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ABSTRACT

In recent times, the interest from scientific and industrial community for the micrometric range has
observed an important growth. The advances in microelectronics or the research on microbiology are just
two examples of fields requiring technologies capable of assuring accurate displacements in that range.
The present work focuses on the mechanical and control design of a micrometer range positioning and
tracking platform using mathematical models. In a first phase, these models permit to identify the rela

tionship between the dynamic performance of the structure and the mechanical properties of the ele

ments that compose it. At the very beginning of the design, this information is used for the
development of the different parts of the platform. Afterwards, once an initial design is finished and
3D models are available, the design is refined using finite element tools. In parallel to the mechanical
design, the knowledge of the system embodied in the mathematical model is profited in the design of
a control strategy for tracking and positioning. The proposed control strategy combines a linear controller
based on differential flatness with a hysteresis compensator for correcting this nonlinear effect of the pie

zoelectric actuators. In the present paper, the mathematical derivation of the system model, its applica

tion to the design and validation of the platform and the final closed loop experimental evaluation are

described.

1. Introduction

This paper is focused on the design of a micrometer range posi
tioning and tracking platform with 3 degrees of freedom for metro
logical applications. This type of platforms has gained interest in the
last years because of the new requirements appeared in different
fields of industry, such as microelectronics or nanostructured coat
ings, and of the scientific research, such as microbiology, medicine
or material science, just to name a few. The design methodology de
scribed in the present paper shows the importance of simplified
mathematical models for both the mechanical and control design
of this sort of platforms. These models permit the designer to iden
tify the correspondence between the different components of the
device and its final performance in a quantitative way, while at
the same time are fundamental for the development of control strat
egies for obtaining the smoothest and most accurate response.

The kinematics of the designed platform follows the structure
described in [13]. This structure is based on a tripod and it uses a
combination of links and joints that improves its stiffness and com
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pactness. With respect to [13], the elements used in the present
paper have been adapted to the specific requirements and actuator
type of our application. Apart from this structure, the list of designs
in the bibliography is enormous and different approaches can be
found depending on the final application. Just considering the
number of degrees of freedom, we can find devices with 1 degrees
of freedom [11,12], with 2 degrees of freedom [15], with 3 degrees
of freedom [10,14], with 6 degrees of freedom [4,16] or other
combinations depending on specific applications.

Most of the examples mentioned above use flexure hinges as
joints between elements. These joints are based on deformable ele
ments which have a much lower stiffness in some degrees of free
dom with respect to the others. They assure low friction
movements, reduce backlash effects and have a linear behavior
in small displacements. Therefore, they are used in positioning sys
tems and other mechanical devices, like microgrippers [18]. The
design formulation of these elements can be found in recent pa
pers, like [22,23], or in reference books [19 21]. The design and
sizing of these elements must take into account both the stiffness
of the joint in the direction of interest, and in the other degrees of
freedom. For this reason, we present a methodology for defining
the stiffness of the flexures taking into consideration its effect on
the final performance of the platform using simplified static and
dynamic models.



The movement of the platform is obtained using piezoelectric
actuators. These devices are characterized by extremely high accu
racy and resolution in very short strokes. Their limited stroke is
overcome in the present project by using mechanical amplification.
Although piezoelectric actuators are extensively used in microme
ter range positioning devices, it is possible to find other ap
proaches, like DC linear motors [5], electrostatic actuators [6] or
Shape Memory Alloys [17].

As it happens with the kinematics of the positioning platforms,
the design of the control is mainly affected by the final application
and the characteristics of the device. In consequence, different ap
proaches can be found in the literature, like classical PID, backstep
ping [7], robust compliant control [8], differential flatness [9],
among others. A point to have into consideration is the hysteresis
present in piezoelectric actuators and which should be compen
sated for minimizing dynamic tracking errors in large stroke actua
tions. Typical examples of compensation techniques are inverse
models [25], neural controller [26], fuzzy controller [27] or high gain
feedback controllers with notch filters for avoiding instabilities [ 30].
In [31], the behavior variability in different regions caused by the
hysteresis phenomenon is compensated using robust H.. design
strategies. In repetitive applications, iterative control is also used
[29]. The present work combines a feedforward feedback strategy
designed using differential flatness [1 3], with a hysteresis com
pensator [28]. The former permits decoupling the 3 degrees of free
dom of the platform and simplifies the design procedure by usingan
equivalent trivial representation of the system dependent only on
the trajectory to follow, The latter linearizes the system behavior
by compensating the capacitance variation in the actuator caused
by the hysteresis. For this compensation, despite inverting previ
ously identified models, an on line sensor based estimator is used.

The description of the platform under analysis is presented in
Section 2. The mathematical model of the system appears in Sec
tion 3. This model is furtherly used in Section 4 for the design of
the control strategy. The experimental validation of the model
and the control strategy are the contents of Section 5. Finally, Sec
tion 6 contains the conclusions of the work. A summary of the
nomenclature is included in the Appendix A. Two more Appendices
B and C have been included for defining the coefficients obtained
during the derivation of the different models.

2. Three axis platform

Fig. 1(left) shows the designed platform. It is based on a tripod
with three actuation lines shifted 120°. It has three main degrees of
freedom: x and y axis rotation (6,, 8,), and elevation in a direction
perpendicular to the xy plane (z). A detail of one actuation line and
its elements appears in Fig. 1(right). Qualitatively, one actuation

line is composed of a horizontal beam between links P1 and P2, a
lever with a link P3 and a vertical pillar between joints P4 and
P5. Fig. 1 also shows the unions Pp1 and Pp2, where the piezoelec
tric actuator is placed. The actuator is responsible for generating a
horizontal displacement (é; ; in Fig. 1(right)), which is afterwards
transformed into a vertical movement x; in the pillar of the actua
tion line i using the lever (a, b or c in Fig. 1(left)). Taking into con
sideration the restriction of movement between the three
actuation lines once the upper platform is mounted, it can be as
sumed that the direction of movement x; of the actuation line is
perfectly vertical. This design presents an increased stiffness in tor
sional and horizontal displacements of the platform with respect to
the typical tripod because of the restricted degrees of freedom in
the flexures. In this connection, the flexures are normally designed
to work just in one direction. Only the flexures that link the upper
platform have 2 degrees of freedom for allowing the rotation of the
platform. Apart from that, the horizontal placement of the actuator
reduces the overall thickness of the device.

The piezoelectric actuators are APA 120ML from Cedrat Group.
These actuators use a cymbal structure for mechanically amplify
ing its movement, and are characterized by a great robustness to
tangential misalignments, This last point is of great interest taking
into account the tolerances in the manufacture of the different
parts of the platform.

For closing the control loop, the platform has the following
Sensors:

» Three accelerometers on the upper platform at the positions g, b
and c (Fig. 1). The complete device with the accelerometers used
for the experimental validation appears in Section 5.

 Strain sensors embedded in the piezoelectric actuators.

3. Mathematical model of the three axis platform

The design methodology described in this paper is based on the
generation of a mathematical description of the platform. In this
section this representation is derived in two consecutive steps:

e Mechanical level: a purely mechanical representation for relat
ing the stiffness of the different flexures with the global stiff
ness of the platform. This representation will be afterwards
used as reference for sizing the flexures and it is a very impor
tant help for the mechanical engineer. As any free mechanical
body, the upper platform has 6 degrees of freedom: three of
them, from now on principal degrees of freedom, correspond
to the controlled movements of the platform (z, 8,, 8,) and the
remaining ones, from now on restricted degrees of freedom,
correspond to the uncontrolled movements (x, y, 6).

ey

Fig. 1. Design of the system: (left) general view without the upper platform and (right) detail of one actuation line.



» Electromechanical level: the mechanical model is coupled with
the electrical command system by describing the actuator
behavior. This representation will be used for the design of
the control strategy.

3.1. Dynamic mechanical model in the principal degress of freedom

The displacement of the platform is a consequence of the verti
cal movement of the three actuation lines previously described
(Fig. 2). Therefore, the representation of the latters is the first step
for obtaining the complete dynamic mechanical model.

The complete coordinates of one actuation line i are defined by
the deformation values for the hinges and the bars (Figs. 1 and 3):
displacement (x;), deformation of the flexures (o;, 024 035 %44
us,;), deformation of the beam (61;) and deformation of the pillar
(83.;). However, all these variables are not independent and can
be geometrically coupled:

» The displacement x; (Fig. 3) is a result of the deformation in the
system:

b
X; 53,:"*‘551,1' (1)

» Assuming small displacements, the angles in the different joints
can be approached as:
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where the geometrical parameters f, t4, L, and L are defined in Figs.
2 and 3.

Consequently, the kinematics of an actuation line just requires
two generalized coordinates: é;; and 45 ;. The rest of the variables
can be expressed as function of these two.

From the point of view of the force and torque equilibrium at
the lever, the force externally applied F; and the force in the hori
zontal beam F;; can be related as:

1
Fi; E(Ffb + Kp 101 + Ky 20 i + Knatlai + Kpallai + kb,sﬂfs;') (3)

where it is clearly observed that the force exerted by the piezoelec
tric actuator F;; has to move the external load F; and the elastic

Fig. 2. Main elements and dimensions of one actuation line. The figure shows also
the principal rotation axis of the flexures -dashed line-.

deformation from the hinges. In this connection, the application
of an external force F; on the actuation line i causes a displacement
x; and increases the elastic energy stored in the line:

1 1 1 1
Fixi jkel(a‘l.r’ 5p.f:l2 + jke36§:f +§kb__l fxf_j T ikbzﬁél
1 1 ]
b jkbjfrij iy jkb..zi“i,j + jkbjtx%,i (4)

where k., and ks are the equivalent axial stiffness of beam and pil
lar, ky; is the bending stiffness of the flexure j in the turning direc
tion of Fig. 3 and &y, is the displacement caused by the piezoelectric
actuator,

Considering (1) and (2) and (4) can be expressed as:

b 1 1
F(Es,i + 651;‘) Ekn (014 5;1.1')2 4 Ekej. 5%__;
1 31
+ 3 (ko2 +Kb3 + Kba) T (5)

Given the energy state in (5), the effect of a small variation in s
results in:

F;
03 E (6)

which relates the deformation of the pillar §;; with the applied
force F.

A small variation of 6,; in (5), shows the relationship between
the applied force F; and the deformation of the beam &, ; which
is related with the rotation of the different flexures:

b dj
EF:' Ke1(81;  0pi) + (koa + ko3 + kb,‘i)ﬁ (7)
(7) can be expressed in terms of (3):
Fo
Sri  Opi k—lf 8)

This expression shows the deformation of the beam is a combi
nation of the deformation of the actuator &,; and its elastic com
pression because of the force F; ;.

Using (1), (8), (6) and (3), one actuation line can be represented
as an elastic element and a force actuator working in parallel:

Ff A2]A1 5P>f A2 lXi {g)

where A; and A> can be found in Appendix B.

Now it is easy to obtain the complete mechanical model, which
is expressed in terms of its global coordinates x = (z, 6, 6,)". These
last can be expressed in terms of the displacement of the three
actuation lines X, = (X5, Xy X.)' as:

x (1) e (10)

Tf € R3.3 is the geometrical transformation between the two bases
(Appendix A).

The force exerted by the three actuation lines fyp. = (Fg,Fp Fo)"
can also be expressed as global forces (F) and torques (I') on the
platformf = (F,,I',, I',)" assuming a conservative power conversion:

i 11

The dynamic equation is obtained by using the Lagrangian func
tion L expressed in the global coordinates and forces:

L TU 12)

In this expression, T is the kinetic energy:

T %mx 13)

where M € Rz is the inertia matrix.



Ly+83,

Fig. 3. Angles of actuation line i when the piezoelectric actuator changes its length.

U is the potential energy stored because of the deformation of
the actuation lines (9) and the stiffness of the links between the
actuation lines and the upper platform (D € R3,3):

1 1
U (1}1%2 1T}) X+ >X'Dx (14)
The derivation of the Lagrangian results in:
d oL oL .
FIK X C.x +TfA, 1A1Aabc foxt (15)

where the terms on the right are the non conservative forces:
C, € R3.5 is the viscous friction associated with the actuation lines,
A,'A; € Ra,1 is the effect of the piezoelectric actuator (9) expressed
in vector form with Agsc=(0pa,dp.p dpc) and Fexe € R3xq are the
forces and torques externally applied on the platform.

This expression can be written in a more intuitive way as:

k M'CGx M(TA'T +D)x+M 'TA, Al A
M fox (16)

Using (16), the state space representation of the mechanical
system is:

() A()+m() @)

where A,, € Rg.s and B,,, € R5..5.

(17) is used for estimating the mechanical resonance frequen
cies of the platform in the permitted degrees of freedom.

Two expressions must be derived because of its importance for
calculating the hysteresis compensator:

» Using (3) and (8) the force in the actuatori (Fy ;) can be obtained

ds!
Fii BiFi +Bax; (18)
» Using (9), (10) and (16), it is possible to obtain the value of f:
f Mx+CX+DXx+f, (19)

3.2. Static mechanical model in the restricted degress of freedom

Taking into consideration the relative position of the three actu
ation lines (Fig. 1) and the stiffness of every actuation line in the

movement.

Fig. 5. Displacement of actuation line i when pushed in its transversal direction of
movement.

longitudinal k' (Fig. 4) and transversal direction k' (Fig. 5), the
stiffness of the platform in the restricted degrees of freedom (dis

placement x k, , displacementy k, ,torsion ks, ) can be esti

mated as:

ke = K'(2 cos(n/6)) + K'(1 + 2 sin(n/6))

ky =~ kj"(l + 25sin(7/6)) + kf’(Zcos(n,.fﬁ)} (20
kyz ~ ki'(3sin(n/6)) + k(3 cos(m /6))

where K" and k' is the stiffness of a single actuation line in the lon
gitudinal (Fig. 4) and the transversal direction (Fig. 5).

Using a similar procedure to that used for obtaining the formula
(9), the expressions for k' and k” are obtained:
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Fig. 6. Diagram of the control strategy showing: Kg, the closed loop compensator in the flat coordinates; Tg, transformation between the flat states and the output voltage;

and HC is the hysteresis compensator.

» The stiffness in the longitudinal direction of movement (kfl)

assumes the following kinematical constraints between the
different coordinates (similarly as done with (2)):

Ol == 0
Fq;
Oz; = Ol3; ﬁm (21)
x s
s LL:

where x;; is the longitudinal displacement of the actuation line
(Fig. 4). In this case, the force applied in the structure causes the
turning of the pillar and, as a consequence of this effect, the torque
appearing in the lever is balanced by a slight force in the beamand a
rotation in the lever. The obtained equivalent stiffness calculated as
Fiifx; is:
kd kpakns + (Kpa + ko s) (Kp2 + Kps + ke ) l
. kpa(ls aa)+ Ls(kps +Kkps + k) L3

wherea L, a(Fig 2)

e The same procedure is used for obtaining k', In this case, the
deformation of the system is more complex than before because
the force applied results in both a torsion (o,3) and a rotation
(otp23) of the lever (Fig. 5). The geometrical assumptions are:

(22)
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Fig. 7. Roots of the error dynamics (35).

Table 1

Roots of the error dynamics.
-12,694 -12,696 -12,698 —-9+1227i —-8+1162i
—7+1075i —200 —200 —200 -

where a; is the torsion of flexure j in the actuation line i and o5 j;
is the rotation of flexure j in the actuation line i in a rotation axis
perpendicular to the torsion one and to the principal one in Fig. 2
(see Fig. 5). The stiffness related with these angles are k.; and kpp ;.
The obtained expression for Fejfx; is:

(Kb25 + ki2.4G4)G7 + Kb2.4Gs

K
(Kb25 + Kb2.4Ga)Gs  Kp24Gs

t I3

(24)
where the values G; appear in Appendix C.

3.3. Electromechanical model of the platform

The representation (17) is extended to take into account the
electromechanical coupling caused by the piezoelectric actuator.
From an electrical point of view, the actuator is represented with
a capacitor C, whose value changes due to hysteresis, a resistance
R, from the actuator to the amplifier, and a voltage source depen
dent on the mechanical load F;; (direct piezoelectric effect) [24]:

Vi Re‘?ﬁ'% QpeFyj (25)

with V; the voltage applied to the actuator, g; the charge in the
capacitor C and ap;; the transformation factor of the piezoelectric
actuator.

Due to the indirect piezoelectric effect, the displacement of the
actuator dp; is proportional to the charge:

5p.r' ﬂpzr‘;'f {25)

Now, the system representation can be done using the voltage
input in the three actuation lines v, and including the charge in
the three capacitors as a new state of the system q = (g, qsq.)".
The obtained system using a mean value Cin place of C is:

X 035 133 0355 X 03,3
X H, H: H; X |+ ]| 053 |V AcXs+ By
q Hy Hs Hg q H;

(27)

with Ag € Roxo, Bss € Rav3, Xss € Roq and vy € Ra 1. The Appendix B
shows the detail of the terms in the model

Due to the low value of f,, in the application, this term has been
neglected in (27).

System (27), which is controllable, and the compensation of C
are the basis of the control strategy.



Fig. 8. Flow chart describing the sizing procedure based on the theoretical
expressions obtained in Section 3.

4. Model-based control of the system

In this section the control strategy implemented in the system
is described. This strategy takes advantage of the model presented
in previous section and shows the highly simplification that results
in the design of the controller. The control design presented in this
section is based on the differential flatness in (27) [9] and on a hys
teresis compensator that linearizes the behavior of the actuators by
compensating the variations in the capacitor value C' (Fig. 6).

4.1. Differential flatness

Differential flatness is a property of a system which permits to
express its states X € R,..1 and inputs u € Ry.; in terms of the so
called flat outputs y € R .1 and a finite number of their derivatives
[1 3].

For linear systems, every controllable linear system is flat [3]. In
the case of (27), the position vector x is the flat output y € R, ; and
the equivalence between the original and the flat representation
can be expressed by means of the following diffeomorphism:

« In one direction:
Xy
X y (28)
q H'(§ Hy Hy)

e In the other direction:

y X
y X (29)
j H;x Hx H 3q

The input control can also be described in terms of the flat
outputs:

Vi Tp(®,§.9.y) H?1H3’0+( H71H31H2+H71H5H31)§
+( H,'H,'H, H?1H5+H71H5H3’H2)3‘!

+( H?1H4+H71H5H3’H1)y

K @ + KV + Kinz¥ + Kpay (30)

with K; € R3,.3 fori=1,2, 3, 4, Using (28) and ( 30), the system (27)
transformed into the new variables has the trivial shape:

y ® (31)

with @ € R;; the input of the system.

4.2, Control strategy

Fig. 6 shows the control strategy implemented in the position
ing platform. It is based on two elements:

 Flatness based control: the control command in terms of volt
age is:

Vi Vif+Vim (32)
where vy g is the theoretical command for following the trajectory
Vrer calculated with (30), and vy 4 is a compensator feedback term
(v1) for attenuating the effect of perturbations:

Vigr Km‘ly:ef + Kst-’rEf o Km3§ref T Km‘lyn?f

i - (33)
In the expressions above, e =y,,s ¥, and K,; are obtained from (30)
fori=1,2 3,4
Using (30), v1 can be expressed in terms of the flat input as:

®  Yog + Ky + K (Kol + KK + KoKy
5 f edt) + K, (Kb + Kusé + Knse) (34)

By substituting (34) into (31), the error dynamics is obtained:

Kt € + (Kt K + Km2) € + (Km2Kp + Ko )@
+ (Km3Kp + KM)E+Kml91f9df 0;.3

(Km$® + Km28® + Kn3s + Kma)
x (I3.35 + Kg)E(S) 03,3 (35)

With Kg a diagonal matrix, I35 the identity matrix and E(s) the La
place transform of the error vector. As observed in the Fig. 7, the
dynamics are governed by complex roots related with low damped
mechanical poles of the structure (resonance of the three main de
grees of freedom), by fast real roots defined by the electrical dynam
ics of the piezoelectric actuators, and by lower real roots at 200
fixed by the compensation term Ky. The latter is the one adjusted
for obtaining the desired closed loop response of the system. The
detail of the root values can be found in the Table 1.

The selected controller is easy to adjust in the real platform because
only the three diagonal elements in Kg should be tuned, and each of
them corresponds with a single degree of freedom. This control
strategy also avoids the instability problems that are common when
trying to place all the poles of the error dynamics by using state
feedback in the flat representation. As observed in the Fig. 7 the
mechanical poles are very low damped, and slight errors in its iden
tification, or the presence of higher order unmodelled dynamics
from the intermediate masses and the restricted degrees of freedom
results in unstable behaviors.

» Hysteresis compensator: the system described in (27) does not
explicitly considers the effect of hysteresis. However, piezoelec
tric actuators suffer from this phenomenon which affects the
performance of the actuator modifying its response with
respect to the input voltage. In (25) this variation is reflected
in the changing value of C'. The method proposed in the present
paper uses a hysteresis compensation for the variation in C' of
the shape [28]:

1 1
Vi Vo4 Vi v‘Li""Qi(E E) (36)

With V; the voltage applied in the compensator i, and V1; the voltage
applied according to the linear control strategy (30) (Fig. 6).
When included this compensation in (25), the nonlinear term q/C is
substituted by the linear one g/C.
For applying this compensator, it is necessary to online estimate the
variables in (36):
The charge q;: an estimation of the charge is obtained by using
the mechanical equivalence of a piezoelectric actuator with a
spring of constant k, [24]:



Table 2
Bending and axial stiffness of the flexures.

Flexure 1 2 3 4 5
ky(Nmjrad) 1047 104.7 209.4 1107 1058

kip (Nmjrad) 2684 272.7 12514 46032 1137

k: (Nm/rad) 53869 132399 329916 12770 4726

ke (N/m) 177 1.8¢7 1.0e8 25¢7 2567

Fii Kp(Bpi 01i)  Kp(GpzG; +014)
1
—=q ——( Fi; Kkidqy) (37)

KpQpz

In (37) F,; is estimated using (18). The displacement x; is obtained
from the strain gauges embedded 4, ; in the actuators and the lever
relationship bja. F; is calculated from (19) and the geometrical rela
tionship (11). The values in acceleration and speed can be obtained
from the accelererometers mounted on the platform and again from
the embedded strain gauges.

The estimation of the voltage drop in the capacitor is based on
(25):

(%) ~ Vi + Py (38)

In this expression, the voltage at the resistance R, is neglected, and
the value V{t) is substituted by the one from previous iteration
V{t ot), so that the algebraic loop is avoided. This is a logical
assumption, taking into account that the sample time 4t is much
shorter than the response time of the system.

Including (37) and (38) into (36), and using (18), (1), (10) and (19)
the following expression is obtained:

Vie V4 KXo + KpoXape + Kps Ay (39)
where v, € Rz..q, Kpie Ry s fori=1, 2, 3.

1 1 T .
Kict (""“kpc:a,ﬂ) B,T,'M(T})

1' 1 T :
Kicz (apzz + m) B'le , 8 (Tf)

Ko (o) (BT'D(T) ' +B) 5+t
(40)

All the variables required for calculating (39) can be directly
measured and therefore used for obtaining the estimated value.
As the voltage has a negative gain with respect to x, terms Ky,
Kjc2 and Kp5 behave as a acceleration, velocity and position feed
back, respectively.

Fig. 10. Bench used for the identification of the platform.

5. Experimental results

Previous sections were focused on the design of the system
from a theoretical point of view. In this section, we prove the valid
ity of the approach by describing:

e The methodology for the sizing of the flexures.
« The methodology for the system identification.
e The validation of the control strategy.

5.1. Methodology for the sizing of the flexures

The sizing of the different flexures is arranged with two
requirements:

= Resonance frequency of the platform in the principal directions
of movement above 100 Hz and lower than the resonance fre
quency in the restricted directions of movement. This condition
limits the lowest values for the stiffness of the flexures,

» The reduction in the piezoelectric stroke due to the stiffness of
the system below 20%. This condition limits the highest stiff
ness of the flexures, because the higher it is, the higher the load
in the actuator and the lower its stroke, This effect is furtherly
used during the system identification.

Fig. 8 shows the way the mathematical models derived so far
are used for sizing the flexures:

1. Initially, the two requirements above are converted into local
stiffness of each flexure by using the derived mathematical
models: the terms in (17) relate the stiffness of the flexures that

Fig. 9. How chart describing the validation procedure of the manufactured platform.



Fig. 11. Modal results obtained using OMA: first mode (top); second mode (bottom left); and third mode (bottom right). The dotted line represents the reference position.

Table 3
Resonant frequencies.
Mode OMA Mechanical model (17)
1 186 185
2 200 202
3 214 21

affect the resonance frequency of the platform in the three main
degrees of freedom (z, 0, and 8,); expressions (20), (22) and (24)
describe the effect of the stiffness of the flexures in the
restricted degrees of freedom (x, y and 6,). Using these simpli
fied mathematical expressions, the desired stiffness of the flex
ures is fixed and communicated to the mechanical engineer for
the flexure sizing.

2. This initial stiffness value is used for sizing the flexures (height,
thickness, material). This is done using bibliographical refer
ences like [19 21], and finite element models of single flexures.
During this process commonly arises the necessity to update
the initial stiffness obtained in the previous phase. In those
cases, the simplified expressions (17), (20), (22) and (24) are
used for evaluating the effect caused by the modifications.

3. Finally, the complete design is validated using FEM software.
Like before, several design loops are not unusual in this phase.

The final stiffness of each flexure appears in the Table 2.
5.2. Methodology for the system identification

The control strategy described in Section 4 depends on param
eters affected by geometrical and stiffness values (30). In conse
quence, prior to the implementation of the controller, the
manufactured platform is identified and validated in four consecu
tive steps (Fig. 9), so that the results permit a fine tuning of the
parameters:

1. Geometrical validation: all parts are completely measured
according to the drawings. Apart from that, given its impor
tance, the lever effect is also evaluated using the bench in
Fig. 10. By comparing the displacement &,; measured in the
strain gauge and the displacement x; measured by an inductive
sensor, the lever relation is obtained as (1) and (6):

b xi
= 5_1; (41)

2. Validation of the stiffness of a single actuation line: using the
bench in Fig. 10, the stiffness of one actuation line can be esti
mated by comparing the displacement of the actuator before
(dp,) and after (5;,) installing it in the line. This can be done,
because the deformation of the actuator in presence of an exter
nal spring load varies from that obtained in free conditions
when the same voltage is applied. Using (8), the following rela
tionship between the stiffness values is obtained:

Kozt ozt ks kad? (EL) (42)

With this method, the most important stiffness values can be exper
imentally obtained. The bending stiffness in flexure 5 is not so
important given the low rotation they suffer.

3. Validation of the stiffness of the complete system: comparison
of the estimated frequency responses in the theoretical model
and the experimentally obtained. The obtained modes are
depicted in Fig. 11: the first one corresponds with a rotation
in the y axis; the second one, with a rotation in the x axis;
and the third one with a displacement in z axis. For obtaining
them, Operational Modal Analysis (OMA) is used. This method
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Fig. 12. Open loop positioning performance of the system.
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Fig. 14. Behavior of the control strategy in tracking applications without hysteresis compensation.

is a pure mechanical experiment based on exciting the structure
with mechanically induced friction. The response of the system
is measured using accelerometers. A summary of the obtained
results are in Table 3.

For the validation of the stiffness values, the OMA test is
arranged in short drcuit conditions, because of the influence
of the electric charge in the effective stiffness in the actuator
(37) and the variation of the charge depending on the voltage
at the terminals of the actuator (25).

At higher frequencies, resonances related with the intermediate
elements and with the upper platform appear (restricted
degrees of freedom). These effects should be taken into account
in the model used for control, if higher frequency ranges were
intended to be reached.

. Open loop evaluation: the displacement predicted by the model
and the experimental one are compared in an open loop test.

Fig. 12 shows the behavior of the system, if it is excited with
the theoretical voltage calculated using (30). As observed, the
matching is good at low displacement level in the first part of
the test, but the results get poorer when displacement level
increases and the direction of movement changes because of
the nonlinear hysteresis phenomenon.

5.3. Positioning and tracking performance

Once the manufactured platform is identified following the pre
vious procedure, the obtained results are used for fixing the values
of the diffeomorphism parameters K1, Kpz, Kz and K,y from the
control law (30). Once fixed, the compensator Kg is checked in the
real platform and tuned for obtaining the desired behavior.

The implementation of the control rests on the following
elements:
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o The strain gauges embedded in the actuators are used for esti
marting the position of the upper platform y, and the accelerom
eters are used for estimating y, and its integration y. (10)
permits transforming from the local measured values to the
required global coordinates.

e dSpace DS1103 © control board has been used for the imple
mentation of the control strategy and the sensor acquisition,

Figs. 13 15 show the behavior of the proposed control strategy
and the effect of the hysteresis compensator. Two different tests
have been done:

e Static positioning: a pyramid like reference signal is used for
evaluating the capability of the system for positioning itself at
a desired reference position (see Figs. 12 and 13). For fulfilling
the continuity restriction required for the reference trajectory
according to the flatness based controller, the steps are
obtained by using hyperbolic functions:

Xef  Agan(1+tanh(i(t  to))) (43)

with Again, the amplitude of the signal, 4 the slope of the step, and to
the time shift used for starting the steps at different times.

Fig. 12 shows the limitation of using an open loop control. As ob
served, the system is capable of performing steps of the required
size, but the hysteresis effect and model uncertainties burden its
performance, For this reason, it is necessary to include the hystere
sis compensator and the closed loop controller.

Fig. 13 shows the response of the system in closed loop conditions
when the reference signals are used. The system response matches
the reference trajectory with errors below 18 nm in elevation, and
0.21 prad in rotation.

» Tracking of a random signal: the reference signals are obtained
using an uniformly distributed random signal with a frequency
content limited by a continuous filter. In tracking applications,
the hysteresis compensator highly improves the system
response. This can be observed in Figs. 14 and 15. The first
one shows the system response in absence of the compensator,
and the second the improvement obtained by including the hys
teresis compensator. In the first case, the system cannot react at
the required speed.

A more graphical description of the effect of the hysteresis com
pensator appears in Fig. 16, As observed, the error increases
with frequency in the absence of the compensator.

6. Conclusions

The present work shows the methodology followed for the de
sign of a three axis platform. This platform is specially intended for
positioning and tracking applications in combination with a metro
logical device to be placed on it. With respect to previous
approaches, the present work proposes a fully theoretical model
of the system, which clearly shows the effect of the different
elements in the behavior of the system (geometry and hinge
stiffness), This model is used as a basis for sizing the flexures by
relating its stiffness to the requirements of the platform in its
6 degrees of freedom.

The same model is used for designing a control strategy
applying differential flatness. As the system is controllable, its
states and inputs can be directly expressed in terms of the flat
outputs, which in this case correspond with the trajectory to fol
low. As a consequence of this property: the obtainment of the



open loop feedforward command is straightforward using the
diffeomorphism between the original system and its flat repre
sentation; at the same time, the closed loop control can be de
signed in a decoupled way using the flat representation. Apart
from that, the closed loop control used in this application de
pends on a single parameter, which has been of great importance
during the tuning process of the controller in the real system. It
is also more robust to modeling errors than the classical state
feedback normally used in flat controls. The only restrictions of
the proposed control are: continuity of the reference signal up
to the third derivative, and frequency content of the signal in
the range of validation of the model (it only contemplates the
first three resonance frequencies).

The previous control design can be done using a linear ap
proach thanks to the introduction of a hysteresis compensator.
This last linearizes the behavior of the system by compensating
the effect of hysteresis, which has an important impact on the
system performance during fast tracking applications (20 Hz).
This is the first time this compensation method is used in track
ing applications (it was previously used in active vibration con
trol systems), but after adapting it to the case under study, it
has properly worked showing an important improvement in the
system behavior.
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Appendix A. Nomenclature

Stiffness in the different flexures.

X main degrees of freedom (z, 0y, 0,) [m, rad, rad]

Xape displacement of the actuation lines (xq4, Xp, Xc) [m]

X displacement of the actuation line i in the longitudinal
direction (Fig. 4) [m]

Xei displacement of the actuation line i in the transversal
direction (Fig. 4) [m]

i angle of the joint j in its preferred direction in the

actuation line i (dotted lines in Fig. 2) [rad]

og;  torsion angle of the joint j in the actuation line i [rad]

angle of the joint j in the third rotation direction in the

actuation line i [rad]

dj; deformation of the segment L; in actuation line i [m]

Agpe displacement of a piezoelectric actuator without
external loads in the three actuation lines (,,4,0p.5 0p.c)
[m, m, m]

Aq deformation of the horizontal beam in the three
actuation lines (61,4, 916, 61,c) [m, m, m]

f...  external forces and torques affecting the upper
platform (FZ,(-?XD Fx,exty Fy,ex[) [N, va Nm]

f forces affecting the actuation lines because of the upper
platform (F,, I'x,I'y) [N, Nm, Nm]

f.,c forces at the top of the actuation lines (Fg, Fy, F¢) [N, N,

b2,

N]
F,;  force in segment 1 of the actuation line i [N]
Fii force of the actuation line i in the longitudinal direction

(Fig. 4) [N]

ka,i
kbj

kt,i
kpa,i

kbz

al
k

al
k;
kS,xy

l(b5

Kos

G
Apze

\'4

Vi
Vhe
Vig
Vi /b
di
Re
C/
C

force of the actuation line i in the transversal direction
(Fig. 4) [N]

length of the bar i [m]

length of the bar 1 in section j (1: from P1 to Pp1; 2:
from Pp1 to Pp2; 3: from Pp2 to P2) (Fig. 2) [m]
distance from the center of the platform to the
actuation points a, b and ¢ [m]

transformation matrix between the local and global

1 1 1
coordinates ( 0 rcos(m/6) rcos(n/G))

r rsin(n/6) rsin(w/6)
axial stiffness of the flexure i [N/m]
rotation stiffness of the flexure i in the direction
described in Fig. 3 [Nm/rad]
torsional stiffness of the flexure i [Nm/rad]
rotation stiffness of the flexure i in the third rotation
direction [Nm/rad]
axial stiffness of the piezoelectric actuator [N/m]
stiffness of the platform in the restricted degree of
freedom x [N/m]
stiffness of the platform in the restricted degree of
freedom y [N/m]
torsion stiffness of the platform x [Nm/rad]
stiffness of an actuation line in the permitted direction
[Nm/m]
stiffness of an actuation line in the restricted direction
[Nm/m]
coupled stiffness between longitudinal and transversal
direction in the flexure 5 [Nm/rad]

stiffness matrix < ,fb's ks xy )

5.xy kb2,5
ks 0 O
stiffness matrix [ 0 Kkps O
0 0 Kk
cos(m/3) cos(1t/6)
sin(w/3)  sin(m/6)
. . cos(m/3) cos(7/6)
transformation matrix sin(7/3) sin(7/6)
1 0
0 1

inertia matrix of the platform [kg, kg m?, kg m?]

M 0 0
0 J, 0
00 J

stiffness matrix related with the angular movement of
0 01,2

the platform < 0.1 Tgsl(otSTaS )

viscous friction coefficient matrix associated with the

actuation lines

electromechanical transformation factor of the

piezoelectric actuator [m/C]

voltage applied V; fori=aq, b, c [V]

flatness based control command V,; fori=a, b, c [V]

hysteresis compensation voltage Vj; fori=a, b, c [V]

feedforward term in the flatness based control [V]

feedback term in the flatness based control [V]

charge in the piezoelectric capacitor i [C]

electric resistance from amplifier to actuator [Q]

capacitance of the actuator [Q]

mean value of the capacitance of the actuator [Q]

The geometrical parameters (t4, 8,t2,a,b,L,,L;) appear in Figs. 2

and 3.



Appendix B. Coefficients of the electromechanical model

The terms of the electromechanical model are listed below:
Ho aBT,'
1
Hi  (AT,'M) (1] +AT,'D)

H, (AT,'M) ‘AT, 'C,

1 1
H; (Asz M) Aiay (B.1)
H; R,'(@,;B,T{ + HoD HoMH;)
Hs R,'( HoMH, +H,C,)
Hs R,'( C' HoMHs)
H; R,'
where
ket equivalent axial stiffness of the beam (Fig. 2):
-1
(&+es+)
ke3 equivalent axial stiffness of the pillar (Fig. 2):
-1
(et + i)
Aq variation gain of x; because of é,; [ ]
keyab
kelﬂz+(kb.2]ikh,3+kb.4)
A variation gain of x; because of F; [m/N]
1 b’
(’?3 + kela3+(kb‘,12+kb,3 +kb.4)>
B4 variation gain of F; because of F[ |
bt sz (koo + kp3 +kpa)
a " Dkesa 2 b3 b4
B, variation gain of F; because of x [N/m]

b]—a (kb?z +ky3 + kb,4)

A4, Ay, By, By, R,, C and a,, are diagonal matrices with the terms
in the diagonal equal to the scalar value of the same name.

Appendix C. Coefficients of k!

The terms of (24) are defined below (for clarity reason, subindex
i for the actuation line is eliminated):

Go= k[.pl kLpZ keoa
kr.pl kapz ko + ke kt.kaLZ +ki1 ktm kea+ ke kt.p] kt,pZ

2 (Lia+lis)? L

G=—+—0— =
! k2.1 kp2 p1 k2 po
Ly  Lia+Liz, Liz
G=—+—""="
’ kb2 1 ka‘pl ka.pZ
Gt 4 1+ 1 1
> kb2 1 kbz.m ka‘pZ k22
1 L
Gi=gg <Gza+§(kb2_3 0.5k.4) ((;5 G G;))
1
G5 :m(ksz OSkr‘;)( G%+G1Gg>
b /.,
Go=cg (6 6G)
c % (kb2‘3 0.5]&4) +Gs <kb2_4 + kt‘g + kt.l Go +§)
=
Ga(kiza+kia+kiaGo+ &) Zh(kios 05kea)ls ks kaGo £
c b?:%—"a Gs (kb2‘4 +kes+ke1Go +g—21>
5=

Ga(kina+kia+kiaGo+ &) Zh(kios 05kea)ls ks kuGo &
(1)
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