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ARTICLE INFO ABSTRACT

Tile vaults are traditional, unreinforced masonry structures made of thin bricks (tiles), mortar and fast-setting
cement or gypsum. They can be constructed without the need for a formwork, except at the boundaries, mak-
ing them inherently economic. Tile vaults have historically provided a solution for the efficient construction of
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Tile vault vaulted structures. Today, they can be used as permanent formwork for concrete shells, allowing for a significant
Masonry reduction of the construction cost and waste produced, due to the possibility of reducing or even eliminating
Reinforced brick fs . .

Formwork the need for traditional formwork. The concrete can be poured directly onto a tile-vaulted formwork to form a

composite structure.

This paper presents a technique for the construction of single-curvature shells consisting of a composite struc-
ture combining tile vaulting and reinforced concrete. A method for the design of these composite vaults and the
assessment of their strength and stability against external loading is also presented. This method is based on limit
analysis but takes into account the reinforcement's contribution to the composite cross-sectioni's bending capac-
ity.

The equilibrium method is implemented computationally to provide fast results for the user. It provides
graphical and intuitive results and opens the possibility for the future extension to fully three-dimensional
problems. The design and structural analysis method is called Extended Limit Analysis for Reinforced Masonry
(ELARM).

Both the proposed construction technique and the computational method have been validated through experi-
mental research. The feasibility of the building technique has been validated by the construction of two full-scale
prototypes. In addition, the prototypes have been load-tested to failure to compare the results with those pre-
dicted by ELARM.

Concrete shell
Limit analysis
ELARM

ond and subsequent courses can be set with lime or Portland cement
mortar. The ability of the courses to be built without support and in sta-

1. Introduction

Tile vaults (sometimes also referred to as thin-tile, timbrel, Cata-
lan or Guastavino vaults) are masonry structures made with thin bricks
(tiles), mortar and fast-setting cement or gypsum. The bricks are placed
flat, building up to two, three or more courses. Traditionally, tiles are
used because of their light weight, which is a necessary condition to
build the first course “in space” without supporting falsework (Fig. 1).
The first course is achieved using the quick adhesion of fast-setting ce-
ment or gypsum. The bricks bind within seconds to the edge walls, or
the already finished arches/stable sections, eliminating the need for cen-
tring [1]. Using this first layer as a stay-in-place formwork, the sec-
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ble sections, is one of the most relevant characteristics of this technique
and what makes it inherently economic. Tile vaulting is currently being
rediscovered in contemporary architecture and has been used in a series
of recent projects that investigate novel applications and design possi-
bilities of the traditional technique [2-9].

Concrete shell construction was particularly popular from the 1920s
to the early 1960s. A main reason for concrete shell’s demise after this
period can be found in the construction costs [11], specifically the cost
of the formwork, which is typically expensive, complex and wasteful.
Using tile vaults as stay-in-place formwork for concrete shells could sig-
nificantly reduce construction costs and material waste, making con-
crete shells more economic and sustainable for modern construction.
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Fig. 1. Construction “in space” of a tile-vaulted stair [10].

The construction costs are reduced mainly due to the low cost of the
materials involved, and to the fact that no additional formwork or re-
lated foundations are needed. The use of the tile vault as formwork
does not cause a large increase of the total thickness of the shell be-
cause the tile vault is structural and contributes by resisting, at least,
the overall self-weight of the composite system. As an additional bonus,
the use of a tile vault as a permanent formwork has the added value
of the architectural quality: if left exposed, it adds a unique, unconven-
tional finish. Compared to unreinforced masonry structures, the addi-
tion of reinforcement allows a minimum thickness for long-span shells,
which might become too large and heavy otherwise, and allows for the
construction of expressive structures beyond compression-only designs,
capable of resisting tensile stresses and bending moments. Note, how-
ever, that non-compression-only structures need a formwork for their
construction in the areas of the structure where the tile vault does not
work only in compression under its self-weight.

The combination of masonry and reinforced concrete creates a new
type of composite structure that needs new calculation methods and
models to deal with the specific features of the system. There is cur-
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rently no method for designing these structures and no (simple) model
to analyse and assess them. This paper therefore presents a simple
and user-friendly method for the design and structural analysis of
singly-curved, reinforced tile vaults. The method is called Extended
Limit Analysis for Reinforced Masonry (ELARM) and is an extension
of the work by Roca et al. [12] on the assessment of the structural
behaviour of the mentioned composite structure. ELARM applies limit
analysis [13-15] as is common with regular masonry, but using the
boundaries of a vault whose thickness is virtually increased to indi-
rectly take into account the additional tensile and bending strength pro-
vided by the steel reinforcement. This method benefits from the simplic-
ity of limit analysis to safely design and assess the strength and stabil-
ity of singly-curved, concrete-reinforced, tile-vaulted structures against
self-weight and external loading. Moreover, the design method allows
for the assessment of the structure during all of the construction stages,
as it can be also utilized to verify the stability of the tile vault subject
to both its self-weight (the tile vault in isolation) and the weight of the
concrete layer prior to its hardening where it is acting as dead weight.
ELARM has been parametrised and implemented computationally, re-
sulting in a fast, straightforward and user-friendly tool that provides
graphical and intuitive results.

The proposed construction technique required physical tests to vali-
date both the feasibility of construction technology and the performance
of the numerical method. This validation has been attained by construct-
ing and testing two full-scale prototypes in the laboratory. Specifically,
the numerical method has been validated by comparing its predictions,
in terms of the collapse mechanism and ultimate loads, with the experi-
mental results.

This paper presents a construction system using the tile vault as in-
tegrated formwork for reinforced concrete, a method for the design and
analysis of two-dimensional arched structures built with this technique,
experimental research to validate both of them and applications of the
method including form-finding and optimisation procedures. The con-
struction system is explained in Section 2, whereas Section 3 focuses
on the design and structural analysis method, followed by its compu-
tational implementation in Section 4. The experimental research is de-
scribed in Sections 5 and 6, presenting load tests on full-scale proto-
types and material characterisation, respectively. The results of the ex-
perimental research and those provided by the method are compared
in Section 7. The last section before the conclusions is Section 8, which
presents examples of different applications of the method.

2. Construction system

The proposed structure is composed of a tile vault and an added
layer of reinforced concrete working together as a composite system
(Fig. 2). The tile vault acts as permanent formwork for the concrete
during its hardening, supporting the concrete’s weight and construc-

Concrete ——
Reinforcement ——=—
Tile vault
Tiles in orthogonal direction Portland cement mortar
Tiles in span direction Fast-setting cement
Concrete S

Reinforcement

Tile vault

Fig. 2. Possible transversal and longitudinal cross-sections of the composite system. Featuring a two-layered tile vault and reinforced concrete.
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Fig. 3. Thrust line located outside of the vault’s thickness creating a bending moment; (a) reinforced masonry arch, (b) upper virtual thickness, and (c) thrust line. (Lower right) schematic

distribution of forces for the ultimate positive bending moment.

Fig. 4. Application of uniqueness theorem with ELARM: (a) fixed support, (b) applied load, (c) tile vault, (d) concrete, (e) reinforcement, (f) thrust line, (g) lower virtual thickness, (h)

upper virtual thickness, (i) real lower thickness, (j) real upper thickness, (k) pinned support.

Fig. 5. (Left) Forces acting on each fictitious voussoir. (Right) Global equilibrium, (a) thrust line, (b) tile vault, and (c) concrete.

tion loads. After the concrete hardening, the structure becomes a com-
posite system.

The first course of tiles is laid with fast-setting cement or gypsum.
For the second and subsequent courses, and also for the mortar beds be-
tween them, regular lime or Portland cement mortar is used. Continuous
joints between courses through the thickness of the masonry should be
avoided, as they create weak points in the structure.

A longer spanning structure will require a thicker tile vault to be
able to support the self-weight of the structure and the construction
loads. In order to achieve a specified thickness, the tile vault can, if
needed, be built with bricks of different thicknesses. To keep a light
first layer of bricks, necessary for building without formwork, hollow
bricks instead of solid tiles can be used. Furthermore, the second and
subsequent courses can be built with heavier and thicker bricks to
build up structural depth more effectively, as they are not built “in
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Fig. 6. The different strain domains that the cross-section state can be within.

space”. Striped or rough bricks can provide the required bond between
tile vault and concrete to guarantee the composite behaviour of the hy-
brid system. If this interface bond is not sufficient, shear connectors can
also be used.

The proportioning of the concrete mixture plays an important role to
achieve a good balance between low flowability and a certain degree of
self-compaction, which are material requirements that will ease the con-
struction process. Low flowability is necessary to work on steep surfaces
with a certain degree of self-compaction to avoid the need for intense
vibration on the masonry structure. Reinforcement also offers many pos-
sibilities depending on the structuré's features. Reinforcement bars (re-
bars) can be placed easily on singly-curved or ruled surfaces, but fibre
or mesh/textile reinforced concrete may be a better choice for free-form
structures which otherwise would require complex reinforcement plans
and a difficult pre-bending process of the bars. In addition, non-metallic
reinforcement may reduce the overall thickness of the shell as the other-
wise-mandatory concrete covering to prevent corrosion is not required.

3. Extended limit analysis of reinforced masonry
3.1. Background

Jacques Heyman set down in 1966 the modern formulation of limit
analysis for masonry arches [14]. Three assumptions were a key as-
pect in his theory: (1) masonry has no tensile strength, (2) the com-
pressive strength of masonry is effectively infinite, and (3) sliding of
one masonry unit upon another cannot occur. The great success of Hey-
man’s assessment framework relies on the simplicity of the method and
its application to many types of masonry structures. These foundations
eliminated doubts expressed 13 years before by Kooharian, on the dis-
cussion of his article from 1952 “Limit Analysis of Voussoir (Segmental)
and Concrete Arches” [13,16]. These doubts were based on his own re-
search and were supported by the comprehensive theoretical and ex-
perimental research by Alfred J. S. Pippard [17-19]. Kooharian mainly
expressed the need to consider the influence of the mortar’s tensile
capacity and the limited compressive strength of the material (which
may cause crushing failure) in the analysis of unreinforced masonry
structures. About the sliding of masonry units, he quoted Pippard and
Chitty: “Slip only occurred in the tests as an accompaniment of crushing
or spalling, and never as a distinct type of failure” [19]. In the discussion
part of Kooharian’s article [16], he also mentioned the suitability of

the theory of limit analysis “to structures made of such plastic materials
as reinforced concrete”. Limit analysis is framed within the plastic theory
and its applicability is therefore restricted to structures able to develop
the sufficient number of hinges to become a ductile mechanism. Further
references support the suitability of limit analysis for the kind of struc-
tures presented in this document; it was also proposed as a tool for the
analysis of reinforced concrete arches by Lourenco et al. [20], reinforced
masonry by Roca et al. [12] and unreinforced masonry including tensile
capacity by Ramaglia et al. [21] and Fabbrocino et al. [22].

The method presented in this paper is based on limit analysis, but
takes into account the finite compressive strength of the tile vault and
concrete as well as the tensile capacity of the reinforcement embedded
within the concrete. It allows both design and structural analysis and in-
troduces the possibility to include an additional material, being suitable
for the proposed composite construction system.

3.2. Concept

The presented method analyses the composite cross-section to ob-
tain its ultimate positive and negative moment for the given axial load,
which varies along the structure and is determined by the self-weight
and the external loads. The ratio between the ultimate moment and the
axial force is equal to the maximum possible eccentricity (Fig. 3). The
eccentricity related to the positive moment defines the upper limit of the
new virtual thickness and the eccentricity related to the negative mo-
ment defines the corresponding lower limit. As is done in the classical
theory of limit analysis of masonry arches, the structure is divided in a
number of virtual voussoirs, which allow the construction of the thrust
line and sets the specific sections where axial forces, moments and ec-
centricities are calculated.

The thrust line and axial forces can be obtained graphically or ana-
lytically. The stability of the vault is verified when it is possible to find a
thrust line, in equilibrium with the applied loads, that is fully contained
within the new virtual thickness of the vault, meaning that the safe the-
orem is satisfied. The uniqueness theorem can also be applied to obtain
the collapse load and mechanism of the composite vault.

The support conditions of the vault are of great importance for the
definition of the thrust line and the stability of the vault. If the vault
is pinned at its supports (Fig.4k) with a single contact point, then the
thrust line must pass through that point. In the case of a support con-
sisting of a contact surface, unable to take bending moments, the thrust
line can pass through any point of the mentioned surface. Finally, in
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Fig. 7. Distribution of strains, stresses and forces in the different strain domains.

the case of a fixed support (Fig. 4a), the limits for the thrust line at the
supports coincide with the virtual thickness.

ELARM is not only limited to the design and structural analysis of
composite vaults with a cross-section as given in Fig. 2. This method
is applicable for reinforced concrete, reinforced masonry and reinforced
composite (masonry and concrete) arched structures, provided that the
failure mode corresponds to that of a ductile mechanism characterised
by the development of a sufficient number of hinges. Additionally, for
concrete-reinforced tile-vaulted structures and prior to the hardening of
the concrete, the method presented can be also utilized to verify the
possibility of finding an admissible thrust line solution for the tile vault
subject to its self-weight and the tile vault subject to its self-weight and
the addition of the dead weight of the concrete layer.

3.3. Geometry

The geometry of the vault is defined by its intrados, i.e. its inner
surface, and the thicknesses of the tile vault and the concrete layer, hy,
and h.. The vault is divided into a number of fictitious voussoirs, with a
tile vault voussoir and a concrete voussoir in each transversal cross-sec-
tion. The voussoirs' volumes of these materials need to be considered

separately to compute their weights, as the tile vault and the concrete
have different specific weight values.

3.4. Loads

External, vertical and horizontal loads (VL; and HL;) can be applied
at any extrados (outer surface) voussoir edge (Fig. 5). Furthermore, hor-
izontal loads (Hwy, and Hw,,) can be applied at the centroid of every tile
vault and concrete portion (Gv,, and Gv,) within each voussoir. These
forces are calculated as the self-weight of the voussoir (W, and W,
), multiplied by a factor specified by the user. This feature allows for
a quick and preliminary equivalent-static seismic analysis by applying
horizontal loads as a multiplier of the gravitational loads.

3.5. Thrust line

ELARM determines the thrust line analytically. When using limit
analysis for the study of an arch, different thrust lines that are in equi-
librium with the applied loads, can be obtained by setting different val-
ues to three independent variables defining their geometry. In the pre-
sented method, these three variables are (highlighted in blue in Fig. 5):
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Fig. 8. Flow diagram of the computational approach.

Fig. 9. Photo of one of the full-scale prototypes. View of the intrados showing the tile
vault’s pattern.

(1) the horizontal thrust at the left support, Hj, (2) the end point of the
thrust line at the left support, e, defined by its distance from the in-
trados, and (3) the end point of the thrust line at the right support, e,
also defined by its distance from the intrados. The forces acting on the
global structure and those acting on an individual virtual voussoir are
indicated in Fig. 5.

The global equilibrium of the vertical forces, horizontal forces and
moments can be expressed with the following equations, respectively:

n
Vit Vo= W+ W+ Y VL

@
i=1
n
H, = Hw, + Hw, + Y HL; + H, @
i=1
n n
Hyy, + ZHLLVHL,- + z VLxyp, + Wexy, +Hwoyp,, @
i=0 i=0

+ Woxw,, + Bwpyp,, = Vixy, + Hyg, +Vxy,

where n is the number of fictitious voussoirs, i indicates the specific
voussoir on which the force, VL; or HL;, is applied and x, and y, are
the coordinates of the point on which the load o is applied. The global

equilibrium equations allow one to obtain the vertical and horizontal re-
actions: the vertical reaction at the left support, V;, the vertical reaction
at the right support, V,, and the horizontal thrust at the right support,
H.

The position of the points defining the thrust line, P; and P;, ;, and
the axial force, N, acting on each of those points are obtained using the
vertical forces, horizontal forces and moment equilibrium equations for
each voussoir (Fig. 5, left). They can be expressed as follows:

Viz W4 W + VL + Vi @
H; = Hw, + Hw,, +HL; + H; (5)
H[yHi +HLinLi + VLl-xVL‘_ + W"ichl-

+HWCwac + I/Vtva,v + Hwtvwatv + Vi+l (xQ[_H ©)

+ ei+13in“i+1) = Vixy, + Hiy (J’Q,-+1 + ei+10050‘i+1)

where x; and y; are either the coordinates of the point k or the coordi-
nates of the point on which the load k is applied and « the angle of the
voussoir’s joint with a vertical plane (Fig. 5, left). These equations are
computed for each voussoir to obtain the vertical and horizontal forces
acting on them, V;, ; and H;, ;, and the distances, e;, ;, from the intrados
to the position of the points defining the thrust line, P;, ; (Fig. 5, left).
Knowing V;, ; and H,, ;, the axial and shear forces, N and S, can be com-
puted for each voussoir using the following equations respectively:

Nip1 = Vigisinagy) + Hpjcosagy

@

Siv1 = Vip1€0saiyy — Hyyysinagy

®

The cross-section can be then checked against shear using the equa-
tions for reinforced concrete in clause 6.2.2 from Eurocode 2 [23]. The
axial force is used during the cross-section analysis to compute the new
virtual thickness.

3.6. Cross-section analysis. New virtual thickness

The method adopted for the calculation of the ultimate sectional
moments is based on the approach presented in Eurocode 2 for rein-
forced concrete [23] and Eurocode 6 for reinforced masonry [24] for
members subjected to combined axial loading and bending moment.



D. Lopez Lopez et al.

41 steel transversal reinforcement bars

14 steel longitudinal reinforcement bars

— e e
Bt *.

Engineering Structures xxx (Xxxx) Xxx-xXxx

Concrete

=
=== —

Pinned support

Tile vault

0.14m
< ~
- /
Steel profile UPN 140 Cross-section
[
Tubular steel profile @100.10 0.115m
F
L l I s
~—t— Steel profile L120.10 Loading platform — (1.00 m 1.04m
T T ~
P Steel plate 200x140x10 mm
[ ]
Plan

Fig. 10. Setup of the prototype for the load test. (Top) cross-section, (Bottom) plan view.

Fig. 11. Detail of the pinned support.

The stress-strain relationship of concrete or masonry are taken to be lin-
ear or rectangular depending on the strain state of the materials. The
cross-section is analysed in bending at its ultimate limit state, meaning
that either the steel, the concrete or the tile vault masonry have reached
their ultimate strain, which is set to 0.01 for steel (esmax) and 0.0035 for
concrete (e, ) or tile vault masonry (e, ) according to [23,24].

The masonry’s strain and deformation under both its self-weight
and the concrete’s weight before curing are considered negligible and
are not taken into account for the calculation of the ultimate sectional
strengths. The local point loads that would be expected during con-
struction, for which the tile vault needs to be dimensioned as well, rep-
resent a much more significant loading condition on a compression-

Load (kN)
8

Composite vault 1

10+ | Composite vault 2

0 5 10 15 20 25 30 35 40 45 50 55 60 65 VO 75 8O
Displacement (mm)

Fig. 12. Ultimate load test. Load-displacement curves of the two composite vaults.

only structure than the relatively-low distributed dead weight load of
the thin concrete layer. The local point loads become therefore the gov-
erning loads determining the thickness of the tile vault. In this context,
the resulting strain state in the thin tile layer caused by only its own
self-weight and that of the concrete layer, is negligible in comparison
with the magnitude of the strain at the ultimate state. This has been
checked through a comparison of strains in a finite element model of the
tested vaults (Section 5), in which the maximum compressive strain of
the tile vault supporting its self-weight and the concrete layer’s weight
represents 0.39% of the ultimate compressive strain, ey, . Further-
more, the maximum deformation of the model (calculated as 0.077 mm)
is 0.25% of the tested vaults’ maximum deformation at the peak load
(29 and 32mm). Even though the mentioned strain and deformation are
considered negligible, further research on this method could involve the
modification of the algorithm to include this deformation in a similar
way as it is done in Marmo et al. [25].
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Fig. 13. Cracks on the extrados evidencing the development of the second hinge at the
composite vault 1.

According to Fig. 6, the possible strain domains for the cross-sec-
tion at this ultimate limit state are labelled 2, 2a, 3 and 4. Subdivision
2a in domain 2 is considered depending on whether the concrete or
masonry have reached their yield limit. The identification of these se-
lected domains is important, as each indicates a different stress-strain
state of the materials and corresponds to a different system of equations
to solve for the equilibrium of the cross-section. Domain 2 corresponds
to failed steel and non-yielded concrete or masonry, whereas in domain

a Wik

T T
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2a the concrete or masonry have reached their yield stress. Domain 3
corresponds to crushed concrete or masonry and yielded steel, while in
domain 4 the steel has not reached its yield stress. The limits of the
strain domains are determined by the position of the neutral axis, which
is defined here by the distance of the most compressed fibre to the neu-
tral axis (x). From the deformation compatibility equations, the men-
tioned limits can be expressed as follows:

0<x,

IA

Cmax

©)]

gsmax + SCmax
< X3
Cmax
5yS + €
<Xy

<d

IN

Cmax

where x;, are the values of x in the n-th domain, ey is the tensile yield
strain of the steel and ey _is the assumed compressive yield strain of the
concrete and d is the effective depth of the section (i.e., the distance be-
tween the most compressed fibre in the section and the centroid of the
reinforcement layer).

The assumed distribution of strains, stresses and forces in the
cross-section for each strain domain can be seen in Fig. 7. The distance
x of the neutral axis to the most compressed fibre at the ultimate limit
state in bending for a given axial force, N, can be calculated from the
equilibrium equations in each strain domain. A perfectly plastic bi-lin-
ear stress-strain relationship is considered for the reinforcement steel,
whereas for the masonry and concrete, a linear stress-strain relation is

53.6 kN

1

7, 117 kN
44.4 kN

e -2
ALY

Fig. 15. Case study of Gaudi’s graphical design for the Laundry Room Portico in Park Giiell (Barcelona). Left) form-finding with ELARM: (a) permanent vertical and horizontal loads, (b)
input intrados, (c) form-found shape, and (d) thrust line. Right) view of the Laundry Room Portico.
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Fig. 16. Examples of loading combinations. (Left) permanent vertical and horizontal loads and a 2kN punctual load. (Right) permanent vertical and horizontal loads and a load of 3kN
distributed on the top voussoirs. (a) Permanent vertical and horizontal loads, (b) position of the reinforcement, (c) thrust line, (d) upper virtual thickness, and (e) lower virtual thickness.

~0.09m

’ 3.00m "

Fig. 17. Partial reinforcement along the extrados of a masonry vault: (a) thrust line, (b) virtual thickness limit, and (c) reinforcement.

‘ 3.00m ¥

Fig. 18. Partial reinforcement along the intrados of a masonry vault: (a) thrust line, (b) virtual thickness limit, and (c) reinforcement.

applied in the elastic range and a rectangular stress block distribution in
the plastic state [24].

The force experienced by the reinforcement, Ty, is computed using a
different equation depending on whether the steel has yielded (domains
2, 2a and 3) or not (domain 4). For the former case, the following ex-
pression is used:

T, = Af, (10)

where A; is the total area of the steel reinforcement and f; is its tensile
yield strength.

In the case of an ultimate bending moment leading to the steel
stresses in their elastic range, i.e. domain 4, the force T results from:

TS = ASESES (11)
with E, the steel’s Young’s Modulus and ¢ the current strain level, ob-

tained from the strains’ deformation compatibility equations (Fig. 7,
green diagrams):

€ (d—-x)
£, = - (12)

where i is the ultimate strain of the concrete (ecmax) or the tile vault
(Stvmax)-

The compression, C, experienced by either the concrete or the tile
vault (positive or negative moment respectively) on its plastic range, i.e.
domains 2a, 3 and 4, is computed considering a rectangular stress block
distribution via the following equation [23]:

C = 0.8xbf}, 13)
where f; is the compressive strength of the concrete or tile vault and b
is the width of the vault.

For domain 2, where a linear stress-strain relation is applied, the
compression force can be written as

1
C= EXbEkEk 14
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Fig. 19. Seismic analysis with multiplying factor 1.25. (Up) self-weight and horizontal loads. (Down) self-weight, horizontal loads and a load of 7.5kN. (a) thrust line, (b) upper virtual
thickness, (c) lower virtual thickness, and (d) reinforcement.
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Fig. 20. Seismic analysis: self-weight and horizontal loads. (Up) multiplying factor 0.5. (Down) multiplying factor 1. (a) thrust line, (b) upper virtual thickness, (c) lower virtual thickness,
and (d) reinforcement.

-
Direction of the
horizontal loads

1.6 kNt 3.00 m

Fig. 21. Seismic analysis: self-weight and horizontal loads. (Up) multiplying factor 1. (Down) multiplying factor 1.25. (a) thrust line, (b) upper virtual thickness, (c) lower virtual thick-
ness, and (d) reinforcement.

with E, the concrete’s or tile vault’s Young’s Modulus and ¢, the max- These expressions are related through the horizontal forces equilib-
imum compressive outer fibre strain, obtained from the strains’ defor- rium equation:
mation compatibility equations (Fig. 7, green diagrams):
P ty eq (Fig. 7, g grams) C=N+T, a6)
gsmaxx
Ep = —— (15) . : . .
d—x from which the distance of the neutral axis to the most compressed fi-
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Fig. 22. Free-form composite vault partially reinforced at the intrados: (a) thrust line, (b) upper virtual thickness and (c) reinforcement at the intrados.
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Fig. 23. Free-form composite vault partially reinforced at the extrados: (a) thrust line, (b) lower virtual thickness and (c) reinforcement at the extrados.
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Fig. 24. Free-form composite vault reinforced at both the intrados and the extrados: (a) thrust line, (b) lower virtual thickness, (c¢) upper virtual thickness, (d) reinforcement at the extra-

dos, and (e) reinforcement at the intrados.

bre at the ultimate limit state can be obtained. For domain 2:
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The computational implementation allows a scanning of all the dif-
ferent strain-stress states, disregarding the x values that are not within
the corresponding domain (Eq. (9)), reducing the possibilities to a
unique x and a unique ultimate strain-stress state.

The moment equilibrium equations are then used to calculate the ec-
centricity e, both for the positive and negative moment, e, and e, (Fig.
7), which correspond to the upper and lower virtual thickness limits re-
spectively. Computing the moments from the most compressed fibre, i.e.
at the top of the cross-section in the case of the positive moments and
at the bottom for negative moments, the eccentricity e for domain 2 can
be written as

11

T,.d—-C%

3
_ 20
e 5 (20)
whereas for domains 2a, 3 and 4, it can be written as

Ts d— C0.8x

=2 21

e 5 @n

4. Computational implementation

The developed tool allows a responsive, intuitive and interactive
process of design and structural analysis of composite vaults. The para-
metrisation of the geometrical inputs, external loads and material prop-
erties and quantities, permits the application of the method to differ-
ent types of reinforced concrete or masonry structures, a user-friendly
form-finding process and a straightforward analysis of different geome-
tries, loading combinations and cross-sectional configurations. The flow
diagram in Fig. 8 illustrates the process for the design and/or structural
analysis with this tool based on the Extended Limit Analysis of Rein-
forced Masonry. Once the mentioned inputs are introduced, the thrust
line and virtual thickness are computed and drawn. If the vault is not
stable or the design is not satisfactory, the inputs can be modified ei-
ther through a size or a shape optimisation process. The size optimisa-
tion involves modifying the reinforcement’s position or quantities, the
materials strength or the thicknesses of the different material layers.
The shape optimisation is carried out by modifying the geometry of the
structure to be able to contain the thrust line within its virtual thick-
ness’ limits. Both of these structurally informed processes are carried
out with the immediate feedback from ELARM, which automatically
computes the thrust line and virtual thickness again. Once a stable and
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satisfying vault is achieved, further load combinations can be checked if
needed.

The computational implementation has been coded in the scripting
language Python and uses the software Rhinoceros and plugin Grasshop-
per to visualise the results and to introduce and modify input parame-
ters.

4.1. Safe theorem

According to the safe theorem, “If a line of thrust can be found which
is in equilibrium with the external loads and which lies wholly within the ma-
sonry, then the structure is safe.” [14]. Note, that in this case, we look for
a thrust line staying within the new virtual thickness.

Every thrust line results from the combination of the values of the
three variables Hj, e; and e,. These parameters are varied and combined
according to ranges and divided by small increments as defined by the
user, in order to scan (in a discrete manner) all the possible thrust lines
of the structure. Any of the thrust lines lying entirely within the virtual
thickness satisfy the safe theorem. However, a single thrust line is cho-
sen to be drawn and to determine the value of the three parameters. For
each point defining a thrust line, the distances to the upper limit, dy,
and to the lower limit, dli, of the virtual thickness are measured, squared
and summed. A summation of each point’s resulting values is computed
for each thrust line, which has therefore an associated number, R, indi-
cating how far the thrust line is, on average, from the limits of the vir-
tual thickness, i.e., how central its position is in relation to those limits.
This can be expressed as follows:

n
2 2

R= Z (d”i +d, ) (22)

i=0

where n is the number of fictitious voussoirs and i indicates the specific

joint of the fictitious voussoir on which the distances, d, are computed.

The thrust line having the lowest associated value of R is then chosen.

4.2. Uniqueness theorem

According to the uniqueness theorem, “If a line of thrust can be found
which represents an equilibrium state for the structure under the action of the
given external loads [...] and which allows the formation of sufficient hinges
to transform the structure into a mechanism, then the structure is on the point
of collapse” [14].

The uniqueness theorem is computationally implemented by apply-
ing an incremental factor to the external loads, scanning the possible
thrust lines and selecting the one creating the mechanism. For a given
load condition, small increments of the multiplier factor are applied to
the external loads. The possible thrust lines of the structure, resulting
from the combination of the three variables H, e and e, according to
certain domains and increments defined by the user, are checked for
every incremented load condition. Among all the resulting thrust lines
lying entirely within the virtual thickness bounds, the selected solution
is the one with the highest load multiplier factor. This solution is the
only one tangent to the virtual thickness’ limits in the sufficient number
of alternating intrados-versus-extrados points as to create the hinges re-
quired to transform the structure into a mechanism.

5. Load tests on full-scale prototypes

In order to validate both the construction technology and the pro-
posed computational implementation, a set of experiments was carried
out at the Laboratory for Technological Innovation in Structures and
Materials (LITEM) at the Polytechnic University of Catalonia (UPC).

Two full-scale prototypes were built and load-tested to failure. The
vaults were cylindrical in shape and had a span of 2.78m, a height of
0.25m and a width of 1 m. The two vaults were composed of a two-
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layered, 36-mm-thick tile vault and a 50-mm-thick reinforced concrete
layer (Fig. 9). The tiles had sizes of 277 X 134 x 13mm. The first course
ones had a smooth side facing the intrados and 6.5-mm-deep grooves
to receive the mortar, whereas the ones at the second course included a
rough, striped, top face to increase the contact with the concrete instead
of the smooth surface (Fig. 2). The binders were fast-setting cement for
the first course of tiles and Portland cement mortar for the second one
and the 10-mm joint in between courses. The reinforcement, placed at
the central level of the concrete layer, consisted of 6-mm-diameter steel
rebars at 7 cm spacings in both directions (Fig. 10). The boundary condi-
tions consisted of pinned supports that were able to rotate, but transla-
tionally constrained (Fig. 11). These hinges at the supports were blocked
(not allowed to rotate) during construction, so that the barrel vaults
could have been built in the traditional way, i.e. without the need of
a formwork, except at one of its boundaries (only required for the first
row of bricks to form the first arch/stable section). However, seeking
the maximum possible accuracy in the construction of these laboratory
specimens, the vaults were built using a complete formwork.

A vertical load was applied at quarter span to a loading pad with
a breath of 115mm and stretching the entire width of the vault. The
test was carried out under displacement control at a constant speed of
0.4 mm/min until failure.

Fig. 12 shows the load-displacement curves of the two tested vaults.
Both vaults developed the same mechanism with the formation of two
hinges (the supports were pinned). The first hinge was located under the
loading platform and the second one, at the opposite side of the vault,
revealed itself not as a single crack, but as a group of cracks on the ex-
trados due to the reinforcement’s influence (Fig. 13). Composite vault
2 featured a post-peak plastic behaviour and an unloading response up
to a displacement of 76 mm, beyond which no further load could be ap-
plied due to the delamination between masonry and concrete. The peak
load was 53.15kN.

In vault 1, the test stopped before the expected unloading branch
due to debonding as well. Considering the match of the two plots at
the first stretch in Fig. 12, the observed cracks at the extrados of the
vaults evidencing the formation of the second hinge (Fig. 13) and the
almost null stiffness reached around the peak load (note the slopes’ hor-
izontality of the load-displacement curves), the authors conclude that
debonding occurred either simultaneously or right after the generation
of the second hinge, linked to the excessive deformation due to the
formation of the mechanism. This fact prevented the development of
the expected post-peak unloading branch. The load-displacement curve
showed a non-linear behaviour until failure with an ultimate load of
52.43kN for a vertical displacement of 29 mm at the loading point.

From these results, the system showed in principle the ductility re-
quired for the use of limit analysis for its assessment. However, suffi-
cient shear bond at the interfaces between all layers of the designed
composite cross-section has to be guaranteed. In order to grant sufficient
ductility, an improvement of the shear bond strength could be attained
by using masonry units with deeper grooves in contact with the concrete
for mechanical keying action, or by integrating shear connectors in the
cross-section, such as steel shear studs or nails.

6. Material characterisation

The characterisation of the tile vault presents various difficulties due
to its heterogeneity, slenderness, handmade fabrication and multilayer
condition. Its compressive strength was estimated from the properties
of the material components (tiles, Portland cement mortar and fast-set-
ting cement). Considering the orthotropic behaviour of the tiles, they
were tested in the longitudinal and in the transversal directions, which
coincide with the alignment of the loads in relation to the bricks in
the first and the second course of the tile vault respectively (Fig. 2).
Four compression tests were carried out for each case. The mean value
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for the bricks with the load applied in the longitudinal direction (load
applied as in the first course of the tile vault) was 111 N/mm?, whereas
for the bricks with the load applied in the orthogonal direction (load ap-
plied as in the second course of the tile vault) the result was 87 N/mm?.
Portland cement mortar and fast-setting cement were tested in compres-
sion with average results for the compressive strength of 6.98 N/mm?
and 4.47 N/mm? respectively. Nine masonry samples were weighed, re-
sulting in an average unit weight of 2000 kg/m?®.

A curved (faceted) structure built with straight masonry units fea-
tures unavoidably slight variations of its thickness. The construction of
the first course of the tested vaults maintained the centre of the tiles tan-
gent to a fictitious cylindrical intrados. Due to this fact and for the pre-
sented vault’s geometry and tile’s sizes, the tile vault had a maximum
thickness of 36 mm, which decreased 2.4 mm at the intrados’ transver-
sal joints. The tile vault’s thickness is therefore taken as the resulting
33.6mm.

Eurocode 6 [24] offers an equation for the estimation of the ma-
sonry’s compressive strength,
fe=Kpy'f? 23)
where fj is the characteristic compressive strength of the tile vault in N/
mm?, K is a constant, fj, is the normalised mean compressive strength of
the units (to be taken not greater than 75N/mm? in the direction of the
applied action effect), and f;, is the compressive strength of the mortar,
also in N/mm?.

The tile vault’s entire cross-section cannot be clearly classified
within the Eurocode 6, mainly due to its multilayer condition and its
continuous thick mortar joint parallel to the intrados and extrados (Fig.
2). Therefore, the compressive strength of each of its three layers (first
course of bricks, mortar layer and second course of bricks) has been con-
sidered separately to compute subsequently a total compressive strength
of the tile vault taking into account the thickness of each layer. The
tiles are considered solid and the thicknesses of the two courses of tiles
are taken as the tile’s total thickness subtracting the grooves’ depth
(6.5mm). The considered thickness of the in-between mortar layer is in-
creased adding the grooves’ depth of both the upper and lower tiles.
Therefore, the three layers consist of: (1) 6.5-mm-thick masonry com-
posed of tiles in the longitudinal direction with fast-setting cement
joints, (2) a 20.6-mm-thick mortar joint, and (3) 6.5-mm-thick masonry
composed of tiles in the transversal direction with Portland cement mor-
tar. The compressive strength of (2) is the one of the mortar (6.98 N/
mm?), whereas Eq. (23) is used for (1) and (3). Constant K is determined
from Table 3.3 from Eurocode 6, in which the material and group of the
masonry units, together with the kind of mortar have to be introduced.
For clay masonry units classified in group 1 and general purpose mortar,
Table 3.3 provides a value of K equal to 0.55. The tests of the different
materials composing the tile vault allow obtaining f;, and f;,,. The results
from the compression tests on tiles in both directions were over 75N/
mm?, which is therefore the value taken as fj, in Eq. (23) for both (1)
and (3). For the first course, joined with fast-setting cement, f;,, is taken
as 4.47 N/mm?, whereas for the second course of tiles, joined with Port-
land cement mortar, f;, is taken as 6.98 N/mm?2. With these values, Eq.
(23) provides the characteristic compressive strength, which is divided
by 0.8 to obtain the average compressive strength [26]. The entire tile
vault’s compressive strength is estimated by multiplying each strength
by the corresponding thickness, summing the results and dividing by the
total thickness of the tile vault, with a result of 13.45N/mm?2.

Ten 100-mm cubic samples of concrete were produced during the
construction of the two prototypes. The results of the compression tests
gave a mean value f cp. equal to 27.75N/mm? A factor of 0.8 was
used to convert the average compressive strength of cubic samples to a
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150-mm-diameter by 300-mm-high cylindrical samples (as documented
in Eurocode 2 [23]). The result is a concrete compressive strength of f,
equal to 22.20N/mm?, which is the value used in the model. The unit
weight of the concrete was calculated as 2460 kg/m°.

Ten 6-mm-diameter steel reinforcement bars were tested in tension
to obtain their yield tensile strength and Young’s modulus. The mean
yield tensile strength was equal to 581 N/mm? and the Young’s Modulus
was equal to 207,000 N/mm?.

7. Comparison of results.

The geometry of the vaults and the material properties indicated
in the previous section were introduced into the computational model
to apply the uniqueness theorem and obtain the ultimate load carry-
ing capacity of the vault (Fig. 14). The thrust line’s ends were set to
the cross-section’s centre line to represent the pinned support condition
(Fig. 11). The vault was divided into 100 voussoirs and the load was
applied evenly as point loads onto four voussoirs at quarter span, repli-
cating the 11.5-cm-wide loading platform of the experimental tests.

The load predicted by the numerical method is 53.6kN (Fig. 14),
which is 1.5% higher than the average of the two values obtained in
the experimental tests, 52.8 KN. The results of the cross-sectional analy-
sis with ELARM showed that the failure had occurred with concrete at
its ultimate strain and steel not yielded for the positive moment and
tile vault at ultimate strain and steel yielded for the negative moment.
The position of the neutral axis in the case of the negative moment (be-
tween 32.1 and 32.8 mm from the intrados) showed the compression
stress block as fully developed within the tile vault (33.6 mm thick).

In addition to the uncertainty in the compressive strength of the ma-
sonry layers (for which only an estimation is available as described in
Section 6), small deviations in the prediction of the ultimate load can be
explained by the handmade condition of the structure, in which, even
with an exhaustive construction control, small fluctuations on the mor-
tar and cement strength are expected and little variations on the thick-
nesses may occur frequently.

It is important to highlight that even though the cross-section intro-
duced in ELARM does not vary along the length of the vault, the com-
puted virtual thickness, as well as the position of the neutral axis and
the equilibrium of forces in each voussoir are different because of the
changing axial force, N, which varies according to the external forces
and the self-weight of the structure. An external load increases the axial
force, which reduces the eccentricity for the same resisted bending mo-
ment. This is the reason why the virtual thickness experiences a sudden
narrowing where the loads are applied.

8. Form-finding and optimisation procedures

The ELARM implementation coded in Python, results in an interac-
tive tool providing quick structural feedback. As can be expected from
any computational implementation, it offers speed, accuracy and the
possibility to extend the analysis to similar structures with different
sizes or properties. The next subsections describe specific features that
this method offers for the design and structural analysis of reinforced
masonry/concrete arches.

The use of the software Rhinoceros and the plug-in Grasshopper for
the visualisation of graphical results and for the efficient introduction
and modification of input parameters, allows for a fast and user-inter-
active form-finding process. The starting intrados of the analysed vault
can be drawn as a curve in Rhinoceros, which can be easily modified
through its control points. As the curve is being adjusted, calculations
are computed and graphical updates are provided. The shape and para-
meters of the vault can be adapted and optimised according to the struc-
tural feedback received in near real-time.
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8.1. Form finding

The presented tool allows the optimization of the vault's shape re-
garding a defined loading condition, e.g. the permanent loads acting
on the structure, by modifying the inputs that define the vault’s geom-
etry, and then adapting to the tool's structural feedback. A shape op-
timized for certain given loads would be one that includes within its
virtual thickness boundaries the thrust line supplied by ELARM with
a minimum thickness and reinforcement. Therefore, instead of starting
from an invariable, predefined shape and modifying thickness, mater-
ial strength and/or reinforcement to increase the virtual boundaries and
make the thrust line fit within, a form finding process consists of mod-
ifying the geometrical inputs of the structure to make geometry and
thrust line match as much as other design constraints would allow.

The case study of Gaudi’s graphical design for the Laundry Room
Portico in Park Giiell (Barcelona) is presented as an example of the im-
plementation's interactive feature (Fig. 15). The portico is a covered
space featuring inclined columns at one side and a long, curved retain-
ing wall at the opposite side to counteract the soil’s thrust (Fig. 15,
right). A structure with a traditional arch geometry such as a parabola
would be excessively massive given the specific existing loads, which
demand a clever structural design to create an efficient structure. De-
signing the structure with these permanent, asymmetric and predomi-
nant dead loads as main inputs is a clever strategy to obtain an approx-
imate efficient solution.

The modification of the vault’s shape during the form-finding
process should be combined with an iterative process of variation of the
vertical and horizontal loads, as they are dependent on the soil’s weight
and thrust. These loads could be obtained using an algorithm to com-
pute the soil’s volume on top and next to the vault each time the intra-
dos is modified. However, to simplify calculations in this example, the
vertical and horizontal loads applied are taken as constant throughout
the form-finding process. The loads’ values decrease gradually as they
are applied in a higher position and range from 3kN to 0.15kN for the
horizontal loads and from 0.9kN to 0.4kN for the vertical ones.

The form-finding process for this case study starts by introducing in
the model the mentioned constant, predominant and permanent loads
(Fig. 15, left, a). The material properties are introduced as well. In this
case, it is considered as a masonry structure with a compressive strength
of 15N/mm? and a unit weight of 2000kg/m3. A curve with a height
of 3.75m (Fig. 15, left, b) is drawn as the input intrados of a prelim-
inary vault and the tool provides immediate structural feedback. Then
a process of adjustment of the thrust line and the vault's shape starts
by finding a solution in which the thrust line lies entirely in the vault’s
thickness. The three variables Hj, e; and e, and the intrados curve’s con-
trol points allow the modification of the thrust line and the vault’s shape
respectively. Once a stable unreinforced masonry vault is found (Fig.
15, left, ¢), the thickness of the masonry and the steel reinforcement po-
sition and amount can be updated considering other loading combina-
tions, including further asymmetric live loads or if a higher safety factor
is desired. Fig. 16 shows two examples of this case study’s analysis with
ELARM, adding at the top of the structure a 2-kN-punctual load (Fig.
16, left) or a distributed 3-kN load (Fig. 16, right). In both cases, rein-
forcement is needed and placed at a central level of the cross-section
(Fig. 16, b). For the former, a reinforcement of 5-mm-diameter steel re-
bars at 33 cm spacings (equivalent to 59 mm?/m) is enough, whereas for
the latter the same rebars at 16 cm spacings are needed (118 mm?/m).
The steel’s yield tensile strength for the reinforcement is taken as 500N/

mm?.

8.2. Reinforcement optimisation

A cross-section optimisation can be carried-out by adjusting the
thickness of the structural layers and the amount and positions of the
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reinforcement, while accounting for different load combinations. The
method permits the placement of the required reinforcement in specific
regions along the vault's length. This feature can be very helpful, for ex-
ample, to check the adequacy of a particular reinforcement scheme in a
certain part of the vault, either for design or in the retrofitting of exist-
ing structures.

Fig. 17 and Fig. 18 show an example of a specific case with vari-
able distribution of reinforcement. The studied structure is a 3-m-span,
0.5-m-rise, 1-m-wide and 9-cm-thick masonry barrel vault, to which a
new permanent load of 7kN needs to be added due to a hypothetical
change in the use of the building. The load is divided into 10 equal loads
of 0.7 kN applied on 10 voussoirs at the right-hand-side quarter-span lo-
cation over a horizontal distance of 0.28 m. The compressive strength of
the masonry is taken as 8 N/mm? with a density of 2200kg/m?, and the
steel’s yield tensile strength for the reinforcement as 500 N/mm?.

The possibility to modify the thrust line and the amount and posi-
tion of the reinforcement, both along the length of the vault and the
thickness of the cross-section, allows the exploration of a large range of
possibilities for the reinforcement of the existing vault. In this case, the
reinforcement is applied at either the extrados (Fig. 17) or the intrados
(Fig. 18). The application of reinforcement on the extrados increases the
ultimate negative bending moment and affects the lower virtual thick-
ness limit (Fig. 17), whereas the reinforcement on the intrados increases
the upper limit (Fig. 18). A small amount of reinforcement equivalent
to a steel area of 21 mm? and 23 mm? was sufficient to obtain a solution
applying the uniqueness theorem for the extrados-reinforced and intra-
dos-reinforced vaults respectively. The case with reinforcement partially
applied to the extrados results in a larger horizontal thrust because of
the shallower thrust line.

8.3. Seismic analysis

A simple preliminary seismic analysis can be carried out by con-
sidering equivalent-static horizontal loads proportional to the vertical
self-weight loads. A horizontal load can be applied at the centroids of
every voussoir (at both the centroids of the tile vault and concrete por-
tions), equal to its self-weight multiplied by a factor that can be interac-
tively modified by the user, and depends on expected ground accelera-
tions. Fig. 19 shows an example of seismic analysis combining vertical
and horizontal loads. The dimensioning of the thickness and reinforce-
ment can be performed as an envelope of different load combinations.

The studied barrel vault is made of a cylindrical composite struc-
ture including a 36-mm-thick tile vault and a thin concrete layer with
a thickness of 30mm. The compressive strength of the tile vault and
the concrete are taken as 10 N/mm? and 25N/mm? respectively, with
densities of 2000kg/m? for the tile vault and 2400kg/m? for the con-
crete. The steel’s yield tensile strength for the reinforcement is 500 N/
mm?. The structure has a span of 3m and a rise and width of 0.5m. The
supports consist of a contact surface, unable to take bending moments.
The horizontal loads are applied in the positive x direction (Fig. 19). For
this example, the factor multiplying the self-weight of the vault is taken
equal to 1.25. The reinforcement is placed on top of the masonry, at the
interface of the tile vault and the concrete. A structural analysis is car-
ried out for two different loading combinations. The first combination
includes self-weight and horizontal loads (Fig. 19, up). The second case
has an additional vertical load of 7.5kN (together with its related seis-
mic horizontal load) divided in 50 equal loads of 0.15kN applied on the
50 voussoirs at the left-hand half-side of the vault (Fig. 19, down). The
first case needs very little tensile capacity to remain stable against the
applied horizontal loads. The steel reinforcement area was gradually in-
creased until the safe theorem could be fulfilled, reaching only a steel
area of 7mm? As expected, the combination adding the 7.5-kN load is
more unfavourable, requiring four 5-mm-diameter steel reinforcement
bars (total steel area of 78 mm?).
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Additional factors multiplying the self-weight of the structure and
converted to horizontal loads have been applied to the same vault,
namely, 0.5 (Fig. 20, up) and 1 (Fig. 20, down). Two strategies have
been followed to obtain a stable structure: increasing either the rein-
forcement or the concrete layer’s thickness. The unreinforced vault is
stable without any change in its thickness considering the multiplying
factor 0.5 (Fig. 20, up). The application of horizontal loads correspond-
ing to factor 1 requires a small tensile capacity, achieved with a rein-
forcement equivalent to a steel area of 4mm? (Fig. 20, down). For this
load condition, to remain unreinforced, the thickness of the concrete
layer should be increased 40 mm, resulting in a vault’s total thickness
of 106 mm (Fig. 21, up). For the multiplying factor 1.25, a stable unre-
inforced vault would have a concrete thickness of 95 mm (an increase
of 65mm and a total thickness of 131 mm), while, as mentioned above,
the required reinforcement would only be 7 mm? of steel area (Fig. 19,
up). The 106-mm-thick vault with a multiplying factor of 1.25, would
require a small tensile capacity, equivalent to 3mm? of steel area (Fig.
21, down).

In this case and according to these results, when dealing with seis-
mic loads, the addition of reinforcement provides better results than in-
creasing the mass of the structure.

8.4. Beyond compression-only

The addition of reinforcement to the composite vault allows for the
design of structures that are not restricted to being compression-only.
These structures, while adding a higher degree of flexibility, versatil-
ity and expressivity to the technique, require the use of a formwork to
build the non-compression-only parts. Fig. 20, Fig. 21 and Fig. 22 show
three examples of different reinforcement and thrust line configurations
in a free-form composite vault with a tile vault thickness of 36 mm and a
concrete layer of 50mm. The vault has no external forces applied and
has a span of 6m, a width of 1m and a rise of 0.75m at mid-span. The
material properties in terms of strength and density are the same as in
the previous example in Section 8.3. As ELARM showed ultimate posi-
tive bending moments in domain 1 for the examples in Fig. 20 and Fig.
22, the concrete’s Young’s Modulus is also required for the computation
of the virtual thickness and is taken as 27,000 N/mm?2.

The vault features a shape that requires some tensile capacity to be
structurally stable. Reinforcement is required in the regions where the
thrust line is not contained within the section of the vault. Three differ-
ent thrust lines are chosen, which result in three different reinforcement
configurations.

The thrust line in Fig. 20(a) avoids reinforcement in parts of the vault
by following the middle line of the cross-section at the first and last 20
voussoirs. In the central part of the vault, due to its shape, the thrust line
largely exceeds the physical upper boundary. Therefore, bottom level
reinforcement has to be supplied to virtually extend the thickness of the
vault upwards (Fig. 20b). The reinforcement is placed at the intrados to
maximise the vault’s bending capacity for positive moments (Fig. 20c).
A reinforcement equivalent to a total steel area of 115 mm? (correspond-
ing to 6 steel reinforcement bars of 5mm diameter) was introduced in
the model and was enough to keep the thrust line within the new virtual
boundaries (Fig. 20).

The example in Fig. 21 seeks to avoid reinforcement at the intrados.
The thrust line (Fig.21a) is shallower and the horizontal thrust is thus
bigger (12.2kN against 5.7 kN from the previous example). A total steel
area of 136 mm? (corresponding to 7 steel reinforcement bars of 5mm
diameter) is applied at the extrados (Fig.21c). Although in a real con-
struction the reinforcement would very likely be applied on the entire
vault’s extrados in order to ease the building process and as an addi-
tional safety factor, it is worth to highlight that, unlike in the previous
thrust line configuration, the central part of the vault would not need
any reinforcement, as the thrust line lies within its physical limits (Fig.
21) (see Fig. 23).
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The last example (Fig. 22) shows an intermediate solution between
the two previous ones. The chosen thrust line (Fig.22a) has an equal
maximum distance from the intrados and from the extrados (when lo-
cated below or above the vault respectively) and generates also an in-
termediate horizontal thrust equal to 9.2kN. The solution requires rein-
forcement at the intrados of the vault’s central part (Fig. 22e) of a total
steel area of 57mm? and at the extrados of the remaining parts of the
vault for a steel area of 64 mm? (Fig. 22d) (see Fig. 24).

The specific steel area multiplied by the length on which it is ap-
plied allows the computation of the required volume of reinforcement
for each of the three cases, namely 455,400mm?, 878,560 mm? and
442,980 mm? for the examples in Fig. 20, Fig. 21 and Fig. 22 respec-
tively. The solution with the shallower thrust line (Fig. 21) is, in this
case, the one requiring more steel. Besides, it is also the option with
the highest horizontal thrust. Taking advantage of the vault’s funicular
shape close to the supports, the thrust line in Fig. 20 reduces the amount
of required reinforcement, being only slightly higher than the one re-
quired for the most reinforcement-efficient example in Fig. 22, in which
the horizontal thrust is, however, 61% higher.

9. Conclusions

A construction technique based on the use of tile vaults as integrated
formwork for reinforced concrete has been described. In addition, a
2D method for the design and structural analysis of such composite
structures has been presented. The method’s computational implemen-
tation allows for an interactive and user-friendly form-finding process
and a straight-forward assessment with responsive structurally informed
feedback. Several examples showing the application to non-compres-
sion-only designs, non-uniform reinforcement layouts and horizontal
loads have also been discussed.

The construction technique, the method, and the developed compu-
tational tool, have been validated through experimental research. Two
full-scale prototypes were built and load-tested, allowing the identifica-
tion of features to improve. In this sense, it is important to consider suf-
ficient bond between the tile vault and the layer of concrete to attain
satisfactory structural performance. This can be achieved by using tiles
with deeper grooves in contact with the concrete or by integrating shear
connectors into the system.

The applicability and accuracy of the proposed analysis method has
been validated through its capacity to predict well the results from the
experimental results. The method is based on traditional limit analysis,
but extends it by considering the tensile capacity of the reinforcement
and the compressive strength of the masonry and concrete. The method
can also be applied to other structures with a sufficiently ductile re-
sponse, such as reinforced masonry or concrete arches and vaults, and
similar reinforced composite structures combining masonry and con-
crete.
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