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ABSTRACT

n this thesis we make progress towards applications of quantum estimation theory to

new physical systems. We first consider two commonly visited problems in quantum

metrology: source optimisation and source localisation. For the first, we focus on esti-

mating distances between neighbouring light sources along an array, which undergoes
stretching deformations. We evaluate how changing the nature of the sources impacts the
estimation precision of d by using the quantum Fisher information (Qrr) as a figure of merit. By
comparing this quantity for arrays of single photon emitters, coherent, thermal, and entangled
sources, we find that the classical coherent and thermal states outperform the single photon
emitters. This would be favourable since generating classical states is less resource-expensive
to create. However, a quantum enhancement is observed when entanglement is employed.
In agreement with separate work, the optimal state is that which entangles the eigenstates
corresponding to the maximum and minimum difference eigenvalues of the generator. We
demonstrate that not all entangled states can reproduce similar precision enhancements. This
insight is reminiscent of previous studies, where entanglement was concluded as a necessary
but insufficient resource for quantum metrology

Next, we address the source localisation problem to detect any deformations applied to
a grid of sources. Improving this detection depends on our ability to engineer grids that
maximise the sensitivity of the Qrr matrix. Hence, we derive the generators of local translations
of unitary evolutions that describe any general grid deformation, and show that our result is a
multi-parameter extension of other results in the literature. We obtain a general result for the
quantum Fisher information matrix (Qrmm) through these generators for any grid deformation
and explore specific spatial maps, including composite stretches, shears, and rotations. Since
the or1 matrix depends only on the properties of the probe state and the configuration of
the emitters, we explore how we can modify both to enhance our estimation sensitivity to
determine the applied grid deformation. Physically motivated, we find the best arrangement
of sources that enhances the sensitivity of detection for a set number of sources.

Finally, we consider the optimal estimation of a complex squeezing operation in phase space.
The use of squeezed light as a quantum resource is ubiquitous in quantum optics, and a complete
characterisation of a complex squeezing operation is pivotal for fundamental reasons. This is a
true multi-parameter quantum estimation problem of incompatible observables. Specifically,
we find that the symmetric logarithmic derivates (sLpbs) for amplitude and directional squeezing
do not commute. This prohibits simultaneous optimal estimates of both parameters, even in the
asymptotic limit. As a result, we focus on finding separable optimal estimates. The Cramér-Rao
bound is determined to provide a theoretical benchmark on the bi-variate estimation precision
for general single mode Gaussian probes. Using this and the sLbs, we present a practical
experimental implementation that can realise the individual fundamental precision bounds.
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Part 1

Introduction and Background

We commit this part of the thesis to introduce the motivation of this work, and to
review the necessary theoretical preliminaries that will be used in subsequent parts.
By this very nature, none of the material presented in the constituent chapters to
this part contain original work. In chapter 1, we contextualise the role quantum
metrology has in quantum theory. After a brief highlight of important milestones
in the field, we explain the goals and motivations of quantum sensing. Chapter 2
introduces some concepts from quantum optics necessary for understanding the
research in later chapters. Finally, in chapter 3, we review methods in quantum
estimation theory.






CHAPTER

INTRODUCTION

he work in this thesis has been driven by a twofold motivation. First, determining the

precision bounds of parameter estimations of unknown physical parameters with res-

olutions that surpass classical limits, and second, realising practical implementations

that saturate these bounds. As we will see, this requires ‘quantum resources’. This re-
quirement often makes the practical implementations of these improved estimation resolutions
extremely difficult. For this reason, very few experiments have demonstrated the fundamental
resolution limits that quantum mechanics predicts. Before detailing the approach to parameter
estimations, we first introduce the subject of quantum mechanics and quantum metrology in
this chapter. Many clear and pedagogical accounts of the development of quantum physics
exist in the literature [Glauber, 2005]. The introduction provided here is brief and intended
to summarise some of the achievements in quantum metrology. We conclude by presenting a
roadmap of the thesis ahead.

1.1 Foundations of quantum optics

Although the interface between classical and quantum mechanics remains a heavily researched
topic [Wetterich, 2009; Jeong et al., 2014], among the first strains to appear in classical elec-
tromagnetism was accounting for the observed spectral distribution of blackbody radiation.
Averting the so-called ‘ultraviolet catastrophe’ required that the energies of harmonic oscillator
modes be quantised. This realisation by M. Planck in 1900 was a key departure from classical
treatise on light. Together with A. Einstein’s theory of the photoelectric effect in 1905, and L.
de Broglie’s hypothesis of a wave-particle duality in 1924, this paved an alternative quantum
mechanical description of light as particles.

In midst of these developments, the study of optics continued its development to maturity
without the need for a quantum description of light. Many experiments could be described
through application of Maxwell’s equations of electromagnetism. For example, interferences
of field amplitudes explained Young’s two slit experiment, where light is incident on two
slits. The catalysis for the development of a full quantum treatment of optics was the R. H.
Brown and R. Q. Twiss intensity interferometer [Brown and Twiss, 1956a,b, 1957, 1958a,b] that

3



CHAPTER 1. INTRODUCTION

measured the correlation in photon number arrivals at two detectors. This intensity correlation
revealed information on the two-time beam intensity, and by simply altering the setup, the
time separation could be controlled. An enhanced correlation of photons—or bunching—from
a seemingly uncorrelated thermal source was observed for short time separations'. Although
the effect could be predicted by treating the intensity fluctuations of the electric field [Brown
and Twiss, 1956b; Purcel, 1956], it did little to subside general scepticism surrounding the
veracity of the result. This provided the groundwork for the seminal work of R. J. Glauber,
whose quantum theory of optical coherence [Glauber, 1963a,b,c] explained the effects of the
Hanbury-Brown and Twiss experiment and permitted additional predictions. The first was the
possibility of anti-bunching, which describes an increase in the average temporal separation
of photon count statistics, or sub-Poissonian statistics [Walls and Milburn, 2008]. The second
was the squeezing of quantum fluctuations, which was first observed by Slusher et al. [1985].
Squeezing was also demonstrated in other systems [Wu et al., 1986].

A cascade of research efforts oversaw the maturity of quantum optics. The first theoretical
and experimental realisation of non-classical behaviour from a physically accessible system
was anti-bunching generated in resonance fluorescence from a two-level atom [Kimble et al.,
1977; Carmichael et al., 1980]. Experimental work in the 1960s and 70s lead to improvements in
photon counting detectors. These devices could now distinguish between the different photon
number statistics from coherent and incoherent light. In tandem, new sources of laser light were
being developed. In the 1980s, experimental work by Mukai and Yamamoto [1981], showed
that suppressing the pump noise reveals the quantum behaviour of the laser.

Generation of single photon sources were pioneered by Santori et al. [2001] using quantum
dots and later through parametric down-conversion (ppc) [Takeuchi et al., 2003]. In ppc, a
strong pump photon illuminates a nonlinear crystal and produces two photons with lower
energies. The emerging ‘“down-converted” photon pairs conserve the total energy and momentum
of the pump and are entangled in either frequency, polarisation or momentum. This generates
intensity correlations that have demonstrated violations in Bell’s inequalities [Aspect et al.,
1982; Weihs et al., 1998; Matsukevich et al., 2008; Ansmann et al., 2009], have been used in
quantum imaging [Pittman et al., 1995], and continuous variable quantum communication
tasks [Porzio et al., 2007; Gehring et al., 2015].

These efforts opened the door to work in quantum information processing. First, the de-
velopment of squeezed states helped realise applications of quantum information process-
ing [Loudon and Knight, 1987; Braunstein and Kimble, 1998; Braunstein and van Loock, 2005;
Andersen et al., 2009], quantum teleportation [Furusawa et al., 1998], continuous variable
quantum computing [Menicucci et al., 2006, 2007; Aoki et al., 2009; Yonezawa and Furusawa,
2010], and Einstein-Podolsky-Rosen (err) experiments [Reid and Drummond, 1988; Ou et al.,
1992]. Second, ion trap technology had been proposed as the foremost method to control single
quantum systems. A scalable theoretical scheme proposed by J. I. Cirac and P. Zoller detailed
how lasers could be used to process the information stored in the states of trapped ions [Cirac
and Zoller, 1995]. Ion trap technology has so far provided the most promising approach to
quantum information processing [Knight et al., 2003]. The current record for the maximum
number of entangled and individually controllable qubits is 20 [Friis et al., 2018].

The speed of transmission and robustness against decoherence make single photons ideal
for quantum information processing [Northup and Blatt, 2014]. However, many quantum
information protocols require high-purity single photon sources. This is difficult to realise since

I The definition of short timescales is in comparison with the coherence time of the thermal state.
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1.2. QUANTUM METROLOGY

Quantum
metrology

Quantum
computing

Quantum Optics

Figure 1.1: Modern day quantum optics has applications in diverging fields of quantum metrology and
sensing, quantum computation and quantum information processing.

enhancing single-photon efficiency is incompatible with methods to suppress multi-photon
emissions. Achieving ultrahigh purity single photon sources is part of an active research by a
number of different experimental groups [Shields, 2007; Heinze et al., 2015]. Another difficulty
is the very weak optical nonlinearities of optical fields. Quantum computing requires strong
entanglement between independent degrees of freedom to realise nonlinear operations in the
form of switches when processing information. Despite work on nonlinear optics, generating
photon interactions is hard to realise [Chang et al., 2014]. One method to circumvent this
difficulty is to use adaptive photon counting measurements, which was proposed by E. Knill,
R. Laflamme G. J. Milburn (xtm) in 2001 [Knill et al., 2001]. Experimental demonstrations of
simple quantum gates using only linear optical interactions soon followed [Ralph et al., 2002;
O’Brien et al., 2003]. The xLm scheme heralded a new era of universal linear-optical quantum
computing (LoQc) [Kok et al., 2007; O’Brien, 2007; Kok, 2016].

Modern day quantum optics continues to evolve through different sub-fields (see figure 1.1).
An important development for sensing applications is quantum metrology. We will introduce
this in the next section.

1.2 Quantum metrology

For many quantities in physics, direct measurements are not possible. This is common in
quantum optical experiments, where variables such as entanglement, phase, time, and purity
do not have associated quantum observables. In these situations, the value of a parameter—or
vector of parameters—must be inferred from a set of measurements of a different but related
observable, or set of observables. This procedure is addressed in estimation theory [Kay, 1993],
the formalism underlying the study of sensing and metrology, where the objective is to find
the fundamental precision bounds of parameter estimates.

5



CHAPTER 1. INTRODUCTION

1.2.1 Applications of quantum metrology

The astounding potential of metrology has been displayed through a century of creative and
fruitful applications. The origin of its application in science can be traced back to the definition
of physical units. Since then, modern metrology has been applied to a range of applications
including:

Radar: estimate the delay of radar echoes in the presence of noise
Imaging: track the orientation and position of an object

Seismology: estimate size and depth of oil reserves/rock formation
Telecommunications: estimate carrier frequency to demodulate signal.

The push for superior image qualities and better resolutions in imaging devices has seen
a sharp increase in the number of pixels used per unit area. This miniaturisation sees each
pixel illuminated with minute photon fluxes, down to the detection of single photons. Any
performance improvements to optical metrology, sensing, and information is then inherently
limited by the microscopic properties of nature itself. These difficulties reflect the ‘death
march of Moore’s law” in manufacturing that has placed physical limits to the lithography
industry [Sreenivasan, 2017] and conventional computing [Markov, 2014]. Despite the maturity
of metrology, these difficulties naturally gave rise to a new era of quantum metrology, which
uses the laws of quantum mechanics to surpass classical resolution limits. At the heart is a
desire to improve our ability of manipulating the quantum nature of light. Whilst the initial
interest in metrology as the science of measurements endures, quantum metrology heralds
the possibility of exploring new avenues of research with consequences for both academic
ingenuity and technological prowess. Imaging is one clear example of this.

Progress in science has historically leaped forward in tandem with improvements to imaging
techniques. Consider early work by G. Galilei who, through improvements to the design of
telescopes, presented supporting observations of the heliocentric theory of the Solar System.
Progressive improvements of the telescope has culminated in the Hubble space telescope
become one of the largest and most versatile imaging devices of space, enabling breakthroughs
in astrophysics. In contrast, development of the microscope around 1660 pushed knowledge
of science at small scales. This enabled the first observation of the cell by R. Hooke in 1665.
Since, progressive efforts have been made to push the resolution of light microscopes past E. K.
Abbe’s stipulated limit. This culminated in the 2014 Nobel prize in Chemistry awarded "for the
development of super-resolved fluorescence microscopy" [Betzig et al., 2018]. Other examples of how
imaging techniques have been applied include tracking the movement of proteins tagged with
fluorescent dyes [Heller et al., 2013] and imaging to search for exoplanets [Macintosh et al.,
2014].

The wave nature of light imposes fundamental limits to achievable resolutions of optical
imaging devices. One strategy to resolve finer details is to reduce the wavelength of the light.
A particular drawback of this method becomes clear when applied to biological samples,
since high energy light can be destructive [Wolfgramm et al., 2013]. Breakthroughs in imaging
methods that surpass the diffraction limit are expected to follow in tandem with advancements
in quantum metrological protocols. This will lead to advancements in all complementary fields
of research as well as the development of more precise and intricate imaging devices for the
next generation. An immediate and recent exemplification of this can be recognised through
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the powerful and breathtaking field of gravitational-wave astronomy; an emerging branch of
observational astronomy that uses gravitational waves to collect data about massive galactic
objects such as neutron stars and black holes. Exotic states of light, such as squeezed light, are
now routinely used to enhance the sensitivities of large interferometers, such as the advanced
LiGo for the measurement of gravitational waves [Caron et al., 1995; Abbott et al., 2004; Abadie
etal., 2011; Aasi et al., 2013]. Estimations of gravitational wave amplitudes have also been made
by considering phonons in Bose-Einstein condensates [Berrada et al., 2013; Sabin et al., 2014].

1.2.2 Methods in quantum estimation theory

Any measurement scheme is plagued with errors of both systematic and statistical nature. A
completely classical approach to reduce the statistical errors of a stochastic nature is to repeat
the experiment v times. The central limit theorem states that the normalised sum of identical
and independently distributed (11p) samples of a random variable approximates to a normal
distribution as the sample size gets larger?. Owing to this, the resulting root mean square error
(RMsE) of a repeated experiment scales as v~/2. For a single shot experiment (v = 1), and a given
measurement procedure, the best classical scaling is achieved by using an N separable optical
probe state, constructed from N unentangled states. This increases the effective resources used
and gives rise to the standard quantum limit (sqr), where the error scales as N ~1/2 [Caves,
1980], which is the best classical scaling achievable through N repeated measurements.

Through meticulous preparation of the measurement scheme, it should be possible to sup-
press all stochastic noise associated with classical indeterminacy in the probe states. However,
this suppression will have no effect on the quantum vacuum fluctuations inherent in the state,
which fundamentally imposes some minimum quantum optical noise [Gardiner and Zoller,
2004]. For some electromagnetic field with frequency w, the minimum quantum optical noise
is quantified with amplitude [Loudon and Knight, 1987]:

ho )% (1.1)

&y =
0 (2€0V

for some mode volume V/, and € is the permittivity of free space. Notice that it is independent of
the field strength, which implies that even in vacuum with no field present, this quantum noise
endures. Hence, Eq. (1.1) quantifies the vacuum fluctuations of an optical field of frequency w.

Despite this, probes endowed with quantum resources, such as entanglement or non-
classical correlations, provides opportunity to propel estimation theory past the sor. Specifically,
although quantum mechanics has placed strict limits on the achievable precision of parameter
estimates, it can be used to approach these limits. In fact, the use of quantum resources is
necessary to achieve the fundamental Heisenberg limit for error scalings: N~!, where N is the
number of probe states used [Braunstein, 1992]. An example of another non-classical resource
used is squeezing. Squeezed states reduce the optical noise in one of the field quadratures
while increasing the noise in the other. Figure 1.2 illustrates how different types of optical
squeezing can be used to engineer precision enhancements. Squeezed states have successfully
demonstrated enhanced resolutions that surpass the standard quantum limit in interferometric
and imaging applications [Bradshaw et al., 2017; Li et al., 2016; Ruppert et al., 2016], and in

2The central limit theorem holds even if the original variables are not normally distributed themselves. One
exception to this are Lévy processes. However, under certain conditions the sum of b samples of a multi-dimensional
Lévy process still converges to a multivariate Gaussian distribution [Grabchak, 2013].
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Regime Variance resource scaling Achievability
Standard quantum limit (sQL) 1/N Remove all classical noise
Heisenberg (HL) 1/N? Quantum resources

Table 1.1: Comparison of achieving the different regimes of variance scalings with the resources used
in metrology. We will derive a generalisation of these variance scalings for multiple-parameters later in
chapter 3 where we also discuss their achievability in further detail.

quantum metrology [Anisimov et al., 2010; Huang et al., 2015] for phase estimations [Berni
et al., 2015] and tracking [Yonezawa et al., 2012]. Realising the Heisenberg limit for parameter
estimates is the main attraction of using squeezed light for quantum metrology.

The characterisation of N for any estimation strategy is important. The precision of parame-
ter estimates is bounded by the physical resources, a matter addressed by the query complexity
of the quantum network describing the estimation procedure—that is, the number of times
a measured system is sampled [Giovannetti et al., 2006; Zwierz et al., 2012b]. The resource
count of a physical system is defined by the variance of the generator of translations in the
parameter to be estimated. Incorrect characterisation of the resources has suggested so-called
‘super Heisenberg-scalings’ [Beltrdn and Luis, 2005; Boixo et al., 2007; Roy and Braunstein, 2008].
Reconciliation of the resource count led to consistency with the HL [Zwierz et al., 2010]. Table 1.1
summarises the fundamental precision scalings for classical and quantum metrology.

Quantum metrology is rooted in the theory of quantum parameter estimation, pioneered
by Helstrom [1976] and Holevo [2011]. The archetypal schema for general parameter estimations
is decomposed into three distinct steps: (I) probe preparation, (II) parameterisation through
an interaction with a system that encodes a set of parameters to estimate, and (III) probe
readout, with possibility of feedback. For a given interaction, this describes two aspects of
control for the experimenter; a suitable choice of probe state that is sensitive to changes in
the parameters to assimilate maximal information, and an appropriate measurement that
maximises the information extracted from the probe. This is a two-step optimisation problem.
A natural figure of merit to quantify the performance of the estimation is the variance between
parameter estimates and the true value. The quantum Cramér-Rao bound (ocrs) was introduced
to characterise this optimisation procedure, and has become a standard tool in providing a
lower bound on the variance of an unbiased estimator that maps measured data from quantum
measurements to parameter estimations [Helstrom, 1976]. It provides a fundamental bound to
the achievable precision of any estimating strategy and depends only on the uncertainty in
the quantum state. An important statistical quantity that determines the ocrs is the quantum
Fisher information (Qr1), which depends only on the probability distribution from which
data is sampled. In information geometry, the Qr1 is equivalent to the Bures metric, which
quantifies the distinguishability of quantum systems [Amari and Nagaoka, 2007; ichi Amari,
2016]. A large information content implies that small changes to the parameter achieve large
statistical displacements of the evolved probe in state space [Braunstein and Caves, 1994]. A
more complete discussion of statistical distances can be seen in Bengtsson and Zyczkowski
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(a) Laser light or Glauber semi-classical coherent states. Equal noise in both quadratures.
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(b) Enhanced phase noise with concomitant decrease in amplitude fluctuations.

x (arb. units)
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(c) Enhanced amplitude noise with concomitant decrease in phase fluctuations.

Figure 1.2: Illustration of different quadrature x and p noises for optical fields, through simulations
of the electric field, as measured through homodyne measurements with varying phases. Fig. 1.2a rep-
resents Glauber’s semi-classical coherent states. These states have circularly symmetric uncertainty re-
gions in phase space for both the phase and amplitude. A state with no noise would be ideal to achieve
extreme sensitivities. However, this is fundamentally not possible since all optical fields retain quantum
uncertainties quantified by Heisenberg's uncertainty relation. However, the uncertainty relation lower
bounds only the noise product of both quadratures, implying that we can reduce the uncertainty in one
quadrature, followed by an equal and concomitant increase in the second. Experimentally, this is realised
through ‘squeezed sources’. Fig. 1.2b and Fig. 1.2c illustrates a phase squeezed and amplitude squeezed
coherent state as input respectively. This illustrates that choosing the direction of squeezing is important
in the estimation of phase or amplitude of optical fields.
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[2008]; Kok and Lovett [2010]. The larger the dependence, the more distinguishable the evolved
state becomes to its unperturbed state. Since the ocrs is the inverse of the qF1 (for a single
data sample), this permits an estimate with a lower estimated variance. With the information
content being governed entirely by the state space structure, we observe again that minimising
the Qcrs requires optimising the state choice.

1.3 Previous work in quantum metrology

Quantum mechanics has established physical limitations to precision bounds in myriad applica-
tions in parameter estimation. An early example of this is the energy-time uncertainty relation.
Its credibility was put to question by A. Einstein, who in 1930 argued that a photon emerging
from a box can be prepared with exact energy and emitted at a predictable time [Dieks and
Lam, 2008]. This was refuted by N. Bohr who developed the box thought experiment illustrated
in figure 1.3.

Approaching the limitations to precision bounds through high precision measurements has
seen the development of fundamental theories across science. Quantum enhanced measure-
ments have demonstrated performance improvements in a wide variety of applications that
have implications for technology and science. Examples include atomic clocks, remote sensing,
navigation, and thermometry [T6th and Apellaniz, 2014; Degen et al., 2017; Pearce et al., 2017].
We start this section by detailing specific problems in quantum metrology that have attracted
considerable research effort, before reviewing more general frameworks in estimation theory.

1.3.1 Single parameter phase-like estimations

Early work in this field predominantly focused on single parameter estimations of unitary,
multiplicative parameters. Spec1f1cally, for some parameter ¢ to estimate, the probe evolution
is governed by the unitary U = exp][ qfﬂ-( ], where H is a Hermitian generator. Examples of
parameter estimations that come under this category are phase and time [Leibfried et al., 2004;

Giovannetti et al., 2011; Téth and Apellaniz, 2014]. The quantum enhanced limit for this has
been shown to always be attainable [Paris, 2009]. Further examples include estimates of the
profile of time-varying fields [Tsang et al., 2011; Magesan et al., 2013] and gradient magnetom-
etry [Urizar-Lanz et al., 2013]. These problems are categorised by phase-shift Hamiltonians; a
special case where the parameter to estimate multiplies a parameter-independent Hermitian
generator [Holevo, 1978; Braunstein et al., 1996]. An immediate example of this is single phase
estimations. A Mach-Zehnder interferometer illustrated in figure 1.4 makes high precision
measurements of a relative phase difference between two beams of light derived from some
input state |¢in ). This phase referenced method has become a standard tool in estimation theory
and has received considerable attention given its applications in enhanced phase estimations in
optical interferometry [Demkowicz-Dobrzanski et al., 2009; Pezzé and Smerzi, 2014], frequency
measurements [Bollinger et al., 1996, Huelga et al., 1997], and biosensors [Luff et al., 1998; Yang
etal., 2001].

Phase-shift Hamiltonians have attracted significantly more attention since a large propor-
tion of metrological protocols can be reduced to that of phase estimation [Giovannetti et al.,
2004]. This has proven particularly important in quantum enhanced Hamiltonian tomography,
where unknown multiplicative coefficients of the Hamiltonian are estimated after a suitable
decomposition [Yurke et al., 1986; Sanders and Milburn, 1995; Dorner et al., 2009; Skotiniotis
etal., 2015].
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Gz

]

Figure 1.3: Einstein-Bohr photon box [Dieks and Lam, 2008]. Bohr’s arguments upheld the uncertainty
relation between the energy and emission time of a photon emission.

It has long been known that quantum resources are required to improve the estimation
precision of a single phase parameter in optical interferometry [Caves, 1981]. For Mach-Zehnder
interferometers, the highly entangled Noon states provide a quadratic improvement to give the
Heisenberg scaling for phase estimates [Lee et al., 2002]. In general however, the type of resource
used needs to be tailored specifically for the estimation protocol. This makes a universally
applicable optimal sensing device difficult to realise. Typically though, the Greenberger-Horne-
Zeilinger (GHz) states are suited for local phase estimations. Practically, the entanglement
generation of these states and measurement readout times must be lower than some threshold to
observe an advantage over separable states [Dooley et al., 2016]. Alternatively, highly squeezed
non-classical states have been reported to provide a quadratic advantage when estimating
certain Gaussian transformations [Friis et al., 2015]. These resources have also been exploited
in quantum imaging to drive resolution capabilities past the Abbe-Rayleigh criterion [Abbe,
1873; Rayleigh, 1879; Fei et al., 1997; Boto et al., 2000; Abouraddy et al., 2001; Thiel et al., 2007;
Kolobov, 2007; Lloyd, 2008; Oppel et al., 2012; Pearce et al., 2015]. For single parameter phase-
shift Hamiltonians, the optimal probe resource was addressed by Giovannetti et al. [2006]. The
optimal state that maximises the QFr1 is constructed from an equal superposition of eigenstates
corresponding to the minimum and maximum eigenvalues of the Hamiltonian [Giovannetti
et al., 2006, 2011].

1.3.2 Arbitrary Hamiltonian parameters and multiple parameters

Quantum metrology has been applied to more general scenarios than single multiplicative
parameters of generators evolving under unitary dynamics. These generalisations include:

Arbitrary Hamiltonian parameterisations: i.e. estimating parameters that appear as non mul-
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Figure 1.4: Illustration of a Mach-Zehnder interferometer, as proposed by L. Mach and L. Zehnder
in 1891. An optical path difference between both arms of the interferometer results in a relative phase
difference. High precision measurements of this phase difference have found many applications. Here,
4 and b define two input modes. The objective is to estimate the unknown phase ® by controlling the

phase ¢ and measuring the photon intensities at the output. This is represented by the detectors on the
right.

tiplicative factors to the Hamiltonian.
Multiple parameters: Simultaneous or separable estimates of multiple parameters.
Non-unitary probe evolutions: Estimates of parameters evolving under decoherences.
Continuous variable systems: Metrology with Gaussian probe states.

First, arbitrary Hamiltonian parameterisations would allow application of quantum metrology
to a wider variety of quantum systems. This has been considered only recently by a few
authors [Brody and Graefe, 2013; Pang and Brun, 2014, 2016; Seveso and Paris, 2017; Fraisse
and Braun, 2017]. A second generalisation is multiple parameter estimation. This has direct
practical applications since many applications, such as microscopy, optical, electromagnetic,
and gravitational field imaging, demand knowledge of multiple parameters. Further, it has been
shown that simultaneous estimation of parameters can achieve better precision than estimating
them individually for equivalent resources and under certain conditions [Humphreys et al.,
2013; Baumgratz and Datta, 2016]. This has seen a surge of recent work focused on yielding
quantum enhanced sensing from simultaneous estimation of multiple parameters [Fujiwara,
1994; Matsumoto, 2002; Monras and Illuminati, 2011; Genoni et al., 2013; Crowley et al., 2014;
Vidrighin et al., 2014; Yao et al., 2014; Yue et al., 2014; Knott et al., 2016; Kok et al., 2017]. Multi-
parameter quantum enhanced sensing has also provided a novel paradigm for investigating the
information processing capabilities of multipartite or multimode quantum correlated states and
measurements. Bounding the covariance of multi-parameter estimates through the Ziv-Zakai
bound was considered by several authors [Zhang and Fan, 2014; Berry et al., 2015]. Finally,
a well researched application of quantum metrology is the class of pure states and unitary
transformations. A more realistic model accounts for mixed states evolving under decoherent
evolutions. We briefly review this in the next subsection.

1.3.3 Estimation of parameters with non-unitary dynamics

Practical applications of quantum metrology must include a description of the interaction of a
system with its environment. Unfortunately, noise degrades the optimal quadratic enhancement
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of precision estimates to one that is a constant improvement over classical methods [Demkowicz-
Dobrzanski et al., 2012]. To specifically quantify this impact, an estimate of the decoherence
parameter(s) is necessary. To address this, a general method to calculate parameter preci-
sion bounds in the presence of noise was developed by Chin et al. [2012]; Kotodyriski and
Demkowicz-Dobrzariski [2013]. This was extended to many-body open systems in [Beau and
del Campo, 2017]

Despite the reduced precision enhancement, all hope is not lost. Entanglement and passive
external ancillas can be used to improve the precision in open quantum metrology [Demkowicz-
Dobrzariski and Maccone, 2014]. Interestingly, quantum illumination is the only application of
quantum metrology that retains its advantage over classical methods, even when decoherence
effects completely destroy the entanglement [Tan et al., 2008].

1.3.4 Parameter estimation with continuous variables

We described previously that calculating the Qrr is central to any quantum metrological protocol.
However, doing so is not always an easy task. All of the work described in the previous
subsection relies on knowledge of the density matrix to find the Qr1. This approach is much less
convenient for Gaussian states. These states are heavily used in continuous-variable quantum
information. We defer specific details to the forthcoming chapters and suffice to say that
Gaussian states can be completely characterised through only the first and second moments
of the quadrature operators. The evolution of Gaussian states is then conveniently addressed
in the phase-space formalism [Adesso et al., 2014]. By mapping transformations of the state
to transformations of the moments, the theory for estimation using Gaussian states is more
conveniently done through the phase-space formalism.

The first work in this direction was completed by Pinel et al. [2012] who derived the expres-
sion for the ultimate limit to parameter estimations using pure Gaussian states of arbitrarily
many modes. This was shortly followed by a generalisation of the quantum fidelity to mixed
and pure Gaussian states [Spedalieri et al., 2013]. Marian and T. A. Marian developed on this
work by analysing the fidelity of a pair of multimode Gaussian states [Marian and Marian, 2012].
The general result is difficult to solve if the number of modes is greater than two, unless the
Gaussian states commute or at least one of them is pure. For one and two mode Gaussian states,
they derived an analytic result of the fidelity. This allowed for the derivation of the general
formula for single mode Gaussian states [Pinel et al., 2013]. An alternative approach to finding
the grr and the symmetric logarithmic derivative (sLp) is through the mean displacement and
covariance matrix of the Gaussian state. This approach has been taken by a number of authors.
The first result in this direction was by A. Monras in 2013 who derived the form of the sLp for
general Gaussian states evolving under Gaussian unitaries [Monras, 2013]. By taking an sLp
ansatz that is quadratic in the quadrature operators, the sLp and Qrr is written as an infinite
series solution to the Stein-equation. A similar approach by Z. Jiang confirmed Monras’ result
and gave the sLp for states in exponential form in terms of the generator and its moments [Jiang,
2014]. Y. Gao and H. Lee followed an alternative method to derive the sLb and the qFr for
multi-mode Gaussian states. The necessity of inverting relatively large matrices is a drawback
of this method [Gao and Lee, 2014]. A recent attempt to unify these results for multi-mode
Gaussian states was reported in [Safranek et al., 2015].
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1.3.5 Optimal implementation

Once the fundamental limits to the precision of parameter estimations have been determined, a
natural question that arises is the following: given that all classical noise have been eliminated, how
can we identify the measurement(s) that practically saturate these bounds? A key term that describes
the optimal measurement in the so-called symmetric logarithmic derivative (sLb) [Braunstein
et al., 1996]. Specifically, an optimal measurement is constructed from the eigenstates of the
sLD [Paris, 2009]. In almost all cases, determining the measurement that corresponds to this theo-
retical description is difficult on two accounts. First, it generally depends on the parameters that
we would like to estimate. Adaptive strategies have been suggested to circumvent this [Berry
and Wiseman, 2000, 2002]. The second difficulty is in the context of multiple-parameter esti-
mations. If the sLps for each parameter are mutually compatible—that is they all commute
with one another—then a simultaneous, optimal estimate for all of the parameters can be
made in their common eigenbases. Generally, optimal measurements may not commute. In
this case, a compromise between the convenience of a simultaneous measurement and the
attainable estimation precision for each parameter must be addressed. To illustrate this, a
tradeoff between simultaneous phase and loss estimation in interferometry was addressed
by Vidrighin et al. [2014]; Crowley et al. [2014]. The conditions for when the information content
from simultaneous estimation of multiple parameters matches or exceeds that from separable
measurements for pure and mixed states was analysed by Ragy et al. [2016].

Even for single parameters, determining the measurements from the srp is difficult. Because
of this, few works in the literature have managed to discuss how to perform quantum optimal
estimates. Specifically for thermometry, photon number counting and classical post-processing
of the data has been proposed as an optimal measurement [Helstrom, 1968; Nair and Tsang,
2015]. An alternative method that estimates the temperature with close to optimal precision
and without the need for adaptive strategies was proposed by Pearce et al. [2017]. This is exactly
the Mach-Zehnder interferometer scheme illustrated in figure 1.4 but with a random variable
phase shift. As this shows, any accessible measurement scheme should decompose the sLp in
terms of linear optics and additional classical post-processing.

1.4 Research outline of this thesis

In this thesis, we extend previous work by considering different applications of quantum
estimation theory. We present a general framework for the detection and estimation of defor-
mations applied to a grid of sources. This makes progress towards multi-parameter quantum
estimation theory and addresses two commonly visited problems in quantum metrology:
source optimisation and source localisation. We find general results, while also reconciling
previous work. Specifically, entanglement between different probe states must be carefully
chosen to deliver precision enhancements over classical strategies.

This thesis is structured as follows. In chapters 2 and 3, we review some background theory
on quantum optics and quantum estimation theory respectively. Our research will follow this.
In chapter 4, we estimate the distances d between neighbouring light sources along a one-
dimensional array. We evaluate how changing the nature of the light sources attached effects
the estimation precision. Our formalism uses the Hamiltonian formulation of the quantum
Fisher information matrix (QrmM) as the figure of merit to quantify the amount of information
we have on d as the array is stretched. We compare the performance of single photon emitters,
coherent, thermal, and entangled sources of single photon emitters on the estimation of 4. For
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some number of sources, the optimal probe state is determined. This work provides a method
to identify an array stretching by maximising the sensitivity of the Q1 by selecting different
sources. An immediate application of this would be to detect stresses and strains exerted
on materials that are sensitive to deformations. This would allow for corrective measures to
prevent possible fractures.

In chapter 5, we consider a source localisation problem to detect any deformations applied
to a grid of sources. Localising each source in the grid with better accuracy depends on
our ability to engineer grids that maximise the sensitivity of the Qrmm. In this chapter, we
derive the generators of local translations of unitary evolutions that describe any general grid
deformation, and show that our result is a simple multi-parameter extension of other results
in the literature. We obtain a general result for the orim through these generators for any
grid deformation and explore the set of affine spatial maps, including composite stretches,
shears, and, rotations. We explore how changing the configuration of emitters in the grid
enhances our estimation sensitivity of the applied grid deformation. Our work in this chapter
provides a cross disciplinary utility. It is well suited for quantum process tomography, to
reconstruct the master equation of optical systems. Our work here also makes progress towards
multi-parameter quantum estimation with arbitrarily parameterised unitary evolutions with
generally non-commuting Hermitian generators. However, the application of our formalism
to grid metrology does not encounter non-commutative generators. To take full advantage of
this theory and address optimal measurements for non-compatible observables, we consider a
separate application in the next chapter.

In chapter 6, we estimate the amplitude and direction of complex squeezing. The character-
isation of generated squeezed light is necessary on multiple accounts. First, it is important to
ensure the generated states match the level of squeezing required to realise specific quantum
technologies. Second, since optical losses destroy the nonclassical properties of squeezed states
and generally decompose them to approximate coherent sources, characterising the squeezed
state exactly can define these losses. Finally, experiments that incorporate nonlinear optics such
as in condensed matter systems, the Wigner function can exhibit non-trivial dynamics such as
the highly non-Gaussian ‘banana’ states that exhibit amplitude-dependent phase shifts [Sto-
biriska et al., 2008]. Knowledge of both the quadrature squeezing in addition to the quadratures
can help to better characterise the transformed state. Motivated by this, we address the joint
estimation of the two defining parameters of a squeezing operation in phase space. We derive
the Cramér-Rao bound, providing the theoretical benchmark on the bi-variate estimation preci-
sion for general single mode Gaussian probe fields. We find the quantum optimal estimators
of complex squeezing. This is a true multi-parameter quantum estimation of incompatible
observables.

We conclude the thesis with a summary of the main results and potential future work in
chapter 7. Appendices are provided to supplement the text.
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CHAPTER

Quantum OrTICS

he quantisation of radiation energies by M. Planck in 1900 ignited the birth of quantum

mechanics. However, it was not until H. Brown and R. Q. Twiss performed experi-

ments on their intensity interferometer, that a rigorous application of quantised fields

became necessary. Modern day quantum optics remains an active area of research
with developments branching to quantum information, quantum communication and quantum
sensing. Central to these applications are the development and use of exotic quantum states of
light, and their interaction with matter. In this chapter, we provide a summary of quantum
mechanics and present a quantised description of the electromagnetic field. This work will be
essential for the research presented in Part II of this thesis.

2.1 A brief introduction to quantum mechanics

J. von Neumann unified E. Schrédinger’s wave formulation of quantum mechanics with the
matrix formulation pioneered by W. Heisenberg, M. Born, and P. Jordan in 1932 to form the
basis of modern quantum mechanics. In this section we review key concepts of non-relativistic
quantum mechanics that we will make use of in this thesis. A relativistic extension of quantum
mechanics was first made by P. Dirac in 1928 [Dirac and Bohr, 1927]. This was generalised by
S. Tomonaga, J. Schwinger, and R. Feynman who developed the modern theory of quantum
electrodynamics [Dyson, 1949]. For a complete exposition of quantum mechanics, the reader is
encouraged to read texts by von Neumann [1996]; Dirac [1988].

2.1.1 The postulates of quantum mechanics

The postulates of quantum mechanics describes how physical quantities and measurements
map to their mathematical structure in vector spaces. A self contained exposition of vector
spaces has been provided in appendix A. We follow Kok [2018] to list the postulates:

Postulate 1: At any time t, the state of a physical system S is represented by a normalised ray | ), in
the Hilbert space H; of the system. [
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Postulate 2: All observable attributes Og of S correspond to Hermitian operators that: (I) act on |,
and (II) are described by real eigenvalues and eigenvectors that form a complete basis.

We reserve the carot O; for operators. The properties of Hermitian operators summarised in
this postulate follow from the spectral theorem. Consider some Hermitian operator O, defined
on some space V. For some eigenvector |¢;); € V and eigenvalues ¢; € C:

Osjys =9 1¥j)s, (2.1)

then (omitting the subscript S)

(0i|0|wi) = (weOM|w) = wi=v; 2.2)

The orthogonality of the eigenvectors follows by applying this result to the inner product
(WilOly):

(9 - vx) <1Pj |O|1Pk> =0. (2.3)

For 1; # i, j # k, the eigenvectors have a zero inner product if and only if they are orthogonal.
Since the eigenvectors are also normalised, we say it is orthonormal. This property implies that
any state can be written in terms of this basis. Hence we are able to write any state of a quantum
system as a superposition of these eigenstates:

W)= > a@p|v;), suchthat Y |ayp| =1, (2.4)
j

]

where the amplitudes a(1);) are governed by postulate 3. |

Postulate 3: A measurement of the observable O made on some general state |W) generates the eigen-
values 1 j as outcomes with probability p(¢;).

The probability of obtaining any outcome from a measurement is distributed according to
Born’s rule:

) = |ap[ = [(pi|)[ - 25)

This is simply Fourier theory. For an m-fold degeneracy in the eigenvalues, the probability is
the sum over m-fold degenerate subspace. For continuous systems, we can write the spectral
decomposition of O as

O:fdxf(x)lx) (x]. (2.6)

We can then introduce the average value of O with respect to the state [W):

(0) =(w|O1w) = fdxf(x) W (x)[?, 2.7)

where we have defined the wave function W(x) = (x|W). Its absolute value is interpreted as
the probability density. |
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Postulate 4: Dynamics of (closed) quantum systems is governed by unitary transformations U, sat-
isfying UU" = U'U = 1. For the state of a quantum system described by |y (to)) at time to, the
state at time t > t( reads

(W (t)y = U(t, to) ¥ (to)) . (2.8)

The conservation of probability ensures the norm of the state [W(t)) is preserved as it
evolves. The wavefunction W(x) introduced in the previous postulate helps address the time
evolution of a general wave packet |V) under the action of some Hermitian operator. We
propagate the wavefunction in time through the time-evolution operator U, which is generated
by some Hamiltonian operator H [Kok, 2018]:

{0 = exp [—%7{ dt] . 2.9)

Using this and Eq. (2.8), we have:
[W(t+db)) = exp [—iH dt /] [W()) = (1 i dt/h+...) WD), (2.10)
= [W(t)) +dt% W) +..., (2.11)

where the second line is a Taylor expansion of |W(t +dt)) to first order in dt. By comparing
both lines, we have the Schrddinger’s equation:

zh— (1)) = H W (). (2.12)

The Schrodinger’s equation governs dynamics of the state with time. From the exponen-
tial term in Eq. (2.10), we see that the Hermitian operator H has the same dimensions as
energy. We refer to it as the Hamiltonian operator, which describes the total energy of the system:
H V(1)) = E|W(t)). L

Postulate 5: For a measurement of O that yields Y; as the outcome, the state immediately after the
measurement collapses to the normalised eigenstate |1 ;).

Post measurement, the state of a system is projected to the eigenstate corresponding to the
measured outcome. This process is modelled by the projector I3 = [¢j) (¥ ;| that exists on the
subspace spanned by the eigenvector(s) associated with measurement outcome 1;. It is easy to
verify some defining properties of the projector: (P »=p;), 2;Pj=1,and P2 P PJr The
measurement can then be described by

p; |v)
W) » ———. (2.13)
1)

Note that the first measurement statistically distributes the collapse of the state according to
Born’s rule. However, a second immediate measurement on the collapsed state will result in
the same outcome. ]
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2.1.2 Mixed states and the density matrix

Pure states describe isolated systems. However, when a system interacts with its environment,
it becomes entangled and can no longer be described by state vectors |V). Density operators
generalise the description of pure states to statistical mixtures of states, and is written as the
convex sum of pure state density matrices:

p=D.pir} "= D pilpi)
] ]

where we have defined the density matrix for a pure state as the projector p =|p;j» {pjl- The
density operator must satisfy the following criteria for physical systems:

(2.14)

1. pf=p, (Hermiticity)
2. Tr[p] =1, (Normalisation)
3. p=0, (Positivity)

where Tr[A] is the trace of any matrix A. Note that the purity y = Tr[p?] = }; j p < 1canbeused
as a signature of mixed states, with equality holding only for pure states. The uncertamty in the
state is evident from the statistical uncertainty in the expectation value of some observable O:

Zp]Tr iy (wil] =T | > pilvi) (wi| O] = Tr[pO]. (2.15)

=1

The Bloch sphere illustrated in figure 2.1 provides a visualisation of density matrices. To un-
derstand how, we introduce the quantum counterpart of the binary classical bit—the quan-
tum bit or qubit. We write any general qubit state in terms of the basis vectors [0) = (1,0)T,
1) = (0,1)T € 21 as

W) = cos [ ] 10) + exp [jo] sin [ ] 1) . (2.16)

From this, it is clear to identify the north (south) pole as the vector |0) (|1)). The Bloch represen-
tation for the density matrix of qubits is a 2 X 2 matrix. A suitable basis for this is the identity
and the orthogonal, Hermitian, unitary, and traceless Pauli matrices:

ox<o-1)=((1’ (1)) o-y(o—z>=(? jf), oz<oa>=((1) _01). (217)

Defining ¢ = (0, 0y, 0;)" and r = (ry, 1y, 12) is the Bloch vector, then the density matrix is
written

1

:—(]l+r0)——(

5 (2.18)

1+r, re—iry
ry+iry  1-ry )’

with eigenvalues (1 + |r|)/2. From the positivity of the density matrices, we are required to
have |r|? < 1. Since pure states have unit purity, Tr[ pz] = (1+|r]*)/2 = 1, then we see that the
surface of the Bloch-sphere represents pure states, and mixed states the interior.

1Equivalently, the Bloch vector in C? forms a complex projective line CP.
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2 =10)

Figure 2.1: Bloch sphere representation of density matrices in a unit 2-sphere. The poles represents
classical bits and qubits the whole sphere. Pure states occupy the surface of the sphere, with the interior
occupied by mixed states. The maximally mixed state is the origin of the sphere.

A measurement of the Pauli o, matrix collapses the qubit to either of the poles, with a
probability that is a function of § (see postulate 5). The Bloch sphere makes this intuitive: the
closer the vector is to a certain pole, the more likely it becomes that the state collapses to it. A
phase change of the state (achieved by changing ¢ through a rotation about the z-axis) does
not affect this collapse. More generally, any measurement of the qubit collapses its state to
antipodal positions along the measurement axes. We will revisit the Bloch sphere to provide a
geometric picture of quantum operations in chapter 3.

2.1.3 Heisenberg and interaction pictures

How does a state evolve with time? There are three possible answers to this question [Dirac,
2003]. We saw in subsection 2.1.1 that the operators remain constant while the wavefunction
dynamically evolves according to Schrédinger’s equation. This is known as the Schridinger
picture. Alternatively, the time evolution can be tracked in the Heisenberg picture, where operators
change in time while the states remain constant. We can relate both by comparing the expectation
values of operators, which should be invariant of the description used. Hence, we write

(0) =T[5 () (s (1) Os] = Te[{1(t) 195(0)) (s (0)] 17 (1)Os]
= Tr[[Wi) (Pul On(h)],

where the subscript ‘S’ and ‘H’ defined the operators and states in the Schrodinger picture and
Heisenberg picture respectively, and we defined time-independent states and time-varying
operators:

(2.19)

[Wi) =[Ws(0)), (2.20)
Ou(t) = UM (H)OsU (1) (2.21)

Equivalent to the Schrodinger equation for time evolution for states, we want to find the
corresponding Heisenberg equation for time evolution for operators. From the derivative of the
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expectation value of O:

< (s [0]ws) = & (s A ()05 (1) ws()

= (‘I’s(o)l [0t (H)0slI (1) + T () OsUI(1) + T OsU (1] [Ws(1))
3OH(f)

- (Pyl [1¢IOH<t> O H + ] s(1)) (2.22)

dOH(t)

=(WH| Wh) , (2.23)

where we obtained Eq. (2.22) by using the definition of the unitary in Eq. (2.10) and where we
defined

dOx(t)
dt

_ % [#, On(t)] + 80;(t), (2.24)
which is the Heisenberg equation. The partial derivative is a function of the explicit time
dependence of the operator.

For completeness, we detail a third representation—the interaction (or Dirac) picture—
for the time dependence of states and operators. This representation can be considered as
an intermediary between the Schrédinger and Heisenberg pictures since both the states and
operators carry time dependence. This is particularly suited to quantum field theory where
operators can act on the state at different times, which was pioneered by F. Dyson in the the
1950’s [Peskin and Schroeder, 1995]. In this picture, state are similarly defined as transformations
of Schrodinger’s states. Consider some Hamiltonian in the Schrédinger picture that can be

separated into a free and an interaction term [Griffiths, 2016]

H =FHy +H, (2.25)
where Hy and H; are referred to as the free and interaction Hamiltonians respectively, with
[7‘(0, 7‘(1] # 0 in general. This split is arbitrary and can be exP101ted for convenience, though typ-
ically H; is chosen to be weak in strength compared with H; (in field theory, Hy is chosen to be

quadratic in the fields, with terms of higher order associated with the interaction Hamiltonian).
We start by introducing a time dependence for the states and the operators such that

(O(h) =Tr[O(tp(1)] (2.26)

which motivates the interaction-picture form of the states and operators

Or(t) = exp %f{ot- O(t) exp [—%ﬁot] , (2.27)
pi(t) = exp %ﬁot p(t) exp [—%ﬁgt]
(i~ ] i~ i~ i~
= exp ﬁﬂot_ exp [—£7-(t] p(0) exp [ﬁﬂt] exp [—Eﬂot] , (2.28)
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Representation State Operators
Schrodinger ps(t) = exp[—i?A{]ps(O) exp[i?A{] -
Heisenberg - Ou(t) = exp[i?-A(]Os exp[—i7:(]
Dirac p1(t) = exp[iﬁo]pg(t) exp[—i?-A{o] Ol(t) = exp[iﬁo]és(t) exp[—i?rlo]

Table 2.1: Comparison between the Schriodinger, Heisenberg, and Dirac pictures for time evolutions of
quantum systems (h = 1).

which ensures the expectation values remain invariant of the representation chosen. By taking
its derivative, we can find the appropriate evolution for the state:

dpét(t) - % [, p1(1)] +exp [%ﬁot] (%) exp [—%f{ot] , (2.29)
O L [Fo pu(1)] -+ exp |Lot] [Fo+ A, p0)] exp [ A0t ], @30)
@2 -2 [Fu )] (2.31)

This is the interaction-picture Liouville-von Neumann equation, which is analogous to the von
Neumann, but with the interaction Hamiltonian instead of the full Hamiltonian. Similarly, from
the definition of the interaction-picture operators, we have the differential equation

20;(t)

dO;(t) i
B ot

dr 7

[, Or(1)] + (2.32)

which is a Heisenberg-like equation for the observable but with the total Hamiltonian replaced
by the free Hamiltonian. Table 2.1 summarises the main features of all three representations.

2.2 The quantised electromagnetic field

We now move on to the quantisation of the electromagnetic field. We follow the approach
by Gerry and Knight, [2004, p. 10-29]; Walls and Milburn, [2008, p. 7-10]. The electromagnetic
field (em) is described in terms of the two perpendicular vector fields: the electric field E(r, t)
and the magnetic field B(r, t). Both of these fields can themselves be written in terms of a
time dependent vector potential A(r, t) and a time dependent scalar potential ¢(r, ). Only the
fields (E and B) are physical, not the potential fields. As we will show, the potentials (A and ¢)
are functions whose derivatives give the fields. Their introduction often makes electromagnetic
calculations easier than working with the fields. To show how the fields can be written in terms
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of the potentials, we start from Maxwell’s equations in vacuum (source free) [Jackson, 1998]:

V-B=0, (2.33)
VxE=-0B, (2.34)
V-E=0, (2.35)
V x B = p19egd;E. (2.36)

We want to express the Maxwell equations in terms of the vector potential A and find its wave
equation. Using vector calculus identities, we write

B=VxA, (2.37)
with the Coulomb gauge,
V-A=0, (2.38)

to determine the vector potential uniquely. We similarly express the electric field in terms of A,
through Faraday’s law of induction, to find E = V¢ — d;A. Taking the divergence, and using
Gauss’ law, and the Coulomb gauge, we find:

V2p =A¢ =0, (2.39)

9x2
well-defined, and twice continuotsly differentiable scalar field ¢ defined on some region
V c R?, Green’s identity maps a volume integral to a surface integral according to [Strauss,

2008]:
fff 4V (9o - (V9)’) = #ds ¢(Ve-n)= Slgg ¢V - ds, (2.40)
1%

S(V) S(V)

2 2 2
where V2f = Af = ( . 3‘9? + %) f is the Laplace operator on some function f. For some

where S(V) denotes the boundary surface of some volume V, dS is a surface vector element,
and n defines a unit vector pointing outwards of the volume that is normal to the surface
element dS. Due to Eq. (2.35), the scalar potential is required to be scalar, and so we choose
¢(r,t) = 0. Imposing this criteria on Green’s identity and using Eq. (2.39), we obtain

f Vf f dV (V$)? = 0. (2.41)

Since the integrand is always positive, this implies that the derivatives of the scalar potential
are zero: V¢ = 0 (constant scalar field everywhere). From Eq. (2.34), we then have the following
for the electric field:

E = -9,A. (2.42)

The wave equation that determines the vector potential is recovered by combining Eq. (2.42)
with Eq. (2.36) to obtain:

1
AA - E3%A =0, (2.43)

24
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-—.—"‘_._ - MENE
.-._.h ~ ~ | lof
1% ‘v
(a) Periodic quadratic potential. (b) Periodic square potential.

Figure 2.2: Any material with many positive ions and electrons (depicted here in black) is a quantum-
mechanical many-body system. Fortunately, many features of the system may be understood through
the simplified model depicted in fiqure 2.2a: ions are assumed to be stationary and spaced with distance
Ly along the array. They provide a periodic potential satisfying V(x + Ly) = V(x) through which
the electrons (where x runs along the ion ring). Figure 2.2b shows an idealised square Kronig Penny
potential [de L. Kronig and Penney, 19311, which simplifies the treatment.

where ¢ = (uo€ep) /2. A similar approach can be taken to obtain the wave equation for ¢ under
the Coulomb gauge. To solve the wave equation for A, we must specify the boundary conditions
of the cavity. For a cavity with well-defined edges, the electric field amplitude must be zero
at the boundaries and will take the form of a standing wave. This constrains the existence of
the field to specific vibrational modes within a volume—referred to as the modes of the volume.
For periodic boundary conditions, such as that illustrated in figure 2.2, the field is a travelling
wave. Hence, similar to finite volume problems [Eymard et al., 2000], the mode expansion of A
can be decomposed in terms of the discrete Fourier components:

Alr,t) =AM, 1) + AT (r, 1), (2.44)
where
AP (r, ) = Z Exarur(r) exp [—iwgt], (2.45)
k=0

A, 1) = [AD (r, DT, wk = c|k| > 0, where the sum is over the wavevector k, with compo-
nents defined through

_ 2mns
=

ks (2.46)

where 7, label the modes in the perpendicular directions s € {x, v, z} with periodic length
Ls, and u(r) are mode functions for the cavity weighted by complex amplitudes a. The real
vector & reflects the vectorial nature of the field and are chosen to ensure the amplitudes a
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are dimensionless. The physical fields E and B can now be written as [Griffiths, 1998]

E(r,t) = iZ Ex (akuk(r) exp [~iwkt] — aju (r) exp [ia)kt]) , (2.47)
k=0

B(r,t) = iz a)ikff,’( (akuk(r) exp [~iwkt] — aju; (r) exp [ia)kt]) , (2.48)
k=0

where & = k X €. Combining Eq. (2.44) with Eq. (2.43), we see that the wave equation for A
transforms into an eigenvalue equation for the mode function u (r)

W
Aug(r) — ?uk(r) =0. (2.49)

For a cavity of volume V = L,L,L, the boundary conditions for the vector potential require
A(x +nyLy,y +nyLy,z+n;L;) = A(x,y,2). (2.50)

The mode functions are then written [Walls and Milburn, 2008]:
ur(r) ! exp[i(k - 7)] (2.51)
k e p— : ’ .
N

which are plane waves. Since the Laplace operator is Hermitian, these cavity modes form the

complete orthonormal set:
ffde up(rug (r) = Ok i, (2.52)
4

where dV = dr. Despite this property, these modes extend over all space for an infinite cavity
(Lyx,Ly, L, — o0), which does not provide a suitable description for physical state. A localised
wave packet in space provides a better description and is constructed from a superposition of
different cavity modes.

The resulting em fields are classical vector fields that by construction obey Maxwell’s
equations and the wave equation in vacuum, and are illustrated in figure 2.3. The total energy
of the em field is given by the Hamiltonian [Kok and Lovett, 2010]

H = fffd3r (%E2+21EBZ). (2.53)
1%

We are now ready to quantise these classical vector fields using the canonical quantisation
procedure. First, introduce the canonical position and momentum variables

gr(t) = A /% (ak exp [~iwkt] +a; exp [iwkt]) , (2.54)
pr(t) = —i\/h% (ak exp [~iwkt] — a) exp [ia)kt]) . (2.55)
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Figure 2.3: Electric and magnetic field propagation.

In classical optics, these describe the field quadratures, or coordinates of a system with energy
H(qj,pj;t). In the classical Hamiltonian formulation, system dynamics are fully described
through

dgj oH dp;  oH
&t "ap at - ag (250)

To generalise this to the quantum mechanical position and momentum operators, the complex
mode operators aj in Eq. (2.55) are ‘promoted’ to operators dy. Then, we impose the canonical
commutation relations,

(9K, Prr] = ihdk i, (2.57)
and
[kaﬁk’] = [ﬁkl ﬁk’] =0, (258)

where [A, B] = AB — BA is the commutator of A and B. This implies that the mode operators,
Ay, of the em field obey the bosonic commutation relations [Loudon, 2000]

lak, %] = Sk, (2.59)
and
4k, ] = 4}, a5, =0, (2.60)

where ﬁz is the Hermitian conjugate of dx. The zero commutators are associated with operators
corresponding to different modes of the em field since these are decoupled. The quantised
electric field then reads

Er,t)=EP (@, ) +ED(r, 1), (2.61)
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where we have defined

ED(r,t) =i ) Exarur(r) exp [-iwxt], (2.62)
k=0

with E©) defined as the Hermitian conjugate of E®). This shows a decomposition of the field into
non-Hermitian positive and negative frequency terms. Physically, the term E*) is responsible
for the absorption of photons and E(™ their emission. The magnetic field can be similarly
decomposed. The total energy of this field, or the Hamiltonian operator becomes [Grynberg
etal., 2010]

ﬁ:fvffd% (%E%z%loﬁz)_zk:(p" qu) Zh k(a i+ = ) (2.63)

with
(ak +af), (2.64)

(ak - 4}). (2.65)

The final equality in Eq. (2.63) resembles a sum over harmonic oscillators for the conjugate pair
gk and p. The ewm field is then formally analogous to an infinite collection of harmonic oscillators
(in the absence of sources), with the total energy of the field interpreted as the sum of energies
of decoupled harmonic oscillators with positions i, momenta pi, and frequencies wi. We
also observe that canonical quantisation discretises the energy of the field. The finite energy
changes are referred to as the quanta of the field. For the em field, this quanta corresponds to a
photon. To elucidate energy quantisation and understand the role of the mode operators dy,
and ﬁ;, we introduce the Fock (or number) basis, and some other commonly used bases to
describe the em field in the following section.

2.3 Quantised radiation states

The quantum properties of physical systems are described by two things [Peskin and Schroeder,
1995]: (I) Hermitian operators associated with an observable satisfying well defined commuta-
tion relations with its canonical conjugate operators, and (II) state vectors that belong to some
Hilbert space H, which describes specific states of the system. In the previous section, we
recalled how to find the quantum Hamiltonian of the quantised radiation field. We now want
to introduce quantum states of this field. This will provide some commonly used bases that
describe the em field. Any complete basis can be used to expand the state of a system. We will
see that the certain bases are better suited to certain problems.

2.3.1 Fock states

Since the radiation in the Hamiltonian formalism is analogous to an ensemble of independent
material harmonic oscillators, eigenstates of H are the usual states of the harmonic oscillator,
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labelled the Fock states such that |n) = E |n). To understand the role of the mode operators,
consider

ﬁﬁ;,|n>:2hwk(m ) n),
k

At
a
At At A K’
= > hox [ak (0k, 1+ k) o ] ny,
k

(2.66)
a1
= ak, [ha)kr + Z hwy (a A + E)] n),
= (ha)k’ + En) ak/ |1’l> y
where |n) = |ng,) ® |n k1> ®...= |k, ng,, . ..) spans the Hilbert space associated with all the

modes. We see that a |n> is also an eigenstate of the Hamiltonian with energy E,, + ha)kf
Since the mode energy increases by a single quantum of amount AE = 7iwy, the operator ak,
called the creation operator of mode k’. Similarly, 4y |n) is called the annihilation operator since it
decreases the mode energy by AE. We have now established the operators associated with the
emission and absorption of single photons. This is central to the quantum theory of light

Observables associated with the quantised radiation state are represented through operators
composed from Hermitian combinations of the creation and annihilation operators. We already
wrote the quadrature operators as such a combination. Another important combination is their
product:

fik = a4} dx, (2.67)
which is the number operator, so called since it has the number states as its eigenstates,
fig [nk) = ng |ng) . (2.68)

where 1y is the number of photons in mode k. Combining Eq. (2.67) with the Hamiltonian (2.63),
we observe that the energy of single mode is proportional to the number of photons in that
mode. The eigenstates |n;) form a complete orthonormal set

<nk|mk> = 611k,mk/ (269)

with the resolution of the identity (consult appendix A):

DIy (il = 1. (2.70)
k

We can now determine the action of the creation and annihilation operators on the Fock states.
Since the creation operator creates a photon, its action on some number state can be written
as [Barnett and Radmore, 2005]

A ) = puy Ing + 1), (2.71)
where p,, is potentially complex since 4" is non-Hermitian. To determine the constant of

proportionality, consider the amplitude of Eq. (2.71):

.'.
(af1ne)) af Ine) = (il gl In) = (el (a7ak +1) e = (ng +1) = |pu, | (2.72)
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Conventionally, the phase is chosen such that p,,, = Vny + 1. Then, we can easily show that

Al ng) = e+ 1 [ng+1),

r Ingy = Vng g —1).
Note that it is not possible to have negative photon numbers. This is implicit in the above
definitions and can also be seen from (1| ﬁ;d k [nx) = nx, which requires the expectation value

of the number operator to be positive. Any number state can be generated by repeated use of
the creation operator, giving
JERRL:
()

nk!

(2.73)

i) = 0}, (2.74)
with |0) the vacuum state.
Any pure state can be written as the complex superposition of Fock states:

W)= culny, with > le,P=1. (2.75)
n=0 n=0
Then, an n-photon Fock state is the state |() with c; = 0 for all j # n.

2.3.2 Coherent states

Coherent states, written |a), describe the output of a laser operating above threshold [Barnett
and Radmore, 2005]. In the following, to ease the notation, we consider only a single mode.
This allows us to consider a fixed wavevector and omit the sum. Since coherent states are
semi-classical states, we expand it as a superposition of the number states for any given mode:

[o¢]

o) = exp [—%laﬁ] > 2, (2.76)

where a can be any complex number. Coherent states are generated by operating with the
displacement operator on the vacuum state alone: |a) = D(«a) |0) with

D(n) =exp [na* - n'd], (2.77)

with 1 some arbitrary complex number. The operational meaning of the displacement operator
will become clear when we introduce the phase space formalism of quantum optics.

From the expansion in Eq. (2.76), a number of properties can be attributed to coherent
states. First, we see that coherent states are right eigenstates of the annihilation operator with
eigenvalue a:

alay =exp [—lalZ/Z]

(2.78)

2

n=0
=exP[—4aF/2]zE4VET\57IW-1>,

n=0 :

2

=exp [—lalz/Z]

=ala).
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Since 4" does not commute with 4, the coherent states are not right eigenstates of the creation
operator. Instead, from a similar reasoning to the above, the coherent states are left eigenstates of
the creation operator with eigenvalue a”. Second, coherent states do not have defined photon
numbers. Photon number measurements will be distributed with Poissonian statistics with
average |a|?. A third feature of the coherent states is that unlike the number states, they are not
mutually orthogonal:

(alB) =exp [—% (Iozl2 +1B1* - 2a*ﬁ)] , (2.79)
such that

KalB) = exp [~ |a - B[] (2.80)

Despite this, they form an over-complete set. We might expect that the generalisation of the
completeness relation to the continuous variable to be f d%a |a) (a| = 1 where the integration
is over the complex plane. However, because of the non-orthogonality of the states |a) this
requires modification [Barnett and Radmore, 2005]. Writing @ = rexp[i¢] and using the
expansion of coherent state in the Fock basis, we find

0 o) 27 . _
ffd%z la) (a| Z L drrexp [r2] r”+m‘[0 d(f)exp[zq)(n ml [n) (m|,

Vn'm!

n,m=0
o] ) 6
= Z f dr rexp [1,2] Pt 1y (ml,
=00 Vn!lm!

(2.81)

= ij:odrrexp [1’2] rniT |n) (n|,
n=0 '

where we used the standard integral fooo dr exp[—ar?]r* = p!/(2aP*),n =2p +1,p € Z,a > 0.
This modification follows since there are more than sufficient coherent states to expand any
state.

2.4 Representations of the electromagnetic field

From the description of the electromagnetic field and its states in the preceding sections, we now
describe the quantum statistics of the field. This is essential to describe how values of a given
physical property of the field are distributed. We start by introducing different Hilbert-space
bases that can be used to write the quantum mechanical state of light. Then, we introduce
the characteristic function and quasi-probability distributions that allow for a more complete
statistical description of the field.
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2.4.1 Expansion in number states

We described how the number states form a complete set in section 2.3.1. Hence any density
operator may be expanded in the Fock basis as

p= Z cik ) <kl (2.82)

j k=0

This expansion generally contains nonzero off-diagonal terms. The number state representation
is particularly suited to problems where knowledge of the photon number distribution is
required. A notable example which uses the number representation is the thermal state, with
density operator [Fano, 1957]

p= oxp [ -] , (2.83)

Tr [exp [—‘B(}A{] ]

where = 1/kgT, kp is Boltzmann’s constant, and T the temperature. Using the form of the
Hamiltonian in Eq. (2.63), we find

__ % |- i prox (A +3) | __ oxp [~ Vg phariix] (2.84)
P Tr [exp [— 2k Phwy (ﬁk/ + %)H Tr[exp [~ Zi pliwpiip]] .

From the properties of the number operator, {j| f (71)|k) = f (k)0 ;. Hence, any operator function
of the number operator has a diagonal form in the number basis. This motivates the expansion
of the thermal state in the number basis. We start by evaluating the denominator—known as
the partition function, Z—which is the normalisation of the state [Gerry and Knight, 2004]:

exp [—Zﬁha)kfﬁk/” = I_IZ (nilexp Zﬁhwk/nkf] k),
I
= H Z (nl l_[exp —Bhawy iy ] 1nk),
= I_IZexp [-Bhwikni] ,
k ng

-1 1
. 1—exp [-Bhwk]’

Z=Tr

(2.85)

where we used (m|g(i)|n) = g(n)6,, for the second equality. To find the average photon
number, we define o = fhwy and determine the expectation of the number operator:

(i) = % Zk: nkexp [~axni] = —%%k (Z exp [—aknk]>,

k

__ 1y ( 1 ) (2.86)
Z " \1-exp[-ax])’
1

- exp [phwk] -1
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Now, we write the thermal state in the number basis and use Eq. (2.85) and Eq. (2.86) to
obtain [Leonhardt, 2010]:

Q@ exp [-phoi]
(1 —exp [-phay )

= ® Z (1 —exp [-Bhwk]) exp [-Bhwk k] |nk) (nkl, (2.87)

(g )"
—@Z T gy e il

Since each mode is described in its independent Hilbert space, the total multi-mode field is
simply constructed from the product of the distribution functions for each mode. The state in
Eq. (2.87) is the black-body radiation state. To maintain ease in notation, we consider single mode
states without loss of generality hereafter (strictly this is true for only temporal states).

2.4.2 Expansion in coherent states—P representation

The over-completeness property of coherent states implies that any traceable, Hermitian opera-
tor O can be written diagonal in the coherent state basis [Jordan, 1964]. That is, if the diagonal
coherent state matrix elements {(a|O|a) are known, all the matrix elements in the number basis
can be deduced. To see this, consider the following weighted coherent state expectation value
of O:

A Al (@) ak
exp [laf] <a|o|a>=%;<] 0| k) Nk (2.88)
where we used the definition of the coherent states introduced in Eq. (2.76). Hence
(j|o]K) = \/%ag*a'; [exp [1a2] {«[0] )] _,- (2.89)

Thus, for well defined diagonal elements (a|O|a) for all &, all of the matrix elements ( jl Olk) in
the number basis can be determined. The density operator can always be chosen to be diagonal
in the coherent-state basis [Gerry and Knight, 2004]:

p= fdea P(a)|a) (al, (2.90)

where P(a) is a representation of the phase space distribution. This is known as the diagonal
coherent state representation or the P-representation. The non-orthogonality of the coherent
states enables the state to be written in this diagonal expansion, which is generally not true
for the number states, whose orthogonality requires off-diagonal elements for a complete
description of the state. Note that the distribution P(«) is analogous to a classical probability
distribution since it is normalised

fdea P(a) =ffd2a (ala) P(a) :Tr[ffdza P(a)|a) (al] =Tr[p] = 1. (2.91)
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However, from the diagonal elements in the coherent basis

6 p|5) =ffd2a P(a)exp |- la -], (2.92)

where we used the overlap between two coherent states as defined in Eq. (2.80), the distribution
is not required to be positive. This relaxes the positivity criterion of probability distributions.
We naturally describe the P-distribution as a quasi-probability distribution. For P-distributions
of different states, the reader is referred to common quantum optics texts, such as Loudon
[2000]; Walls and Milburn [2008].

This representation is useful since it expands the density matrix in terms of the classical
coherent states. It also provides an equivalence of expectation values of normally ordered
operators (see appendix B for details of operator ordering) to their classical counterparts. This
is the optical equivalence theorem, which can be demonstrated by considering the expectation
value of some function g = 3, ,; Ci,m @hHram.

P Cum (ﬁ*)"ﬁ’"}

n,

= f f d%a P(a) ) cum Sal (@1)"a" o)
:ffdza p(a)zcn,m(a*)”am

= ffdza P(a)g(a™, a).

Hence the expectation value of any operator function in Hilbert space is equivalent to the
expectation value of the corresponding function of complex numbers with respect to the
P-distribution. We generalise this in the following subsection.

(g(@%,a)) =Tr

(2.93)

2.4.3 Characteristic functions

The P-distribution introduced in the former subsection is formally defined as the Fourier trans-
form of normally-ordered characteristic functions yp(n). In this subsection, we introduce this
function and its properties. Alternative distributions naturally arise through different choices of
characteristic functions. The Wigner representation (W) and the Husimi representation (Q) are two
popular representations that are defined in terms of a characteristic function that gives opera-
tors averages in symmetric (or Weyl) order, and in antinormal order respectively [Carmichael,
2002]. We focus on only these operator orderings, but for completeness we draw attention to
the work of Agarwal and Wolf [1970], who introduced phase space calculus methods to define
different representations.

Together with the P-distribution, all of the distributions can be written in terms of the
s-ordered characteristic function defined through [Barnett and Radmore, 2005]

s |nf?

x(n,5) =Tr[pD(n)] exp [T (2.94)

for some density operator p, n € €, D(n) the displacement operator as defined in Eq. (2.77), and
s corresponds to specific ordering of the creation and annihilation operators in the characteristic
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function. Specifically, for s = 1,0, —1, we have the normal, symmetric, and anti-normal ordered
characteristic functions respectively:

x(n,1) = xp(n) =Tr[pexp [na*] exp [-n']] (2.95)
x(1,0)=xw(n) = Tr[p exp [nﬁ -1 ﬁ” (2.96)
x(n,=1) = xo(n) =Tr[pexp [-n'd] exp [na']], (2.97)

where we used the operator identities in appendix C. The subscript P, W, Q associates each
distribution to specific operator orderings. Note that the characteristic function is generally
complex and at n = 0, we have x(0,s) = Tr[p] = 1 independent of the operator ordering. The
characteristic function contains all the information necessary to describe the density matrix of
the state and the s-ordered operator expectation values [Barnett and Radmore, 2005, p. 107]:

e o ([ o \!
@i, = (5] o) 2o

Since the distributions are defined as Fourier transforms of x (1), it is clear that they too satisfy
these requirements. We detail these in the next subsections.

(2.98)

n=0

2.4.4 Other quasi-probability distributions

In the remaining subsections we define and describe properties of the Wigner and Husimi quasi-
probability distributions in phase space. First, they are real-valued and normalised in contrast
to the characteristic function. Additionally, the expectation value of operator functions of 4 and
4" can be determined from weighted integrals of these distributions. These three properties
reflect general features of probability distributions. However, as we saw in subsection 2.4.2,
these distributions can have regions of negative probability which violates the non-negative
Kolmogorov axiom.

The s-ordered quasi-probability distribution is the Fourier transform of the s-ordered
characteristic function [Carmichael, 2002]:

Ps(n) = ffdza x(a,s)exp [an’ —a'n]. (2.99)

We can define the inverse relationship to write the s-ordered characteristic function in terms of
its associated quasi-probability distribution. Combining with Eq. (2.98), we can re-write the
s-ordered operator averages via

() = | an e, (2.100)

which could have been expected since differential operations in real space become multiplicative
operations in Fourier space. This statement generalises the optical equivalence theorem to
different operator orderings. The nomenclature for each distribution is the following convention:
P1(n) = P(n), Po(n) = W(1n), and P_1(n) = Q(n). We conclude these properties by mentioning
that each distribution can be mutually related through a convolution with a Gaussian [Scully
and Zubairy, 1997, p. 83-86; Barnett and Radmore, 2005, p. 116].

The Wigner function is well suited for visualising quantum states in phase space, which we
describe in the following section.
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2.5 Quantum optics in phase space

A Gaussian state is fully characterised by its first two moments and has a Gaussian Wigner
functions [Schumaker, 1986]. The phase space representation is well suited to providing a theo-
retical description of Gaussian states and their evolutions. This is since the Gaussian signature
of states are preserved during dynamics from Gaussian channels, albeit with transformed first
and second moments. In this section, we review the Gaussian state formalism and establish the
notation that will be useful for our applications to quantum estimation. We will also review
the generation and manipulation of Gaussian states by describing common unitary evolutions
in quantum optics to suitable symplectic transformations of the state. We set 7# = 1 in the
following.

2.5.1 Bosonic systems

Consider a system S comprised of n modes of a bosonic field. The Hilbert space of S can be
written as the tensor product H = ®”_ H;, where H; is the infinite dimensional Fock space
of mode j. Each individual Hilbert space is spanned by the number basis {|m) j}/ m € IN.
In the phase space formalism it is convenient to arrange these boson operators in a vecto-
rial operator a := (a1, d{, ce,dy, ﬁ;)T. The vector a € R?" satisfies the compact commutation
relation [Weedbrook et al., 2012]

laj,ac] =Q for jkel1,2,...,2n), (2.101)

where the symplectic matrix

-1 0

n n
Q= ioy = ( 0 1) (2.102)
j=1 j=1

satisfies QT = —-Q =Q7! and oy is the Pauli y matrix. The bosonic commutation relation in

Eq. (2.101) is the multimode form of the commutation relation we found earlier in Eq. (2.59).
All bosonic systems may be equivalently described through the quadrature field operators,

introduced earlier in Eq. (2.65), since they are proportional to the bosonic operators. For mode

j, we write them again for convenience

ﬁj=i(ﬁj+ﬁ})/ and ﬁj:L(‘i;_ﬁj)- (2.103)

V2 V2

These canonical operators are the dimensionless. They act as the position and momentum
operators of the quantum harmonic oscillator, and satisfy the canonical commutation relations
[4 jr pPrl =16 jkin natural units (7 = 1). We similarly introduce the vector of canonical operators
R=(41,p1,.-.,8u,Pn)" so that we can re-write these canonical commutation relations in the
compact form

[R;, Re] = i (2.104)
This form is suited for a phase space representation of the state.
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Property Hilbert space, H Phase space, I’
Description p d XL
Dimension 00 2n

Space structure X P
State a|uata=1, S1sQsT=Q,
kinematics p’ - Upl? d — Sd,r — S£s”T

Table 2.2: Comparison of properties of the Hilbert space and phase space representations for an N-mode
Gaussian state. The unitary operations U are assumed to be quadratic in the field operators as described
by Eq. (2.107). Table summary adapted from [Adesso et al., 2014].

2.5.2 Evolution of Gaussian states

An n-mode state described by the density matrix p is a Gaussian state if its characteristic
function

1
X(©) =exp [5¢T@EQNE - i(@ATE)|, (2.105)

is Gaussian. Here ¢ = ({4, C’i, e Cn, )T e R2". Further, a Gaussian unitary is one that
preserves the Gaussian nature of the characteristic function. Specifically, the characteristic
function for a Gaussian state is entirely characterised by the first (mean) and second (covariance)
moments of the quantum state defined by

A=Te[pal, Zj=({a;d}), (2.106)

where 4 j=d;—(d;) and {A, B} = AB + BA is the anticommutator of operators A and B.

A Gaussian evolution is any trace preserving quantum channel ®: p — ®[p] that transforms
Gaussian states to Gaussian states. This requires that Gaussian unitaries have Hamiltonian
linear or bilinear in the field operators [Schumaker, 1986, Weedbrook et al., 2012] of the form

H=i(ab"+b'Fb+b'GH™™) +He, (2.107)

where b = (41,...,4,)7, bt = (d;r, .. ,ﬁZ), a € C" and F, G are n X n Hermitian matrices.
These interaction Hamiltonians are exponentiated to generate the unitary evolution of a system

u-= exp[—i?f{ t]. In the Heisenberg picture, these unitaries corresponds to a linear unitary
Bogoliubov transformation

b’ =UthUl = Ab + Bb' + a, (2.108)

where the n X n complex matrices A and B satisfy ABT = BAT and AA™ = BB" + 1 to ensure
continuity of the commutation relations in Eq. (2.101). Using Eq. (2.103), we can see how Bo-
goliubov transformations affect the quadrature operators. In the Heisenberg picture, Gaussian
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unitaries of the form Eq. (2.107) describe affine maps of the quadrature operators: ' = Sx + d,
for some d € R?" and some real 21 X 21 matrix S. This is true regardless of whether the input
state is Gaussian or not. Preservation of commutation relation requires that SQS" = Q—which
requires S to be symplectic. Since the eigenvalues of the quadrature operators must follow
the same transformation rule, the action of Gaussian unitaries correspond to affine symplectic
transformations. Kinematics of Gaussian states in the phase space is then conveniently tracked
through the states moments

N=SA+d, X =SIsT. (2.109)

The converse is also true: symplectic transformations of the moments described by Eq. (2.109)
are generated by a unitary transformation induced by interaction Hamiltonians of the form
Eq. (2.107) [Simon et al., 1988; Schleich, 2001]. We summarise the equivalence between the
Hilbert space formalism and the phase space formalism in table 2.2.

To motivate the next subsection on physical implementations of bilinear and quadratic
Hamiltonians, we note that any symplectic transformation S may be decomposed as

D o0)
5_0(0 D_l)o, (2.110)

where the positive diagonal matrix D describes a single-mode squeezer, and the orthogonal,
symplectic matrices O and O’ describe passive devices [Braunstein, 2005]. This is the Bloch-
Messiah decomposition and has physical implication for the experimental realisation of Hamil-
tonians of the form written in Eq. (2.107) [Kok and Lovett, 2010].

2.5.3 Bilinear and quadratic Hamiltonians

In the previous subsection, we saw that Gaussian unitaries have the form e exp[—i7:{ 1(h=1),
with H the interaction Hamiltonian described in Eq. (2.107). In this subsection, we will see
how these unitary evolutions describe different physical devices in quantum optics. We start by
observing that the interaction Hamiltonian has terms that can be categorised into two important
classes for many problems in quantum optics: the bilinear and quadratic forms in the creation
and annihilation operators. For the vector of creation and annihilation operators introduced in
the previous subsection and some Hermitian matrix F € C2", we write the bilinear contribution
to the Hamiltonian as

$(b) = b7 Fb, (2.111)
and the quadratic contributions as
SbY,b)=b""Fb. (2.112)

Both contributions describe specific physical systems. The term in Eq. (2.111) is written as
a product of equal numbers of creation and annihilation operators. They describe passive
devices that preserve the total number of photons and include beam-splitters, phase-shifters,
half/quarter wave plates, and polarisation rotators. The lowest order Gaussian Hamiltonian
that satisfies this hence termed bilinear. Alternatively, active devices such as squeezers and
down-converters do not preserve the total number of photons. These terms are quadratic in the
creation and annihilation operators.
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2.5.3.1 Displacement operator

The first term in the Hamiltonian (2.107) is linear in the field operators and has the form
ab® — bat. This corresponds to the action of the multi-mode displacement operator written

D) = () D)), (2.113)
j=1

for D]-(n]-) defined in Eq. (2.77). In the Heisenberg picture, this unitary corresponds to the
following mode transformations:

DY(mbD(n) =b + 1. (2.114)

Hence, the displacement operator, as the name suggests, only shifts the first moment and leaves
the second moment unchanged.

2.5.3.2 Phase operator and the beamsplitter

The second term in the Hamiltonian (2.107) describes bilinear contributions from devices such
as phase-shifters and beam-splitters. To show this, we write

l;.rFi) = ZF]']'I;;B]‘—FZFHBZBI (2.115)
j k1
The first term in (2.115) corresponds to the action of phase-shifter aes) = exp[—i SBTB]-] for
. . . )
F;; = 8. The Heisenberg evolution of modes are then written:
U'(8)a;U(9) = exp[—i9d;. (2.116)

This implements a phase shift and is commonly used in interferometric set-ups. For single
modes, it generates no change which can be seen in the interaction picture. This transformation
does not affect the first-moment of the state but changes the second moment with the symplectic
matrix

_ [ cos[9]  sin[I]
Re = (— sin[9] cos[S])' (2.117)

The second bilinear contributions comes from from the cross terms Fy @}Bk. A common
linear device that takes this form is the beam splitter unitary

U(x) = exp [xa'h - x"ab'], (2.118)

for some coupling x = @ exp[iJd] € C, and where we relabelled the mode operators. In the
Heisenberg picture, this unitary corresponds to the following mode transformations:

Utoal(y) = cos[@ld + exp[id] sin[(p]f), (2.119)
UtoobU ) = cos[qo]@ + exp[—id]sin[¢p]a, (2.120)

respectively, and the corresponding symplectic matrix transformation is

_ [ cos[p]l, sin[@]Rs
Sx = —sin[p]R§  cos[p]ly ]’ (2.121)

where Ry is the symplectic rotation matrix (2.117). Similar to phase-shifters, beam-splitters
change only the second moments of a state.
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2.5.3.3 Single mode squeezing

The final term in the Hamiltonian (2.107), b*Gb'", describes quadratic contributions generated
from nonlinear interactions of photons. For example, a photon incident on a non-linear crystal
can generate a pair of photons that conserve both energy and momentum. By phase-matching
the emitted photons, we have a single-mode squeezing transformation described by the unitary

A 1
S(&) =exp [5 (£@h? - é*(ﬁ)z)] , (2.122)
where & = r exp[iy]. The Heisenberg mode evolution is
$1(£)aS(&) = cosh[r]d + exp[iy] sinh[r]at, (2.123)

with the corresponding symplectic matrix transformation

¥ = cosh[r]1 — sinh[r] (‘;frf[[l’f]] _Sf;[sﬁ]) . (2.124)

The symplectic matrix transformations for different optical systems will be used in chapter 6
to determine evolved state covariance matrices.
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n this chapter we review some key concepts in estimation theory that will be useful in

our work later. Principally, we are concerned with estimating some parameters from a set

of experimental data. A completely classical approach, introduced independently by H.

Cramér and C. R. Rao in the 1940s, constrains the variance of parameter estimates by a
quantity that entirely depends on the statistical nature of the data [Cramér, 1999]. This statistical
nature accounts for any experimental uncertainties. Removing uncertainties associated with
specific measurements leads to the quantum analogue of estimation theory. This was first
addressed by C. Helstrom in 1967. Central to both formalisms is the Fisher information quantity.
We present the derivation of this quantity and describe its relevance in parameter estimations
protocols.

3.1 Classical bounds on precision measurements

Experimental science is primarily concerned with making high precision measurements. Com-
monly however, direct measurements may not be possible, either due to experimental im-
pediments, or due to more fundamental reasons. This is particularly true in experimental
quantum optics, where quantities such as phase and purity do not have associated measurable
observables. In such situations an indirect approach may be adopted where the value of the
quantities of interest are inferred through data-processing of data coming from measurements
of a different, but related, observable. The problem of estimating the value of a vector of para-
meters ¢ = (¢1,...,¢p)" from a set of observed data x = (x1,...,xp)" is formally addressed
in parameter estimation theory. Owing to experimental uncertainties and errors, the inference
of parameters is related to the measurement outcomes through some conditional probability
distribution p(¢|x). Any general parameter estimation strategy can be described through the
following main procedures:

1. State preparation of a suitable probe state p(0) of a system S,
2. Evolution (parameterisation) of the probe to the state: p(¢) = A[p(0)](¢), and
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A(p) [I(x)dx @
G p(0) p(p) '

Figure 3.1: General channel parameter estimation scheme. The quantum channel A(q) parameterises
an input probe state with the vector of parameters that we wish to estimate. The probe is measured by an
operator of the form T1(x)dx and distributed estimates according to Born’s rule. By data processing the
measurement outcomes, we obtain our estimate . The goal of quantum metrology is in finding both
the optimal probe state and observable that minimises the covariance matrix of unbiased estimates.

3. The evolved probe is measured by some complete, self-adjoint observable X = f dx xTT(x)
to achieve an estimation of ¢.

This archetypal schema is illustrated in figure 3.1. It can be modelled by describing the evolved
state of the system through p(¢), and by associating a positive operator valued measure (povm),
I1(x) dx, to the measurement outcome x. The probability distribution p(x|¢) is then given by
Born’s rule

p(xl)dx = Tr[[1(x)p(¢p)] dx, (3.1)

where p(¢) is the evolved probe state; parameterised by the vector of parameters we want
to estimate, and f dx TI(x) = I. Born’s rule gives the probability distribution function (PDF)
that distributes the measurement outcomes x, given the parameterisation ¢. The evolved
state captures uncertainties associated with the state-preparation procedure, while the rovm
captures those associated with the measurement stage. Together with Born’s rule, they model
the probabilistic nature of the measurement data.

Given that the ppF of the data p(x|¢) is known (i.e. we have a model of the physical process),
we now detail how an estimate of the set of parameters ¢ = (¢1,..., ¢p) ' may be extracted
from a set of observation data x = (x1,...,xp)", with D not necessarily equal to . We follow
the derivation of Braunstein and Caves [1994], who introduce the estimator ¢, which is a
function of the observed data and provides estimates of the parameters. Specifically

¢ =fx), (3.2)

where the notation * is reserved for estimators to avoid confusion with the carot * reserved
for quantum mechanical operators. The true value of ¢ is in general a tuple of numbers. In
contrast, its estimates are random variables. This is a subtle difference that is rooted in the
probabilistic nature of the data; two runs of an experiment with equal parameters ¢, = @,
will not generate equal data due to statistical fluctuations: x1 # x>. Hence the estimates for
both runs will differ from the actual values, and not be equal to each other. Any estimator that
generates the true value of ¢ from the measurement data is referred to as a perfect estimator.
Unfortunately, since this is unrealistic, we require a method to characterise the performance
of estimators. A natural choice is the variance of the estimator [Helstrom, 1973; Cramér, 1999].
Our objective is then to find an estimator that has the smallest variance in parameter estimates.
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For the remainder of this chapter, we can safely assume that the measured data x is continuous
without any loss of generality.

3.1.1 The classical multi-parameter Cramér-Rao bound

We start by recounting classical data processing. We note that finding the exact form for the
variance of our estimator is generally not possible. Hence we search for a lower bound that
constrains the variance instead. Various methods to achieve this exist, but we follow the method
introduced by H. Cramér and C. R. Rao [Cramér, 1999]. For a multi-parameter estimation of ¢,
we start by defining the variation in the estimates of ¢ as

5p = P — (), (33)

where (@) is the average value of the estimator:

@)= [ arpaieord. (64)

We define the error in the parameter ¢; as A@; = ¢; — ;. Notice that the estimators variance
is not the same as its mean square error:

((Ag2) = (@) = 9))?) = Varlp;] + Bl 1%, (3.5)

where Var[¢;] = (g02> —(@j)* and B[@;] = (¢;) — ¢, is the bias of the estimator. We see that the
mean square error is equal to the variance if and only if we have an unbiased estimator: B[¢;] = 0.
Unbiased estimators ensure that the average of the estimates converge to the true value of the
parameter: () = ¢. Since for any estimator (6¢) = 0, then for v separable measurements with
measurement outcomes x1, . . ., x, [Helstrom, 1976]

fdxl---fdxvp(xll(p)---p(xvlgo)é(pj:0. (3.6)

To understand how this varies with ¢y, we differentiate Eq. (3.6) with respect to the parameter
@ and use the definition of the estimate variation in Eq. (3.3) to obtain

dl d
f dxy - f dx, p(x1l@) - (xvl(p)(z “[”(xl"‘”)])a(p] <§Zf>> 0o,  (37)

I=1

where we used doé ¢/ dpr = — d{(¢x)/ d@i since @y is an estimator and does not depend on
the ¢. More generally, we can write Eq. (3.7) in vectorial form

v 81 d{(¢
fdx1 fdxvp(xﬂfp) P(xv|§0)(z W)éfpﬁ?zvﬁ §z>b, (3.8)

=1

where we used the fact that d(¢)/ d¢ is independent of x1, ..., x,, and multiplied by a™ on
the left and by b on the right, with a and b being arbitrary D-dimensional vectors. We now
use the Cauchy-Schwarz inequality for two general functions g and / (consult appendix A),

(g, h)I* < (g, &) (h, by = lIgl* - IIhlI?, (3.9)
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with [|g|| defined as the 2-norm of g, to re-write the left hand side of Eq. (3.8). We substitute

S dIn[p(xle)]
= 3 ar i)

. v (3.10)
I’l:(é("p)Tb/
to obtain
- ~ (91 v 81 T
andxl...fdxv Hp(xncp)(zw)(zw) i
1= k=1 ¢ =1 ¢
- a1 (3.11)
Xbedxl-..fdxv np(x]vkp)((s(vp)(é(vp)‘rbz aT%b
jr=1

Elements of the first term evaluate to zero unless k = I. Further, we can simplify this expression
by defining the classical Fisher information (cr):

o1 a1l T
IC((P):fdxp(x|(p)( n[gi;clcp)])( n[gi;clcp)]) ,

:fdx 1 (<9p(x|qo))((9;7(x|qo))T
p(xlp)\ e Ip '

This quantity is at the root of estimation theory. It quantifies the average information for
the estimation variables ¢ obtainable through some physical measurement that distributes
output data according to Born’s rule p(x|¢). It can be observed from Eq. (3.12) that the multi-
parameter classical Fisher information matrix (crim) is symmetric: IC((p)T = IC((p). Since it is
also positive-definite, its inverse exists. Since for an invertible matrix, the transpose and inverse
operations commute, we see that

(3.12)

T -1
(@) = (%)) =), (3.13)
which proves that its inverse is also symmetric. The inequality in Eq. (3.11) becomes
Aoy 12
va I (@)ab  {(56¢)(6p) )b > |aT Ciz)b (3.14)

Note that the multiplicative factor v arises since the crrhas an additive property for independent
measurements. Collectively, the positive definite and additive properties make the Fisher
information a suitable physical measure of information. With these properties, since a is
arbitrary, we are permitted to take

_ 17 U
a=(I¢p) ) Wb. (3.15)
Upon substitution into Eq. (3.14), we get after some simplification
d(@))’ L)
N 1
v{((6)(5¢) >z( iy ) %) dp (3.16)
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Writing ((6¢)(6¢) ") as the covariance matrix between the estimators ¢1, ..., ¢,, we see its
elements are lower bounded by the classical Fisher information via the classical Cramér-Rao
bound (ccrs) [Cramér, 1999]

L 1 (@) Xpj) 1
Cov (¢}, ¢] 2 V( To; dor )[IC(<p) ]jk. (3.17)
This places a minimum value to the covariances of an estimator. It is a consequence of the
statistical nature of the data, which only permits an inference of the parameters. The coefficient
derivatives ensure dimensional consistency by accounting for differences in units between ¢;
and ;. Saturating the ccrs for all values of ¢ requires finding an efficient estimator. However,
there is no guarantee that an estimator exists that attains the bound. Also, since the Cramér-
Rao bound generally depends on the parameters ¢, the choice of an estimator must be taken
subjectively for any experiment.

Instead of relating the crr to the average error in the estimators, we can relate it to the average
error in the actual value of the parameters ¢. The former is determined by the measurement
data, the estimator, and the calculated probability distribution p(x|¢), whereas the latter
depends only on the actual value of ¢. Re-writing the ccrs requires relating the variances
of the estimator and the actual value of the parameters. To this end, we use standard error
propagation formulae to write the error 6¢; in the parameter ¢; for a single data point x in
terms of the estimator ¢:

Pj
0pi= ——— — ;. 3.18

Combining this with Eq. (3.3), we relate the error 6¢; to the error in the estimator. We find

3o | ((©00) = (o0)) (3.19)

d{epj)
((0p))?) = ‘
v P;
We then combine Eq. (3.19) with the estimator bound in Eq. (3.17), to arrive at a second form of
the ccrs:

Cov @), pi] = % [Z@)7] , + o) En) 2 % EXCOI P (3.20)

This places a theoretical minimum value on the error in the parameters ¢. For any classical or
quantum experiment that makes v independent samples of the probe, the covariances must be
larger than v times the inverse of the cri. This is expected; the more information that we have,
the greater the precision with which we can estimate ¢. Hence, we must choose a suitable
estimator, which generates the conditional measurement outcome probabilities p(x|¢) that
maximises the cr1. This provides a dual degree of freedom: one of constructing suitable states
of the system p(¢) and choosing the rovm I1(x).

An important case of the ccrs arises when the crr1 is constant. The precision of estimates
then increases with the number of experimental repeats v according to:

1

~ = (3.21)

Cov [(p]’, qok]

This scaling is referred to as the standard quantum limit (sQr), and is purely due to v indepen-
dent runs of the experiment. In the next section, we will explore how using quantum resources
can improve this scaling, to achieve a tighter bound.
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3.2 Quantum estimation theory

We have seen how uncertainties associated with the probe preparation and the measurement
stages allows us to make only statistical inferences of parameters of interest. If we remove
uncertainties related with specific measurements, any further statistical uncertainties in the
data will result entirely from quantum noise inherent in the probe state. Assuming that we can
measure any self-adjoint operator, then operationally, the quantum Fisher information matrix
(QFim) is the maximisation of the classical Fisher information over all measurement strategies:

< | =

jk

-1
Cov [(pj,(pk] > % {maxIC(cp)}

II(x)

(%) 7], (3.22)

where Z9 is the QFm associated with the povm that achieves the inequality. The QFim can then
be understood as an optimisation of the crim. What we see is that the bound in Eq. (3.22)
holds for all possible rovms. Since we still have the 1/+/v scaling for the estimation error, no
quantum entangling strategies at the measurement stage can introduce enhancements past
the soL regime. With the orim a function of only the state of the system, any improvements to
the precision scaling must originate from a suitable choice of the initial probe state p(0) (see
figure 3.1). Specifically, we want to find the result

v p(0)

-1
Cov [¢;, ¢x] Zl[{maxIQ((p)} ] . (3.23)
ik

In this section, we follow the approach of Braunstein and Caves [1994] who demonstrated that
the QriM arises as a solution to both these maximisation procedures. We will find the functional
dependence of the oFmm on the probe state. In analogy with classical metrology, we will then
write the quantum version of the ccrs.

3.2.1 The quantum Fisher information

Recall from Eq. (3.1) that Born’s rule gives the probability distribution function that describes
how measurement outcomes are distributed,

p(xlep) = Tr [[1(x)p(@)]. (3.24)

We start by finding the crM first. From Eq. (3.12) we see that this requires taking the derivative
with respect to the parameter ¢;

djp(xl) = Tr [IL(x)djp ()], (3.25)

where we defined d; = d/d¢ ; for brevity. To help define the derivative of the state, we introduce
the symmetric logarithmic derivative (stp), £ = (L1, L2, ..., Lp)T, as the self-adjoint operator
that satisfies the equation:

1
p(e) =5 {p(@), L} (3.26)
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There are alternative state derivative descriptions, which are the right logarithmic derivative
(rLD) [Belavkin, 1976; Genoni et al., 2013] and left logarithmic derivative (LLp) defined through

dip(e) = p(@) L™, (327)
Iip(e) = LM p(e), (3.28)
respectively. These relax the symmetric definition of the logarithmic derivative. However, these
descriptions have not attracted as much attention as the sLp in quantum estimation theory
for two reasons. First, the precision of single parameter estimates derived from the sLp is
tighter than the corresponding bound derived from the rLp [Helstrom, 1976]. Second, the single
parameter sLp bound is asymptotically attainable with the number of experimental runs. This
is not true for multi-parameter estimates, since bounds derived from all logarithmic derivatives
are generally not attainable [Monras and Illuminati, 2011]. Finally, the rRLp and LLD are generally
not Hermitian. Consequently, the optimal estimator derived from these two quantities may
not correspond to a physical povm. Despite this, the use of non-self adjoint operators have
been demonstrated to saturate the multi-parameter ocrs [Yuen and Lax, 1973; Hayashi, 2005,
p. 113-125]. In the remainder of this thesis, we will consider only precision bounds based on
the Hermitian symmetric logarithmic derivative.
From the definition in Eq. (3.26), we can see that the sLD has vanishing trace: Tr[p(¢) L] = 0.
Substituting Eq. (3.26) into Eq. (3.25) gives

dip(xlg) = %Tr[p((p)f[(x)[,j] + %Tr[p((p)ﬁjﬁ(x)],
=Re {Tr[p((p)ﬁ(x)ﬁj]} .

where we used the property that for Hermitian operators A, B, and C: Tr[ABC] = (Tr[ACB))".
The crmm from Eq. (3.12) can then be re-written as

(Re {Tr [p((p)f[(x)[,] }) (Re {Tr[p((p)fl(x)LT] }) .

Z5( ):fd -
v ) Tr [[1(x) p(p) |

(3.30)

Armed with the classical Fisher information, we now maximise it over the rovms I1(x), as
discussed earlier for Eq. (3.22). The result will be the measurement independent Qrim. Since for
some complex vectors &, B € C2, Re[a]Re[B] < ||apBl|, we develop Eq. (3.30) [Paris, 2009]:

Tr[p((p)ﬁ(x)ﬁ] ’

IC((p)Sfdx ‘
VT[T p(e)] 1)
, .
:fdx Tr PN NI £4/p(@) |||
VT[]

where equality holds if and only if Im[Tr[ p((p)f[(x)[,]] = 0, i.e. if the vectors lie in the real
space R?, which requires the sLp to be Hermitian. Introducing (AL)? as the variance of the sLp,
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we use the Cauchy-Schwartz inequality defined earlier in Eq. (3.9) to obtain:

IC((p)Sfder

.
I(x) £ P((P)( I(x) £ P((P)) ]

- [ axfp@rcime], (332)

=Tr[p(e)LLT],
=Tr[p(@)(ALY],

where the final equality used the vanishing trace property of the sLp. This completes the
maximisation of the crim over all possible measurements. It shows that the classical Fisher
information for any measurement is upper bounded by the quantum Fisher information matrix

(ariv) Z(gp).
I(p) < TU) =Tr[p(@)LLT]. (3.33)

Elements of the Qrim are then written [ Q] k= Tr[ p(p){L;j, L}]/2 with the anticommutator
of operators A and B defined as {A, B} = AB + BA. We see that the orim is independent of the
povm and is a function of only the state. The calculation of the grim for any physical system
is at the heart of quantum metrology and is typically a difficult task. Determining the Qrim
using the sLp operator is particularly suited to unitary quantum metrology. It is less suited for
noisy processes, where the calculation involves complex optimisation procedures [Sarovar and
Milburn, 2006; Escher et al., 2011a]. To address this, an extended Hilbert space approach may be
taken where information about the parameter is obtained by observing both the system and its
environment [Escher et al., 2012]. This method prescribes the grim in terms of the state evolving
Hamiltonian, and is well suited to many physical implementations of parameter estimations,
including open quantum systems [Chin et al., 2012; Kotodyniski and Demkowicz-Dobrzanski,
2013; Alipour et al., 2014; Demkowicz-Dobrzanski and Maccone, 2014].

Analogous to the method in the preceding section, the variance of any estimator of ¢ can
now be lower bounded by the quantum Cramér-Rao bound (Qcrs)

. 1 (d{@k) d@)) _
Cov [qoj,(pk] > —( d:i]; dzi ) [IQ((p) 1]jk' (3.34)

In information theory, the ocrs is interpreted as a distinguishability measure for two probability
distributions that describes the initial and evolved probe state [Braunstein and Caves, 1994;
Braunstein et al., 1996; Bengtsson and Zyczkowski, 2008]. The qFr is then equal to the Bures
metric, which characterises the difference between two probability distributions, through their
statistical distance in the state space of the quantum probe states (see appendix D for further
details). This metric then tracks dynamics in the distance with changes to the probe state. A
large or1 implies that a small change in ¢ corresponds to a large displacement of the state, and
hence becomes more distinguishable from the initial state. This implies that the initial probe
state may be chosen for optimised measurements of ¢. However, if no flexibility on the choice
of the state can be afforded, the best estimation precision possible requires searching for the
measurement that minimises the variance via Eq. (3.34).
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We may equivalently re-write the Qcrs to show its dependence on the average error in the
true value of the parameters:

< | =

Cov [pj, pi] 2 [IQ((p)_l]jk. (3.35)
The factor v, which is the number of repeat measurements, represents the classical improvement
to precision scaling. In the following, we examine how quantum resources can improve the
estimation precision (for a single experimental run v = 1). Any optimal estimator for the
estimation of ¢ corresponds to the povm, which equates the criv with the Qrmv. This happens
when both of the inequalities in Eq. (3.31) and Eq. (3.32) are saturated. The first is satisfied
when the sLp is Hermitian and so corresponds to a proper quantum mechanical observable.
The second equality requires the following be satisfied for all ¢ [Paris, 2009]

VI p () B VI(x) Lfp()

Tr[p((p)f[(x)] - Tr[p((p)f[(x)ﬁ] .

(3.36)

This requires the povm IT(x) to be constructed by the complete set of eigenstates describing the
sLD, L [Braunstein et al., 1996]. Eq. (3.36) represents purely classical post-processing of data
that saturates the bound in Eq. (3.33), such that Z(¢) = Z9(¢). For single parameters the
Qcrs provides an ultimate bound for unbiased estimators, and can be asymptotically saturated
through maximum likelihood estimation [Geyer, 2013]. This estimator has found widespread
uses owing to the fact that a finite sample size affords satisfactory performance [Braunstein,
1992]. This can be realised by local operations and classical communications Locc [Hayashi,
2005; Giovannetti et al., 2011]. For multiple parameters, the Qcrs is generally not attainable for
simultaneous measurements of each parameter if the sLps associated with the parameters do
not commute. It is important to note that the sLb may not correspond to the optimal observable
to be measured. Instead, an explicit form of the optimal quantum estimator that saturates the
Qcrs was first written by Paris [2009], and takes the form

O(p) = p1+I%p) 'L, (337)

which is a projective measurement onto the eigenstates of the sLp [Paris, 2009]. This estima-
tor is suitably unbiased ((O( @®)) = ) and saturates the Qcrs. The first term represents the
average estimate and the second the smallest covariance of the optimal measurement. Deter-
mining the measurement O(¢) is generally a difficult task since it depends on the vector of
parameters to be estimated, ¢. To overcome this difficulty, adaptive measurements have been
suggested [Berry and Wiseman, 2000, 2002]. This adds another layer of difficulty in finding
the optimal measurement of multiple parameters with non-commuting sLps. Therefore, the
multivariate Qcrs is generally non-saturable. However, even for incompatible sLp operators,
the multiparameter sLb Qcre remains asymptotically attainable if and only if [Monras and
INluminati, 2011; Ragy et al., 2016]

Tr[p(@)[ L), Li]] = 0. (3.38)

Additionally, if this condition holds, the information content from a simultaneous measurement
of all parameters may match that obtained from separate measurements of each parameter.
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The condition in Eq. (3.38) is necessary and sufficient for unitary evolutions on pure states Mat-
sumoto [2002], which is equivalent to requiring the existence of commuting generators that
generate the evolution of the probe. For mixed states, the demands to realise optimal simultane-
ous estimation are more involved. Specifically, we require the existence of a single probe state
that maximises the qrr for all values of ¢, a compatible measurement that ensures saturability
of the Qcrs, and a diagonal ormv, which would allow independent estimations of each parame-
ter [Ragy et al., 2016]. Alternative methods to provide better precision bounds may involve
collective measurements over many independent copies of the system, which is experimentally
challenging.

From the above discussion we see that the sLpb operator plays a pivotal role in quantum
estimation theory. For a multi-parameter estimation problem, finding the sLp for each parameter
in ¢ is sufficient to inform whether a simultaneous, efficient estimation can be performed. It also
prescribes the optimal estimator that saturates the ocrs; the fundamental limit to estimation
precisions allowed by quantum mechanics. We therefore turn our attention to find a functional
form for the sLp.

The sLpb was implicitly defined in Eq. (3.26). This is a basis-independent Lyapunov matrix
equation that has the general solution for the sLp elements [Paris, 2009]

Lj= Zfo dt exp [-p(@)t] djp(@) exp [-p(@)t] . (3.39)

The Lyapunov representation proves to be very useful for scenarios in which a periodic nature
is observed for the anti-commutator of the density matrix and its partial derivative [Liu et al.,
2016]. If this is not true, we can introduce a basis dependency by considering the spectral
decomposition of the state (the density matrix is positive semidefinite so can be diagonalised)

(@) =D pi(@) (@) {oj ()], (3.40)
j=1

where s = dim[supp(p(¢))] is the dimension of the support set of p(¢) [Liu et al., 2014]. Note
that both the eigenvalues and eigenvectors depend on the parameters ¢. For ease of notation,
we will drop this dependence. By use of this decomposition, then we find from Eq. (3.26) that

1
(okldjp(@)lor) = E(Pl +plLilk, (3.41)

with [L]x = (ok|Ljlo). Since generally both the eigenvalues and eigenstates of p(¢) in
Eq. (3.40) depend on the parameter ¢, the matrix element observed on the rus of Eq. (3.41)
becomes

[9ip(@)]ki = (Djpr)ort + piokldjor) + pr{djoklon = (Fjpr)ox + (p1 — p){okldjon,  (3.42)

and which yields, from Eq. (3.41), the final form for the sLb operator

= (djpx) = 2(pk — p{9j0klon)
L= + , 3.43
1= 2y e e k; o0 (el (343)

which is valid for all px + p; # 0, and is Hermitian. From Eq. (3.43) it is clear that the sLp takes
arbitrary values for k,I > s. However, since the spectral decomposition of the state is not
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defined outside the support set s, we take [L]x; = 0 for all {k, [} > s. Hence the sLD exists only
on the support set of the state. Note that Eq. (3.43) is not defined for pure states. However
a simple form exists if we write any general family of pure states as p(¢) = [{(¢)) (Y (p)|.
Using p(¢g)? = p(¢) for pure states, then differentiating with respect to the parameters ¢ and
comparing with the implicit definition Eq. (3.26) we arrive at

L =2dyp(p), p(p)pure. (3.44)

The sLp for pure states is now well-defined. However, for mixed states, the sLp often requires
diagonalising the density matrix. For arbitrarily large s-dimensional states, this becomes in-
creasingly difficult. To address this difficulty, alternative methods at determining £ have been
developed. For example, it has been shown that evaluating £ is isomorphic to solving a set of
linear algebraic equations [Ercolessi and Schiavina, 2013]. Additionally, since the sLpb describes
the dynamics of the system, the Hamiltonian formalism can be alternatively used to determine
the Qcrs and the optimal measurements. We detail this formalism next.

3.2.2 Hamiltonian formalism of the quantum Fisher information

Consider some unitary process where the state parameterisation is introduced through the
umtary U((p), then p(¢) = U((p) p(O)U*((p) with l,I((p)Jr the transposed complex conjugate
of U(¢). For some generator of dynamics in the vector of parameters ¢, §, we have

U(p) =exp [-iF @]. (3.45)

The operator ¥ is a local generator which characterises the sensitivity of the system state p(¢)
on changes in ¢ after unitary evolutions. If the unitary for the physical process governing the
parameterisation is known, the generator of changes in ¢; is defined by [Pang and Brun, 2014]

=il (¢)9;U(e), (3.46)

which is Hermitian since fl*(&ﬂ:[) = —(8]'121*)1:[ and can be easily demonstrated by Ta}ylor
expanding p(¢). We want to re-express the grmm in Eq. (3.33) in terms of the generator ¥ .
Consider elements of the Qrim, written again for convenience:

1
[IQ]],k = ETr[p(qo)u:j,zjk}]. (3.47)
We use the same spectral decomposition in Eq. (3.40) for the evolved probe state and the identity
2?11 loj) {0jl = 1, where R = rank[p(¢)] the rank of the state. Note that for s # R, R > s we
have a non-full rank density matrix. We then write the elements of the orim as

s N
[IQ] = % Z Z pi ([Lj]lm[-ﬁk]ml + [-Ek]lm[-[:j]ml) , (3.48)

ik
/ I=1 m=1

where we have defined [.L;];,, = 01| L] |0m), and for clarity we recall j, k € {1,2,...,D}, and
s = dim[supp(p(¢))] is less than the dimension of the system, R. We can now substitute the
expression for the sLbs we obtained in Eq. (3.43), which after simplification yields

d d
[IQ]jk—Z(’p”( Ll 222”’(”’ )’ [(9ja1lom)Comldkar) + Drarlon)(omldjan]

=1 =1 m=1 (P1+pm)?
(3.49)
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We split the last terms Fq and F, using Z;Jll = ;:1 + ZSJR:S .1» Where

S 2pi(p1 = pu)?

Fi= Z% % [€j01l0m(omldkon) + Grorlom¥(omldjon],  (350)
s R

Fa= )" > 2p1 [(9j0ilom) omldkor) + Drorlom)(omldjon] (351)
I=1 m=s+1

Since Z j=s+1 loj) ojl =1 - ¥ =1 loj) {0jl, we can re-express term F. Also since unitary dynam-
ics are generally governed by the von Neumann equation

dip(e) =i[p(@), 7], (3.52)

we write the Qrim elements in terms of the generator according to [Sidhu and Kok, 2017]

[79], = 3 DO S 4y cow (7, )],

1=1 Pi —
Splpm A R (353)
_; (p1+pm) Ql |7—-J|QM><Qm |7'7c|01>,

where we recall that s = dim[supp(p(¢))] is the dimension of the support set of p(¢) and
{I,m € Z|1 < 1,m < s} define the elements of the Qrim matrix elements. This expression
holds for any evolution of the probe. For unitary evolutions, the eigenvalue spectrum remains
invariant such that the first term of Eq. (3.53) evaluates to zero. The covariance matrix of the
generators on the jth-eigenstate of the initial state in Eq. (3.53) is defined as

Aoa 1 Aoa ~
[Cov (75 74)], = 5 (e {7 Fud | ) ~{er || en) 2] 1) 359
This generalises the result by Liu et al. [2014] to multi-parameter estimations. In the literature,
Eq. (3.53) is often written in the following compact form [Braunstein and Caves, 1994; Liu et al.,
2015]

295

] <4[Cov (7, )|, (3.55)

input

where the subscript ‘input” describes the initial input state. The equality is strictly limited to
pure states under unitary evolutions and the inequality applies to all other quantum states.
Explicitly for single parameter quantum estimation protocols using pure states, it is easy to see
that the orim reduces to a constant equal to the variance of the generator of translations for ¢.
We summarise some subtleties that arise from the unitary transformation formulation of the
Qrim. First, the generator captures the dynamics of the parameterisation process of the state and
is basis-independent. Second, the oriv depends only on the generator and the initial states. The
form in Eq. (3.55) provides an easily computable upper bound on the qF1 for different quantum
states. A zero generator variance results when the state is invariant under unitary dynamics
of the type described by Eq. (3.45). Third, entanglement between specific eigenstates of the
generator can be used to construct an optimal state which maximises the grim [Giovannetti
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Formalism Main quantity & advantages Thesis chapter
Hamiltonian H ; Basis-independent, optimal source 4,5and 6
SLD L; Optimal measurement 4 and 6
Kraus K; Noisy quantum metrology 3

Table 3.1: Different formalisms of quantum estimation theory, and the relevant chapters in this thesis.

et al., 2006, 2011]. Finally, comparing the implicit definition of the sLb with the von Neumann
equation yeids [T6th and Apellaniz, 2014]

s TA _
=iy TP s (3.56)

+
fm PRTP

where [TA}] k1 defines the matrix elements of the generator encountered in Eq. (3.46).

We have covered two common formalisms to calculate the QF1 for parameter estimations. A
third, which we mention for completeness, is the Kraus formalism. This description has uses for
practical quantum parameter estimations in open, noisy systems [Sarovar and Milburn, 2006;
Kotodyniski and Demkowicz-Dobrzarski, 2013; Falaye et al., 2017]. This is since it is suited to
describing the effects of various types of noise. We will revisit how in subsection 3.2.3. Table 3.1
provides a comparative summary of each of the formalisms.

3.2.3 Entanglement assisted quantum metrology

We saw from subsection 3.2.1 that estimating the vector of parameters encoded in a probe state
has the standard quantum limit scaling for the rmsE, v=12 where v is the number of repeat
measurements. To understand how ‘quantum resources” improve estimation precisions, we
note that multiple parameters can generally be estimated sequentially or in parallel. For parallel
estimation strategies, there are four possible configurations of employing quantum entangle-
ment as a resource at the probe preparation and measurement stage. These configurations are
compactly written cc, cQ, Qc, @@, where c (@) indicates classical (quantum) resources [Gio-
vannetti et al., 2006] and are illustrated in figure 3.2. Since the bound generated in Eq. (3.35)
holds for all possible povm, no quantum entangling strategies at the measurement stage can
introduce enhancements past the sqL regime. As a result of this, the cc and cq strategies will
always yield at best the sqL [Giovannetti et al., 2011]. Any resolution enhancements must then
be sourced from the other controllable stage of the general estimation protocol illustrated in
figure 3.1: the probe preparation. In this subsection, we consider how entangling strategies at
the probe stage can push the precision of estimations past the classical limit.

Consider a single parameter nuclear spin example, where some initial probe evolves
through a unitary channel: p(¢p) = fl((p)p(O) lAlJr((p) with H((p) =explip5./2], where 6, is
the Pauli spin-flip gate. Then for some initial quibit state written in the computational basis
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Q/C Q/C

e\ ®

Figure 3.2: General parallel parameter estimation strategies. The initial probe states, p(0) are repre-
sented by the light red circles on the left. Each probe state passes through a evolving channel, illustrated
by the grey central squares, and emerges parameterised with ¢. Application of a local measurement I1;
is represented by the blue polygons on the right. Entanglement between the initial and final states of the
probe can be utilised in four combinations, represented by the light blue rectangles. Figure adapted from
reference [Giovannetti et al., 2006].

lY(0)) = [+) = (|0) + 11))/V2', the unitary maps |0) — exp[i@/2]|0) and [1) — exp[—ig/2]|1).
Writing the evolved probe state as |{(¢)) and its derivative as d,, [ (¢)) = [’ (¢)), then since
the qubit state is pure, the quantum Fisher information is readily obtained from Eq. (3.53)

1) = W (@Y (@) = Y (@[ (@) (3.57)

Table 3.2 summarises the @rim and the achievable precision scalings for different probe states.
The results in this table have been illustrated in figure 3.3. The precision improvement provided
by using N separable qubits (N here quantifies the resources used),

®N
M] , (3.58)

V2

is equivalent to a classical advantage. The linearity of the probe reproduces the same effect of
repeating the same estimation protocol N-times. This is since the grM is additive for indepen-
dent probe states: IR [p((p)®N 1=NZ9 p(@)]. To improve this performance we must consider
non-linear probe states. Consider using the entangled N-qubit Greenberger-Horne-Zeilinger
(GHz) state

o=

|0>®N + |1>®N
V2

which has the same resource count as Eq. (3.58). From the Qcrs, we obtain the following rms
scaling: ¢ > 1/N. This is the Heisenberg scaling'. Realising this quadratic improvement over the

[ (0)) = , (3.59)

IThe Heisenberg limit bears no relation to the Heisenberg uncertainty principle that the name may suggest.
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Probe state Quantum Fisher information Quantum precision scaling
(p(0)) ) (69)
Qubit state 1 1
N seperable qubits N 1/VN —(saL)
N-qubit cHz state N2 1/N—(HL)

Table 3.2: Comparison of achievable quantum precision scalings using different probe states. The preci-
sion of estimating the spin of a nuclear ensemble can be improved by using different resources. We may
choose the resource to be N separable copies of the qubit state. The quantum contribution to the precision
scaling then has the same effect of repeating the estimation N times independently. This is the standard
quantum limit (SQL). Alternatively, entangled sources can achieve Heisenberg-limited (HL) scaling.

standard quantum limit is one of the main objects of quantum metrology and estimation theory.
When the number of physical resources is known and correctly accounted for, the Heisenberg
limit maintains its optimality as the fundamental limit to precision experiments [Zwierz et al.,
2012a] (we will briefly revisit this in the next subsection).

Achieving the HL is state dependent. However, the probe state chosen should be tailored
to achieve the best practical precision for a specific parameter. For example, squeezed light
is routinely used for phase estimations [Aasi et al., 2013]. A natural question that arises is:
what is the optimal probe state that maximises the QFIM for a parameter estimation protocol? This
was answered by Giovannetti et al. [2006]: the probe state constructed from the superposition
of eigenstates corresponding the minimum and maximum eigenvalues of the generator G is
optimal. Specifically, writing G |}, = gmax |),..., then the state that maximises the Qrm is:

|17b>max + |¢>min
\/? .

Only a few experiments have reported a HL scaling for parameter estimates [Higgins et al.,
2007, 2009]. This is generally due to two factors. First, achieving the soL is practically difficult
since it requires eliminating non-intrinsic system noises. Second, state entanglement of multi-
partite systems is challenging to realise due to their increasing susceptibility to environmental
losses with increasing particle number. For example, the path-entangled Nnoon states defined

max

) opt = (3.60)

1
V2

can be shown to achieve the HL resolution scaling for phase measurements in optical interferom-
eters [Kok and Lovett, 2010]. However, as with number states, for N > 2, these states become
plagued with decoherences. Even small Markovian noise reduces the HL scaling achievable by
highly entangled states to scalings proportional to the sqor [Huelga et al., 1997; Kotodyriski and
Demkowicz-Dobrzanski, 2010; Escher et al., 2011b]. Common decoherences include depolarisa-
tion, dephasing and amplitude damping. Generally, the dynamics of a system that interacts

|Pnoon) = —= (IN)1]0)2 +[0)1|N)2) (3.61)
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(a) Separable/independent probe states. (b) Entangled probe with same resources.

4

Figure 3.3: Demonstration of parameter estimate precision scalings with classical and quantum probe
states, using parallel estimation. Figure 3.3a illustrates the use of parallel estimation strategy using N
independent probe states. The uncertainty in the parameter ¢ then scales as 1/\N . Alternatively, en-
tangling the N input probe states, and performing a collective measurement, as illustrated in figure 3.3b,
achieves a scaling 1/N.

with its environment can be described as the quantum channel [Breuer and Petruccione, 2002]

p'=&(p) =Tre[U(p @ pp)U*], (3.62)

where & is the quantum operation, and Trg[-] the partial trace over the environment. Note that
the bi-partite system p ® pg evolves according to some unitary. However the evolved state
can not be written as a unitary evolution of p. Let {|e) j} be an orthonormal basis that spans
the environment state space, then the operator-sum representation writes the final state of the
system in terms of the operators S, which act on the system alone [Nielsen and Chuang, 2010].
Specifically,

p'=E(p) = Z <ej ’fl (p ® leo) <eol) l:I’L‘ e]'> = Z §jp§;f, (3.63)

] J
where § j= (e j|ﬁleo> are the Kraus operators or operation elAenzents of &2. Since Tr[E(p)] =1, we
have the completeness relation of the Kraus operators }’; S 'S, and that the quantum operation
& must be trace-preserving. The Bloch-representation of the density matrix p (Eq. (2.18))
requires & to be an affine map. The Bloch vector then transforms according to ' = Ar + b,
with A a 3 X 3 real matrix and b some real vector. The Kraus operators describing this can be
expanded using the Pauli matrices P = {1, 0y, 0y, 0. }: Sj =cjl+ Zi:l djxok, and can be used
to describe certain decoherences. Figure 3.4 illustrates the effect of common decoherences on
the Bloch sphere.

2For an environmental bath with infinite degrees of freedom, the unitary that evolves the bipartite system can
be easily specified. Specifically, for a Hilbert space of dimension d, the environment can be modelled in a Hilbert
space of dimensions dg < d? [Nielsen and Chuang, 2010]. Also, the bath can suitably be described as a pure state
initially under a purification operation.
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(a) Depolarising noise. (b) Dephasing noise. (c) Spontaneous Emmission.

Figure 3.4: Geometric effect of decoherences on the Bloch sphere: the shaded region represents the initial
Bloch sphere with unit radius, and coloured regions the evolution of vectors in the presence of various
types of noise. In figure 3.4a, the effect of a depolarising channel shrinks the Bloch sphere towards the
centre (maximally-mixed point). Dephasing noise describes the loss of coherence in a system, and is
illustrated in Figure 3.4b. The effects of a phase flip operation, which is described by the Pauli-Z matrix—
so-called due to it’s effect on the Bloch vector—results in a contraction of the sphere about the Z-direction.
Figure 3.4c describes amplitude damping where the system relaxes to the ground state.

The use of quantum entanglement to achieve better resolutions than classical counter-
parts was first shown by Caves in 1981 [Caves, 1981]. However, owing to the difficulty and
stabilisation of highly entangled states, alternative approaches to achieve quantum enhanced
measurements have been investigated [Braun et al., 2018]. These methods rely on the use
of quantum correlations, and identical particles. To this end, we note that entanglement is
necessary but not sufficient for enhanced precision scalings.

3.2.4 Resource count

It is clear from the last subsection that the use of different probe states leads to different scalings
of the estimation precision. We need to characterise and quantify the type of resources that
establish the precision bounds allowed theoretically. To appreciate why, a series of proposals
reported super-Heisenberg scalings [Beltran and Luis, 2005; Boixo et al., 2007; Roy and Braunstein,
2008], which surpassed the HL. In these cases, the precision scaled with the number of resources
used, and the variance of estimates was unbounded. By reconciling the definition of the
resources used in a parameter estimation protocol, the Heisenberg limit is found to be generally
optimal [Zwierz et al., 2010]. The physical resource should be defined as the expectation value
of the generator of translations in ¢. For common optical phase estimations, the resource count
should be the average photon number used in the probe state. By re-addressing the scaling of
the Fisher information, the reported super-Heisenberg scalings were found not to supersede
the HL scaling.
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Part 2

Research

In this part of the thesis, we detail the research performed over the course of the
PhD. In chapter 4, we apply estimation theory to address the source optimisation
problem. We provide a cross-utility platform that can be used for many applications.
Chapter 5 develops on this work, and extends the treatment to multi-parameter
estimations of parameters that appear as arbitrary factors in a Hamiltonian. In
chapter 6, we consider the optimal estimation of complex squeezing in phase space.
This addresses the limitations and practical implementations that saturate the
theoretic fundamental bounds.
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CHAPTER

PROBE OPTIMISATION FOR ESTIMATION OF SOURCE SEPARATIONS

n this chapter we introduce analysis of spatial deformations to an array of light sources
and study how the estimation precision of the interspacing distance d changes with
the sources of light used. The quantum Fisher information (Qrr) is used as the figure
of merit in this work to quantify the amount of information we have on the estimation
parameter. We derive the generator of translations G in d due to an arbitrary homogeneous
deformation applied to the array. We show how the variance of the generator can be used to
easily consider how different deformations and light sources can effect the estimation precision.
The single parameter estimation problem is applied to the array and we report on the optimal
state that maximises the Qr1 for 4. Contrary to what may have been expected, the higher average
mode occupancies of the classical states performs better in estimating d when compared with
single photon emitters. The optimal entangled state is constructed from the eigenvectors of
the generator and found to outperform all these states. We also find the existence of multiple
optimal estimators for the measurement of 4. Our results find applications in evaluating stresses
and strains, fracture prevention in materials expressing great sensitivities to deformations, and
selecting frequency distinguished quantum sources from an array of reference sources.

In Sec. 4.1 we derive the form of the generator of translations in the source separation
distance d of a stationary array of arbitrary sources due to some general applied homogeneous
deformation matrix E. We apply the generator in Sec. 4.2 to capture the dynamics of the state
parameterisation after a stationary 1-dimensional array of classical and quantum light sources
undergoes a stretching deformation & — &;. The parameterisation arises from the pairings of
different sources along the array. We calculate the Q1 to compare the performance of arrays of
single photon emitters (spes), coherent, thermal, and entangled sources of light on the estimation
of d. In contrast to what may have been expected from earlier work [Thiel et al., 2007; Oppel
et al., 2012], we find that the higher mode occupancies of classical coherent and thermal states
affords better estimation precisions when compared with the spes. This would be favourable
since generating classical states may be less resource-expensive to create. However a quantum
enhancement is observed when entanglement is employed. In agreement with separate work,
the optimal state is that which entangles the eigenstates corresponding to the maximum and
minimum difference eigenvalues of the generator. We demonstrate that entanglement as a
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&—O0—0--{--0—0—@

Figure 4.1: Array of identical, stationary, and equidistant emitters, each with an intrinsic spatial Gaus-
sian uncertainty s (blue envelopes). The continuous variable x runs along the source plane, d is the
source separation, and O defines the midpoint of the array of N sources. For a source operation effi-
ciency, n, filled sources are understood to emit a photon whereas the unfilled sources do not. In this
work, all sources will be assumed to operate with efficiency n = 1.

resource must be carefully used to provide precision enhancements. This insight is reminiscent
of previous studies where entanglement was concluded a necessary but insufficient resource
for quantum metrology [Gottesman, 1997; Tsang, 2008; Tilma et al., 2010; Braun et al., 2018]. In
all these studies, rarely are the optimal measurement strategies considered. To address this, we
discuss the optimal estimator for spes in Sec. 4.3.

4.1 Generator of translations

We consider a 1D array of N identical, stationary, and equidistant emitters, each with an
intrinsic spatial Gaussian uncertainty s. This has been illustrated in figure 4.1 and has been
experimentally realised to some extent for near-identical, pure, heralded single photon emitters
(spEs) [Spring et al., 2017]. We estimate the source separation distance d after the array is
subjected to a general homogeneous deformation. This amounts to a single parameter estimation
which would help determine the deformation Z and the nature of the sources required to
maximise the Qr1. Let r define the initial coordinates of a source. After some applied deformation
the final source coordinates can be written

[

F=Zr, (4.1)

with the displacement being ¢ = (£ — 1)r = # — r. The deformations considered in this work
leave the spatial distribution (and hence the variance) of each source invariant and only shift the
expected source positions 11, j € Sy where Sy denotes the set of positive integers {1,2,..., N}.
Cases where the source distribution change would suggest the unlikely scenario where the
nature of the sources change with the deformation. Figure 4.2 illustrates the differing effects
of both types of deformations. Before calculating the or1, we first derive the generator of
translations in the estimating parameter d due to a homogenous deformation.

Without loss of generality, we first consider an array of N sources, each with a general
spatial profile f(x;, u;) for the jth-source, where x; defines the general coordinate along the
array for source j and y; is the central position of source j. In what follows, we reserve bold
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Figure 4.2: Consider the undeformed array of N = 4 Gaussian spatially profiled sources with a standard
deviation of s = 2 and a source separation distance d = 15 shown in solid black. For a simple homoge-
neous stretching of a 1D array, Bs — &, = 2, the red distribution illustrates the intended behaviour of
the generator on the source probability distribution. The expected source positions shift without chang-
ing the shape of the probability distribution. The blue distribution represents the unwanted result where

the probability distribution is changed implying the nature of the sources changes according the type of
transformation considered.

typesetting for tuples. The state may be written

N
w@) =@ [ dx f, )t 10,
P (4.2)

- [ @ rawit@o,
where f(x, p) = H;il f(xj, 1)), it(x) = ﬁ.\il ﬁ}r(xj), dx = ;il dx;,and |0) = 10)®YN is the mul-

timode vacuum. The jth-source position vector is chosen to be symmetric about the array centre
O (see figure 4.1) such that

b= [j— (N;D]d. 4.3)

For now we assume that each source is mutually independent such that they can be de-
scribed by separate Hilbert spaces. Hence the mode operators obey the commutation relations
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[d(x), d,t(y)] = 0x6(x — y) and all other combinations are zero. We later relax this assumption
to allow for source overlapping.

We search for the unitary that generates the new probability distribution after a defor-
mation is applied. Describing the deforming matrix Z in 1D as &, we search for the unitary
transformation U (&) that specifically performs the following operation:

U (&) W(d)) = f dx f(x, i(£))a’(x) |0, (4.4)
where
fj() = pj+ej(c) =cp;. (4.5)

This changes the expected mean positions of the sources but does not change the source
variances. By substituting the state Eq. (4.2) into Eq. (4.4), Fourier transforming the creation
operators, and rearranging terms, we find

N
a(&)a (U’ (&) = exp [i(é - 1)2]9-#;} a* (k). (4.6)

=1

This corresponds to a linear unitary Bogoliubov transformation of the mode operators in the
Heisenberg picture. To find the unitary that performs of this operation, we write the exponent
of the exponential in Eq. (4.6) as i¢, such that ) = exp[i(pA]. For small ¢, &) =1+ i(pfl,
we require the operator A to be Hermitian to ensure unitarity at lowest order in ¢. Using this
to expand Eq. (4.6) to lowest order in ¢, we find the condition

[4,4] =4, (4.7)

which is satisfied when A is the number operator. The operation in Eq. (4.6) is then achieved
by the following form of the unitary

l:l(cf) = exp

N
i(E—l)Zyjfdkj kj ﬁj(kj)], (4.8)

=1

which may be verified by means of the Baker-Campbell-Hausdorff (BcH) identity, and where
ij(kj) = ﬁ}r(kj)ﬁ j(kj) is the number operator of the jth source in mode k;. Writing the total
unitary as the product U = ®Zi " Hj (&), where ﬁj (&) is the unitary that performs translations
in source j by ¢;. From Eq. (3.467), the generator of changes in d due to & can be written as

G(&) =it (£)a,U(d). (4.9)

Combining with Eq. (4.8) provides the final form of our generator,
N
G =--1> W f dk; k; k), (4.10)
j=1

where y} =dauj=j— (N +1)/2 = p;/d. This generator characterises the dynamical property
of the parameterisation process of the state on & due to homogenous deformations, and its
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Hermiticity follows from the properties of the number operator. It has units of momentum,
which is expected since the array sources undergo individual spatial translations according to
some homogeneous expansion by factor £. The unitary in Eq. (4.8) may then be rewritten as

(&) = exp [~idG(&)] - (4.11)
This unitary describes the shift in expected source positions along an array, governed by some

homogeneous transformations of the array, without modifying their spatial profile. It is related
to the momentum translation operator. To observe this, recall Lagrange’s translation operator,

exp [b%] f(x)=f(x+Db). (4.12)

By change of variables, we can describe a dilation operation through
y=explx], = x=In[y]. (4.13)

Defining g(v) = g(exp [x]) = f(x), then

exp [by%] g(y) = glexp[b+x]) = g(exp [b] ). (4.14)

This dilates the coordinate y by a factor of exp[b]; a stretching of factor 2 requires b = In2.
In terms of quantum mechanical position and momentum operators, the dilation operator
is exp[ibpy]: a rotation in phase space. To recognise the generator in Eq. (4.10) as a form of
Lagrange’s dilation operator, recall the commutation relations satisfied by the mode operators:

|4, af] = 61, (4.15)

which are combinatorially isomorphic to (the so-called Bargmann representation)

d
such that
exp [itwﬁ+ﬁ] g(dJr) =g (exp [ita)]ﬁ*) . (4.17)

The form of the unitary in Eq. (4.11) implies that the change in the Qr1 as a result of the array
deformation may be determined from the variance of the generator [Braunstein et al., 1996].
The qFr of the deformed array is instead computed from the variance of the generator G(&)
with the factor (£ — 1) in Eq. (4.10) replaced by &. This is a consequence of having derived the
unitary by considering the shift in expected source positions, ¢; = (& — 1), resulting from a
homogenous deformation, £. In this representation, the Qr1 is determined entirely by G and
the initial state of the undeformed array. In the next section, we evaluate the variance of the
generator for arrays of well-defined classical and quantum states of light.
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4.2 Classical and quantum light sources

We consider stretching deformations of the array with a factor &;. From the variance of the
generator, we calculate the qQrr1 for the array of identical, stationary, and equidistant emitters
shown in figure 4.1. We compare the performance of different sources of light on the estimation
precision of d. This will identify whether difficult-to-prepare states for enhanced precision
measurements is a useful and feasible tradeoff. We choose to work in the near-field regime
over the far field. These define different regions of the electromagnetic field around the sources
and allow the use of intensity measurements in the near field to estimate d as opposed to
higher-order correlation measurements in the far field [Oppel et al., 2012; Pearce et al., 2015].
For complete state detection, the QFr remains invariant of the regime considered. To demonstrate
this, consider complete state detection and the parameter-independent unitary, U, which prop-
agates the near-field pure state to the far field: |Wg) = Upe [ W) For a parameter-independent
unitary,

|\I];p> =0y |We) = C[Fng [Wie) (4.18)

we find 1;9 = II\% Hence, for complete detection of the state, parameter estimation in both
regimes yields the same precision. This equivalence cannot be extended to the case of incom-
plete detection of the state. Such an occurrence may be modelled by considering a near-field
calculation comprised of source efficiencies n < 1.

4.2.1 Single photon emitters

We start by considering N independent sources. Each is assumed to be generated deterministi-
cally with efficiency 1 = 1. A photon is generated by the jth source if [1); = lAy;r |0);, where B}L
is the mode operator describing a photon with a Gaussian spatial profile with centre y; and
standard deviation s'. This requires the following form for the creation operator:

A 1
b = f s exp [~(x; — 2 /as?] a¥(x)). (4.19)

We initially assume the limit of clear separation, d > s, where each source may be considered
mutually independent. The pure state describing the jth-source |1)) i = b'10) j is then described

by its own Hilbert space H;. Defining the total Hilbert space by H = ® ].:17-(', then the state of
the whole array shown in figure 4.1 may be written as the product state

N
W) = @Iy, (4.20)
j=1

where |W(d)) € H. Since the generator of translations in d is defined in Fourier space, we are
required to Fourier transform the state to compute the variance (AG)?. Using

1 :
ﬁ;(xj):ﬁfdkjﬁ}r(kj)exp [zxjkj] (4.21)

IWe denote the Gaussian standard deviation of the sources as s. This distinguishes it from the permutation
element ¢ used in appendix E.
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and combining with Eq. (4.19), the complete state of N sources in Fourier space may be written
as

X

|W(d)) = (2%)4 f dk exp [ik - p— s’k - k| a*(k) |0), (4.22)

where the d dependence arises in the tuple u since uj1 — u; = d. After an applied stretching of
the array about the centre O, the or1 of the deformed array of sources is determined from the
variance of the 1D generator. The expectation of the generator is zero, which is a consequence
of an odd parity integral. Physically, this is since the stretching is performed about the centre of
the array and the array does not move as a whole. This is reminiscent of the average momentum
of a particle trapped in a harmonic potential well. Hence the qQFr1 is given by HG?(&5)):

. \F N
(G2(&S)) = (zi) z [J]g f dk dk’ dk? dk7" k7 k7"
n ] 4 (4.23)
xexp [i(k —K') - p—s2(k -k +k - k)| v(k', K}, k7, k),
where
v(k’, k;’, k;.”, k) = (0| d(k’)ﬁj(k;’)ﬁj(k}”)d*(k) [0) . (4.24)
The vacuum expectation value v(k’, k;’, k;.”, k) for arbitrary N may be written
N
v(k’, k;.’, k;.”, k)= 6(k;.’ - k;”)é(k}” - kj)é(k;. - k;.’) n ok} —ki). (4.25)
i=1

i#]

Substituting Eq. (4.25) into Eq. (4.23), we obtain the QFi for an array of spEs stretched by factor

Es:
Q_nme_ 20 o EN(N2-1)
In =406y =3 Y Wi == (4.26)
j=1

where we recall u’, = dju;. The first equality holds since the generator is independent of d, the
second from the variance of the generator. The third equality is from the explicit summation of
y;. which was defined earlier. We note that the orr1 is independent of the separation distance

d, which is welcoming since the parameter to be estimated is often outside the control of the
experimenter. A better estimate of d can be achieved by increasing the number of sources N
and the stretching factor &;, and decreasing the intrinsic Gaussian emission uncertainty s, as
expected. The cubic dependence on N may preliminarily suggest a precision scaling which
surpasses the Heisenberg limit. However, the resource count of this physical system is defined
by the variance of the generator of translations in d [Giovannetti et al., 2006; Zwierz et al.,
2010, 2012b], which is not the number of photons. The physical interpretation of the resource
is difficult to characterise. Since the or1 depends on the number of sources used and their
placement along the array, we conjecture that the resource measure is proportional to the
number of source pairings, which scales quadratically.
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4.2.2 Single photon emitters from a single Hilbert space

If we drop the requirement that d > s, then neighbouring source distributions may overlap.
The resulting or1 is expected to vary with the source separation distance. To understand
this dependence, we drop the assumption that each source can be described by a different
Hilbert space. This requires different commutations relations to those used earlier, where it
was assumed that each source was mutually independent. Specifically, we have [4(x), d*(y)] =
0(x — y) with all other combinations being zero. The Kronecker 6 is dropped since we now
associate all of the sources with the same Hilbert space H, which can no longer be decomposed
in a tensor product structure. These updated commutation relations allow for different source
distributions to overlap and will help determine how the qF1 varies with the source separation
distance. This demonstration will be made for the array of spe emitters without loss of generality.
For distinction with the orr derived through use of the former commutation relations, we define
the qQrr1 calculated with these updated commutation relations as SS?,E

We start by considering a stretched array of N sources, each emitting photons determinis-
tically with a Gaussian spatial profile. The stretching factor about the array centre is & and
transforms the mean jth source position to

A= [j— (Nz”)] £.d. (4.27)

The state describing the N sources in the near field is written

0 N ~ \2
1 —(xj =)= 4
W) = — f_ § dx exp ; — |4 @®)10), (4.28)
where dt(x) = 4" (x1) - - 4t (xn) and .+ is the normalisation constant. We note the subtle change
to the notation used for the vacuum state and the mode operators which now span the entire
Hilbert space H. This is in contrast to Eq. (4.22), where mode operators corresponding to the
jth source acted only on its associated Hilbert space. Defining

B
1 . N
gh =exp ~5a2 § X = %k (fix + floGi)) (4.29)
k=«
then
—dZIQ oo
2 _ SPE N
W4 —exp[ > ] E Im dx gV, (4.30)

where we recall the definition of Is% from Eq. (4.26) in the main section and ¢ denotes all of
the possible permutations associated with the number of sources, N. Since Eq. (4.28) is a pure
state the or1 may be determined from

I = 4 {9y - (W)}, (4.31)

where |V’) = 9;|W). We later realise this method provides the same result for the Qrr as that
determined from the variance of the generator G(&5), providing a convincing verification.
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Noting that the normalisation constant has no dependence on the integration variable, then by
use of the following vacuum expectation value

(0 ]_[ b(x)) ]_[ b (xI0) = ) ]_[ i) (432)

o ] 1

and the permutation group identities summarised in Appendix E, we find

d2[Q N
no_ SPE - Q
W) =y + S zmsz dx Zum-dszfm)gi“f
j=1

(4.33)
_d Ispx-:/2

dJ.s?E = ~/ ® N
- R B et

where we define the constant y = y(d, N) = d; [ln (%)] . The second line used the definition of
the normalisation constant Eq. (4.30). To ease the notation, we denote the last term in Eq. (4.33)
as #. Similarly,

d2(I3)?

(W) =y (y+228 - dIq) + ~ BAIS
o~ I3/2 N oo (4.34)
~7 ~/ N
TR | 2 B [ dsad

o |jk=1
We define % to be the last term in Eq. (4.34). From Eq. (4.31) we get the following for the Qr
S5 =4(¢-121). (4.35)

Despite this simplicity, the evaluation of the QFr for particular values of 4 can only be addressed
through a numerical approach due to the sum over all permutations associated with the two
expressions involved. It has no dependence on y, which is expected since the normalisation
constant trivially has no physical contribution to the information in the system. On the numerical
front, the simplicity of Eq. (4.35) provides a two-fold advantage. First, there are fewer terms
to evaluate. Second, this term dominates the value of all other terms which contributes the
QrL. This domination sees the resulting difference between (W’'|W’) and (W’|W) to be zero. A
solution to overcome this would be to increase the working precision of the numerical analysis
at the expense of greater computational time. Identifying the cancellation of terms avoids
unnecessarily large computation times. We note that the evaluation of the qrr is reduced to
that of two terms only: 4 and . However, both terms contain multidimensional integrals over
all possible permutations for any given N. The computation time to evaluate this using a brute-
force method increases rapidly with N, rendering this unsuitable. We address this by taking a
functional approach to the problem. This is possible since both terms % and ¢ are comprised
of repeat integrals, differing only in the index of the source positions. For convenience, both
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terms are written here

~d’I5./2 N N
252|/|zz Zyjf dxxj gV |, (4.36)

~2132 N o N
4s4|</V|ZZ Z ”o(j)“kf dx xjxk g7 |- (4.37)
j k=1 —

Both contain repeating Gaussian integrals of the type h,, = f dx; x” g By analytically solving
and defining

ho = V2ms? exp

8s2

(fij + ﬁa(j))zl

ns? o ({1 + flo(j)?
hy = (Hj + uam) exp [% , (4.38)
[ms2 [, \2 ., (fij + fio(j)?
hz = ? [(y] + yg(]')) +4s ] exp [T .
we rewrite the terms % and ¢. Simplifying, we find that
2o {20 |30+ o) | exp [21, 24501
B = , (4.39a)

452 Za exp [ZN Pl}la(l)]

2o ({Z;\Ll By (@ + fio)? +4s2] + Zj,(c:kl, By B (B + o) (Bk + Flaao)} exp [ZV, H’fs—z“)])
& =

1654 Y, exp [ZN Hl}la(l)]

(4.39b)
The same result is reached if the calculation was repeated using instead the variance of the
generator. We find that the or1 from Eq. (4.35) depends only on the properties of the source
positions. This is a property of the ort which depends only on the state. Since it contains a sum
over all possible permutations of source overlaps, a reduced analytic form is not possible and a
numerical approach is taken. The simulation results are illustrated in figure 4.3 and indeed
show a dependence with d. As expected, for small separation distances the estimation precision
increases with increasing d. For larger source separations where neighbouring sources are spa-
tially distinct, the Qrr converges to the value governed by Eq. (4.26). This mutual independence
was assumed to hold for d > s. However, we observe from figure 4.3 that this regime is in
fact satisfied when d > 2s for all N for a unit (untransformed) stretching factor. Between these
two regimes, a small bump is observed between d ~ (0.2 — 1.5)s. This nearest-neighbour effect
persists for arbitrarily large number of sources N on the array. The observed protuberance in
figure 4.3 appears to suggest that light sources with a higher average mode occupancy may be
preferential for the estimation of d. To test this, we will next determine the precision scalings
achievable with an array of coherent and thermal states. If this proposition is found to be true,
the use of coherent and thermal states over single photon emitters in this context would give a
better estimate of 4. In what follows, we shall assume each source to be mutually independent.
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Figure 4.3: The QFI with varying d in units of s, where s = 300 nm—typical of photons from quantum
dots—and & = 2. Photon bunching is allowed and we note that the QFI approaches the value determined
by Eq. (4.26) for d ~ 2&ss. The observed bump preceding the limit of clear separation is a consequence
of photon interference arising due to all the permutations of achieving the same detection.

4.2.3 Coherent sources

The semi-classical single-mode coherent state is defined as

—lajl® i’
laj) = exp > Z |0), (4.40)

where a; = rjexp[i@;] is the amplitude associated with the source mode j € Sy and b}r is the
creation operator for that mode. To encode the source separation distance d into Eq. (4.40), we
use the same mode creation operator b j= f dxjf(xj, u j)d}r(x) as defined for the single photon
emitters, where the function f (x;, ;) defines the spatial Gaussian profile. Assuming negligible
overlap between different sources, the N-mode coherent state, |\V). = ®].I\i 1laj), is written

N (rexp[igoj]fdxj F(xp) ﬁ;.(xj))”"

N
W) = exp [ of ] S — 0),
©u=0 =0 | j=1 a (4.41)
N 2
:exp[ la] ] Z ﬁ/(n)fdx f)™ a™(x) |0y,
{n}=0
where n! = ni!ny!---ny!, a(x)" = a](x])”/ at(x) = H] 1 Jm’(x]) N = AV|W), is the

normalisation constant and .7 (n) = ]’i _ rexpligjni]l/n;l. Appiymg a stretching with factor
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&s, we can calculate the Qrr of the new state from the variance of the generator yielding

2n]

2 2
Q _ &5exp[-Nr?] )
ICoherent - 52 E | | n; ' § [sznl% (4.42)

{n}>0 j=1

We immediately observe that the Qrr is independent of the phase ¢; of the coherent states.
Although the qrr is a function of the state alone, this independence may be understood by
considering the phase difference of any two sources, A, at any region of space along the
near-field plane. A change to the phase difference Ap — A + ¢( only occurs if any one of the
two sources contributing the phase difference shifts along the array. However, since

d _JAgp
55 A + o) = ——, (4.43)

any changes to the phase of each source do not contribute to the overall or1. Any information
change is encoded in the separation distance.

A meaningful comparison with the spes requires a unit average photon number in the
N-coherent state, such that (i) = |a|> = r2 = 1. For the limiting value n; — oo ¥V j € Sy,
Eq. (4.42) takes a similar form to IS% as follows

Q _ENWIN*-1)

Coherent — 652 (4'44)

We note that the scaling with resources is similar to that of the spes, and the constant factor of 2
improvement results from the increased mode occupancy of the coherent states.

4.2.4 Thermal sources

Another class of widely occurring states in nature are the thermal states. In this section, we
replace the array of single photon sources for the classical thermal states. This would address a
comparative performance on the estimation on the source separation distance d. A thermal
state emits at all frequencies with an intensity determined by the Planck distribution. This
distribution can be considered an infinite number of independent spectral modes [Barnett and
Radmore, 2005; Walls and Milburn, 2008]. The N-mode blackbody distribution is defined by

N
. o .
PBb = ® ph = Z ; bt |0yolb?, (4.45)
=1 '

{n}>0

where the total spectral mode creation operator

bin = (X) b (4.46)

is composed from the tensor product over the ]th source mode operator and n! = []% j=1 1j!. The
photon-counting distribution or occupancy number ¢, is determined from the Bose-Einstein
probability distribution and has the form

N —”f

]_[ T )M] (4.47)
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where
7y = (i) = Tr [ prpit (4.48)

is the mean photon number for the jth source. The creation operator b* defines the same
inherent Gaussian uncertainty in the position basis as that used for the coherent states. Since
the blackbody distribution is defined in the Fourier space, we are required to use the Fourier
transform of the field operator in Eq. (4.19) for a single mode. This yields

2\ 1/4
bt = (2%) fdkj it (k) exp [kj(=kjs® +ip))] , (4.49)
which upon substitution into Eq. (4.45) yields the final form of the array of thermal states pgp.
It describes thermal states produced at positions u;, each with an average number of photons
7. It runs along the continuous variable k, in contrast to Eq. (4.45), which describes a discrete
combination over the different Hilbert spaces associated with each source.

The qr1 for multimode states becomes additive such that for the blackbody state in Eq. (4.45)
we can write

N
Ip=> 7] (4.50)
j=1

where the sum is over the thermal modes. Since the thermal states are mixed states, the variance
of the generator provides only an upper bound to the or1. Hence, using the full form of the Qr
in Eq. (3.53) for an arbitrary thermal state we have

Q_ - Az) N0 Spxp
i 4;pk(A§ ) k;)/—pkwl [(ox
kel

2

G

o)

, (4.51)

where the probabilities and eigenstates of the jth-mode thermal state péh are given by

an

= lod= bI" 10); . (4.52)

As expected, we find that the expectation of the generator is zero since a stretching of the array
does not produce a net shift of the sources about the origin O. We then find
nin

52 N 1.
IQZ_SZHIZZ ] ]
Bb 2 j = \1+n;’
= N O T
N
”2
”]
j=1

o0 21

(4.53)

Eid

Z ; ﬁj(l +2ﬁ]‘),

N

S

where the second equality made use of the infinite summation identity >, k22 =a(1+a)/(1-
a)3, since [71j/1 + 7| < 1. For a meaningful comparison with single photon emitters we take a
unit average photon number, requiring (#;) = n; = 1. This gives

2 2
o EN(N?2-1)
L=

g (4.54)
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Figure 4.4: QCRB scaling with N for single photon emitters, coherent, thermal states, and the opti-
mally entangled state Eq. (4.59) with s = 300 nm and &s = 2. The higher mode occupancy of thermal
states permits better estimation performance when compared with the quantum single photon emitters.
However, the optimal state remains the entangled state constructed from the eigenvectors corresponding
to the minimum and maximum eigenvalues of the generator G.

Figure 4.4 illustrates this scaling with the number of thermal sources N along the array. Earlier
studies have shown that with data post processing, higher-order correlations of independent
sources yield more information than thermal light sources [Oppel et al., 2012]. Here, we find
that thermal states provide a better estimate of the source separation distance for a single-shot
experiment (v = 1) in the absence of any post-processing techniques.

The relative performance of the different states as illustrated in figure 4.4, holds if we
consider arbitrary photon number emissions by each source. This is straight forward to see
for the single photon emitters and the thermal state. In subsection 4.2.3 we derived the Qr
for a coherent state with a photon number distribution collapsed to have unit average photon
emission. We lift this limitation by considering an arbitrary number 72 of photons emitted by
each coherent source along the array. In Eq. (4.42) we had

2 N2 N p2n
B = 2R 5 L](22) 57 059

{n}>0 j=1

where r2 = (1) is the average number of photons emitted by each source. This is numerically
difficult to compute due to the infinite summation, but we can analytically obtain an expression.
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Figure 4.5: Contour plot of the QFI for N Ny,-Fock states, coherent states and thermal states. Here we
allow the average photon emitted by each source to vary. Note that the thermal states still perform best.

Defining the summation as

. Sl [T n EZEAR I
scan= >, | 157 | o mind| (4.56)

ni,na,...,ns=0

then we can re-write S({(#1))

S (@2 R\ TS
S(<n>)=z Z(n—j!#j m)ﬂz ng! |’

j=1 |n;j=0

M-

2|2 L) (4.57)
L k j
N © <ﬁ>n]‘
:exp[(N—l)(ﬁHZ#;’zZ il njz’
[ TE

N
= exp[(N = ()] ) w? ((A) + (1)) exp ()],

=1

where we used the identity Z}?" Ji al/ j'=(a+ a?) expl[a], which is in fact the second moment
of the Poisson distribution of the coherent states. Using the definition of the source expected
positions and combining with Eq. (4.55), then we have a general form of the Qr1 for coherent
states

_ &2y + (MPN(N2-1)

Q A~
% () 1252

Coherent

(4.58)

The relative comparison with arbitrary photon expectations is illustrated in figure 4.5.
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4.2.5 Entangled states of single photon emitters and the optimal state

In this section we consider how entanglement can be used as a resource to improve the es-
timation precision for detection of spatial deformations. Since the QF1 is a property of the
quantum state alone and does not depend on a particular measurement scheme, the estimation
precision is limited only by the uncertainty in the state. The optimal state defines the statistical
properties of the probe state which saturates the ocrs. However, it does not address the optimal
measurement strategy that should be employed to achieve this bound. We defer a discussion
of this to the next section.

Giovannetti et al. showed the optimal state to be that which entangles the states correspond-
ing to the maximum and minimum eigenvectors of the generator G [Giovannetti et al., 2011].
Specifically, we consider

|lnb>max + |¢>min
vz
where |¢)_ is the state corresponding to the maximum eigenvalue of the generator such

that G ), = max |¥),., and similarly for the state |} . Then, from the variance of the
generator we have

W) opt = (4.59)

min*

52
_Z-é)pt =4AG = (gmax - gmin)2 . (4.60)
From the matrix elements of the generator in the momentum Fock-basis
(na(ka)IGlng(kg)) = & pigkang(kp)dap, (4.61)

where a, € Sy, we see that the generator is diagonal with eigenvalues given when a = f.
Given the definition of the source positions in Eq. (4.3), the maximum eigenvalue corresponds
to @« = N and the minimum to a = 1 when n1(k1) = ny(ky) = N. This finding could have
been consistently anticipated from the results obtained in the preceding sections. For the same
resource count, all of the calculations for the or1 for the different sources considered contained
the term };; [u;z. Hence the optimal state—that which maximises the orr—would have all N-

photons emitting from the most extremal positions about the array centre O. From this, we
construct the optimally entangled state in Eq. (4.59) by identifying

N NN
= [ VN 0
DI (4.62)
V= [ @ W
min — s 1
3 VN!
Then from the variance of the generator we obtain
272 2
o _EN(N-1)
Lopt = ST (4.63)

The scaling of the ocrs with N has been illustrated in figure 4.4. As expected, it outperforms
the spes, coherent and thermal states. We note that not all entangled states reproduce a better
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performance than the classical states. To demonstrate this, consider the following simple
entangled state of spEs:

[p(@d)) = VP [¥(d))oaa + VI =P [¥(d))even s (4.64)

which emits single photons from either the odd sources along the array, |1 (d))_44, OF the even
sources, |1 (d)) .o From the variance of the generator we obtain

52 N N
L= |p ), 17+ =p) 3 whl. (4.65)
j=1 j=2
j=odd j=even

Figure 4.6 illustrates the scaling of the orr with N for different values of p. For p = 0 (p = 1), it is
preferred to have an odd (even) number of sources to maximise the qr1. The difference observed
for varying p becomes negligible for large N. A precision enhancement with entangled states is
better achieved if the state is prepared such that the N-photons are distributed with maximal
distance.Specifically, we note that for a maximally entangled state p = 1/2, Eq. (4.65) reduces to

1

Hence, entanglement as a resource does not necessarily always provide precision enhancements.
This is reminiscent of separate studies in both optical imaging and quantum computing where
entanglement was necessary but insufficient in providing performance enhancements [Gottes-
man, 1997; Tsang, 2008]. While the entangled state introduced by Giovannetti et al. remains
optimal, it is constructive to acknowledge the increasing number of researchers who consider
entanglement unnecessary to achieve resolutions beyond the diffraction limit [Tilma et al., 2010;
Braun et al., 2018].

4.3 Optimal estimator

An optimal estimator is one that saturates the crs in the asymptotic limit of large samples.
From chapter 3 we saw that it corresponds to a minimisation of the covariance of the estimator.
We first consider intensity measurements. If found to be optimal, we expect the classical Fisher
information (crr) for photon number counting to become identical to its corresponding QFr.

We start by finding the crr1 for the stretched array of N independent spes with 1 = 1. The
detector is placed in the near field and is discretised into M pixels, which covers the entire
spatial extent of the array. For some state p(d) incident on the detector, the measurement is
generally described by a positive operator-valued measure povm. Intensity measurements of
the state are most common in imaging and can often be described by operators which are
diagonal in the Fock basis. Hence we write the probability distribution of number counting at
each pixel as

p(ni, ..., nm) =Tr[p(d) In1) (m| ® -~ ® [nm) (nul],
=Tr[p(d) [1) (7], (4.67)

= (i),
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Figure 4.6: Scaling of the QFI with N for the entangled single photon emitter state (4.64) for different
p and s = 300 nm. This demonstrates that entanglement does not generally provide enhancements to
parameter estimates.

where we use the notation 7 to define vectors spanning the Hilbert space of the detector. We
note that the form of the probability distribution in Eq. (4.67) is motivated by photon counting
and the separable form of the single photon emitter state. Since we assume the sources to be
well separated, then in the near field it is unlikely that more than one photon is detected at the
same pixel. This truncates the Fock basis of each of the sources to values in the set n; € {0, 1}
for all k € Sy;. Hence we find that

2

N
paild) = ||f G ip] (4.68)
j=1

where f(x;, i;) defines a normalised Gaussian centred on [i; and standard deviation s. We
then obtain

c_ 1 (Ip@ild)\*  EN(N2-1)
I‘f dxp(md)( od ) T 12s2 (4.69)

for the near-field cr1. We find that the cr1 is equal to the QF, since the probability distribution
in Eq. (4.68) is the same as that describing the state p(d) of the array of spes. This equivalence
implies that photon-number counting in the near field is the optimal measurement strategy
which saturates the ocrs. To examine this statement further, we recall that the optimal observ-
able is given by the eigenbasis of the sLp for single-parameter estimations. Since for pure states
p(d) =p(d )2, then from the implicit definition of the sLpb, we have [Fujiwara and Nagaoka,
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1995]
2(d) =2d4p(d). (4.70)

The optimal estimator then becomes

O)=dl + 5————— Zy]f dx dx’ f(x) f (') (xj + %} — 2u7) d* (x) 0) (0la(x").

(4.71)

52N(N2

To check the optimality of the estimator, we confirm that its variance reproduces the in-
verse of the qrr for a single-shot experiment v = 1. For shorthand, we redefine Eq. (4.71) as
O(d) = d1 + Q, where the first term ensures that the estimator is unbiased since Tr[O(d) p(d)] =
d. From

Od)?=d(0@d) +0) + Q? (4.72)

and since the expectation of the sLp is zero, we have
(O =d*+(Q?). (4.73)

From this we find the characteristic condition for any optimal estimator: AO(aZ)2 1/ IS(I,QE We
also observe that the sLp is a function of the source distribution and describes interference effects
between different sources along the array. Surprisingly, the form of the estimator in Eq. (4.71)
has off-diagonal elements in the number basis, which suggests that intensity measurements
along the near field are not the only optimal strategy. The existence of a second optimal estimator
that is not photon number counting motivates an open question into the uniqueness of optimal
measurements. A possible cause for this may be the degeneracy of the eigenstates of the
generator.

4.4 Discussion and summary

In this chapter, we applied the theory of quantum estimation to an array of identical, station-
ary and equidistant emitters each with an intrinsic spatial Gaussian uncertainty profile. The
quantum Fisher information (Qrr1) has been used as the figure of merit for the estimation of
the source separation distance d in the near field. We compare the estimation performance of
different classical and quantum light sources. In order to efficiently report this comparison, we
derive the generator G responsible for changes in d due to a general spatially homogeneous
deformation & applied to the array. These deformations change the expected mean positions of
the sources, leaving the source variances invariant. Each source was assumed to be mutually
independent and was treated in its individual Hilbert space.

First, to quantify when the mutual independency of sources is valid and observe the
dependence of the orr on d, we allow for source overlaps. Calculating the QF1 for an array of
spes, we found that a numerical approach is necessary to find the or1. The or1 was observed
to initially increase with d until d ~ £;s/4 after which it settles to the value consistent with
those determined for d > s. In between these two regimes, we find that the Qrr peaks slightly
above that predicted when d > 2s. This is a nearest-neighbour effect and remains for arbitrary
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Figure 4.7: Illustration of separation distance required for mutually independent sources. The white
distribution is the joint spatial probability distribution.

N. Figure 4.7 illustrates the total spatial distribution from two neighbouring sources that are
considered well-separated by a distance d = 2s. These results gave an indication that a source
with higher average mode occupancy is favoured in this context for the estimation of 4. With
this insight, we explored the estimation performance of different classical and quantum states
with the assumption of mutual independency.

We considered arrays of single photon emitters as well as coherent, thermal, and entangled
light sources and conveniently summarise the following results:

EIN(N2-1) 3
2= ST = Efc%h =312 =619,.. (4.74)

The photon number distributions for the blackbody and coherent states were set to one for fair
comparison with the single photon emitters. Interestingly, we find that higher mode occupancies
of the classical sources provide better estimates of d than single photon emitters. This is
contrary to what may have been expected from earlier work, where higher-order correlations
of single photon sources yield more information than thermal light sources. However, unlike
this previous work, no post selection of data was used here. The scalings determined here
are based on the maximal information content in the state. We demonstrated that the relative
performance of different states, summarised in Eq. (4.74), holds if we consider arbitrary photon
number emissions by each source.

The preference of classical sources in this context was found to be misleading. By using
the entanglement resource between the sources carefully, we find that it provides a precision
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enhancement. By constructing the optimal state which entangles the eigenstates corresponding
to the maximum and minimum eigenvectors of the generator G, we found

IQ _ (S?NZ(N - 1)2

o= (4.75)

Physically the optimal state is found to be an extension of the noon state. It is a superposition
of all N photons emitted from the most extremal positions about the array centre O.

To address the optimal measurement scheme that saturates the ocrs, we first considered
calculating the classical Fisher information for intensity measurements. Since we found it is
equivalent to the QF1, photon number counting is found to be optimal. From the eigenbasis
of the symmetric logarithmic derivative, we find the existence of a second optimal estimator,
which is not photon counting. To support our claim of its optimality, we confirm that it is
unbiased and bounded by the quantum Fisher information. The existence of multiple optimal
estimators motivates an open question into the uniqueness of optimal measurements.

The work in this chapter permits the precise evaluation of deformed coordinates of the
quantum emitters and allows for corrective measures to negate their effects. This would find
applications in evaluating stresses and strains and fracture prevention in materials expressing
great sensitivities to deformations, and in selecting a particular quantum source distinguished
by its frequency from an array of references or differing sources. Further research will consider
the effect of incomplete detection of the state on the estimation precision, treatment of source
efficiencies, temporal jitters, non homogeneous deformations in higher dimensions, and far-field
detection.
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CHAPTER

MULTI-PARAMETER ESTIMATIONS WITH ARBITRARY HAMILTONIANS

n this chapter we present a framework for the detection and estimation of deformations

applied to a grid of sources. Quantum metrology for grid deformations provides an ideal

testbed to examine multi-parameter estimations for arbitrarily parameterised channel

evolutions with generally non-commuting Hermitian generators. We generalise the local
generator of translations for deformation parameters to multi-parameter estimations and use it
to explore how well different deformations can be detected and corrected for. This approach
holds for any deformation. We explore the application of our theory to the set of affine geometry
maps. Both the configuration of the grid and the properties of the sources help to maximise the
sensitivity of the ormm to changes in the deformation parameters. For the non-multiplicative
Hamiltonian parameterisations resulting from grid rotations about any chosen axis, the Qrr
can be made independent of the rotation angle, 9, for specific source properties and grid
configurations. The quantum Cramér-Rao bound is then attainable without the use of adaptive
strategies.

5.1 Generator formalism for quantum metrology

In this section we review the generator formalism of the ocrs. We find that the orim and hence
the Qcrs depends on only the initial probe states through the generator of translations in the
parameters . A natural question that arises concerns the form of the generator. Hamiltonians
which are parameterised by simple multiplicative factors have received much of the atten-
tion in this field [Braunstein and Caves, 1994; Kolenderski and Demkowicz-Dobrzarski, 2008;
Holevo, 2011; Vaneph et al., 2013]. In this case, the generator of translations are parameter
independent and are just the Hamiltonian. In this work, we consider more general forms of
parameter-dependent generators due to its wider applicability in quantum parameter estima-
tions. This arises when the parameters appear as different orders in the eigenvalues and/or
eigenvectors decomposition of the Hamiltonian. This scenario is less developed, with a few
authors considering general parameterisations of Hamiltonians. With this motivation, in sub-
section 5.1.1 we generalise the approach developed by Pang and Brun [Pang and Brun, 2014],
and Wilcox [Wilcox, 1967] to derive the form of the generator for arbitrary Hamiltonian pa-
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rameterisations for multi-parameter estimations. Once the form of the generator is established,
we are able to determine the multi-parameter orim. How this is achieved is summarised in
subsection 5.1.4.

5.1.1 Multiparameter generators for arbitrary parameterisations

Consider evolving a quantum state p(0) by some system Hamiltonian, H( @). For the archetypal
quantum estimation channel, the input probe state evolves according to

Alp(0)] = U(g)p0)U" () (6.1)
with

U(p) = exp [-iH ()] ~ exp [-iGopT + O(¢?)], (5.2)

where we assume that we can linearise the unitary in ¢'. Our objective is to find the form
of the generator G such that the unitary can be written approximately in the form shown in
Eq. (5.2). The initial probe state is chosen so as to maximise its sensitivity to changes in ¢.
Under infinitesimal changes to the parameterisation, this sensitivity may be characterised by
the following Taylor expansion to second order of the evolving unitary

R N N 1
U(p +0¢) =~ U(p) +VoU(@)op ' + E(SgoHécpT, (5.3)
where the parameter derivative vector, V,, and Hessian matrix, H, have the elements
[Vol(e)] =9t
[H(ep)] ;= 9; [VU(@)], = #U(e),

with d; = d/d¢; and 8]2.k = 9%/9¢p0@i. The parameter derivative vector, V,, differentiates the
unitary matrix with respect to each element of ¢, which may generally correspond to different
physical observables. This is a subtle, but important distinction with the gradient vector that
differentiates a function with respect to different elements of V, which correspond to the same
observable. To maintain full generality, we do not specify ¢ at this stage. Hence, we are unable
to define the inner product of the operators in Eq. (5.4) to determine their Hermitian conjugate.
Hence, we write

(5.4)

N n N t 1
U(p+o9) =~ U (@) + (Voll(p)) T+ S0pH 5T, (5.5)

For unbiased estimators, the average of the estimated data will yield the true value ¢ in
the asymptotic limit. The general objective of finding a measurement and estimator with
highest sensitivity to small variations in ¢ then justifies taking the approximation ||[Ro@|| < 1,
where the risk matrix R ensures dimensional consistency. This implies that we may make the
approximation 6¢pHO@ T ~ 0, such that the unitary in Eq. (5.3) and Eq. (5.5) may be truncated
to first order in 6¢. By considering the sensitivities of the initial probe state to infinitesimal
changes in ¢, we are able to find the generator of translations in ¢. Hence,

p(@p +6p) = (]1 + Vl:lécpTLAl*) p(@) (]l + ﬁVHé¢T) ,

~ exp [—i@é(pT] p(@)exp [i@+6(pT] , (50

I The assumption of linearising the unitary transformation, U, in ¢ can always be realised.
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where elements of the local generator of parameter translations G are given by
[G(@)] . =G =iloli(@)T (). (5.7)

The derivative of the exponential operator U is given by Duhamel’s formula [Wilcox, 1967]

1
9;U = —ifo daexp [—i(l - 0‘)7:{] JH exp [—ioﬂ:l] ’ (5.8)

- LillA; = ~iA0,

where A j(¢) is a Hermitian operator defined by the integral equation determined from Eq. (5.8).
By combining Eq. (5.8) with Eq. (5.7), we find an integral equation representation for the
generator of translations

Gi=A;= f(;l daexp [—ioﬂ:l] (8]'7:() exp [ia?—?] . (5.9)

A number of properties of the local generator immediately follow from this. First, its Hermicity
can be confirmed from Eq. (5.9) which is demanded for the state evolution expressed in Eq. (5.6)
to remain valid. To show this, we require knowledge of (J; H)*. Since G; j governs local dynamics
in @;j we write

idj [y = G;[¢). (5.10)

Spectrally decomposing H using the complete orthonormal basis {p;, [{;)}, differentiating
with respect to ¢; and using Eq. (5.10) we recover the Von Neumann equation

dH_ ojH - |G, H]|. (5.11)
de;

The first term is the eigenvalue dependence on the parameter and is Hermitian. Since we
have (J; FOt = =0; H then the Hermicity follows. Second, we notice that H is not necessarily
equivalent to G(p in general as expected. An equality is only valid when the Hamiltonian
has multiplicative dependence on the parameters ¢. Specifically, for Hamiltonian tomography
7A{((p) =29 ﬂf{], we recover é 7‘7 Third, despite our second observation, it is clear from
Eq. (5.8) that the generator of translatlons in ¢; commutes with the unitary describing the
channel evolution, [G; js U] = 0. This maintains conservation of the physical observable corre-
sponding to the generator. Further, the generators of different parameters do not commute in
general.

5.1.2 Solving the integral equation for the generator

In this subsection, we want to solve the integral operator Eq. (5.9) to find a solution for G j
Doing so will yield the generator for arbitrary Hamiltonian parameters and will allow the
calculation of the orr. Our approach to solving the integral operator equation for G; j,is to use
the Baker Campbell Hausdorff (sch) identity on the integrand. This will represent the solution

as an infinite series of nested commutators between the Hamiltonian 9 and its derivative 8 H.
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Note that this approach is generally better suited for perturbative solutions for infinite series.
The BcH for a Hermitian operator B and arbitrary operator A reads
2

exp [uB] Aexp [~uB] = A+u [B,A] + 5 [B,|

i n
=3 %Cg”(A),
n=0

for some u € C and where we have defined C () (A) as the nth—order nested commutator of
A and B (note the subscript 1 does not refer to a power). Using Eq. (5.12) to re-express the
integrand of Eq. (5.9) and performing the integration, we obtain

o>

,AH ...,
(5.12)

Gy =H o [P FG] - 5 [#, [ALFG] | +

3 E0 o (), 65.13)

n+1D! H

n=0
=g [-iCa] (7).
where H i = 8]-7-7 and where we defined the generating function of the expansion coefficients
in Eq. (6.13) as

et = 2RI

Eq. (5.13) is a series solution for the local generator of translations for the parameter [¢];. It
reproduces the adjoint action series of Duhamel’s formula in Eq. (5.8). Operationally, since
it depends only on the operator H, we should expect to be able to write the generator in
terms of the eigenvalues and eigenvectors of H. Hence, we consider the following spectral
decomposition of the Hamiltonian: assume that H has n ¢ unique eigenvalues, each with value
Ej, j€{1,2,...,n.} and degeneracy d; such that the corresponding eigenvectors are IE](k)),
ke{l,2,...,d;} satisfying (El(f )|E;6)) = 0ay0ps- The Hamiltonian is then diagonal in this basis,
and we write

(5.14)

ng 4
H(p) =Y > E@ |[E @) (EV (@), (5.15)

j=1 k=1

where we allow both the eigenvalues and eigenvectors to depend on ¢. Then, from its derivative,
we have

n d;
=303 [0 B VD] By (B VL)) 516)
k=1 I=1

Using the resolution of the identity and the orthonormality criterion of the projectors of the
Hamiltonian, the nth—order nested commutator of H and H; becomes

cl =- bzd@a — B |ES) (B [0 EC” ) (B
an,c,

= Z (Ea - Ec)nﬂﬂu,b,c,d/
a,b,c,d

7

(5.17)
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for n > 1, where we have collected all summations under the same sign for brevity, although
they are paired such that 4, c sum over distinct eigenvalues and b, d sum over the eigenvector
degeneracies for eigenvalues E,, E. respectively, and, where we introduce the weighted projector

&z{a,b,c,d = < a

INVERY, (5.18)

for brevity. Clearly then the nth-order nested commutators captures the dynamics resulting
from the eigenvectors dependence on ¢. The zeroth-order nested commutator is, by definition,
the derivative of the Hamiltonian, written in Eq. (5.16). By inspection the first term of 7‘(
reproduces the eigenvalue contribution to the local generator of translations G written in the
main body of the text. By use of the resolution of the identity, the eigenvector dependence of
7—( (second term) is in fact the result obtained by c® i ), such that

ng
Hj= > dEPy+CLY, (5.19)
k=1

where we introduced the projector by = > i 1Eg G )) (E; G )I onto the Ex-eigenspace of 7:{((p) Our
task now is to generate an expression for the elgenvector dependence of the generator (the
sum over nth-order nested commutators), so we temporarily omit the first term of 7—( Then,
combining the result of the nth-order nested commutators in Eq. (5.17) and Eq. (5.19) w1th the
series solution of the generator in Eq. (5.13), we have

ng o) .
A N . —i(E; —E)]"
Gj(p) = Z J;ExPr +i Z (Z % - 1)ﬂu,b,c,d,

= abed \n=0 (5.20)

g
= > EPi+i > (expl=i(Eq — E)] 1) Aupca,
k=1 a,b,c,d

where we write the proportionality to indicate our omission of the term with eigenvalue
dependence. By use of the identity

i(Eaz_ Ec)] sin [(Ea ;Ec)] , (5.21)

exp[—i(E; —E;)] —1=-2iexp [—

and including the eigenvalue dependence, we arrive at the following form of the local generator
of translations:

dy 4

Gi(g) = Za Ei Py +2Z Z Zexp —i(Ex — E))/2]

k#l m=1n=1 (5.22)
xsin [ 22 (0], [EC) (£

This is a generalisation of the result obtained by Pang and Brun [2014] to multiple parame-
ters. We will review the method they used to show this in the next subsection. Checking for
consistency, we verify that for phase-like Hamiltonians we obtain the expected multiplicative
factors of the parameters G(¢) = ¢ 3 ExPy = (p?’( and, that the generator is Hermitian. This
circumvents common methods, such as restricting the domain of the parameters ¢, or multi-
plying by the imaginary unit, to ensure Hermiticity or self-adjointness of operators. Further, we
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observe that the generator has two distinct parts. The first part is due to the dependence of the
eigenvalues on ¢; and the second due to the dependence of the eigenstates on ¢;. We expect
the qF1 to exhibit this same feature. Increasing the channel QF1 can be achieved by enhancing the
sensitivity of the generator through additional terms in the Hamiltonian H [Fraisse and Braun,
2017]. Specifically, for time evolutions with parameter independent eigenvalues, Eq. (5.15)
exhibits a periodic time dependence of the channel orr [Pang and Brun, 2014]. Generally, this
alone does not saturate the Heisenberg limit precision, but has been shown to with use of
feedback controls [Yuan and Fung, 2015; Yuan, 2016]. A key difficulty of finding the generator
can be observed from Eq. (5.15), which requires the spectral decomposition {E;, IE$)Y} of the
Hamiltonian . For large dimensional systems, obtaining this spectrum is in generai a difficult
problem. This in general can not be circumvented as we will see in the next subsection. This
difficulty in fact plagues the calculation of the QFr in any chosen formalism.

5.1.3 Alternative approach

In this subsection, we look at an alternative method to solve the integral operator equation for
the local generator of translations in ¢;, which achieves the the same result as the previous
subsection. We follow the method first proposed in [Wilcox, 1967; Pang and Brun, 2014]
to show it agrees with our result for multi-parameter estimation. This method recasts the
integrand Y(a) of Eq. (5.9) as a first order differential equation and introduces the super-
operator ALY ()] = [7—( Y(a)].

Defining the integrand as Y, (), then we have the first order differential equation

UV (B) =i [H, Yu(B)] = i [T (p)], (5.23)

where 7 is the Hermitian superoperator of H defined by H0] = [7:( 0], and the initial
condition is Y,,(0) = 9,,H. To recover our result from the previous section, we consider the
same spectral decomposition of the Hamiltonian to solve Duhamel’s formula. In Eq. (5.15),
we defined the Hamiltonian H to have n g umque e1genvalues Ej, j € {1,2,...,ng}, with
degeneracies d;, and corresponding eigenvectors IE Wy, kef1,2,. ,dj}. Hence we write the
superoperator .7 as

g dy d;

A @)= > > M @ @), (5.24)
k=1 i=1 j=1
with
2D () = Ex(@) — Ei(g), T () = |El(<i)((p)><El(]')
r(aﬁ)r(vé)

(5.25)

and where the projectors satisfy O1mOpy F( ® We can now solve the first order
operator differential Eq. (5.23) in ﬂ’llS basis by writing ,%” [V (B)] = Ay l] Y,n(B) and using the
initial condition

Mg dy

Y (0) = 9nH = ZZZT [t aur |1y, (5.26)
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to obtain

Mg dy

Y (ﬁ)—ZZZT [ au A1) exp [-in ) B] - (5.27)

Note that the zero elgenvalues of the superoperator occur when k = [ with degeneracy r = 3}; d

From the definition of H in Eq. (5.15) and the properties of the projectors nek

A (ii N (dmEr)di; fork =1
Te[f) 0, H] = K AP . (5.28)
(Ex El)<El |8mEk y fork #1

Substituting Eq. (5.27) for the integrand of Eq (5.9) and conducting the integration, we obtain
the form of the local generator:

Gi(p) = Za Ei Py +ZZZkZlexp[ i(Ex — E1)/2]

k#l m=1 n=1 (5.29)
xsin | 2o EL] (B[, [EC) (B,

where we recall that Py = 3 j IE,Ej )> (E,(cj ) |. This is in exact agreement with the result obtained in
the previous subsection.

5.1.4 Quantum Fisher information matrix

In this subsection, we summarise the form of the ormv required for multi-parameter estimations
with generalised Hamiltonian evolutions. We will then be able to use these results for what
follows. We start by considering the spectral decomposition of the evolved probe state

(5.30)

D
p(P) =) 0i(@) |oj(p)) (e;

j=1

where D = dim[supp(p(¢))] is the dimension of the support of p(¢g). We generalise the result
for the @rrin [Liu et al., 2014] to multiple parameters

24 c o Seige s
0j [Cov (I, @ Z(Q T+ o0) (05]0m] 2

where {m,n € 7Z|1 < m,n < D} define the elements of the Qr1 matrix elements, the arrows
above the derivatives indicate the direction of operation, such that (8 lox)T = (ok| 9 j,and the
covariance matrix of the generators on the jth-eigenstate of the 1n1t1al state in Eq. (5.31) is
defined as

), (5.31)

-

[Cov (9. )], = 5 (es|(ndh + 20} ) (e o] 7)o

Despite unitary evolution of the probe, the griMm may depend on the parameters ¢, 7 Q= 1% g).
We can easily re-write the Qrm in terms of the generator by realising that

19j0(@)) = 9;U(p)|0(0)) = =iGj|o(¢p)). (5.33)

> . (5.32)
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Given the Hermicity of the generators, it suffices to replace both Ej and 5]' with G jin Eq. (5.31)
to obtain a general Qrim for arbitrary unitary channel evolutions. This is the form of the Qrim
used in this work. We also observe that only for pure states, the QFim can be written as the
covariance matrix of the generators

[IQ]W =4Re [(@Iémén o) = (0lGum |0) {0lG |@>] : (5.34)

Note that although the form of the orim in Eq. (5.31) holds for probe states of arbitrary ranks,
diagonalising a Hamiltonian of increasing rank is generally increasingly difficult.

Recall from chapter 3 that we can intuitively relate the Hamiltonian formalism of the Qrmm
written in Eq. (5.31) to the sLp formalism. We note from the implicit definition of the sLp
that it describes dynamics of the system p(¢). Unitary dynamics are generally given by the
von-Neumann equation

[9ip(@)]ki = (djor) 01 + (01 — or)<0k]j01)- (5.35)

where we defined [d;p(¢@)]jx = 0j|djp(@)|ok), used the fact that d;{gx|0;) = 0, and where we
have dropped explicit dependence on ¢ on the rus. Similarly, by decomposing the implicit
definition of £ in the eigenbasis of the state and combining with Eq. (5.35), we obtain

2(dj0x) 0k .\ 2(ok — 01){djorlon
Ok + 01 Ok + 01

(Ll = (5.36)

where [9j0(¢)) = 9;U(¢) [0(0)).

To conclude this section, we have provided a generalisation of the generator for multipa-
rameter estimations. With this, the orim can be used as a figure of merit from in Eq. (5.31) and
the sLp in Eq. (5.36) to determine the optimal observables. In the next section, we address how
the grid configuration can be chosen to enhance the sensitivity of the Qrim.

5.2 Quantum metrology of grid deformations

In this section, we apply the Hamiltonian formalism introduced in the previous section to
determine how well different spatial deformations of grids of photon emitters may be detected.
One method of gauging how well deformations may be detected is to estimate the change in
source positions by tracking changes to the emitted signature of the grid. We use the ocrs
as the metric that describes the performance of our ability to estimate different deformations
introduced to the grid and to define the ultimate theoretical precision bounds. This problem is
isomorphic to source localisation which has been of considerable interest in the literature [Mo-
erner, 2007; Fairhurst, 2011; Tsang, 2015; Sidhu and Kok, 2017]. In the following, we work in the
near-field regime, which defines the region of the electromagnetic field adjacent to the sources.
This omits the need to propagate the emitted field to an alternative far-field region, allowing
us to better concentrate on the source localisation problem.

Consider a two dimensional grid of N; photon emitters arranged in a N X M configuration
with N (M) the number of sources along the x (i) direction. This grid configuration is illustrated
in figure 5.1 for N = 3 and M = 2. Homogenous deformations introduced to the grid of sources
will affect the expected mean positions of each source, not their covariances. By tracking these
changes, we aim to estimate the type of deformation the grid has been subjected to. The expected
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44 (a.u_)

Figure 5.1: A grid of Ny = 6 sources distributed in a 3 X 2 configuration, each with bi-variate Gaus-
sian spatial profiles and source separation distances d, = 4,d, = 4 (arbitrary units). The projected
probability distributions onto the xz and yz planes are illustrated by P(x) and P(y) respectively. We
assume that the sources are independent and identically distributed (IID) such that covariance matrix
of the emitted light in the near field is diagonal in the chosen basis. Any deformations introduced to this
grid affects only the expected positions of the emitters whilst preserving the source covariances. This is
demanded since any deformations should not change the emitters nature.

position of the jth source, 4= (U, yjy)T, j€11,2,..., N}, is chosen to be symmetric about
the grid centre O such that

= paoaty- - (5

o [E]- (4

where Mod[a, ], {a,b} € R, defines the modulo operation that returns remainder of the
division a/b, [a] = Ceiling[a] returns the smallest integer that is greater than or equal to a,
dy and d, define the source separation distance in the x and y direction respectively. The
convention chosen for labelling emitters j is from bottom left to top right, with increasing j
running along the rows. We now assume that the jth-source emits ; photons, each with a
bi-normal spatial distribution with mean position y; and covariance matrix X;. In what follows,
we reserve bold typesetting for tuples. Then, the distribution of each emitted photon may be

(5.37)
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described by the first and second moments according to

1 T
frjp) = 2nL; |1/Ze p[ (j—yj) Zj(rj—yj)], (5.38)

where

2

s rS;.5;

o Jx JxZ]y _ ) A\ T

2] - (1"5]' S]' 52. )’ lu] - (H]x’ u]y) 4 (5‘39)
x“Jy ]y

and r is the correlation coefficient between x and y. The pure state describing the emitted light

from the initial undeformed grid of N; np sources in the near field may then be written as

W (0)) = f dR" f(R, M)"*a"(R)" |0}, (5.40)

where dR = HN tdy f (R,M)" = f (rj, K )" is the mode function with which the state
is normalised, |0) = |O>®N t is the globéﬂ Vacuum state (i.e., no excitations in any mode), and,
at"(R) = H;Vt i " (rj) is the multimode creation operator composed of tensor products of
creation operator on the Fock space of the jth source, a f(r j)- These creation operators do not
have explicit time dependence. From its Heisenberg equatlon of motion, we may write the
position dependent creation operator as

B]T(rj) = fdkj a7 (kj) exp [irjkj] : (541)

Substituting Eq. (5.41) into Eq. (5.40) and using the definition of the mode function f, we write
the state in the Fourier domain as

I‘I’(O)):de" g(K)"at (K)" |0y, (5.42)

where the Fourier-space mode profile function g is

glkj) =\ —=2 (1 - n"exp [ik].Tyj - k].TZ:jk]-] , (5.43)
which differs from the characteristic function of f owing to the square root of the binormal
Gaussian distribution in the state definition in Eq. (5.40). Grid deformations will have the effect
of parameterising the initial probe state p(0) by changing the expected source positions u jto
By

The complexity of the calculation depends on how the grid deformation, F, parameterises
the generator. The case for multiplicative factors such as grid stretching, was considered in the
previous chapter. There, the 1 was used to estimate the source separation distance d = (dy, dy).
The generator for d used there was

G= —ZfdijjV]Tﬁ(kj), (5.44)
j
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I

;
! ! y’
,
;
;
,
;
O @

O
o O

(c) Composite sheat. (d) Inhomogenous.

Figure 5.2: This figure illustrates different deformations of the grid of Gaussian distributed sources
shown in figure 5.1. The deformed grids are shown with orange sources, and compared with the original-
undeformed grid shown with blue sources. The central black dot defines the grid centre O. In figure 5.2a
we consider a composite stretching which provides a platform for multiparameter estimation of the unit-
less multiplicative factors a and B. In figure 5.2b we consider rotations about the grid centre O. Whilst
this is a single parameter estimation, it is not a simple multiplicative factor. Figure 5.2c represents a grid
shear, and in figure 5.2d we consider a position dependent inhomogeneous (non-linear) deformation,
where the x-coordinates are transformed to x" = x exp(y/y) for y € R.

with A; = diag(uj,, 1j,), Vj=(F" - 1)k]-T, f1 is the number operator, and, G = (Gg,, édy)T
generates dynamics in the source separation distances. We note that this is a self-adjoint operator.
For an array of equidistant sources, the generator becomes G = & Z}i 1 ‘u;. f dk;k;j7j(kj) and
this system has been explored metrologically in chapter 4. In this work, we consider applying a
wider range of homogeneous and inhomogeneous deformations to a two dimensional grid
of sources and evaluating their impact on the Qr1. By determining how the Qr1 changes with
different deformations, we can track changes to the source coordinates in the grid and apply
corrective measures to negate the effects of the deformation. This would also enable evaluation
of stresses and strains in materials when deformed. Figure 5.2 illustrates the types of grid
deformations that we would like to consider in this section.
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Recall that the form of the unitary that parameterises the position of a grid of N; sources in
terms of some deformation is

U(p) =exp [-iH ()], (5.45)

where,

H(p) = - Zfdk (kjul (@) A (k)). (5.46)

By inspection of this generator, the Fock-basis is suitable to span this operator. Defining the
eigenvectors as

In) = |n1(k1),...,nNt(th)>, (5.4.7)

then from the eigenvalue problem 7:{(g0) |n) = E(g) |n), we obtain

N
E(qo):—znjfdkj (kjul () (5.48)
i=1

for the corresponding eigenvalues. Since the eigenvectors have no dependence on the parameter
to be estimated, we have that the generator of translations in deformation [¢]; = ¢, is

Ny
Gj= > 9jExIn)nl. (5.49)

k=1

This generator is Hermitian and has units of momentum. This is expected since the grid
sources undergoes spatial translations according to some deformation F. For any homogenous
deformation, there is no net translation of the sources about the grid centre, O (see figure 5.2).
This suggests that (G j»> =0, which can be confirmed through direct calculation. Hence, the
QrM for a pure state becomes

[IQ]M =2(GpGy +GuG) =4(GuGy). (5.50)

The second equality on Eq. (5.50) used a further property of the generators: [G,,, G,,] = 0, which
follows directly from Eq. (5.49). Using the definition of the state |¥), we can calculate the qQF,
which yields

2

) N; n; (Omuj,)(Pnuj,) (8mujy)(&nujy)
- Z (1-1r2) +

52 s2
Jx Ty

B (@) (@uuj,) + (amujy)(anujx)]}

SjxSiy

(5.51)

We note that the or1 depends only on the properties of the probe state and the grid configuration.
This suggests that it may be possible to modify both properties to maximise the sensitivity of
the Qrmv to changes in . We explore this possibility in the following subsections. The result
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Figure 5.3: Diagonal elements of the QFIM for a composite stretching deformation of the grid (illustrated
in figure 5.2a) as a function of the grid size N (x-axis) and M (y-axis), with d, = 1m,d, =2m,r = 0.5,
and sj, = sj, = s = 300nm—typical of photons from quantum dots. The zero off-diagonal elements is
a consequence of assuming IID sources along the grid. From figure 5.3a we verify that the QFI for the
stretching factor o along the x-axis increase as the grid size increases. Increasing the number of emitters
along the stretching direction is favoured for this. This recovers the same finding in [Sidhu and Kok,
2017]. Figure 5.3b demonstrates similar conclusions for the QFI for f.

obtained in Eq. (5.51) is central to the chapter since it completes the metrology approach for
grid deformations. It is valid for all possible deformations. For non-homogenous deformations,
the deforming matrix will also depend on the source index number j,

ul =Fjul. (5.52)

Site-dependent deformations significantly increase the computation time, so in the remain-
der of this chapter, we limit our treatment to homogenous deformations. This is the set of
affine deformations [Hartshorne, 2010; Kadianakis and Travlopanos, 2016], composed entirely
of linear transformations such as rotations, shear, and composite stretches. In this instance,
the deformation matrix is the same for all emitters in the grid. To proceed further, we must
consider specific parameterisations. In the following sub-sections, we consider different grid
deformations and use the Hamiltonian approach to calculate the precision of detecting changes
introduced to the grid. We first check that the formalism works for deformations with multi-
plicative parameterisations of the Hamiltonian, such as grid stretching and shearing, before
considering the simplest non-multiplicative parameterisation resulting from grid rotations
about any chosen axis.

5.2.1 Grid stretching and shearing deformations

We start by first considering the simplest grid deformation. The stretching shown in figure 5.2a
stretches the grid by a factor a in the x-direction and factor § in the y-direction. Each source in
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the grid is deformed according to the same deformation matrix described by

0 p

This is a multiplicative, bi-variate estimation scheme. We would like to determine how the qr1
behaves with changing ¢ = (a, ). Using Eq. (5.51) and Eq. (5.52), the 2 X 2 dimensional Qrim
can be written as

a 0
Fitretch = ( ) ’ (5.53)

2
Nt ; Ak i1,

[IQ]kz - Z T sisi (5.54)

=1 SjxSji
where we recall that 7; is the number of photons emitted by each source,

Ok

Ak = a- )

—(1-6u)r (5.55)

with k, I € {a, B}, and where we assumed each source has the same standard deviation in the
ordered basis for the grid, s, = s;, = s. We note that the only source dependence of the orim
arises from the expected mean positions of the emitters. All other terms detail the properties
of continuous variable Gaussian states for each source, and factorise out of the summation
since we assume each source is 110, and are subject to the same deformation F. This greatly
simplifies the calculation of the ormv, whose diagonal elements are illustrated in figure 5.3. We
observe that the Qrm is independent of ¢, which is entirely a consequence of the multiplicative
parameterisation of the Hamiltonian H. However, we are still able to maximise the sensitivity
of the orr by adjusting the grid configuration. To understand how, we provide an analytic
expression for the diagonal elements

_EN(M2-1)

d2N; (N2 - 1)

aa  1252(1—712)

It is clear from this that maximising the sensitivity of the QF1 is achieved by increasing the
number of emitters along the same direction as the grid stretching is performed, for identical
number of total sources, N;. This is in agreement with results obtained in chapter 4. Further,
we note that the QF1 for « is effectively just the mirror image of the Qrr for f, with the mapping
N < M, which can also be observed from the contour plots in figure 5.3. The ratio, %, of the

diagonal elements
2
dy\" N*-1
== —, 5.57
(dy) M? -1 (5:57)

provides a clear instructive guide for maximising either the Qr1 for a or for g, by controlling the
grid configuration. To illustrate this, we plot the ocrs along the N = M plane of the contour
plots for the stretching deformation in figure 5.4.

The results discussed for composite grid stretching can immediately be applied to grid
shearing, since they both parameterise the Hamiltonian with similar multiplicative factors. The
composite grid shear illustrated in figure 5.2¢, can be described by a shear in the horizontal
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Figure 5.4: Plot of the QCRB along the N = M slice of the contour plots in figure 5.3. The black solid
line illustrates the QCRB for a and the red dashed line for . For a square grid, N = M, the relative
difference between the estimate variances is accounted for by the fraction of source separations distances
in the x and y directions, according to Eq. (5.57). Along this plane, we choose d, = 1, d,, = 2 (and
observe a constant factor 4 difference between the two lines).

direction with factor ¢ and factor «x in the vertical direction. The deformation matrix for each
source along the grid is then described by

1
Fihear = (K 1) . (5.58)

The generator of translations in ¢p = (1, x) has the same form as that for the composite stretching,
except for an interchange of basis. The consequence of this is that the QF1 for ( is exactly that
shown in figure 5.3b. Similarly, the QFr1 for « is that shown in figure 5.3a.

5.2.2 Grid rotations

In this subsection, we consider the rotation map illustrated in figure 5.2b. For rotations in the
counterclockwise direction, the expected position of each emitter transforms according to the
deformation matrix

(5.59)

_[cos(¥) —sin(I)
ot \sin(9)  cos(9) |-

The transformed expected emitter positions then satisfy the following properties: dyii;, = —u;},
and dyiij, = uj,. Estimating the rotation angle 9 is a single parameter estimation protocol,
only with a non-multiplicative factor in the Hamiltonian. Our expression for the Qrim written
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in Eq. (5.51) accounts for this. From the properties of the transformed source positions, we
calculate the qFr1 to be

u?

& Lo

1], =3 (4 s
S LA (1-r2)\s2 2
p ( ) P

2ruj uj,

(5.60)
S]'ijy

For consistency with the preceding subsection, we assume each source has the same standard
deviation in the ordered basis of the grid, sj, =s;, = s. Then using the properties of the ceiling
function and the modulo operation, we compute this sum to provide the following, more
informative expression of the s,
[79] = L - {d2(N? = 1)[1+rsin(29)]
8 12s2(1-r2) U
+d2(M? - D)[1 - rsin(29)]}.

(5.61)

From this form, we observe two contributions to the QF1 for arbitrarily chosen grid configurations
and source properties (specifically the correlation coefficient, r, and the covariance matrix).
The first provides a constant offset of the @rr and may be enhanced by increasing the number
of emitters in the grid in either direction. Alternatively, for the same number of emitters, N,
the orr may be enhanced by increasing the mutual source separation distances. The second
contribution provides an oscillatory dependence of the rr on 3, which emerges only when the
following criteria are met

r#0, and, dy(N*>-1)#d;(M>-1). (5.62)

The first requirement is on the source properties and the second on the grid configuration.
Provided both criteria are met, then from Eq. (5.61) it is clear that the amplitude of the oscillatory
behaviour may be enhanced by choosing a grid configuration with N > M for positive r, and
N < M for negative r. The interplay between the requirements for a constant Qr1 can be clearly
illustrated by the ocrs. From the inverse of Eq. (5.61), the Qcrs is shown in figure 5.5. We
note that if the requirements in Eq. (5.62) are not met, the Qr1 can be made independent of the
rotation angle 3. The qQcrs is then attainable without the use of adaptive strategies.

5.3 Discussions and summary

In this chapter, we have developed a framework for detecting deformations applied to arbitrarily
sized grid of sources. This finds many important practical applications in engineering. Our
formalism allows the detection of stresses and strains subjected to materials, which provides the
ability to prevent fractures before they eventuate. By tracking changes to the expected source
positions during an applied deformation, our work is an analogue of the source localisation
problem. On the theoretical side, our formalism is the first to estimate the nature of deformations
by use of quantum metrology, whilst maintaining full generality for unitary channels evolutions.

Our approach uses the quantum Fisher information as a figure of merit to estimate the type
of deformation being administered to the grid. The sources comprising the undeformed grid
are taken to be stationary, identical and independently distributed (up) in a uniform manner
with constant x-separation distance dy, and y-separation d, between neighbouring emitters. We
model the jth source with a bi-normal spatial profile centred on y;. Any deformation exacted
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— (20 X 10)

— (10 x 20)
1 — (10 x 10)

Figure 5.5: The QCRB for a grid composed of Ny = NM source configuration undergoing a rotation
about the centre O, with d, = 1m, dy = 2m, correlation parameter r = 0.5, and, s jr =Sj, =8 = 300nm.
We observe a greater precision of detecting the rotation as the number of sources in the grid increases.
The amplitude of the oscillatory behaviour can be made more pronounced by re-arranging sources such
that N > M for positive r, and N < M for negative r. Further, we note that since rotations form a
homogeneous deformation about the grid centre, a period of Tt is observed in the variation of the QCRB.

affects only the expected source positions and not their covariances. This is physically motivated,
since the nature of the sources should not be altered in the process. Then, the application of
general deformations on the initial grid can be viewed as a unitary process, with grid dynamics
described by the Hamiltonian H. To ensure full generality, we allow the vector of parameters,
@, that fully describes the applied deformation, to appear as arbitrary parameterisations of
both the eigenvalues and eigenvectors of H. We solve for the local generator of translations in
@, which is a generalisation of the result derived in [Pang and Brun, 2014] to multi-parameter
quantum metrology.

For the grid metrology formalism presented here, only the eigenvalues of the Hamiltonian
depend on the vector of parameters ¢, encoding information on the applied deformation. The
generator describing dynamics in the parameters reduces to the set of commuting operators

Ny
Gj= > diExIn) (n|. (5.63)
k=1

From this and the b property of the sources—which permits each source to be treated in its
individual Hilbert space—we derive the orim from generator co-variances. Our expression of the
QFM holds for any general grid deformation. We provide example applications to homogenous
deformations, comprised of linear combinations of rotations, shearing, and, composite stretches.
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For composite grid stretches and shears, the deformation parameterises the Hamiltonian with
the multiplicative factors (a, f). Since the factor stretch in each direction is independent, the
QFM is diagonal. If a material is understood to be susceptible to fracture due to stretching
along a specific direction, the sensitivity of Qrr may be maximised by increasing the number of
emitters along the direction in which the grid stretching eventuates, for an identical number of
total emitters, N;. The optimal grid configuration then becomes an array of sources, which is
in agreement with results obtained in chapter 4, where the source optimisation problem was
considered for enhancing estimates of source separation distances in stretched arrays.

We also considered non-multiplicative Hamiltonian parameterisations resulting from grid
rotations about any chosen axis. We find that the Qrr can be made independent of the ro-
tation angle 9, if the following source properties and grid configuration requirements are
met: r = 0 (zero correlation coefficient of the bi-normal spatial source distributions) and/or
d2(N?-1) = d§ (M? —1). The Qcrs is then attainable without the use of adaptive strategies. If
both of the requirements are not met, an oscillatory dependence of the qQr1 surfaces. Although
enhancing the amplitude of oscillations can enhance our estimate of 9, adaptive strategies may
be required in general.

A natural extension of the work considered here would be to consider the QFr in the far-field.
The need for spatially propagating the field was circumvented here by working in the near
field of the sources. This would motivate more realistic models and lead to the concept of the
quantum Fisher information over a subset in space. Additionally, our formalism provides the
machinery for non-commuting generators, multi-parameters, and arbitrary parameterisations
of the Hamiltonian. Since, the full extent of this formalism is not taken advantage of with
quantum metrology of grid deformations, this would be fruitful future work.
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CHAPTER

OPTIMAL ESTIMATION OF COMPLEX SQUEEZING

1l measurements that use optical fields as probes are subject to fundamental limits

in their precision. This is due to the stochastic quantum indeterminacy in the phase

and amplitude of the light field. Squeezed states have gained significant attention

in quantum optics since they can surpass this precision limit in one quadrature at
the expense of a concomitant increased uncertainty to the complementary quadrature. Besides
this, squeezed light has become an essential ingredient to realise many other applications in
quantum information processing and optical quantum computing. This includes improved
detection sensitivities of weak forces such as gravitational waves and enhanced communication
rates.

Applications of squeezed light require a certain level of squeezing to demonstrate advan-
tages over classical alternatives. A natural question to ask then is: given a squeezed probe, how can
we be sure that its properties are commensurate with its intended application? This can be answered
by use of quantum state tomography. Alternatively, since we are only interested in the squeez-
ing operations, we apply quantum estimation theory to provide complete characterisation of
the amplitude and direction of squeezed states. Previous attempts in the literature to optimally
estimate state squeezing have been limited to its magnitude [Chiribella et al., 2006a,b; Gaiba and
Paris, 2009; Safranek et al., 2015; Rigovacca et al., 2017]. However, a complete characterisation
requires knowledge of the complex squeezing parameter £ that parameterises the squeezing
Hamiltonian. Few authors have calculated the QF1 for complex squeezing [Pinel et al., 2013;
Gao and Lee, 2014], but these research efforts did not address the measurements required to
attain the fundamental precision bounds for complex squeezing.

In this chapter, we start by deriving the quantum Cramér-Rao bound of & for arbitrary
single mode Gaussian states. We demonstrate that the optimal observables for both parameters
obey a non-commutative nature that prohibits a simultaneous optimal measurement-even
in the asymptotic limit. This is a true multi-parameter quantum estimation of incompatible
observables, which is the defining contrast from the work completed in the preceding chapter.
Within these constraints we find the quantum optimal estimators for individual measurements
of both parameters and discuss its physical implementation.

101



CHAPTER 6. OPTIMAL ESTIMATION OF COMPLEX SQUEEZING

6.1 Single mode Gaussian state model

Gaussian states have found many uses in quantum information processing and quantum metrol-
ogy. Examples include enhanced resolutions in interferometry, quantum teleportation [Wang
et al., 2007], and cryptography [Zhou et al., 2018]. A particularly pleasing feature of Gaus-
sian states is that their description and kinematics can be completely characterised theoreti-
cally [Adesso et al., 2014]. Specifically this class of states can be written in terms of Gaussian
unitaries operating on some initial Gaussian state pi,. For pure states pi, = |0) (0|, while for
mixed states it is the thermal state:

o0 —n

P =Y~ |n) (nl, (6.1)

)1
o (14 m)t+

where 11 = (71) is the expectation of the photon number 7i. Thermal radiation exhibits a Gaussian
characteristic function with zero mean Ay, = 0 and covariance matrix Xy, = (2n + 1) 1. For the
following discussion we focus on mixed Gaussian probes, though a discussion of pure Gaussian
states follows suit.

Any arbitrary single mode Gaussian state can be written in terms of the state [Weedbrook
etal.,, 2012]:

PG = R@éef)apthf)lﬁiﬁg = l:Ipthl:IJr, (6.2)

where the set Gaussian unitaries

D, = exp [aﬁ+ — a*d] , (6.3)
Se =exp [%(e*dz - eﬁ”)] , (6.4)
Re = exp [-iO®1], (6.5)

are defined as the displacement operator, single mode squeezing operator, and phase operator
respectively. The identities §f = §_. = §- will prove useful for later. We reiterate that the
description of pg is completely general, since the ordering of Gaussian unitary operations on
the thermal state is a convention. For example, the ordering of a displacement and squeezing
operations can be reversed according to

A A A

Dase = SeDy, (6.6)

with y = @ coshre — a* exp[id¢] sinh re. States described by Eq. (6.2) are readily prepared in
laboratories and their unitary evolutions realised by use of lasers and atomic ensembles [Ferraro
etal., 2005].

For a general Gaussian probe state, we characterise the squeezing operation parameters.
This requires estimating the squeezing parameter & = &1+ iér = r exp[i 9], where r indicates
the amplitude of squeezing and ¥ the phase. This is a bivariate estimation problem ¢ = (7, 9).
We start by considering the following probe state evolution

p(@) = S:pGSt, (6.7)

which is illustrated in figure 6.1. Using this probe description, we determine the fundamental
bound to the estimate variance in £ and determine the measurement strategy that minimises it.
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C Pin Da [ 8¢ 1l Re [ 92 P(<P).

Figure 6.1: Description of the general Gaussian state in phase space p(¢) used in this work. The ﬁnal
state can be decomposed in terms of the Gaussian unitaries V = Sz R@SeDq, such that p(q) = V pi, V.
We fully characterise the squeezing & of the evolved prove state. Each unitary is represented as a black
box in this work. For experimental implementation and applications of each of these Gaussian unitary,
we refer the reader to references Carolan et al. [2015]; Andersen et al. [2016]. In this chapter, we consider
pure and mixed single mode Gaussian states, which are generated when the input state is the vacuum
|0) (O or the thermal state py,, respectively.

Note that we are not performing state tomography by estimating the squeezing parameter ¢,
but instead we are interested in estimating the applied squeezing &.

To calculate the Qcrs for ¢ in the Hamiltonian formulation, we require a description of the
probe state. Defining

V =5:ReS5:.D,, (6.8)
such that VIV = V'Vt = 1, then Eq. (6.7) can be written in the basis {px, 1% lpi)) as

—n

p(p) = ZO ﬁv ) ¢nl V1, 69)

where {pi, |px)} defines the spectral decomposition of the thermal state in the Fock space. This
transformation of the probe can be described by a similarity transformation of the thermal state
bosonic mode operators a. In the Heisenberg picture, this corresponds to the linear unitary
Bogoliubov transformations of the form

ViV = Ast + Ba+C (6.10)
where the complex numbers {A, B, C} € C are defined by:

A=- (ei<‘9€_®) cosh 7 sinh re + ¢/®*® cosh 7. sinh r) ,
B = ¢79 cosh r cosh 7, + ¢/ P09 ginh r sinh 7., (6.11)
C=aB+a* A,

We can use this similarity transformation to determine the sLp and the ocrs for ¢. However,
since Gaussian states are conveniently described using a phase space description, it is also
appropriate to describe the state p(¢) in terms of its moments. Unitary transformations on
a Hilbert space map to real symplectic transformations of the first and second moments of a
state in phase space. Hence, we write the first and second moments of the evolved probe as

A=S(Awm +da) = Sdq, (6.12)
L =SEnST = (21 +1)SST, (6.13)

103



CHAPTER 6. OPTIMAL ESTIMATION OF COMPLEX SQUEEZING

respectively, where the moments of the thermal state were defined earlier, d, = (7, p) ", and

where we have defined S = S¢ReS. as the total symplectic transformation of the quadrature

field operators R, with [Weedbrook et al., 2012]
Sc =coshrl —sinhr (COS v sind ) ,

sind —cosd
(6.14)

Re = ( cos©® sm@).

—sin® cos®

These symplectic matrices transform the operators R corresponding to the action of V on the
initial thermal state. We will use this formalism to address the optimal measurement strategy
that saturates the ocrs in section 6.4.

6.2 Single mode squeezing generators

In this section, we derive the generators of translations for a squeezing operation. These
generators will be used to determine the Qrr in the next section. Also, this serves as a good
exercise since many of the difficulties for optimal measurements can be pre-empted by simply
examining the properties of these generators.

Recall from chapter 5 that elements of the generator of translations are given by the following
integral equation representation [Wilcox, 1967; Pang and Brun, 2014; Sidhu and Kok, 2018]

Qj = fol da exp [—ioﬂ:l] ((9]'7:() exp [ioﬂ:l] ) (6.15)

The Baker-Campbell-Hausdorff (BcH) identity can be used to write the generator Qj as the
following infinite series (see Eq. (5.13))

1
3!

|7, [#,07H]] +... = \ DT (9;#),  (6.16)

A A 17~ N
gj:ajﬂ_i[ﬂ'ajw]_ L+ DA

where C 1(3") (A) is the nth—order nested commutator of A and B. The action of a single mode
squeezer can be analysed as an evolution with the Hamiltonian

A= (e a®)

(6.17)
=r [sin(8) (4% - p?) - cos(9) {4, p}],

where the second form is parameterised in terms of the canonical position § and momentum p

quadrature operators. From Eq. (6.16) we can find the generator of translations for the squeezing

parameters ¢. We find (see appendix F)

G,(9) = % (e7a% — %), (6.18)
. 1 . .
Gs(r,9) =a (n + E) + g (e—“%i2 + el%”) , (6.19)
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with a, f € R defined by

a= L (cosh[2r]-1),
% (6.20)
B = 5 sinh [2r].

These are real constants that depend only on the magnitude of squeezing. Note that the gener-
ator for the squeezing amplitude r could have been readily obtained from i[8]-l:l((p)]l:l+((p)
since it provides a multiplicative factor to the squeezing Hamiltonian. This is not true for the
generator for 9, since it parameterises the Hamiltonian (6.17) with oscillatory dependence.
This explains the indicated dependence of each generator on the parameters in Eq. (6.18) and
Eq. (6.19). The generator (6.18) is consistent with the result in Chiribella et al. [2006b] for 9 = 0.
The generator of the directional parameter is interesting; it contains the conjugate number
operator as expected, but with an additional squeezing term that specifies the amount and
direction of the squeezing. The commutation of both generators,

5 A I R R AT YN S A
[gr,gs] =2ip (n + E) +ia (e 952 4 elsuﬂ) , (6.21)
is zero only in the trivial case of no squeezing. This non-commutativity extends to the sLp,
which suggests that for some & # 0, we should anticipate non-commuting sLps. This implies
that there is no common eigenbasis that permits simultaneous optimal measurements of r and
9. We will observe this in more detail in subsection 6.4.

6.3 Precision bounds for squeezing in Gaussian probes

In the following section, we turn our attention to finding the fundamental bounds to the
precision of estimating ¢. We start by writing the 2 X 2 QrM as:

78 1°
IQ((p)z( T ) (6.22)
18 18

This is a symmetric real matrix: 7, % =17 sQr . Determining the ormm then reduces to finding three
quantities. All these terms can be determined through the Hamiltonian formalism, or equiva-
lently through the sLp formalism. Since we have presented the generators of local translations
in ¢ in Eq. (6.18) and Eq. (6.19), we use them to determine the Qrim in this section. We can
then define the precision bounds for the amplitude and direction of squeezing in single mode
Gaussian probe states described in section 6.1.

The first quantity we want to calculate is the orr for the real squeezing parameter. For the
evolved probe state p(¢) defined in Eq. (6.9), the eigenvalues

!

=" 6.23
(m+1)"" 62)

Pj

for integer j, do not depend on the estimation parameters ¢. Hence, the only contribution to
the Qr1 comes from the eigenvectors. Combining Eq. (6.19) with the multi-parameter Qrr in
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Eq. (3.53) from chapter 3, and using the commutator [4,4'] = 1 to normal order all operator
terms, we obtain the following expression for the Qr1 for the magnitude of squeezing:

72- Z p; ( A+2 Az +4<d+ﬁ>]’j Lo p2id <d4>jj _ g2 <ﬁ+4>jj)

(6.24)
2pipk | _ o /at2\ |
_ Z 3 i;k ' 18 >jk _oi® <a+2>jk

with j,k=0,1,2, ..., and where the expectation values are performed on the eigenspace of the
evolved state described by Eq. (6.9). Specifically, the expectation of any arbitrary operator A is
written (A) ik =Apj IAka> = (n; VAV |np). Similarly, we can calculate the remaining elements
of the Qrim.

The normally ordered form of the qrr for the direction parameter of squeezing 9 is written:

4Zp]{ 20), (o &) (7a), (22 ) v e [aper (370) |
+ 3Re [ozﬁei‘9 <ﬁ+2>j],] + %Re [ﬁ2e2i‘9 <ﬁ+4>jj] + (%2 + ﬁ;)} (6.25)
8pipk | (st L O\ B (s gy . oisgaey
- Zp]i;k al(110) + )+ B e (@) e 7))

where 2Re[t] = t + t* defines the real element of any complex number ¢. For completeness, the
normally ordered form for the off-diagonal elements of the Qrim is written

s S fom [ (3007, (0%, )« B ), ]

' dpjp —i9 /A i/ A Okj ~i9 /A i9 /A
iy Zk—pji;k (e s<az>jk_es<a+z>jk)(a [<a+a>k],+g L s<a2>kj+es<a+2>kj]),
Js
(6.26)

4

where 2Im[t] =t — t*. To determine these three information elements, we are required to
determine the expectation values of products of normally ordered bosonic mode operators.
We evaluate these terms by using the Bogoliubov transformation, which we write again for
convenience:

Viav = AT+ Ba+C, (6.27)

with {A, B, C} € C defined in Eq. (6.11), and through repeated use of V'V = 1. A complete
list of all expectation values for this calculation can be see in appendix F. The resulting terms
are lengthy and consequently we do not write the Qr1 elements explicitly.

The QFim (6.22) is non-singular, implying that we can readily determine the Qcrs. Assuming
that we have access to the probe state p(¢) (which we assume is known exactly), we are now
in a position to define the fundamental precision bound to the estimates of the magnitude and
direction of the squeezing applied to this state. In figure 6.2, we plot the diagonal elements of
the Qcrs as a function of conjugate parameters r and 9. Interestingly, we clearly observe white
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Figure 6.2: Precision bounds for the estimation of squeezing in the Gaussian probe state p(¢) in phase
space, as a function of r (x-axis) and S (y-axis). Figure 6.2a illustrates the QCRB for the amplitude
parameter and figure 6.2b for the angle of squeezing. The numerical value of the QCRB exhibits strong
dependence on the probe state. For this plot, the free parameters that encode the state are chosen to
have the values re = 0.78, 9. = m,a =1,0 = 0.8n, 1 = 1. The observed white regions correspond to
values of ¢ which generates large variances and should be avoided. Note that saturating the QCRB
for the magnitude of squeezing does not require large r. The plot on the right illustrates the minimum
squeezing required for optimal directional information on the squeezing.

regions that correspond to values of & that generate large estimate variances. We also note
that there is no obvious value of £ that minimises the estimate variances in both parameters
simultaneously. From this feature alone, we expect that simultaneous optimal measurements for
both parameters is not possible. We explicitly demonstrate this later. The parameter covariance
is not zero and non-negligible, implying that both parameters are correlated. This mutual
dependence can be clearly detected in figure 6.2.

For an experimental characterisation of squeezed probe states through an estimation ap-
proach, we naturally want the procedure to saturate these precision bounds. Finding the form
of these optimal measurements is the aim for the next section.

6.4 Optimal measurements of complex squeezing

Optimal estimation of real squeezing was considered by Chiribella et al. [2006b]. The optimal
observable requires an optimisation step that depends on the choice of probe. Displaced
squeezed states were reported to achieve the smallest estimation variance with homodyne
measurements providing an optimal strategy. In this section, we explore how the optimal
strategy changes when we additionally estimate the imaginary squeezing component. We
start by exploring the estimation strategy for the probe state p(¢) introduced earlier, before
focussing on specific pure and mixed Gaussian states.

The qcrs for each parameter may be achieved by performing measurements in the eigenbasis
of the sLD operator, if its eigenvectors are locally independent of the parameter [Braunstein and
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Caves, 1994; Braunstein et al., 1996]. The optimal quantum estimator that saturates the ocrs for
¢; is given by

A -1 .

O(p;) = ¢l + [(IQ) L],, (6.28)

J
which is a projective measurement onto the eigenstates of the sLp [Paris, 2009]. The first term
leads to the average estimate and the second the smallest covariance of the optimal measurement.
The optimal measurement is therefore achieved by measuring in the eigenbasis of the sLp.
The traditional method for finding the sLp operator is to expand it in the eigenspace

of density matrix. Defining the spectral decomposition of the evolved thermal probe state,
p(p) = thhV‘L, with the set {p;, [p;)}, the sLp takes the form

N 28'm6mn zm—na‘mn
[Lf]mn: Dipm) N (Pm — pu)(djp |p>,

(6.29)
Pm+Pn Pm + Pn

wherem,n € {1,2,...,s},and p,;, + pn # 0. We saw in the previous chapter that we can rewrite
this in terms of the local generator in ¢;, according to:

R 2i(pm — p)pml VG VIpa
[Lj]mn: i(p pu)pmlV'GiVIp >’ (6.30)

Pm + Pn

which is Hermitian. This formulation of the sLp requires knowledge of both the generators and
the spectral decomposition of the probe state, which are known.

Before investigating optimal measurements, we draw attention to the general non com-
mutative structure of the sLp for each estimation parameter [.fr, .[:9] # 0. The absence of a
simultaneous eigenbasis for both operators rules out the possibility of simultaneously mea-
suring in the eigenbases of the sLps to achieve a simultaneously optimal estimate of complex
squeezing in phase space. Additionally, there is no collective measurement that attains the
Qcrs asymptotically since ([£,, £5]) # 0. The best option is to address the individual optimal
measurement scheme for the indirect estimation of ¢. This is the objective in this section, where
we consider specific pure and mixed single mode Gaussian states.

6.4.1 Pure state models

We start by considering single mode pure Gaussian states. This class of states closely models
mixed states since the orim exhibits a convex property. Specifically, if we denote I as the set of
achievable Qrims, convexity entails that forany I € 7 and I’ € 7, we know thatpl + (1 - p)I’ € T
forall0 <p < 1.

Consider a rotated coherent state as the input probe such that such that the evolved state is
written:

[ (@)Y =Se|¥(0)) in = ScRoDq 10), (6.31)

This state is equivalent to the mixed state (6.9) with € = 0 and p, = 0 for all n # 0. The QFm for
the squeezing parameters as a function of r and 9 has the same dependency as that illustrated
in figure 6.2. We argued in section 6.3 that this prohibited simultaneous optimal estimates
variances for both parameters. To demonstrate this precisely, we now work in the sLb formalism
since it is better suited to addressing this line of examination.
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The sLp for a pure state is well known and is written L j = 20;p [Paris, 2009]. This form is
sufficient to determine the commutator of the sLp for each parameter, but is not in a convenient
form to describe the optimal measurement scheme. Instead, we express the operator as

£i=26;=2 (G] - <Q]>) , (6.32)

where the expectation value is with respect to the pure state (6.31). Note that the sLp is suitably
Hermitian with zero trace. From the generators defined in Eq. (6.18) and Eq. (6.19), we have
the following sLps for complex squeezing

Li(r) =iea —ie"a"™ - 2G)), 633
Ls(r,9) = pe%4% + pe’*a™ + 2a4%4 + (a — (Gy)), '
where we recall that @ and f are real constants defined in Eq. (6.20). Note that the sLp for
amplitude squeezing depends on only its conjugate parameter, while the sLp for directional
squeezing depends on both parameters. This is purely a consequence of how ¢ parameterises
the Hamiltonian (6.17). The operators in Eq. (6.33) do not commute:

[ﬁy, fs] =4ia (exp [-i8]4% +exp[i9] dﬂ) # 0. (6.34)

Since simultaneous optimal measurements are not possible, we attempt to find separable
optimal measurements for r and 9 separately. The optimal observable is determined from the
second term in Eq. (6.28):

0=(19"L, (6.35)

where we have defined O = (Or, OS)T and L = (fr, .ﬁs)T for squeezing estimates. Through
numerical values, the off-diagonal elements of the grim are not negligible when compared with
the diagonal elements. This implies that the optimal observable for any one of the parameters
depends on the sLp basis for both parameters.

Given the length of the expression for O, we do not write its specific form. However, to
address the optimal measurement strategies, this is not necessary. Specifically, if we can describe
a particular measurement strategy that reproduces the form of O, then we are able to report an
optimal implementation. Focussing on estimating the amplitude of squeezing, from Eq. (6.35)
we write

Oy =l + bt + 1a™ + 1347, (6.36)

where we have introduced the complex coefficients

b= (a=(G)) [@D s = 2GITD My, (6.37)
lr = 2a[(Z9) s, (6.38)
I =e" (BTN My — il (XD r), (6.39)

for further brevity, and where [(Z Q)‘1] jk denotes the element of the complex, symmetric ocrs
in row j and column k. Our intention now is to find a measurement strategy that has the same
form as Eq. (6.36).
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Intensity measurements are a basic tool of quantum optics experiments. In general this can
be implemented via correlated intensity measurements. However, since we have a single mode,
we try writing the optimal observable as a photon counting measurement of some mode b.
Since we are trying to estimate the squeezing elements, an instinctive approach to realise the
observable (6.36) is to apply a ‘reverse’ squeezer. Physically, the squeezed characteristics of
an evolved state can be deduced by finding the values for &’ that generates the original probe
state. Hence, we investigate whether the optimal observable can be reproduced by applying a
squeezer 5z and then conducting intensity measurements. Specifically, this is described by

bth =51,475:8%,45,
< <
= (cosh[r’]2 + s:'mh[r']z) a'a + e cosh[r] sinh[r']a"2 (6.40)
+ e~ cosh[r'] sinh[r']4% + sinh[r']?,

where we have used the Bogolioubov transformation of the mode operators under a single
mode squeezing operation

S1,4Se = cosh[r']d + ¢'* sinh[r]a", (6.41)

and have expressed the result in normal order. The primed parameters are tuneable parameters
of the squeezing operation. For this strategy to be optimal, we are required to determine the
coefficients /; for j € {1,2,3}. Clearly this is underdetermined, which suggests that classical
post-processing is additionally required. Any processing function of the experimental data
is permitted, since this does not change the physical implementation. We choose to take the
function: yb*b. Taking this form and comparing coefficients with the optimal observable that
we found in Eq. (6.36), we find that a reverse squeezer followed with intensity measurements
is an optimal strategy if:

ezr/ _ 2\/11(12 - 11) + 12

T , (6.42)
4 l
i9 3
eV = ——2 (6.43)
Vii(l2 = Iy)
y=—2li+1p, (6.44)

where y is the classical post-processing factor. Although these values are not unique, this
does not alter the physical implementation. Hence the optimal measurement scheme is that
described by Eq. (6.40) and is illustrated in figure 6.3.

Our discussion has so far focussed on the estimation of amplitude squeezing. However,
by observing the form of the optimal observable in Eq. (6.35), we notice that Oy has the same
dependence on the mode operators as O,, but with different definitions of the weightings [;.
This implies that the measurement scheme remains the same as that shown in figure 6.3, but
with different values for r/, 9" and y. Hence, with the individual optimal measurement for
both r and 9 determined, we have provided a method to completely characterise the squeezing
operation on single mode pure Gaussian states (6.31) using estimation theory. In the next
section, we see how this changes when we consider mixed states.

6.4.2 Mixed state models

In the previous subsection, we derived the sLp for pure states using the generators of local
translations. However, this method is much less convenient for general multi-mode Gaussian
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Figure 6.3: Optimal measurement scheme that saturates the QCRB for the magnitude and direction of
complex squeezing of a pure Gaussian models indicated with a dashed border. For some bosonic mode
a, the optimal measurement scheme is to perform a single-mode squeezer and follow up with intensity
measurements of the emerging mode b. Our objective is to find values of &' for which this measurement
recovers the optimal observable for &. Note that classical processing of data is required to obtain the
optimal estimates of squeezing.

states. In this subsection, we use phase space methods to derive the sLps for ¢ for single mode
mixed Gaussian state. From this, we can address the optimal measurement scheme. Analogous
to the pure state case in the preceding subsection, we consider the rotated, displaced thermal
state

pin = ReDapmDiR, (6.45)

as the input probe state. The squeezed state is then p(¢q) = S¢pinS E, which is equivalent to the
mixed state (6.9) with € = 0.

The sLp of a general n-mode Gaussian state in the phase space representation is written in
terms of the vector of 21 canonical operators R= (41, P1,---,Gn, Pn) " and its first two moments

A=Te[pR], Zj=({R;, R}), (6.46)

known as the mean and covariance respectively, where R; = R i— (Rj) are the zero mean
operators. An equivalent expression for the sLp can be written in terms of the bosonic mode
operators a4 := (41, ﬁ{, e, du, ﬁfl)T. Several authors have developed and reviewed methods to
calculate the orr and the sLp using the phase space formalism [Monras, 2013; Gao and Lee,
2014; Jiang, 2014; Safranek et al., 2015].

In this subsection, we use the approach detailed by Monras [2013]', who derived a closed

LA different approach was developed by Y. Gao and H. Lee to also derive an exact form of the sLp. The result
was summarised as [Gao and Lee, 2014]

A 1 -1 2 2K -1 3
Lyl (o) (- m) 3l (o) i,
where Mt = Z® £ + Q ® Q/4, Q is the symplectic matrix defined in chapter 2. Assuming that the derivatives of the

111



CHAPTER 6. OPTIMAL ESTIMATION OF COMPLEX SQUEEZING

form for the sLp as the solution to the Stein-equation to give

p_ 1m0 (Ba Bp ®pa 1 )
Li=5A4 {R*,RF} + BIR —ETr[ﬂ z], (6.47)

where Greek indices imply Einstein summation convention and

(o]

A® = Z FUoyxHF, 8% =254, (6.48)
j=0

with F = (Zw) L. The constant A® is defined for non-singular p [Monras, 2013]. Note that
due to the structure of Gaussian states, the sLp is at most quadratic in the canonical operators
(or equivalently, the bosonic operators). Specifically, the first term in Eq. (6.47) is composed
of bilinear contributions that corresponds to linear unitary operations. This describes passive
devices such as beam-splitters, half and quarter wave plates, and phase-shifters. The quadratic
contribution describes active devices such as squeezers and down-converters. The second term
in Eq. (6.47) has a linear dependence on the operators. These operations describe displacements
of Gaussian states in phase space. The coefficients A® and 8% are completely determined
from the first and second moments of the probe state and their derivatives. Using the definition
of the moments in Eq. (6.46), we observe that the expectation value of the sLp is zero, as required.
Eq. (6.47) is a general form of the sLbs for Gaussian states.
For the state in Eq. (6.45), the mean and covariance matrix of the state is given by

A=Sd,, E=27+1)SST (6.49)

respectively with the symplectic matrix S = Sz Rg. Both moments depend on the squeezing
parameter &. Similar to the previous subsection, we write the sLp (6.47) in terms of the bosonic
field operators 4. This requires mapping the transformed moments to the bosonic operator
basis using the unitary map R = s, where

s:i(1 1.). (6.50)

—i i
We find that the moments in this basis can be written as
A=sA, Y =sXs'. (6.51)

Substituting this into Eq. (6.47), we write the sLp in its final form:

A 1 2 2 2 1
L= Eﬂa(? {a°, 4} + B 4" - ETr[ﬂ(k)E], (6.52)
where
sz(k) — STﬂ(k)S, %(k) — B(k)s‘ (653)

and k € {r, 9}. We now have a closed form for the sLp written in the bosonic mode basis. With the
moments defined in Eq. (6.49), our task is one of determining the matrix coefficients .o/ ©) and

first and second moments exist, we can then determine the sLps and the Qrm for any #-mode bosonic Gaussian
system. However, the necessity of inverting large matrices is a drawback of this method.
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2 ") These coefficients are solutions to the Stein Eq. (F.21). We derive their explicit expressions
in appendix F.3 and summarise the results as:

2n(m+1) , (cosh[2r]e”®®  sinh[2r] (654)
2n+1 | sinh[2r]  cosh[2r]e’® :
2n+1_, cosh[r]e~"¥*®) 4 sinh[r]e’® (6.55)

V2 a ~ \cosh[r]e!®*+®) 4+ ginh[r]e~1® .
4in(m+1) 3 (sinh[2r]e~™® 0
il 2 ( 0 —sinh[2r]e’® (6.56)
i2n+1) s _ [sinh[2r]e’® — cosh[2r]e~1(9+®) 657)
VZasinh[r]  \cosh[2r]e!**®) —sinh[2r]e~© '

Note that only the vector constants depend on the displacement term a and the rotation
parameter ©. This is due to the parameterisation of the transformed state moments. The
constants ./ ¥) for k € {r, 9} is singular for pure states 7 = 0. Hence the sLp for pure state is
not-defined using this approach. This is since the Stein Eq. (F.21) gives unique solutions for
non-singular p, which excludes pure states.

Taking the commutator of the sLp for r and 9, we find they do not commute [.ﬁr, .fs] # 0.
To find the optimal povm, we first determine the operators O = [72]~1 L. For the amplitude of
squeezing, we write

Or = I + Lyt + 156" + 156 + 1,a™ + 1742 (6.58)

Since the povM is in normal order, it can be implemented through the intensity measurements
¢*e. In contrast to the optimal observable for the pure state, this has terms that are linear in
the mode operators. The Bogolioubov transformation (6.41) of the mode operators must be
updated accordingly. Specifically, we first squeeze then displace the operators where we have
used the Bogolioubov transformation of the mode operators under a single mode squeezing
operation

¢=b+a’ =cosh[r']d + e sinh[r']a" + a’. (6.59)

Writing o’ = r,, exp[i9/,], we write:

=1y - 121,

72
eZz‘S’ _ 4l4
12—

2
2r2=1-1,+2l,
. |
o, T (215 - ¥ +1) . 12 - 201972 (e2 - 1)
2(15 + 1)1 2(5 + 1)1

7

(6.60)

The optimal measurement scheme for mixed squeezed states is illustrated in figure 6.4. It is a
homodyne detection of a single-mode squeezer applied to the probe and an intense coherent
source as inputs. Although no classical post-processing is required, this implementation still
requires adaptive measurements. This may become prohibitive, especially if strong single-mode
squeezing is demanded. The optimality of homodyne detection is consistent with the geometric
argument provided by Monras [2013] for general Gaussian states.
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Figure 6.4: Optimal measurement scheme that saturates the qcrb for the magnitude and direction
of complex squeezing for mixed Gaussian states. For some bosonic mode 4, the optimal measurement
scheme is to perform a mode squeezer, displaced by o’ = r;, exp[i 9, ], and followed with intensity mea-
surements. The displacement is achieved by using an intense laser source with |f|? > 1 as the second
input to a beam splitter with unit transmissivity. The intensity measurements are performed on the out-
put arm containing the displaced mode operators. The second output is just the same intense coherent
state |B) and contains no information on the estimation parameters. Hence the arm that has the coherent
state can be suitably ignored.

6.5 Discussions and summary

The use of squeezed light as a quantum resource is ubiquitous in many applications across
quantum optics. These states have formed an integral part of the drive towards realising
quantum technologies, which promise to deliver practical advantages over classical strategies.
However, an influential factor to a successful implementation of these applications is the level
of squeezing in a light field. With this in mind, it is important to check whether the properties
of experimentally-tailored squeezed states are indeed suitable for its intended implementation.

To address this, we have presented a means to completely characterise both the magnitude
and direction of a squeezing operation. We approached this by estimating the two conjugate
parameters of a squeezing operation. The quantum Cramér-Rao bound of the squeezing
parameter & was calculated for arbitrary single mode Gaussian states. We demonstrated that
the optimal observables for both parameters obey a non commutative nature which prohibits
a simultaneous optimal measurement-even in the asymptotic limit. Despite this, we found
the quantum optimal estimators for individual measurements of both parameters. Finally, we
presented the measurement scheme that saturates these bounds for pure and mixed, single-
mode Gaussian states. The work in this chapter is the first to address both the estimation
bounds for complex squeezing and their optimal measurement schemes.

For future work, it would be interesting to explore simultaneous measurements of both
the amplitude and direction of squeezing. Although both can not be measured optimally
simultaneously, an open question in this work is how close simultaneous measurements can
come to optimal by optimising the cost function of both parameters. To supplement this study,
an estimate of the squeezing parameter values should be determined. This would require
finding a suitable unbiased estimator that maximises the classical Fisher information. A further
extension would explore how the estimation precision and optimal measurement scheme
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changes for multi-mode Gaussian states.
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Part 3

Summary and Outlook

In this final part of the thesis, we review what we have achieved. Potential avenues
for future research that extend the scope of the work presented are also discussed.
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CHAPTER

SuMMARY AND OUTLOOK

n this thesis, we considered different applications of quantum estimation theory. We

presented a framework for the detection and estimation of deformations applied to a grid

of sources. This made progress towards multi-parameter quantum estimation theory and

addressed two commonly visited problems in quantum metrology: source optimisation
and source localisation. We also used estimation theory to provide better characterisation of
squeezed states. Previous work in the literature has been limited to estimates of its amplitude.
We extended this to include an estimate of the direction. This work is crucial for many ap-
plications in quantum optics and quantum information that use squeezed states to provide
quantum enhancements. In this chapter, we provide a summary of the research conducted
over the PhD, and detail ideas for future work.

7.1 Executive research summary

In chapter 4, we applied the theory of quantum estimation to an array of identical, stationary
and equidistant emitters. The spatial uncertainty associated with the emitter position was char-
acterised by a spatial Gaussian uncertainty profile. We explored how the estimation precision
of the source separation distance d is effected with the choice of probe states. The quantum
Fisher information (Qr1) was chosen as a suitable metric to quantify the performance of the
estimation. We derived the or1 for multi-mode thermal states IB%, coherent states 7 C% " single
photon emitters 73, and entangled sources of single photon emitters 73, We conveniently

summarise the analytic expression for each as

EN(N?2-1) 3

452 2
where s is the standard deviation of the Gaussian sources and N the number of emitters used.
The photon number distributions for the black body and coherent states were set to one for fair
comparison with the single photon emitters. We observed that the higher mode occupancies

of the classical sources provided better estimates of 4 than single photon emitters. Hence, the
classical black body states outperformed the single photon emitters for the estimation of source

Q_ Q _137Q _7Q
IBb - ICoh - 3-[51’13 - 6-Z;:—SPE/ (71)
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separation distances. This can be seen from Eq. (7.1). The relative performance of these states
held independent of the average photon number emitted at each array site. Consistent with
other work in the literature, the optimal state was that constructed from the maximum and
minimum eigenvectors of the generator governing dynamics in d. For regular arrays, this state
is an extension of the NooN state, constructed from a superposition of all N photons emitted
from the most extremal positions about the array centre O. The analytic results that were
obtained are possible only if the sources are mutually independent. We demonstrated that
this occurs when d > 2s. The optimal estimator that saturated the ocrs was finally presented.
Photon number counting is found to be optimal. We also find the existence of a second optimal
estimator, which motivates an open question into the uniqueness of optimal measurements.
In chapter 5, we considered a source localisation problem. We developed a framework for
detecting arbitrary deformations applied to multi-dimensional grids of sources. This extended
the work in chapter 4 to Hamiltonian dynamics beyond the phase-like Hamiltonians. We started
by deriving the generators of arbitrary unitary evolutions and demonstrated that the result is a
multi-parameter extension of previous results derived in the literature. These multi-parameter
generators described changes to the expected mean positions of each source as a result of
any grid deformation, but did not change the source variances. For any grid deformation, the
generators describing dynamics in the parameters reduced to the set of commuting operators

Ny
Gj= D Ejxln) (nl, (7.2)
k=1
where N; is the total number of sources in the grid and the deformation is parameterised within
the quantity E; ;. Using this, we derived the oFim of parameters that govern any arbitrary grid
deformation. We considered the set of affine spatial maps, including composite stretches, shears,
and, rotations, to provide numerical results. We demonstrated how changing the configuration
of emitters in the grid enhanced the estimation sensitivity of the applied grid deformation.
Specifically for rotations, we demonstrated an ability to arrange sources in a manner that
eliminates an oscillatory dependence of the Q1. This implies that the ocrs is then attainable
without the use of adaptive strategies.

The work completed in chapter 5 is applicable to many quantum estimation protocols.
However, the application to grid metrology did not fully exercise the generality permitted
by the formalism introduced, since we had a set of mutually commuting generators. This
motivated a more general application in chapter 6, where we estimated the amplitude and
direction of complex squeezing in phase space. This application is a true multi-parameter
quantum estimation problem of incompatible observables. For some single mode squeezing
& = rexp[id], the generators

3 _l( s isat

Gr(9) = 5 (78 — "), (7.3)
5 _ s ] B —iss | isat
gs(r,S)—a(n+§)+E(e ac+e'va ), (7.4)

for some a, f € R that depend on the amplitude of squeezing, do not commute. This prohibits
simultaneous optimal joint estimates of both parameters, even in the asymptotic limit of large
samples. As a result, we focussed on finding separable optimal estimates. The Cramér-Rao
bound was determined to provide a theoretical benchmark on the bi-variate estimation precision
for general single mode Gaussian probes. Using this, we presented the quantum optimal
estimators of complex squeezing.
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Figure 7.1: For sources with efficiency n < 1, single photons will be emitted at some of the sources.
Filled circles represent sources which successfully emit a photon and the unfilled represent the dormant
ones. For N = 4, we illustrate the different arrangements of working-dormant sources for m = 3. There
are (3) = 4 configurations, each illustrated above.

7.2 Future work

There are some natural extensions that follow from the work in this thesis. For the grid metrology
framework introduced in chapters 4 and 5, the need for spatially propagating the field to some
far-field plane was circumvented by working in the near field of the sources. This was sufficient
to analyse source optimisation for enhanced estimation precisions. However, a more practical
treatment would treat the QFr in the far-field. This would provide a practical description by
quantifing the quantum Fisher information over a subset in space. This is a possible method to
consider the effects of incomplete detection of the state on the estimation precision of source
separation distances.

We also assumed that the sources were stationary and positioned with equidistant spacing.
It would be interesting to observe the effect that non-unit source efficiencies and temporal
jitters has on the or1. Through a quick calculation, we can motivate why this may be fruitful:
Consider sources with operation efficiencies 17 < 1, then at a particular time f, only some of the
sources will emit single photons. For some number of sources N along an array, and m € [0, N],
of sources that emit a single photon, there exists (Ir\i ) number of possible configurations (see
figure 7.1). Denoting the successful emission of a photon from a source with a ‘1" and dormant
sources with a ‘0, the j" configuration of operational sources may be characterised with the bit-
vector r;. The probability of occurrence for each configuration r; is P(r;|N, m) = n™ (1 - mN=m,
By considering an arbitrary number of photons, 7;, generated by source j, we can calculate the
Qr for any arbitrary 7. Since the qQrr1 is additive, we have

(i 1 G) N
Lnm =) [Zm] = 5 ) > uir (7.5)

j:] ]: i=1

The normalised qFi, ISEE = IS(I?E(n) /J'SgE(n = 1), has been illustrated in figure 7.2 with varying
n. It demonstrates that our technique remains feasible even for low efficiency sources. Poor
performing spe can be compensated for by increasing the number of emitters.

In this thesis, we made extensive use of the Hamiltonian formulation of the @r1. The multi-
parameter generators that we derived were all Hermitian. However, this is generally not the
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0.5 1.0
n

Figure 7.2: The normalised QFI as a function of the source efficiencies, 1. Each source is assumed to
emit a single photon with efficiency 1. As expected, it is 0 for n = 0 and reaches 1 for n = 1. We note
that this technique improves for finite source efficiency as N increases. Even for poorly behaved sources,
increasing N improves the estimation precision which motivates complete detection of all sources.

case. This is a well know problem in quantum theory [Robertson, 1929; Luo, 2000], and it would
be interesting to see the consequences this has for deriving generalised uncertainty relations
for a pair of operators in terms their variances.

A final suggestion for future work is the existence of multiple optimal estimators. This
was briefly discussed in chapter 4 and it motivates an open question into the uniqueness of
optimal measurements. A related suggestion follows from our work in chapter 6. We found the
separable optimal estimators for complex squeezing. A major step to experimentally realise the
fundamental Cramér-Rao bound requires finding a measurement scheme that corresponds
to the optimal estimators. This is typically difficult since the existence of such a map is not
guaranteed.

122



Part 4

Appendices

123






APPENDIX

FuNncTiONAL ANALYSIS

ince quantum mechanics is defined on a complex vector space, we review the basic
notion of a vector space. Most readers will have some familiarity and recognition
of the basics of functional analysis, and so we review these only briefly. In this ap-
pendix, we will introduce the Hilbert space and some operations on it. For a more
complete exposition, upon which this appendix is based, I encourage the reader to read the
texts by Kreyszig [1989]; Debnath and Mikusinski [2005]; Clarke [2013]. In this section, we
adopt a more mathematical tone to write a precise definition of the space and its properties.

A.1 Normed spaces

We assume that all vector spaces are over either the space of real numbers R or the space
of complex numbers C. Throughout the following, we denote the space I as either R or C.
Many problems in Physics and Mathematics involve dealing with infinite-dimensional vector
spaces. Typically, the elements of such spaces are functions. Let S be a metric space, and C(S)
the set of continuous functions f : S — F, then C(S), together with the addition and scalar
multiplication defined as

(f+9)(x)=f(x)+g(x), for f,g€C(S),x€S,
(af)(x)=af(x) for a€lF,feC(S),x€S,

respectively, is a vector space. Axioms that define the vector space follow from these two
operations. That is, for every f, g,h € C(S),x € S and € IF the following hold:

1. f(x)+g(x) = g(x) + f(x) (Commutative law)
2. (f()+g(x) +h(x) = f(x) +(g(x) + h(x)) (Associative law)
3.0+ f(x) = f(x) +0 = f(x) (Existence of identity element for ‘+')
4 f)+(=f(x) =0 (Existence of inverse for ‘+")
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5. a(f(x)+g(x)) =af(x)+ag(x) (Distributive law)
6. (a+B)f(x)=af(x)+pf(x) (Distributive law)
7. 1f(x) = f(0)1 = f(x) (Existence of scalar multiplication)
8. (ap)f(x)=a(Bf(x)) (Compatibility)

A.2 Hilbert spaces

As we saw in chapter 2, the entire structure of quantum mechanics is formulated in terms of
states and operations in Hilbert space. The state of a physical system is written as a vector in a
complex vector space. Observables are linear Hermitian operators that operate in this complex
space. The Hilbert space, named in honour of D. Hilbert, generalises the notion of Euclidean
space. It is an abstract vector space (finite or not) possessing the structure of an inner product
that allows length and angle to be measured. In this appendix, we will review the definition of
this complex space, and the operators that act on it.

A.21 Inner products

The norm introduced in the preceding section on some vector space V over the field I gives a
measure of distance. Similarly, inner products provide a measure of angle. The inner product
of two vectors in V is a scalar that is defined through the map

(=, =) VXV -oF, (A1)

such that forany u,v,w € V,and o, € F

1. (u,av + pw) = alu,v) + p{u, w), (Linearity of second argument)
2. (u,v) =(v,u)’, (Hermitian symmetric)
3. (u,u) > 0 with equality if and only if u = 0, (Positive-definite)

where * denotes complex conjugation. We call a vector space with an inner product an inner
product space.

To give an example, let u, v € C" withu = (x1,...,x,) and v = (y1, ..., y»), then an inner
product on C" is defined by

n

(u,v) = Z x;y]- =u'v. (A.2)
j=1

The norm of a vector u € V is defined by

lull = <u, uy . (A.3)

If |[u|| =1, the vector u is a unit vector. The set of unit vectors {exp[ip]u} with ¢ € [0,2m)
form a so-called ray in the linear vector space (consult postulate 1 of quantum mechanics in
section 2.1). A linear vector space that is complete (as a normed vector space), with norm ||-|| is
called a Hilbert space, and written H.
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For vector spaces with an inner product, the Cauchy-Schwarz inequality holds
[(u, )] < lull - ol (A4)

for any u, v € V. This inequality is only saturated if one of the vectors is a constant multiple
of the other. Since the inequality depends on only the inner product structure, it makes the
Heisenberg uncertainty relation—that depends on it—generally valid. Combining Eq. (A.3)
with the Cauchy-Schwarz inequality yields the triangle inequality:

ll+ 0117 = (lull + lI0)?, (A.5)
and the parallelogram law:
I+ 011 + llu = ol1* = 2llull + [lo])*. (A.6)

All complex vector spaces with an inner product is a Hilbert space if it is finite dimensional.

A.2.2 Orthonormal sets

We call two elements u, v € H orthogonal, if their inner product is zero. If in addition they are
also unit vectors, we say that they are orthonormal. In other words, u#, v € H, u, v # Oare said
to be orthonormal if

(w,uy=(v,v)=1,

(u,v) =0. (A7)

The process of constructing orthonormal sets from orthogonal sets is called normalisation. In
quantum mechanics, this ensures that the total probability of a state sums to 1. To describe
some further properties, we introduce the orthonormal set of vectors e j € H,jefl,2,...,n}
that are normalised for all j and are mutually orthogonal. The vectors {u;} are said linearly
independent if the only solution to the equation

Za’]‘u]'ZO, ajeC (A.8)
j
is ¢j = 0 ¥ j. The maximum number of linearly independent vectors in # is the dimension of

‘H. Constructing an orthonormal set of vectors from linearly independent vectors is called the
Gram-Schmidt orthonormalisation process.

Gram-Schmidt orthonormalisation: For the set of linearly independent vectors {1, € H|n € N},
we construct the orthonormal sequence of vectors {e,, € H} defined through

e, =

n-1
with w, =1, — e, l)e;, A9
o w=1ly ;m wej (A9)

such that Span{ey, ..., e,} = Span{ly, ..., 1,}.
The span of some subset S of some vector space V,

Span{a1li +...,anl, |aj €V, 1 € V,n €N}, (A.10)
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is defined as the smallest linear subspace of V that contains S. |

A maximal set of linearly independent vectors is said complete. For a Hilbert space H, there
always exists a complete set of orthonormal vectors {e;}. In particular, this set is a basis for H,
so that every vector v € H can be written as

n
v = Z cjej, (A.11)
=1

with (e, ex) = 6jx, and c; = (e;, v). We can take the inner product of v with any of the basis
vectors ey to obtain

n n

(ek,v> = Z Cj(Ek, e]'> = Z C]‘(Sk]‘ = Ck- (A.12)

=1 j=1

This is a statement of Fourier’s theory to determine the magnitude of each orthonormal vectors
in the vector v. Note that by substituting this result into Eq. (A.11) and using Eq. (A.2) gives

n
v = eietv (A.13)
17
=1

Therefore, we arrive at the resolution of identity 2’7:1 e jeT = 1, which is clearly understood
from the definition of e; from Eq. (A.9). In Dirac’s bracket notation, this can be recast in a more

recognisable for] n

where we defined the projector p j that projects any vector onto the space spanned by the basis
e;. This form hints that general operators on H can be written as sums over general matrices
| x> (£|. This will be the subject of the next subsection.

A.2.3 Linear operators in Hilbert space

Let T : H — V be a linear map between two vector spaces. If V = H, then L(H) denotes the
set of all linear operators on H. Thatis, T € L(H) if and only if:

1. T(wo+w)=T()+T(w), forany v, w € H,
2. T(av) =aT(v), foranya € F,v € ‘H.

We dedicate capital typeset to denote linear operators S, T, . . .. Let L(H) denote the set of linear
operators in H, then L(H) is a linear vector space on C, where forany S, T € L(H),a € C,
v € H the sum and scalar multiplication are defined as

1. (S+T)(v)=Sw)+T(v),
2. (aT)(v) =T(av)
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respectively. Moreover, for S, T € L(H), we define their product ST as the operator on H
given by

(ST)(v) = S(T(v)). (A.15)

Note that, multiplication of two operators is generally non-commutative, with the difference
between the two defined as the commutator

[S,T]=ST - TS. (A.16)

The non-commutativity of operators satisfies matrix algebra. This conveniently motivates a
matrix representation of linear operators. In quantum mechanics, the state of some physical
system is denoted by some vector |¢) € H, and linear operators describe dynamics of the state
|¢) = T |¢). From the inner product of two vector elements of the complete orthonormal basis
[¥;), (Y;IT|Yr) = T jk, the matrix form of operators is easy to observe. A description of the
operation of T in ‘H depends on the basis (we will discuss this in more detail in the next section).
For the sequence of vectors {v;} € H,j=1,2,...,n, the action of any linear operator Tv; € H
can be written as a linear combination of the vectors:

Tvk = Tk]-vj, (A.17)

where the Einstein summation rule is applied to repeated indices. Given this, how can the
matrix representation of T be written in a different basis? Consider a change of basis from {v;}
to {w;}. Let

AeC:T({vj}) » T({w;}) forj € {1,...,n) (A.18)
denote some invertible operator that describes the basis transformation of T according to
Apjoj = W © vp = Ajjw). (A.19)
Combining Eq. (A.19) with Eq. (A.18) yields

T({whHw; 2 A T({vDok “2n A Tru({oh)v, “2” AjTr({v)A;  wy, (A.20)

which gives
T({w)) = AT({v})A™L. (A.21)

This allows us to understand how a basis change affects the matrix representation of linear
operators.

A.24 Adjoint and Hermitian operators

In this subsection, we introduce adjoint and Hermitian operators. To understand their properties,
we first introduce introduce dual spaces and linear functionals.

A linear functional is defined as the linear map | of elements in any vector space to its field
of scalars. For any element v € H, we define the linear functional |, : H — TF by:

Jo(z) = (v, z), (A.22)
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for any z € H. This map is bounded with norm ||, || = ||7||, which can be verified using the
Cauchy-Schwarz inequality for z # v and z = v. The set of all linear functionals from H — I
forms a vector space that satisfies the operations of addition and scalar multiplication (sec-
tion A.1). This space is called the dual vector space of H and is denoted H*. The following
theorem establishes that every element of " can be uniquely written in the form in Eq. (A.22):

Riesz representation theorem: Let [, : H — IF be some continuous linear map, then there exists a
unique vector v € H such that

Jo(z) = (v, 2z) (A.23)
forany z € H.

Let {eq, ..., e, } be an orthonormal basis for H, then

z :Z(e]-,z>e]-. (A.24)
j=1
To find the unique vector v that satisfies this we apply the functional J, on Eq. (A.24) to give
Jo(z)= > {ej z) Jole)) = D (Tiepej, z) = <Z ]:,(e]->e,-,z>, (A25)
j=1 j=1 j=1

where we used the conjugate-linearity of the inner product '. With comparison to Eq. (A.30)
we have an expression for a unique element v that establishes a connection between the Hilbert
space and its dual vector space. |

We can now use this theorem to prove the existence of the adjoint of an operator. For some
bounded linear operator T on a vector space V, there exists an adjoint linear operator written
T on V such that

(v,Tz) = <T+v, z> , (A.26)
forany v, z € H. The adjoint has the following properties for some S, T : H — H and a, € F:
1. (aS+pT)' = a'ST+ pTH,
2. (SHt =5,
3. (ST)" =T*st.

At this point, we draw parallels between the Riesz representation theorem and quantum
mechanics. In Dirac’s notation, the vector elements v € H are written as so-called kets: |¢) , )
that describes the physical state of some system. The adjoints are called bras: (|, (¢| and are
elements of the dual space of H. The inner product of both gives the overlap written by (|¢).
These physical states obey all the conditions for inner products.

IThe map T : V — ‘W is termed conjugate-linear if T(au + pv) = a*T(u) + f*T(v), for a, p € Fand u, v € V.
If the two vector fields are described over the real space IF = IR, then the map is just linear.
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A.3 Structure of vector spaces

An understanding of vector spaces can be achieved by observing the structure of its subspaces.
In this subsection we describe how we can combine two linear vector spaces. This is important
in understanding how linear operators operate on the Hilbert space.

Sometimes we can write a vector space H in terms of its subspaces U1, Uy, ..., U,. More
precisely, if U; N U = {0} for all j, k € {1,2,...,n}, and for every element v € H, there exists
the unique sum v = uy + u + - - - + u,, where u; € U;, then we can write H as the direct sum
of its subspaces:

n
H=Pu,. (A.27)
j=1
The dimension of H is then the sum of the dimensions of its subspaces:
n
dim# = " dimU;. (A.28)
j=1

We can use the notion of an inner product to construct interesting subspaces of H. Let S be a
subset of vectors in the Hilbert space H, that is not necessarily a subspace?. We then define the
orthogonal complement of S as the closed linear subspace of H, containing the set of all vectors
orthogonal to the vectors in S:

St={veH|(slvy=0foralls € S}. (A.29)

Projection theorem: If S is a closed subspace of a Hilbert space H, then the subspace and its orthog-
onal complement give a direct sum decomposition of the full space:

H=8+S8. (A.30)

This is not difficult to show. For any orthonormal basis of S {e;}, we can trivially write any
vector v € H as

n n

v = Z(ej,v)ej + ZJ—Z(Ej,’ZJ)e]‘ . (A.31)

=1 =1

the first vector in parenthesis is clearly in S since it is written as a linear combination of e;.
The second vector is clearly in S* as one can see that it is orthogonal to any vector in S. Let
v € SN S*. Then, since v is in S and in S+, it should satisfy (v, v) = 0, which implies v = 0.
Thus S N S+ = {0}. This ensure the uniqueness of v. [ |

This theorem guarantees the existence of the orthogonal projection map Pg : H — S. That
is, given a Hilbert space H and a closed linear subspace S € H, any element v € H can be

2 A subset of S is any set contained in S. A subspace of S is any subset of S that inherits the spacial structure
of the space S. Hence a subspace of a vector space V is a subset of V' that is also a vector space with the same
operations. To verify that a subset U of V is a subspace you must check that U contains the zero vector 0, and that
U is closed under addition and scalar multiplication.
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written uniquely as the sum v = x + y where x € S and y € S*. The projector P then acts on
the element v to give x, from which it is clear that projectors are associated with subspaces. To
understand this, consider some Euclidean space &3 spanned by the unit vectors {e1, e2, e3}. The
projector then acts on any element in & and sets all components to zero besides those on the
subspace it projects to. Projectors describe the ‘collapse” of the state of some physical system
onto some eigenspace of the measurement operator. Hence it is clear that from Eq. (A.31)

n
Psv=x= Z(ej,wej. (A.32)
j=1

Note that the null space of Pg is S*. Once projected to a subspace, a second operation of the
same map should have no effect. It follows then that Ps is a bounded linear map satisfying

p% = Ps. (A.33)

This implies that the eigenvalues of Pg is either zero or one, which corresponds to the orthonor-
mal basis of S or S+ respectively. That is, for some (1 + m)-dimensional space decomposed
according to Eq. (A.30) with e = {ey, ..., e,} an orthonormal basis for S and f = {f,,..., f,,}
for 8+, a suitable orthonormal basis for H is spanned by g = e @ f, then

Psg = diag[1,...,1,0,...,0]g. (A.34)

Note that the rank of the projector is related to the dimension of the space it operates on:
Tr[Ps] = dim[S].
An alternative way to combine vector spaces U; is through the tensor product:

n
H = (X)U;. (A.35)
j=1
The dimension of H is then the multiplication of the dimensions of its subspaces:
n
dimH = | [dim ;. (A.36)
j=1

The tensorial nature of the Hilbert space is heavily used in quantum theory. To see how,
consider the elements of the Hilbert space |{) = ¥, ¢;|¢;) € Uy and |p) = 3 d; |¢;) € U,
then the tensor product of these states is written

WY@ lo) = > cjdi v @ Ibi) = > ejdic |y, dx). (A37)
ik

ik

where we introduced convenient abbreviations for the tensor product notation. The inner
product of two vectors that are tensor products is

(W1, P11Y2, ¢2) = (P112) (P11¢2) . (A.38)

Operators also obey the tensor product structure (A ® B) (C ® D) = (AC ® BD). We note that
every operator sticks to its own Hilbert space. General rules for tensor products of operators
are:

132



A.4. THE TRACE AND DETERMINANT OF AN OPERATOR

1. A1+A)®B=A198B+A;®B,

N

AR0=00A=0,
I1®1=1,

aA® BB = (af)A® B,
(A9B)'=A"1@B7,
(A®B)'=A"® B,

N o ke ®»

Tr[A ® B] = Tr[A]Tr[B],

where we will define the trace Tr[-] of an operator in subsection A.4.

A.4 The trace and determinant of an operator

Before concluding this appendix, we mention two special functions of operators that are heavily
used in linear vector spaces. These operations are the trace and determinant and for any operator
T are denoted by Tr[T] and det T, respectively. The trace map is the simplest operation related
to measurements. In the matrix representation of linear operators, the trace of the operator can
be understood as the sum of the diagonal elements:

Tr[T] = Tjj, (A.39)

where we remind ourselves that repeat indices implies a sum over the index. Similarly, the
determinant of some operator T can be defined though:

detT = Z sgn(o)l_[T] a(j) (A.40)

0€S,

where the sign function ‘sgn(o)” returns +1 (—1) for even (odd) permutations in the permutation
group S, (see appendix E for details). This is the Leibniz or Laplace formula. Note that both
operations are conveniently written using the matrix representation of the operator T. However,
since the trace is in fact basis independent, we should be able to write Tr[T] without specifying
the basis. To understand this, we use the result for the basis change we obtained in Eq. (A.21):

Tr[T({o)] =Tj;j({v}) = Ajkaz({W})Al_jl = o Tr({w}) = Te[T({w})], (A41)

where we used Al_].lA jk = O1x- Hence we see that the trace of some linear operator is basis inde-
pendent. The same property is also true for the determinant which can be easily demonstrated
through:

det T({v})) = det[A] det [T ({w det[ ] det T({w}) (A.42)

where we used the property det[A]det[A™'] = det[AA"'] = 1.
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APPENDIX

OPERATOR ORDERING METHODS IN QUANTUM OPTICS

perators in quantum mechanics satisfy matrix algebra, which implies that two

operators do not necessarily commute. Hence there is an ambiguity in the definition

of any function of non-commuting operators. In this appendix we discuss common

operator ordering conventions. These conventions have lead to the introduction of
associated quasiprobability distributions that describe quantum-classical correspondences,
which have been used to solve many problems in quantum optics. We then explain how certain
operator orderings help solve the vacuum expectation values (vevs). This was an important part
of calculating the quantum Fisher information as we observed in chapters 4 and 5. We define a
function in Mathematica that can deal with this. We note that the SNEG package developed by
7. Rok [Zitko, 2011] built for commutation algebra is not complete and can not handle specific
operations.

B.1 Types of operator orderings

For non commuting operators, there is an ambiguity in the definitions of operator functions in
quantum mechanics. This is implicit in the definition of the number operator, which was defined
as i = %4 # 4a’. For functions of @ and 41 (and hence of any operator function), there are three
operator orderings, referred to as normal, antinormal, and symmetric (or Weyl). To describe each,
we introduce the operator string & = 4'749 for p, g € R. Then, the normal ordered form of the
number operator raised to power 4 is written

cac=atral, (B.1)

which remains unchanged. There is another method to obtain the normal ordered form of the
operator, which we denote through N[a]. We postpone a discussion of the difference between
these operations for the next section, but the result leaves all creation operators to the left of
annhilation operators. Antinormal ordering instead places all annhilation operators to the left
of creation operators and is written

s = al4%". (B.2)
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Ordering Notation Description
Normal Nor:nl: All 4%'s to left of &’s
Antinormal A or i All d’s to left of 4%’s
Symmetric S (ﬁl) Symmetric ordering

Table B.1: Different operator orderings used in quantum optics for non-commuting operators. We use
the number operator as an example, but since any operator may be re-expressed in terms of the operators
{d,a"}, this is true for any operator function. Achieving each type of ordering is described in the text.
The difference between the two operations achieving normal ordering will be described in section B.2.

Similar to normal ordering, there is an alternative function A that returns the antinormal
ordered form of an operator: A[a]. The symmetric or Weyl ordering is the complete symmetri-
sation of the creation and annhilation operators. That is, the symmetrised operator of 4 can be
written as the sum of all permutations of pa'’s and gd’s, weighted by the number of terms. We
write this as:

5 () = (” ”) S Taaor, (B.3)

o j=1

where the sum over permutation elements was defined in appendix E and the Binomial co-
efficient (Z) =a!/[(a — b)'b!] is the number of permutations of arranging a operators given b
indistinguishable (same-mode) operators. Note that for p = g =1, a = 71, then S[a] = {4,4"}/2.

Table B.1 summarises the three operator orderings. Since certain operator orderings are
more suited to specific problems, mapping between them is important. This is beyond the scope
of this thesis, but the reader is recommended to consult section 3.3 of [Barnett and Radmore,
2005].

B.2 Normal ordering method

As discussed in the previous section, the normal ordered form of a boson operator, where
all creation operators appear to the left of annihilation operators, was developed to address
the operator ordering ambiguity. The two well-defined procedures on the boson operators
that yield a normally ordered form are known as the normal ordering N operation, and the
double-dot : - : operation. Both normal ordering methods are appropriate to calculate vacuum
expectation values (Vev) of a string of operators, which is the average value of the operator string
in the ground state. This is since the vev of a normally ordered operator string is zero.
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B.2.1 Different normal ordering strategies

For any general boson operator string written g(4, a%), normal ordering by means of the N
operation is achieved by repeated use of commutation relations until all creation operators
appear to the left of annihilation operators. In the double-dot operation, the normally ordered
form of ¢(d,4") is achieved by assuming the creation and annihilation operators commute.
The operator is in general changed, with an equivalence maintained only if the operation is
performed on a normally ordered string: N[g(4,4")] =: N[g(4,4")] :. From these definitions,
we can immediately understand the two operations that achieve antinormal ordered operators:
A, and the triple dot :-: operation. The operation A uses the same commutation relations as N,
but has the effect of ordering all annihilation operators before creation operators.
The normal ordering problem is solved when the following is satisfied:

g(@,at) = N[g@,ah] =:g(@,a" . (BA)

To exemplify the difference between both operations, it is meaningful to compare the normal
ordered forms of operator string 4/ (4*)¥. The double dot operation readily gives

cal@hk = @hkal. (B.5)

Through repeated use of the commutation relation [4, d*] = 1, then it can be shown that [Blasiak
et al., 2007]:

i
@tk =N[4l @] = Z (] )kl(a+)k—lﬁf—’, (B.6)

=0 !

where we have defined the falling factorial k: = k(k — 1) - - - (k — I + 1). In general, normal ordered
operators have attracted a lot of attention in quantum optics and quantum field theory. One
application of this ordering an operator in this manner is that we can immediately write its
coherent state matrix elements. That is, for the operator string in Eq. (B.4) we have:

(a' |g(ﬁ,ﬁ*)| a> =(a'|a) g(a, a™) (B.7)

More specifically, the two operations achieving normal ordered operators have attracted their
individual applications. This is easy to understand: the two operations have different meanings.
The double-dot operation changes the physical nature of the operator string. However, this
procedure for normally-ordering Hamiltonians has attracted significant attention in quantum
tield theory, since it ensures the ground state energy is zero [Peskin and Schroeder, 1995]. To
understand this, we recall from chapter 2, Eq. (2.63) that the quantised Hamiltonian

2 ]. At A A A _ At A 1
Wocz(aa+aa)—(aa+—) (B.8)

had energies E, =n+1/2foralln =0,1,2,..., from which it is clear that the ground state
energy is non-zero. In quantum field theory, any field is considered as an infinite collection of
harmonic oscillators. The contribution of the zero point energies from each oscillator would
predict an unphysical field with infinite energy. The work-around is to define the ground state
to have zero energy by subtracting the zero point energy from each oscillator:

Fy o : 1 (ﬁ*ﬁ + ﬁfz*) =1 (ﬁ*ﬁ + ﬁfz*) - % ] (a“a + mi’f) 0)

At A
> > ada. (B.9)
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By subtracting the zero point energy, we obtain a new Hamiltonian that is generated from the
double-dot operation of the original Hamiltonian: Ho=:H:.

In certain cases, the use of commutation relations for normal ordering through the operation
N is preferred. This is since it does not change the interpretation of the operator despite having
a different functional appearance. In this thesis, we have considered only this approach, and
will continue to do so for the remainder of this appendix. From Eq. (B.6) we observe that
this approach yields many terms. A systematic approach to address all of the combinatorics
associated with any operator string is through Wicks theorem'. A wide variety of numerical
packages provide some ease to this difficulty for polynomial expressions. However, this becomes
increasingly cumbersome for increasing operator string lengths and the computational time
grows exponentially. The normal ordering problem for non trivial operator strings of arbitrary
lengths remains an open area of research with notable contribution made by Blasiak et al.
[2007]. However, these methods have assumed commutation relations for discrete systems:
[4,4%] = 1. In this thesis we work with continuous variable systems. Evaluated vevs is then a
bit more involved. Luckily, we encounter a very specific form for the operator string that helps
generalise the result.

In the following, we use the Bargmann representation to approach the normal ordering
problem [Bargmann, 1961]. It converts a boson operator string into one of multiplicative factors
of a formal dummy variable 1 and its derivative by making the following transformations:

At

a; —nj and 4; — (B.10)

In;
The commutation relation is preserved and this transformation makes the evaluation of vacuum
expectation values of boson operator strings easier. Under this transformation map, the action
of the annihilation operator d(k;)[0) = 0 is reproduced if the vacuum |0) maps to unity:
d/dn; -1 = 0. We use this representation to derive some results that have been used in the
thesis.

In section 4.2.1 we determined the dependence of the gF1 on the source separation distance by
allowing a relaxation of the assumption that sources are mutually independent. The following
vacuum expectation value was encountered:

| ]_[b(x])]_[b*(x )|0) = Z]_[ <) (B.11)

o ] =1

The permutation sum identifies all the possible combinations of source overlaps along the
array. This expression becomes increasingly cumbersome to determine for more complicated
boson strings as encountered when using the generator to determine the Qr1. Hence, to simplify
the evaluation after this, we assumed mutual independence for different sources. By use of the
Bargmann representation, we derive the following two expectation values:

h I\ Ay i ’ 7 ” A1
O1b; (k)" (k7)BE ()™ 10) = njln (k]. —k].)é (k]. —kj)(s (kj —k].) ! (B.12)
and

7 iA "\ A 1N 7T ; ’ ” ” / i—1
(O1b, (k)" (K7 (k7)D (k)" 10) = njtn?o (k].—kj)é(k]. —kj)a(k,»—k].)”f . (B.13)

1Wicks theorem reduces the operation A to a sum of double dot operations on all contractions of the operator
string. The term contraction refers to the removal of a pair of 4 and 4t such that 4 always precedes a*.
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These vacuum expectation values are used to evaluate the variance of the generator. Specifically,
the absence of the summation over all permutations reflects the use of updated commutation
relations, which treat each source as distinct and mutually independent.

B.2.2 Normal ordering on continuous variable systems

In the following Mathematica code we generate a means of expressing the vacuum expectation
values associated with continuous variable systems. The commutator used is

|athkn), " (kn)| = Gk — k). (B.14)
It returns the only surviving terms once the ground state expectation values has been deter-
mined.

In[1]:=
correlate[]=1;

t 0
correlate[left___,al[kl_],ad[k2_],right___]:=
correlate[left,ad[k2],a[kl],right]+6[k1-k2] correlate[left,right];

T T
correlate[left___,a[kl_],a[k2_],right___1/;!0rderedQ[{k2,k1}]:=
correlate[left,a[k2],a[kl],right];

correlate[left___,ad[ki_],ad[k2_],right___]/;'0OrderedQ[{k2,k1}]:=
correlate[left,ad[k2],ad[k1],right];

correlate[___,a[_]]:=0;
correlate[ad[_],___]:=0;

In[2l= correlate[a[k1®],a[k9],ad[k8],a[k7],ad[k6],a[k5],ad[k4],ad[k3]]

outz]- O[-k4+k5] 6[-k6+k7] O6[k10-k8] 6[-k3+k9]+

O0[-k3+k5]
O[-k4+k5]
O0[-k3+k5]
O0[-k4+k5]
O0[-k3+k5]
0[k10-k4]
0[k10-k3]

0[-k6+k7]
0[-k3+k7]
0 [-k4+k7]
0[k10-k6]
0[k10-k6]
0[-k3+k5]
0 [-k4+k5]

0[k10-k8]
0[k10-k8]
0[k10-k8]
0[-k3+k7]
0 [-k4+k7]
0[-k6+k7]
O0[-k6+k7]

0 [-k4+k9]
0 [-k6+k9]
o0[-k6+k9]
0 [-k8+k9]
o0 [-k8+k9]
0 [-k8+k9]

O[-k8+k9].
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APPENDIX

OPERATOR IDENTITIES

n this appendix we go through some of the identities that have been commonly used

throughout the work in this thesis. All of the identities summarised in this appendix

have been based on material that can be found in the classic quantum optics textbooks

by Scully and Zubairy [1997]; Barnett and Radmore [2005]; Sakurai and Napolitano
[2017]. For proof of the identities, the reader is referred to these texts.

Sum of nested commutators - Jacobi Identity:
[A,[,¢]] + [B.[¢A]] + [¢, |4, B]] =0 )

This can be generalised operators of arbitrary length.

Expansion of commutators - Leibniz’s law:

[4,8¢] = [4.8]C+8[A.c], .
[4B,¢] = [4,¢]B+A[B,¢]. 2

If two operators have a unit commutator, then a more general property exists for the expansion
of their commutators.

Bosonic operator function commutators: For o € C and the creation and annihilation operators
' and & respectively satisfying the commutator [d,4%] = 1, we have the following identities:

P)
o, f@,an) = 2L, ©3)
P)
|a*, f(a,ah)] = —a—g, (C.4)
exp [—ad'a] f(a,a") exp [ad*a] = f(aexplal, a" exp[-a)). (C.5)
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Operator functions: For any Hermitian operator A with the spectrum {a;, |a;)}, then the operation
of any well-behaved function f on A may be written

FA)y=Y" f@p ) (af,
j

(C.6)

which follows from matrix properties. This can alternatively be shown from the Maclaurin oper-
ator expansion of f(A):

. < £ ) ..
f(A):Zf ( ) 4. (C.7)

A common function encountered in quantum optics is the exponential function since
exponentiating any Hermitian operator yields a unitary operator. Since the number operator is
Hermitian, we can immediately exemplify the use of Eq. (C.7) by considering the expansion of
some number « € C raised to the power of 7:

af't = exp [ﬁ+d In a] = Z exp[nIna]ln)(n|, (C.8)

n

where we used the Fock-basis as a complete, orthonormal set of the number operator. In fact,
using the Maclaurin expansion for the exponential function, we can prove the Hadamard Lemma,
which for any two operators A and B reads:

Hadamard Lemma: For some o € C:

2
A1 A A A A A 04 A A A
exp [aA] Bexp [—ocA] =B+a [A,B] + o7 [A, [A,B” +.o. (C9)
Alternative derivations for this lemma can be seen in section 1.4.1 of Kok and Lovett [2010].
This lemma was used to generalise the form of the generator of dynamics in chapter 5. It is also
used to generate operator ordering theorems, such as the following Baker-Campbell-Hausdorff
formula:

(C.10)

This formula is often used to show different operator orderings. To understand this, we follow
the argument presented by Barnett and Radmore. Consider the jth term in the Maclaurin
expansion of the left hand side of Eq. (C.10): (A + B)/. For non-commuting A and B, this expan-
sion is ambiguous. While we defer further discussion of operator orderings until appendix B,
we appreciate that for certain problems in quantum optics, it may be useful to express the
expansion such that all occurrences of A appear to the left of B. This can be achieved through
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repeated use of the assumed commutator between the operators to re-arrange their ordering.
Hence, the resulting power series can be written as the product of a function of A, a function of
B, and a function of their commutator [A, B]. This is exactly the Baker-Campbell-Hausdorff
formula, which can also be used to place all occurrences of B before A. In this thesis, this
formula was used to express different forms of the characteristic function, which gives rise to
different quasiprobability distributions.

For completeness, we mention the existence of other operator ordering formulas that derive
from this. These can be reviewed in appendix 5 of [Barnett and Radmore, 2005, p. 236-239].

143






APPENDIX

STATISTICAL DISTANCE MEASURES

istance measures are central to quantum estimation theory and quantum information

theory. They provide a means to quantify distinguishability and similarity between

two statistical objects. There are many intuitive applications of distance measures,

such as the Euclidean distance is a common measure for distances. In classical
information, the distinguishability between two messages could be the difference between
two bit strings that encode a message. In parameter estimation, we will see that the Fisher
information gives a statistical distance measure between two probability distributions generated
from two different values of a parameter to estimate. In this appendix, we define the axioms for
statistical distance measures. We will see that the arbitrariness of these definitions allow for its
easy extension to the quantum mechanical case. Notable contributions to this extension were
made by Wooters [1981]; Hilgevoord and Uffink [1991]; Braunstein and Caves [1994]. We limit
our review to static distance measures, which measure the similarity between two objects. This
is in contrast to dynamic measures which quantifies the information content preserved during
the dynamical process [Nielsen and Chuang, 2010].

D.1 Distance measures for probability distributions

In this section, we present a precise definition of distance measures. A metric is a distance
function that defines the distance between any two elements of a set. Any set with an associated
metric is called a metric space. More precisely, for some metric space S, a metric on the set X is
the distance function

d: XxX —]0,00), (D.1)

where [0, o) is the set of non-negative real numbers, which for all x, y, z € S satisfies the
following three axioms.

1. d(x,y)=d(y,x) (Symmetric)

2. d(x,y) > 0 with equality iff x = y (Positivity)
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3. d(x,z) <d(x,y)+d(y, z) (Triangle inequality)

The distance function d(p, q) between the points p and g is valid if it satisfies all the
following properties which defines a metric for all p, g:

The vectors p and ¢ in the two dimensional Euclidean space, R?, can be seen to satisfy the
properties of a metric. We will now consider different distance measures.

D.2 Distance measures for classical information

Some shit here to motivate the rest of this section.

D.2.1 Hamming distance

The Hamming distance for classical codes is the minimum number of bit flips required to
transform a bit string into another. For

x=1010

D.2
y=0110, B-2)

we have H(p, q) = 2. This code distance determines the maximum number of errors that can be
detected, (d — 1), where d is the code distance [Nielsen and Chuang, 2010]. This measure is not
capable of describing more complex information sources over general probability distributions.

D.2.2 The classical fidelity

For two classical random variables, X and Y described by the probability distributions {x;} and
{yi}, the fidelity is defined

Fc(x,y) =

2
Z VXiyi ] = B(x, y)?, (D.3)

where x = {x;} and y = {y;},i € [1,d] with d being the dimension of the metric space. The
classical fidelity can be understood as the inner product of the vectors {x1, x2,..., x4} and
{y1, y2, ..., ya} in the d—dimensional Euclidean space. The conventional definitions provided
in [Bengtsson and Zyczkowski, 2008; Nielsen and Chuang, 2010] is the non-squared version
of the above. The Bhattacharyya distance can be defined as Dppatt = cos™! B(x, y), with the
Bhattacharyya coefficient defined on the rus of Eq. (D.3).

D.2.3 Trace distance

The classical trace distance,
1
de(p,q) =5 Z Ipi = ai, (D4)

also provides a tool to distinguish between the two probability distributions {p;} and {g;}. This
procedure can be extended to distinguish between two quantum states p and o provided

do(p,0) = 5Trlp - ol], (D5)
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where the modulus requires the positive square root such that |A| = VAA . This is the quantum
analogue of Eq. (D.4) and this can be shown to reduce to the classical trace distance under
appropriate criteria as required by the correspondence principle. Namely, the two general
states p and o (pure or mixed) commute in the classical limit and hence are diagonal in the
same basis such that p = }}; p;|i){i|, 0 = }}; 0i]i){i|. Hence Eq. (D.5) becomes

: ANE
zzTr@'Pi—Gf"“)“'):EZ”}"_O"' (D.6)

1
do(p,0) = ETr

D (pi = anliXil
= dC(P/ 0)1

where we define p as the vector of eigenvalues associated with the spectral decomposition of
the state p. The quantum trace distance is observed to be a suitable metric since it meets all
four of the requirements listed earlier.

D.2.4 The quantum fidelity

Similarly, a quantum fidelity can be assigned to quantify the similarity between quantum states.
The qr1 can then be written in terms of the quantum fidelity — also known as the Uhlmann
fidelity, #q — according to [Fuentes et al., 2014]

8
Ig = d_62(1 - Z(po, Po+ds))) (D.7)

where the quantum fidelity for two states p and o is defined by

2
Folp,0) = (Tr \/FG\/F) . (D.8)

In the case of a pure state |i) such that p = [¢)(i| and an arbitrarily state o, the quantum
fidelity becomes

N 2
Fo, o) = (Tl Wlolp)wl ) = Wloly) = Tr(alp) WD, (D9)

In the evaluation we made use of the fact that p = UDU" = VPP = (LAI\/HALAIJF) (aﬁﬁ+),
where we have expressed the state p in its spectral decomposition with U being the ma-
trix of eigenvectors and where D has as its diagonal the corresponding eigenvalues. Hence
\Vp = U~D U, which requires only the eigenvalues be square-rooted upon spectral decompo-
sition of p.

Note that Eq. (D.8) reduces to the classical fidelity in the classical limit, p = }}; p;li)il,
o = 2}; 0i|i)(i|. In this case Eq. (D.8) becomes

2 2

Te| | vprliXilojl)lvprlixil || = |Tr /ij0j|j><j|
: v ! (D.10)

= | meq)] —[ZW

j

Fo(p,0)

2
=Zc(p,0),
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which concludes our expectation. The quantum fidelity is more extensively used than the
trace distance, but it is not a metric on the space of density operators. We are able to transform
Eq. (D.8) to rectify this [Nielsen and Chuang, 2010]:

Theorem 1 (Uhlmann’s Theorem). Let p and o be two states of a system X, then we introduce Y as
the copy of X such that

Fo(p,0) = max (Plp)l?, (D.11)
1), 1)

where the maximisation is performed over all of the purifications |\) of the state p and |@) of o into the
combined system XY . |

To recast the quantum fidelity as a metric, we define

A (p, ) = cos! (,/%(p, o) ) (D.12)

as the angle between the states p and o. It can be observed that this obeys all of the criteria of a
metric. A geometric interpretation for .#g has been provided in [Jones and Kok, 2010]. Further,
having defined the quantum fidelity, we are now in a position to exemplify the operational
requirements of distinguishability measures for probability distribution.

Example 1 (Operational requirements of distinguishability measures for probability distribu-
tions). The Bhattacharyya coefficient introduced in section D.2.2 can also be understood as the minimi-
sation of the quantum fidelity over all possible POV Ms. To understand this and to motivate the quantum
fidelity as a suitable distinguishability measure, we pose the question: Which of the two states p and o
best describes an unknown general quantum system &? Practically, this would require a measurement
POVM &7 with elements Ei. If £ = p (or & = o), then the measurement outcome would yield the
outcome i with probability p; = Tr[pE;] (0; = Tr[oE;]). Hence distinguishing between the two states
p and o amounts to estimating the state by determining the frequency distribution of the measurement
outcomes, i.e. distinguishing between the probability distributions p = {p;} and o = {o;}, such that

Fo(p,0) =minFc(p, o). (D.13)
E;

We note that the Law of large numbers ensures that as the number of measurements — oo, the measured
probability distribution — the true distribution [Bengtsson and Zyczkowski, 2008]. |

D.2.5 The relative entropy

The Shannon entropy of a probability distribution P,

N
Ss(Py ==k ) pilnp;, (D.14)

i=1
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defines certain attributes of a probability distribution'. This makes it unsuitable for a distin-
guishability measures. We make use of the Kullback-Leibler entropy

N .
Su(PIIQ) = D piln L, (D.15)
i=1 !

as a remedy to this. Whilst this is not a metric since it is not symmetric under exchange of p; and
gi, it remains sufficient as a distinguishability measure between the two distributions. Opera-
tionally, Eq. (D.15) describes how the length of a bit string grows. Equivalently it quantifies the
rate at which measured probability distributions not equivalent to the true distribution, vanish
with the number of measurements taken (consult Example 1) [Bengtsson and Zyczkowski,
2008].

D.3 Statistical geometry and the Fisher-Rao metric

For this section, we follow the procedure in [Bengtsson and Zyczkowski, 2008] to formulate
an appropriate metric on the space of probability distributions. A similar procedure is taken
in [Kok and Lovett, 2010; Jones and Kok, 2010]. The Fisher—Rao metric (¢r), defined as:

N . .
] ) dp' dp! Oji
ds? = Z dp'dp/gi; = Z P4pip — gij= 4_;1,, (D.16)

ij i=1

defines the statistical distance metric between two probability distributions in the probability
simplex?. This is the infinitesimal form for the Fr metric — a consequence of being derived from
discrete probability distributions for sake of simplicity. The generalisation of this for continuous
probability distributions of the form p(x) can be written as [Bengtsson and Zyczkowski, 2008]

1 dap (x)dpp(x)
J—— SlaSeillasey D.17
$ab 4dex () (B17)

where Q is required to define a finite dimensional sub—manifold of the probability simplex with
coordinates 9?. All of the properties required to discuss probability distributions may be
sufficiently described by the discrete form with which we shall adhere to for the remainder of
this section.

Eq. (D.16) can be re—expressed in a more convenient way, and in doing so related to the
classical fidelity distance measure from section D.2.2, if we introduce a new coordinate system
(x)? = pi. This transforms the rr metric according to

N
ds? = Z dxi dx, (D.18)
i=1

'We note that k is the Boltzmann constant and in natural units is often set to 1. However, for information theory
it is conventional to set k = 1/In 2 which transforms Eq. (D.14) according to Ss(P) = — Zfi 1 pilog, pi, which is more
suited to measurements in units of bits. This is because each qubit can take one of two values and so for a bit string
of length a, there are N = 2% possible combinations. If each combination is considered equally probable then the
entropy is maximum: S5 =log, N =a.

2We have omitted the very informative derivative of Eq. (D.16) since we shall only concern ourselves with its
uses in this review. For a thorough derivation, the reader is recommended to view [Bengtsson and Zyczkowski,
2008; Kok and Lovett, 2010].
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and is illustrated in Fig D.1. However this does not provide an operational significance for the
FR metric and so we seek to instead formulate the metric in terms of the relative entropy that
was deliberately introduced in section D.2.5 for this purpose. A Taylor expansion to first order
of the In term in Eq. (D.15) yields

dpid
Skl(P||P+dP)—Zp1n ~Z P p. (D.19)

We are required to make several notes to make ourselves comfortable with this [Bengtsson and
Zyczkowski, 2008]:

1. We consider the vector g = {4} to lie outside an ellipsoid centered on p and containing
all of the probability vectors between p + dp within the probability simplex.

2. When the central term of Eq. (D.19) is compared to the relative entropy, all of the indices
have been raised. This does not affect our results, but is a requirement for the usage of
differential geometry.

3. The same result can be obtained from the Taylor expansion of Si;(P + dP||P) which is
surprising since we commented earlier that the relative entropy is not symmetric. This is
a consequence of having expanded the ‘In” to first order.

4. To within a constant, the relative entropy has been shown to be the square distance in
Eq. (D.16). This reduces the task to the evaluation of this entropy, though generally this
can be a difficult task also.

5. In a similar manner, the FrR metric can be expressed in terms of the Shannon entropy —
hence the Fisher information matrix is positive definite.

We conclude this section with some of the uses of the Frr metric in quantum imaging. The
metric arises by considering the geometry of classical probability distributions alone; it is
a natural description for classical observables. It can be related to the classical r1 by use of
Eq. (D.16) such that

ds _ VF ()
W= (D.20)

where the factor of 2 arises due to our use of the convention used in [Bengtsson and Zyczkowski,
2008]. In fact we can determine the distinguishability criterion for two probability distribu-
tions p(x|91) and p(x|92) by use of a Maclauren expansion of s(3) to first order and the crs
developed in Eq. (3.21) to yield ds? > 1/N [Kok and Lovett, 2010].



Figure D.1: The coordinate transformation in fact transforms a flat geometry of the probability simplex
to a round geometry on the surface of a sphere. The transformation does not affect the area, and the
resulting sphere is required to have a unit radius. This constraint owes itself to the normalisation of the
probability distributions, i.e. Zﬁ Ldxtdx’ = Zf\i | P' = 1. Image taken from [Bengtsson and Zyczkowski,
2008].






APPENDIX

THE PERMUTATION GROUP

n this appendix we explain the permutation group. For some set Sy of finite size N, the
permutation group is the finite group P whose elements are permutations of Sy. There
exists N! elements—each a bijection 0 : M — M. Hence, for M € {1,2,...,N}, each
permutation can be written using Cauchy’s two-line notation [John D. Dixon, 1996]

123~--N)
o ’

“\le(1) 0(2) @) --- o(N)

which contains the elements of the set Sy along the first row and the permutation image along
the second. A cyclic notation is also commonly used. All finite groups can be represented as
a group of permutations of a suitable set. In this work, when allowing for different sources
to overlap, the contribution of different source pairings to the Qrr becomes important. The
permutation group is used to describe the combinatorics of this pairing. In the remainder of
this section, we list identities associated with the mean source positions that were used when
discussing the numerical results in section 4.2. Let 1; define the expected position of the jth
source that was introduced in chapter 4. Since each permutation is bijective,

N N
2.6 [moi] = ) 0[], (E.1)
j=1 j=1

for some arbitrary well-defined operation ® on the elements of the permutation sets. A conse-
quence of the same reasoning is the following

N N
D ML) = D Wi, (E2)
=1 =1

where we recall [J;. = dyu;. Further, the evaluation of the oF1 requires integrating over the
continuous variable x which runs along the source array. This operation becomes difficult to
perform when the subscript contains a permutation element. To overcome this difficulty, we
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generate a "shift" property. For any group G the inverse is a bijection of the set Sn. Hence, the
inverse 0~! € P such that for the sum over all permutations we have the following equality

N N
22 e =] = 30 ) [y — )] - (E3)
o j=1 o j=1

From property (E.1) and the identity permutation 6o71(j) = 6710 (j) = j, we may re-write the
right-hand side such that

N N
Z Z [”}(xoo) - Mf)] = Z Z [#;<j>(xj - uo(p)] / (E4)

o ]’:1 o ]‘:1

where we notice that the subscript o is shifted from the integration variable. Finally, for the
form of the source positions used in this report we have

N
DD wittag
=1

g
This may be seen by changing the order of the summation and that for each j there are (N —1)!
terms with 0(j) = k such that

=0. (E.5)

N N
(N—l)!Zijyk:O. (E.6)
=1 k=1

The properties identified in Eqs (E.1)-(E.6) were used in Section 4.2, where we derived the
dependence of the orr with the source separation distance d. There, the permutation symbol
naturally arose to describe all of the possible source pairings along the array.
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CALCULATIONS FOR SQUEEZING ESTIMATIONS

n this appendix, we provide supplemental work for chapter 6. In the first section, we
will derive the generators for complex squeezing, since there construction is not straight-
forward. Following that, we derive and list a complete set of expectation values of
normally ordered bosonic mode operators. These were required to calculate the Qrim.

F.1 Derivation of the squeezing generators

In this section we derive the generators of squeezed parameters. Recall the definition of the
single mode squeezing operator:

ég =exp [—iﬁ] = exp [% (é*dZ — éﬁﬂ)] (E1)

where we write the squeezing Hamiltonian

(e oot
7-(—2(501 &a ) (F2)
Since & = r exp[iJ], we can see that the amplitude term r appears as a multiplicative factor to
the Hamiltonian. Hence we can readily find the generator for the amplitude of squeezing;:

G =i (H/*ﬁz _ ‘u/ﬁﬂ) ) (E.3)

where we have defined y = £/2 and p’ = du/dr. In contrast, the directional term is not a multi-
plicative term in the Hamiltonian (F.2). Therefore, we have to use the machinery introduced in
chapter 5 to write

6o = gy, (E4)
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where we defined the Hamiltonian derivative Hs = dH /99. This requires calculating the nested
commutation relations C(”) (?{9) between the Hamiltonian and its derivative

A

7—(21(;151 - ud ), Ws:(ya + ud ), (E5)

respectively, where we introduced u = £/2 for brevity. We list the first four nested commutation
relations in normal order (using the operation N from subsection B.2.2):

©) _ g4
O = A, (F.6)
b =il (ﬁ i+ ;) (F7)
c;?,’ = —16|uPHs, (F.8)
3 _ _ o od s, L
O = —128i| (a a+2) (F9)

By normally ordering, it is immediately evident that the structure of all the ‘even’ nested
commutation terms have the same functional dependence on 7—(9, with different coefficients.
Similarly, all the ‘odd” terms have the same functional dependence on the number opera-
tor. Hence we separate the generator (F.4) for even and odd n. Generalising the nth nested
commutation between the Hamiltonian and its derivative, we find

. & 16|y|2 g & 16|u|2 1
¢ (ﬁ*ﬁ + —) . (F.10)
9= ’16|y|2 - Z Z 2

135,. 24,6
Now, by writing the Maclaurin series for the hyperbolic functions

x2n+1 > n

X
h — F.11
sinh [x] = Z(ZHH), 1235 5 (F11)
x2" o x"
cosh[x] = E @) =1+ E 1 (F.12)
n=0 n=2,4,6,...

we can re-write the generator in Eq. (F.10). This gives the final form of the result presented in
chapter 6:

Gs=a (n + %) + 8 (ua? + pa'), (F.13)
where

a:%(cosh [4lul] -1), ﬁ—éﬁsmh [4]ul] - (F.14)

This concludes the derivation for the generator of local translations in ¢ = (7, 9).

F.2 Bogoliubov expectation values

In section 6.3 we saw that calculating the ormv for complex squeezing required evaluation of
expectation values of the mode operators @atamy jk,Al,m} €1{0,1,2, ...}, with respect to the jth
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and kth eigenstate of the evolved probe state. Since the eigenspectrum of the evolved probe
state may be determined from a Bogoliubov transformation of the field operators, we refer to
the calculation of these expectation values in this thesis as Bogoliubov expectation values. Doing
so reminds the reader that expectation values with unbalanced boson strings, with I # m, exist.
In this section, we explain how we write the results used in calculating the Qrim.

Consider the Gaussian evolved thermal state

p(p) =VpnV', (F.15)
where

V =85:Rs8.D,. (F.16)

This unitary can be described as a Bogoliubov transformation of the thermal state mode
operators, such that V12V = A4" + B4 + C with the complex numbers defined through

A=- (ei(‘gf'@) cosh 7 sinh 7 + ¢ ®*® cosh 7. sinh r) ,
B = ¢7© cosh r cosh 7 + ¢/ ¥*9%) inh r sinh 7, (F.17)
C=aB+a" A.

Now, from the unitarity of the transformation ViV = VUV = 1, we can write

A+1Am> _ )
<a a jk—<n]

Expanding, normally ordering, using (n;|#|n;) = n; and (1|
the following ‘diagonal’ (j = k) Bogoliubov expectation values:

le> . (F.18)

a"242|njy = nj(nj — 1), we obtain

<d4>],], = 6A2Bn? + (6A2B + 12ABC?) nj + 3AB + 6ABC? + C*,
(a%a%) = (18I + |AI* + 4| A |B]?) n?
ji ]
+ (41AP B +2C2A B +2C2AB + 3| Al* - |BI* +4|B1 [CI* + 4| A IC) n;
+ AP IBP + A'BC?+2|A* + 4| AP C* + CEAB +|C|*,
(a'2%) =3 (AIBP B +| AP AB) n + (318" C* + 6| A AB +3| AL C* + 6ABCI’) n;
+3|APAB+3|AIFC* +3AB|CI* +|CI* C?,
(a'a).. = (1AP +181) nj + | AP +|CP?,
(aZ)]_j =2ABn; + AB + C2.
(F.19)
The ‘off-diagonal’ (j # k) Bogoliubov expectation values can similarly be determined. Together
with Eq. (F.19), the QFim for any arbitrary single mode Gaussian state can be completely defined.

In chapter 6, we use these results to apply quantum estimation theory to estimate squeezing
with specific states.
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F.3 Coefficients for the Gaussian mixed state SLD

In this section, we detail how to derive the coefficients for the sLp for mixed Gaussian states
that were encountered in subsection 6.4.2 of the thesis. For convenience, we write the form of
the sLD as follows:

p_ 1m0 (Ba Bp K pa 1 )
Li= A, {R*,RP} + BFR —ETr[ﬂ z], (F.20)

where greek indices imply Einstein summation convention and

[o¢]

AR = Z FTioxHF, 8% =251, (F.21)
j=0

with F = (Ew)~!. We can solve these parameters using Mathematica.

We start by introducing the function kronmat, which is used to define the covariance matrices
associated with multi-mode states. Since we are working with single modes, we take n =1,
and the code reads:

in[3:= ClearAll["Global‘*"]
kronmat, [mat_] := Nest[KroneckerProduct[mat, #] &, mat, n - 1]
n=1;

We now define the coefficient of the quadratic contribution to the sLp. The following four cells
evaluates the matrix .o/ ¥) by evaluating the Stein equation:

In[4]:=
R[O_] := {{Cos[@®], Sin[®]}, {-Sin[O], Cos[®]1}};
Sé[r_, 0.1 := {{Cosh[r] - Sinh[r] Cos[f], - Sinh[r] Sin[O]},
{-Sinh[r] Sin[0], Cosh[r] + Sinh[r] Cos[0]1}};
In[5]:= X
I'fr_, 6_, ©_, v_] := Qv + 1) Dot[Sé([r, O], R[O®], Transpose[R[O®]],
Transpose[S&[r, 0111;
x =I[r, 6, ©, vI[[1, 111 // FullSimplify;
y =TI[r, 6, ©, vI1[[1, 2]] // FullSimplify;
z=TI[r, 6, ©, v1[[2, 2]] // FullSimplify;
Xf = {{x, y}, {y, z}};
In[6]:=

by

DInverseXf = D[Inverse[Xf], rl;

tx = DInverseXf[[1, 1]] // FullSimplify;

ty = DInverseXf[[1l, 2]] // FullSimplify;

tz = DInverseXf[[2, 2]] // FullSimplify;

T = {{tx,ty},{ty,tz}};

w =1 {{0, 1}, {-1, 0}};

F = Inverse[Xf.w] // FullSimplify;

Ar = Sum[MatrixPower[Transpose[F], k].T. MatrixPower[F, k],
{k, 0, o, 1}]1 // Simplify;
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In[7]:=

s = \/—12_ (1, 13, {4, i}

Arboson = Transpose[s].Ar.s // Simplify;

To define the coefficient of the linear contribution, 8%, to the sLb we use the moments of the
evolved probe state definition in Eq. (6.49). This is implemented as follows:

In[8]:=
xf[r_, 6_, ©_, a_] := S&[r, O].R[O].{Re[ar], Im[a]1};
In[9]:=
B[6_] := 2 Inverse[Xf].{D[xf[r, O, ©, «][[1]1]1, 01,
D[xf[r, 0, O, «al[[2]1], 01};
In[10]:= 3

Brboson = B[r].s // Simplify;
Similarly, we now define the constant term to the sLp:

1
In[111:= constr = -3 Tr[Arboson.Xf];

By simplifying the output, we arrive at the final form of the constants &/ k'and #*. Armed
with these coefficients, we have a final form of the svLp for the state

p(p) = ggpmﬁz, with  pin = R@Dapthﬁzﬁg. (F.22)

This is then used to construct the optimal measurement scheme that saturates the ocrs.
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