation, the exterior derivative is independent of the choice of connection.
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Next, let {1, ..., 5, } be alocal coordinate chart of (M, g). If there exists a nowhere vanishing n—form

defined by,

dvol, = /|g|dz1 A ... Adzy, (2.31)
where |g| = det(g,,) then there is the unique C*°(M)—module isomorphism called the Hodge star,

soar : QM) = QPP (M)

1 (2.32)
W A,V —|wa1,,,%u“1“'“1’ dvoly,.
p:
The form dvoly is called a volume form associated to the metric g. The property,
(%)%w = (—1)p(r=p)tindex(g) (2.33)

holds for all p-forms w € QP(M) over an n—dimensional manifold M. Finally, the coderivative on
(M, g) is the map,
It AFM) = QFL(M)
(2.34)
w (71)p(n7p)+5+1 * o d* g W
By convention the coderivative annihilates zero-forms and, since x3, = (—1)P(*~P)*5 and d? =0, we

have 63\,1 = 0. For future use, we shall denote ker 5|Q1 as the linear space of compactly supported
0

(M)
one forms f € Q(M) such that d,(f = 0. Such forms are referred to as coclosed on M.
Suppose (%, ) is a Riemannian manifold. The operations above allow us to endow the space 2*(X)

with a positive definite inner product,

f | 9) = / T A sxg. (2.35)

Under the norm topology of this inner product, we can form the Hilbert space of square integrable k-
forms, which we denote A*(X) = QF(X). We note here that the inner product is positive definite
if and only if the manifold M is Riemannian. In the case of a Lorentzian manifold M, the inner product
(2.35) is indefinite, and the completion of Q¥(M) yields a Krein space of square integrable k-forms.

This will be expanded upon in Chapter [0
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Chapter 3

Algebraic Quantisation of Spin Zero
Fields on Globally Hyperbolic

Spacetimes

In this chapter we will develop the CCR, algebra for the free massive spin zero field on globally hyper-
bolic spacetimes. We begin by detailing some important features of globally hyperbolic spacetimes,
and we also define ultrastatic slab spacetimes. The algebraic quantisation of spin one fields on globally

hyperbolic spacetimes will be treated separately in Chapter 9]

3.1 Globally Hyperbolic Spacetimes

Suppose (M, g) is a n—dimensional smooth Lorentzian manifold equipped with a smooth metric of
index s = n — 1 (this implies that we are using the mostly minus sign convention, + — ---—). Let
x € M. A vector v € T, M is said to be timelike if g(v,v) > 0, spacelike if g(v,rv) < 0 and null
if g(v,v) = 0. The vector v € T, M is said to be causal if it is either timelike or null. A vector
field ¢ € T°°(M,TM) is said to be timelike/causal/ null if {(x) € T, M is timelike/causal /null for
all z € M. A C? curve in a Lorentzian manifold is a map v : [a,b] — M with —00 < a < b < oo.

The curve v : [a,b] — M is said to connect points p € M and ¢ € M if y(a) = p and v(b) = q.
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A curve is said to be a timelike curve if all tangent vectors to the curve are everywhere timelike. A
causal and spacelike curved is defined in a similar way. A closed causal curve is a causal curve whose
end points coincide with each other. A Lorentzian manifold is time-orientable if and only if there
exists a continuous nowhere vanishing global timelike vector field t € I'*°(M,TM) [50, Lemma 32].
A Lorentzian manifold is orientable if and only if there exists a nowhere vanishing form of maximal
degree on M [50, Lemma 20]; such a form is called a volume form. The volume form generated by the

metric g will be denoted dvol,,.

Definition 3.1.1. A spacetime of dimension n € N is a collection (M, g,0,t), where (M,g) is a
n—dimensional smooth Lorentzian manifold which is connected,, 0 is a orientation and ¢ is a time-
orientation. We shall assume a orientation and time-orientation have been chosen, and omit them for
brevity. Similarly, when it is clear, we shall omit the metric and simply refer to the spacetime as the

manifold M.

The causal future (+)/ past (—) of a point p € M, denoted J*(p) respectively, is defined to be the
set of all points ¢ € M such that there exists a future(+)/past(-) directed causal curve 7 : [a,b] — R
connecting p and ¢, i.e. y(a) = p and y(b) = ¢. Similarly, the future/past of a subset S C M of a
spacetime (M, g) is defined as,

JES) = [ TE (@) (3.1)

zeS

A spacetime (M, g) is globally hyperbolic if for all p, ¢ € M the set J*(p)NJ~(q) is compact and it sat-
isfies the causality condition, i.e. there are no closed causal curves [55, Definition 2.17|F] Equivalently,
a spacetime (M, g) is globally hyperbolic if it admits smooth foliations into smooth co-dimension one
submanifolds ¥ C M intersected exactly once by every inextensible causal curve; the submanifolds
{t} x X for all t € R are called Cauchy surfaces. Let (M, g) be a globally hyperbolic spacetime, then
by [4, Theorem 1.1] the spacetime (M, g) is isometric to the spacetime (R x X, g = 81 & —h) where
B :RxX — (0,00) is a smooth function, {¢t} x ¥ is a Cauchy surface for all t € R and (X, h) is a smooth
Riemannian manifold. A particular class of spacetimes used throughout this thesis are ultrastatic slab

spacetimes. A spacetime (M, g) is ultrastatic if,

(M, 9) = (R x E, 77 (dt) @ m1 (dt) — w5 (h)), (3.2)

aThe definition 2.17 appearing in [55] defines global hyperbolicity as the compactness of J* (p)NJ~(q) for all p,q € M
and that (M, g) is strongly causal. However, the work of Bernal and Sanchez in [5] shows that the strong causality

condition is equivalent to the causality condition under the assumption that J*(p) N J~(q) is compact.
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where 77,75 are the pull-backs of the projection maps,

m:RxY—=R
(3.3)

ma iR x X — 3,
respectively and (X, h) is a smooth Riemannian manifold. If (3,h) is a complete metric space (or
if (X, h) is compact) then the ultrastatic spacetime (3.2]) is globally hyperbolic [43] Proposition 5.2].
Anultrastatic slab spacetime is an ultrastatic spacetime of the form (I x 3,9 = 1® —h) where I C R is
a relatively compact open interval; in the following we choose, without loss of generality, I = (—7,7)

where 7 > 0.

3.2 Wave Equations on Globally Hyperbolic Spacetimes

Let (M, g) be a globally hyperbolic spacetime and let P : (M, F) — I'*°(M, F) be a normally
hyperbolic operator. A wave equation is an equation of the form Pu = f, where f is given and u is
to be determined. In this thesis we are interested in wave equations of the form Pu = 0. There exist
unique maps E* : Z(M, F) — I'°(M, F) called the advanced(-)/retarded(+) Green’s operators that
obey [3, Theorem 3.3.1,Corollary 3.4.3],

7,) PO[Ei = Il@(M,F):

i) E¥ o P‘@(M,F) = lpee(m,r)
+ +
iii) supp(E~f) C J*(supp(f))-

Using the retarded and advanced Green’s operators E* one can construct the advanced-minus-retarded

operator E = E~ — ET, which obeys,

Po[E:O:[EoP@(M}F). (3.4)

One can also construct the causal propagator as the map,
E:9M,F)x 9(M,F)—=C (3.5)
3.5

(f;h) = (Lf | ER),

where I' : f — f is the complex conjugation map.
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J+
aupp(E* f) (suppf)

supp(E~f) J~(suppf)

Figure 3.1: Support properties for the advanced/retarded Green’s functions E*.

3.3 Quantised Scalar Field and The CCR Algebra

Classical Theory

Let (M,g) be a globally hyperbolic spacetime. The classical free massive scalar field is a function

¢ € C*°(M) that obeys the Klein-Gordon equation,
(04 m?)¢ =0, (3.6)

where O = V?V,, is the d’Alembertian operator on (M,g) and m > 0 is a fixed constant. Since
M is globally hyperbolic and the Klein-Gordon operator O + m? : C*°(M) — C°*°(M) is normally

hyperbolic, there exist unique advanced(-) /retarded(+) Green’s functions,
EE: C5° (M) — C®(M), (3.7)

with properties given in Section @ The metric g generates a volume form dvol, which can be used

to define a positive definite inner product on the space of test functions C§°(M) given by,

(f|h)= /M f(t, z)h(t,x) dvolg, (3.8)
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for all f,h € C§°(M).

CCR Algebra of the Free Scalar Field

One starts with a abstract unital x—algebra which is generated by the smeared quantum field ®(f),

labelled by some test function f € C§°(M),
A= {a(f)| f € CM)}. (3.9)

The CCR algebra for the free scalar field is a closed, two-sided #-ideal of 2 which is generated by

taking the quotient of A with respect to the axioms,

1. ®(af + Bg) = a®(f) + pP(g) for all f,g € C(M) and all o, 5 € C.

3. ®(Pg) =0 for all g € C5°(M) and where P = O + m?.

4. [D(f),P(g)] =iE(f,g)1 where [-, -] is the commutator and 1 € A is the unit element.

The CCR algebra for the free scalar field is then denoted 20(M).
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Chapter 4

Hadamard States for Quantum Field

Theories on Curved Spacetimes

The class of states considered in this thesis are known as ‘quasifree’ states. In Sections we give
a brief review of quasifree states over the CCR algebra for the free scalar field and give various
characterisation results on proving when a state is quasifree. The work in Section largely collects
together results appearing in [44] 45, 2, [49]. The work in Section collects results appearing in
[44], 32, 52]. In section we present a new result on the convergence of series whose terms are given

by smooth sections; the proof of which is based on Theorem 3.5 in [23].

4.1 Quasifree States

Definition 4.1.1. Let 2 be a unital x—algebra over the field of complex numbers C. A state is a

function w : A — C that satisfies,

- wA*A) >0 Positivity.

- w(laA+ pA) = aw(A) + fw(A’)  Linearity.

-w(l)=1 Normalisation ,

which hold for all A, A’ € 2, all a, 8 € C and where A* denotes the x—adjoint of A and 1 € 2 denotes

the identity.
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Definition 4.1.2. Let w : A(M) — C be a state over the CCR algebra A(9M). The state w is quasifree

if all n—point functions can be written as,
WD (f1 @ ... ® fan-1) =0 (4.1)

WENfr @@ fon) = ) [T WE (o) @ fotim): (4.2)

o =1
where the sum runs over all o permutations of {1,2,3,...,2n} such that o(1) < 0(2) < ... < o(n) and

o(j)<o(j+mn)foralj=1,..n.

Therefore, a quasifree state is completely determined by its two-point function, since all odd
n—point functions vanish and all even n—point functions can be constructed using . There are
some useful characterizations of quasifree states, to which we refer to the work appearing in [45] [49].
Let P : C®°(M) — C*®°(M) be a formally self adjoint normally hyperbolic operator over a globally
hyperbolic spacetime (M, g) and let E : C5°(M) x C§°(M) — R be the causal propagator. One
observes that if E(f — f') = 0 then E(f,g) = E(f’,g) and if E(g — ¢') = 0 then E(f,g) = E(f,q').

Therefore, one can define the real linear vector space,
S(M) = C5°(M,R)/P(C5°(M)), (4.3)
of equivalence classes [f] with respect to the equivalence relation,
[~ f < 3JheC(M) such that f — f' = Ph (4.4)

for all f, f’ € C5°(M,R). By [3, Theorem 5.2.1|, ker(E) = Im(P) the above equivalence relation is

equivalent to,
f~f = Ef-f)=0. (4.5)
One may then define,

o:SM)x SM)—=R
(71, lg]) = E(f,9),

(4.6)

which is a well defined symplectic form [45, Proposition 8]. The following result for quasifree states

can be found in [45, Theorem 2],
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Proposition 4.1. Let P = [0+ m? be the Klein Gordon operator and 2A(M) be the algebra of observ-

ables for the free massive scalar field. If w : (M) — C is a quasifree state then the two point function
W,, satisfies the following,

i) Wo(f,9) = Waolg, ) = iE(f, 9)
i) Wo(f,Pg) = Wy,(Pf,g) =0,
iii) Wo(f, f) >0,
in) Im(Wo(1,)) = 3B(f.9),
for all f,g € C§g°(M).

Proof. 1) Since the state w is normalised and linear, and by the canonical commutation relations we

have,

Wo(f,9) = Wa(g, ) = w(d(f)d(g)) — w(e(g)(f))
= w([o(f), o(9)])
= w(iE(f, 9)1) (4.7)
=iE(f, 9)(w(1)
=iE(f,9)-
ii) W, (f, Pg) = w(d(f)¢(Pg)) = 0 and W,(Pf,g) = w(é(Pf)d(g)) = 0 which holds by definition.

iii) Since the state w is positive, we have, W, (f, f) = w(o(f)*é(f)) > 0.

iv) Follows immediately from the fact that E(f,g) is real.

|
A sufficient condition for a state to be quasifree is given in the following proposition [f]
Proposition 4.2. Let W, be the two point function given by,
Wol,) = mallf)[o) + 5o (11, 1o)). (48)

2The author would like to thank Chris Fewster for providing this statement and outlining its proof.
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where i, : S(M) x S(M) = R is a well defined real scalar product and o is defined in . If there
exists a non-negative bilinear form given by,
v:SM)xSM)—=C
v(Ef,Eg) = Wu(f,9),
then there exists a quasifree state w whose two point function is given by
Proof. By writing the two point function in terms of the symplectic form ¢ and the scalar product p,,

as in (4.8), we see that the form defined in (4.9) is clearly bilinear. Now, let ¢,v € S(M) be chosen
such that ¢ = Ef and ¢ = Eg for some f,g € C5°(M,R). The non-negativity of the bilinear form

then implies,
0 < v(¢+ M, ¢+ i) = Wou(f, f) + iAW (£, 9) — Walg, f)) + XN’ We(g, 9)
= po (1 1) = Ao ([f], [9]) + A2 (9], [9])

where we have used W, (f, ) = pw([f], [9]) and W, (f,g9) — W, (g, f) = ic([f],[g]). If the inequality
(4.10) is to hold for all A\ € R, then the discriminant must be at most zero. Requiring the discriminant
of (4.10) to be less than or equal to zero then yields,

(4.10)

o (1, [N < 4o ([f], LD 1o ([9]; [9))- (4.11)
Then, there exists a quasifree state w with the two point function (4.8) [44] [49]. [ |

A quasifree state w over an algebra A is pure if it is extremal in the convex set of all states, i.e.
one can not decompose a pure state as the sum of two other states with positive coefficients. If a state

is not pure, then it is said to be mixed.

Theorem 4.3. Let W, be the two point function for a quasifree state w over A(M) given by (4.8)

W = po([f1. o)) + 5o (171, 9] (1.12)

The the state w is pure if and only if,

o loULlDP
wollfL 17 = ol01e5(m) Hs([9], [9)) (4.13)

Proof. Follows from Proposition 3.1 and from the discussion on page 77 in [44]. [

36



For a given p,, that satisfies (4.11]) on can form the completion of S(M) given in (4.3)) to form real

linear Hilbert space. An equivalent description of pure states is given by the following theorem:

Proposition 4.4. Let w be a quasifree state with two point function (4.12)). The state w is pure if and
only if there exists a bounded self-adjoint operator R, : S(M) — S(M) such that Ri = —1 and,

a([f1,[9]) = 2u([f], Rylg]), (4.14)
for all [f],[g] € S(M).

Proof. See [45, Theorem 2]. [

4.2 Hadamard States

Among all the states over the CCR algebra, the class of Hadamard states are states with physi-
cally permissible properties, such as having finite expectation values of the stress energy tensor. The
Hadamard condition is a criterion on the singular part of the integral kernel of the two-point function.
The condition stems from the spectral condition in Minkowski spacetime; it is the requirement that all
singularities of the two-point function lie along the future null cone. A rigorous definition of a Hadmard
state was first given by Kay and Wald in [44]. A state w with two-point function W,, is Hadamard
if and only if globally, there are no singularities at spacelike separations and for every convex normal

neighbourhood S C M the two-point function is of the form, for all N € N,

1 A3 al .
Wy (z,y) = 61_1)%1+ W [O}(I,y) + (gvnae(%y) ) In(oe(z,9)) | + Bnvw(@,y), (4.15)
where Ry, € CV(M x M) depends on the state w,
oe(z,y) = o(z,y) + 2ie(T(x) = T(y)) + €, (4.16)

where o(z,y) is the (signed) squared geodesic distance between x and y given by,

a(x,y)z:b(/ab

where z(+) is a parametrisation of the unique geodesic in S from z to y and the +/— is chosen according

() 2 40 sz> , @

to whether x(-) is spacelike or timelike respectively and T is a global time function. Here A is the

Vleck-Morette determinant and v,, are determined by the Hadamard recursion relations [15, [36].
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It is remarkable that the term in the parenthesis in (4.15) is entirely geometric. Furthermore, the
term in the parenthesis is independent of the state w; the state dependence is contained entirely in the
function Ry . Therefore, if the state wy with two-point function Wy is a Hadamard state, one can

show that a state w with two-point function W, is Hadamard by showing that,
W, =Wy € C°(M x M). (4.18)

Of course, this method of showing that the state w is Hadamard requires, at the very least, that the
Hadamard state wpy exists. Fortunately, Hadamard states are known to exist in globally hyperbolic
spacetimes, which is due to a deformation argument by Fulling, Narcowich and Wald [32], Theorem

2.1], which states the following:

Theorem 4.5. In an arbitrary globally hyperbolic spacetime (M, g) there exists a class of states which
form a dense subspace of a Hilbert space, whose two-point function has a kernel with singular structure

(14.15).

In order to prove this result, one needs to be able to deform the geometry of various globally
hyperbolic spacetimes. Let (M1, g1) and (Mas, g2) be two globally hyperbolic spacetimes with spacelike
Cauchy surfaces X1 and X, respectively. One can smoothly deform the spacetimes (My, g1,%1) into
(Ma, g2, X2) while preserving global hyperbolicity if there exists a globally hyperbolic spacetime (R x
¥, g) which admits the spacelike Cauchy surfaces S; and Sy such that, for i = 1,2, S; is isometric to
>; and a neighbourhood of S; is isometric to a neighbourhood of ¥;. Keeping the notation, Fulling et

al are then able to prove the following result,

Proposition 4.6. (M, g1,%1) can be smooth deformed into (Ma, ga, So) while preserving global hy-
perbolicity.

Proof. See [33], Proposition C.1]. [ ]

It was shown in [33] that if a state wy satisfies the Hadamard condition in a open neighbourhood
of a Cauchy surface ¥ in a globally hyperbolic spacetime (M, g), then it does so globally, i.e. Cauchy
evolution preserves the Hadamard singularity structure of the two-point function.

Suppose a globally hyperbolic spacetime (M, g) is ultrastatic to the past of a Cauchy surface X.
Since the ultrastatic vacuum has the Hadamard singularity structure on a neighbourhood of the
cauchy Surface ¥ [33], the ultrastatic vacuum with be Hadamard throughout (M, g).
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Now, let N' = (R x 3, g) be a globally hyperbolic spacetime. One deforms the spacetime A to
the past of some Cauchy surface S to a spacetime so that it becomes ultrastatic in the past whilst
preserving the global hyperbolicity of the deformed spacetime. Let N be the deformed spacetime.
Then, in the N there exist Hadamard states since there is portion which is ultrastatic. One then
deforms the geometry of A back to the spacetime A/, and the state is then Hadamard on the whole of
the spacetime N.

Whilst it is certainly reassuring that Hadamard states exist in general, the deformation argument
is somewhat indirect, and does not give any way of explicitly constructing Hadamard states. This
is, in part, the subject of this thesis. This thesis will concern itself with developing new construc-
tions for Hadamard states principally over ultrastatic spacetimes, although much of our results can
be generalised to an arbitrary globally hyperbolic spacetime. Since we are mainly interested in con-
structing Hadamard states on ultrastatic spacetimes, we shall extensively use the ultrastatic vacuum
to show that our states satisfy the Hadamard condition. A common method to verify that a state w
is Hadamard on an ultrastatic spacetime is to show that the integral kernel of W, — Wy is smooth,
where W, is the two-point function of the state w and Wy is the two-point function for the ultrastatic
vacuum. In light of this, in Section we shall give a somewhat technical result which will be used
extensively throughout the thesis

An equivalent definition of a Hadamard state is that the wavefront set of the two-point function
satisfies the wavefront set spectral condition. The equivalence was proved by Radzikowski in [52]
Theorem 5.1]. In the language of microlocal analysis, a state w is said to be a Hadamard state if the

wavefront set of its two-point function ws is given by,
WF(w2) = {(x1,k1; 22, —k2) | (21, k1522, ko) € T*(M x M)\ {0}, (21, k1) ~ (w2, ka) , k1 € Vi}.

Under the equivalence relation (x1,k1) ~ (z2,ke) two curves are equivalent if there exists a null
geodesic with endpoints x; and x5. This geodesic has the cotangent ky and ks is the vector k; parallel

transported along the geodesic at x5. Here, V, is the closure of the forward light cone of T, M.

4.3 Summing Smooth Sections: A Convergence Result

The main result of this section is Theorem [£.7] which we use extensively to prove that a constructed

state satisfies the Hadamard condition or that an operator has a smooth integral kernel. Theorem [£.7]
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is a relatively straight forward generalisation of the result appearing in [23, Theorem 3.5].

Definition 4.3.1. Let P be a partial differential operator with eigenvalues {w;};en such that w; >0
for all 7 € N. Suppose that the eigenvalues have finite multiplicity and if j < £ € N then w; < wy.

The counting function for P is given by,
N(w) := #{wr < w | wy is an eigenvalue of P}. (4.19)
Furthermore, we define the quantity,
M(j) == max{k € N | wp = w;}, (4.20)
which exists due to the finite multiplicity of the eigenvalues {w;} en.

The following result follows the same strategy as the proof found in |23, Theorem 3.5].

Theorem 4.7. Let ¥ be a compact Riemannian manifold, I C R be a relatively compact interval and

define the projection s, by,

e IxY =Y wan
4.21

(t,0) — o.

Let F be a smooth C—wvector bundle over X with a hermitian metric and a compatible connection.
Consider a second order positive elliptic partial differential operator L over T'°°(X; F) which induces
a self-adjoint operator on L*(X; F) with a discrete spectrum. Let {u,}nen be a orthonormal set in
L?(3; F) such that each u,, € L*(3; F)NT>(3; F) is an eigenvector of L with corresponding eigenvalue
w2 > 0.

Suppose, for alln € N, W,, € T®(M x M;nE F X F) is of the form,

W, = Z a;";a' (eno' ® Un) X (ena./ X ’U,n), (4'22)

where e,y (t) = et and a%° € C for all n € N. Suppose further that,
n

P ma 00’12 423
Sowh max a7 <. (4:23)
neN

for all p € No. Then ) o\ Wy converges in (M x M F R ngF).

40



Proof. Without loss of generality let I = (—7,7) for 7 > 0. Consider the smooth embedding,
p=jxidg: IxET = S'xTL =X
_ (4.24)
(t,) = (7T ),

of the manifold I x ¥ into the compact Riemannian manifold S* x ¥ with metric 1 @ h. Here, we have
identified S' as the unit circle in C. We have the canonical projection 7is; : ST x ¥ — X, (¢,0) — 0.

Fix x € C§°(I) and define W, ,, € (X x X;75F X 75 F) by,
Wyn = % X ) (x @ X)Wh), (4.25)

where 1), denotes the pushforward of 1. If Y~ W, ,, converges in I'**(X x X; 75, F 75, F) for arbitrary
x € C*°(I) then ), W, converges in I'*(M x M; 75 F R 7§ F). Since L is assumed to be a second
order positive elliptic operator, we may introduce a second order elliptic operator over the space of

smooth sections I'°(X, 7L F),

D :T®(X, 75 F) — (X, 75 F)
(4.26)
fr(-0?@1s+1g L) f

where 11,1y, are identities on S', ¥ respectively. We now endow the space of smooth sections over

the bundle 7§, FF — X with the inner product,

(fl9)xs=(f| (L+D%)g)x,0 (4.27)

for all f,g € I'°(X,7&F) and for all s € Ng and where (- | -)x o is the fibre wise inner product over
the bundles 75 — X given in definition [2.3.11] For all even numbers 2s € Ny the inner product (4.27)

induces the norm,
1£1 25 = If %0 + 1D° fli% 0 (4.28)
whose topology can be used to complete I'™° (X, 75 F') which yields the Sobolev spaces denoted by,
13,(X; 7 F) = T=(X7gF) (4.29)
for all 2s € No. We make the identification,

L3 (X, 75 F) o~ L3,(81) ® L3, (3, F). (4.30)
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Since the differential operator (4.26]) is elliptic and second order, the Sobolev space (4.29) are equivalent
to the space formed by completing I'*°(X; 75 F') with respect to the basic Sobolev s-norm ([2.25)).
This is a consequence of Theorem [2.6] We shall also define a norm on the space of smooth sections
I'*(X x X,; 75 F K7L F) defined by,

I @ gllxxx2s = 1% 0llglio + 1(1x © D*+ D* @ 1x)f © gl %« x.0: (4.31)

for all even 2s € Ny. The following lemma gives us a useful bound;

Lemma 4.8. For each s € Ny, we have the estimate,

I1f @ allXwx2s < 20F 1% 2519015 2 (4.32)
for all f,g € L3 (X;TEF).
Proof. The proof of Lemma 3.8 in [23] is sufficiently similar to the proof required here. |

Continuation of the proof of Theorem : Consider now the section 9. (xene @ un) € I'°(X, 7L F) for
a fixed but arbitrary x € C5°(I). Observe that, for all s € Ny,

Ds(w*(xeno ® un)) = ((_atz + Wi)s(j*(xeno)) D Un = Lwn,S(j*(XenU)) @ Un, (433)

where L, s is a differential operator on C*°(S!) of order 2s with coefficients depending polynomially

on w, and is given by,

S

S _ s—
Loa=Y. (k)wfﬁu)s kg™ (4.34)

k=0
In the following we implicitly assume that the choices of 0,0’ € {£1} are independent and arbitrary.

By Lemma [{.8 we have,
s (XEno ® Un) @ Yu(Xenor ® “n)||§(><x,2s < 2P (xeno ® un)”%(stw*(Xena/ ® un)”§(2s (4.35)
Using (4.33) and the decomposition (4.30) we then obtain,

191 (Xeno ® un)l% 25 = (lix(Xena)[§1.0 + [ Lo, .s (G (xena D 131.0) un % 0 (4.36)

Since L,,, s is a differential operator of order 2s whose coefficients depend polynomially on w,,, it follows
that || L, s(j«(X€n,o))||%: o defines a polynomial of degree 4s. Therefore, there exists a Cy 25 > 0 to
be sufficiently large such that,

(17 (xeno) 151 0 + 1w, s (Xena) 31 0) llun %0 < Co2s (1 + wp), (4.37)
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whence we immediately obtain,

[ (XEno ® un) ® Yu(Xlno ® un)||§(><X,2s < 20%(1 + wis)Qv (4.38)

where (s = max, ;/cf+1} CosCors. Finally, by the Cauchy criterion and Pythagoras’ theorem and

since u,, are orthonormal, we obtain,

I Wanllzwxos = D Wl 2
n n

- Z Z |aq” 1t (Xeno © un) @ 1 (Xenor © un)”%(xX,Qs (4.39)
n og,0’e{£l}

< 2o, e |77 (1 + wy®)? < oo

Since x € C§°(I) was arbitrary, we infer that Y. W, converges in L3 (M x M;nsF K 7§ F) for all
s € No, hence, by the Sobolev embedding theorem, )" W, converges in I'**(M x M; 15 F W 13 F)
[46, Theorem 2.5]. [
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Chapter 5

The Distinguished Sorkin-Johnston
State

The Sorkin-Johnston state originated from the causal set approach to quantum gravity. Whilst we
give a brief review of the SJ state in the causal set theory framework, our main focus will be on the SJ
state for linear quantum field theories on continuum spacetimes. To that end, this chapter will review

various properties of the SJ state and the various equivalent methods for constructing the SJ state.

5.1 Causal Set Theory

Causal set theory is a novel approach to developing a quantum theory of gravity [7, [63] [38]. It is based
on the idea that, at the Planck scale, spacetime is fundamentally discrete. The path-integral from
quantum field theory, causal ordering from general relativity and the discrete spacetime structure form
the basis of causal set theory. Quantum field theories defined over causal sets may present a way to
regulate the divergences in QFT and the singularities present in general relativity. A causal set is a
locally finite partially ordered set (C, <) where the ordering < is a partial ordering such that, for all

u,v,w € C,
iu=xu,

ii if u < v and v < w then u < w,
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iii if w < v and v < u then u = v,
iv ‘locally finite’ in the sense that if u,v € C are fixed then |[{w’ € C | u X w’ Zv}| < 0.

The relation < imposes a causal structure on C; by = < y we mean that z is in the causal past of
y, for each x,y € C. The causal past/future of an element u € C is defined as,
Past(u) = {v | v < u}
(5.1)
Fut(u) = {v | u < v},
respectively. Additionally, we define the relation x < y as x < y and = # y. In order to develop a
quantum field theory over a causal set, there are some elementary quantities we need to define. A link
is a description of an elements nearest neighbour in a causal set. An element u € C is linked to v € C
if u < v and there does not exist an element w € C such that v < w < v. We write u <, v if u € C is
linked to v € C. A chain in a causal set C is a subset S C C for which each pair of elements is related
by the relation <. An antichain is a subset A C C in which no pair of elements are related by <. For
a causal set with p € N elements, we label the elements vq, v, ...,v,. There are two p x p adjacency
matrices, the causal matriz C defined by,

1l ifoy, <o,
Con = (5.2)

0 otherwise

and the link matriz L defined by,

1 if o, =i vy

0 otherwise.

A linear extension of a causal set (C, <) is a totally ordered set (C,<) which is consistent with the
partial ordering, i.e. if u < v then u < wv. A typical method used to compare results for quantum field
theories over causal sets and continuum spacetimes is to generate a causal set by ‘sprinkling’ points
into a continuum spacetime. Let (M, g) be a Lorentzian manifold of dimension n. The causal set
(C, =) is generated by randomly distributing points over (M, g) using a Possion process with density
p, which entails that n points are randomly distributed throughout a d-dimensional volume V' with
probability P given by,

(p:l/!)ne—ﬂv. (5.4)

Prob(n points in V) =
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The average numbers of points generated by Possion density with density p in some region R C M
with volumes V is then equal to pV. The causal relation < for the causal set (C, <) is obtained from
the Lorentzian spacetime by restriction. One regains the original Lorentzian manifold in the limit
p — oo. If the Lorentzian spacetime is, for example, globally hyperbolic, then the causal set is a
good approximation of the spactime. One may endow a causal set with a topology by using ‘thickened
antichains’, which can then be used to recover the topology of a globally hyperbolic spacetime from a
causal set that faithfully embeds into it at a sufficiently high sprinkling density [48]. An antichain A is
‘thickened’ by including elements that are in its neighbourhood. A (future volume) thickend antichain

thickened by a volume v is defined as,
T,(A) = {u | u € Fut(A) U A and |Past(z) \ Past(4)| < v}, (5.5)

where A is an antichain. A past volume thickened antichain is defined similarly. It is hoped that
causal sets which approximate the Lorentzian manifolds of general relativity are an emergent feature
of causal set theory, that they are selected to be the ‘physical’ causal sets. A step in this direction is
the work done by Gudder [35]. For sufficiently large p, one should expect theories defined over causal
sets generated by sprinkling to approximate theories over the corresponding continuum spacetime. A

schematic picture of sprinkling is shown in figure [5.1

Figure 5.1: Sprinkling over a bounded region of M? with the sprinkling density p increasing from left

to right.

Causal sets generated by sprinkling over Lorentzian spacetimes are good models to use to compare
results in the discrete and continuum cases. Of interest to us is the construction of the causal retarded

propagator for a massive free scalar field over a causal set generated by sprinkling over Minkowski
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spacetime [41]. The retarded propagator for a real scalar field of mass m over d—dimensional (contin-

uum) Minkowski spacetime (M9, 1), denoted K9 is a Green’s function to the Klein-Gordon operator,
@ +m*) KD (x —y) = 6%z —y), (5.6)

for all z,5 € M? and where 6 is the d—dimensional Dirac delta function and the d’Alembertian is
given by,
0? 0? 0?

O=nva, -2 -9 _ -9
UG ox3  Ox? 0x? |

(5.7)

The equation (5.6) can be solved via a Fourier transform, which gives,

—ip(z—y)
/dd £ (5.8)

p )
g —p? —m?

. 1
Kgn(x - y) = _(27T)d

where p,, = (po, p) is the four-momentum. The retarded causal propagator is the Greens function
obtained by avoiding the poles py = ,/p* +m? by two semi-circles in the upper half complex plane.
Johnston constructs the retarded causal propagator for a massive free scalar field over causal sets M? and
M?* which are generated by sprinkling points over a 1+ 1-dimensional and 1 + 3-dimensional Minkowski
space respectively. Let (M% 7)) be a d—dimensional Minkowski spacetime. The d—dimensional causal
set (C?, =) is constructed by sprinkling p € N points into d—dimensional Minkowski spacetime (M?, 7)
with denstiy p. The causal retarded propagators for a free massive scalar field for sprinklings into M2

and M* are given by the p x p matrices,

: _ 1 2
K? 2 aC(1 - abC) ™t a=3, b= - (5.9)
p
and,
2
K Z oL —abL) ™" g VP M (5.10)

27/6 p

respectively [41], where a,b are chosen to give the correct amplitudes. In each case, the advanced
causal propagators are given by the transpose of the retarded propagators, Kx(f) = (Kl(f))T. From

this, the real matrix defined by,
ALK K@ (5.11)

is the causal set analogue of (minus) the advanced-minus-retarded operator. The matrix ‘A is a

hermitian and skew-symmetric matrix, hence it has an even rank and we assume its rank is non-zero.
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The non-zero eigenvalues of {A then come in equal and opposite pairs, and there exists mutually

orthogonal normalised eigenvectors u;, v; obeying,
ZA’LLZ = )\iui iAU,‘ = —)xi’l)i, (5.12)

where ¢ = 1, ..., s, where 2s is the rank of ¢A. Critically, Johnston defined the p x p hermitian matrix,

Q= Nuul, (5.13)
i=1
and noted that the matrix iA obeys,
iA=Q—-Q". (5.14)

The matrix is, essentially, the ‘positive part’ of the matrix ¢A. It is the discrete version of the
operator used to construct the SJ state in continuum spacetimes. We shall first see how Johnston
defines a vacuum state using (5.13).

Johnston defines an algebra of field operators qu acting on a Hilbert space H to represent a free
real scalar field where x = 1, ..., p runs over a causal set (C, <) with p € N elements. For each element

vy € C (x =1,...,p) we suppose there is a field operator éz obeying,
i ¢ =f

i [Gg, dy] = iA4y

i iAw =0 = Y _ wydy = 0.

The first two conditions are direct generalisations of the continuum case, the hermiticity of the field
and the canonical commutation relations. The third condition is a causal set version of imposing the
Klein Gordon equations on the field operators. From these operators, Jonhston introduced creation

and annihilation operators defined as,

p p
i =Y (Vi)afa al = () a, (5.15)
r=1 r=1
for i = 1,..., s, which satisfy,
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The field operators QEI in terms of these creation/annihilation operators is then given by,

S

b = Z(uj)w&i + (v) @] (5.17)

i=1
Using the creation and annihilation operators a vacuum state vector |0) € H may be defined by the
condition that a; |[0) =0 for all i = 1, ..., s and (0 | 0) = 1. Johnston constructs the two point function

of the vacuum state vector, which is given by,

(O] doy 10) =" (ui)a(v), (0 | ajal | 0)

T (5.18)
=0 ()2 (v)yAj6i5 = Quy-
i=1 j=1
The Feynman propagator is the time ordered product,

where the bar denotes a (non-unique) linear extension of the partial ordering < and ¢ is the Kronecker-
delta symbol. Here the time ordering is taken so that time is increasing from right to left. The Feynman
propagator over the causal set is then compared to the continuum Feynman propagator, denoted G
in two ways; by calculating the average value for different sprinklings over A C M?, d = 2,4, and by
taking a continuum limit p — co. The expectation value of K agrees for M? case and has the correct
continuum limit for M* case. For a range of sprinklings, the average value of Kr agrees with Gp
provided that 0 < m < /p. In M2, there is disagreement between the imaginary parts of Kr and Gp
as the massless limit is taken, which is argued to be related to the lack of the massless limit of Gp.
There are also numerical errors due to the calculations being performed in a finite region of M?, these

edge effects are not present in the bulk of A C MZ2.

5.2 The Distinguished SJ State on Curved Spacetimes

The work of Johnston laid the foundations for the development of the SJ state. In [I], Afshordi,
Aslanbeigi and Sorkin generalise the construction of the vacuum state on a causal set to a free
scalar field over globally hyperbolic regions of a general curved spacetime. The resultant state is known
as the SJ state. The SJ state constructed on the ultrastatic slab (—7,7) x ¥ is found to converge to the

ultrastatic vacuum state in limit 7 — oo [28], whence the term ‘vacuum like’. We proceed by outlining
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the SJ state construction given in [1], and deal with the more technical aspects later, in particular the
Hadamard condition for the SJ state. Let (M, g) be a globally hyperbolic spacetime. The classical

free massive scalar field is a function ¢ € C*° (M) that obeys the Klein-Gordon equation,
(O+m?)¢ =0, (5.20)

where O = V®V,, is the d’Alembertian operator on (M,g) and m > 0 is a fixed constant. Since
M is globally hyperbolic and the Klein-Gordon operator O + m? : C°(M) — C°°(M) is normally

hyperbolic, there exist unique maps,
EE: O (M) — C®(M), (5.21)

with properties given in Chapter [3]Section[3:2] As stated before, we define the advanced-minus-retarded

function as £ = E~ — ET which obeys,
(O+mA)Ef =0=E(O+m?)f. (5.22)

A sufficient condition for the SJ state to be well defined for a free scalar field on a bounded region of

a globally hyperbolic is given in the following proposition by Fewster and Verch [28§]:

Proposition 5.1. Let M, N be two globally hyperbolic spacetimes in which we assume an orientation
and time-orientation have both been chosen. If there exists an isometric embedding 1 : M — N,
preserving both orientations, such that (M) is a relatively compact, causally convez, subset of N,

then the commutator function,

Af =ikf Vf e (M) (5.23)
extends to a bounded self-adjoint operator over the Hilbert space L*(M, dvoly).
Proof. See |28, Proposition 3.1]. |

The key to the SJ state construction is to regard the commutator function (5.23) as a self-adjoint
bounded operator over (M, g). One then takes the ‘positive part’ of A, denoted AT, and constructs

the two-point function via the prescription,

Wsi(f.9) = (f| A*g) Vf,g € Cg° (M), (5.24)
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where (- | -) is the inner product on L*(M, dvol,). There are various methods for constructing the
operator A1, which we will now explore. In the following we assume the spacetime (M, g) satisfies
the conditions given in proposition so that the function extends to a bounded self-adjoint
operator A over L?(M, dvol,).

Positive Part via the Spectral Theorem

If the commutator function A = iE extends to a bounded self-adjoint operator on L?*(M, dvol,) then
it possesses a spectral valued measure dP,4. The operator AT is then constructed by using the positive

spectral projection of A, given by,

Pt = dP4(N). 5.25
/[O»IAI] A ( :

The projection operator was used in [28] to construct the positive part of A,

At =PptA= APA(N). (5.26)
0,141

An equivalent construction of the operator A', uses the continuous spectral calculus for self-adjoint

bounded operators. Let f : 0(A) — R be a continuous function defined by,

f:o(A) >R
(5.27)
A= AG(N),
where 6 is the Heaviside function defined by,
0 ifA<O
(N = (5.28)
1 ifx>0.
The function (5.27) then yields the operator,
AT = f(A) = A9(A) (5.29)

To elucidate these results, we can explicitly construct the operator (5.29) when A is a self-adjoint
compact operator on L?(M, dvol,). In the case when the operator (5.23)) is compact there exists
a countable orthonormal basis {\I/Ji}jen\] of L?*(M, dvol,) consisting of eigenvectors of A with corre-

sponding eigenvalues +A; where A\; > 0 for all j € N. Expressing the operator (5.23) in this basis
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yields the decomposition into ‘positive’ and ‘negative’ parts,
A= [N (] = 1) (25 )], (5.30)
JEN
where the ‘positive part’ is simply read off,
AT =N U (Uh] (5.31)
JEN
We can directly verify that in the case when A is compact, the function (5.27)) yields the correct

positive part,

FA) =L DN (W =2y (95 (5|

JEN
= FON TN W+ f(=2) [97) (W7
Z ) |+ F(=A5) [97) (5] )
=Y NI (e
JEN
= AT,

An equivalent construction of the positive part (5.31)) is given by the function,

g:0(A) =R
(5.33)
A ()\ +|Al),

where the corresponding operator is given by g(A) = 3(A + |A]) and where |A| = /A2, Moreover, in
the case when the operator (5.30) is defined on a Hilbert space, the operator A? is positive and hence
admits a unique, positive square root. The advantage of using the function (5.33) to construct the
positive part (5.31) is that one only needs to calculate |A|. Since the eigenvectors {\I/;-t}jew appearing
in (5.30) are orthonormal, and since <\IJ;r | U ) =0 for all j,k € N, we find,

A =N ) (| + ) (95 ], (5.34)
JEN
hence,
Al = VA2 = ST [0 (U] + w5 ) (w5 )] (5.35)
JEN
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which implies the following,
1 1 _ _ _ _
9(A) = 5(A+|4) =5 Z/\j[l‘l’ﬂ (U7 = 1) (W5 ] + A (1) (5 + ) (2]
j

= YA ) oy (5:36)

which shows that the operator g(A) coincides with the operator ((5.31]).

The SJ Axioms

Alternatively, and we remark here the significance of the following, Sorkin remarked that the operator

(5.29) may be viewed as being the unique solution to the set of axioms [58],

SJ1) At —TAT = A CCRs.
SJ2) AT >0 Positivity.
SJ3) ATTATT =0 Ground state condition

where I : L%(M, dvol,) — L*(M, dvol,) is the antilinear involutive complex conjugation map defined

by I'(f) = f. The motivation of these axioms is seen in the following,

SJ1— This axiom is essentially a reformulation of the canonical commutation relations; the antisym-
metric part of two point function of the SJ state is seen to coincide with the commutator

function,

(Tf | Ag) = Wss(f,9) —Wsu(g, f) = (f | Atg) —(Lg | AT f)
Lf|A%g) —(ATTg| f)

=
=
= (L] | A*g) = (Uf | PA*T)
=

(5.37)
Lf| (AT -TA'T)g)
for all f,g € C5°(M). This implies the operator AT must obey the decomposition,
A=A" —TA'T. (5.38)

Therefore, axiom SJ1 ensures that the SJ two point function has the correct antisymmetric

part.
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SJ2— The second axiom ensures that the SJ state is positive. Since the SJ state is quasifree [28]
Proposition 3.2], all odd n—point functions vanish and all even n—point function can be ex-
pressed in terms of the two point function. The SJ state is positive if the two point function
(5.24) is of positive type, i.e. We;(f, f) > 0 for all f € C§5°(M). We see that the positivity of

the operator AT directly implies that the two point function is of postive type,
ws s ((f) ¢(f)) = Wss(F, /) = (f| ATf) > 0. (5.39)

SJ3— The third axiom is what Sorkin dubs as the ‘ground-state condition’. Furthermore, the axiom
ensures that the SJ state constructed on the ultrastatic slab ((—7,7) x X, g = 1 & —h) converges
to the ultrastatic vacuum state in the limit 7 — oo [28, Section 4.3]. The third axiom is verified

by the observation,

~1 —1
ATTATT = T(A + [A])(A - |A]) = T(A2 —A%) =0, (5.40)

In [58], Sorkin demonstrates that the operator ([5.29) is in fact the unique solution to the set of axioms
SJ1 — 5J3. We proceed to sketch a proof of the solution to these axiomsf] The first axiom SJ1, as

we shall prove later, is solved by the operator,

A
At = 3+ R (5.41)

where R is a self-adjoint bounded operator over L?(M, dvol,). By substituting (5.41) into axiom S.J1

and by using A = —T' AT’ we see,

A:A+—FA+F:?+R—¥—FRF:A+R—FRP, (5.42)

which implies R = T'RT". Substituting the solution (5.41)) into axiom SJ3 yields the following,

0=ATTA'T = (‘;1 + R) <—‘; + R)

(5.43)
_ A + 1[A R] + R?
- 4 2 ) )
taking the I'—variant and I'—invariant parts of (5.43) then gives,
AQ
R? — -4 =0 [A,R] = 0. (5.44)

2A detailed proof of these axioms can be found as the trivial case of the generalised SJ state construction given in

Chapter ﬁ
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Since A is a self-adjoint bounded operator over a Hilbert space, it follows that A? is a non-negative
bounded operator. Therefore, by [53, Theorem VI.9], there exists a unique non-negative R such that
2

A
R? = e which is given by,

(5.45)

However, the operator —R also solves (5.44). To solve the final ambiguity, the axiom SJ2 requires
the operator AT to be non-negative, and so —R is excluded. Therefore the unique solution to axioms

SJ1 — 3 is the operator,

A4
I el |
A 5 + 5 (5.46)

as desired.

Positive Part via the Polar Decomposition

Finally, we may use the polar decomposition of A; since A is a self-adjoint bounded operator there is

a partial isometry U such that U? = 1 on Im(]A|) and such that,
A=U|A| (5.47)
Since A is self-adjoint, U commutes with |A|, which implies,
AU =U|A|U = |A|U? = |A]. (5.48)

The positive part of A, denoted AT, may be the defined as,

At = g(n +U). (5.49)

One can observe that since E : C5°(M) — C*° (M) maps real functions to real functions, it commutes
with T'. Therefore A anticommutes with I' which implies A? commutes with I'. Therefore |A| = v/ A2
commutes with I, which follows from Theorem [2.5]vii]. This then implies that U anticommutes with
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I'. We can verify that (5.49) does indeed satisfy SJ1,
A rA

~dar+ -

2
A AT?2

=5 (I+0)+—-(1-0) (5.50)
_A AU A AU

T2 2 2 2

=A

and the operator A" in (5.49) is seen to be non-negative since A < |A|. Finally, we see that (5.49)
satisfies S.J3,

ATTAYTT = (1 + U)%(]l +U)r

T AT

2
—%(1 +U)(1-U) (5.51)
AQ

--Sa-v?

(1-0)

NESISES

(1+0)

:0’

which holds since A2U? = |A|(|A|U?) = (|A])> = A% As we have shown, there are various ways of
constructing the ‘positive part’ of the commutator function A = ¢E. In this thesis, particularly in
chapter [6] we shall consider generalisations of the SJ state construction, with a particular focus on
modifying the SJ axioms SJ1 — 3. In order to do such a generalisation, we will rely almost exclusively
on the continuous functional calculus for self-adjoint bounded operators. Essentially, the SJ state is
constructed by taking functions of the commutator function A = iE. In chapter [6] we show that there
are in fact other functions of the operator A = i[E that can be used to construct a well defined quasifree

state.

5.3 Purity of the SJ Vacuum

Fewster and Verch showed that the SJ vacuum on a bounded region of a globally hyperbolic region is
pure [28]. Let (M, g) be a globally hyperbolic spacetime such that the commutator function A = iE
extends to a self-adjoint bounded operator on L?(M). The SJ state on the CCR algebra A(M) is
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constructed by setting its two-point function to be,

| =

Wsi(f,9) = (f| 5
1

= 2(F 1 Ag) + 3(F | 14lg).

(A+1[A])g)
(5.52)

As before, we define S(M) = C§*(M,R)/ker(E) to be the real-linear vector space of equivalence
classes [f] with respect to the equivalence relation,

fref = Ef-f)=0 Vf,g € C*(M,R) (5.53)

Using the space S(M), we define the following maps,

o1 S(M) x S(M) >R (5.54)
(If)lg]) = (F | Eg),

psg s S(M) x S(M) — R (5.55)
(If1, 1)) = (f | Ryg),

where o(-,-) is a well defined symplectic form on S(M) by [45], Proposition 8] and psy(-,-) is a well
defined real-linear scalar product on S(M) [28] Section 3]. We now find,

Wss(f,9) = mss(17) o)) + 50(0): lo), (5.56)

for all f,g € C§°(M,R). The SJ state with two-point function (5.52) is pure if the symplectic form

o(+,+) has the following saturation property with respect to the scalar product pgs(-,-),

sy (L) = swp  AZULIDE

o
0£[njes(m) 4usa([h]; [h]) VIf] € SIM). (5.57)

Using these definitions, we now detail the proof that the SJ state is pure |28, Proposition 3.2],

Proposition 5.2. Let (M,g) be a globally hyperbolic spacetime such that the commutator function
A =i extends to a self-adjoint bounded operator on L?(M). Then the SJ state with two-point function

(5.52) is pure.

Proof. Since A is a bounded self-adjoint operator on L?(M), there exists a unique partial isometry
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such that A = U|A| = |A|U*. We observe,

[|A], U] =0,
[|A],T] =0,
(5.58)
{A,T} =0,
{U,T} =0,
where [-,-] is the commutator and {-,-} is the anti-commutator. Using these relations, we can infer

that the operator iU : L?(M) — L?*(M) and T commute. Let (h,)nen be a sequence in C§° (M, R)
that converges to iU f € L?(M,R). We now have, for all [f] € S(M),
UL D L] AR
n=00 dpgy([hn], [hn])  n—o0 2(hn | |Alhn)
_ [ 1iAUf)P
20U f |1 AJUf)
_ K 1AuU )2
2(f [1A|U*U f) (5.59)
_ KFTAINP
2(f [ 1Alf)

= S(F11ALf)
= psa([f1, [f]),

where we have used the fact that U*U = 1 on range(]|A]). This establishes the saturation property
of the scalar product pss(-,-) with respect to the symplectic form o(-,-). Hence the SJ vacuum is

pure. |

5.4 Local Covariance of the SJ State

Let (O, g) be a globally hyperbolic spacetime. Consider bounded globally hyperbolic regions N' C M C
O such that there exist isometric embedding ¢ : N' <= M, x : N' <= O which preserve orientations
and so that the images are causally convex relatively compact subsets of O. Then the SJ state is well
defined on (N, g) and on (M, g) by proposition[5.1] Let Ws,, and Wg,,, be the SJ states over (N, g)
and (M, g) respectively. Suppose now that an observable with support properties supp(f) C N C M.
The expectation value of this observable can then be evaluated in both the states Wg;,, and Wgy,,.

However, since the SJ state construction depends upon the global properties of the chosen spacetime,
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the expectation values of the observable will be different in both states. It is then unclear as to which
is the ‘correct’ expectation value; the SJ state is certainly distinguished over a spacetime (M, g), but
there is no notion of a ‘distinguished’ choice of spacetime region. Therefore, it is unclear what physical

relevance the SJ state has. To summarise, the SJ state fails to be local covariant because it depends

¢

N
WSJ

Figure 5.2: Failure of local covariant property for SJ state.

upon an arbitrary choice of underlying spacetime.

5.5 The Hadamard Condition of the SJ State

To elucidate the drawbacks of the SJ state construction, we follow the work of Fewster and Verch by
constructing the SJ state on the ultrastatic slab (—7,7) x ¥ [28]. Let ((—7,7) x £,9g =1 ® —h) be a
globally hyperbolic ultrastatic slab spacetime where (3, h) is a smooth compact Riemannian manifold

and 7 > 0. In such a spacetime, the Klein Gordon operator becomes,
O+ m? =02 + K, (5.60)

where t € ( — 7,7) is the ultrastatic time parameter and K = —A + m?, where A is the Laplacian on
(3,h). Then K is essentially self-adjoint on C§°(X) C L?(X), and so admits a self-adjoint extension
onto L?(X) [60, Chapter 8]. There exists a complete orthonormal basis of L?(X,h) consisting of
eigenvectors of K, which we denote by &; (j € N), with corresponding eigenvalues wf [20, Theorem 1
Section 6.3]. We make assumption that for each j € N, g is also a basis element of L?(3, h), and we may
choose the labelling such that &; = &5 Throughout this thesis we assume that w; < w;; for all j € N.
The norm on L?(—7,7) will be denoted ||-||-. The Hilbert space is given by L?(M) = L?(—7,7)®L?*(%).
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The commutator function for the Klein Gordon field over the ultrastatic slab ((—7,7) x X,9 = 1® —h)

extends to the self-adjoint, bounded operator,

A=irE=szuj<|Aj><Aj|—|Aj> ), (5.61)

JEN

on L?(M, dvol,) where A;(t,z) = e~“i'¢;(z). The eigenvectors of (5.61) are given by,

T 1G5l &
v = (COFZ S0 )6 ) (5:62)
where C;(t) = cos(w;t) and S;(t) = sin(w;t) and the norms || - || is the norm induced by the inner

product on L?(—7,7). The corresponding eigenvalues are given by,

AF =) = iw (5.63)
Wy
where,
185117 = 7(1 — sinc(2w;7))
G112 = 7(1 + sinc(2w;T))
! ! (5.64)
(Sj 1 Ci)r =
1% = 2165117,
where || - ||, is the norm on L?(—r, T). In the eigenvector basis ([5.62)) the operator (5.61) is,
+ + -
JEN
15,11 (5.65)
_ T +y (gt -\ (-
=3 gy, 1) 1= 19 7
which has the positive part,
+_ 11551l +
A _Z O W) (TF. (5.66)
j T

The integral kernel of the SJ two point function is then given by,

/A S; T —iw; . . —iw;t ()
Wsy(t,z;t' a") = Z 2u|1|j||JCj||T(e it 4 id; sm(wjt)) (e it 16 sin(w;t ))5]( )E;(x"),  (5.67)
=N

where,

Gl
15511

5 =1— (5.68)
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We shall now use the SJ state defined by and summarise the pathologies shown in [28]. As
discussed in Chapter [ section in order to prove that the SJ state constructed on a spacetime M
with two point function is Hadamard, one uses a reference Hadamard state Wy on M and shows
that the integral kernel of : Wg; := Wg; — Wy is smooth on M x M. For the SJ state constructed on
the ultrastatic slab ((—7,7) x $,g = 1 ® —h) with the two point function (5.67), Fewster and Verch
gave a necessary condition on when the SJ state satisfies the Hadamard condition. We shall proceed

by sketching the proof of the following theorem, given in [28, Theorem 4.2],

Theorem 5.3. The set of T for which the SJ state with two point function (5.67)) is Hadamard on

(—=7,7) x ¥ is contained in a set of measure zero.

Proof. Let Wx be a two-point function for the ultrastatic vacuum state,

1 oy
Wy = Z ﬂje iwj (t=t )fj(,f)fj(l'/), (569)
JEN
where {; are eigenvectors with corresponding eigenvalues wf— of the operator K = —A + m? as be-

fore. The ultrastatic vacuum state is, in particular, Hadamard [33]. Therefore, the SJ state (5.67) is
Hadamard if and only if the normal ordered two point function : Wg; := Wg; — Wy has a kernel
which is smooth on M x M. The normal ordered SJ two point function has the integral kernel,

cWey: (ot 2') = (Wey — WH)(t x;t', x')

5.70
- 24% 1% (5 COS(wJ(t*t))+(2f5j)cos(wj(t+t’)))gj(x)gj(xf). (5:70)

If (5.70) is smooth on M x M then in particular it must be C?. Furthermore, if : Wsy : (-,-) €
C*®(M x M) then all derivatives may be assumed to be bounded on the subset M’ x M’ where
M = (=7",7") x ¥ and 0 < 7" < 7. Therefore, the function,

2

F(t,x:t 2
(axa ,13) atat/

cWey: (st 2), (5.71)

must be square-integrable on M’ x M’. By [63, Theorem VI.23] the function (5.71) is the kernel of
the Hilbert-Schmidt operator,

(Tg)(t,x) :/ , F(t,z;t' 2")g(t', 2") dvol, (', 2)
= S (5501851 9) - GO(C 9 ) &),

JEN

(5.72)
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for all (t,7) € (—7',7') x ¥ and where the inner products are on L2((—7',7') x ¥). If the operator
(5.72) is Hilbert-Schmidt on M’, the its eigenvalues are square summable. The eigenvalues of (5.72)

are found to be,

e N} U {%%’HSJHE/
2

S jeN}U{O}, (5.73)
where the norms are taken in L?(—7',7'). Since is assumed to be Hilbert-Schmidt, the eigen-
values are square-summable, implying,
252( G |4
j%;w?é?HCjHﬁ, < oo jGZ[N M < 0. (5.74)
In the limit j — co we have w; — oo and therefore sinc(2w;7) — 0, thus we have ||C}||,» — v/7/ and
1Sj|l+ — V7. Therefore if holds then we must have lim;_,., w;0; = 0. Furthermore, since

w;jd; ~ (27)7 ! sin(2w;7), the following must hold,

lim sin(2w;7) = 0. (5.75)

j—o0
Let V be the set of all 7 € R such that (5.75) holds. Then V is a Borel subset of R, which is assumed
to have a nonzero finite measure for the sake of contradictionE Then the characteristic function on

V, denoted Yy, is an L' function such that,

lim (1) sin®(2w;7) =0 vreV. (5.76)
Jj—o0
We observe the following,
xv (7) sin® (2w, 7) < xv (1),

/xV(T) < 00, (5.77)

lim yy (1) sin?(2w;7) = 0,
j—oo
which then implies, by the dominated convergence theorem,
lim xv (1) sin?(2w;7)dT = 0. (5.78)
77750.J(0,00)

where dr is the measure on V. Using standard trigonometric identities we obtain,

1

7) sin®(2w;7)dr = 5 v(T)(1 — cos(4w;7))dT, )
/(Om)xV( ) sin” (2w;7)d 2/(0’Oo)x (r)(1 (4w;T))d (5.79)

PThe Borel sets of R is defined as the smallest collection of subsets of R such that the family is closed under

complements, closed under countable unions and so that the family contains each open interval.
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and the Riemann-Lebesgue lemma yields,

1
Jlgrolo 3 o )XV(T) cos(4w;T)dT =0, (5.80)

Therefore, we obtain,

/ xv(r)dr =0, (5.81)
(0,00)

thus the Lebesgue measure of V vanishes, which contradicts the assumption that V' has a nonzero
finite measure. Therefore the SJ state with two point function ([5.67)) is Hadamard on a measure zero
subset of (—7,7) x 2. [

To give concrete examples of how the SJ state fails to be Hadamard, Fewster and Verch constructed
the SJ state on the ultrastatic slab (—7,7) x 3 where X is either a flat 3-torus of a round 3-sphere.
We now review these results:

SJ State on the Flat 3-Torus
Let ((—7,7)x T3, g = 1®—h) be a ultrastatic slab where T3 = R3/(LZ)? is a flat 3-torus with common

periodicity length L > 0. Letting m > 0, the eigenvalues of K = —Ays + m?, where —Aqys is the

K= \/<2ﬂ]|lk”)2 +m2 (5.82)

where k € Z3. The subsequences wy. g0, W0 Obey w00 ~ 277/L and wy. .o ~ 27r\/2/ L respectively

Laplacian on T? are given by,

as r — oco. Fewster and Verch showed that the SJ state is Hadamard only if both,
sin(4nrr/L) — 0

Sin(4\/§7rr7 / L) Lo, (5.83)

hold as r — co. However the first only holds if 47/L € Z while the second only holds if 4v/27/L € Z ,

hence there is no 7 > 0 that satisfies these conditions and therefore the SJ state on (—7,7) x T is not

Hadamard.

SJ State on the Round 3-Sphere

Let ((—7,7) x S3,g = 1 ® —h) be an ultrastatic slab where S is a round 3-sphere. Letting m > 0, the

eigenvalues of K = —Ags + m?, where Ags is the Laplacian on the round 3-sphere of radius R > 0,

are given by,

iU +2)
R2

wj = +m?2, (5.84)
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and occur with multiplicity (1 + j)? for all j € No. Since sin(2w;7) — 0 only if 27/(7R) € N, Fewster
and Verch showed that the SJ state on ((—7,7) x S%,g = 1 & —h) is Hadamard only if 27 = k7R for
some k € N. Letting 27 = kn R, they find,

sin?(2w;7) ~ <((mR)2 — DM),

5.85
o (585)
whereby the sums (5.73) are seen to diverge owing to the multiplicities of w;. Therefore, there is no
value of 7 > 0 that ensures the series (5.73)) converge and therefore the SJ state on ((—7,7) x S3,g =

1 @ —h) is not Hadamard.

5.6 Brum-Fredenhagen States on Curved Spacetimes

The construction of a Brum-Fredenhagen state, or BF state, is based on the original SJ state construc-
tion. However, the BF states satisfy the Hadamard condition in all case with no known exceptions
[I1]. We shall outline the construction of a BF state over the Weyl algebra for the free scalar field on
a static spacetime and show how the BF state satisfies the Hadamard condition.

Let N = (R x 3,9 = 1 & —h) be a globally hyperbolic spacetime and let M = ((—7,7) x X, g =
1® —h), 7 > 0, be a globally hyperbolic slab spacetime. There is the isometric embedding,

L M= N
(5.86)

(t,z) — (t,x)

As before, the Klein-Gordon operator [Jar +m? on N admits unique advanced /retarded fundamental
solutions [Ef/ from which we construct the advanced-minus-retarded operator Ey = E,, — [E;\"/. Since
the advanced-minus-retarded operator is unique on A, the embedding ¢ induces the advanced-minus-

retarded operator on M via,
Err = M Enres, (5.87)

where ¢*, 1, are the pull-back, push-forward of ¢ respectively. Let f € C§°(N) be a real-valued test
function which is identically one when restricted to «(M) C N, i.e f’L(M) = 1. From this, Brum and
Fredenhagen define the self-adjoint bounded operator [10, Theorem 4.1.0.1],

Af = f(~iEpm)]. (5.88)
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The positive part of Ay is given by,
1
Ap = (A + 144, (5-89)

The BF state is then constructed in an analogous way to the SJ state, whereby the two point function

is defined by,
Wgr, (h,g) = (h | A} g) Vh,g € Cg°(M). (5.90)

Under such a prescription, Brum and Fredenhagen show is the two point function for a pure
quasifree state over the Weyl algebra 25(Syr, o) where Sy = C§° (N, R)/ ker Epr f |11, Theorem 3.0.1].
Here, the Weyl algebra 25(Sxr,0) is a C* algebra that is formed from elements of Sy by introducing
symbols W(f), labelled by f € Sy, that satisfy

) W) =1

i) W(f)W(g) = ez UDW(f +g) for all f,g € Sy

The symbols W (f) then generate the Weyl algebra 20(Syr, o). For further details see [16] 31]. We now
turn our attention to the construction of a BF state over a static slab spacetime. Let N =R x X be
a static spacetime with metric g = a?1 @ —h, where a € C°(X) is everywhere positive. The BF state

constructed over the static spacetime (—7,7) x 3 is shown to be,

Wer (Lt a) = 3 2 (10j<t>—z&(t))(cj(t')+z’<1—@)Sj(t’))sj(m)@(x/), (5.91)

= 2w \1-9;
where ; are eigenvectors of K = a(—A + m?) and,
Sj(t) = f(t) sin(w;t — 0;)
Cj(t) = f(t) cos(w;t — ;)

1Cil-
155117 (5.92)

o= [ cierar

5 =1-

15,12 = /( Si0ra

¢A C* algebra 2l is a normed x—algebra such that ||A* Al = || A||? for all A € 2.
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and where the angle 6; is chosen such that,
/f(t)2 cos(w;t — ;) sin(w;t — 0;)dt =0, (5.93)

for each 7 € N. The integral kernel of the two-point function of the static vacuum state on M is given

by,

Wa(t,z;t'a') =) ie_w(t_t/)ﬁj(x)ﬁj(x’)
jen 1] - (5.94)
=3 S e T () (@) @,
jen =Y

where the second equality holds since f = 1 on M. The static vacuum state ([5.94) defines a Hadamard
state [33]. The proof that (5.91) defines a Hadamard state amounts to proving that the normal ordered
BF state, : WBFf = WBFf — Wy has a smooth integral kernel. A direct computation shows that the

kernel of : WgE, 1 is,

W, (it ) = 552 ({25 GG - 08,0 )§@EE. (599
o 2 j

J

The integral kernel (5.95)) converges in C°(N x N) if the following holds,

D whs; < oo, (5.96)

JEN
for all p € N. For each p € N, the convergence of implies that the kernel of the normal ordered
BF state converges in a Sobolev space of order p € N and, by the Sobolev embedding theorem
[46, Theorem 2.5], converges in C?(M x M). Hence if holds for all p € N, then the integral
kernel of is smooth. The convergence of for each p € N is guaranteed since J; decays
faster than any polynomial, which, roughly speaking, means that each summand in can be made
arbitrarily small. This stems from the fact that one may bound d; by the Fourier transform of f2.
Therefore, the BF state satisfies the Hadamard condition precisely because f is smooth and compactly
supported. Since the BF state depends on the choice of function f € C§°(N) it is no longer uniquely
specified from the field equations and spacetime geometry. Whilst we have somewhat loosely remarked

on the Hadamard condition for the BF state, we shall return to the convergence of series similar to

(5.95) later.
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Chapter 6

Generalised SJ States for a Quantum
Field on Globally Hyperbolic

Spacetimes

The axiomatic formulation of the SJ state detailed in Chapter [5] allows the ‘positive part’ of the
commutator function to be viewed as being the unique solution to a set of axioms. The CCR and
positivity axioms (SJ1 and SJ2 respectively) incorporate features that are generic to all quasifree
states; namely that the state is positive and that it satisfies the canonical commutation relations.
Changing either one of these axioms will then violate these properties, so clearly any generalisation
of the SJ vacuum must leave these axioms alone. However the ‘ground state condition’ (SJ3) is not
a requirement for a general quasifree state, but a property that is unique to the SJ vacuum. Clearly
then, by changing this axiom one can still construct the two-point function that is of positive type with
the right antisymmetric part, but has differing properties to the SJ vacuum. Our goal in this chapter
is precisely this, to construct a set of axioms with a unique solution which can be used to construct a
quasifree state. Such a generalisation will yield a family of quasifree states, which we call generalised
SJ states. We shall begin with an outline of this construction, state and motivate the axioms used and
show the unique solution to these axioms and how to construct the two-point function for a quasifree

generalised SJ state.
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Suppose the commutator function A = iE extends to a self-adjoint bounded operator on L?(M).

Let 9 : 0(A) — R be a continuous function on the spectrum of A that obeys,

(=) = () CCRs
PY(A) >0 Positivity (6.1)
¥(0)=0 Field equations.

Our aim is to construct a quasifree state wgs s, by setting its two-point function to be,
Wsu,(f.9) = (f | Ajg) Vf.9 € C5° (M), (6.2)
where Ag is a self-adjoint bounded operator that is a solution to,
SJyl) A —TAIT = A CCRes.
SJy2) Aj >0 Positivity.
SJy3) A$FA$F =(A).

The axioms SJy;1 — 3 are a generalisation of the axioms SJ1 — 3 appearing in Chapter @ As we will

show, the solution to the axioms S.Jy1 — 3 is uniquely given by the self-adjoint bounded operator,

A A?
A = sHVT P(A). (6.3)

We shall show that the axiom SJy1 ensures the two-point function has the correct antisym-
metric part and S.J,2 implies that the state wgy, is positive. These axioms are, in a straightforward
way, analogous to SJ1 and SJ2. Furthermore, we shall prove that if ¢ is even then satisfies SJy1
and that if ¢ is non-negative then satisfies SJ,2. Finally we shall show if ¢(0) = 0 then the
two-point function satisfies the Klein-Gordon equation. Furthermore, we prove that the quadratic
form defined in is in fact the two-point function for a quasifree state ws;, over the algebra of
observables for the free scalar field. Finally, we will address the question as to whether any of the
states with two-point function satisfy the Hadamard condition. Whilst we do not give a rigorous
proof that all generalised SJ states will fail to be Hadamard, we note that a generalised SJ state with
two-point function will likely fail to be Hadamard because the SJ vacuum generically fails to be
Hadamard. However, we continue to show that there are SJ states with two-point function that
have ‘good’ properties relative to the SJ vacuum, which is expanded upon this in section We shall
now set out the construction of a generalised SJ state described above for a free scalar field on a curved

spacetime.
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6.1 Generalised SJ States for a Free Scalar Field on a Curved
Spacetime

Let M, N be two globally hyperbolic spacetimes. Suppose that there exists an isometric embedding
t: M — N, preserving both orientations, so that ((M) is relatively compact, causally convex subset
of N'. Then, by proposition [5.1] the commutator function A = iE extends to a bounded self-adjoint
operator on L*(M). Let I' : L?(M) — L?*(M) denote the antilinear complex conjugation map defined
by I'f = f. The complex conjugation map has the following properties,

[0+ m?2 I =0, [EX,I] =0, {A,T}=0. (6.4)

and, since T is an involution, this implies TE*T = E* and T'AT' = —A. We shall also use the following

results, which follow from the spectral theorem given in [53 Theorem VII.2|:

Lemma 6.1. Let U be a bounded self-adjoint operator on L?>(M). If 4 : o(U) — C is a continuous
function such that 1(0) = 0, then ker U C ker(¢(U)).

Proof. For all f € ker(U) we have U f = 0. Therefore f is an eigenvector of U with eigenvalue A = 0.
The map ¢ has the following property [53, Theorem VIL2 (e)],

Uf =X = »(U)f =y f, (6.5)
and therefore if U f = 0 we obtain,

PU)f =) f =4(0)f =0. (6.6)

Lemma 6.2. Let U € B(L*(M)) be a bounded self-adjoint operator that obeys {U,T'} = 0 and ) :
o(U) = R be a continuous function. If ¢ is even, that is, for all X € o(U) we have Y(\) = (—=N),

then the operator Y(U) commutes with T.

Proof. Since U is a bounded self-adjoint operator, the spectrum of U is a non-empty compact subset of
R. Therefore, by the Weierstrafs approximation theorem, the algebra of polynomials on o(U), denoted
P(o(U)), is dense in the algebra of continuous functions on o(U), denoted C(c(U)). Let f € C(a(U))

be an even function. Then for all € > 0 there exists a polynomial p € P(c(U)) such that,

Ip = fllo = sup |p(A) = fFA)] <e (6.7)
Aeo(U)
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If g € P(o(U)) is a polynomial defined by,

then the following holds,

lg = flloo

sup [g(A) — f(A)]
A€o (A)

= sup
A€o (A)

= sup
A€o (A)
1
<5 sup [p(A) = fF(N)]+
A€o (A)
e
2 2

(6.9)

=€
Therefore, if p approximates the even function f to arbitrary precision in sup norm, then f can also
be approximated by the polynomial g given in . Since ¢ and f are both even, it follows that the
algebra of even polynomials is dense in the algebra of even continuous functions.

Now, let ¢y be an even polynomial of degree 2NV € N, i.e.,

YN\ = fj an A", (6.10)
n=0
forall A € o(U) and all N € N and where «,, € R for all n € {0, ..., N}. From the continuous functional
calculus, there exists a unique continuous *—homomorphism,
©: C(o(U)) = B(L*(M))
= ()
Using there is a unique bounded self-adjoint operator corresponding to which is given by,

(6.11)

N
YN (U) = an U™, (6.12)
n=0

and since by the assumption that U = —TUT, we have U?" = T'U?"T for all n € N. Therefore
Yy (U) = TyYn(U)T. Now, let ¢p € C(o(U)) be an even continuous function. Then there exists a

sequence of even polynomials (¢)x)nyen that converge, in sup norm, to ¢. That is to say,

P(A) = lim Py (A), (6.13)

N—oc0
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for all A € o(U). Therefore, we obtain,

V(1) = O(¥) = O( Jim by) = lim O@x) = lim dy(U), (6.14)

N—o00

where the second limit is taken in the norm topology of B(L?(M)) and holds by [53, Theorem VII.1
(g)]- Therefore,

PY(UIT = T( Jim Gy ()T = Jim Ton(U)F = Jim dn(U) = $(0), (6.15)

Therefore, if ¢ : 0(U) — R is a continuous even function then (U) = I'Y(U)T" and, since I'? = 1, we
have [v(U),T] = 0. [

Our goal is to now show that the operator (6.3) is the unique solution to axioms SJ,1 — 3 where
¥ : 0(A) — Ris a contiuous function that obeys (6.1)). To accomplish this, we shall use the continuous

functional calculus for bounded self-adjoint operators.

Theorem 6.3. Let A be a bounded self-adjoint operator on a Hilbert space H that obeys A = —T AT,

Suppose 1 : 0(A) — R is an even, non-negative, continuous function. Then the operator,

A A?
+_
A =25

5 T+, (6.16)

is the unique solution to the azioms SJy1 — 3.

Proof. Assume the solution A:Z to the axioms SJy,1 — 3 exists and define the operator,

A

R=AJ - 5 (6.17)
By the assumption that A = —T'AT" we find,
IRL =TAJT + é, (6.18)
2
and, by SJy1, this implies,
R—FRF:/%—?—FA:ZF—?:A—A:O, (6.19)
hence R = I'RT". Furthermore, we have,
R+TRD = Af - A +TAST + 4 A7 +TAJT, (6.20)
2 2
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and since R = I'RT, this implies,
1
R= (A7 +T4(T), (6.21)

and, by SJ,2, this implies that R is a non-negative operator. We also observe that, since 1 is even,

by Lemma (A) =Ty (A)T. Therefore SJy;3 implies the following,
0 = $(A) — TY(A)T = AJTAIT - F(AfZFAjZF)I‘ = AITAIT —TAITA} = [AL,TAIT],  (6.22)
which, in conjunction with SJy1, implies,
(A7, A] = [A], A} —TAT] = —[A], TAJT] = 0. (6.23)
We now obtain,

A A
2 _ + +
R* = RT'RI' = (Aw —2>(I‘Aw1"+2)

(6.24)
_atrair oA 1 (434~ arair)
T 4 9\ P
which, by §Jy1 and SJy3 reduces to,
A2 1
2 _ + +
R? = (4) - T+ §(A¢A—A(Aw —A))
A% 1y, 2
_ a4t 6.25
(A) = -+ 5 (147, 4]+ 4?) (6.25)
A2
=1p(A) + T

Since 1 : 0(A) — R is non-negative and continuous, by [53, Theorem VII.1| the operator ¥ (A) is
bounded and non-negative. Therefore, the operator (6.25]) is a non-negative bounded operator and so,

by Lemma [53] Theorem VI.9], admits a unique non-negative square root given by,

R= \/A;W(A). (6.26)

Therefore, if the operator Ai exists, then it is uniquely given by,

L_AL A
Af = 5+ (). (6.27)

We finally show existence. By the continuous functional calculus for bounded self-adjoint operators,

the operator (6.27) is uniquely given by the continuous function,

a$ :0(4) =R 625)
6.28
A A2
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by setting A:Z = a:g (A). We also note that the operator (6.26)) is given by the continuous function,

r:o(4) =R
A il P(A),
where we set R = r(A). Since, by assumption, A = —['AT", we see that the operator (6.27) is a solution
to SJy1 if and only if R = r(A) satisfies,

R =TRT. (6.30)

which, by Lemmais equivalent to showing that is even. Since, by assumption, ¥(A) = (—\)
for all A € o(A) it follows that r(A) = r(=\) for all A € o(A) and therefore, by Lemma the
commutation relation holds. Therefore satisfies S.J, 1. Since, by assumption ¥(\) > 0 for
all A € o(A) we have,

2 )\2
V) 20 = L+ =
A2 R
=\ e > (631)
A A2 Al A
5"' Z'f'l/)()\) 7+§>0,

and therefore aJ()\) > 0 for all A € 0(A). Therefore by [53, Theorem VII.2 (f)], since ai is a non-
negative function it follows that A;L' = a;/t(A) is non-negative operator. Hence (6.27)) satisfies S.Jy2.
We finally we show that (6.27)) solves SJ3,

2 N 2
ATTAST = <;1 + AI + z/;(A)> <A +T A + 1/1(A)F>

2 4
A A2 —A A2
= (2 TVt 1/;(A)> <2 tV ot ¢(A)>
(6.32)
A1 A2 A?
="+ A/ — A — A
T | A G )|+ e
where the commutator appearing in (6.32)) holds by [53, Theorem VII.2 (g)]. Therefore, the operator
(6.27) exists and is the unique solution to the axioms SJy1 — 3. [

Starting from the commutator function A = iE on the spacetime M and a non-negative, continuous,

even function ¢ : 0(A) — R that obeys 1(0) = 0 we can construct the unique solution A;L' to the axioms
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SJy1 — 3 given by the operator (6.27). Using the operator (6.27) we can then define the two-point

function,

Wsi,(f.9) = (| Ajg), (6.33)

for all f,g € C§°(M). One may recover the original SJ vacuum by setting 1 = 0. We now verify that

the two-point function ((6.33) has the correct properties:

Positivity:

CCRs:

Field Equations:

The SJ state wg s, is positive if and only if the two-point function satisfies,
W, (F. ) = (f | ALF) 2 0 v € G (M), (6.34)
which clearly holds since AJ > 0.
The two-point function has the following antisymmetric part,
Ws, (f,9) = Wsa,(9,.f) = (F | Afg) = (g | A;f)
=(F| (g +R- %FAF —'RI)g) (6.35)

= (f | Ag),
which holds since A = —T'AT" and since (6.29)) obeys r(A) = r(—\), by Lemma [6.2| we have r(A4) =
R = TRT. Therefore the two-point function (6.33) coincides with the canonical commutation

relations.
We now verify, for all f,g € C°(M),
WSJw(vag) :OZWSJ¢(f7Pg)7 (636)

where P = [+ m? is the Klein-Gordon operator. Since the Klein-Gordon operator is formally

self-adjoint, the condition (6.36) is equivalent to showing,
PAg =0= A:ZP. (6.37)

Now, since EP = 0 = PE, it follows that [A, P] = 0. Therefore, by [53, Theorem VIIL.2 (g)], any
continuous function of A commutes with P. Hence [ALP] = [ag(A),P] = 0. Therefore, it is
sufficient to check that for all g € C§°(M) we have Ag(Pg) = 0. By definition and by we
have, for every g € C§°(M),

A(Pg) =iE(Pg) =0, (6.38)
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which shows that Pg € ker(A) for all g € C§°(M). Therefore, we obtain,
Ws(f, Pg) = (f | A} Pg)
-1
= {f | 5A(Pg) + R(Pg)) (6.39)
= 0)

where we have used the fact that since Pg € ker(A) and the function (6.29) obeys r(0) = 0,
Lemma [6.1|implies that Pg € ker(R).

Before proving that (6.2) defines the two-point function for the quasifree SJ state wsy,,, we shall use
the following. One can rewrite the two-point function (6.2) in the following manner,

W, (f,9) = (1 A} g)
(71 (5+R)9

i g (6.40)
=5 (f I Eg) +{f | Rg)
= Zo((f): o) + (5], o),
where,
o:8(M)x SM)—=R (6.41)
(If1.1g]) = (f | Eg),
oy 2 S(M) x S(M) =R (6.42)
(If1,[g]) = {f | Rg),
where the operator R = r(A) is given by the function (6.29) and where,
S(M) = C5°(M,R)/P(C°(M,R)) (6.43)
is the real linear vector space of equivalence classes [f] with respect to the equivalence relation,
f~f = Ef-f)=0. (6.44)

By Proposition [45, Proposition 8] the map (6.41) is a well defined real valued symplectic form. We
now show that the map (6.42) is a well defined real valued scalar product. Choose g,¢" € C§°(M,R)

such that g — ¢’ € ker(E), i.e. two distinct representatives of the same equivalence class. Then
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g — ¢ € ker(A), and, moreover, since (6.29) obeys r(0) = 0 we have g — g’ € ker(R). Therefore, we

obtain,

iy ([f], 19]) = o ([f], [9]) = (f | Rg) = (f | Rg') = (f | R(g — ¢)) =0, (6.45)

which implies,

p (1), [91) = po (£, [9]) (6.46)

Therefore the scalar product is independent of the chosen representative in its second argument.
Moreover, since R is self-adjoint, the scalar product is symmetric, which implies that, since it
is independent of representation in the second slot, it is also independent of representation in the first
slot. Therefore (6.42)) is a well defined scalar product. Finally, we see that is real valued from
the following; for all [f], [¢] € S(M) we have,

wy (1f], [9]) = (f | Rg)
= (I'f | I'Rg)
(6.47)
= (I'f | RT'g)
= uy([£1, [9]),

which holds since I'f = f, I'g = g and [R,T] = 0 holds by Lemma [6.2] We now show that (6.33) is the

two-point function for the quasifree SJ state wgy,, .

Proposition 6.4. Let P = [0 + m? be the Klein Gordon operator defined on a globally hyperbolic
spacetime M and let A(M) be the algebra of observables for the free massive scalar field. Suppose the

commutator function A = iE extends to a self-adjoint bounded operator on L*(M). Let,

A+:é+ iQ

v =3 1 + P (A), (6.48)

be the unique solution to SJy1 — 3 where 1 : 0(A) — R is an even, non-negative continuous function
that obeys (0) = 0. Then a quasifree state wsy, : A(M) — C can be constructed by setting its

two-point function to be,

Wsa, (f,9) = (F| Aj9), (6.49)

for all f,g € C§°(M).
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Proof. By proposition [4.2] it is sufficient to show that,

V([Ef7 [Eg) = WSJ#, (?7 g)7 (650)

defines a non-negative bilinear form. The two-point function (6.49) is clearly bilinear and, as (6.34)
shows, is positive. Therefore (6.50) defines a positive bilinear form and by Proposition there exists
a quasifree state wgs, whose two-point function is given by (6.49). [

We have shown that, starting with the self-adjoint bounded operator A = iE, a globally hyperbolic
spacetime (M, g) and an even, non-negative, continuous function ¢(A) : 0(A) — R that obeys ¢(0) =0
one can construct the unique solution A;Z from the axioms SJy;1— 3 and define the two-point function
for a quasifree state via . We shall now consider the Hadamard condition for the family of SJ
states with two-point functions and show that there are SJ states that have finite derivatives of

the Wick square when normal ordered with respect to the SJ vacuum.

6.2 Wick Polynomials and the Hadamard Condition

Let ¢ : 0(A) — R be an even, non-negative continuous function that obeys ¥ (0) = 0 and let,

A A?
+ = il
Aj = 5 T\ +Y(A4), (6.51)

be the unique solution to axioms SJy1 — 3. By Proposition @ the two-point function for a quasifree
state can be defined by the prescription ([6.49). Before addressing what properties such a state has, we
shall make use of the following parametrisation. The operator (6.51) is uniquely given by the function,

a$:U(A) —-R

- (6.52)
AH%—H/%—H&()\).

The function (6.52)) then gives the operator A:Z given in (6.51) via A;: = aﬁ(A). We define an even,
non-negative, continuous function ¢ : 0(A) — R by completing the square in (6.52)),

v =(F+ew). (6:53)

rearranging shows that,
1
p(A) = (AL + VA2 + 49 (X)) (6.54)
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from which we see that ¢(0) = 0. Rearranging (6.54) gives,
P(A) = W) (IA] + (V) (6.55)

for all A € 0(A) and by substituting (6.55) into (6.52) we find,

ay(\) = % + ‘—2' +o(N). (6.56)

We shall now use the function (6.56) to define the operator Af = ajzj (A) and the two-point function,

Wsy, (f,9) = (f | ay;(A)g)
= (F1 5 (A+14Dg) + (7| ¢(A)g) (657

=Ws1,(f,9) + (f | (A)g),

for all f,g € C§°(M) and where Wy, is the two-point function for the vacuum SJ state. We shall now
investigate whether there are any functions ¢ : 0(A) — R that can be used so that defines the
two-point function for a Hadamard state. Let W be a two-point function for a Hadamard state, which
exists due to the deformation argument given by Fulling, Narcowich and Wald [32]. Then the two-point
function defines a Hadamard state if and only if the normal ordered two-point function,

Wy, 2 (f,9) = Wsa (f,9) + (F | 0(A)g) = Wr(f,9)
= Wsu : (f.9) + (f | o(A)g)

(6.58)

has a smooth integral kernel on M x M. The SJ vacuum on the ultrastatic slab (—7,7) x ¥ fails to
be Hadamard [28, Theorem 4.2], and the authors note that it is likely the SJ vacuum will fail to be
Hadamard on a general spacetime. Therefore, if the SJ vacuum fails to be Hadamard on a general
spacetime, the integral kernel of : Wy, : will fail to be smooth. If we assume that the SJ vacuum fails
to be Hadamard, then the generalised SJ state will be Hadamard. Therefore, one must choose ¢ so
that the operator ¢(A) cancels off the non-smooth contributions coming from the kernel of : Wg, :.
Whilst we do not prove this here, it is unlikely that there exists a continuous, even, non-negative
function ¢ : 0(A4) — R so that the integral kernel of is smooth. It is reasonable to assume that
all generalised SJ states fail to be Hadamard. However, we can observe the following. If one normal

orders the SJ state (6.57]) with respect to the vacuum SJ state,

: WSJLP(fag) = WSJw(fag) - WSJo(f’g)
= (f | p(A)g).

(6.59)
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and if ¢(A) is smoothing, that is, it is of the form,

(AN z) = /M K, (t,a;t',a") f(t',2') dvoly(t',a"), (6.60)

where K, € C*°(M x M) is a smooth integral kernel, then the normal ordered two-point function
(6.59) has well defined Wick polynomial. This means that, the derivatives of the Wick square of the
normal ordered two-point function (6.59) are finite and are given by,

CLOP s () = [ (LG Wy, 9)(tasta)f(t.o) dvoly(t.2)

- / (L® L(Wsy, — Ws))(t ;1 2)f(t, 2) dvol, (t, )
M (6.61)
- /M<L ® LW, + p(A) — W o)) (b 23 t,2) f(t, ) dvol(t, 2)

:/ (L® L(Ky))(t,z;t,x) f(t, ) dvol,y(t, z),
M

for all f € C§°(M) and where L is any partial differential operator. Since the integral kernel K, is
assumed to be smooth on M x M, all the Wick square of all derivatives of the field exist. There-
fore, relative to the SJ vacuum, the two-point function well defined Wick polynomials. On the
contrary, if ¢(A) is not smoothing, then there will be derivatives of the Wick square which diverge.
In this framework it then becomes apparent that if one wants well behaved Wick polynomials for the
normal ordered two-point function the operator ¢(A) must be smoothing. This then leads to

the natural question,

What conditions on ¢ : 0(A) = R ensure that ¢(A) is smoothing?

Whilst we do not answer the question for a general spacetime here, we do, however, give sufficient
conditions on the function ¢ : 0(A) — R such that ¢(A) is smoothing in the case when the commuta-
tor function A = i is defined on the ultrastatic slab (M = (—7,7) x £,g = 1 @& —h). This will be the

subject of the next section.
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6.3 Smoothing Operators from the Commutator Function on

Ultrastatic Slabs

Let ((—7,7) x ¥,g = 1 & —h), 7 > 0, be an ultrastatic slab spacetime where (X, h) is a compact,
boundaryless Riemannian manifold. Let A = ¢E be a self-adjoint bounded operator and let ¢ :

o(A) — R be a continuous function.

Lemma 6.5. Let (X, h) be a boundaryless, compact Riemannian manifold of dimension s € N. Let
K = —A+m?, where m > 0 and A is the Laplacian on (3, h), be a second order elliptic operator on

L2(X) with corresponding eigenvalues wjg», wj > 0, for all j € N. Then, there exists o > 0 such that,

j < aws. (6.62)

Proof. Since (X, h) is a boundaryless, compact Riemannian manifold of dimension s, Weyl’s law states

that the asymptotic distribution of the eigenvalues w]2- are given by [40],

N(wj) ~ (2m) " Q,vol(X)w: (6.63)

J

where €, is the volume of a n—ball. Therefore, there exists a o > 0 sufficiently large such that

N(w;) < aw;. Then, by counting, we have,

J < M) = N(wj) < ow}.

: (6.64)

We now prove the following:

Proposition 6.6. Let (M = (—7,7) x X,9 =1 & —h) be an ultrastatic slab spacetime where (3, h) is
a three dimensional, smooth, compact Riemannian manifold. Let A = iE be the commutator function

given by

A= j%u:\l ||\IJ>\JZ|2 U\I/;_> <\I/;_| - |\IJJ_> <\I/]_Ha (6.65)

where,

v (e <Ol e s
W (n0) = (0 7 S 0 )&
L1111

Wy Wy

(6.66)

/\j 1-— sinc2(2wj7')
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and where,
18;11* = 7(1 — sinc(2w; 7)),
IC;]1* = 7(1 + sinc(2w; 7)), (6.67)
I F1* =2)1C5)1%.

If p : 0(A) = R is a continuous function such that, for all N € Ng there exists a Cy > 0 such that

lo(N\)| < ON|AN|, then the operator ¢(A) is smoothing.

Proof. By the continuous functional calculus for self-adjoint bounded operators, the operator ¢(A) is

given by,

Z S 1w 1= 1) o |

(6.68)
||Cg||> o (I
= |A;) (Aj = [A7) (A3,
ZH‘I’*IIQ(HSH [ e ! ”}
where A;(t,z) = e~ wit¢;(x), with the integral kernel,
ALt Z ) (”C ”) [t — =] g ()¢ ). (6.69)
I || 1155
By Theorem the integral kernel converges in C>°(M x M) if the following holds for all
pe NOa
2
p| 2(A5) (”Cj”>
> Wt - ' (6.70)
2Tz s,
We now find the following, for all p, N € Ny
3| £ (nojn) :pr p() [
2w\ s )| T & “Mm
) 2
JeEN
2
N 2
> (6.71)
JEN
. 2(N-1)
_ rAN-D 2, pr_2 1 — sinc®(2w;T)
4 _ J w;
JEN J
AN
- 4 Z WP’
JEN 7J
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Now, since (3, h) is a three dimensional boundaryless, compact Riemannian manifold, by Lemma

we have j < ozw? for a sufficiently large a > 0. Therefore,
S p(A;) <||le|>
THRHE S

jEN
which converges for all N > $(p + 3). Therefore, by Theorem the integral kernel converges
in C*°(M x M). Therefore ¢(A) is smoothing. [

2 a%@N*p)T?(N*l)C]?V 1

= 4 L j(2N=p)/3’
JEeN

(6.72)

The previous proposition then prompts the following conjecture for a general globally hyperbolic

spacetime (M, g),

Conjecture 6.7. Suppose A = iE extends to a bounded, self-adjoint operator on L?*(M) and let ¢ :
o(A) — R be a continuous funciton. If, for all N € Ng there ezists a Cy > 0 such that |p(\)| < CyAN

then the operator p(A) is smoothing.

In this chapter we have shown that, under suitable conditions on the function v, there exists
a unique solution to the axioms SJy1 — 3 that can be used to construct a two-point function for
a quasifree state. This then extends the SJ state construction from a single state to a family of
states parameterised by . Whilst it is unlikely that the family of generalised SJ states contain any
Hadamard states, we do give a new construction of a class of Hadamard states using the generalised
SJ state construction. Before this, we will provide a construction of a generalised SJ state which we

call the ‘thermal’ SJ state in the following chapter.
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Chapter 7

Thermal SJ States for the Spin Zero
Field on Globally Hyperbolic

Spacetimes

The SJ axioms, originally given by Sorkin in [58], can be modified so that they admit a family of
solutions, whereby each solution can be used to construct a two point function for a quasifree state.
This construction was given, in a general manner, in Chapter [6] It is the purpose of this chapter to
give an application of the work in Chapter [6] by constructing a ‘thermal’ SJ state on ultrastatic slabs

with compact spatial sections.

7.1 Thermal SJ States

To elucidate our construction of a thermal SJ state, we draw observations from the SJ vacuum and
thermal equilibrium state constructed on the ultrastatic slab spacetime M = (—7,7) x ¥ with metric

g = 1 @& —h. The ultrastatic vacuum state, a thermal equilibrium state at inverse temperature 8 > 0
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and the SJ vacuum state on the ultrastatic slab M are given by the two-point functions,

Weo(f,9) = (| Gog),
Ws(f,9) = (F | Gsg), (7.1)
Wsi(f9) = (f | ASg)

for all f,g € C§°(M) where the self-adjoint, bounded operators G, G and Ag are defined by,

1
Goo =D 5— A} (4]

jEN J
1 1 b e
G =3 g T mm (A (Al +¢7% () (4]
Ten (7.2)
=G +Z T () (] + [45) (43)),
]ED\I

AT = S(A+14)

respectively. As before, we have A; = e~™i¢;(x) and {;};en are a set of orthonormal eigenvectors
of the operator K = —A + m? that form a basis of L?(X) with eigenvalues wjz > m? where m > 0.
We shall demand that the two-point function for a thermal SJ state, denoted Ws,,, should obey the

following limits,

Thﬁngo WSJﬂ(f7g) = Wﬁ(f’g) (73)
BILH;OWSJﬂ‘(f7g) :WSJU(f’g)? (74)

for all f,g € C5°(M) and where the limits are taken in the weak topology on B(L?(M)). These limits
are summarised in Figure [7.1]

In addition to this, the construction of a thermal SJ state should respect the original ideology of the
SJ state construction, namely, the two-point function Wy, should be constructed from the geometry
of the underlying spacetime and the commutator function A = iE alone. To accomplish this, we want
to construct a continuous function on the spectrum of A so that the corresponding operator can be
used to construct a two-point function that obeys the limits (7.3). Suppose aj : 0(A) — R is such a
function and let A; =ag *(A) be the corresponding self-adjoint, bounded operator on L?(M). Then if
the limits,

lim A+ = Af (7.5)

B—00
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T —>00

Figure 7.1: Properties of thermal SJ state in the limits  — oo and 7 — oo.

lim A} = Gp, (7.6)

T—00

hold in the norm topology on B(L?(M)) then the limits will hold in the weak topology on
B(L? (./\/l)) In order to expand upon this, we shall use the following observations of the eigenvectors
and eigenvalues of the commutator function A = iE on the ultrastatic slab (M = (—7,7) x X, g =
1 @ —h) given in Chapter [5 Section The (unnormalised) eigenvectors for the operator A = i on

the ultrastatic slab (—7,7) x ¥ are given by,

T RO =7 A Y
v (t0) = (050 7 s 0 e (r.7)

with corresponding eigenvalues,

T .
AF = w—j\/l — sinc? (2w, 7), (7.8)

where S;(t) = sin(w;t) and C;(t) = cos(w;t) for all t € (—7,7) with norms,

1551l = \/7(1 — sinc(2w;7))

(7.9)
IC51l = /71 + sine(2w;7))
Therefore, point-wise, the eigenvectors have the limits,
lim WF(t, ) = (Cj(t) — iS;(t)&; (x) = e~ ™i'¢;(x) = A (t, )
Tovee | - (7.10)
Tim W (t,2) = (C5(1) +i8;(1))8;(x) = e"7'¢5(x) = A;(t, ),

aThis holds since the weak topology is weaker than the norm topology, and so convergenece in the norm topology

implies convergence in the weak topology
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along with the limit,

; 1 /1 —sinc(2w;T) 1
J — 1 - it S A = —_— 7.11
o H\I/;F”? 60 2w; | 1+sinc(2w;T) 2w (7.11)

Using these observations, we are now ready to define the continuous function a;g :0(A) — R that will

be used to construct the operator AE,

ag :0(4) = R
) (7.12)
A SO D+ )
where,
ppg:o(A) - R
BT (7.13)
A Wi c=pmmrr

and where T > 0 is a timescale. We must introduce a timescale in ([7.13)) in order to make the argument
in the exponential dimensionless and to ensure that the limit (7.6) holds. We define the timescale T

by the following condition,

BT
A

lim
— 00

= pwj, (7.14)

for all j € N. We note that the eigenvalues (|7.8)) have the asymptotic behaviour A; ~ T for all j e N.
W
Therefore,

BT | BTw;
2¥] T

(7.15)

which implies that, in the ultrastatic slab M = (—7,7) x ¥, the timescale is T' = 7, since any other
timescale would violate the condition . Therefore in the ultrastatic slab case the timescale is
half the duration of the longest casual curve. Using T' = 7, the operator corresponding to the function
is given by,

—pr|A|I 7!

€

T (7.16)

Al =af(A) = AJ + |A|

In the spirit of the original SJ state construction, the timescale 7 must be obtained using the geometry
of the spacetime (M, g) and the properties of the commutator function A = iE alone. In the case of

the ultrastatic slab spacetime (M = (—7,7) x 3,9 = 1 & —h) we show how to do this generally, and
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give an explicit computation in the case when the spatial manifold ¥ is a round three sphere. Since
¢p 1 0(A) = R is an even, non-negative continuous function that obeys 5(0) = 0, by Proposition

and from the discussion in Section [6.2] the two-point function,

can be used to construct a quasifree thermal SJ state wgy,. We shall shortly prove that Azg — Aar
in norm topology as  — oo, which then implies that the two-point function satisfies the limit
in the weak topology. Since A{ is independent of 3, in order to show that the two-point function
has the limit Ws;, — Wjs in the weak topology as 3 — oo, it is sufficient to show that pz(A4) — 0 in

norm topology as [ — co. Before showing this, we shall require the following result,

Proposition 7.1. Let A be a bounded self-adjoint operator on L?(M). Then the operator ¢s(A) is

smoothing.

Proof. Let f: Rt — RT be defined by,

f(z) = xma (7.18)
where,
ep(A) = ﬁTf('BAT) (7.19)

—1/z

In the limit x — 0 we have e — 0, and so there exists a ¢ > 1 such that,

e <e (7.20)

sup
The numerator in ([7.18), zexp(—1/x), decays rapidly in the limit 2 — 0. Therefore for all N € Ny
there exists a Cy > 0 such that |f(z)| < On|z|V it follows that for all N € Ny there exists a Cy > 0

such that ¢s(\) < Cn|A|V. Therefore by Proposition the operator ¢g(A) is smoothing. [
We now arrive at the following,

Proposition 7.2. Let (M = (—7,7) x X, 1 @& —h) be an ultrastatic slab spacetime and let A = iE be
a bounded self-adjoint operator on L2(M). Let pp : 0(A) — R be defined by,

-1
o—BrIA

= R 7.21
0N = N, (7.21)

where 8 > 0. Then the operator @g(A) — 0 in norm topology as  — oco.
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Proof. From the continuous functional calculus for self-adjoint operators on a Hilbert space, we have

[53, Theorem VII.1 (g)],

los(A)lls(rzm) = leslloos (7.22)
where the sup-norm || - ||« is taken on the spectrum of A. Therefore, if limg_, o ||¢8]/oc = O then,
Jinlos(A)llsc2(a)) = 0- (7.23)

We now show that @3 — 0 in sup norm as 3 — oo. Since, for all j € N, w; > m, we have,

A= y1- sinc?(2w;7) < % (7.24)
which implies,
T T
o(A) C [fﬁ%}. (7.25)

Since, for all N € Ny there exists a Cy > 0 such that the function (7.18) obeys |f(z)| < Cn|z™V]|, we

then obtain,

Jim_[[plloe = Tim  sup ps(3)
O Xeo(A)

hm BT sup f<|)\|>

B—00 Aeo(A) BT
A
< lim Br sup f<||>
oo sel-z.z] \OT
= lim fr sup  f(2)
P20 ae[h ] (7.26)
<Cn lim 7  sup ||
T e[l

oo we[O,B#m]
TCN . 1—N
= lim

where the last equality holds for all NV > 2. Since the sup norm is positive semi-definite we therefore

obtain ¢g(A) — 0 as 8 — oo in the norm topology on B(L?(M)). [ |
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7.2 Thermal SJ States on Ultrastatic Slab Spacetimes

In this section we shall compute the two-point function of the quasifree thermal SJ state on ultrastatic
slabs. Let M = (—7,7)x X, 7 > 0 be an ultrastatic slab spacetime with metric g = 1®—h where (X, h)
is a smooth compact Riemannian manifold. A thermal SJ state on the ultrastatic slab M = (—7,7)x X

has the two-point function,

Ws,(f,9) = (F | Az 9) + (F | ps(A)g)

B (7.27)
for all f,g € C§°(M) where g is defined in ,
W, (f,9) = (F | A5 9), (7.28)

is the two-point function for the vacuum SJ state. On the ultrastatic slab, the Klein Gordon equation
is,
O4m? =0? + K, (7.29)

where ¢t € (—7,7) is the ultrastatic time parameter and K = —A + m?, where A is the Laplacian on
(3,h). There exists a complete orthonormal basis of eigenvectors of K, which we denote by ¢; for
all j € N [20, Theorem 1 Section 6.5]. The eigenvalues corresponding to the eigenvectors §; are wf,
where w; > 0 for all j € N. We shall also assume that ¢; is an element of this basis and label the
eigenvectors {¢;}jen such that &; = & for all j € N. As before, we shall also assume that w; < w1

for all j € N. The Hilbert space is given by L?(M) = L?(—7,7) ® L?(X). The commutator function
on the ultrastatic slab M = (—7,7) x ¥ is given by, [

2 ) = 1) (|

=3 ) ) = ) s ]

: (7.30)

where {‘I’Ji}jeN are given in ([7.7) and obey \If;r = I'U;. Since the set of eigenvectors {§;} en are

orthonormal in L?(X, dvoly), it follows that (\Il;r | U.) = 0 for all j,k € N. A straightforward

calculation yields,

Al = _]EZ[N H\I,+||2 |\Ij+ <\Ij+‘ + |\I/ ><\Il]_|]a (7.31)

bSee Chapter [5| Section H for further details.
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and so the operator A(J{ is given by,

Aj
+
w72

|wF) (W] (7.32)

A=A+ =Y

JEN
The eigenvalues corresponding to the eigenvectors \Il;'E are given by,
CilIS;
AF =) = iw. (7.33)
Wi
We shall now turn our attention to the construction of the operator wg(A), where g : 0(4) — R
is given in ((7.13)). We now obtain,

e—BTIAIT!
pp(A) = |A|W

ISyl _emorn (734

- — [ W)Y (U] 4 W) (U]
JGZIN2W]HCJH1_€7LBT‘)‘J‘ 1 [ J J j j ]

Using the operators Af and |A|, we can construct a thermal SJ state over the ultrastatic slab M =

(—7,7) x X,
Ws,(f.9) = (f | A5 g)
= (f 1 Agg) + (f | vs(A)g) (7.35)
-3 ST (O + o0 F LN 9) + 000 T 1975 | )
for all f,g € C§°(M) and where T'= 7 and § > 0. We can immediately obtain the following:
Proposition 7.3. The thermal SJ state with two-point function is not Hadamard.

Proof. Since the SJ vacuum fails to be Hadamard on the ultrastatic slab [28, Theorem 4.2] and since,
by proposition the operator ¢g(A) is smoothing, it then immediately follows that the thermal SJ
state with two-point function ([7.17)) is not Hadamard. [

The following section demonstrates how one can construct a timescale for a general globally hyper-
bolic spacetime for the free scalar field using only the commutator function and the dimension of the

spatial section.
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7.3 Calculating a Time Scale from the Commutator Function

Let (M = (—7,7) x X,g) where 7 > 0 be a bounded region of a globally hyperbolic spacetime such
that the commutator function A = (E defines a bounded self-adjoint operator on L?(M, dvol,).We
assume that dim(X) > 1 and that ¥ is boundaryless. In this section we propose a general way to find a
timescale of the spacetime (M, g), which holds even when (M, g) is not static. The proposed formulae
is given by,
1

T= (le((ivt%l Jim. A”N(A)) o (7.36)

where A > 0 is an eigenvalue of A = iE, n = dim(X), Vol(M) = 27 x Vol(X), €, is the volume of a

n—dimensional unit sphere in R™ given by,
(7.37)
and,

N\ =#{j e N| X > A}, (7.38)

is a counting function for the eigenvalues {);};en of A. We shall proceed to derive the formulae (7.45)
when (M, g) is an ultrastatic slab spacetime. On the ultrastatic slab M = (—7,7) x X, the positive
eigenvalues of the operator A = iE given in ([7.33) are,

Aj = wlj\/l — sinc?(2w;T), (7.39)

which are asymptotically A\; ~ -, Consider now the eigenvalues {sz‘}jenxl of the operator K =
s

j
—A +m?, where we define the counting function,
Nw)=#{neN|w, <w}. (7.40)

As mentioned before, Weyl’s law gives us the asymptotic distribution of eigenvalues for the operator

K [64] (or [60, Theorem 3.1])
N(w) ~ (2m)7"Q, Vol (X)w™, (7.41)
the counting function for the eigenvalues of the operator (7.30)),

N =#{neN| A\, > A} (7.42)
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Since A; ~ T we infer that N(A) ~ N(%) ~ N(w). Weyl’s law then gives,

Wi
N(w) ~ N(X) ~ (27) " Qg Vol (Z)w" = (277)_”QnVol(E)(§>n. (7.43)
Using Vol(M) = 27Vol(X) we then obtain,
N\ ~ (227;); QuVol(M) 7. (7.44)
Rearranging and taking an appropriate limit we arrive at,
. (% Jim. A"N(A)) o (7.45)

To further illustrate this, we give a compute the time scale (7.45) when the spatial manifold (%, h) is

a three sphere. Let ¥ = S2 be endowed with the usual metric. The spacetime volume is given by,
Vol(M) = 27 x Vol(S?)
(7.46)
=27 (27 R?%).

In the case of a round three sphere of radius R, the eigenvalues w; of the operator K = —A + m?
are given in (5.84) and occur with multiplicity (1 + j)?, implying that the eigenvalues \; occur with
the same multiplicity. Since the eigenvalues {\;};cn are monotonically decreasing in j, the counting

function takes the form,
J
N =D (1+k) (7.47)
k=0
4
Using Q3 = 3™ the timescale ((7.45) in the case of the round three sphere is then,
1
2(2m)3 3 s 2
T=|—==<|-—] lim A>N(\
(27’(27r2R3) (47r) N0+ ®)

3 lim AN :
(w&éh <>>

SIS

3

.92 ;

3 1 — sinc®(2w;T) J ) (7.48)
N @T ]lggo Wi Z(l )

k=0
1

3 1 2
="\ mars
=7
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The proposed formulae is a general way of constructing a timescale from the commutator function
on a general bounded region of a globally hyperbolic spacetime. In the case of an ultrastatic spacetime
((=7,7) xX,g =1 & —h), the formulae coincides with the value of 7, which is the correct time
scale needed for to hold.
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Chapter 8

Softened SJ States: The Hadamard
Condition and Wick Polynomials

The SJ vacuum state, originally constructed in [I] and reviewed in Chapter |5} admits pathologies that
cast doubt on its relevance as a physically viable state. In particular, the SJ vacuum constructed on
ultrastatic slabs, generically fails to be Hadamard [28]; essentially ruling out the physical relevance of
the SJ vacuum if one accepts the theory of renormalising the stress-energy tensor and point-splitting
methods used in constructing Wick polynomials. There are many reasons why Hadamard states
are considered to be the correct states to consider for linear quantum fields defined over continuum
spacetimes. Fredenhagen and Brunetti proved in [12] that all Wick polynomials have finite fluctuations
if the Wick normal ordering is defined with respect to a Hadamard state. A partial converse to this
result was proved by Fewster and Verch in [29]. Therefore, Hadamard states allow one to construct
Wick polynomials with finite fluctuations, and so quantities such as the stress-energy tensor can be
constructed and meaningful results about the physical properties of the state can be obtained. We
emphasise that this analysis only applies to quantum fields over continuum spacetimes. Quantum fields
on discrete spacetimes, such causal sets, may not view the Hadamard condition in such a significant
way. It may be the case that there is a ‘discrete’ version of the Hadamard condition for quantum fields
on causal sets, which could furnish causal set theory with a notion of the ‘correct’ states to consider.
We shall, unfortunately, not, explore this avenue here and return firmly to linear quantum field defined

over continuum spacetimes.
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Hadamard states are considered to be the largest class of physically viable states, and, therefore
constructing generalised SJ states that satisifes the Hadamard is an important question. There is a
construction, due to Brum and Fredenhagen, that suitably regularises the SJ vacuum as to restore the
Hadamard condition [II]. This construction yields the so called BF states which are Hadamard in all
cases considered with no known exceptions. Our goal in this chapter is to propose a new construction
that yields a family of Hadamard states, which is inspired by an observation of Sorkin. Let (M, g)
be a globally hyperbolic spacetime. Using a suitable function p € C§°(M), we construct a modified
Hilbert space (H, (- | -),) and a modified commutator function A,, which is defined by,

(f 1 Apg)p =iE(f,g) Vf.g9 € Cg" (M), (8.1)

where E(f,g) is the causal propagator on M. The original idea of Sorkin, appearing in [58], is to
modify the volume form dvol, appearing in the L?(M) inner product to p dvol,. However, we choose
to modify the volume form dvol, to % dvol, since this ensures that the modified commutator function
A, has the correct properties to construct a Hadamard state, at least in the case of the ultrastatic
slab. If one were to modify the volume measure to p dvol, instead of % dvoly, then the corresponding
modified commutator function A% would not define a bounded self-adjoint operator, which stems from
the fact that % is not smooth on the real line. Now, if the modified commutator function A, defines a

bounded, self-adjoint operator over #,, then the operator,

A |4,
+ _4p P
A¢7pf7+ 4

+¥(4y), (8.2)

, where ¢ : 0(A4,) — R is a continuous, even, non-negative function obeying (0) = 0, is the unique

solution to the set of modified SJ axioms,
SJypl) Af , —TAL T =4,

+
wzo

STy p2) A

SJy,p3) A;pmj;,pr =(4,),

by Theorem The generalised SJ state with softened boundaries then has the two point function,
Wy, (fr9) = (F 1 A} ,9) Vf,9 € Cg°(M). (8-3)

As we will show, in the case of the ultrastatic slab (—7,7) x X the definition (8.1)) yields a unique

self-adjoint compact operator A, over the Hilbert space (#,, (- | -),). In the first instance, we use the
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operator A, € B(H,) to construct the softened SJ vacuum over (—7,7) x 3 by using the operator,

AS:p = %(Ap +[A4p), (8.4)
which is recovered from by choosing ¥ = 0. Remarkably so, the SJ vacuum with softened
boundaries constructed from the operator (8.4) turns out to be Hadamard. Moreover, for suitably
chosen functions v : 0(A4,) — R, the generalised SJ state with softened boundaries constructed from
the operator will also turn out to be Hadamard. The choices of function ¢ : 6(A4,) — R that
ensure the SJ state constructed from are all even, non-negative, continuous functions such that
©(A,) is smoothing. Therefore, by modifying the Hilbert space in a suitable manner, this then modifies
the properties of the commutator function which then changes the properties of a generalised SJ state,

such as the Hadamard condition.

8.1 A Rank Two Hilbert Space Operator Toy Model

Let H be a Hilbert space and w,w € H, where the bar denotes the antilinear complex conjugate. It

will be useful to derive the eigenvectors of the rank two operator,
A = |w) (w| — |w) (@] . (8.5)

By Cauchy-Schwarz we have [(w | w)| < [(w | w)|. Let & = (w | w). We assume that « is real and
non-negative since if one multiples w by e~* for some arbitrary phase 6 € R, we have a + €% (w | w).
Therefore, one can always choose a phase 6 such that « is real an positive. We define the following,

[(w | w)|?

—2u
e =1 - ——
[(w [ w)]?

(8.6)

Since the operator (8.5)) is rank-two, a straightforward calculation shows that the unnormalised eigen-

vectors are,
Ut = aw + fFw, (8.7)

where,

BF = —(w | w) £ V/[(w [ w)]? ~[{w | @)

N N AT, |
= ||w| < 144/1 |<w|w>|2> (8.8)

= [lw|*(-1+e?")
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with the corresponding eigenvalues,

= +v/[(w [ )2 = [{@ [w)]® = * o]

We note the expressions,

1—

|(w | @)[* ~2u
W = £[lw|?e™*".

w)[?

a=(w|w) = [lwl*V1 - = |w|*V(-1 £ e ) (-1 F e=2v).

The norm of the eigenvectors ¥+ is shown to be,

(U [ 0F) = 2w e

The normalised eigenvectors are then,

We now obtain,

(1$e

—Qu)

+
q?i _ a w —+ 6 w,
(U | o) (U | w)
o B 1 V1 — e 4u
\/<\I/jE | UE) \/ (w | w) \/26*4“ 1Fe2u)

1$e

)(1 4 e2v)

JW\/

3u/2

RVIE)

3u/2

97

1 [Txe
(wlw) V. 2e7

26—4u 1 T e—Qu)

e“ +e )

(8.10)

(8.11)

(8.12)

(8.13)



and,
s _ —(1Fe)
VIETEE) — wTw)y/2e (15 e 2

-1 [1Fe 2
(wlw) V. 2et

3u/2 1
_ et F ev) (8.14)
\/ w | w)
3u/2
\/smh +
. \/ w | w)
- 3u/2

We note here that the normalised eigenvectors are well defined in the limit o« — 0. Therefore, the

normalised eigenvectors of (8.5) are given by,
3u/2

Ut =fj—— cosh(u sinh(uw)w
NCID] (V/ — \/sinh(u)w)

3u/2
U~ = sinh(u cosh(u)w),
\/<— (v — v/ cosh(u)w)

where we have multiplied through by ¢ so that the eigenvectors obey I'U'" = U~, We can now express

(8.15)

the operator (8.5)) in terms of the eigenvectors (8.7). A simple rearrangement yields,

w=ie "2\ (w| w><\/sinh(u)\ll_ - \/cosh(u)\ll+), (8.16)

hence,

E:—ie_“/Q\/<w|w>(\/smh — Jeosh(u) ¥~ ) (8.17)
We then find,
lw) (w] = e (w | w) [Smh ) [97) (U] + cosh(u) [UF) (UF[ — /cosh(u) sinh(u) (|¥7) (TF| + L) <‘1’_|)}
) (] = ¢ w | w) [sinh(u) [ ) (UF] + cosh() [7) (7] — /eosh(u) sinhu) ([ 07) (| + [9+) (¥7])].
(8.18)

Upon which we arrive at,
= |w) (w| — [w) (w]
= e w | w)[[UF) (U] — [07) (T ] (8.19)
= A[[eF) (@] = Jwm) (],

where A = e72“(w | w) is related to the eigenvalues of by A\t =+
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8.2 The SJ Vacuum State with Softened Boundaries on Ultra-
static Slabs

Let (M = (—7,7) x £,9 = 1 & —h) be an ultrastatic slab spacetime where 7 > 0 and (X,h) is a
smooth compact Riemannian manifold. Let E* be the advanced(—)/retarded(+) Green’s function for

the massive Klein-Gordon operator P = [0 + m?.

They exist uniquely by [3, Theorem 3.3.1]. From
the Green’s functions E*, define the advanced-minus-retarded function E = E~ — ET. By Proposition
the commutator function A = iE defined over the ultrastatic slab M extends to a self-adjoint,
bounded operator over L?(M, dvol,). Let p € C5°(R) be a real-valued function that obeys p(t) > 0

forall t € (—7,7) and p(t) > 0 as t — +7.

8.3 The Softened Commutator Function on Ultrastatic Slabs

The modified Hilbert space, denoted H,, will be defined as the completion of C§°(M) with respect to

the volume form % dvolgy, where the inner product is,

dvol,
(fla) /ftx (t,x) (() ) (8.20)
The Hilbert space H, may be decomposed,
1 1
H, = L*(M, P dvol,) = L((-7,7), ;dt) ® L*(%, dvoly). (8.21)

In the case of the ultrastatic slab, the advanced-minus-retarded operator E has the integral kernel [2§],

E(t,z;ta') =Y ng(x)gj (@) (8.22)

JEN “i
where {¢;};en form an orthonormal basis of L?(X) such that K¢; = w? where w; > 0 for all j € N

and K = —A + m? [20, Theorem 1 Section 6.5]. The operator used to construct the SJ vacuum with

softened boundaries is then given by,

A f = Z (pA (pA; | 9)p pf;(ﬂ@\g%)

= ZAPJJC’

JEN

(8.23)
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where,

Anst = 5 (pA0AS | 1) = 0TS0 75 | 1)) (524

J

We calculate some inner products,
(pA;j | pAk), = p(0)dj
(pA; | pAz)p = P(2w;)djk,

where the function p is extended to zero before the Fourier transform is taken. We now proceed by

(8.25)

assuming the operator (8.23) is well defined and start our analysis of the operators A, ;. We shall prove
in Proposition that the operator (8.23) does converges, in norm topology, to a compact operator.
Setting aside the convergence of (8.23), we now calculate the eigenvectors of the operators A, ;. First,

we make the identification,

= PA
~ V/p(0)
E (8.26)
— V/0(0)

and apply the toy model detailed in Section [8:I] to find the normalised eigenvectors and eigenvalues of

the operators (8.24). The normalised eigenvectors of the operator (8.24]) are then, for each j € N,

=i o ot 4, )

: (8.27)
_ . e3u]‘ : 7
o =ip 0) <\/51nh(uj)Aj - \/cosh(uj)Aj)
which obey,
+ + 4\ _ 5
(W, | ‘I’ik>p = 0jk (5.28)
(W, 19,500 =0,
for all j, k € N and where,
5(2w;) 2
e~2ui — 4 [1 — |\ (8.29)
p(0)
We also note that,
A(2w,) 2
lim e2% = lim /1 — |22 =1, (8.30)
j—roo j—oo p(())




which implies lim;_, o, u; = 0. The eigenvalues corresponding to the eigenvectors \Ilf; ; are given by,

o Ep0)e

A 31
= (8:31)
The operator A, ; defined in (8.23) is, in the eigenvector basis (8.27),
p(0)e—2 - -
A, if = Tj(\p;j@;j | o =9, (0,5 |1 o), (8.32)
whence we obtain the expression,
F0)e2u -
Apf = (U [ )y =, (5 ) (8:33)
JEN J
We now show that the operator (8.33) is compact and self-adjoint.
Proposition 8.1. The operator (8.33)) is a compact self-adjoint operator on LQ(M,% dvoly).
Proof. First, we define the operators,
AL =" [ ) (U] (8.34)
JEN
where A, = Aj + A, . Now, define the partial sum operators Ai N by setting,
N
+
Ay =D EN )T (8.35)

j=1
Since \; € R for all j € N, the operator Ai n defines a self-adjoint, finite rank operator for all N € N
and is therefore compact. Without loss of generality let M < N. We now find,
N N
IAT = AT =11 Y A< Y A, (8.36)
j=M+1 j=M+1
Since limj_,o0 A; = 0, it follows that the sum Z;V:MH )\f can be made arbitrarily small by taking
N, M € N to be sufficiently large. Therefore, for all € > 0 there exists a sufficiently large N, M € N
such that the following holds,
ATy AT 2< > M<e (8.37)
J=N+1

Therefore the sequence of operators {A, n}nen is Cauchy, which converges since B(#,) is complete.
Therefore the operator A; is the norm limit of the self-adjoint compact operators A;‘f n- Hence, by
[53, Theorem VI.12 (a)], A;r is a self-adjoint compact operator. A similar analysis shows that A is a

self-adjoint compact operator. Hence A, is self-adjoint and compact. |
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Since the operator (8.1)) is a self-adjoint compact operator, one can use Theorem and show that

the operator,

—+ 11 |‘1 |
—
A¢7 —_— T +

+9(A4p), (8.38)

where ) : 0(A,) = R is an even, non-negative, continuous function obeying (0) = 0, is the unique
solution to the modified SJ axioms SJy ,1 —3. The generalised SJ state with softened boundaries then

has the two point function,

Ws,,(f,9) = (f| Aw p9)s (8.39)

for all f,g € C§°(M). By virtue of SJy ,1 and by (8.1), the antisymmetric part of coincides
with the commutator function . Our goal now is to construct the softened SJ vacuum over the
ultrastatic slab (—7, 7) x . The softened SJ vacuum is constructed from the operator by setting
1 = 0, which yields,

1
Ay =5 (4, +14,), (8.40)

where A, is given in (8.33)). Since the eigenvectors {\Ilji }jen obey (8.28) a straightforward calculation
gives,

2uJ-
A,1f = Z” UEAUE | )y + U (T ), (8.41)

JEN

Therefore, the operator (8.40) is given by,

2uj
Aif:f( +ANf = Z” UE (U] ) (8.42)

JeN

for all f € H,. The vacuum SJ state with softened boundaries on the ultrastatic slab (—7,7 x ¥) is

then given by the two-point function,

—2u;
p(0
W, (£9) = (F | At a), Z 2w T (Wr 1) (8.43)
JEN J
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We note the following expressions,

e—4uJ -1 b\(QwJ)

1— 6_4u’
\/cosh(uJ sinh(u;) smh (2u;) = R
3
1

N (8.44)
_ 1, p(2w))
2| p0)
cosh(u;) = e~ + sinh(u,)

Uj

and,

\I/;;j(t, z) = ip(t)\/%b/cosh(uj)ewﬂ - w/sinh(uj)ei“jt)fj (x) (8.45)

Using these expressions we then find the following,

- t t 3u; . ,
‘I’;_(tv x)\I/j(t’, v') = % (e_“je_“"j(t_t ) 4 2sinh(u;) cos(w;(t —t'))
— 2\/cosh(uj) sinh(u;) cos(w; (t + t’)))fj ()& (x")
PPN (it o ,
==l (g™ + 2e" sinh(u;) cos(w;(t — t
Farmll () cos(e; (¢~ 1)
p(2w;)
p(0)
for all j € N. The integral kernel of (8.43) is (relative to the volume form dvol,) can be shown to be,

(8.46)

— e2uj

cos(w;(t + t')))fj (x)m,

p(2
<2e“f sinh(u;) cos(w;(t —t')) — e** p(2w
2(.L)j

WSJP,O (ta x; tlaxl) = Z

e p(0)

i) cos(w; (t + Tb"))) & ()& (")

+ WH(tla l‘/; tv I),
(8.47)

where,

Wa(ta'st' o) =Y —e ™ 0=g ()¢ (), (8.48)

jen 2
is the integral kernel of the ultrastatic vacuum state. One can verify that the SJ vacuum (8.43) is a

weak bisolution to the Klein-Gordon operator P = [ + m?,

e—QUJ' _
W, (fs Pg) = 35— (F | W} )o(¥} | Pg), =0, (8.49)
JEN J
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for all f,g € C§°(M) where the last equality holds since,
€3 ; —
Py = =iy o(Vfeomhlus) Ay = \fsinh(u) 55 ) | P,
3Uj 7
= —iy/ ;(—O)«\/cosh(uj)/lj — y/sinh(u;) Az | Pg) (8.50)
e3uj . P
50) ((y/cosh(u;)PA;j — y/sinh(u;) PAs | g)

+
<\I/p’j

= —1

= 0,
where we have used PA;(t,x) = (07 + K)e™i'¢j(x) = (wi — w?)e™i'¢;(x) = 0 for all (t,2) € M and
that P is formally self-adjoint with respect to the (- | -)—inner product. A similar argument shows

that Ws; (Pf,g) =0for all f,g € C§°(M).

Purity of the SJ Vacuum with Softened Boundaries

Before proving that the SJ vacuum with softened boundaries is pure, we shall make use of the following

definitions. First, we define,

op: S(IM) x S(M) =R (8.51)
(IF1:[g]) = (F | =iApg)
Hop i S(M) x S(M) = R (8.52)

(171, 1aD) = 507 1 14lghy.

where S(M) = C§°(M,R)/ker E is the real-linear vector space of equivalence classes [f] with respect
to the equivalence relation f ~ ¢ if and only if E(f — ¢g) = 0. The two-point function (8.43) is then
given by,

W0, (7:9) = (11, ) + 5,(11], o) (8.5

We observe,

op([f1:[9]) = (f | —iApg)p = —i(f | Ag) = {f | Eg) = o([f], [9]), (8.54)

for all [f],[g] € S(M). Therefore, since o(-,-) is a well defined symplectic form by [45, Proposition 8§,
it follows that (8.51)) is a well defined symplectic form on S(M). Since A, is a self-adjoint compact
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operator on H,, there is the unique partial isometry U € B(H,) such that A, = U|A4,| = |A,|U".
We also have A,U = |A,| since U*U = 1 on range(|A4,|). If h,h’ € C§°(M,R) are chosen such that
E(h — h’') = 0 then we obtain (f | |4,|(h — k'), = ({U*f | Ay(h — 1K), = (U*f | A(h — 1)) = 0.
Therefore the right-hand slot in is independent of the choice of representative. Since |A,| is
self-adjoint, it follows that is independent of chosen representative in the left-hand argument,
and is hence well defined. To show that po ,([f],[g]) € R for all [f], [g] € S(M) it is sufficient
to note that I'|4,| = |A,|T" and that I'f = f, I'g = g. Using the proof that the unsoftened SJ vacuum

is pure (originally given in |28, Proposition 3.2] and detailed in Proposition we now obitan,

Proposition 8.2. The SJ vacuum with softened boundaries given by the two-point function (8.43) is
a pure state on A(M).
Proof. Tt is sufficient to show that, for all [f] € S(M),

w1 = sup  1ZeUILIDE (5.55)
0#[hleS(M)  *Hp([h],[n])

We first observe that the proof given in Proposition [5.2]is independent of the underlying Hilbert space.
The saturation property give in (8.55)) then follows, verbatim, from the original purity proof of the SJ

vacuum given in Proposition [5.2 |

Comparison to the Brum-Fredenhagen Vacuum State

Asg shown in Chapter [5] Brum and Fredenhagen introduce a method to regularise the SJ vacuum as to
obtain a family of Hadamard states, which are known as BF states. Let M = ((—7,7)xX),g = 1&—h),
7>0,and N = ((RxX),g=1& —h) and let ¢ : M <= N, (t,x) — (¢, 2) be an isometric embedding,.
The BF state is constructed by taking the positive part of the operator,

Ap = f(—iEr) f, (8.56)
where f € C§°(N) and setting the two-point function to be,

for all h, g € C5°(M) and where A} = J(Ay+[Af|). The SJ vacuum with softened boundaries involves

constructing a modified commutator function A, on M defined by,

(h|Apg)p =iE(f,9)  Vh,g € C3°(M), (8.58)
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where the (- | -), inner product is defined in (8.20) and p € C5°(R) obeys p(t) > 0 for all t € (—7,7)

and p(t) — 0 as t — £7. The two-point function for the SJ vacuum with softened boundaries is,
W, (h,g) = (b | ASg),. (8.59)

We shall compare the BF states to the SJ vacuum with softened boundaries on the ultrastatic slab
M= ((—7,7)xX,g = 1@®—h). The first observation is that the inner product coincides with the
standard inner product on L?(M, dvol,) whenever p(t) = 1. By letting p(t) = f?(¢) on some interval
(r',7") where 0 < 7/ < 7, the two-point function coincides with the two-point function
whenever on the smaller spacetime (—7/,7’) x 3. Therefore, the class of softened SJ states contain
the class of BF states. However the class of SJ states with softened boundaries is strictly larger than
the class of BF states since the function p does have to be identically one on some relatively compact

subset of R, the CCRs are inbuilt by virtue of (8.1).

8.4 The Hadamard condition for the SJ Vacuum with Softened
Boundaries

Our goal of this section is to prove the following:

Proposition 8.3. Let M = ((—7,7) x ¥, dt & —h) be an ultrastatic slab spacetime where (3,h) is a
compact Riemannian manifold. Let p € C§°(R) obey p(t) — 0 as t — =7 and have support properties
supp(p) = (—7,7). The vacuum SJ state ws;, with two-point function (8.43) as constructed above is

a Hadamard state.

Proof. Since the ultrastatic vacuum state is Hadamard [33], the SJ state with two-point function (8.47)

is Hadamard if and only if the integral kernel,
Wsg,, (t,x;t' 2" = WSJO)p(t,x;t',x’) — Wy (t,z; ', 2)

1 . ’ . ’
_ Z ﬂ |:€uj Sinh(uj)(ezwj(t—t ) + euuj(t—t ))
e 7

(8.60)
ou, | P(2w;) iw; (t+t) —iw; (t+t") }
— —et% | —=|(e"™ +e J 6 T é‘ x!
converges as a series in j in C®°(M x M). Since K = —Ayx + m? is an elliptic operator, elliptic

regularity ensures that the eigenvectors §; are smooth for all j € N [20, Theorem 3 Section 6.3]. Hence
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each term appearing in (8.60)) is smooth, so one only needs to check that the limit is smooth. We first

observe the following,

1 _ —2uj
€'’ sinh(u;) = e (e)

2e~ %

— %eQ’u]‘(l _ e—QUJ')

1
< 562“7‘ (1 —e2%)(1 4 e 2%) (8.61)
1
— 5621/.]‘(1 _ 674“"7.)
~ 2
_ leQuj p(QWJ)
2 p(0) |’

where we have used e=4% =1 — |p(2w;)|>. We now observe that, since lim;_, p(w;) = 0 and since
|p(w;)| < p(0)], we have,
2u; 1
sup e = sup ———m-o0 < 0. (8.62)
J N |P(2w;)|?
[(0)]
Therefore the coefficients of the functions A;(t, z) = e=™i'¢;(x) and their complex conjugates appear-

ing in the kernel (8.60) may be bounded by,

1 o [ 1P P |5(2w;)
i = 2 sup(ezws [ |28 (- _ 8.63
T2 ( )< p(0) p(0) (863
By Theorem [£.7] if,
E wﬁ?\'yj|2 < 00, (8.64)

JEN
holds for all p € Ny, then the integral kernel (8.60) converges in C*°(M x M), and therefore the
vacuum SJ state with softened boundaries given by two-point function (8.43) is Hadamard. Since
p € C§ (M), for all N € Ny there exists Cy > 0 such that,
~, 2 ~,

’ p(2w;) p(2w;)
p(0) p(0)

for all j € N. Furthermore, since (X, h) is a boundaryless, compact Riemannian manifold of dimension

< Oyw; Y, (8.65)

n =3, by Lemma there exists a a > 0 such that j < aw? for all j € N. This then implies,

C3 (sup; €*%)? 1 (sup; €2%)2C% 1
> Wyl < 7 > S ad i (8.66)
JEN jeEN Wi jenJ ®
which converges for all N > 1(p+3). [ |
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8.5 Wick Square for the Softened SJ Vacuum

In this section we calculate the Wick square of the n—th derivative of the field normal ordered with
respect to the ultrastatic vacuum and evaluated in the SJ vacuum with softened boundraies on the
ultrastatic slab ((—7,7) x X,g =1 & —h). We also give explicit numerical computations in Maple for
the Wick square when the spatial manifold (X, h) is a round three sphere. The Wick square of the
n—th time derivative of the field normed ordered with respect to the ultrastatic vacuum and evaluated

in the softened SJ vacuum (8.60) is,

(- (07 ) : (f)) =/ (: (07 ¢)? :)(t, x) f(t, ) dvol, (8.67)
M
where,
COPORltn) = | T OO W, s (i)
_ Loon1 u; o N 1\nu p(2w;) 4 N2 (8.68)
= 3 gt zsinn(us) — (1% |22 sz s o)

JEN
In the following we construct a class of smooth, compactly supported functions p € C§°(R) that decay
smoothly to zero at the points +7 (we call them ‘plateau functions’) and we use them to Wick square
when the spatial manifold (X, ) is a round three sphere. First, we use the work appearing in
[21} 22] to construct a smooth compactly supported function with unit integral. Let f : R — R be a

function defined by,

e_ﬁ
S 0
b(z) = 4 2V " g (8.69)

0 z <0.
From this, we can define a compactly supported smooth function
H:R—R
1 (8.70)
x> E(b(:r +0.5)¢(0.5 — ).

where ¢ > 0 is a constant such that (8.70) has unit integral. From this, we define another smooth
compactly supported function with unit integral, which is a function of ¢t with dimensions of inverse

time,

H: (t) = 1H(t>, (8.71)



where 75 > 0 is a timescale called the ‘switch on’ time. Since (8.70) is a function of a dimensionless
variable, to construct a plateau function we express everything in the units of the switch on time.

Using the compactly supported function (8.71)), a plateau function can now be defined,

t
/ H, (' +7,) — Hy (f —7,) dt’,

1/t H(”Tp) _H<t’—fp> a.
Ts J -0 Ts Ts

where 7, > 0 is a timescale called the plateau time and ¢ > 0 is a constant chosen so that (8.72) has

p(t)
(8.72)

_Ts _

unit integral. The plateau function has support supp(p) = [—%

Tp, Tp + 5| and obeys p(t) = 1 for

allt € [-1, + 5,7 — 5.

t
0.8
0.6
0.4
0.2+
T /2 % + 12 T /2 5 + 12

t
Figure 8.1: Plot of a plateau function will labels showing the switch on time 75 and plateau time 7,
Ts

where 7 = 7, + 5
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The Fourier transform of (8.72) is,

-~ 1 TWTp 77 L —iwTy 77
plw) = — e Hy, () — e H, (w)]
S ST) 5 (8.73)

WTp

=2

~

= 27psinc(wry) H, (w)

= r(La )

= Tl (Tsﬁ(rsw)) (8.74)

where,

= H(r,w),
where F(+) is the Fourier transform. We then obtain,

~

p(w) = 27psinc(rpw) H (Tsw). (8.75)

Our motivation for studying compactly supported plateau functions is that, in the limit 75, — 0,
the plateau function (8.72)) tends to a characteristic function on the interval [—7,,7,]. In the limit
7s — 0, the Fourier transform of the plateau function (8.72)) has the limit,

limO plw) = 1im0 2Tpsinc(7pw)ﬁ(7-sw) = ZTpsinc(pr)ﬁ(O) = 27psinc(T,w). (8.76)
Ts— Ts—

Therefore, the softened commutator function on the slab (-7, — 17,7, + 17,) will give the
commutator function on the ultrastatic slab (—7,,7,) x ¥ in the limit 7, — 0. This implies that
the SJ vacuum with softened boundaries tends to the SJ vacuum on the ultrastatic slab (—7,,7,) X X
in the limit 7, — 0. Since the Wick square of the time derivatives of the SJ vacuum diverges [29], we
can expect that the Wick square of the time derivatives of the SJ vacuum with softened boundaries
will diverge in the limit 75 — co. We now use the plateau functions to calculate the Wick square
of the softened SJ vacuum given in and investigate the limit as 7, — 0 in the case when the

spatial manifold (X, h) is a round three-sphere.

Wick Square for the SJ Vacuum with Softened Boundaries on a Three-
Sphere

Let p € C§°(R) be a plateau function given in (8.72) and let (S, h) be a round three sphere of radius
R. The eigenvalues of the operator K = —Ags + m? are given in (5.84) and occur with multiplicity
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(1 + 4)2. Using the Fourier transform (8.77) we obtain,
plwj)

— = sinc(7pw; ﬁ TsWj
p(0) (Tiea) 1 (7)) (8.77)
= sinc(k\/j(j + 2) + (mR)%) H (ar/5(j + 2) + (mR)?)
where,
i v (8.78)
K= Ef.

A plot of the normalised Fourier transform (8.77) for parameters o = 0.5,1 and x = 2 is found in
Figure

K=2

1.07

0.87

0.61

0.4

0.21

T

10

-0.2-

o=1 a:0.5|

p(w)

-
for the parameters o = = = 0.5, 1.

p(0) Tp

Figure 8.2: Plot of the Fourier transform

Since the three-sphere is spherically symmetric, the Wick square evaluated at a point (¢,zg) is

equal to the Wick square averaged over the three sphere evaluated at time t. In this section, we
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plot the first N terms of the Wick square of the n — th time derivative of the field given by, for all

(t,z0) € (—7,7) x S3,

. n N2 ., _ 1 / : nan . . gl
(: (07 )= ) (t, ) = Vol(5%) s (t”w/l%r_r)l(t)x) 010 : Wsy, , + (t,z;t',2") dvoly,
3 [ p2w;)
— : 1 2, 2n—1 u; 2sinh(u:) — (—1)"e% J 20 / . 2 dvol
vl 200 U e [sinbta) — (-1 PR o | [ 16 dvoy
N - ~
_ - 2, 2n—1 _u; : N 1\ Uy p(2w]) .
= Vel(5%) ;(] +1)%w;" e _2 sinh(u;) — (—=1)"e 50) (cos(2w;t))

|
M=

(j + 1)%w?"let [2sinh(u;) — (—1)"e" SinC(ijTp)ﬁ(ijTpa)’(cos(2wjt))],

~ 2Vol(S3)

<
Il
-

(8.79)

where o = 7= is a dimensionless constant. In Figures and W we set N = 100, keep 7, fixed
and vary the switch-on time 75. Since the softened SJ state is constructed on the ultrastatic slab
(=Tp+ 5, 7Tp+ %) x X, by varying the value of the switch-on time we are comparing different SJ states
on different ultrastatic slabs. However, we are interested in studying the softened SJ states within
the interior of the ultrastatic slab, far away from the boundary. Furthermore, in the limit o — 0 the
plateau function tends to a characteristic function on [—7,,7,] and the SJ vacuum with softened
boundaries converges to the unsoftened SJ vacuum in the limit o — 0. The values w; are measured
with units R~! and the time is measured in units of R, where R is the radius of the three sphere. In
Figures and we plot the first N = 100 terms of Wick square for plateau times 7, = 0.5R
and 7, = 2R respectively with values a = 0.1,0.3,0.5. In Figure N we plot the first NV = 100 terms
Wick square of the first derivative (the n = 1 case of ) for a plateau time 7, = 2R and parameters
a = 0.3,0.5. Finally in Figures [8.6] and [8.7] we plot the first N = 25 and N = 100 terms of the Wick
square for a plateau time 7, = 2R and parameters oo = 0.3 and o = 0 respectively.
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=0.5

0=0.1 0=0.3 — 0=0.5

Figure 8.3: Plot of the Wick Square for the SJ vacuum with softened boundaries and with parameters

mR =1, N =100, k= 0.5 and a = 0.1, 0.3, 0.5.
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K=2

0.11
0 T T \V4 T T\ T T 1
m 3t & 5t 3r Tnom
16 8 16 4 16 8 16 2
t
-0.14
-0.24
-0.3-
o=0.1 0=0.3 — o=0.5

Figure 8.4: Plot of the Wick Square for the SJ vacuum softened boundaries with parameters mR =1,
N =100, kK =2 and a = 0.1,0.3,0.5.
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Figure 8.5: Plot of the Wick Square of the first derivative of the field normal ordered in the ultrastatic

vacuum and evaluated in the softened SJ vacuum for parameters mR = 1, N = 100, x = 2 and
a=0.3,0.5.
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Figure 8.6: Plot of the Wick Square for the SJ vacuum with softened boundaries for parameters

mRzl,N:25,100,/<;:%:13nda:0.3.
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-1.54

| N=25 N=100]

Figure 8.7: Plot of the Wick Square for the unsoftened SJ vacuum with parameters mR =1, N =
25,100, x = %’ — 2 and a = 0.

We draw the following conclusions: For the plots of the Wick square for the SJ vacuum with
softened boundaries given in and shown in Figure and Figure we see that at ¢t = 0, the
value of the Wick square is negative and increases in magnitude as the ratio of the switch-on times to
the plateau times decreases. This is an indicator that in the limit o — 0, the Wick square for the field
normal ordered with respect to the ultrastatic vacuum on (—7,7) x S® and evaluated in the unsoftened
SJ diverges at t = 0, i.e. in the middle of the interval (—7,7) far from the boundary. This would
indicate that the unsoftened SJ vacuum fails to be Hadamard within the interior of the spacetime as
well as the boundary. This is supported by Figure which shows the first N = 25,100 terms of
the Wick square of the field evaluated in the unsoftened SJ vacuum. As the value of IV increases from
N = 25 to N = 100, the values of the Wick square at ¢ = 0 increases in magnitude. This indicates
that the Wick square for the unsoftened SJ state will diverge in the limit N — oo at ¢t = 0.
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Furthermore, one can also observe in Figure [8.5] that the Wick square of the first derivative of the
field increases in magnitude as the value of N increases, indicating that the Wick square of the first
derivative diverges in the interior in the limit N — oco. Therefore, it appears that the Wick square
of the first derivatives evaluated in the unsoftend SJ vacuum state diverges in the interior. However,
the Wick square for the softened SJ vaccum state does not exhibit this behaviour. In Figure we
plot the Wick square of the softened SJ vacuum state for a plateau time x = 2 and set the parameter
a = 0.3. In Figure [8.6] there is a clear convergence as the value of N increases, indicating that the
Wick square for the softened SJ vacuum is finite in the limit N — oco. Choosing a cutoff of N = 100
for the Wick square of the softened SJ vacuum is justified because for terms N > 100, the magnitude
of the Wick square for the softened SJ vacuum is of order 107, and presents a negligible contribution
to the Wick square. Therefore we choose a cutoff of N = 100, since higher order terms will contribute
a insignificant amount. Finally, in Figure [8.5| we see the Wick square of the first derivative of the field
normal ordered with respect to the ultrastatic vacuum on (—7,7) x S% and evaluated in the SJ vacuum
with softened boundaries. In Figure B.5] there are rapid oscillations in the Wick square of the first
derivative as the value of o decreases. It is then reasonable to infer that as « — 0, the Wick square of

the first derivative will not be smooth.

8.6 Generalised SJ States with Softened Boundaries

Having constructed the softened vacuum SJ state, we may now take functions of the operator (8.33) to

construct the class of generalised SJ states with softened boundaries. Let M = ((—7,7)xX,g = 1®h)

be an ultrastatic slab spacetime and let A, be the softened commutator function given in (8.33). Let,
Y:o(4,) =R

A= (A (Al + (V)

(8.80)

be an even, non-negative continuous function where ¢ : 0(A,) — Ris an even, non-negative, continuous
function. The class of softened SJ states is then constructed by using the softened vacuum SJ state

and the function (8.80). The softened SJ state w, , has the two-point function,

Wss,.(fr9) =Wsy,,(f,9) + (| ¢(4,)9), Vf,g9 € C5(M) (8.81)

We have the following result,
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Proposition 8.4. There exists a generalised SJ state with softened boundaries whose two-point func-

tion is given by (8.81).

Proof. First, we show that (8.81) is a weak bisolution to the Klein Gordon operator P = [J + m?,

Ws, . (f, Pg) = Wsa, ,(f, Pg) + (f | ¢(A,)Pg)
= (f | ¢(A,)Pg)

=Y O[T 1Y) (T [ Pg), = (F 1 W, ,)0(¥, ;| Pg),]
JEN

=0

(8.82)

for all f, g € C§°(M), which holds since Ws s, ,(-,-) is a weak bisolution to the Klein Gordon operator

and,
(Wf ;| Pg), =0, (8.83)
which is shown in (8.50). Similarly,

<\Ij;,j | Pg)p = (I'Pg | F\IJ;,j>p

=(Ply | ‘I’;ﬂp

(8.84)
= (PTg| V),
=0.
A similar argument shows that Ws;, (Pf,g) =0 for all f,g € C§°(M). Next, we show that,
’U.)([ﬂ':f], [[Eg]) = WSJ¢ (?7 9)7 (885)

is a well defined positive semi-definite sesquilinear form on S(M) x S(M). Since ker E = Ran(P) and
since (8.81)) is a weak bisolution to the Klein-Gordon operator P = [J + m2, it follows that (8.83) is

independent of chosen representative. Positivity is seen from the following,

w([ES], [Ef]) = Wsy,(f, f) = (f | AJf) >0, (8.86)

which holds since Ajzj > 0 and sesquilinearity follows from the (- | -)—inner product. Therefore, by

Proposition there exists a state with the two-point function (8.81)). |
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8.7 Hadamard Condition for the Generalised SJ states with
Softened Boundaries

Since the vacuum SJ state with softened boundaries is Hadamard, a generalised SJ state with softened

boundaries is Hadamard if and only if the integral kernel of the normal ordered two-point function,

Wsg,,  (£,9) =(F | Ag,9)0 + (F | 0(Ap)9)p — (F | A5 ,9),
= <? | ‘P(Ap)g>p7

is smooth, i.e. that ¢(A,) is smoothing. Therefore all generalised softened SJ states will be Hadamard

(8.87)

if and only if both the operator ¢(A,) has a smooth integral kernel and if the SJ vacuum with softened

boundaries is Hadamard.

Proposition 8.5. Let (M = (—7,7) x X,9 = 1 & —h) be an ultrastatic slab spacetime where (3, h) is
a smooth compact Riemannian manifold. Let p € C5°(M) obey p(t) > 0 for all t € (—7,7) and decay
smoothly to zero as t — x7. Let A, be the softened commutator function given in . Suppose
v :0(A,) = R is a continuous function such that, for all N € Ny there exists a Cy > 0 such that
lo(N)] < Cn|AN| for all X € 0(A,) and ¢(0) = 0. Then the operator ©(A,) is smoothing.

Proof. The softened commutator function (8.33)) is given by the operator,
Apf = N (U WS 1 =0, (W, | ), (8.88)
JEN
where the normalised eigenvectors \Ifff ; are given in (8.27) with corresponding eigenvalues £; given

in . By the continuous functional calculus for bounded self-adjoint operators, the operator ¢(A,)

is given by,
F =D o) (T )=, (T f),), (8.89)
JEeN
which has the integral kernel,
(At 0!y = S BV (vt _ gttty ()2, (8.90)
JEN

Theorem [A.7] states that if the following holds,

D Wl p(A)]? < oo, (8.91)

JEN
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for all p € Ny then the integral kernel (8.90) converges in C*°(M x M), hence p(A,) is smoothing.
We now obtain, for all p, N € Ny,

2
S atet o) < (sup(e)) S wtloOh)P
JEN J jeN

2
< (suwte) €3 St

J

TN N (8.92)
( p(2w;) |
—2N 4 '
=y (1 [
e p(0)
<y Wi,
jEN

where,

v = <su,p(62“j>>20%v (’3 o ) . (8.93)

and where we have used,

p(2w;) |*
p(0)
for all j € N. Since (X,h) is a boundaryless, compact Riemannian manifold of dimension n = 3,

Lemma states that j < aw;’ for a sufficiently large o > 0. Therefore, we have,

1
S Wl o) <Y Wt N <qas@NR N (8.95)

i3(2N-p)’
JEN JEN jend

p(0)

- 2w]'

by (8.94)

which converges for all N > £ (p + 3). Therefore, by Theorem [4.7, the integral kernel (8.90) converges
in C*°(M x M). Therefore ¢(A) is smoothing. [

Using the fact that, for suitable chosen ¢ : 0(A,) — R, the operator ¢(A4,) is smoothing and the
fact that the SJ vacuum with softened boundaries with two-point function (8.43) is Hadamard, we

arrive at the following result:

Proposition 8.6. Let M = (—7,7) x X be an ultrastatic slab spacetime with metric g = 1@ —h, where
(X,h) is a compact Riemannian manifold. Let p € C§°(R) be a smooth function obeying supp(p) =
[—7, 7], p(t) >0 for all p € (—7,T) such that p(t) — 0 ast — 7. Let A, be the softened commutator
function for the free scalar field given by . Let ¢ : 0(A,) — R be an even, non-negative,
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continuous function such that p(0) = 0. If, for all N € Ng there exists a Cn > 0 such that |p(N\)| <
CNAYN, then the SJ state with two-point function,

Wsa,,(f,9) = (F I AG,900 + (F | (4,)9), Vf,g € C5° (M) (8.96)
defines a Hadamard state.

Proof. The SJ vacuum state with softened boundaries given by the two-point function,

Wsiso, (f,9) = (f | AG ,9)s Vf,g € Cgo(M) (8.97)

is, by Proposition Hadamard. Therefore, the generalised SJ state with softened boundaries given
by the two-point function (8.96)) is Hadamard if and only if the normal ordered two-point function,

: WSJ%p : (fa g) = WS.]%p(f; g) - WSJo,p (fv g)v (898)
has a smooth integral kernel. A straightforward calculation shows,
Wsy,, : (ot 2') = Aap(t7m;t',x’) + (A (t, a5t 2") — Aap(t,x;t',x’)

= SD(AP)(tv IL’; tla xl)a

(8.99)

where Agjp(~, -) is the integral kernel of (8.97) and ¢(A,)(-,-) is the integral kernel of ¢(A4,). Now, by
Proposition ©(A,) is smoothing. Therefore (8.99) is smooth on M x M. Therefore (8.96) is a

two-point function for a Hadamard state. |

8.8 Softened SJ Thermal States on the Ultrastatic Slab

In this section we construct the thermal SJ state with softened boundaries using the construction
of the thermal SJ state appearing in Chapter [7] and the construction of a generalised SJ state with
softened boundaries in Section Let M = (—7,7) x ¥ be an ultrastatic slab spacetime with metric
g =1& —h where (¥, h) is a smooth compact Riemannian manifold. As before, let p € C§°(R) obey
p(t) >0 forall t € (—7,7) and p(t) — 0 as t — £7. Let LQ(M,% dvol,) be the Hilbert space formed
by the completion of C§°(M) with respect to the norm topology induced by the inner product (- | -},
given in . Let A, be the softened commutator function given by,

Apf = Z Aj (\Il;joll;j | o= \IJ;j<\IJ;j | f>p)a (8.100)
JEN

122



where,

Aj = PO _ PO fy p(A i) (8.101)
20, 2w 70)
Since (V7 | \Il‘j’/>p = 0,0+ Where 0,0’ € {£} for all j € N, the operator |4,] is,
p(0)e=2wi e
[Aplf =D = (U W5 | )+ 9, (¥, | ) (8.102)
JEN J
The thermal SJ state with softened boundaries is then constructed using the operator,
1
A:,B = i(A,, +[A,]) + ¢s(4,), (8.103)
where,
pp:0(A,) =R
P (8.104)

Ao Wi =mrr

The thermal SJ states with softened boundaries on the ultrastatic slab (—7,7) x X is given by,

Wi, (F:9) = (F 1 AZ09)p + (F | 08(4,)9),

2&@ 2&@

JEN
(8.105)

We now obtain the following,

Proposition 8.7. The thermal SJ state with softened boundaries given by the two-point function

(8.105) is Hadamard.

Proof. In similar manner to the unsoftened thermal state, we observe that (8.104) may be written as,

es(A) = ﬂTf('BAT>, (8.106)
where,
—1/z
f(z) = fﬁ (8.107)

Since, for all N € Ng there exists a Cy > 0 such that |f(z)] < Cn|z|Y, by Proposition the
operator ¢g(A,) is smoothing. Furthermore, by Proposition the SJ vacuum with softened bound-
aries is Hadamard. Therefore, by Proposition the thermal SJ with two-point function is
Hadamard. |
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8.9 Wick Square for the Softened Thermal SJ State

In this section we calculate the Wick square of the n — th derivative of field normal ordered with
respect to the SJ vacuum with softened boundaries and evaluated in the softened thermal SJ state.

The normal ordered two-point function is given by,

Wsg, s (F:9) =Wsa, ,(f9) = Wsa,o(f,9) = (f | 0s(A,)g), (8.108)

for all f,g € C§°(M). The expectation value of the Wick square for the n — th derivative of the field

is then (relative to the volume measure dvol,),

(: (979)% = (f)) =/ (: (97¢)% o) (t, x) f(t, ) dvoly, (8.109)
M
where,

(: (0rg)? )t x) = “ 7:)138/ /)8 op : Wsy, 5 (t,x;t', 2")

o= BTN ™ (8.110)

=3 e -y

Using the plateau functions constructed in Section We now calculate the Wick square (8.110f) when

p(2w;)
p(0)

cos(2wjt)] |§j(x)|2

the spatial manifold (X,h) is a round three sphere. In the case when (3,h) is a there sphere the
eigenvalues w; are given in ([5.84) and occur with multiplicity (1+ j)2. Using the fact that the sphere
is spherically symmetric the Wick square (8.110) evaluated at (¢,7) € (—7,7) x S® is equal to the

Wick square averaged over the three sphere evaluated at time t. The first N terms of the Wick square

(8-110) evaluated at a point (¢,z0) € (—7,7) x S? is then,

al —BriAyl
e
<: (atn¢>2 :>B(t7$0) = (] + 1)2ﬁw2”’162%
Vol(S3 = 1 — e—BrINI~T T s111)
[1 — (=" sinc(2wj7'p)ﬁ(2wj7'pa)‘ cos(ijt)}

In the following plots we measure the temperature in units of R~!, the plateau time 7, and ultrastatic

. . . Ts
time ¢ in units of R and set o = —=, as before.
Tp
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Figure 8.8: Plot of the Wick Square of the field normal ordered with respect to the softened SJ
vacuum and evaluated in the softened thermal SJ state for parameters mR =1, 8 = R, k = T _y

R
and o =0,0.1,0.3,0.5.

We draw the following conclusion: Following the work of [54, [13] whenever the Wick square is

positive, a local temperature can be defined by,
T, (t,x) = \/12(: ¢? : (¢, 1)), (8.112)

where the Wick square appearing in (8.112)) is normal ordered with respect to a Hadamard state and
evaluated in the state w. We clearly see in Figure that the Wick square is positive for all ¢t € (0, 7).
This indicates that the softened thermal SJ state (8.105) can be used to define a local temperature,
although these results are only preliminary. Secondly, we notice that in the limit « — 0, the Wick

square of the softened thermal SJ state does not diverge, which can be traced back to the smoothing
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properties of ¢g.
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Chapter 9

Physical States for the Massive Spin
One Field

A natural question to ask is whether the SJ state construction can be applied to higher spin fields.
Previous constructions for the SJ and BF states have only been applied to the free spin zero scalar field.
In this chapter we consider the SJ and BF state constructions for a massive spin one field, namely the
Proca field. The Proca field on a globally hyperbolic spacetime is most elegantly described using the
language of differential forms. However, since the metric for a spacetime is indefinite, the natural inner
product on the space of differential forms is also indefinite. Therefore, the space that the commutator
function acts on is not a Hilbert space but a complete indefinite inner product space, also known as
a Krein space. The analysis of operators on Krein spaces is drastically different than the analysis of
operators on Hilbert spaces. Self-adjoint bounded operators over Hilbert spaces enjoy properties that
are essential to the SJ construction; real eigenvalues and the spectral theorem which guarantees the
existence and uniqueness of the positive part. The story for operators over a Krein space, however, is

very different. The problems when faced considering the SJ and BF state construction are:

- The commutator function for the Proca field extends to a unbounded non-definitisable operator on

a Krein space.

- The spectral theory for self-adjoint operators on Krein spaces is only developed for definitisable

operators and is significantly harder than in Hilbert spaces.
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- The spectrum of the commutator function for the Proca field on an ultrastatic slab with compact

spatial section is complex.

We consider the construction of both the SJ and BF states on the ultrastatic slab (—7,7) x 3. We
show that the SJ state construction is ill-defined when applied to the Proca field on an ultrastatic slab
with compact spatial section since the commutator has a complex spectrum. However, the BF state
construction is well defined but there are still complications that are not present in the scalar field
case. We show that, under a suitable choice of softening function, the BF state is well defined. We

also show that whenever the BF state is well defined, it also satisfies the Hadamard condition.

9.1 Krein Spaces

To begin with, we recall some standard notions about Krein spaces. For a complete exposition on
the subject the reader is referred to [6]. Let (1, (. | .)) be a vector space equipped with an indefinite

sesquilinear form (- | -). Then, (I, (- | -)) is Krein space if there exists a fundamental decomposition,
K=KteKk, (9.1)

which is the direct (orthogonal with respect to (- | -)) sum of two Hilbert spaces (KT,(. | .)) and
(K=, —{(-|-)). Let P* denote projection operators onto K* corresponding to the fundamental decom-
position and introduce the self-adjoint operator J = PT — P~ called the fundamental symmetry.
Since the decomposition is orthogonal, we have J? = 1. The fundamental symmetry induces a
positive definite inner product by setting (- | J-), and the inner product space (K, (- | J-)) then forms
a Hilbert space. All topological notions in a Krein space arise from the norm topology induced by
the inner-product (- | J-), and, although there are many decompositions of the form (9.1)), all norms
induced by the inner-product (- | J-) are equivalent [19, Corollary 2]. Therefore the norm topology
of a Krein space does not depend on the choice of fundamental symmetry. We introduce the space of

continuous operators over iC,
L(K) :={U : K — K| U is continuous and linear with respect to (- | J-)}. (9.2)

We call a vector f € K timelike it (f | f) > 0, null if {(f | f) = 0 and spacelike it (f | f) < 0. A
subspace S C K is timelike/null /spacelike if all elements f € S are timelike/null/spacelike. We call an
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operator B € £(K) positive if (f | Bg) = (Bf | g) for all f,g € K and,

(f1Bf) =0, (9.3)

for all f € K. A set of elements {;};en in a Krein space is called pseudo-orthonormal if (§; | &) =
+6,,. The spectrum and resolvent set for an operator B are the same definitions in Krein spaces as
they are in Hilbert spaces. An operator B € £(K) is called definitisable if the resolvent set of A is
non-empty, p(A) # 0 and there exists a real polynomial p such that p(4) > 0. The operator p(A4) is

understood to be the operator,
N

=> a;AV, (9.4)
j=1

corresponding to the polynomial p(\) = SV

A Rank Two Krein Space Operator Toy Model

Let K be a Krein space and suppose (w | w) = (v | v) # 0 and that w and v are linearly independent.

We allow for both possibilities that either (w | w) < 0 or (w | w) > 0. Consider the rank two operator,
A= |w) (w] = |v) (v] . (9.5)

The eigenvalues are easily found to be,

i\/ (w | w)2 —|(w | v)|?. (9.6)

One may not infer that the eigenvalues A\* are real since the Cauchy-Schwarz inequality does not
hold in a Krein space. Using a similar analysis to the analysis done in section [8.I] Chapter 8] a pair

pseudo-orthonormal eigenvectors of the operator (9.5) is given by,

SuJ/2
¢1 = Tw [0 (N/cosh u;)w ,/smh(uj)v)

Buy /2 (9.7)
G2 = T @)/ (wsmh uj)w q/cosh(uj)v).
The eigenvectors U* corresponding to the eigenvalues A* are given by,
It =g
if (w|w)>0 (9.8)
U™ =g
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if (w | w) <O0. (9.9)

In either of these cases the eigenvectors ¥+ obey,

(U | 0F) = sgn((w | w))

(9.10)
(U* | UF) =0,
where sgn is the sign function. The operator (9.5) in terms of the eigenvectors is then,
A= g ) (e .11
(e (U= o) ' '
Suppose further that v = T'w where T is a anti-unitary involution. Then one has A = —T" AT, therefore
'PT is an eigenvector of A with the negative eigenvalue A\~ = —\* and is some scalar multiple of ¥,
In this case we have the decomposition,
A=\TP+ )\ TPT, (9.12)
where P is a rank one projection onto the eigenspace with positive eigenvalue given by,
(W) (U]
P=——/—. 9.13
(v ) O19)

If we assume that |[(w | v)| < [(w | w)| then the eigenvalues are real and one can construct the
positive part of the operator (9.12). If (w | w) > 0 then one recovers the same formulae as in the
Hilbert space case and the positive part (9.17)) is then,

AT = \TP. (9.14)
In the case when (w | w) < 0, the positive part of the operator is then given by,
AT = \"TPT, (9.15)
which we can see is positive by the following,

(Lot | HP?

(FIATf)=A" | >0, (9.16)

(Wt o) —
which holds since A~ < 0 and (¥ | UF) =sgn((w | w)) = —1. Hence in general the positive part is,

AT =0((w | w)ATP 4+ 0(—(w | w))\"TPT, (9.17)
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where 6 is the Heaviside function. Therefore, in this simple toy model of a rank two operator on a
Krein space, we can see that extracting the positive part is not a straightforward generalisation of the
Hilbert space case. Moreover, if [(w | v)| > |(w | w)| then the eigenvalues are pure imaginary. In
this case it is not clear how one would construct the positive part of the operator .

The Krein Space of Differential Forms on Ultrastatic Slab

Let (M = (—7,7) x ¥,9 = 1 ® —h) be an ultrastatic slab spacetime where (X, h) is a compact smooth
three dimensional Riemannian manifold. Let Q'(M) be the space of square integrable one forms
over M and let Q}(M) C Q'(M) be the subspace of compactly supported one forms. The exterior
derivative will be denoted d, the coderivative on the manifold (M, g) will be denoted dpq = *4dx,
where x4 is the Hodge star relative to the metric g. Using the auxiliary Euclidean metric g = 1 @ h,

one may equip the space Qf (M) with a positive definite inner product (- | -) defined by,

(W1 8); = /M T Awyo = /M T D) (1) G dvol, (9.18)

for all ¢, ¢ € QY (M) and where u, v = 0,1,2,3. Completing the space Q} (M) with respect to the norm
topology induced by the inner product (9.18]) yields the Hilbert space of square integrable one-forms
over M denoted by A*(M, ). Making a 1+3 decomposition, we may make the following identification,

A(M,§) = L3 (—7,7) @ (A°(Z) @ AL(D)), (9.19)

where AP(X) is the Hilbert space of square integrable p—forms over (X, h) for each p € Ny and the
tensor product ® is the completed Hilbert space tensor product [53, Section I1.4]. The Hilbert spaces
AP(X) are constructed by completing QF (X) with respect to the inner product,

(o ]&n= /EE/\ xp& = /Emrg(x)sms dvoly,. (9.20)

The Krein space of one forms on the ultrastatic slab (M = (—7,7) x ¥,g = 1 & —h) is then defined

to be the Hilbert space A'(M, §) equipped with the fundamental symmetry,
J=1 (1&-1), (9.21)

where we have used the decomposition ([9.19) and the identities are understood to be on their respective

spaces. We then denote K = (A'(M, ), (- | -),J), where the indefinite inner product is given by,

W ¢) = /MwA*gas /Mw“as"g,w dvl,, (9.22)
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for all ¢,¢ € K where pu,v = 0,1,2,3 . Finally, we introduce one further Krein space; the Krein
space of static one-forms which is defined to be the space of one forms which are independent of the
ultrastatic time parameter ¢. Using the decomposition the space of static one forms is given by
Kstatic = A°(Z) @ AL(X). We equip the space of static one forms with the indefinite inner product,

(&)= /EWU”(JC) dvol, = (& | no)aos) — s | 1) a0 (9.23)

for all £,7 € A%(X) ® A'(X) and where we have made the identification & = &dt + &x for all € €
A (Z) @ AL(D).

9.2 Quantisation of the Proca Field

We review the classical theory of the massive spin one field over globally hyperbolic spacetimes, which

is based on the work appearing in [24].

Classical Theory

Let (M =R x X, g) be a globally hyperbolic spacetime where (X, ) is a compact smooth Riemannian
manifold. The classical uncharged spin-one field is a one form A € Q'(M) that obeys the Proca

equation,
(=6md + M*)A =0, (9.24)

where M > 0 is the mass of the field. Applying the coderivative to (9.24) we see that any solution .4

to the Proca equation is necessarily coclosed,
oMA=0 (9.25)
Hence, any solution to is also a solution of the massive Klein Gordon equation,
O+ M*HA=0, (9.26)

where 0 = —(ddap + dpqd). The advantage of working with the system (9.25] [9.26]) is that the
operator [J + M? is normally hyperbolic [3, Example 1.5.3], therefore there exist unique advanced(-
) /retarded(+) Greens operators denoted by E*. One uses Greens operator E* for the massive Klein

Gordon equation to solve the inhomogeneous Proca equation,

(=opmd + M)A =7, (9.27)
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with advanced and retarded boundary conditions and where J € Q}(M). Assuming there exists a
solution to (9.27)), we apply the coderivative to both sides obtaining A = M~25,J. We now
rewrite ((9.27) as,

O+ M>)A=(=dpmd + M)A —-dSpA= (1 - M 2déMm)J, (9.28)

whereby A* = E*(1 — M~2dd ,()J are unique solutions supported in J* (supp(7)). By [51, Proposi-
tion I1.1] the operators d »s and E* commute, and the one forms A* = E* (1 — M ~2dd ()T are seen

to be the solutions to (9.27). We now define,
AL =51 - M2ddn), (9.29)
which are Green operators for (9.27), along with,
Ay = Ay, — AL, =E(1 — M2dd ), (9.30)

which will appear in the CCR algebra for the Proca field, as we shall now see.

Algebraic Quantisation of the Proca Field

The algebraic quantisation of the Proca field in globally hyperbolic spacetimes was accomplished by
Dimock [17] and Furlani [34]. Here, we use the algebra isomorphic to those constructions given in [24].
The algebra of observables for the Proca field starts by defining a set of abstract objects labelled by

compactly supported one forms,
A={A(f) | f € (M)}, (9.31)

whereby each object is interpreted as a smeared one form field: A(f) = (A | f). This generates a free
unital x*—algebra over C. The CCR algebra for the free massive spin one field over (M, g), denoted
A (M, g), is formed by taking the quotient of A by the following relations,

P1. Linearity - A(af + B9) = @ lA(f) + BA(g) for all a, 8 € C and all f,g € Q§(M);

P2. Hermiticity - A(f)* = A(f) for all f € Q}(M);

P3. Field equations - A((=dmd + M?)f) =0 for all f € Q}(M);

P4. CCRs - [A(f), A(9)] = (f | —iAng)1 for all f,g € Q}(M) and where 1 is the unit and A, is

given in (9.30)).
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9.3 The Commutator Function for the Proca Field on Ultra-
static Slabs

The following section is based on the work undertaken in [24] and we give a detailed review for the
benefit of the reader. Let M = (—7,7) x X be an ultrastatic slab spacetime with metric ¢ = 1 ® —h
where 7 > 0 and (X,h) is a boundaryless, compact Riemannian manifold. We assume that the
homology group H;(X) is trivial, which implies that the space of harmonic one forms over ¥ is trivialﬂ
This is equivalent to assuming that the compact support de Rahm cohomology group H32 (M) is trivialﬂ
Our construction of the SJ state begins by constructing the advanced-minus-retarded operator E for
the Klein Gordon operator (J + M? : Q(M) — Q(M). Using the operator E we can construct the

operator,

A= —iAy = —iE(1 — M~2dé p) (9.32)

which appears in the CCRs for the Proca field. In ultrastatic spacetimes the wave equation 00 + M?
reduces to 87 + K where K is the elliptic operator,
K:A(D) e AY(Z) —» AY(D) e ALD)

(9.33)
Codt + & — (=A% + M?)&)dt + (—As + M?)és,

and where A% and Ay denote the scalar and one-form Laplace-Beltrami operators on (X, h) respec-
tively. The ansatz A(t, ) = e~ “!¢(x) is therefore a solution to the Klein Gordon operator P = 97 + K

if and only if,
K¢ = W€, (9.34)

where ¢ € A%(Z) @ AY(X) is a static one form (i.e. independent of the ultrastatic time parameter
t). Since the operator K is positive, the eigenvalues can be expressed as the squares of nonnegative
quantities. Furthermore, since the Krein space of static one forms decomposes into the direct sum

A°(X) & AY(X), the eigenvalue problem ([9.34) splits into two eigenvalue problems,

(A% + M?)& = w?& & € A°(%)
(—As + M?)és = wiés & € AY(D).

(9.35)

2The a one-form w € Q(X) is called harmonic if (dés + dxd)w = 0.
PSee [71] in [24] for further details.

134



To proceed, we choose ¢; to label a complete basis of (—A§, + M?)—eigenfunctions for A°(X) with
the corresponding eigenvalues w?(S, j), and with the countable labelling set j € J(9), where S stands
for scalar. By elliptic regularity, each ¢; is smooth [20, Theorem 3 Section 6.3]. The scalar K-
eigenfunctions £(5,j) are then given by £(S,j) = ¢;dt, which are clearly pseudo-orthonormal and
timelike in Kgiatic- The corresponding one form ‘scalar modes’ with positive frequency, denoted by

A(S, ), are, for every j € J(S),
A(S, ) = @;dt, (9.36)

where ©;(t,z) = e~ (¥tp,(z). The scalar modes are solutions to the Klein Gordon equation (9:26).
The remaining eigenvectors s form a complete basis for the spacelike subspace A'(X). To study the
second eigenvalue problem in we shall make use of the Hodge decomposition theorem. Since
Hy(X) is trivial, this gives decomposition A1(X) = dxQ9(X) & 50Q2(X) [46, Corollary 5.6]. The

decomposition is orthogonal with respect to the inner product (.,.)x1(s) (and hence with respect to
the indefinite inner product (. | .))) and the bar denotes closure in the norm topology of A'(X). We
observe that the ‘longitudinal’ subspace dZTO(Z) is spanned by a set of non-zero vectors of the form
ds£(S, 7). This is the case since the eigenvectors £(S, j) span the subspace Q°(X) and the longitudinal
subspace is the image of Q°(X) under the exterior derivative. Owing to the relation Axdy = dsAS
the vectors ds£(S, j) are eigenvectors of the operator —Ayx, + M? with eigenvalues w(L, j) = w(S, j).
Since the only vanishing vector of this form is the spatially constant mode we choose the labelling set

J(L)={j € J(S) | w(S,7) > M}. Furthermore, by the calculation,
(dsy; | dser) = —(dse;, dser)ars) = — (95, 0sdspr)ars) = —(W (S, 4) = M?)8;,,  (9.37)
we see that the correctly normalised eigenvectors are given by,
§(L,5) = (@?(8,5) — M*)72dxep;, (9-38)

which are spacelike and pseudo-orthonormal in Kggatic. The corresponding modes A(L,j) may be
expressed as,

w(L,j)?—M?

AL, §) = (9.39)

The ‘transverse’ modes (7, j) lie in the subspace §=Q2?(X) with labelling set j € J(T'). The cor-

responding eigenvalues w(T, j) are typically distinct from the eigenvalues w(S, j) [24], Section VIC].
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Since the transverse modes are coexact on X, they are necessarily coclosed on . The transverse
modes ¢(T, j) form a pseudo-orthonormal basis for the subspace d5Q2(X) with the countable labelling

set j € J(T). The corresponding transverse Proca modes are given by,
A(T, j) = e “TI(T, j), (9.40)

for all j € J(T). Since the operator K commutes with complex conjugation we infer that for any
eigenvector £(m, j), we also have &(m, j) as an eigenvector of K, where m € {S,L,T}. Accordingly,

we can choose a basis for the labelling set J(m) that respects this property, namely that for every

j € J(m) there exists a j € J(m) such that £(m, j) = £(m,j) for each m € {S, L, T}. For the scalar,

longitudinal and transverse modes, we have the following inner products,

(A(m, j) | A(m, k)) = 270 (m)d;,

(A(m,j) | A(m,k)) = 27o(m)sinc(2w(m, j)7)djk,

Vm e {S,L,T}  Vj ke Jim) (9.41)

where,

+1 m=S.
o(m) = (&(m, j) | £(m, j)) = (9.42)
-1 m € {L,T}.

By [24, Theorem IV.1] the modes A(m,j) (m € {S,L,T},j € J(m)) are used to construct a Hadamard
(O 4 M?)—bisolution Wjs on (M, g),

m(f9)=— Y Z m){(f | A(m, 7)) (A(m,j) 1 g)  f,g9 € (M), (9.43)

me{S,L,T} jeJ(m

which is invariant under a change of basis in Kgtatic- Furthermore, the antisymmetric part of Wy, is

given by,

War(f,9) = Wa(g, f) = —iE(f.9)  f.g € M), (9.44)

where —iE(f,g) = (f | —iEg). Taking the anti-symmetric part of the bidistribution (9.43) and rela-

belling j — j in the second term, we obtain,

—E(fe) = Y Y 3 [ T Am. ) A(m, ) | 9) = (F | Alm, )A(m.7) | 9)]

me{S,L, T} jeJ(m )
(9.45)
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where f,g € Q}(M). Since Q}(M) is dense in Q'(M) we can uniquely extract the operator corre-
sponding to the bidistribution ((9.45]),

—E= Y }jQXX%hwmmummn|mmmﬂmmﬁ@ (9.46)

me{S,L, T} jeJ(m)

Before constructing the operator A = —iE(1 — M ~2dd o) we observe that the scalar and longitudinal

modes are not coclosed,
OMA(S, j) = iw(S,))®;, (9.47)
for all j € J(S) and,
OMA(L, j) = —v/w(S,5)? — M2D;, (9.48)

for all j € J(L). On the other hand the transverse modes A(T, j) are coclosed for all j € J(T'), which
we see from the following (we suppress the (T, j) label for convenience). Let f € C*®°(—7,7) be a

function of time and consider the following,

Om(f&) = *md xpq (fE)

= xmd(f *m §)
=frmdrag
, (9.49)
= frm d(&i xam da)
= f*pm (de A x pqdx )
O¢; . .
= f@f:i s (da? A xpqda?)
=0,
where the last equality holds since,
06 _ 856 =0, (9.50)
oz’
and where &; is the i—th component of . Since the transverse modes are of the form,
A(T, j)(t2) = e TD%(T, j) (), (9.51)

137



we see that 6, A(T,j) = 0 by setting f(t) = e~ (Tt in ([9.49). Since the scalar and longituidinal
modes are not coclosed, we choose to perform a change of basis of the operator —iE by using the

‘Proca’ and ‘gradient’ modes introduced in [24] respectively,

efiw(S,j)t

A(P.5) () = 7 [w(S. DE(L. ) (@) = Va2 (S, ) = ME(S,5) (@) (9:52)
71w(S )t

AG.j)(t2) = = [V (8.5) = MPE(L, ) (@) — iw(S.)ES @), (953)

with labelling sets J(P) = J(G) = J(L). Since the Proca and gradient modes are linear combinations
of the scalar and longitudinal modes, and since the longitudinal and scalar modes are solutions to
O+ M?2, it follows that the Proca and gradient modes are solutions to [0+ M?2. By [24, Theorem IV.1],
the operator is invariant under a change of basis. Therefore, in terms of the {7, P, G} basis, the

operator is,
R

me{T,P,G} JEJ(m)

[Iu‘l(m ) (A, §)] = [A@m, ))) (Alm, 7)1 | (9-54)

where 0(G) =1 and o(T) = o(P) = —1. We shall use the following expressions for the gradient and

Proca modes,

A(G,j) = M~d®;,

, iM o w(S,g) ] (9.55)
A(P,j) = ————= | A(S,j) — i do, |,
(P.j) wQ(&j)_W[ (s.) i ao,
which have the following coderivatives,
I MA(P, j) =0,
(9.56)

OMA(G, j) = M®;,
for all j € J(L). Since the transverse and Proca modes are coclosed on M and are solutions (0 + M?,

it follows that they are solutions to the Proca equation (9.24]),
(=6 md + M?)A(m, ) = (O+ M? +ddm)A(m, j) =0, (9.57)

for each m € {T, P} and all j € J(m). Conversely, since the gradient modes ([9.53)) are not coclosed,
it follows that they are not solutions to the Proca equation (9.24). However, we note the following

expressions for the transverse, gradient and Proca modes,
(1 - M2ddpm)A(G,j) = M~ 'd®; — M~ 2d(M®;) =0 Vje J(L)
(L — M~2ddp) AP, j) = A(P,j) vjeJ(L) (9.58)

(1 — M~2dé m)A(T, ) = A(T, j) Vj e J(T).
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Therefore, since the gradient modes are annihilated under the action of the operator 1 — M ~2dé A4,

and since the transverse and Proca modes are left invariant, the operator(9.32)) is then given by,

A= —iE(l — M2dd )

= Y e [l A )]~ A 5) (Ao )],

me{T,P} jeJ(m) 2w(m, 7) (9.59)
= > D> A(myj)
me{T,P} jeJ(m)
where we have used o(T") = o(P) = —1 and where,
. 1 . . — —
Al ) = 5 |G, ) (AGm, )] = [AGn, 7) (A, )] (9.60)
A close examination of the Proca and gradient modes reveals the inner products,
(A(m, j) | A(m, k)) = 2T0(m)é;
(9.61)

. 2
(A(m,j) | A(m, k)) = —27 <2<w(f/ )> - 1>smc(2w(5, )78k

for all m € {P,G} and all j € J(m). We now turn our attention to the non-existence of the SJ state
for the Proca field over the ultrastatic slab (M = (—7,7) x 3,9 =1 ® —h).

9.4 The Non-Existence of the SJ State for the Proca Field

A rigorous definition of the operator requires a careful analysis, since it turns out the operator
—iA is an unbounded, non-definitisable operator on the Krein space I of square integrable one-forms.
For a complete rigorous construction of the operator the reader is referred to [25], 26]. Due
to these technical difficulties, the original SJ axioms presented in Chapter [ section [5.2] need to be
modified to deal with unbounded operators on a Krein space. The construction can be summarised
as the following: Let I be a Krein space and A be a closed symmetric operator with a dense domain
D(A) C K and let T be an anti-unitary involution so that A = —T'AT". The aim is to axiomatically

construct the positive part of the operator A, denoted AT, where AT obeys the axioms,

SJ1) AT —TATT = A on D(A).

SJ2) Im(A*) and I'Im(AT) are orthogonal and non—tangentia

¢Non-tangential subspaces is a generalisation of orthogonality in Krein spaces, more details are given in [25].
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SJ3) AT > 0.

The set of closed operators AT such that D(A) C D(A') and such that A" obeys SJ1 — 3 will be
denoted SJ(A) whereby each operator AT € SJ(A) will be called an SJ operator. If SJ(A) is empty
then A does not admit SJ operators. One can solve the axioms SJ1 — 3 in the same spirit as the

original SJ axioms due to Sorkin; SJ1 implies,

A
At =R+ 3 (9.62)
where R = I'RI". SJ2 implies,
R? = A
4 (9.63)
[A, R] =0,

and SJ1, SJ3 imply that R = %(AJr +TA*'T) > 0. A complete description and motivation for these
axioms can be found in [25]. A necessary condition for the operator (9.59) to admit SJ operators is
given by the following Lemma [25, Lemma 4.5],

Lemma 9.1. Let A be a self-adjoint operator on K. Then A admits an SJ operator only if the spectrum
of A is real.

Proof. Suppose AT = R+ %A € SJ(A) is solution to SJ1 — 3. Therefore R > 0, and by [6, Theorem
A2
VIL.1.3], the spectrum of R is real. Therefore, the spectrum of R? = T is contained in [0, c0) which

implies the spectrum of A is real. |

Therefore, for the purpose of showing the non-existence of the SJ state for the Proca field it is
sufficient to show that the spectrum of the operator (9.59) is complex. Barring convergence issues, this
amounts to checking whether or not the spectrum of the operators A(m, j) is real for each m € {T, P}

and all j € J(m). Using the toy model presented in section The eigenvalues of the operator

are,

NE(m, ) = /T B )P, (9.64)

2w(m, j)

where,

w(S,5)\? . . .
2 — 1 |sinc(2w(S, j)7 m= P Vje J(L
o (( 5 ) ) (26(5,5)7) j e (L) .

sinc(2w(T, 7)7) m=T,Yj e J(T).
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However, we now show that there exists an operator A(m,j) with a purely imaginary eigenvalues.
Consider the operator A(P,j), with eigenvalues,

+ N ET — -

_ szy\/ - ’(z(“’ﬁ”) - 1)sinc<2w<s,j>v>

Since w(P,j) — oo in the limit j — oo, it follows that S(P,j) — oo as j — oo, and therefore there

5 (9.66)

exists a j € J(P) such that |3(P,j)| > 1 and hence for this j we have A(P,j) € C. Therefore, there
exists an operator A(m, j) with a complex spectrum, hence the operator (9.59) has a complex spectrum
and by Lemma [9.1] the operator (9.59) does not admit SJ operators.

Discussion

As previously mentioned, there are eigenvalues w(P,j) > M such that |5(P,j)| > 1. If j € J(P)
satisfies |3(P, j)| > 1 then the operator A(P,j) will have a pure imaginary spectrum. One can examine
precisely which modes w(P, j) have the property |3(P, j)| > 1. Let @ denote a ‘cutoff’ frequency which
is defined by the property such that |B(P,j)] < 1 for all w(P,j) < @ and if |B(P,5)] > 1 then

w(P,j) > &. We now given an estimate for @ in terms of the parameters M and 7. Since sinc(z) <

B(P,j) = <2<W(Ej)>2 — 1>sinc(“(;\?j)2MT> < M(Z”(A;T) (9.67)

8=

we obtain,

hence if |5(P,j)| < 1 we obtain,

% < M~ (9.68)

We therefore obtain a cutoff frequency @ = M?7. Typically the cutoff frequency @ is very large;
W-bosons have mass of order 100 GeV and setting 7 ~ 100 GeV ! to be the lifetime of the Universe
gives w =~ 10**GeV, well above energy levels of any terrestrial experiment such as the Large Hadron
Collider. A plot of the function S(P,j) with M7 = 3 is shown in Figure

We have shown that a straightforward generalisation of the SJ vacuum state for the massive spin
one field over ultrastatic slab fails because the commutator function has a complex spectrum. Whilst
a complete rigorous statement of this result is beyond the scope of this thesis, we refer the reader to

[25], 26] for further details. However, interestingly enough, the BF state construction, when applied to
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the massive spin one field on an ultrastatic slab, not only gives a state, but this state also satisfies the

Hadamard condition. This will be the subject of the following section.

1.57

-1.5-

Proca modes Transverse modes

for a cuttoff frequency % = Mt = 3 shown

Figure 9.1: Plot of the function 5(m, j) in units w(n]\;j)
as the dashed green line. One observes that for w(P, j) < @ we have |5(P, j)| < 1, and so the eigenvalue
A(P, j) real. The transverse modes obey |3(T,j)| < 1 for all j € J(T'), and therefore the eigenvalues

AT, 7) are real for all j € J(T).
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9.5 BF States for the Massive Spin One Field on Ultrastatic
Slab Spacetimes

Clearly, the SJ state construction is ill defined for the massive spin one field due to the lack of
positivity. However, one may consider a modification to the SJ construction originally due to Brum
and Fredenhagen [II]. Such a modification yields the so called BF states. The BF states for the free
scalar field satisfy the Hadamard property in both static and expanding spacetimes. We adapt this
prescription to the massive spin one field and show that, not only does this prescription yield a family
of states, but these states also satisfy the Hadamard property.

Let N' = Rx X be a globally hyperbolic ultrastatic spacetime with metric g = 1¢—h such that (2, h)
is a complete, compact Riemannian manifold and let M = (—7,7) x X be an ultrastatic slab spacetime.
There is the canonical embedding of M into N via the isometry ¢ : M — N, (t,x) — (¢,z). By the
uniqueness of the fundamental solutions the advanced-minus-retarded operator on M is obtained from

the corresponding operator on N,
[EM = L*[ENL*, (969)

where (*, ¢, are the pull-back and push-forward of ¢ respectively. Let f € C§°(R) be real valued. Using
the operator A defined in (9.59) and the decomposition (9.19) one can define the operator on K as,

Ay = f(—idm)f, (9.70)

where Aj; is defined in . Whenever f € C§°(R) and f](iT,T) = 1, we shall refer to the operator
as the softened commutator function and the function f as softening function. The significance
of the condition that f | (crr) = 1 will become clear once we construct the two-point function for the
BF state. When f is the characteristic function on (—7,7) one recovers the commutator function

(9.59). Using the mode decomposition of the operator (9.59)), we formally arrive at,

= XX s A TAG )] = | FAGR ) (FAGm, ] (9.71)

me{T,P} jeJ m)

which (formally) reduces to an orthogonal sum of rank-two operators,

Ay(m.) = 5o [| P A D) AGm. )] = [FAG.T) (FAGm )] (9.72)

2w(m, j
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Whilst a rigorous definition of the operator Ay requires substantially more analysis, since it turns out
to be an unbounded non-definitisable operator over a Krein space, we shall only work with the formal
expressions as results obtained will be the same as results obtained by more rigorous methods. Our
construction for the BF state for the Proca field requires constructing the SJ operator AJT (m,j) for
each m € {T, P} and all j € J(m) which is the a solution to the SJ axioms (9.4). One then formally

constructs the positive part of the operator (9.71) by summing (modulo convergence issues),

= > ) Af(m,j). (9.73)

me{T,P} jeJ(m)

The two-point function for the BF state is constructed in an analogous way to the SJ state,
WBFf (h,g) = <E | A?g), (974)

for all h, g € Q(M). We show that, for a suitably chosen test function f € C§°(R) the point spectrum
of the operators Ay(m,j) is real for each m € {T, P} and all j € J(m). We show this with an explicit
example by constructing plateau functions, much in the same spirit as in Chapter [§ Section [R5} We
now turn our attention to the operators A¢(m,j) and the construction of the positive part A}L(m,j).

Calculating some inner products, we find,

(FA(m,5) | fA(m,5)) = (fA(m,7) | fA(m, 7)) = —f2(0)

R (9.75)
(fA(m,5) | FA(m,5)) = —Br(w(m, j))2(0)
where,
PP (2(T.4)) -
B (w(m, ) TN\ ) (9.76)
The eigenvectors of the rank two operators A;(m,j) are for each m € {T, P} and all j € J(m),
€3u(m,j /2 —
U (m,j) = Jer e = (\/cosh u(m, j))A(m, j) \/sinh(u(m,j))A(mJ))
feSUf('m(,j )/2 (977)
\If+(m j) = o (\/Slnh m,j))A(m \/cosh(u(m,j)).A(m,;))7
f2
where,
e=2umd) =\ 1 — |8y (w(m, j) 2 (9.78)
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and are pseudo-orthonormal in the sense that,

(U= (m, j) | W (m, j)) = ~1

(9.79)
(F(m,j) [ ¥ (m, j)) =0.
The corresponding eigenvalues are given by,
/5 0 —2u(m,j) .
Nem,g) = + 20 -y j) (9.80)

2w(m, j)
The positive part of the (9.72) is formally given by the expression [25, Theorem 6.6],

. o Y (m ) (G )
M= 2 2 P G T ) (0.1

me{T,P} jeJ(m)

The two-point function for the BF state on the ultrastatic slab (—7,7) x ¥ then has the two-point

function,

Wgr, (h,g) = (b | Afg)
= Y D Am )R (m, )T (m, ) | g).

me{T,P} jeJ(m)

(9.82)

We see that the the two-point function is a weak bisolution of the Proca operator —é& yqd + M2
by the following observations: Since both the transverse and Proca modes are coclosed on M, since
f|M = 1 and since (O + M?)A(m, j) = 0 for each m € {T, P} and all j € J(m) it can be shown
that the eigenvectors ¥+ are coclosed on M and are solutions to the Klein Gordon operator (14 M2,
Therefore we obtain,

War, (—0pmd+ M)h,g) = > Y Mm,j){(=6md + M)k | U™ (m, j))(¥™(m, j) | g)
me{T,P} jeJ(m)

ST X )| (—0pmd+ M2)T (m, )} (T (m, j) | g)

me{T,P} jeJ(m)

Yo D Mmph| O+ MY (m, ) (Y (m,]) | g)

me{T,P} jeJ(m)

=0.
(9.83)

The antisymmetric part of the two-point function (9.82) coincides with the operator A given in (9.70)
which coincides with the commutator function —iAjs given in (9.32) on (M, g) precisely because
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f | m = 1. The two-point function is of positive type if and only if the operator A;{ is non-
negative in the sense that (g | A}rg) > 0 for all ¢ € K. One observes that the operator
is non-negative if and only if the eigenvalues A(m,j) are non-negative for all m € {T, P} and all
j € J(m),
wlaf = > Y Am )l (mg) | WP (9.8
me{T,P}jeJ(m)
for all h € K. We now show that there are functions f € C§°(R) such that A(m,j) € R for all j € J(m).

The explicit construction of such functions will be the subject of the next section.

9.6 Existence of BF states: A scaling argument

A necessary condition for the existence of a BF state is that the eigenvalues of the operator Ay are all

real. The eigenvalues of each operator Ay(m,j) are, for m € {T, P} and j € J(m),

)\(m,j) = @

VL= 185 wm. ). (9.85)

All these eigenvalues must be real. Hence the function f € C5°(R) must be chosen such that,

|Bf(w(m, 7)) <1. (9.86)

Dealing with the transverse modes first, we see that A(T, j) is manifestly real for all j € J(T) from the

following proposition:

Lemma 9.2. Let f € L?>(R) be positive almost everywhere, then,

Fw)] < £(0), (9.87)
for allw € R.
Proof. |26, Lemma 3.1]. [

However, the above Lemma is not sufficient to show that A(P,j) € R for all j € J(P). We will
now show by explicit construction that there exist functions f € C§°(R) such that A(P,j) € R for all
je J(P). Let,

F(t) = /t dt'H, (t' +7,) — H.(t' — 1), (9.88)

— 00
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be a plateau function with a plateau time 7, > 0 and switch on time 7, > 0 as constructed in
Chapter [8] section The function (9.88) obeys F = 1 on [-7, + £7,,7, — 57| and has support
supp(F) = [~375 — 7p, 7 + i7,]. The function (9.88) admits a smooth square root, which we denote
f = +/F. This is expanded upon in [26]. The square root f = V'F is a smooth compactly supported

function and obeys f’(,T r
pt+7s

function (9.88) is,

)= 1, hence it is a softening function. The Fourier transform of the

\Tp—Ts

F(w) = f2(w) = 2r,sinc(wr,) H (wrya), (9.89)
where & = —* is a dimensionless parameter. Using the Fourier transform (9.89) we now give an

Tp
analytic bound on the parameter a such that |S(w(P,7))| < 1 for all j € J(L). Since H(0) = 1, we

have 13(0) = 27,, we then obtain, using (9.89),

By (w) = (2(]\”4)2 - 1>sinc(2mp)ﬁ(2mpa). (9.90)

By varying the dimensionless parameter «, we now show that there exists an o > 0 such that fy(w) < 1

for all w € R. The leading order asymptotic approximation of the Fourier transform H () can be shown

to be [21],

H(w) ~ e VAig=1/2e=VIel/2 COS(Z' - |w2|> |w] — o0, (9.91)

Therefore, there exists a k£ > 0 such that,

WTpQ
|H(wrpa)| < ke V 2, (9.92)
where,
\/?
k=sup|H(z)|eV 2 ~ 255, (9.93)

which is seen in Figure [9.2
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T
Figure 9.2: Plot of the function ﬁ(m)e\/;

Using the bound (9.92) and the bound [sinc(z)| < L we then obtain,

el <2(57) (o ) A ene)

2wty
WTpQ
w _
< k 2
- M?37, €
k —\/ WwTpax/2 994
= W{wnae P / ] ( )
k
<— —Ve/2
= a(Mm)? P
- 4k
e2a(Mt,)?’
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Therefore if,

4k
A 9.95
e2a(Mr,)? ~ ( )

holds then the condition (9.86) holds and the eigenvalues ((9.80) are real. Hence the condition,

4k Ts 4k 1.4
— <] = = = > ~ . 9.96
e2a(Mr)? = T T (M) (Mr,)? (9.96)

To illustrate how small the switch-on time could be, consider the example of a massive W —boson with
mass of order 100Gev and 7, ~ 10*°°Gev™" to be the lifetime of the Universe. The smallest switch-on

time allowed is given by,

2 2 10742
Ts = Tp = ~

(Mmp)* M(Mrtp) T M

~ 1072, (9.97)

A plot for the functions B¢(m, j) is shown in Figure [9.3|for sufficient and insufficient scaling.

B, (m./)

— Proca Modes Transverse Modesl
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Proca Modes Transverse Modesl

Figure 9.3: Influence of changing the parameter « in for M, = 1. The first plot has sufficient

scaling whereas the second plot has insufficient scaling.

We have shown with an explicit construction of a compactly supported function F' that the eigen-
values of the operators Ay(m,j), where f = VF, are real for a sufficiently large switch-on times.
Therefore, we have explicitly constructed a smooth compactly supported function such that A)f is an

SJ operator of Ay.

9.7 Hadamard Condition for BF States for the Massive Spin
One Field on Ultrastatic Slabs

Our goal of this section is to prove the the BF state with two-point function,

War (hg) = Bl Afg = S0 S Amaj)h | € ()@ (m,j) | g)  (9.98)

me{T,P} jeJ(m)

150



where,

.y (M) (I (m, )|
mE%P}jE%(:m) )\( 73) <\I’_(m7j)|\ll—(m,j)>’ (999)

is a Hadamard state on the algebra of observables (M, g).

Theorem 9.3. Let N = R x X be an wultrastatic spacetime equipped with a metric g = 1 & —h
where (X, h) is a compact Riemannian manifold. Suppose the spacetime (M = (—7,7) x X, 1 ® —h)
is isometrically embedded into N and let f € C5°(R) be identically 1 when restricted to the interval
(=7,7). If the operator has a real spectrum, then the BF state wpr, with two-point function
(19.98) is a Hadamard state.

Proof. In ordered to show that the BF state wpr, is Hadamard, it is sufficient to show that the normal
ordered two-point function : Wpp, := Wgr, — Wy is smooth on M x M, where Wy is the two-point
function for the ultrastatic vacuum state, which is in particular Hadamard. For a discussion and
precise definition of Hadamard states for the Proca field, the reader is refered to [24]. To accomplish

this, we define,
War, (t, 2t x') Z Z War, (m,j)(t, z;t', "), (9.100)
me{T,P}jeJ(m)
and express the Proca modes in terms of the scalar and longitudinal modes. The components of the
two-point function (9.98) are,

eu(SJ)

26(S, )"

War, (P, )(t, 2t 2" )oo = <2 sinh(u(S, 7)) cos(w(S, j)(t —t))

sinh(2u(S, 7))

) cos(w(S, 1) (t + 1)) + e~ u(5I) gmiw (St >> £0(8, §) ()& (S, ) (z")

2
89 /(S i\ 2
Wor, (P.J)(tast' )i = 5 j)( (f/)) <2smh<u<s,j>>cos(w(&j)(tt'))
— 2SI (5, )+ 1)) + eSS D) )w D& )()

—v eu(S)])

War, (P, j)(t, 2zt 2" )or = JZM ( — 2isinh(u(S, 7)) sin(w(S, j)(t —t))
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+ 200 SRCUED) G5, )0 1) + e-u<5’j>e—iw<sv><t-t’>> &(S. ) @)L @)

iv;e(59)

R ( — 2isinh(u(S, 7)) sin(w(S, 7)(t — t'))

- 20y ) (s, ) e+ 1)+ e-“<54>e-“(57f‘><t-’>) (L) (@)E(8, 7))

for all j € J(P) where r,k = 1,2,3 and where,

v = (“%\Z”)Q ~1. (9.101)

The contributions from the transverse modes is,

War; (P, j)ko(t, z;t', 2") =

ul(T.5)

War, (T, ) (t, x5t ") = S S (u(T, )T J) (2 sinh(u(T, 5)) cos(w(T, j)(t —t))

sinh(u(T), 7))
2

" eu(T,j)eMT,j)(tt')) ,

_9 cos(w(T, 7)(t + 1))

where u, v = 0, 1,2, 3. The ultrastatic vacuum state for the Proca field on the ultrastatic slab (—7,7)x%
is given by,
We(h,g)= > > (h[A(m,j)(Am,j) ] g), (9.102)
me{T,P} jeJ(m)
with the integral kernel,
Wa(tzt o)=Y Y Walm,j)(tzt, o). (9.103)
me{T,P} jeJ(m)

which has components,

Wi (P, joo(t, z:#',a") = ngj)eiw(s’”(“’)ﬁo(s,j)(x)&o(s,w

W (P, fJow(t, 25t 2) = e S0 g5, ) (), )

Wi (P, ot 3, a') = T SD0g, (1, ) ()& 5, )] (9104)
WP, o587 = s (O st (1, ) T

Wi (T, )y (t, 23, 2') = mf“(ﬂ”(“')&#(TJ)W
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The ultrastatic vacuum state (9.102)) satisfies the Hadamard condition [24]. Therefore, if the normal
ordered two-point function : Wpp, := Wpr, — Wy has a smooth integral kernel then the BF state
(19.98) satisfies the Hadamard condition. We observe that all terms in the kernel of the normal ordered

two-point function : Wgp, : may be written as,

: WBFf t(m, ) = Z Z Z aagl(w(m7j))(ej0(m7j> ®£(m7])) ® (ejff'(mvj) ®§(m7]))

me{S,L, T} jeJ(m) oo’ €{£1}
(9.105)

where e,;(m, §)(t) = 7<) for o € {£1} for each m € {S, L, T} and all j € J(m) and where a7’

obeys,

|a"",(w(m7j))| < % (6"(m’j) sinh(u(m, 7)) + smh(2u(m,j))>

2 (9.106)
w(m, j)e2umi) o )
e (185 m. )+ 185 m. ).
where S¢(m, j) is given in (9.76) and where we have used,
) sinh(u(m 7)) < oo 85 (m, )2
J 5 1Br(m, j)l
9.107
sinh(2u(m, j))  e(™d) 185 (m. ) ( )
2 g Ik

Since w(m,j) — oo as j — oo we have ﬁ(w(m,j)) — 0 as j — oo with rapid decay for each
m € {T,P}. Furthermore by Lemma we have |87(m,j)| < 1 for each m € {S,L,T} and all
j € J(m). We therefore obtain,

. 1
lim e?*(™9) = lim — < 00, (9.108)
oo i=oe /1 —Bf(m, j)]?
and hence,
2u(m.j) 2u(m.j) _ !
e J) <supe J) = sup — < 0. (9.109)
j i V1=1Bg(m, )P

Since f € C§°(R), it follows that f2 € C§°(R) and therefore the Fourier transform P() decays rapidly.
Hence, for all N € Ny there exists a Cy > 0 such that |5;(m, j)| < enw™ N for all w > M. Hence, for
all N € Ny there exists a Cy > 0 such that,

Supj(ezu(mnj))) 1
2M? w(m, j)N-1

a7 (w(m, j))| < Cy (9.110)
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By Theorem if the following holds,

Y7 wP(m,j) max [a% (w(m, ) < oo, (9.111)
jeTm) o,0’e{£1}

for all p € Ng and each m € {S,L,T} then the normal ordered two-point function : Wgp, : has a
smooth integral kernel and the BF state is therefore Hadamard. Using the bound (9.110) we now

obtain,
. 2u(m,5))))2
. oo’ -\ |2 2 (bupj (6 )) 1
‘ Z w”(m, j) a,ag?{)iu a7 (w(m, )" < Cx IME A Z w(m, j) PN -2’ (9.112)
JjeJ(m) JjeJ(m)

for each m € {S,L,T}. To conclude the proof, we use Weyl asymptotics to provide a bound on

N(w(m, j)), where N is the counting function defined by,
N(w(m,j)) = {w(m, k) <w(m,j) | w(m, k) is an eigenvalue of P,, + M2}|, (9.113)

and where P,, is —A$ for the Proca modes and —Ay for the transverse modes. Since (3,h) is
a compact Riemannian manifold of dimension n = 3, the asymptotic behaviour of the eigenvalues

w?(m, j) is given by Weyl’s law,
N(w(m,j)) ~ aw’(m, j), (9.114)

for some constant a > 0 [14]. Now let M,,(j) = max{k € J(m) | w(m,k) = w(m, j)}|, which is well
defined [20, Theorem 1 Section 6.5]. By counting, we obtain, for each m € {S,L,T} and all j € J(m),

Jj £ M (j) = N(w(m, j)) < o'w’(m, j), (9.115)

where we choose o/ > a to be sufficiently large so that the inequality holds. This then implies,

2u(m,5))))2
E P ; oo’ Y12 2 (Supj (e )) ;
W (m7])o',0'1’1g?j(:1} |Oé (w(m,]))| < CN 4N [4 § j1/3(2N_p_2) (9]‘16)
Jj€J(m) Jj€J(m)

which converges for all N > %(p + 5). Therefore, by Theorem the integral kernel of the normal
ordered two-point function : Wpp, := Wpgp, — Wg converges in QY (M x M). Since Wy is the

two-point function of a Hadamard state, we can conclude the the BF state wpp, is Hadamard. |

In this chapter we have shown that there are significant difficulties when one applies the SJ and

BF state construction to the spin-one field. In the case when the commutator function for the Proca
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field is defined on an ultrastatic slab spacetime with compact spatial section, the SJ state construction
fails since the commutator function has a complex spectrum. It is reasonable to assume that one
would face similar problems in other spacetimes. Furthermore, due to the complex spectrum of the
commutator function, it is unlikely that one could use the generalised SJ state construction presented
in Chapter [6] to construct a quasifree state for the Proca field. However, we have also shown that,
for suitable functions, the BF state is well defined for the Proca field on ultrastatic spacetimes with
compact spatial sections. It is reasonable to assume that one may extend the BF state construction
for the Proca field to other spacetimes, but this would require a substantial amount of work. It is
also reasonable to assume that the SJ vacuum with softened boundaries presented in Chapter [8 would
yield a quasifree Hadamard state for the Proca field, for reasons similar to the BF case. Finally, the
generalised SJ state with softened boundaries construction in Chapter [§ could be applied to the Proca
field, but since the spectral theory is significantly harder for Krein space operators, this would present

a serious obstacle.
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Chapter 10

Outlook and Summary

What we call the beginning is often the end.
And to make an end is to make a beginning.
The end is where we start from.

T. S. Eliot.

In this thesis we have presented a novel construction of quasifree states for the scalar field based
on the SJ vacuum axioms. We call these states generalised SJ states and are valid in bounded regions
of globally hyperbolic spacetimes. In Chapter [7] we gave an explicit construction of an SJ thermal
state on ultrastatic slab spacetimes. We have presented a new construction of Hadamard states for the
scalar field based on the generalised SJ state construction and an observation of Sorkin. Finally, we
applied the BF and SJ state construction to the Proca field on ultrastatic spacetimes. We showed that,
whilst the SJ state is ill-defined, the BF state for the Proca field exists and satisfies the Hadamard
condition. We now present various potential avenues of research regarding the various constructions

presented in this thesis.

Generalised SJ States for the Free Scalar Field

In Chapter [6] we presented a new construction of quasifree states for the free scalar field valid in

bounded regions of globally hyperbolic spacetimes. The construction of a quasifree state ws, on the

156



CCR algebra 2((M) is achieved by setting its two point function to be,
Wsi, (f.9) = (f1 Afg)  Vf,g € C5Z(M), (10.1)

where A;r is the unique solution to a set of generalised SJ axioms for a suitable continuous function
. One could investigate whether there are any continuous, even, non-negative functions ¢ such that
the two point function (10.1) defines a Hadamard state. The choice ¢ = 0 yields the unsoftened SJ

vacuum and the choice,
e BTINT

es(A) = |>\|1_6_w7 (10.2)
defines the thermal SJ state. The SJ vacuum state is not Hadamard on the ultrastatic slab spacetimes
and we have shown that the thermal SJ state also fails to be Hadamard on ultrastatic slabs. It would
be interesting to see if the function holds in more general spacetimes. Furthermore, it would
be interesting to compute the timescale constructed in Chapter [7] Section in other spacetimes, for
example a causal diamond or an expanding spacetime.

Now, if ¢(A) is smoothing and the SJ vacuum fails to be Hadamard, then the generalised SJ state
with two point function will also fail to be Hadamard. However if ¢)(A) is not smoothing it
could be possible that one could construct a function so that the two point function defines a
Hadamard state. We remark here, however, that this is unlikely - it seems reasonable to assume that
all generalised SJ states will fail to be Hadamard. To prove this, one could follow a similar argument
to the proof that the SJ vacuum fails to be Hadamard on ultrastatic slab spacetimes [28]. Finally, it
would be interesting to see how the generalised SJ state construction presented in Chapter [f] fits into
causal set theory. One could follow a suitably modified construction of the SJ vacuum state presented

in [42] to construct a generalised SJ state for a free scalar field of a causal set.

Generalised SJ States with Softened Boundaries for the Free Scalar Field

In Chapter [8| we presented a new construction for a class of Hadamard states, which is based on an
observation of Sorkin [58] and on the new construction given in Chapter[6] We show that, on ultrastatic

slabs, the two point function

Wss,.(f9) = ([l AS.9)  Vf.g€CFM), (10.3)
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where,

A A
At = 7” + % +¢(4,), (10.4)

defines a Hadamard state whenever ¢(A,) is smoothing. It would be interesting to see what role
the functions ¢ and p play on the properties of the SJ state with two point function . In [58],
Sorkin remarks that the axiom SJ2 can be thought of as a ‘ground state condition’. In our generalised
framework, the axiom is modified to ATTAFT = 1(A) for a suitable function 1, with ¢ = 0 being the
minimum. The normal ordered two point function with respect to the SJ vacuum with softened

boundaries (constructed from the operator A;O) gives,
:Wsy,, = ¢(Ap). (10.5)

Therefore, for the normal ordered two point function above, the energy momentum tensor would depend
upon the choices of functions ¢ and p. It would be interesting to see this relationship. Furthermore, it
would be interesting to apply the generalised SJ state construction to other fields. The Maxwell field
is one possibility, although the reader is warned that the SJ state based on the field strength tensor
of the Maxwell field does not exist; one faces similar problems that the SJ vacuum state construction
faces for the Proca field. It does however, remain unclear if one can construct the SJ state for the
Maxwell field based on the vector potential. One does not encounter imaginary eigenvalues, but a
general construction for the vector potential still remains elusive. If one can solve this problem, an
ambitious project could be the construction of a generalised SJ state for linearised gravity.

Let M = (R x R,g) be a globally hyperbolic spacetime and let wy be a quasifree Hadamard
state constructed on M. It would be interesting to investigate whether there exist functions ¢, p
such that the generalised SJ state with softened boundaries wg;, , constructed on the slab spacetime
((—=7,7) x X, g) converges to the Hadamard state wy as 7 — co. In other words, whether any quasifree
Hadamard state can be ‘approximated’ by a generalised SJ state with softened boundaries. In Chapter
] we constructed the BF states for the Proca field on ultrastatic slab spacetime. One could consider
constructing the SJ vacuum with softened boundaries for the Proca field; it would likely face the same
complications as the BF state construction but it seems reasonable to assume it would yield a quasifree
state that satisfies the Hadamard condition. One could also consider constructing a generalised SJ
state with softened boundaries for the Proca field on bounded regions of globally hyperbolic spacetimes,

but this would require a substantial amount of work.
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For want of a nail the shoe was lost.

For want of a shoe the horse was lost.
For want of a horse the rider was lost.
For want of a rider the message was lost.
For want of a message the battle was lost.
For want of a battle the kingdom was lost.

And all for the want of a horseshoe nail.



Appendices
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Appendix A

Functional Analysis

We briefly give various definitions for the functional analysis used in this thesis. For a more complete

exposition on the subject, the reader is referred to [53].
Definition A.0.1. An inner product space is a vector space V endowed with an inner product,
(1):V XV ¢, (A1)
that satisfies, for all o, 8 € C and all f,g,h € V,
D A(f1f) =0,
if)y (f| f) =0if and only if f = 0.
i) (f [ ag+Bh) =alf [ g)+ B[

iv) (flg)=(glf)

The inner product (- | -) then induces a norm, denoted by || - || by the prescription ||f]| = /{f | f)
for all f € V [53, Theorem II.2]. The norm induces a metric d(-,-) by setting d(f,g) = ||f — g|| for all
f,geV.

Definition A.0.2. An orthonormal basis of a Hilbert space H is a set {e;};jen C H such that the

linear space of {e;} e is dense in A and so that,
(ej | ex) = j, (A.2)

where d;, is the Kronecker delta symbol.
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Definition A.0.3. A metric space in which all Cauchy sequences converge is called a complete metric

space.
Definition A.0.4. A completed normed space (V| - ||) is called a Banach space.
Definition A.0.5. A complete inner product space (H, (- | -)) is called a Hilbert space.

Definition A.0.6. A bounded operator is a map A : H — H over a Hilbert space H such that there
exists a ¢ > 0 such that, for each f € H, ||Af]| < c||f]|-

Definition A.0.7. Let A € B(H) be a bounded operator over a Hilbert space 1. The adjoint of A
is the operator A* € B(H) such that (f | Ag) = (A* | g) for all f,g € H. The operator A € B(H) is
called self-adjoint if and only if A = A*.

Definition A.0.8. Let A € B(H) be a bounded operator over a Hilbert space H. The adjoint of A
is the operator A* € B(H) such that (f | Ag) = (A* | g) for all f,g € H. The operator A € B(H) is
called self-adjoint if and only if A = A*.

Proposition A.1. The set of all bounded operators over H, denoted by B(H), is a Banach space with

norm,

j4) = sup IATL (4.3)

ozrern Il

Proof. See [53, Theorem III.2]. [ ]
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