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Abstract

A Ek-coloring of a graph G is a partition of the vertices of G into k independent sets,
which are called colors. A k-coloring is neighbor-locating if any two vertices belonging
to the same color can be distinguished from each other by the colors of their respective
neighbors. The neighbor-locating chromatic number x, (G) is the minimum cardinality
of a neighbor-locating coloring of G.

In this paper, we determine the neighbor-locating chromatic number of paths, cycles,
fans and wheels. Moreover, a procedure to construct a neighbor-locating coloring of
minimum cardinality for these families of graphs is given. We also obtain tight upper
bounds on the order of trees and unicyclic graphs in terms of the neighbor-locating
chromatic number. Further partial results for trees are also established.
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1 Introduction

This work is devoted to studying a special type of vertex partitions, the so-called neighbor-
locating colorings, whithin the family of graphs known as pseudotrees, that is to say, the set
of all connected graphs containing at most one cycle.

There are mainly two types of location, metric location and neighbor location. Metric-
locating sets (also known as resolving sets) were introduced simultaneously in [12, 15], mean-
while neighbor-locating sets were introduced in [16]. In [8], the notion of metric location
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was brought to the ambit of vertex partitions, and in [6], there were first studied the so-
called locating colorings, i.e., locating partitions (also known as resolving partitions) formed
by independents sets. Both resolving partitions and locating colorings have been extensively
studied since then. See e.g. [5, 9, 10, 11, 13, 14] and [2, 3, 4, 7, 17], respectively.

In [1], we started the study of neighbor-locating partitions formed by independent sets,
which we named neighbor-locating colorings. More specifically, we considered vertex colorings
such that any two vertices with the same color can be distinguished from each other by the
colors of their respective neighbors. This paper continues that line of research focusing on the
neighbor-locating colorings of pseudotrees, i.e., of paths, cycles, trees and unicyclic graphs.

1.1 Basic terminology

All the graphs considered in this paper are connected, undirected, simple and finite. The
vertex set and the edge set of a graph G are denoted by V(G) and E(G), respectively. We let
n(G) be the order of G, i.e. n(G) = |V(G)|. The neighborhood of a vertex v € V(G) is the
set N(v) = {w € V(G) : vw € E(G)}. The degree of v, defined as the cardinality of N(v),
is denoted by deg(v). When deg(v) = 1, v is called a leaf. The mazimum degree A(G) of G
is defined to be A(G) = max{deg(v) : v € V(G)}. The distance between two vertices v, w €
V(G) is denoted by d(v,w). The diameter of G is diam(G) = max{d(v,w) : v,w € V(G)}.

Let IT = {S1,..., Sk} be a k-partition of V(G), i.e., a partition of the set of vertices of G
into k subsets. If all the elements of II are independent sets, then they are called colors and
IT is said to be a coloring of G (also a k-coloring of G). We say that a vertex v € V(G) has
color %, or that is colored with ¢, whenever v € S;.

Given a k-coloring IT = {51, ..., Sg} of a graph G and a vertex v € V(G), the color-degree
of v is defined to be the number of different colors of II containing some vertex of N (v), i.e.,

{i: N(v) N S; # 0}
1.2 Neighbor-locating colorings

A coloring IT = {Si,..., Sk} of a graph G is called a neighbor-locating coloring, an NL-
coloring for short, if for every pair of different vertices u, v belonging to the same color .S;,
the set of colors of the neighborhood of w is different from the set of colors of the neighborhood
of v, that is,

[ N@)ns; £0} £ {j: Nw)nS; £ 0},
The neighbor-locating chromatic number x,, (G), the NLC-number for short, is the min-
imum cardinality of an NL-coloring of G.
Both neighbor-locating colorings and the neighbor-locating chromatic number of a graph

were introduced in [1]. As a straightforward consequence of these definitions the following
remark is derived.

Remark 1. Let IT = {S1,..., Sk} be a k-NL-coloring of a graph G order n and maximum
degree A. For every 1 < i <k, there are at most (k]fl) vertices in S; of color-degree j, where

A
k—1
1 <j <k-—1 and, consequently, |S;| < Z < , >
j=1

Theorem 2 ([1]). Let G be a non-trivial connected graph of order n(G) = n and maximum
degree A(G) = A such that x,,(G) = k. Then,



(1) n < k (28t —1). Moreover, this bound is tight.

S (k-1
(2) IfFA<k—1, thenngkz< , )
—\ ]
‘]_
To simplify the writing, given a k-NL-coloring of a graph G with maximum degree A, we
denote by a;(k) the maximum number of vertices of color-degree j and by ¢(k), the maximum
number of vertices of color-degree 1 or 2, where £ > 3 and 1 < j < A. By Remark 1, we

have:

o k)= k- (k=1), agf) = B2
3 _ 1.2
. E(k):al(k)—i—@(k:):k-(];):k 2"’.

The remaining part of this paper is organized as follows. In Section 2, the neighbor-
locating chromatic number of paths and of cycles is determined. Section 4 deals with unicyclic
graphs, providing a tight upper bound on the order of a unicyclic graph with a given fixed
neighbor-locating chromatic number. In Section 5, the neighbor-locating colorings of trees is
studied. Among other results, a tight upper bound on the order of a tree with a given fixed
NLC-number. Finally, in Section 6, we summarize our results and pose some open problems.

2 Paths and Cycles

This section is devoted to determine the NLC-number of all paths and cycles, i.e., all graphs
with maximum degree A(G) = 2.

Proposition 3. If G is a graph of order n and maximum degree A(G) = 2 such that
Xy (G) =k >3, then n(G) < {(k).

Proof. Since all vertices have color-degree at most 2, we have n < a;(k) + az(k) = ¢(k). O

Corollary 4. If G is either a path or a cycle such that n(G) > £(k — 1), then x,(G) > k.

Proof. This inequality directly follows from Proposition 3 taking into account that ¢ is an
increasing function. O

Remark 5. Let {Si,..., Sk} be a k-NL-coloring of a graph G of order n = £(k) and maximum
degree A(G) = 2. If k > 3, then for everyi € {1,...,k}:

1) 15i= (4);

(2) there are ezxactly (kgl) vertices in S; of color-degree 2;

(8) there are exactly k — 1 vertices in S; of color-degree 1.



Proof. Since A(G) = 2, by Remark 1 we have |S;| < (kzl) + (kgl) = (g), for every i €
{1,...,k}. If [Si| < (5) for some i € {1,...,k}, then n(G) = YF_,|S;| < k(5) = €(k), a

contradiction. Hence, (1) holds. Moreover, if, for some i € {1,...,k}, the number of vertices
of color-degree 2 is less than (kgl) or the number of vertices of color-degree 1 is less than
k —1, then |S;| < (kzl) + (kgl) = (’5), which contradicts (1). O

Proposition 6. If k>3, then x, (Cyry—1) >k + 1.

Proof. Tt is easy to check that ¢(k) — 1 = kgng -1> W =U(k—-1),if k> 3.

Hence, by Corollary 4 we have X, (Cyy—1) > k.
Suppose that, on the contrary, Xy, (Cyx)—1) = k and consider a k-NL-coloring {51, ..., Sk}

of Cy)—1. Similarly as argued in the proof of Remark 5, there must be exactly (g) vertices

of all but one of the k colors, and (g) — 1 vertices of the remaining color. We may assume

without loss of generality that |Sy| = (g) —1and |S;| = (g), whenever i # k. To attain this
number of vertices, for each color i € {1,...,k — 1}, there must be a vertex of color-degree 1
in S; with both neighbors in Si and, for every j # i, k, there must be a vertex of color-degree
2 in S; with a neighbor in S;, and the other in S;. Besides, both neighbors of a vertex of S
belong to S7 U --- U Sk_1. Hence, if we sum the number of neighbors colored with k for all
the vertices belonging to S;U---USk_1, we count exactly twice each vertex of S;. Therefore,
2|Sk| = (k —1)(2 + (k — 2)) = k(k — 1), contradicting that |Sy| = (f) —1=2E2 1 O

Next theorem establishes the NLC-number of paths and cycles of small order.

Theorem 7. The values of the NLC-number for paths and cycles of order at most 9 are:

Proof. Trivially, P» is the only graph G with x,,(G) = 2. According to Proposition 3, the
order of a path or a cycle with NLC-number equal to 3 is at most 9. For P, with 3 <n <9
and for C), with n € {3,5,7,9}, a 3-NL-coloring is displayed in Figure 1.

Figure 1: From left to right, a 3-NL-coloring of cycles C3, Cs, C7 and Cy. A 3-NL-coloring of
paths Py, Ps and Pg can be obtained by removing the squared vertices and a 3-NL-coloring
of paths P3, Ps, P; and Py can be obtained by removing the edges a, b, ¢ and d, respectively.



Clearly, x,,(C4) = 4 since, as was proved in [1], for every complete multipartite graph G
of order n, x,(G) =n.

An exhaustive analysis of all possible cases shows that x,,(Cs) > 4. Clearly, a 4-NL-
coloring for Cs can be obtained by inserting a vertex colored with 4 in any edge of the
3-NL-coloring given for Cs in Figure 1. Hence, x,, (Cs) = 4.

By Proposition 6, x,,(Cs) > 4. Clearly, a 4-NL-coloring for Cg can be obtained by
inserting a vertex colored with 4 in any edge of the 3-NL-coloring given for C; in Figure 1.
Hence, x,,(Cg) = 4. O

In what follows, several technical results are given. They are needed to prove Theorem 17,
where the NLC-number of all paths and cycles of order greater than 9 is determined.

Lemma 8. In any NL-coloring of the cycle C,, every vertex of color-degree 1 has at least
one neighbor of color-degree 2.

Proof. Let x be a vertex of color-degree 1. In order to derive a contradiction, suppose that its
two neighbors y and z have also color-degree 1. Then, y and z have the same color, and each
one of them has its two neighbors with the same color, indeed the color of z. A contradiction
in any NL-coloring. O

The following operations will be used to obtain NL-colorings of some cycles from NL-
colorings of smaller cycles by inserting vertices of degree 2.

Definition 9. Consider a coloring (not necessarily neighbor-locating) of a cycle C),. Let
x and y be a pair of adjacent vertices colored with ¢ and j, with ¢ # j, respectively. The
following operations produce a coloring of a cycle of order n + 1 and n + 2, respectively.

(OP1) If x and y have color-degree 1, insert a new vertex z colored with h, h # i, j, in the
edge =y (see Figure 2, left).

(OP2) If z and y are vertices of color degree 2, insert two new vertices ' and ¢’ in the edge
xy, so that za’, 'y’ and 3y are edges of the new cycle, and 2’ and 3’ are colored with
j and i, respectively (see Figure 2, right).

xy T zy Ty x xyy
o 0o 0 - 00000 000 = 0—0—0—0—0—9
J 1 g i 71 h g1 a1 j b a1 jJ 1 5 b

Figure 2: Tllustrating Definition 9. Left, |[{, 7, h}| = 3 and right, |[{i,7,a,b}| = 4.

Observe that the colors of vertices x and y are preserved with these operations. Operation
(OP2) preserves also their color-degree and the set of colors of their neighbors. However,
operation (OP1) changes the color-degree of x and y from 1 to 2. Besides, the vertex z
added by operation (OP1) has color degree 2, meanwhile the vertices 2’ and 3’ added by
operation (OP2) have color degree 1. Notice that the color, color-degree and set of colors of
the neighborhood of any other vertex different from x,y, 2 when applying operation (OP1),
and different from z,y, z'y/, when applying operation (OP2), remain unchanged.



The following type of NL-colorings will play an important role to construct N L-colorings
of paths and cycles.

Definition 10. An NL-coloring is said to be 1-paired if every vertex of color-degree 1 has a
neighbor of color-degree 1.

Remark 11. If a k-NL-coloring is 1-paired, then every vertex of color-degree 2 has at least
one neighbor of color degree 2.

Remark 12. The 3-NL-coloring given in Figure 1 for the cycle Cy is 1-paired.

Lemma 13. Let k > 4 be an integer. Then,
(1) for everyn € {l(k—1)+1,--- ,l(k) —2,{(k)}, there is a 1-paired k-NL-coloring of Cy,.

(2) If n # as(k), then there is a 1-paired k-NL-coloring of C,, containing (at least) a pair of
adjacent vertices of color-degree 1.

(3) If n = L(k), then there is a 1-paired k-NL-coloring of C, containing a sequence of 7
consecutive vertices colored with 1,2,1,2,3,2,3, respectively.

Proof. Let k > 4. We begin by proving that the stated result is true if there exists a 1-paired
(k — 1)-NL-coloring of Cy,_1) (an example of the procedure described below is shown in
Figure 3 for k = 4).

Suppose that {S1, ...,k 1} is a 1-paired (k—1)-NL-coloring of Cy,_1). As a consequence
of Remark 5, by the one hand, if i, j, h are different colors from {1,...,k — 1}, then there
must be a vertex in S}, of color-degree 2 with a neighbor in S; and the other in S;. On the
other hand, for each pair of distinct colors 7,7 € {1,...,k — 1}, there must be a vertex in S;
of color-degree 1 with both neighbors in S;. In this last case, since the coloring is 1-paired,
one of these neighbors must have color-degree 1. Therefore, for each pair of distinct colors
i,j € {1,...,k — 1}, there is a pair of adjacent vertices z € S; and y € S; of color-degree 1.
By Lemma 8, these (k ;1) pairs of adjacent vertices of color-degree 1 are pairwise disjoint.

For every one of the (k ;1) pairs of adjacent vertices of color-degree 1 we can insert a new
vertex colored with a new color k as described in (OP1). Note that in this way, we add at
each step a new vertex of color-degree 2 to Sy (the set of vertices with the new color k), and
there is a pair of adjacent vertices of color-degree 1 that become vertices of color-degree 2.
Besides, by construction, we have a k-NL-coloring at each step. Therefore, after (kgl) steps
we obtain a k-NL-coloring of the cycle of order ¢(k — 1) + (kgl) = az(k) such that there
are no vertices of color-degree 1. Moreover, at every intermediate step we have a 1-paired
k-NL-coloring of the corresponding cycle. In particular, we obtain 1-paired k-NL-colorings of
Cay(k)—1 and of Cy, 1y such that for each unordered pair {i,j} C {1,...,k} there exists a pair
of adjacent vertices x € S; and y € S; of color-degree 2. Besides, the 1-paired NL-coloring of
Clas (k) has no vertices of color degree 1, while the 1-paired NL-coloring of C,x)—1 has exactly
one pair of adjacent vertices of color-degree 1.

Now, starting with the k-NL-coloring obtained for C, ), choose an edge with endpoints
of color-degree 2 in S; and S, respectively, for every pair 4, j of distinct colors of {1,...,k}.
By successively applying (OP2) to the (S) edges chosen in this way, it is possible to add up
to (]2“) pairs of adjacent vertices of color-degree 1 giving rise to a 1-paired coloring of C,,
whenever n has the same parity as as(k), and az(k) < n < ag(k) + 2(5) = L(k).



We can proceed in a similar way starting with the 1-paired k-NL-coloring of C,x)—1. The
difference with respect to the preceding case is that now we already have a pair of vertices
of color-degree 1 that we may assume are colored with i’ and j’, respectively, with their
neighbors in S;» and in Sy, respectively. Hence, in order to have an NL-coloring at each step,
we don’t choose any edge with endpoints of color-degree 2 and colored with i and j'. By
successively applying (OP2) to the (’5) — 1 chosen edges, it is possible to add up to (’5) -1
pairs of adjacent vertices of color-degree 1 obtaining a 1-paired coloring of C,,, whenever n
has the same parity as ag(k) — 1, and ag(k) —1 <n < as(k) — 1+ 2 ((g) - 1) ={(k) — 2.

This procedure gives a 1-paired k-NL-coloring of C),, whenever ¢(k — 1) < n < ¢(k) and
n # £(k) — 1. Moreover, by construction, the obtained 1-paired k-NL-coloring of C), has at
least a pair of adjacent vertices of color-degree 1, except for the case n = aa(k), that has
no vertex of color-degree 1. The sequence of colors 1,2,1,2,3,2,3 can be obtained in the
following way. Consider the edges incident to a vertex u € Sy and with neighbors colored
with 1 and 3 in Cy, 1) (We know that it exists) and begin applying (OP2) to the edges incident
to u.

Now we proceed to prove the stated result by induction. For k = 4, we have ¢(3) =9 and a
1-paired 3-NL-coloring of Cy is given in Figure 3. Hence, using the procedure described above,
we have that the stated result is true for £ = 4. Now let k£ > 4. By induction hypothesis, the
stated result is true for k — 1, that is, there exists a 1-paired (k — 1)-NL-coloring of Cy_1)
and we can proceed as described above to demonstrate the result for k. ]

Figure 3: Obtaining a 4-NL-coloring from a 1-paired 3-NL-coloring of the cycle Cy. In white,
the vertices of color-degree 1. Recall that £(3) =9, £(4) = 24, a2(4) —1 = 11 and az(4) = 12.
Inserting vertices of color-degree 2 in some edges of Cy, we achieve 4-NL-colorings of C,,
whenever n € {10,11,12}. Inserting pairs of white vertices in some edges of Cj; and of Cia
we achieve 4-NL-colorings of C),, whenever n € {13,...,24} \ {23}.

Lemma 14. Let k > 4 be an integer. If there is a 1-paired k-NL-coloring of C,,, then there
1s a k-NL-coloring of P,.

Proof. Consider one of the 1-paired k-NL-colorings of C), described to prove Lemma 13. For
n # as(k), it is enough to remove from the cycle any edge joining two adjacent vertices of
color-degree 1. For n = as(k), the removal of any edge zy gives rise to only two vertices, z
and y, of color-degree 1, and the set of colors of the neighborhood of any other vertex is not
modified. Hence, in any case, we have a k-NL-coloring of the path P,. ]



Lemma 15. For every integer k > 4, there is a k-NL-coloring of the path Pyg_.

Proof. Consider the k-NL-coloring of the cycle Cy; containing the sequence of vertices col-
ored with 1,2,1,2,3,2,3 described in Lemma 13. If we remove from the preceding sequence
the vertex colored with 2 whose neighbors have colors 1 and 3, respectively, then we obtain
a k-NL-coloring of Py(z)_1- O

Lemma 16. For every integer k > 4, there is a (k + 1)-NL-coloring of the cycle Cy()—_1.

Proof. Consider a k-NL-coloring of the cycle Cyy)_o. Let x and y be adjacent vertices.
Remove the edge zy and add a new vertex z adjacent to z and y. If z is colored with a new
color k + 1, then we have a (k + 1)-NL-coloring of Cy)_;. O

As a consequence of Corollary 4 and Lemmas 13, 14, 15 and 16, we can determine the
neighbor-locating chromatic number of graphs and cycles of order at least 4. Notice that the
given proofs of these lemmas are constructive. Hence, it is possible to produce NL-colorings
of minimum cardinality for all paths and cycles.

Theorem 17. Let k,n be integers such that k > 4 and £(k — 1) <n < {(k). Then,
(1) Xy (Pn) = k.

(2) Xnp(Cn) =k, if n # £(k) — 1.

(3) Xnz(Cn) =k+1, if n=10(k)—1.

3 Fans and Wheels

The graphs that are obtained by adding a new vertex adjacent to every vertex of either the
path or the cycle of order n — 1 are the fan and the wheel of order n, that are denoted by
F,, and W, respectively. The preceding theorem allows us to determine the NLC-number of
these graphs.

Lemma 18. If G’ is the graph obtained from a graph G by adding a new vertex adjacent to
every vertex of G, then x,(G') = x5, (G)+ 1.

Proof. Let x,(G) =k, xy,(G") = k" and let u be the vertex of G’ adjacent to every vertex
of G. Obviously, ¥’ < k + 1, because a (k + 1)-NL-coloring of G’ can be obtained from a
k-NL-coloring of G' by assigning a new color to vertex u. On the other hand, if we have
a k’-NL-coloring II' of G’, then the color assigned to u must be different from the color
assigned to any vertex of G. Moreover, since every vertex of G is adjacent to u, the coloring
IT' restricted to the vertices of G is a (k' — 1)-NL-coloring of G, implying that k¥ < k' — 1.
Hence, k' = k + 1. O

Theorem 19. The NLC-number of fans and wheels of order n, 4 <n <10, is:
(1) xn(Fn) =4, if4 <n <10.

(2) xn,(Wy) =4, ifn € {4,6,8,10}.

(3) Xy, (Wyn) =5, ifne {579}

Proof. 1t is a direct consequence of Lemma 18 and Theorem 7. O



Theorem 20. Let k,n be integers such that k >4 and {(k —1) +1 <n < (k) + 1. Then,

(1) xp,(Fn) =k+1.

(2) Xy (Wy) =k+1, ifn #L(k).

(3) Xn,(Wh) =k+2, if n=L(k).

Proof. 1t is a direct consequence of Lemma 18 and Theorem 17. O

Notice that NL-colorings of minimum cardinality for fans and wheels can be constructed
from NL-colorings of paths and cycles, respectively, by assigning a new color to the added
vertex.

4 Unicyclic graphs
A connected graph is called unicyclic if it contains precisely one cycle.

Theorem 21. Let G be a unicyclic graph. If x,(G) =k > 3, then
1
n(G) < 2a1(k) + az(k) = 5(1&’) + k? — 2K).

Moreover, if the equality holds, then G has mazximum degree 3, and it contains k(k — 1)

leaves, w vertices of degree 2, and k(k — 1) vertices of degree 3.

Proof. Let n, n1, ng and n_, be respectively the order, the number of leaves, the number of
vertices of degree 2 and the number of vertices of degree at least 3 of G. On the one hand,
we know that

nit+2ny+ > deg(u)= > deg(u) =2|E(G)|=2n=2(n +ny+n,,).
deg(u)>3 ueV(G)

From here, we deduce that

ny = Z (deg(u) —2) > n,. (1)

deg(u)>3

On the other hand, x,,(G) = k implies n; < k(k — 1) and ny < k:(k;l) Therefore,

n=ny+ng+n,,

§k<(k—1)+<k;1>)+n1
gk((k—1)+<k;1>)+k(k—1)

= 2a; (k) + ag(k)
= %(k?’ + k? — 2K).



Now, assume that there is a unicyclic graph G attaining this bound. In such a case, the
inequalities in the preceding expression must be equalities. Thus, n_, =n; = k(k —1), and
ng = k(kgl) = w Finally, from Inequality 1, we deduce that n., = n if and only
if there are no vertices of degree greater than 3. Therefore, there are exactly n_, vertices of
degree 3. Since n_, =n; = kE(k — 1), the proof is complete. O

The bound given in Theorem 21 is tight for £ > 5. To prove this, we first give a k-NL-
coloring of the comb of order 2k(k — 1). Recall that, for every integer m > 3, the comb B,,
is the tree obtained by attaching one leaf at every vertex of P,,, the path of order m.

Proposition 22. For every k > 5, there is a k-NL-coloring of the comb By_1)-

Proof. Let k > 5. Consider the comb By ;,_1) obtained by hanging a leaf to each vertex of a
path P of order k(k—1). We color with color 1 the leaves hanging from the first k —1 vertices
of the path P; with color 2 the leaves hanging from the following k& — 1 vertices of P; and so
on. For every r € {1,...,k}, consider the set M, containing the k — 1 vertices of P adjacent
to the leaves colored with r. We define a bijection between the vertices of M, and the k — 1
colors of the set L, = {1,2,...,k}\ {r}. Set M, = {={,...,2}_,} so that xjx} , € E(P) for
every i € {1,...,k — 2}, and x};flx’ﬁl e FBifr<k.

4325 3154 1542 5321 3412

By
1111 2222 3333 4444 5555

54326 31654 16542 53216 32164 15432

B%
11111 22222 33333 44444 55555 66666

654327 317654 176542 532176 321764 754321 543612

By
111111 222222 333333 444444 555555 666666 777777
r+3 r+2 r—1 r—2 r+1 r—1 r+2 r
r r r+1 r+1 r r r+1 r+1
r even rodd, r £k

Figure 4: A 5-NL-coloring of the comb By, a 6-NL-coloring of the comb Bsg and a 7-NL-
coloring of the comb Bys. In white, adjacent vertices of M, with no consecutive colors modulo
k. In Byy and in B4o, we have shifted the colors of the vertices in gray with respect to the
general rule used to the vertices of M,, when r is odd. Below, the general rule for coloring
adjacent vertices of consecutive groups M, and M, and the leaves hanging from them. In
all cases, the colors involved are r — 1, r, r + 1 and r + 2.
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We assign the colors of L, in cyclically decreasing order to the vertices z7,...,x}_,
beginning with different colors in each case:

e Ifriseven, then we begin with r+1 modulo k. Therefore, 27 and z%, are colored respectively
with » + 1 and » — 1 modulo k.

e If r is odd and r < k, then we begin with r — 2 modulo k. Therefore, x} _, and zj_, are
colored respectively with r 4+ 1 and r — 1 modulo k.

e If r is odd and r = k, then we proceed as in the case r odd and r < k, but we switch
the colors of the last three vertices so that .%‘”273, xﬁd and $],z71 have color £k — 1, 1 and 2,
respectively.

See the defined k-NL-coloring of the comb By 1y for k € {5,6,7} in Figure 4.

Notice that the colors of two consecutive vertices of M, differ by one unit modulo k,
except for the first two vertices, when r is even, and for the last two vertices, when r is odd.
Besides, the first vertex of M, is always colored with an odd number and the last vertex of
M, is colored with an even number whenever k is even or when k is odd and r ¢ {1,k —1, k}.
We claim that this procedure gives a k-NL-coloring of the comb By ;_1).

We only have to prove that for every pair of non-leaves with the same color, the sets of
colors of their neighborhoods are different.

Let I € {1,...,k}. There are exactly k — 1 non-leaves colored with [, and exactly one of
them belongs to M,., for every r € {1,...,k} \ {l{}. Notice that the colors of the neighbors of
v] are {r,l — 1,1+ 1}, except when v] occupies the first or last positions in M,. Concretely,
this happens for r € {I — 2,1 — 1,1+ 1}, if [ is even, and for r € {l — 1,1+ 1,1+ 2}, if [ is odd,
whenever | # {1,2,3,k — 1,k}. Those last cases are analyzed separately.

We summarize in Table 1 the colors of the neighbors of v}, r # [, for all cases. Observe
that the sets of colors of the neighbors of v}, va,! ;.. ., Ufc—1 are different for every case, so that
we have a k-NL-coloring for each case. O
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leven, l #2,k— 1,k

lodd, [ £1,3,k— 1,k

r ‘ colors of N (v})

r ‘ colors of N(v])

re¢{l—2,1—-1,1+1} | {r,l-1,1+1} re¢{l-11+1,1+2} | {r,l—-11+1}

-1 {I1=2,1-1,1+1} || I-1 {1-3,1-2,1—-1}

[+1 {I+1,1+2,14+3} || 1+1 {t-1,1+1,1+2}

=2 (—3,1—21+1}|[1+2 (—1,01+2,1+3}
=1 =2

r ‘ colors of N (vf) r ‘ colors of N (vj)

r¢{2,3,4} {r,2,k} r ¢ {1,3,k} {r, 1,3}

2 (2,3, k} 1 (1,3, k}

3 (3,4, k) 3 (3,4,5}

k even {k—=2,k—1,k} k even {3,k}

k odd {2,k -2,k -1} k odd {1,k}

=3,k >06even

=3, k>7odd

r ‘ colors of N (vj)

r ‘ colors of N (v5)

ré¢{2,4,5,k—1,k} | {r,2,4} r¢{2,4,5,k—1,k} | {r,2,4}

P (1,2,k} 2 (1,2, k}

4 {2,4,5} 4 {(2,4,5}

5 (2,5,6) 5 (2,5,6)

k-1 (2,4, k—1} k-1 2.k —1,k}

K 2.4,k) k I
I—k—1, kodd

{=k—1 keven r ‘colors of N(vj_,)

r ‘colorsofN(vg_l) R RN — 7

rd {Lk—2k) {rk—2,k} réglko ko2 k) |k =2,k

T (1,E—2} L {1k =2}

k—2 {k—4,k—3,k—2} k:3 {k:4’k:3’k}

. Ar—on k—2 (k—3,k—2,k)

’ ’ k {1,3,k}
[ =k, even _ = F. odd

! | colors of N(vf) r | colors of N(vy)

re{l,k—2k—1} | {r,1,k—1} T TR

! 11.2.3) o [1,2,3)

k—2 {1,k —3,k—2} —

- (L h—2,k—1) k—1 {k—-3,k—2k—1}

Table 1: Colors of the neighborhoods of non-leaves of the comb By _1)-
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Proposition 23. For every k > 5, there is a unicyclic graph Uy, with NLC-number x , (Ux) =
k and order n(Uy) = 2a1(k) + a2(k).

Proof. Consider the k-NL-coloring of the cycle C,, ) obtained in the proof of Lemma 13,
that is, with all vertices having color-degree 2. There is an edge xy with its endpoints z and y
colored respectively with 2 and k£ — 1. Consider the k-NL-coloring of the comb By;_1) given
in the proof of Proposition 22. Let 2’ and 3’ be the vertices of degree 2 of the comb Bi(k-1)
colored with &k — 1 and 2, respectively. Consider the unicyclic graph Uy obtained from the
union of the cycle and the comb, deleting the edge xy from the cycle Cy, ) and adding the
edges zx" and yy'. Notice that V(Uy) = V(Cyyxy) U V(Bg(r—1)), and thus the order of Uy
is n(Ug) = n(Cay(r)) + n(Brr—1)) = az2(k) + 2k(k — 1) = 2a1(k) + az(k) (see in Figure 5 the
case k = 6).

We claim that the k-NL-colorings of the cycle and the comb induce a k-NL-coloring in
U,. We have only changed the colors of the neighborhoods of 2’ and 3. On the one hand
2’ has color k — 1 and the colors of its neighbors are {1,2,k — 2}. On the other hand, y has
color 2 and the colors of its neighbors are {3,k — 1, k} if k is even, and {1,k — 1,k}, if k is
odd. We can check in the tables given in the proof of Proposition 22 that any other vertex
of the comb By,_1) has different color or different set of colors in their neighborhoods from
those of 2’ and 3. Hence, we have a k-NL-coloring of Uy,. O

341541641351651361324524624254

12412115126123623563526523463456

/54326 31654 16542 53216 32164 154329

11111 22222 33333 44444 55555 66666

Figure 5: A 6-NL-coloring of the unicyclic graph Us.

Corollary 24. For every k > 5, the bound given in Theorem 21 is tight.

5 Trees

In this section, we give some bounds for trees.

Theorem 25. Let T' be a non-trivial tree. If x,(T) =k > 3, then
1
n(G) < 2ay (k) + ag(k) —2 = 5(/c3 + k2 — 2k —4).

Moreover, if the equality holds, then T has maximum degree 3 and it contains k(k—1) leaves,

w vertices of degree 2, and k(k — 1) — 2 vertices of degree 3.
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Proof. Let n, n1, ng and n_, be respectively the order, the number of leaves, the number of
vertices of degree 2 and the number of vertices of degree at least 3 of a tree 7. On the one
hand, we know that

ni+2ng+ »  deg(u)= Y deg(u) =2|E(T)|=2(n—1)=2(nm +ng+n,, —1).

deg(u)>3 ueV(T)
From here, we deduce that
np= Y (deg(u)—2)+2>n_, +2. (2)
deg(u)=>3

On the other hand, x,,(G) = k implies n; < k(k — 1) and ny < kz(kgl) Therefore,

n=ny+ng+n,,

§k((k—1)+<k;1>)+(n1—2)

gk((k—1)+<k;1>)+k(k—l)—2

= 2a1 (k‘) + (Ig(k‘) -2

1
= §(k3+k:2—2k:—4).

Next, assume that there is a tree attaining this bound. In such a case, the inequalities in
the preceding expression must be equalities. Thus, n_, =n1 -2 = k(k—1) -2, n; = k(k—1),
and ng = k:(k;l) = k(k%)(k_m Finally, from Inequality 2, we deduce that n,, =mnq — 2 if
and only if there are no vertices of degree greater than 3. Therefore, there are exactly n.,

vertices of degree 3. Since n_, = n; —2 = k(k — 1) — 2, the proof is complete. ]
Xn.(G) || general graphs | A(G) =2 trees trees
k ERMT—1) [ S —k) | 5B +k>—2k—4) | i ny  ng
3 9 9 13 6 3 4
4 28 24 34 12 12 10
5 75 50 68 20 30 18
6 186 90 118 30 60 28
7 441 147 187 42 105 40

Table 2: Upper bounds on the order of a graph for some values of x,, (G).

Table 2 illustrates Theorem 25. The cases in bold are not feasible because the bound for
general graphs (see Theorem 2) is smaller than the specific bound for trees (see Theorem 25).
The bound for graphs with A = 2 is given in Proposition 5. Bounds for unicyclic graphs (see
Theorem 21) are the ones for trees adding two unities. The last column shows the number
of vertices of degree 1 (n1), of degree 2 (n2) and of degree 3 (n3) that a tree attaining the
upper bound has to have, as shown in Theorem 25.

For k = 3, the path Py is an example attaining the general upper bound. For k = 4, a
tree attaining the general upper bound n = 28 is displayed in Figure 6. For k = 5, a tree of
order 66 is shown in Figure 6. We do not know whether there are trees of order either 67
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251351452352453451231241

)
143253154154253214324314

1 2 3 4
Qﬁh 3m 4Kh 1%[}
36 46 26 16 36 46 16 26 46 36 1 2

Figure 6: A tree T} of order 28 and xnr(T1) = 4 (left) and a tree Tb of order 66 and
XNL<T2> =5 (right).

1112222333344455 5

or 68 with NLC-number 5. Next proposition shows that there is a tree attaining the specific
upper bound for trees whenever k > 6.

Recall that a caterpillar is a tree that reduces to a path when pruning all its leaves.
Clearly, any comb is a caterpillar.

Proposition 26. For every integer k > 6, there is a caterpillar T with NLC-number xnr(T) =
1
k and order n(T) = 5(14:3 + k2 -2k —4).

Proof. Consider the k-NL-coloring of the unicyclic graph Uy, of order %k(k—l)(k:—kQ) described
in Proposition 23. Consider the leaf of color 2 hanging from the vertex x colored with k& — 1.
Delete both vertices and add the edge joining the remaining neighbors of . Do the same
with the leaf colored with k£ —1 hanging from the vertex y of color 2. Remove the edge joining
the vertex u of degree 2 and color 2 with the vertex v of degree 3 and color k — 1. Attach a
leaf colored with & — 1 to vertex u and a leaf colored with 2 to vertex v. We obtain a tree T},
of order $k(k —1)(k+2) —4+2 = 1k(k — 1)(k +2) — 2 (see an example in Figure 7).

We claim that in such a way we have a k-NL-coloring of the tree Ty. Indeed, we have

only changed the colors of the neighborhoods of the vertices adjacent to x and to y in Tk.

Following the notations of the proof of Proposition 22, we have x = vi_l and y = 1112‘7_1, and,

if k£ > 6, the vertices adjacent to them in My and My _1 are respectively 02_2, v,% and vf_l

v’kgf*l. After deleting the vertices x and y from the comb, the colors of their neighborhoods
are given in Table 3.

color of z 1 3 k—2 k
_ f k>
colors of N(z) in Ty, | {3,k —1,k} | {1,4,k — 1} ﬁ’g 6}3’ B i : - g {1,2,k — 2}

Table 3: Set of colors of the neighborhoods.

Using Table 1, check that there are no vertices with the same color having the same set
of colors in their neighborhoods in Tj. Therefore, we have a k-NL-coloring of T}. O

Finally, some others results involving the NLC-number of trees are shown.
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341541641351651 3613245246 24254

1241251261 23623563526523463456

5e

16542 53216 3164 15432

54326 316(x4

11111 222 2 33333 44444 5 555 66666

Figure 7: A 6-NL-coloring of a tree of order 118 constructed from a 6-NL-coloring of a
unicyclic graph of order 120.

Proposition 27. Let T be a tree of order n(T)) =n > 5. IfT is a star, then x5, (T) = n(T);
otherwise X, (T') < n(T) — 2.

Proof. 1f diam(T") = 2, then T is a star and thus x,,(T) = n (see [1]).

If diam(7T) = 3, then T is a double star, that is, 7" has exactly two adjacent vertices
u and v which are not leaves; and v is adjacent to r leaves and v is adjacent to s leaves,
1 <r<s<n-—3. Hence, x,,(T) =s+1<n—2 (see [6] and check that the coloring given
in Proposition 4.1 is an NL-coloring).

If diam(T") > 4, then consider a pair of vertices x,y at distance 4, three vertices a, b, ¢
such that za, ab, be, cy are edges of T and the following (n — 2)-NL-coloring: the same color
for z,b and y, and a different color for every other vertex of 7. Thus, x,,(T) <n—2. O

Proposition 28. Let T be a tree. If x,(T) =k, then A(T) < (k—1)? + k—gl

Proof. Suppose to the contrary that A(T) > (k —1)% + % If u is a vertex of degree A
and color k, then its neighbors have colors 1,...,k — 1. It can be easily proved that v has at
most (k — 1) neighbors of degree at most 2. Hence, u must have > k—gl neighbors of degree
at least 3. Thus, the number n; of leaves satisfies ny > (k — 1)2 + 251 = k(k —1). But T
has at most k(k — 1) leaves, getting a contradiction. O

6 Conclusions and open problems

We have determined the NLC-number of paths, cycles (see Theorem 7 and Theorem 17), and
also of fans and wheels (see Theorem 19 and Theorem 20).

In [1], the order of a graph is bounded from above by a function of its NLC-number. In the
present paper, we have achieved better bounds both for unicyclic graphs (see Theorem 21)
and for trees (see Theorem 25). Moreover, we have shown that these new bounds are tight for
NLC-number k& > 5 in the case of unicyclic graphs (see Proposition 23); and for NLC-number
k > 6 in the case of trees (see Proposition 26). In this last case, we have proved that the
bound is achieved by a caterpillar. For trees with NLC-number k& > 5, the maximum order
according to our bound is 68, but the maximum order that we have obtained is 66. The
existence or not of trees with NLC-number 5 and order 67 or 68 remains open.
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A(G)
According to Theorem 2(2), if x,,(G) = k and A(G) < k — 1, then n(G) < Z a;(k).
j=1
In general, it is not known whether or not this bound is tight. For A(G) = k — 1, this bound
match with the one given in Theorem 2(1) which is known to be tight. Since we have proved
that if G is a cycle, then n = aq(k) + az(k), this fact implies that the referred bound is tight
for graphs with maximum degree A(G) = 2. What does it happen for graphs with A(G) = 37
We have shown that if G is either a tree or an unicyclic graph, then n < 2a;(k) + a2(k) and,
obviously, 2a1(k) + az2(k) < ai(k) + a2(k) + az(k), so the bound is not achieved by these
graphs. Is it achieved by other kind of graphs? This is an open problem, not only for graphs
with maximum degree A = 3, but also for graphs with 4 < A <k — 2.
We know that the bound given by the Proposition 28 is not tight. Indeed, for a tree
T with NLC-number 3, Proposition 28 states that A(T) < 5. However, by Theorem 2(1),
we have that n(T) < 9. Then, it is easy to verify that x,,(7) = 3 and n(T") < 9 implies
A(T) < 4.
In general, we postulate the following.

Conjecture 29. Let k > 2. If T is a tree with Xy, (T) = k, then A(T) < (k—1)%2. Moreover,
this bound is tight for every integer k > 2.

For an example of a tree T with x,, (T) = k and A(T) = (k — 1)?, see Figure 8.

..........................

3 k 2 i1 it1 k 2 k-1

Figure 8: Tree T with A(T) = (k — 1)? and x,, (T) = k.

If G is a connected graph of diameter diam(G) = d < 23, then, it is possible verify that
Xni(G) > Xy, (Pat1). We propose the following conjecture.

Conjecture 30. Let G be a graph of diameter d. Then, Xy, (G) > Xy, (Pit1)-
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