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Fusion systems on a Sylow 3-subgroup of
the McLaughlin group
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Abstract. We determine all saturated fusion systems ¥ on a Sylow 3-subgroup of the
sporadic McLaughlin group that do not contain any non-trivial normal 3-subgroup and
show that they are all realizable.

1 Introduction

Let p be a prime and S a finite p-group. A fusion system ¥ on S is a category
whose set Ob(¥) of objects is the set of all subgroups of S, and, for QO and R
in Ob(¥), the set Homg (Q, R) of morphisms from Q to R is a set of injec-
tive group homomorphisms Q — R (with composition of morphisms given by
the usual composition of maps) such that, for every P, Q and R in Ob(¥),

(FS1) Homg (S, S) contains Inn(S),
(FS2) if Q < P and ¢ € Hom# (P, R), then
$lo € Homgz (0, 0%) NHomz (0. R),
(FS3) if ¢ € Homg(Q, R) is an isomorphism, then ¢ ! € Homg (R, Q).

The elements of Homg (R, Q) are called ¥ -morphisms. For x € §, denote by ¢y
the automorphism of S induced by conjugation with x. For P € Ob(¥), set

Autg (P) := Homg (P, P) and Autg(P):={cx|p | x € Ns(P)},
and, for ¢ € Hom# (Q, R), set
Ny :={g € Ns(Q) | there exists h € Ng(R) with q°=? = ¢q® for every g € Q).
A fusion system ¥ is said to be saturated if the following two conditions hold:
(S1) Autg(S) is a Sylow p-subgroup of Autg (S);

(S2) if P < S is such that, for every « € Homg (P, S), |[Ns(P)| > |[Ns(P%)|,
then every ¢ € Autg (P) extends to Ng.
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If S is a Sylow p-subgroup of a finite group G, denote by F5(G) the category
whose objects are all subgroups of S and whose morphisms are the homomor-
phisms induced by conjugation in G. F5(G) is a saturated fusion system on S
[7, Theorem 4.12], and a fusion system ¥ is called realizable it ¥ = F5(G) for
some finite group G (where, by our definition of F5(G), S is a Sylow p-subgroup
of G).

Let ¥ be a fusion system on S and H a normal subgroup of S. H is called
normal in ¥ if, for every Q and R in Ob(¥) and ¢ € Homg (Q, R), ¢ can
be extended to a map ¢ € Homg (HQ, HR) such that <]3| g 1s an automorphism
of H (see [3, Definition 1.4.1]). Say ¥ is radical free if S contains no non-trivial
subgroup that is normal in . For P € Ob(¥), say P is ¥ -centric if, for every
a € Homg (P, S), Cs(P%*) = Z(P%), and say P is fully ¥ -normalized if, for ev-
ery« € Homg (P, S), [Ns(P)| > |Ns(P%)|. Say P is ¥ -essential if it is proper,
F -centric, fully ¥ -normalized and Outg (P) contains a strongly p-embedded
subgroup (note that this definition differs from the one in [7], where Craven does
not assume an ¥ -essential subgroup to be fully ¥ -normalized). In particular, if
P is ¥ -essential, O, (Outg (P)) = 1. Denote by D# the set of F -essential ele-
ments of Ob(F).

Fusion systems over 2-groups of sectional rank at most 4 have been studied
in [8, 15]. For p odd, Diaz, Ruiz and Viruel [9, 18] classified saturated fusion
systems over p-groups of sectional rank 2, and there is an ongoing project by
Parker and Grazian [11-13] to classify all radical free saturated fusion systems
over p-groups of sectional rank at most 4. In a different direction, another project
[14,16] aims to obtain a classification of all radical free saturated fusion systems
over p-groups with an extraspecial subgroup of index p. In this context, primes
strictly greater than 3 usually afford a homogeneous treatment, in contrast 2 and
3 require ad hoc arguments. In this sense, this paper contributes to both the above
projects by determining all saturated fusion systems ¥ on the Sylow 3-subgroups
of the McLaughlin sporadic simple group.

By Alperin’s theorem for fusion systems [7, Theorem 4.51], ¥ is completely
determined by the automorphism groups of the ¥ -essential subgroups of S. Thus,
in Section 2, we determine the possible ¥ -essential subgroups of S (in particular,
we get |Dg| < 2), and, in Section 4, we determine their automorphism groups
under the assumption that | D¢ | = 2.

In Section 5, we prove the following result.

Theorem 1. Let S be a Sylow 3-subgroup of the McLaughlin sporadic simple
group, and let ¥ be a saturated fusion system on S with |Dg| > 1. Then ¥ is
isomorphic to a fusion system ¥5(G) (described in Table 2), where G is one of the
following.
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 3

(i) G <G < Aut(G), where G € {Mc, U4(3), Cop};
(i) G = Le(q), where g = 4,7 mod 9, or G = Ug(q), where ¢ = 2,5 mod 9;

(iii) G = Lg(q){(p), where ¢ =4,7mod 9, or G = Ug(q){p), where q = 2,
5mod 9, and ¢ is a field automorphism of order 2.

Moreover, all groups in (ii) (respectively in (iii)) realize isomorphic fusion systems.

We refer to [3,7] for fusion systems, to [2] for groups and to the ATLAS [6] for
the notation of simple groups and group extensions. In particular, recall that, for
n > 4, S, has two double covers 2, and 27 S,, in which transpositions of S, lift
to elements of order 4 or involutions respectively (for n = 4, this is elementary;
forn > 5, see [6, p. xxiii]). For n # 6, these two double covers are not isomorphic.
For n = 6, the exceptional outer automorphism of Sg extends to an isomorphism
between 2~ S¢ and 2+ Se, s0, up to isomorphism, there is a unique double cover
of S¢, which we will simply denote by 2S¢.

2 ¥ -essential subgroups

Let p, S and ¥ be as in the previous section. Recall that a characteristic series §
of a group P is a series

l=Py<Py=<--=<P,=P,

where every P; is a characteristic subgroup of P. We say that a subgroup H of S
centralizes the series & if [P;, H] < P;j_; foreveryi € {1,...,n}.

Lemma 2. Let P and H be subgroups of S. If P is ¥ -essential and H centralizes
a characteristic series 8 in P, then H < P. In particular, if Z(S) is characteristic
in P, then Z5(S) < P.

Proof. By coprime action, Cpy(p)($) is a p-subgroup of Aut(P), and, since & is
characteristic, Cay(p)(8) < Op(Aut(P)). In particular,

Auty (P) < Op(Aut(P)) N Autg (P)
< Op(Auty(P)).
Since P is ¥ -essential, Op(Autg (P)) = Inn(P), so H < PCg(P). Since P is
F -centric, we have Cs(P) = Z(P), whence PCgs(P) = P, and the result fol-

lows. Clearly, Z(S) < Z(P); thus, if Z(S) is characteristic in P, then Z5(S)
centralizes the characteristic series 1 < Z(S§) < P. O
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4 E. Baccanelli, C. Franchi and M. Mainardis

Lemma 3. If S is a Sylow 3-subgroup of the McLaughlin group, then S has the
presentation

S=(x,y,z,abt|x}*=y3=3=a3=p=13=1,
[x,y] =la,b] = z,[y,t] = xz,[b,t] = az and
[c,d] = 1 forall other {c,d} C {x,y,a,b,t,z}). (2.1)

Proof. By [6], if S € Syl3(Mc), S is contained in a maximal subgroup of Mc
isomorphic to the group 3*: M. An easy inspection in 3% : Mo shows that S
satisfies the presentation in (2.1) (see [4] for details). O

For the remainder of this paper, x, y,a,b,t,z will denote the generators of
a 34AN-group S satisfying the presentation in (2.1).
Denote, as usual, by J(S) the Thompson subgroup of S.

Lemma 4. The following hold:

() X(S):= (x,y.a,b) is extraspecial of order 3° and exponent 3;
(i) J(S)=Cs(J(S)) = (x.a,z,t), and J(S) is elementary abelian of order 3*,
in particular, mp(S) = 4;
(iii) Z(S) = Z(X($)) = X(S)M = (z);
(iv) SO =X(S)NJ(S) =[S, J(S)] = Z2(S) = (x.a,z) and | Zo(S)| = 33;
(v) 83 = Z(S), and every element of S of order 3 is contained in X(S) U J(S);

Proof. This follows from easy commutator computations (see [4]). O

Lemma 5. No subgroup of p-rank 2 of GL,(p) x GLa(p), GL3(p) x GL1(p) or
GL3(p) contains a strongly p-embedded subgroup.

Proof. This is immediate for GL,(p) x GL,(p); otherwise, it follows by [5, Ta-
bles 8.3 and 8.4]. O

Lemma 6. Let H be a subgroup of GL4(3), and let U be the natural module for
GL4(3). Suppose that H contains a Sylow 3-subgroup H3 of order 9 such that
|Cu (H3)| = 3 and a strongly 3-embedded subgroup. Then H lies in the group of
similarities of an orthogonal form on U with Witt index 1.

Proof. Since H contains a strongly 3-embedded subgroup, O3(H) = 1, and this
implies that H cannot stabilize a subspace of U with dimension 1 or 3. Condition
|Cu (H3)| = 3 implies that H cannot stabilize a subspace of U with dimension 2,
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 5

nor normalize a decomposition of U into a direct sum of two subspaces, nor a ten-
sor decomposition, nor an extension field Fg. By Aschbacher’s classification of
maximal subgroups of finite classical groups [1] and [5, Table 8.9], it follows that
either H lies in the group of similarities of an orthogonal form with Witt index 1
or H lies in the group Sp4(3). The latter case cannot occur by [5, Tables 8.12
and 8.13]. O

Proposition 7. Let ¥ be a saturated fusion system on S. Then the ¥ -essential
subgroups of S are in {X(S), J(S)}.

Proof. Let P be an ¥ -essential subgroup of §.

Claim 1. |P| > 33 and P is not properly contained in J(S).

Since P is ¥ -centric and J(S) is abelian, |P| > 3% and P £ J(S). Since
Z5(S) < J(S),itfollows that P £ Z5(S).If | P| = 32,then P N Z>(S) = Z(S)
and |Autz,s)(P)| < 3, whence Cz,(s)(P) £ P, a contradiction.

Claim 2. If [Ns(P) : P| > 32, then P = J(S).

Suppose |Ns(P): P| > 32. Since |S| = 3, then |P| < 3%, and 32 divides
|Outg (P)]. Since O3(Outg (P)) = 1, the map

®: Outg (P) — Aut(P/Z2(P)) x Aut(Z2(P)/Z(P)) x Aut(Z(P)),
¢ = (Pp/z-(P)s D1 Zo(P)/ Z(P)> Pl Z(P))

is injective. Since 32 divides |Outg (P)|, 3% divides also [Im(®)|, which forces
P = Z,(P). Since Aut(P/Z(P)) x Aut(Z(P)) is isomorphic to one of

GL»(3) x GL»(3), GL1(3) x GL3(3), GL3(3) or GL4(3)

and, by Lemma 5, none of the first three groups contains a subgroup of order
divisible by 32 with a strongly 3-embedded subgroup, it follows that

Aut(P/Z(P)) x Aut(Z(P)) = GL4(3),
which can happen only if P is elementary abelian of order 34, that is, P = J(S).
Claim 3. |P| # 33.

Suppose, by means of contradiction, that | P| = 33. Since P £ J(S) by Claim 1
and Z,(S) < J(S) by Lemma 4 (iv), it follows that P £ Z»(S). So, by Lemma 2
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6 E. Baccanelli, C. Franchi and M. Mainardis

and Lemma 4 (iv), Z(S) is not characteristic in P. Since
1Z($)| =3, Z(S) = Z(P), P>=S*=<Z(5)

and both Z(P) and P3 are characteristic in P, it follows that P is elementary abel-
ian. Moreover, since Z(S) = X(S)™) < P and |X(S)|/|P| = 32, by Claim 2,
P cannot be contained in X(S). Similarly, P N Z,(S) = 32. Therefore, modulo
exchanging (x, y) with (a, b), we may assume that there are an integer @ and an
element e € Cx(s)(xa®) such that P = (z, xa%, et). Since

[et, yb*] = [e, yb*]'[t, yb®] € (z)xa®

and yb® normalizes (z,xa®), it follows that (Z,(S), yb*) < Ns(P), whence
|Ns(P) : P| > 32, a contradiction to Claim 2.

Claim 4. If |P| = 3%, then P = J(S).

Suppose, by means of contradiction, that | P| = 3* and P # J(S). By Claim 2,
P is not normal in S, so Z,(S) £ P, whence, by Lemma 2, Z(S) is not char-
acteristic in P. By Lemma 4 (v), P has exponent 3. Since P # J(S), P is not
abelian, whence | Z(P)| = 32 and PV < Z(P), in particular, | Z(P) : PYV| < 3.
Since S = Z,(S) is abelian and contains P, and Z(S) < Z(P) since P is
F -essential, it follows that S () centralizes the characteristic series

1=PW<zpP)<P
and so, by Lemma 2, S M < P, a contradiction.

Claim 5. If | P| = 35, then P = X(S).

Suppose, by means of contradiction, that P is a maximal subgroup of S and
P # X(S). Then P is not contained in X(S) U J(S), so, by Lemma 4 (v) P has
exponent 32. As in the previous case, we get P> = §3 = Z(S), Z>(S) < P and
Z>(S) is not characteristic in P. In particular, we have Z5(S) < Z,(P), and
so |P/Z,(P)| <3, whence Z,(P) = P. Thus, by [19, (3.13)], P is a regular
3-group of exponent 9 with derived subgroup of exponent 3, whence 21 (P) < P.
Since X(S) is maximal in S and has exponent 3, we get Q1(P) = P N X(S),
and X(S) centralizes the series 1 < Z(S) < Q1(P) < P. Lemma 2 now gives
the contradiction X(S) < P. |

Corollary 8. Let ¥ be a saturated and radical free fusion system on S. Then its
F -essential subgroups are X(S) and J(S).

Proof. This follows immediately from Proposition 7 and [7, Exercise 9.3]. o
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 7

3 The group Aut(S)

In this section, we study the group Aut(S) and, in particular, its relations with
Aut(J(S)) and Aut(X(S)). Since J(S) and X(S) are characteristic subgroups
of S, the restriction maps from Aut(S) to Aut(J(S)) and Aut(X(S)) are well
defined. For P € {J(S), X(S)}, we denote them

rp: Aut(S) — Aut(P).
It is straightforward to check that the image of rp lies in Ny p)(Auts (P)).

Lemma 9. Let ¢ € Aut(S). If [J(S).¢] =1 or [X(S),¢] = 1, then ¢> = ids.
If [J(S). 9] = [X(S).¢] = L, then ¢ = ids.

Proof. Let ¢ € Aut(S), and suppose [X(S), ¢] = 1. Then
1? =1™e forsomee € X(S).

From the relation

1?1 = [y?. ) = [y.1]? = [y.1],
we get m = 1 mod 3. Hence [S, ¢] < X(S), and, since X(S) has exponent 3, it
follows that ¢ = idg. Suppose now [J(S), ¢] = 1. Then we can write

y® = y*pPs  withs € J(S).

From [y?,a] = [y?.a®] = [y.a]® = 1, we deduce B = 0 mod 3, and then, from
[y?,x] = [y?,x%] = z% = z, we get « = 1 mod 3. Similarly, we get b® = bs’
with s’ € J(S). Thus [S, ¢] < J(S), and, as above, this yields that ¢ = idg. The
last claim is clear since S is generated by J(S) and X(S). |

Lemma 10. For P € {J(S), X(S)}, the restriction map tp is a surjective homo-
morphism from Aut(S) onto Ny (p)(Auts (P)). Moreover, kerr j(s) has order 33,
and kerry sy has order 3.

Proof. Let P € {J(S), X(S)}. Clearly, the map rp is a group homomorphism.

With the notation of Section 2, Autg (J(S)) = (cy, ¢p), and a direct inspection
in the group Aut(J(S)) = GL4(3) shows that Ny s(s))(Auts(J(S))) is gener-
ated by the three automorphisms o1, o2, @3 of J(S) uniquely determined by the
conditions

_ -1
Z— 2z 1, Z 2z, Zk=>z 7,
X = Xda, X = x_lz_l, X = a_lz_l,
o7 1 -1 [0HN o3 -
ar—xa z °, avra, ar—>Xx "z,
=1, =1, t > x tar L.
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8 E. Baccanelli, C. Franchi and M. Mainardis

It is straightforward to check that, for i € {1,2, 3}, «; is the restriction to J(S) of
the automorphism o; of S uniquely determined by the conditions

Zl—>Z_1, Z 2z, z»—>z_1,
—1_—1 —1_-1
X = Xxa, X Xx 'z, X+—>a “z o,
~1_-1 -1
- a—xa 'z -, _ ar—a, - ar>x "z,
oq: oo o3
th, [|_>t, t}_)x_lat_l’
= yb -1
y = yb, Yy y b,
b yb~!, b b, b y.

Hence rj(s) is surjective. For i € {1,2,3}, let @; be the automorphism of X(S)
induced by @;. Recall that, since X(S) is extraspecial of exponent 3 and order 3°,
Out(X(S)) is isomorphic to the group of similarities of a symplectic space of
dimension 4 over the field F3, which we denote by GSp,4(3). Then, computing in
GSp,(3), we get that the image of (@1, @, &@3) in Out(X(S)) has order 32. Let 8,
32, 33 be the automorphisms of S defined by the positions

Z >z, Z =z, Zk= 2z,
X = X, X = X, X = X,
_ ara, _ ara, _ ara,
Bi: 2° 3
t >t tt, t—>t,
y=y, y =Xy, y=ay,
b — ab, b b, b+ xa 'b,

and let B1, B2, B3 be their restrictions to X(.5), respectively. Then it is clear that
B1, B2, B3 normalize Autgs (X (S)) and that the image of (1, B2, B3) in Out(X(S))
is an elementary abelian group of order 27.

Since the group Noy(x(s))(Outs (X(S))) (computed inside GSp,4(3)) has order
2% - 3% and Nay(x(s)) (Auts (X(S5)))/Inn(X(S)) = Now(x(sy) (Outs(X(S))), we
get

Nau(x(s)y) (Auts (X(S))) = Inn(X(S))(B1. B2, B3. a1, 02, 3).

Hence ry s) is surjective.
To prove the claims about kernels, note, first of all, that, by Lemma 9, kerr ()
and kerry gy are 3-groups and kerr;(s) N kerry(sy = 1. Moreover,

kerry(sy NInn(S) =1,
[kerry(s) N Auts(X(S)| = [(J(S) N X(5))/Z(S)| = 3%.
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 9

Therefore, kerry(s) is isomorphic to a subgroup of Nays(s))(Auts(J(S))) in-
tersecting trivially Autg(J(S)). Then we get |kerry(s)| = 3 since a Sylow 3-sub-
group of Nay(j(s))(Auts(J(S))) has order 33,

Similarly, kerry(sy is isomorphic to a subgroup of Ny (x(s))(Auts (X (S))).
Since (B1. B,.B3) < kerrj(s) and the image of (81, B2, B3) in Out(X(S)) is ele-
mentary abelian of order 27, we get [kerry(s)| = 3%, |

Corollary 11. The subgroup of Aut(S) that is generated by kerr j(s), kerrys)
and Inn(S) is a normal Sylow 3-subgroup of Aut(S) with order 3% and index 2°.

Proof. By Lemma 10, kerr ;g is a 3-subgroup of order 3%, and Aut(S)/ ker ry(s)
is isomorphic to Ny (s))(Auts(J(S))), which has a normal Sylow 3-subgroup
of order 27 and index 32. o

4 Automorphism groups in ¥

We keep the notation introduced in the previous sections, and we assume that ¥ is
a saturated radical free fusion system on S. In order to obtain the possible fusion
systems J ', we now need to determine the groups Autg (J(S)), Autg (X (S)) and
Autg (S). We begin with Autg (J(S)).

Proposition 12. Let ¥ be a saturated fusion system on S, and assume that J(S)
is ¥ -essential. Then the following holds:
(1) Autg(J(S)) is contained in a maximal subgroup M of Aut(J(S)) =~ GL4(3)
isomorphic to (Co x Myg) : Cy;
(i) Autg(J(S)P = M@ =~ 4q;
(iii) Autg (J(S)) acts irreducibly on J(S);
(iv) if 0 is an element of order 4 in Autg (J(S))® normalizing Auts(J(S)),

then, up to conjugation in Autg (J(S))@, 0 = C1J(s), where { € Autg (S)
is such that

x§=a_1Z, y;=b, at = xz ) b§=y_1,

1

tZ = xa t_lz, Z§ =z °;

in particular, [J(S), 0] = J(S);

(V) if Naug (7 (8)) (Auts (J(S))) is contained in two maximal subgroups M and
M’ of Aut(J(S)) isomorphic to (Cy x M1g) : Ca, then M' = M8, where
§ is an element of order 3 in Aut(S) such that § x5y = idx(s) and & j(s)
centralizes Npy (J(s)) (Auts (J(S))).
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10 E. Baccanelli, C. Franchi and M. Mainardis

Proof. Since J(S) is elementary abelian of rank 4, Aut(J(S)) = GL4(3). Clearly,
Cys)(Auts(J(S)) = Cy(s5)(S) = Z(S) has order 3 by Lemma 4. Since F is
saturated, Autg(J(S)) is a Sylow 3-subgroup of Autg (J(S)) of order 9, and,
since J(S) is ¥ -essential and abelian, Autg (J(S)) has a strongly 3-embedded
subgroup. Thus, by Lemma 6, Autg (J(S)) is contained in the group of sim-
ilarities of an orthogonal form with Witt index 1, that is, a maximal subgroup
M = (C x Myg) : Cp. Then we have M@ =~ Ag and M/M @ =~ Dg. Let T be
a Sylow 3-subgroup of Autg (J(S)). Then T < M@ N Autg (J(S)), and, since
O3 (Autg (J(S))) = 1, we get 03(M@ N Autg(J(S))) = 1. Since O3(H) # 1
for every proper subgroup H of Ag of order divisible by 32, M® < Autg (J(S)).
Since M@ acts irreducibly on J(S), claim (iii) follows. To prove claim (iv), note
that, since J(S) is normal in S and 6 normalizes Autg(J(S)), we have Ng = S,
and axiom (S2) yields that there exists { € Autg (S) such that 6 = {|;(s). Since
there is a unique semidirect product of J(.S) by A¢ via a non-trivial action (see also
[17, Lemma 3.4 (iv)]), it follows that, up to conjugation in Autg (J(S)® =~ Aq,

1

xt =a z, aZ =Xxz °, tz = Xxa t_lz, Pl =z1

Set
y& = x"ySatbmzk, bt = x*yParpize

for some r,s,l,m,k,a,B,y,8,e € F3 (note that yf,bg € X(S) since X(S) is
characteristic in S). From the identity [a%, b%] = z¢, we get

2 =28 =%, b8 =[xz x%yPaV B0 28] = [x, yP] = 2P,
whence g = —1, and similarly, from [x¢, y¢] = z¢, we get m = 1. From
b8 = yf] = 1,
we get § = s = 0. Further, up to replacing ¢ by its product with some element
of Inn(S) (namely, powers of cx,c4,cr), Wwe may also assume / = o = 0 and
k = & = 0. Then, the identity [y, b%] = 1 gives

1 = [yg’bg] — [xrb’y—la)/] — [Xr,y_l][b,ay] — Z—r—y’

whence y = —r and y% = x"b, b = y~la". Finally, by Lemma 10, we may
assume that ¢ has order 4, and this last condition yields r = 0, as claimed.

To prove (v), suppose that Autg (J(.S)) is contained in two maximal subgroups
M and M’ isomorphic to (C2 X M1g) : C2. Then M and M’ are conjugate in
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 11

Aut(J(S)) = GL4(3), and clearly they contain Autg (J(S)). Comparing the num-
ber of conjugates of Auts(J(S)) in M and in Aut(J(S)) and the number of conju-
gates of M in Aut(J(S)), we get that Autg(J(S)) is contained in exactly 3 con-
jugates of M. Let & € Aut(S) be defined by

x‘szx, yézy, asza, bgzb, tsztz, ZE:Z,

and set £ := €1s(s) and N := Nay((s)) (Auts (J(S))). It is clear from the defi-
nition that & y(s) = idx(s) and & has order 3. Moreover, § € N, but § ¢ M since
Autg(J(S)) is a Sylow 3-subgroup of M. Hence, up to replacing & by £71, we
have M’ = M¥7¢) . Now set

Ny = Ny (Autg(J(S))) and Cy = CN(E) NnM.

Then Njps has index 3 in N. If oy, ap, a3 are the automorphlsms of J(S) defined
in the proof of Lemma 9, then 1 does not centralize &, and (@3, az,03) < Cy (£).
Hence Cy (£) has index 2 in N, and Cpy_has index 2 in Njs. Moreover, we have
(Na)§ # Ny, and, since N = (Npyr, N § 1) is not contained in M, it follows that
(Nar)E is not contained in M. On the other hand, Cyy is contained in M N M’
(since M = Mé), whence Cpy = M N M’ N N. Hence

Nauig (J(s)) (Auts (J(S))) < Cp,

and the claim is proved. |

We turn now to Autg (X(S)). Note that Autg (X(S)) is completely determined
once we determine Outg (X (.S)) up to conjugacy in Out(X(S)) since Autg (X (S))
contains the group Inn(X(S)). Now we have Auts (X (S)) = (c¢), so, by Proposi-
tion 12 (iv), {|x(s) € Nauts (x(5))({c)). Since X(S) is extraspecial of exponent 3,
X(S)/Z(X(S)) has, as usual, a natural structure of a symplectic space over [F3, the
form being defined by the commutator and identifying Z (X (S)) with the defining
field. Denote by V this space, and let

L= xZ(X(S)),  vai=aZ(X(S)), up:=bZ(X(S)), u»:i= yZ(X(S))

so that Out(X(S)) = GSp(V) and B := (v, v2, U1, U3) is a hyperbolic basis of V
with mutually orthogonal hyperbolic subspaces (vy, u») and (11, v2). Further, de-
note by / the image in Out(X(S)) of Cau(x(5)(Z(X(S))) so that I = Sp(V).
Set é’ = Inn(X(S))¢|x(s) and 7 := = Inn(X(S))c, so that, with respect to the basis
B of V, the matrices associated to 7 and { are

1 000 0 -1 0 O
~-10 1 0 ~11 0 0 0
t: and ¢:

01 10 0 0 0 -I

1 0 01 0 0 1 O
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12 E. Baccanelli, C. Franchi and M. Mainardis

Let G := Out(X(S)), H := Outg(X(S)) and T := (i) = Outg(X(S)). The
following lemma summarizes the properties of H that are needed in the sequel.

Lemma 13. H contains f and £. Further, T € Syls(H), and T is not normal in H.

Proof. H contains 7 by (FS1) and (FS2) and contains E by Proposition 12 (iv).
Since ¥ is saturated, T € Syl;(H ). Since X(S) is # -essential, H has a strongly
3-embedded subgroup, so 7" is not normal in H . |

Lemma 14. With the above notation,

(i) Cy () = (v1,v2);

(ii) for every non-zero vector v1 € Cy (), there exist v € Cy(f), U1,Us € V
such that

Sisu;) =36;; fori,j€{l1,2}, f(uy,uz) =0,

_ _7 _ _
vV, =V, U; =V3—; +U;

and eitherfor 5_1 maps v; to (—1)! v3_; and ii; to (—1)'1is_; fori € {1,2};

(iii) Cy (7) is the unique maximal isotropic subspace of V normalized by {.

Proof. We have
Cy(@) = V.5 = (vi.v2) " = (v1,v2).

and (i) follows. Claim (ii) follows by Witt’s lemma (see, e.g., [2, p. 81]) and ele-
mentary computations. In order to prove (iii), suppose that # normalizes a maximal
isotropic subspace U of V. Since 7 is an isometry of V of order 3, it has a fixed
point 1 on U, and hence u € U N Cy (7). It follows that U < (u)L. By (ii), we
may assume u = v1, and a direct check shows that U = Cy (7). O

Lemma 15. H N I normalizes no non-trivial isotropic subspace of V.

Proof. Let W be a non-trivial isotropic subspace of maximal dimension among
those normalized by H N I. By Lemma 14 (iii), W < Cy (7) = (v1, v2). Since {
normalizes H N I, H N I normalizes wt too, and, again by Lemma 14 (iii), we
have W¢ < Cy (f) = (v1, v2). Since (£) is irreducible on (v, va), it follows that
W = (v, v3). Since 7 centralizes the series

{0} < (v1,v2) = (v1,v2)F <V,

we get T = O3(N;(W)) N H, a contradiction, since 7 is not normal in H. O
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 13

Corollary 16. One of the following holds:

(a) H stabilizes a decomposition of V' into the direct orthogonal sum of two hy-
perbolic lines;

(b) H normalizes a cyclic subgroup of order 4 of G not contained in I ;
(c) H is contained in the normalizer in G of a group Q = 2114,

Proof. This follows from Lemma 15 and Aschbacher’s classification of maximal
subgroups of classical groups (see [1] and also [5, Table 8.12]). o

We investigate now cases (a), (b) and (c) of Corollary 16. We start with case (a).

Lemma 17. Cg ({7, ¢)) acts transitively on the set of decompositions of V into an
orthogonal sum of two hyperbolic lines Uy L U, stabilized by i.

Proof. Suppose that  stabilizes a decomposition of V into an orthogonal sum of

two hyperbolic lines U; L U,. We show that there exists y € Cg ({f, ¢)) such that
Uy = (v, u2)Y and U, = (va, u1)Y. We may of course assume that Uy # (v, uz).
Since 7 has a fixed point in U7, by Lemma 14 (ii), we may assume v; € Uj. Since 7
centralizes both (v1,u3)/{v1) and Uy /(v1), it follows that 7 centralizes the quo-
tient space ((vy,u2) + Uy)/(v1). On the other hand,

Cy /) (0) = (v1,v2,u2)/(v1),

so (v1,uz) + U = (v1,va,uz) and Uy = (v1, vz + Buy) for some B € {+1}.
Then

U, = Ull = {Avy + puvy +vuy | A, pu,v € Fzand v = A} = (va, v1 + Buy),

and the linear map y:V — V, defined by vl?/ := fv; and uly :=v; + Bu; for
i € {1,2}, has the required properties. |

Fix the basis 81 := (v, us, v2,up) of V, and identify every element of G with
its associated matrix with respect to B; so that

- T 0 1 0
t = , where 7 1= ,
0t 1 1
- 0 -1 0
.= * , where p := .
- 0 0 1
0 «
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14 E. Baccanelli, C. Franchi and M. Mainardis

Lemma 18. Assume H is contained in the stabilizer M in G of a decomposition
of V into an orthogonal sum of two hyperbolic lines Uy L U,. Then one of the
following holds:

(1) H is conjugate in G to D(¢), H = 27 S4, and there is an element of order 4
in G \ I that centralizes H;

(i) H is conjugate in G to D{(¢,7), H = (2 x SL>(3)) : 2, and H normalizes
a cyclic subgroup of order 4 in G \ 1, where 1] is the linear map that swaps
v1 with vy and uy with u,;

(iii) H is conjugate in G to Z(K)D(E, n), where K = Nps(Ur) N Npg(Uz), and
H ~ (2xGLy(3)): 2,

(iv) H = 02(M)(1.8);
(v) H is conjugate in G to O,(M)(f, . 7).

Proof. By Lemma 17, we may assume U; = (vy,u3) and U, = (va,u;). For
i € {1,2}, denote by S; the subgroup of M normalizing U; and acting trivially
on Us_;. Set K := 515>, and let R be the unique Sylow 3-subgroup of K con-
taining 7'. Then

S; = SL,(3) fori €{l,2}, Sf =S8, and [S5.S5]=1; 4.1
M = K(&.7). (£.7) = Ds:

Nm(T) = RZ(K)(E, 7)), so T() < Nu(T) < Z(K)T{, i) (42)

for a suitable p € R.

Since T < H N K < H, by the Frattini argument, H = (H N K)Ng(T), so,
by Lemma 13, T is not normal in H N K, and 12 divides |H N K|. Moreover,
by (4.2), either H = (H N K)(¢) or H = (H N K)({,7°). If |[H N K| = 12,
then H N K = A4 (the unique group of order 12 with no normal Sylow 3-sub-
groups) and (H N K) N Z(K) = 1. It follows that m,(K) > 4, a contradiction
as m2(GSp4(3)) = 3 (see [10, Theorem 4.10.5]). Hence we get |H N K| > 24.
Let {i, j} = {1,2}, and assume H N S; = 1 for some i € {1, 2}. Since E € H,
by (4.1), H N S3—; = 1. Since |H N K| > 24, it follows that there is y € GL,(3)

such that
a O .
HNK= witha € SL,(3) ¢ .
0 oV

Since f € H N K, y has to centralize 7, so y € (r, Z(GL,(3))). Let

0 I I 0
€= (—I 0) and o(y) = (0 y).
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 15

Then, for every @ € SL,(3),

a(y)
e el A
0 « 0 o)’ -y~ o)’ y= 1 o
and
0 MU(V) y 0 a(y) 0 1
o) o) =)

Thus, if H = (H N K)(E), then H is conjugate via (o (y))~! to D(E), which is
isomorphic to 27 Sy, and centralizes the element € (of order 4). If

H = (HNK)(¢,7°) forsomep € R,

then 7° normalizes H N K, whence

w=(" 7).
yt o0

It follows that H is conjugate via (o(y))~! to D (£, 7j), which normalizes (¢) and
is isomorphic to (2 x SL,(3)) : 2.

Assume now that H N S; # 1. As above, H N S3—; # 1. Since T is not con-
jugate in G to a Sylow 3-subgroup of S; (their generators having different Jordan
normal forms), H N §; is a 2-group. Since T < K < Ng(S;), H N S; is normal-
ized by T, so either H N S; = Z(S;) or H NS; = 0,(S;) = Qg. In all cases,
Z(K) < H.Moreover, by (4.1), |H N S1| = |H N S3|.

If [HNS;|=2,then |(HNK)/Z(K)| <12 and, as T is not normal in H,
(HNK)/Z(K) =~ A4. As above, it follows that there is y € GL2(3) such that
H N K is the product of the groups

o)

whence H N K = (DZ(K))°Y), which is isomorphic to 2 x SL2(3).

Thus, it H = (H N K)(E), then H is conjugate in G to DZ(K)({), which is,
in turn, conjugate to D(E, 1), and (ii) follows. If H = (H N K)(E, n°), then H is
conjugate in G to Z(K)D(E, 1), and (iii) follows.

Finally, if H N S; = 0,(S;) fori = 1,2, then H N K = O,(M)T, and we

get (iv) and (v). O

o€ Sp2(3)} and Z(K),

Note that groups described in Lemma 18 satisfy both case (a) and (b) of Corol-
lary 16. In order to deal with case (b), we need the following elementary result.
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16 E. Baccanelli, C. Franchi and M. Mainardis

Lemma 19. Let L be a group, E and F subgroups of L with |F| = 2 and such
that L is the direct product of E and F. Let L1 and L, be subgroups of L. Then
Ly and Ly are conjugate in L if and only if there is an element e € E such that
(L1F) =LyFand (L1 NE)Y =(L,NE).

Proof. Assume there is an element e € E such that
(L1F) =LF and (L1 NE) =(L2NE).

Leti € {1,2}. Ifeither F < L; or L; < E, the result follows immediately. Other-
wise, Lo F/(Lp N E) is elementary abelian of order 4. So, if f is the generator
of F, there is an element d € E such that the three maximal subgroups of L, F
containing L, N E are (L, N E)F, (Ly N E)(df) and (L, N E)(d). So the only
possibility is LS = L, = (L, N E){df). The converse is obvious. o

Assume now that H normalizes a cyclic subgroup of order 4 in G \ I (case (b)
of Corollary 16). In this case, H is contained in a maximal subgroup M of G such
that M = (y)A with y of order 4, y2 € Z(A),[AD,y] = 1and [A, (y)] = Z(A),
and there is an isomorphism ¢: A — 2S¢ such that 7 Z(A) is mapped to the product
of two 3-cycles in Se (see [6, p. 26]). Since § has order 4, inverts 7 and supplements
AWM (y) in M, it follows that & = ay™ for suitable @ € A \ A®M of order 4 and
m € N. By the choice of ¢, «Z(A) must map to the product of three disjoint
transpositions.

Lemma 20. With the above notation, H is one of the groups listed in the fifth
column of Table 1 and H is uniquely determined, up to conjugation in M, by its
isomorphism type.

Proof. Set K := AM(y). Then H = (H N K)(¢). Note that Z(M) = (¢?) < H,
and hence H is completely determined by its image H/Z (M) in the quotient
group M/Z(M). For an element v, or a subgroup L, of M, denote by v/, respec-
tively L, its image in M/Z(M). Thus, in particular,

M = Ax ().
Since T has order 3 and 7' < AD < M, we have TH < AWM and, since T is

a non-normal Sylow 3-subgroup of H, T is isomorphic either to 244 or to 2A4s.
Moreover,

TH <(HNK) < Ng(TT) = Nao(TH) x (7).
If 7H ~ 2As, then TH is a maximal subgroup of Z(l), so TH = sz(Tﬁ);

if TH ~ 244, then Nz (TH) = S,. In both cases, we get one of the configu-
rations listed in Table 1. Finally, let L be a subgroup of M isomorphic to H and
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 17

TH HNK H H(y) H Structure
2A5 Té S5 S5X2 TH<E) 2_S5
TH x (7) Ssx2  H (TH o (y)(0) 27 Ss504
24, TH S4 Syx2  TH() 278,
TH x (y) Sax2  H (TH o (y)(0) (SL2(3)x2):2
TH (yo) Sa Sax2  TH{yo.() GLy(3):2
(with o € Ny (TH)\TH)
Nz (TH) Sax2  Sgx2x2 N4 (TH)() 278412
NAo(THyx (7) S4x2x2 H (NAO(THyo (y)) (&) (2784:2):2

Table 1. Possibilities for H in case (b) of Corollary 16.

containing 7', Z(M ) and E . A direct check inside Ag shows that there is an element
g € A such that

(HyH) =L{y) and (HNA®E =LNA.
Thus, by Lemma 19, H& = L. o

We turn finally to case (c) of Corollary 16. Here we use the isomorphism
PSp4(3) = GOg (2) (see [6, p.26]) and identify G/Z(G) with the latter group
so that the natural action of GOg (2) on an orthogonal space Y of dimension 6
over the field of order 2 with Witt defect 1 extends to a representation v of G
on Y. Then, by [6, p.26], H is contained in the stabilizer M of a singular vec-
tor vo in Y, and v induces a representation v of M onto the full permutation group
on the set of the five singular non-zero vectors of v/ (vo) such that ker(v) is the
unipotent radical U of M, which is isomorphic to 21+4,

Lemma 21. With the above notation, one of the following holds:
(i) the order of H is divisible by 5, in which case either H ~ 2~ Ss or H = M ;
(1) H stabilizes a totally singular line in Y ;
(iii) H centralizes a non-singular vector of Y ;
(iv) H NU is equal either to U or to (U, T|Q, where Q is the cyclic subgroup
of order 4 of Cy(T)and H/(H NU)) = S3 x 2.
Proof. Since Y has Witt defect —1, there is a basis (e1, ez, e, f, f2, f1) of ¥ such
that
e ¢1 = vy (so H fixes eq),

e fori € {1,2}, (e;, fi) is a hyperbolic pair,
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18 E. Baccanelli, C. Franchi and M. Mainardis

* the subspace (e, f') does not contain any singular non-zero vector,
e f is not orthogonal to e.

Since all elements of order 3 of M are conjugate in M, we may choose v in such
a way that v(7) acts trivially on {(e1, ez, f>, f1) and maps e to f and f toe + f.
Since ¢ acts trivially on (ey, e, f>, f1), it maps e to f and f to e, and ¢ ¢ U.
Since i(f) €V(H)\ As and {1} # v(T) <V(H), v(H) is a subgroup of S5 not
contained in As and divisible by 6. If 5 divides | H |, then V(H ) = S5, and (i) fol-
lows since (¢2) = Z(U) and M is irreducible on U/Z(U). Assume 5 does not di-
vide | H |. Then v(H ) is contained in a subgroup of S5 isomorphic either to S4 or to
2 x S3. In the former case, V(H) fixes a singular non-zero vector in (e1)*/(e1),
and hence H stabilizes a totally singular line in Y as in (ii). In the latter case,
V(H) fixes a non-singular vector in (e1)+/(e1) (see [6, p.2]), which has to be
ez + f> + (e1) since this is the unique non-singular vector in ef-/(el) which is
fixed by (7, ). Thus H acts on the subspace (e1,es + f2) of Y. If this action is
trivial, then (iii) holds. Otherwise, H contains an element « that swaps the two
non-singular vectors e, + f> and ex + f> + e of {(e1,ex + f2). Since V(T) is
normal in V(H ), possibly substituting o with af , we may assume [f,a] € H N U.
Thus o maps the basis (e1, ez, e, f, f>) of (e1)L to

(e1, f2 + her,e + ley, f + mey, ez +ney) forsomeh,l,m,n € F,.
Since o swaps ep + f> and e + f> + e1, we have n = h + 1. It follows that
1#a%e HNCy().

Since ef- /{e1) is canonically isometric to the factor U/Z(U) of the extraspe-
cial 2-group endowed with the usual quadratic form induced by the squaring [2,
(23.10)] and Z(U)a? is non-singular, Q := (a?) is a subgroup of order 4 in
Cy (7). Assume, by means of contradiction, that [H N U, T] = 1. Since

H/(HNU) = S3x2,

it follows that T < T(H NU) < H. Since T is a Sylow 3-subgroup of H, this
implies that 7" is normal in H, against the hypothesis. So [H N U, T] # 1. Since
T acts irreducibly on [U, T/ Z(U), it follows that [U, T] < H, and (iv) holds. ©

5 Fusion systems
Lemma 22. For P € {J(S), X(S)}, the restriction map

15 Autg () — Nauwy (p)(Auts (P))

is a surjective homomorphism such that ker rlg': < Inn(S).
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Fusion systems on a Sylow 3-subgroup of the McLaughlin group 19

Proof. Let P € {J(S), X(S)}. By the surjectivity property [7, p. 190], the restric-
tion to P induces a surjective homomorphism
1% Autg (S) — Nawy (p)(Auts(P)).

Since P is ¥ -essential, Cg(P) < P.By Thompson’s A x B lemma [19, (1.15)'],

this implies that ker rf is a 3-group, whence, since ¥ is saturated, ker r;f: is con-

tained in Inn(S). |

Theorem 23. Let ¥ and & be saturated fusion systems on a Sylow 3-subgroup S
of the McLaughlin group Mc with |Dg| = 2. If Autg(X(S)) is conjugate to
Autg (X(S)) in Aut(X(S)), then ¥ and & are isomorphic fusion systems.

Proof. Suppose Autg (X(S)) is conjugate to Autg(X(S)) in Aut(X(S)). Since
Autg (X(S)) and Autg (X (S)) contain (by definition of saturated) Autg (X (S)) as
a Sylow 3-subgroup, there exists § € Ny (x(s))(Auts(X(S))) such that

Autz (X(S))® = Autg(X(S)).

By Lemma 10, there exists § € Aut(S) such that §|x(s) = 8. Since the fusion sys-
tem
F* = (Autg (5), Auty (J(5))". Autg (X(5))°)

is isomorphic to %, it is enough to show that ¢ is isomorphic to &. Hence

(a) we may assume Autg (X(S)) = Autg(X(S)) and, in particular,
Naug (x(5)) (Auts (X(S))) = Naug (x(s)) (Auts (X(S))).

Let Q be the preimage of Ny, (x(s)) (Auts(X(S))) via the map ry(s) de-
fined in Section 3. Then, by Lemma 10 and Corollary 11, Aut# (S)/Inn(S) and
Autg (S)/Inn(S) are Sylow 2-subgroups of

Q/Inn(S) = Autg(S) kerry(s)/Inn(S),

and so there exists i € kerryg) such that Autg (X(S))* = Autg (X(S)). Up to
replacing ¥ by FH,

(b) we may assume
Autz (X(S)) = Autg(X(S)) and Autg(S) = Autg(S).
Then, by Lemma 22,
Naug (7(8)) (Auts (J(S))) = Naue () (Auts (J(S))).

By Proposition 12 (v), there exists an automorphism & € kerrys) such that & s(s)
centralizes Ny, (J(s)) (Auts(J(S))) and Autg (J(S))% and Autg (J(S)) are con-
tained in the same maximal subgroup M = (Cy x Myp) : C of Aut(J(S)). Since,
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20 E. Baccanelli, C. Franchi and M. Mainardis

by Lemma 22,
[Autz (S). £]7 = [Naus (s(s)) (Auts (J(5))). §5s)] = 1.

by Lemma 9, we have
[Autg"(s):s] = kerr](S) N keer(S) =1.

Thus Autg (S)é = Autg(S). By Proposition 12 and the Frattini argument, since
Autg (J(S)) is a Sylow 3-subgroup of Autg(J(S)), Autg (J(S))¢ and of M@,
we have

Autz (J(8))¥ = M@ Nuyi, (g5 (Auts (J(S)))
= M® Nuyie (s(5)) (Auts (J(S))) = Autg (J(S)).

Thus $¢ = &, and we have the claim. O

Theorem 24. Let ¥ be a fusion system on a Sylow 3-subgroup S of the McLaugh-
lin group Mc with |D¢| = 2. Then ¥ is isomorphic to one of the fusion systems
listed in Table 2." In particular, Theorem 1 holds.

Proof. By Alperin’s theorem for fusion systems [7, Theorem 4.51] and Proposi-
tion 7, we have ¥ = (Autg (S), Autz (J(S)), Autg (X(S))). By Theorem 23, it
is enough to find the triples (Autg (J(S)), Autg (S), Autg (X(S))) up to conju-
gation of Autg (X(S)) in Aut(X(S)).

By Proposition 12, up to conjugation in Aut(J(S)), Autg (J(S)) is isomorphic
to a subgroup of (2 x M1y) : 2 containing a copy A of Ag. Since (2 x M1p) : 2/A
is isomorphic to Dg, up to conjugation in (2 x Myp) : 2, there are exactly 8 such
subgroups, and these are listed in the first column of Table 2. This and Lemma 22
give the isomorphism classes for Outg (S) listed in the third column of Table 2.

We turn now to Autg (X(.5)). Note that Autg (X(S)) is completely determined
up to conjugation in Aut(X(S)) once we determine Outg (X (S)) up to conjugation
in Out(X(S)) since Aut# (X(S)) contains the group Inn(X(S)). As remarked after
Proposition 12 and with the same notation, we may identify Out(X(S)) with the
group GSp,(3), and Outg (X (S)) is then a subgroup H of GSp,(3) containing r
and ¢ such that 7 := (7) is a Sylow 3-subgroup of H. Moreover, T is not normal
in H since, by definition of ¥ -essential subgroups, H has a strongly 3-embedded
subgroup. Then 7 is not normal in H N I, and H falls into one of the three cases
of Corollary 16.

If H is as in case (a), (i)—(v) of Lemma 18 imply that H is isomorphic to one
of the groups listed in rows 1, 3, 7, 4 and 8 of the second column of Table 2,

! Note that, by Lemma 18, Lemma 20, and Lemma 21, the structure of the groups in the first
three columns of Table 2 determines their isomorphism class.
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Autz (J(S))  Outg(X(S)) Out (S) Groups
As 278, 4 Us(3)
2% Ag GL3(2):2 4%2 Us(3).2,
Ss (2 X SL2(3)) 12 Dg U4(3).22
(Qg x 03).53 Dy L¢(q),q=4,7mod 9
Us(q),g=2,5mod 9
Mo (2784):2 Os Us(3).25
2_55 Qg Mc
2% Sg (2 x GLy(3)):2 2% Dy Us(3).22,,
(Qsx 0s5).(3:Dg)  2xDg Le(q){¢).,g=4,7mod 9

Us(9){¢),q=2.5mod 9
¢ field automorphism of order 2

2x My (2784:2):2 2x Qg U4(3)2%33
2785:2 2x Qg Aut(Mc)

Ag: 4 (Qg04).(S3x2) 2x8 Us(3).4

2xMig):2 2F4(S3x2) 2x 0D Aut(Us(3))
21_+4.Ss 2 x QD16 C02

Table 2. Radical free fusion systems on S.

respectively. If H is as in case (b), then rows 1-7 of the fifth column of Table 1
imply that H is isomorphic to one of the groups listed in rows 6, 10, 1,3,2,5and 9,
respectively. Note that, by Lemma 18, the groups obtained in cases (a) and (b) are
isomorphic if and only if they are conjugate.

Assume now that H satisfies case (c) and does not satisfy cases (a) and (b).
Then H falls into cases (i) or (iv) of Lemma 21. In case (i), either H is a maximal
subgroup of G isomorphic to the normalizer in G of a group of type 214, which
gives the last row of Table 2, or H =~ 2™ S5. The latter case cannot occur, for H
would satisfy case (b) since the normalizer of a cyclic subgroup of order 4 of G, not
contained in /, contains subgroups isomorphic to 27 S5, and these are contained
in a single G-conjugacy class. In case (iv), we get rows 11 and 12 of the second
column of Table 2.

Finally, a direct check in [6] shows that the fusion systems corresponding to
the rows of Table 2, except, possibly, for those in rows 4 and 8, are realized by
the related groups listed in the last column. Routine computation shows that the
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same holds for fusion systems in rows 4 and 8. For example, consider the group
Le(q) with g = 4,7 mod 9. Then g — 1 is divisible by 3 but not by 9. Let P be
a Sylow 3-subgroup of Lg(g), and let I, be the field of order ¢. By [10, The-
orem 4.10.2], P is contained in the normalizer of a frame O of IFq6 in Le(q)
and P = APw, where A is the Sylow 3-subgroup of Cy.(4) (D) and Py faith-
fully permutes the elements of D as a Sylow 3-subgroup of the alternating group
over . Since |D| = 6 and A has a unique, up to equivalence, irreducible rep-
resentation of degree 4 on the field of order 3, it follows that P is isomorphic
to S. By [10, Remark 4.10.4], Ny (4)(A4)/Cr4(4)(A) is isomorphic to a section
of Ss. Since A is characteristic in D, we get Ny (4)(A)/Crq(q)(A) = Se. This
means that ¥5(Le(q)) corresponds either to line 3 or to line 4 of Table 2. More-
over, Lg(q) has a subgroup isomorphic to SL3(g) o SL3(g), and SL3(g) contains
a maximal subgroup isomorphic to 33_"’3 . Qg. It follows that, in Lg(q), there is
a subgroup isomorphic to 3:_+4, whose normalizer contains a copy of Qg x QOsg,
which implies that Fg(Lg(q)) is the fusion system corresponding to line 4. |
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