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Abstract: It is well known that almost all uncertainty relations including Heisenberg uncertainty relation and Schrodinger
uncertainty relation were given by product types of trace inequalities. This is why these results were proved by Schwarz’s
inequality. These product types of uncertainty relations were extended to the case of not necessarily hermitian quantum
mechanical observables and positive operators representing quantum states. On the other hand sum types of uncertainty
relations were given for arbitrary finite N not necessarily hermitian quantum mechanical observables. Some uncertainty
relations are presented by generalized quasi-metric adjusted skew informations for two different generalized states. These
uncertainty relations are nontrivial as long as the observables are mutually noncommutative. The relations among these new and
existing uncertainty inequalities have been investigated. Finally, the reverse inequalities of the sum types of uncertainty
relations are obtained.
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1. Introduction Let H(P),H(Q) be Shannon entropies of P and @,
respectively.

The famous uncertainty relations in quantum mechanics n n
were founded by Heisenberg and Schrodinger independently. H(P)=- Z pilogp;,, H(Q)=-— Z q; log q;.
These results were proved by Schwarz’s inequality. Then i=1 i=1
these are product type relations. On the other hand, sum Then the following sum type of uncertainty relation is
types of relations were given as inequalities related to entropy.  gptained.

Recently several sum types of uncertainty relations were H(P)+ H(Q) > —2logc,
obtained by [1, 2, 3, 4, 5, 6, 7]. Now we state two examples of
typical sum types of uncertainty relations.

Proposition 1.1 ([8]) Assume that observables A, B have
the following spectral decompositions.

where ¢ = max; ; [(¢:|¢;)].
Definition 1.1 The Fourie transformation of 1) € L*(R) is
defined by

] ) @ = [ vema
A=ZM|¢1‘><¢H|, B:ZMWNWH' And let

i=1 j=1 0o
aw = {rer@; [~ eliopa <ol

For any state |¢), the probability distributions are defined by -

Then it is well known that the following result holds.
P=(p1,p2,---,pn), @=(01,42--,n), Proposition 1.2 ([9]) If ¢ € L2(R), |[¢||> = 1 satisfies

¥,1 € Q(R), then
P =1(@ile)2 a5 = (W1} SW) +SW) 2 log 7,

where
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where
sw) =— [ 1wl tos P
s = | T B0 log (1) .

Now the Heisenberg uncertainty relation [10] is stated as
follows;

Vo AW,(B) 2 7ITrlolA, BIP

for a quantum state (density operator) p and two observables
(self-adjoint operators) A and B, where [A,B] = AB —
BA. The further stronger result was given by Schrodinger in
[11,12]:

Vo(A)Vy(B) — | Re {Couy(A, B)}[* > £ |Tr{plA, B,

| =

where the covariance is defined by
Cov,(A,B) =Tr[p(A—Tr[pAlI) (B —Tr[pB|I)].

The Wigner-Yanase skew information represents a measure
for non-commutativity between a quantum state p and an
observable A. Luo introduced the quantity U, (A) representing
a quantum uncertainty excluding the classical mixture [13]:

Up(4) = \/V,(4)? — (V,(4) — L,(4)),

with the Wigner-Yanase skew information [14]:

I)(4) = 577 [(ilp", Ao] ]

= Tr[pAg] — Tr[p'/* Aop"/? A,
Ag = A —Tr[pAll

and then he successfully showed a new Heisenberg-type
uncertainty relation on U,(A) in [13]:

Un(A)U,(B) > 1 TrlolA, B]JP” n

As stated in [13], the physical meaning of the quantity
U,(A) can be interpreted as follows. For a mixed state p,
the variance V,(A) has both classical mixture and quantum
uncertainty. Also, the Wigner-Yanase skew information I,,(A)
represents a kind of quantum uncertainty [15, 16]. Thus, the
difference V,(A) — I,(A) has a classical mixture so that we
can regard that the quantity U,(A) has a quantum uncertainty
excluding a classical mixture. Therefore it is meaningful and
suitable to study an uncertainty relation for a mixed state by
the use of the quantity U,(A). After then a one-parameter
extension of the inequality (1) was given in [17]:

Up.a(A)Up,a(B) > a1 = a)|Tr[plA, B]]%,

where

Upa(A4) = JV,(A)2 = (V,(4) = I, a(4))%,

with the Wigner-Yanase-Dyson skew information I, o(A) is
defined by

ST [(io", Ao]) il 4a])]

= Tr[pAf] — Tr[p™ Aop' = Ao]-

1

pa

(4)

It is notable that the convexity of I, ,(A) with respect
to p was successfully proved by Lieb in [18]. The further
generalization of the Heisenberg-type uncertainty relation on
U,(A) has been given in [19] using the generalized Wigner-
Yanase-Dyson skew information introduced in [20]. Then it is
shown that these skew informations are connected to special
choices of quantum Fisher information in [21]. The family of
all quantum Fisher informations is parametrized by a certain
class of operator monotone functions F,, which were justified
in [22]. The Wigner-Yanase skew information and Wigner-
Yanase-Dyson skew information are given by the following
operator monotone functions

VI +1\?
)
(z—1)?

o — 1)(x1—(x _ 1)
respectively. In particular the operator monotonicity of the

function fyy p was proved in [23]. See also [24].

Definition 1.2 Let M,,(C) be a set of all n x n complex
matrices, M), s,(C) be a set of all n x n hermitian matrices,
M, +(C) be a set of all n x n positive definite complex

matrices and M, 1 1(C) be a set of all n x n density matrices.
The inner product on M, (C) is defined by

fwy (z) = <

fWYD(:L'):Oz(lfoz)( s 016(0,1),

(A, B)us = Tr(A*B) = > > @b,
i=1 j=1
where A = (a;;), B = (bij). For A € M,(C), left
multiplicative operator and right multiplicative operator are
defined as follows. respectively.

La(X) = AX, Ra(X)=XA, (X € M,(C)).

Definition 1.3 When f : (0,+00) — R satisfies the
condition

ABEM, (C), 0<A<B=0< f(A) < [(B),

f(z) is said to be operator monotone function. When operator
monotone function f () satisfies f(x) = xf(x~1), itis said to
be symmetric. If f(1) = 1, then it is said to be normarized. Let
Fop be a set of all symmetric normarized operator monotone
functions.

Example 1.1
2 1
frip(z) = xflv fsip(x) = x—; ,
2
[BrMm(T) = %, Jwy(z) = (\/5;1) ,
(z—1)
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For f € Fop, let f(0) = lim,_,o f(z). The regular function
and non-regular function are defined by

fgp:{f6f0p|f(0)7é0}7 fgp:{fefop‘f(o)zo}a

respectively. ~
Definition 1.4 ([25, 26, 27]) For f € F,,, f(z) is defined
by
f(=) ;{(IJrl)(xl)QJ{g))}, x> 0.
Example 1.2
~ ~ o -«
furv(@) = VE, fwvple) =
~ 2x
fsip(z) = T+l

Proposition 1.3 ([21, 25]) f — f is an one-to-one

correspondence between J, and ..

According to Kubo-Ando theory([28]), matrix mean my is
combined with operator monotone functions in the following
way.

For f € F,

my(A, B) = AY2f(A"Y2BATY/2)AL/2,

Then the monotone metric is defined as follows. For
n

p= Z il @i) (il € My, +.1(C),
=1
(X,Y); =Tr[X*ms(L,,R,)"'Y], X,Y € M,(C),

where

my(Ly, Ry) ™" = me M) Lisy (01 Rios) (6,1

2. Generalized Quasi-metric Adjusted
Skew Information

For g, f € F , the condition (A) is defined by .

Op’
2
, for some k > 0.

Then let

(1)
ST

Furthermore the condition (B) is defined by

Ai;(x) =g(z) — € Fop-

g(x) + Ag(fﬁ) > (f(x) for some £ > 0.
Definition 2.1 For X, Y € M, (C), A, B € M, +(C),
PP (XY) = k(La — Rp)X. (La — Rp)Y )

= kTr[X*(La— Rg)my(La,Rp)" " (La — Rp)Y]
=Tr[X*myg(La,RB)Y] — Tr[X*mAg (La,Rp)Y],

199 x) =18 x. x),

U (XY) = Tr(X"my(La, Rp)Y]

+ T?”[XV*’ITLA{7 (LA, RB)Y],

J(yf)( X) =

gf) \/I

].“Ef”};) (X,Y) is called a generalized quasi-metric adjusted

v (x, X),

correlation measure and I 1(49 ’g) (X) is called a generalized
quasi-metric adjusted skew information, respectively.

The folllowing results were given.

Theorem 2.1 ([29]) Under condition (A), we have (1), (2).

(1) For X,Y € M,(C),A,B € M, +(C), the following
product type uncertainty relations hold.

19900 19D ) > e (x,v))?
> LGP X4 Y) - 18 (X - )P

(2)For X,Y € M,(C), A, B € M, 4+(C), if condition (B)
is satisfied, then the following uncertainty relations hold.
@UYH (X) - UL () = kT [X*|La — Re|Y]

0)2¢
) U0 U ) = L0

DR v

Proof (1) Since the first inequality is proved in [19], the
second inequality has to be proved. Since

I95 (X £Y) = Tr[(X* £ Y")my(La, Rp)(X £ V)]

—Tr[(X* £ Y*)mA-Jqc (La, Rp)(X £Y)],

P X +Y) - I{ (X V)
= 2Tr[X*my(La,Rp)Y]+2TrY " my(La,Rp)X]
2T7"[X*mAf (LA, RB)Y] — 2TT[Y*mAf (LA7 RB)X}
= PP (X, Y) + 20 (V. X) = 4Re{TPf) (X, 7))}
Then
DX, Y)} +im{TYF (X,Y)}

'y (x,Y) = Re{r "},

= Z<I§f’,§><x +Y) 1P (X ~Y)
+im{T (X, 7).

Therefore

1
16(1(9 DX +v)

+(Im{TP L (X, v)})?

PR oy = — I (X - Y))

1
> — (19 (X +Y)

= 16 - ng,é‘) (X - Y))27
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(2) Since (a) is proved in [19], (b) has to be proved. By
Lemma 3.3 and Lemma 3.4 in [3],

m!](-r7y)2 - mAg(x,y)Q Z ké(l‘ - y)2

f(0)?

> ket (mg (@, y) — my (2,y)°.
Then
2¢
my(e.) + myg e.) = O (i 9) — gy a.0).
Hence
JER ) =3 mg i ) +mag i ) H(ei] Y1) 2

.7

2
> LOES™ g ()

F0)%€ (g,
= mg i iV Ty) P = == 17 (Y).
By the first inequality in (1),
PR (XY < 10800 - 10 (V)

<19 (x)-

Then

, Dy = O o
1P 1P o = L% p e

Similarly,
, , O 6.
TS @) 19 () = == TP ()P

So the proof is completed. O
Remark 2.1 f A=B=pe M, +1(C),g9 = fsp, f =
fwy, k= %, ¢ = 2, then the result of Luo [13] are given.

3. Sum Types of Uncertainty Relations

Theorem 3.1 For X,Y € M,(C),A,B € M, (C), the
following hold.

W IYH )+ 195 V) > - max{I¢) (X +Y),

1
2
199X -v))

@199 (0 + 19D () = max{\/ 19 (x + 1),

199 (x -y

VISP (X) + /185 (V) < 2max{\J10H (X + V),

VITH (x -y

Proof (1) Hilbert-Schmidt norm || - || satisfies

1
X1+ [y SUX Y +[1X =Y

%

1
7 max{]|X + Y% IIX - Y*}

Since Ij(f,’g) (X,X) is second power of Hilbert-Schmidt
Iy (x).

Then the result is obtained by substituting the above
inequality,

(2) The triangle inequality of general norm is applied for
1XI = /193 ().

(3) The following norm inequality is proved:

norm, | X|| =

XN+ Y] < [[X + Y[ + [ X =Y. 2
Since
1 1 1 1
IX] = 5 (X+¥)+ 5 (X =Y)I < SIX+Y | +5|X V]
and
1 1 1 1
IVl = 507 +X)+5 (0 =X < 5[V +X]+ 5[V = X],

the aimed result is given by adding two inequalities. O
Theorem 3.2 The following hold.

€)) IZ’Q (X)) is convex with respect to X, that is, for v, 8 >
0,a+p=1and X,Y € M,(C),

KX + 5Y) < oS0 00 + I ).

2) 11(4“77 ’é) (X)) is convex with respect to X, that is, for
a,0>0,a+p=1and X,Y € M,(C),

VISR @x +8Y) < 019 () + 819D (v).
Proof (1) Since

laX + BY||?

N

< (ol X[+ BIYIH?
= X7 + 208XV + B2V )%,

ol X7+ BIY[* — aX + 8Y|
ol X7+ BIYIP = o[ X1 — 208 X[V
BV = aB(IX] = IY])* > 0.

Y

Then [|aX + BY[|* < o X || + BIIY|1%.

(2) It is clear. g

Theorem 3.3 For {X;}¥,, {Yj}j\’:1 € M,(C),A,B €
M, +(C), if the condition X|L4 — Rp|Y; = 6;;C and the
condition (B) are satisfied, then the following hold.

N N
<1><ZU&%£><X»> S v ;) | = Nk,

i=1 j=1

2 (i \/U,&%?(Xi)) (i \/Ugg,g)(yj)) > NVEE|Tr[C]].

Proof (1) By Theorem ??(2)(a),

Ugd (x) - U8 (Y) = kITrXF|La — Re[Y]% )
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Then

N N

(ZU&%?(X») SULP W) | = Yo RATrIX]|La - RalY;)P

i=1 J=1 @,

= ) _kTr[s;C)P Zk€|Tr 1> = Nke|Tr[C])?.
1,j
(2)By (3)
VU (x) -\ JUSD (V) = NVEITr(XE LA — RplY;)]

Then the result is given by the same method as (1).

Theorem 3.4 For {X;}¥, € M,(C), A, B € M, ,(C) the followings hold.

2

N
1
WY 2 5 X WG+ X) -~ oy | X VI (G X)
i=1 1<7,<j<N i<j
N
(Z)Z 195 (X LYR (X + X;) - 190X + X;)
1<J 1<J
1 N N
f ;
> max N2 | 2= 11(4 )(X +X;)— Z 11(4(]73) (ZXZ)
1<J i=1 =1
1 N
O 7 | VIR X+ x) + VI - X)) | =3I )
i<j i<j i=1
(9.5) (v . ) (9.f)
ZQ(N— I B(XZ+X])+§ Iy (X
1 (9.9) (9.) S 0.f)
g, g, g,
(4)m IA,B (Xi-‘er) + ; IA,B (XZ-—Xj) < i:ZlIA’B (X;)
2
1
< szgg,’év)(Xz‘ X))+ o3 [ DL I(g’f) (X; + X;)
1<J 1<J

The following lemma is used in order to prove these inequalities. Lemma 3.1 is proved in Appendix.

Lemma 3.1 Let || - || be the Hilbert Schmidt norm in M,,(C), For {A;}., € M,,(C), the followings hold.

— D _llAi+ 4 ||<Z||A I

z<]

N
MDAl <
=1

N
@ 1Y Aill+ (N -2) ZHA > S 11A + 4]
=1

i<j

(3)72\\14 + 4l - 7”214 ||772||A + Ayl

i<j 1<j
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> max § o > [ Ai + Ay - ZIIA I IIZAH

'L<j
“4) ZHA +A||+Z||A Ayl <ZHA ||< Z||Ai+Aj||+Z||Ai—AjH
1<J 1<J 1<J i<j
O ZA 12+ (N —2) Z A% =" 1A + 451
i<j
2

N 1 1
(6)Z||Ai||2 SN ZHAi_Aj||2+ mZHAi‘FAJH

i—1 i<j i<j

2 2
N 1 1 1
2 > - ) ) - C_ A

(7);”1‘11” ZN N_1;||A2+AJ|| + N—lZ;HA’ Al

Lemma 3.1 Lemma 3.1 (4) is refined by the following.

N
1
N1 > max{||Ai + Ay 14 — A1} < D 1144

i<j i=1

IN

1 1 .
AN =) DA+ A+ 14— 4511 + ~_1 > min{|[ A, || A5}

1<J 1<J

Then Theorem 3.4 (3) is given by the stronger inequality

e S max 19 (64 X)) 19D (X - X0y < I8P (x)

Z<J 1<j
1 (9.1) (9.1)
< AN-TD) ;(\/IA,B (Xi + X5) + \/IA,B (Xi — Xj))
s Somin{y 199 (%), 179 (X))
1<j

Theorem 3.5 For {X;}., € M,,(C), A, B € M,, (C), the followings hold.

1/2

(g,f) (g f)
Iggé‘)(X + Xj;) \/I s )
_ \/I(gvﬁ X)I198 (X)) iRe{Ffﬁ’é)(Xqu)}

(UZ VILE (X)) < 5

N (9:5) (v )

) ZI(Q».f) (X) \/I(g ,f) )(X) IA,B (XZ = X]) 1
, 4.B Y ! (9,1) (9,f) (9,f)
Pt z<g VIED 1) o6) = re (T (. X))

)

Proof (1) For X,Y € M, (C),
IR X, Y) = (X,Y), \JIYH(X) = |X].

X; X; Re<X27X>
|-t = e, 14 SR )
Xl 11Xl X 1151

Then by the equality

90
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and Dunkl-Williams inequality

12Xl -+ 1]X51 <

N
Yolxill =
i=1

1
o S+ 10 <

2|1 X + X ||

Iy = el
Xl = X5l

REER

2
N1

Xi X;
is I = =l

(12X = X[/ 1

i<j
V2 3 1Xi + X
N —1 4~ Re(X;,X;
i<i 1+ TR
(2) By the equality
[ S R
12Xl 11X

and the second power of Dunkl-Williams inequality,

_ V2 >
) N =1 /IXi|lIX;] £ Re(X;, X;)

i<j

2{1i Re(Xq;,Xj)}

(12X 115

41X, + X2
X+ e s EES o),
Iy £ =yl

N

1 1 401X, + X2
DI e P R DR e DL I e varrik A L]
i=1 i<j i<j X0 = 15

1 2| X + X5 2 [ Xi + X512

= — A= 2 XX = —— > IXX; —1y.
N —1 Z 1iw H H” ]” N -1 Z” ”H ]” ||Xz||||XjHiR€<X“XJ>
i<j 12X 1511 t<J

Remark 3.2 Theorem 3.1 (3), Theorem 3.4 (3), (4) and
Theorem 3.5 (1), (2) are considered as the reverse inequalities
of sum types of uncertainty relations.

4. Result

The product types of uncertainty relations for generalized
quasi-metric adjusted skew informations are obtained in
Theorem 2.1. The sum types of uncertainty relations
for generalized quasi-metric adjusted skew informations are
obtained in Theorem 3.1, Theorem 3.2, Theorem 3.3 and
Theorem 3.4. The reverse inequalities of the sum types of
uncertainty relations are obtained in Theorem 3.5.

5. Discussion
Let A, B, g, f, k, £ be taken by the following examples;
A=B=pecM,;.:(C),9= fstpo,

f=fwyp, k= 110)

—,{=2.
27

Then product types of uncertainty relations for Wigner-

Yanase-Dyson skew informations are obtained. So the results
are most general in all of previous results. For sum types
of uncertainty relations for generalized quasi-metric addjusted
skew informations it is important to obtain different types of
uncertanty relations which modify the results obtained in this
paper. Though it is easy to calculate some fomulas in the
case of Hilbertian norms, it is difficult to do in the case of
general norms. Then the refinement of triangle inequality is
needed to give the new inequality. Also the reverse type of
triangle inequality is important to get the different type of
Dunkl-William inequality.

6. Conclution

All of results obtained in this paper are most general
inequalities representing product or sum types uncertainty
relations. Almost all of uncertainty relations obtained ago
are in the case of pure states and the results can be given by
simple version of our results. They are obtained as corollaries
of the main theorems in this paper by taking the values of
A, B, f,g,k, ¢ concletely. The product types of uncertainty
relations can be obtained by using Schwarz’s inequality and
the sum types of uncertainty relations can be obtained by using
refined properties of norms or square norms.
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Appendix

Proof of Lemma 3.1 (1) In general, for {zz}lzl NCR

Za?i = %(in+zxj) = %ZZ(% +7) = %QZ% + > (@ +z5)}

i=1 j=1 i=1 i#]
SR O IR ) SERENED SURSAIEE D DRRS. 5 e
i<j i>7 Z<j
Then
1) & 1
(-3)pm D
=1 1<J
Therefore
ol 1
2 mi= g )
=1 1<)
Letzi = HAZH’ 7= 1,2,"' ,N.
ZHAH 1Z:\AIIJrIIAH 712HA + A; |-
1<j 1<J
By summarized in both sides,
al 1
HZAi” = ||ﬁ Z(A + 4;)
=1 1<j Z<]

By combing the above two equalities, (1) is given.

(2) Itis clear by Hlawka’s inequality. ([30, 31])

N
1 .
N1 D A+ Ayl < DA in (D).

N
(3) Itisclear by || Y Aifl <

i=1 i<j i=1
(4) By (2),
(1Al + [ A 1] < (1A + A5l + (1A — A5l < 2(][Asl + [|44])-
Then
SOUAN+ 1451 < D014+ A5l + ) 1A= Al <2 (14l + 141D
i<j i<j i<j i<j
Since

ZHA = = D4l + [1450),

Z<J

ZHA + A+ 14— Al <ZHA I< 5= (ZHAﬁAjIHZIIAi—AjII).

1<j 1<j 1<j 1<j

(5) By [[Ai + Ajl* = (Ai + A;|A; + Aj) = [ Aill* + (AilA;) + (A4;]45) + [|43]]%,

N N
Do+ AP = N NANP+2) (Ail4y) + N Y [lA
i.j =1 5,J =1

92
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And N
SNA+ AP =4 AP +2) 114 + A%

] i=1 i<j

By combing the above two equalities,

N N
Do+ AP = (N =2) > AP+ 1D Al
i=1 i=1

1<j

(6) By the same equalities as (5),

N N
Do lA = A1 = N A 1) Al
i=1 i=1

1<j

Then

N N

1 1 1
Do = [ DA = AP DA ) < 5 | DA = AP+ | g Do A+ 4
i=1 1=1

i<j 1<J 1<j

=l

2 , 2
@) mZHAiiAjH > mZ”AiiAJ‘H

i<j i<j
That is,
2
2
A+ A2 > ————— A+ A;
i<j i<j
Hence
al 1
YA = s 4D A+ 417+ (14 — 4|
‘ 2(N-1) | &~ —
i=1 i<j 1<y
2 2
> S S Al 4 e A - 4
- N N-—14&" 07 N—-14&" 70
i<j 1<J
O
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