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Abstract

The Turdn function ex(n, F') denotes the maximal number of edges in an F-free
graph on n vertices. We consider the function hg(n,q), the minimal number
of copies of F in a graph on n vertices with ex(n, F) + ¢ edges. The value of
hr(n,q) has been extensively studied when F' is bipartite or colour-critical. In
this paper we investigate the simplest remaining graph F', namely, two triangles
sharing a vertex, and establish the asymptotic value of hr(n, q) for ¢ = o(n?).

1. Introduction

The Turdn function ex(n, F') of a graph F' is the maximum number of edges
in an F-free graph on n vertices. In 1907, Mantel [19] proved that ex(n, K3) =
|n?/4], where K, denotes the complete graph on 7 vertices. The fundamental
paper of Turdn [32] solved this extremal problem for cliques: the Turdn graph
T-(n), the complete r-partite graph on n vertices with parts of size |n/r| or
[n/r], is the unique maximum K, 1-free graph on n vertices. Thus the Turdn
function satisfies ex(n, K,11) = |E(T-(n))|.

Stated in the contrapositive, this implies that a graph with ex(n, K1) + 1
edges (where, by default, n denotes the number of vertices) contains at least
one copy of K, 1. Rademacher (1941, unpublished) showed that a graph with
|n2/4] 4+ 1 edges contains not just one but at least |n/2] copies of a triangle.
This is perhaps the first result in the so-called “theory of supersaturated graphs”
that focuses on the supersaturation function

hr(n,q) = min{#F(H) : |[V(H)| = n,[E(H)| = ex(n, F) + q},

the minimum number of F-subgraphs in a graph H on n vertices and ex(n, F')+q
edges. (We say that G is a subgraph of H if V(G) C V(H) and E(G) C E(H);
we call G an F'-subgraph if it is isomorphic to F'.)
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One possible construction for graphs with the minimal number of copies of
F is to add some ¢ edges to a maximum F-free graph. Denote by tr(n,q)
the smallest number of F-subgraphs that can be achieved this way. Clearly,
hr(n,q) < tp(n,q). In fact, this bound is sharp for cliques, when ¢ is small.
Erdés [4] extended Rademacher’s result by showing that hx,(n,q) = tk,(n,q) =
q|n/2] for ¢ < 3. Later, he [5] showed that there exists some small constant
ek, > 0such that hg, (n,q) = tk, (n,q) for all ¢ < ek, n. Lovész and Simonovits
[1I°7, 18] found the best possible value of e, as n — oo, settling a long-standing
conjecture of Erdés [4]. In fact, the second paper [I8] completely solved the
hg, (n,q)-problem when q¢ = o(n?). The case ¢ = Q(n?) of the supersaturation
problem for cliques has been actively studied and proved notoriously difficult.
Only recently was an asymptotic solution found: by Razborov [25] for K3 (see
also Fisher []]), by Nikiforov [22] for K4, and by Reiher [20] for general K.

The supersaturation problem was also considered for general graphs F. If
F is bipartite, then there is a beautiful (and still open) conjecture of Erdds—
Simonovits (see [30]) and Sidorenko [28] whose positive solution would determine
hr(n, q) asymptotically for ¢ = Q(n?). We refer the reader to some recent papers
on the topic, [2} 0T}, 13} 16 B1], that contain many references.

For non-bipartite F', the value of hr(n,q) has also been considered for gen-
eral colour-critical graphs. A graph is called r-(colour)-critical if its chromatic
number is 7 + 1 while the removal of some edge from the graph reduces its chro-
matic number. Simonovits [29] established that if F' is r-critical, then the unique
maximal F-free graph is T, (n). Pikhurko and Yilma [24] extending the results of
Mubayi [2] established that, similarly to cliques, for every colour-critical graph
F there exists ep > 0 such that when ¢ < epn, we have hp(n,q) = tr(n,q). In
addition, they established the asymptotic size of hr(n,q) when ¢ = o(n?).

As far as we know, the supersaturation problem has not been considered
for graphs which have chromatic number at least 3 and are not colour-critical,
apart from some general (and rather weak) bounds by Erdés and Simonovits [3].
In this paper, we investigate a ‘simplest’ such graph, namely the bowtie which
consists of two copies of K3 merged at a vertex. We refer to this vertex as the
central vertex of the bowtie.

Despite the simple nature of the bowtie, bowtie-free graphs have been crucial
in several areas, such as in countable universal graphs [I [14], in Ramsey theory
[12] and Hrushovski property [7], etc.

From this point on F' denotes the bowtie and we will assume that
n is sufficiently large. The main contribution of this paper is twofold. First
we establish that when ¢ = o(n?) any graph on n vertices and ex(n, F') +¢ edges
with minimal number of copies of F' contains the Turdn graph 75(n). Based on
this we establish the asymptotic value of hr(n, q) when ¢ = o(n?).

2. Main results

The Turén function of the bowtie F' is known, namely ex(n, F') = |n?/4| +1
for n > 5. In addition, the extremal graphs are also known, each being T5(n)



with an arbitrary edge added. (This is apparently a folklore result; the easiest
proof known to us proceeds by removing a vertex of minimum degree and using
induction on n.) When n is odd, this leads to two non-isomorphic versions of
the extremal graph. Our first result shows that, when n is large enough and
q = o(n?), the only way to construct a graph containing as few bowties as
possible is to add edges to Ta(n).

Theorem 1. There is & > 0 such that every graph H with n > 1/6 wvertices,
ex(n, F) +q < (1/4 + 6)n? edges and hr(n,q) copies of the bowtie F contains
T>(n) as a subgraph.

Theorem [1] implies that tg(n,q) = hr(n,q) when ¢ = o(n?). Once this
structural property of the graph has been established, we deduce the asymptotic
number of bowties present.

Theorem 2. For every ¢ > 0 there is § > 0 such that for all natural numbers
n > 1/6 and q < dn? the following holds. If we write 2(q + 1) = dn + m for
d,m €N with 0 <m < n and set

d in{m,n/2
61:{n_’_mm{mn/}

1 5 J and ey =q+1—eq,

then

hi(n,q) = (1 ic)g K?) + (?) —I—m(d; 1)’; +(n—m) (g)g —1—46162} .

Note that if n — 0o and ¢/n — oo in Theorem 2} then d+1 = (1+0(1))d =
(14+0(1))2g/n and ey, e = (1 4 0(1))q/2, resulting in a simpler formula

hr(n.q) = (1+ (1)) Sa%n.

Proof outline of Theorems[1] and [

We start by showing an upper bound on hg(n,q). This can be achieved
by counting the number of bowties in an arbitrary graph on n vertices with
ex(n,F) 4+ q edges (Lemma [4)). Therefore the number of bowties in any ex-
tremal graph H is small and the Graph Removal Lemma (Theorem [5)) allows
us to conclude that H can be made bowtie-free by removing a small number of
edges. In addition, since the chromatic number of the bowtie is 3, the Erdds-
Simonovits Stability Theorem (Theorem @ implies that the vertex set of the
obtained bowtie-free graph can be partitioned into two sets, V; and V5, such
that almost |E(T2(n))| edges are present between the two parts. Therefore the
original graph H also has almost all edges between V; and V5 (Lemma .

The key step is to establish that every edge between V; and V5 is present
(Proposition . In order to achieve this we need to determine the number of
bowties containing a given edge and the number of bowties created by inserting
an edge. In particular we need to compare the number of bowties containing



an edge in V7 or V5 and the number of bowties created by inserting an edge
between V7 and V5. When the number of edges spanned by V; and V5 is small,
the number of bowties has to be counted very precisely in order to determine
which is smaller (Lemma . On the other hand, when the number of edges
spanned by Vi and V5, is large, a simpler and less accurate estimate suffices
(Lemma [15)). In both cases there is an edge in V; or V, which is contained in
more bowties than the number of bowties the insertion of any edge between V;
and V5 would create. Since H is minimal, with respect to the number of copies
of bowties, every edge between V; and V5, must be present.

Let us ignore the triangles spanned by Vi and V5 for the moment, later we
will see that no such triangles exist in any extremal graph (Lemma . We
shall express the number of bowties using an explicit formula. A bowtie can be
formed in three different ways (see Figure. Since we ignore triangles spanned
by V4 and V3, any triangle in the graph contains exactly one edge spanned
by Vi or V4. As a bowtie consists of two triangles, it must have exactly two
edges spanned by Vi or V5. We distinguish the following cases, depending on
whether both edges are spanned by the same set or not, in addition if they are
spanned by the same set we consider the cases when the two edges are adjacent
or non-adjacent.

Type 1 Type 2 Type 3

Figure 1: Types of bowties

Recall that every edge between V7 and V5 is present. Therefore, any pair of
disjoint edges in V is contained in | V3| bowties and similarly any pair of disjoint
edges in V3 is contained in |V;| bowties. If the two edges are adjacent, then they
are contained in |Va|(|V2| — 1) and |V4|(]Vh] — 1) bowties respectively. Finally
any two edges, where one edge is spanned by V; and the other edge is spanned
by Vs, are contained in 2(n — 4) bowties.

The previous argument implies that the number of bowties depends only on
the size of V7 and V5 and the degree sequence of the graphs spanned by these
sets. In fact, in the optimal degree sequence the degrees of any two vertices
in the same part V; may differ by at most one. Due to the small number of
edges spanned by V; and V5 one can rearrange the edges inside these parts so
that each part spans an almost regular and triangle-free graph (Lemma .
Destroying triangles inside a part decreases the number of bowties, justifying
our earlier decision to ignore them.



In order to finish the proof of Theorem [1| we only need to show that |V;| =
[n/2] or |V1| = [n/2]. Note that if |[Vi| = [n/2] and |Va| = [n/2], the number
of edges spanned by V7 and V5 is exactly g + 1. If we increase the number of
vertices in V; by a and, in order to keep the total number of vertices unchanged,
at the same time we decrease the number of vertices in V5 by the same amount,
then the number of edges spanned by Vi and V5 increases by at least a2. In
addition, the number of bowties containing edge pairs in V; decreases (as any
such bowtie is either Type 1 or Type 2), while for edge pairs in V5 the number
of bowties increases. On the other hand, for a fixed pair of edges, one in V}
and the other in V5, the number of bowties containing both these edges remains
unchanged. Roughly speaking, the number of bowties created by adding the a?
new edges has to be counterbalanced by the decrease in the number of Type 1
and Type 2 bowties. This would be possible only if there was a large difference
between the number of edges in V; and V5. However, we show that this is not
the case (Lemma[I8)) and thus a must be 0.

Bounding the difference between the number of edges spanned by Vi and
V5 has an additional advantage. Together with the exact size of V; and V5 it
also implies that, disregarding a couple of vertices, when looking at the graphs
spanned by V; and V5 the difference in the degree of any pair of vertices is at
most 1 (Lemma . In fact, in one of the partitions almost every vertex has
the same degree (Lemma . These provide us with a good approximation on
the degree sequence of the graphs spanned by V; and V5 and thus also on the
total number of bowties.

Organisation of the paper

The remainder of the paper is divided into four parts. In Section [3| we show
that any extremal graph H contains a complete spanning bipartite subgraph
(Proposition . Section [4| states any additional lemmas needed for Theorems
and [2] and gives the proofs of these results. The proof of the remaining technical
lemmas can be found in Section[5] Section [f] contains some concluding remarks.

3. Complete Bipartite Subgraph: proof of Proposition

Throughout this section let H be a graph on n vertices and ex(n, F) + ¢
edges containing the minimal number of bowties. Let V := V(H) denote the
vertex set of H and F := FE(H) its edge set. The following proposition is vital
in proving Theorem

Proposition 3. For an arbitrary graph H on n vertices and ex(n, F') + ¢ edges
containing hr(n,q) bowties, where ¢ = o(n?) and n is large enough, admits a
partition V.= V4 U Va such that E(K(V1,V2)) C E, |V4],|Va] = (1 4 o(1))n/2
and the number of edges spanned by each of Vi and Vs is at most 4q + 4.

The remainder of this section is devoted to proving Proposition [3] Let
{V1,V2} be a max-cut of H. The crucial part of the proof is to show that both



parts have size (1 + o(1))n/2 and every edge between the parts is present, i.e.
E(K(V1,Va)) C E.

The key tools used for the proof are the Graph Removal Lemma (Theorem [5)
and the Stability Theorem (Theorem @ Roughly speaking, the graph removal
lemma states that if a graph contains only a few copies of bowties, which holds
for H (Lemma , then removing a few edges makes it bowtie-free. Together
with the Stability Theorem this implies that V4 and Vs, both have size roughly
n/2 and most edges between the parts are present (Lemma [7)).

For i = 1,2 let v; = |V;]. Denote the edges spanned by V; or Vo by B and
set b = |B|. We call the edges in B bad. The degree sequence of several graphs
on V play a crucial role in counting the number of bowties. For any v € V' and
E' C (‘2/) let dg'(v) be the degree of vertex v in (V, E’) (the graph with vertex
set V and edge set E’). In the special case when E’ = B we call dg(v) the bad
degree.

Our proof strategy is to show that there exists a bad edge which is contained
in more bowties then inserting an edge between the parts would create, should
such an edge be missing. Therefore removing the bad edge destroys more bowties
than inserting the edge between the parts creates leading to a graph with fewer
bowties and implying that every edge between Vi and V5 is present. Showing
this requires a very precise analysis, when the number of bad edges is small
(Lemma . However this fails once the number of bad edges becomes large
and an alternate proof is required (Lemma .

In order to prove the above lemmas we need a lower bound on the maximal
number of bowties a bad edge is contained in (Lemma and an upper bound
on the number of bowties created when an edge between the parts is inserted
(Lemma. The latter is more difficult. Roughly speaking an upper bound on
the bad degree leads to an upper bound on the number of triangles containing
the inserted edge, which leads to an upper bound on the number of bowties.
At first we can only prove a weak upper bound on the bad degree (Lemma E[)
However if the vertex has many neighbours in the other part, which is true for
the majority of the vertices, a significantly better bound exists (Lemma [L0]). In
fact, once we show that every vertex has many neighbours in the other part
(Lemma the tighter bound applies to every vertex.

As mentioned earlier we need to show that the number of bowties in H, i.e.
hr(n,q), is small.

Lemma 4. For ¢ < n?/20 we have that
hr(n,q) < (¢+1)%(13n/4 + 13).

Proof. In order to prove the statement we construct a graph G satisfying
[V(G)| =n, |[E(G)| = ex(n, F) + q and #F(G) < (¢ + 1)?(13n/4 + 13). Parti-
tion the vertex set of G into two parts Uy and Uy such that |Uy| = [n/2] and
|Us| = |n/2]. Every edge between U; and Us will be included in the graph, i.e.
K(Uy,Us) C G. This determines [n/2]|n/2| edges in G and thus we only need
to establish the position of the remaining ¢ + 1 edges.



Denote by n' = |n/4]. Let Wy, W5 be disjoint subsets of U; of size n’. The
remaining g + 1 edges are placed between W7 and Wy such that the degrees
are as equal as possible. In particular, for ¢ = 1,2, (¢ + 1) mod n’ vertices
in W; have [(g + 1)/n'] neighbours in W5_;, while the remaining vertices have
| (g +1)/n’| neighbours in W3_,. Note that such a construction is possible by
Lemma |22 as |(¢+ 1)/n’] < n’ for sufficiently large n.

In order to determine the number of bowties we count for every vertex v the
number of bowties in G where the central vertex is v. For v € V(G) any two
edge disjoint triangles containing v forms a bowtie. Since no edges are spanned
by Us, every triangle must contain an edge in U; and any such edges must be
between W7 and W,. Therefore for v € U, there are at most (q—;l) bowties
centred at v.

Now consider bowties centred at v € W; for ¢ = 1,2. Recall that any triangle
must contain an edge in U; and a vertex in Us. Therefore any bowtie centred
at v must contain two different vertices in N(v) N Uy and two vertices in Us.
These can be selected in at most

<N(v)2ﬂ Ull)ff

ways, giving an upper bound on the number of bowties. Let k = ¢+1 (mod n’).
Then we have

#r(6) < k(10 DI g g (Los DIyt om0
s R (e TR
< g [n' (T>2n+kn2(qn—’;l)+(q+1)2 ,

Note that k¥ < ¢+ 1 and n’ > n/4 — 1, therefore

#F(G) < g(q +1)? [ + 1] < (g+1)?(13n/4 + 13)

3n
n/4—1
for large enough n. O

Next we state the Graph Removal Lemma and the Stability Theorem. Using
them we show that the vertex set of the extremal graph H can be partitioned
into two sets V1, V, such that both sets contain roughly n/2 vertices and most
edges between V; and V5 are present.

Theorem 5 (Graph Removal Lemma, see e.g. [I5]). Let T' be a graph with f
vertices. Then for every e1 > 0 there exists eg > 0 such that every graph H with
n > 1/ey vertices and at most ean’ copies of T' can be made T-free by removing
at most e1n? edges.



Theorem 6 (Stability Theorem [6, 29]). Let » > 2 and T' be a graph with
chromatic number r + 1. Then for every e1 > 0 there exists eo > 0 such that
every T-free graph on m > 1/ey vertices with at least |E(T,.(n))| — ean? edges
contains an r-partite subgraph with at least |E(T.(n))| — e1n? edges.

Lemma 7. Let {V1,Va} be a maz-cut of H. For every d, > 0 there exist 3 > 0
and ng such that for every n > ng and ¢ + 1 < §3n? we have

|E(H)AE(K(Vi,Va))| < &in®> +q+1

and

n/2—2/d1n < [Vi],|Va| < n/2+2V/din.

Proof. First we show that the number of edges between V; and V5 is at least
[n/2]|n/2] — §1n%. Since {Vi,Va} is a max-cut, this follows if H contains a
bipartite graph with at least [n/2][n/2] — §1n? edges. Note that the chromatic
number of the bowtie is 3. Therefore, Theorem [6] implies that there exists a
constant €1 > 0 such that every bowtie-free graph with at least [n/2]|n/2| —
e1n? edges contains a bipartite subgraph with at least [n/2]|n/2] —&;1n? edges.
Therefore, H contains such a bipartite graph if it has a bowtie-free subgraph
with at least [n/2]|n/2] — e1n? edges. Theorem [5| implies that there exists an
€9 > 0 such that every graph with at most €9n° copies of bowties can be made
bowtie-free by removing at most €;n? edges. This holds for every ¢ satisfying
qg+1< \/5112/2 because by Lemma 4| the number of bowties in H is at most

(¢ +1)*(13n/4 +13) < e2n”.
In fact, after the removal of these edges the graph still contains at least
n/21(n/2] + g +1— en? > [n/2]|n/2] — 1n?

edges.

Thus we have a bipartite subgraph with at least [n/2][n/2| —d1n? edges and
the first statement follows. Note that a complete bipartite graph on n vertices
where one part has size at least n/2 + 21/01n contains at most

2 51n%>1/8

% —45m? < [n/2)|n/2] — 261n2
edges, implying the required bounds on the size of the individual parts. O

Let € > 0 be sufficiently small. Apply Lemma [7| for §; = £2/4 which gives
some d > 0. Since ¢ = o(n?), we have that ¢ + 1 < §yn?, for large enough n.
Thus {V1,V2}, a max-cut of H, satisfies

n/2—en < |Vi|,|Va| <n/2+en

and
|E(H)AE(K(V, Vo)) < e?n?/4 +q+1 < e?n’



Note that
b < |B(H)AB(K(V, Va))| < 2. 1)

In order to establish bounds on dg(v) we need to determine the number of
bowties any edge is contained in.

Lemma 8. Fvery edge in H is contained in less than 13bn bowties.

Proof. Assume for contradiction that there exists an edge f contained in at
least 13bn bowties. We will show that there exists a pair of non-adjacent vertices
wy,we € V such that inserting the edge {w;, w2} creates less than 13bn bowties.
Thus the graph created by removing f and inserting {wy,ws} has less bowties
and contradicts the minimality of H.

Note that the number of vertices w € V; with dg(w) > 6b/n is at most
2b/(6b/n) = n/3. This implies that the number of vertices in V; with dp(w) <
6b/n is at least (1 —2¢)5 — % > n/8. Since for each of these vertices dp(w) <
6b/n < 6¢2n, two of them must be non-adjacent.

Let wy,ws € V} be a pair of non-adjacent vertices with dg(w1),dp(ws) <
6b/n and we count the bowties which would be created if we would insert this
edge. Note that any such bowtie must contain at least one more edge in B.
We start with the bowties which contain an edge in B adjacent to {w1,wa}.
In order to count the number of these bowties we first count the number of
triangles containing an edge in B adjacent to w; or ws. Note that for w; there
are dp(wi) such edges and each of these edges creates a triangle with at most
vo+dp(wy) vertices. Therefore there are at most ((1+2¢)n/24 6b/n)6b/n such
triangles, and similarly for ws. Thus the number of triangles containing an edge
in B adjacent to w; or wy is at most ((1 + 2¢)n/2 + 6b/n)12b/n. Note that
the codegree of wy,ws is at most n. Consequently the total number of bowties
created in this fashion is at most

6b\ 12b (@)
((1 + 25)% + ) —n g 8bn.

n n

Now consider the case when the bowtie contains an edge in B which is not
adjacent to {wy,wa}. Select an edge e € B, this can be done in b ways. The
final vertex of the bowtie can be picked in at most n ways. Note that once the
central vertex of the bowtie has been selected the structure of the bowtie has
been determined, as it has to contain the edges e and {wy, w2} and these two
edges have to be disjoint. Therefore we create at most 5bn bowties this way.

In total we created less than 13bn bowties, leading to a contradiction. [

Using Lemma |8 we obtain an upper bound on dg(v).
Lemma 9. For every v € V we have dg(v) < 5¢2/3n.

Proof. Assume for contradiction that there exists a vertex v € V such that
dp(v) > 5¢2/3n. Without loss of generality assume that v € V;. Because
{V1,V5} is a max-cut of H we have that | N (v)NVa| > 5¢%/3n. Let N; € N(v)NV;
and No C N (v) N V4 be sets of size exactly 562/3n. Since at most 2n? edges are



missing between V7 and Vs, there can be only £2n? edges missing between N;
and N,. Therefore, there are at least (25¢%/3 —£2)n? > 24e%/3n? edges between
N; and N, and each of these edges is adjacent to at most 10e2/3n other edges
in this set. In addition, by the pigeonhole principle there must exist a vertex
u € Ny such that [N (u) N Ny| > 2%/3n.

Next we count the number of bowties containing the edge {u,v}. Note
that any pair of disjoint edges between N7 and N» creates a bowtie, where the
central vertex is v. Recall that v is contained in at least 2¢2/3n edges, where
the other end is in Ns. In addition, each of these edges is disjoint from at least
24¢*/3n? —10£%/3n edges between N; and No. Therefore, {u, v} is contained in
at least

262/3n(24e**n? — 10e2/3n) > 25203

bowties, when n is large enough.

On the other hand, Lemma [§] implies that any edge can be contained in
at most 13bn bowties and by the bound giving b < £2n?, we have 13bn <
132n3, leading to a contradiction. O

However, for vertices which have many neighbours in the opposite part,
which holds for most vertices, we establish a tighter bound on dp(v). Let

M = E(K(V1,V2)) \ E(H).

We call the edges in M missing. Recall that djs(v) is the degree of vertex
v in the graph (V,M). Let S; C V; be the set of vertices v € V; satisfying
dpr(v) > et/4n. Since ¢ + 1+ |M| < b, we have
| M| b
o< ML b 2
Next we will consider the properties of the graph spanned by V' = V\ (51 U S5),
denoted by H'. Let V{ = V31 \S1 and Vj = V5 \ So. The set of edges spanned by
V{ and Vj are denoted by Bj and B respectively. Also let B’ = Bj U Bj. Note
that for ¢ = 1,2, for any vertex v € V; we have dg(v) < dp/(v) +1S;|. Since |5
is bounded from above by b/(c!/4n), any upper bound on dp(v) also provides
an upper bound on dp(v).

Lemma 10. For every v € V' we have dg/(v) < 80b/n + 1.

Proof. Assume for contradiction that there exists v € V’ such that dg/(v) >
80b/n + 1. Without loss of generality assume v € V{. We will show that in
this graph there is an edge which is contained in at least 13bn bowties which
together with Lemma [8|leads to a contradiction.

Note that any vertex in V] has at least vy — ¢'/*n neighbours in V5 and
thus any pair of vertices in V{ has at least vy — 2¢'/4n > (1 — 2¢)n/2 — 2e/4n
common neighbours. Therefore every edge in Bj is contained in at least (1 —
2e)n/2— 2e/4n triangles. Any pair of triangles each containing a different edge

1/4
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in B} and a vertex in V5 is edge disjoint if the vertex in V, differs. Therefore,
any edge in B’ adjacent to v is contained in at least

(dp(v) — 1) ((1 2 4&“)% - 1)2 > 16bn

bowties, a contradiction. O

Recall that ¢ + 1 + |[M| < b. When b is small, we have S1,S2 = (), implying
H = H' and dp/(v) = dg(v). Therefore, the upper bound on the degree in the
graph (V, B') in LemmalL0]is actually an upper bound on the degree in (V, B).
This enables us to show that K(Vi,V4) is a subgraph of H.

Lemma 11. When b < e/4n we have that M = (.

Proof. Assume for contradiction that M # (). Since b < ¢'/4n, by () we have
[S1],]S2| < 1, implying that S; = Sy = 0. Together with Lemma we have
dp(w) < 80b/n 4+ 1 < 804 +1 < 2 for every w € V. Therefore, dp(w) is at
most one, which in turn implies that the edges in B are disjoint.

Without loss of generality assume by > bs. For every edge {wy,ws} € By let
t{w;,we} denote the number of triangles containing either wy or wp and an edge
in BQ.

We show that if By # (), then there exists an edge ¢ € By with t. > by + 1.
Assume for contradiction that there is no such edge. For any {wy,ws} € By
consider the 2by potential triangles which could contribute to t{y, w,}. Since
the edges in By are disjoint, these triangles are edge disjoint except for the edge
in By. In order for ¢y, w,} < b2 we must have that by of these triangles are
missing at least one edge and thus dp(w1) + dpr(we) > be. Since the edges in
Bj are also disjoint, we have

M| > > (dar(wr) + dar(wa)) > bibo.
{w1,w2}€B;

Note that because |[M| < b—g—1and ¢ > 1, we have |[M| < b—2=1b; + by — 2.
However, no positive integer pair by > by > 1 satisfies by +bs —2 > b1bs, resulting
in a contradiction.

Select {w1, w2} € By such that tyy, .,} is maximal. We will give a lower
bound on the number of bowties destroyed when {w;,ws} is removed. First
we consider bowties which have an edge in Bs. Note that a triangle wy,x,y,
where x,y € Va, forms a bowtie with any triangle containing both w; and ws,
but not  and y. Also the codegree of w1, ws, not including = and y, is at least
(1-2e)n/2—|M|—-22> (1—-2¢)n/2—b. Since by + 1,29 = 0, when by = 0 we
have t{y, w,} > b2 + 1p,»p. Thus removing {w,wz} destroys at least

(b2 + 1p,4p) ((1 - 25)% - b)

such bowties. Now we consider the case when the bowtie contains a second edge
in B;. Note that any four vertices in V; have at least (1 — 2¢)n/2 — b common
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neighbours. Recall that the edges in B are disjoint. Thus any pair of edges in
By are contained in at least (1 — 2¢)n/2 — b bowties. Therefore, at least

(by —1) ((1 - 26)2 - b)

additional bowties are destroyed when {wy,ws} is removed. In total, this leads
to at least

(b—1+ 1p,.0) ((1 - 2@% - b) > (b— 1+ 1p,.9) ((1 - 25)2 - 51/4n)

destroyed bowties.

Since M # ), there exists {u,v} € M. Without loss of generality assume
u € V1 and v € Va. Now we analyse the number of bowties created when {u, v}
is added to the graph.

We first consider the case when Bs = (). Since Bz = (), v has no neighbours
in By and thus inserting {u,v} can create at most one triangle, with the third
vertex being z € Vi, if it exists. The number of bowties created is equal to the
number of triangles containing exactly one of u, v, z as these form a bowtie with
the triangle u,v,z. The only neighbour of u in Vj is z and vice versa. This
means that the only way these vertices can be in a triangle is if the triangle
contains an edge in By. However as By = ) no such triangles exist. Similarly,
the only way v can be in a triangle is if the triangle contains an edge in B, so
there are at most by = b such triangles. Thus removing {wy,ws} destroys at
least

(b—1) ((1 - 25)% - 51/411)

bowties, while inserting {u, v} creates at most b. Since b > |[M|+ ¢+ 1> 3 we
destroy more triangles than we created, which leads to a contradiction.

On the other hand, if B, # (), then u can have a neighbour in V; and v
can have a neighbour in V5. Denote these vertices by z; and zy respectively,
if it exists. Similarly as before, we are interested in the number of triangles
containing exactly one of u,v,z; or one of u,v,zy. We start with the u,v, 21
triangle. Similarly as before, for each of u and z; there are at most by such
triangles where the additional vertices of the triangle are in V4, and for v there
are at most b; such triangles where the additional vertices are in V;. Now the
only neighbour of u in V; is z; and vice versa, so we have counted every triangle
containing u or z;. However, v has a neighbour z, € V5 and every vertex in
Vi\{u, 21} can form a triangle with {v,z3}. Therefore, the total number of
bowties containing the {u, v, z1} triangle is at most by + 2by + v1. Analogously,
one can show for the {u, v, zo} triangle that the number of bowties it is contained
in is at most 2b; + by +v2. So in total at most 3b+n bowties have been created,
by adding the edge {u,v}. Now this has to be more than the number of triangles
destroyed, so

3b+n>b ((1 - 25)% —51/471) :

which leads to a contradiction as b > 3. O

12



In the remainder of this section we prove that M = () when b is large. We
start by showing that S; = Sy = ) holds in this case as well. Namely, should
there exist a vertex v € S7 U Ss we show that removing many edges from B and
inserting them between V7 and V5 such that they are adjacent to v decreases the
number of bowties in the graph. As a first step we need to find a suitable set
of edges, which when removed from the graph destroy many copies of bowties.

Lemma 12. For every integer k < |B’|/2 there exists D C B’ with |D| = k
such that removing all edges in D destroys at least

bowties.

Proof. Note that

Lem. [
Z dp(v) + Z dp(v) < (|S1]+ |52\)5€2/3n

vEST VESy
=10e"12(|Sy| 4 |S2|)et/4n /2
2
g 10£°/12p. (3)
Thus
B'|>b— > dp(v)— Y dp(v) = (1-10""2)b > 0. (4)
vES] vE Sy

Therefore, B’ is non-empty. Without loss of generality we assume that V;
spans at least as many edges in B’ as Va. Note that any four vertices in V; have
at least (1 — 2¢)n/2 — 4e'/4n common neighbours. Select an arbitrary pair of
edges {wy,wa}, {ws,ws} € By. If {ws, w4} is disjoint from {wq, w2}, then for
every shared neighbour of wy, ws, w3, ws we have a bowtie. On the other hand,
if {ws,wy} intersects {wy,wy}, then every pair of shared neighbours results in
a bowtie. Thus the number of bowties containing {wy,ws} and {ws, w4} is at
least
n
5"

Therefore, removing arbitrary k edges from B] destroys at least

(1-2¢c— 851/4)g <k ('le| - k>)
. _

(1 — 2 —8e'/%)

bowties. 0O
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Next we analyse the number of bowties created if we insert edges between
V1 and V5.

Lemma 13. Assume {u,v} € M with u € Vi and v € V5. Let G be a graph
created from H by removing an arbitrary set of edges D C E(H) and inserting
an arbitrary set of edges from M \ {u,v}. If

[Ne:(u) N VY], [Na(v) N V3] < 80b/n + 1, (5)
then inserting {u,v} into the graph G creates at most 4c*/*bn + 6n bowties.

Proof. Note that adding the edges in M \ {u,v} leaves B unchanged and re-
moving the edges in D can only decrease the size of B.

We start by determining an upper bound on the number of triangles in G a
given vertex is contained in. Consider an arbitrary vertex w € V. Without loss
of generality let w € V7 and we consider the triangles depending on the number
of neighbours it contains in V5. Should the additional vertices of the triangle
both be in V; or V5, they form an edge in B and thus there are at most b such
triangles. On the other hand, if the triangle contains two vertices in V7 and one
vertex in V5, then the second vertex in V; has to be a neighbour of w, which
can be chosen in dp\ p(w) ways and the vertex in V5 can be chosen in at most n
ways. Therefore, the number of triangles containing v is at most b+ dp\ p(v)n.
This together with Lemma [J] implies that the number of triangles containing
any vertex can be bounded from above by

b+ 5e2/3n2. (6)

However, for w € V' U {u,v} a stronger bound holds. Note that for a vertex
w € V1 the value of dp\ p(w) is determined by the number of neighbours w has
in V{ and in S;. For w € V{ U {u}, Lemma [10| and imply that the first of
these two terms can be bounded from above by 80b/n+ 1, while the second term
is at most e~'/*b/n by . An analogous argument holds for w € V4 U {v}.
Thus the number of triangles that w € V' U {u, v} is contained in is at most

80b b
b+(—|—1+14)n:81b—|—n+5_1/4b§36_1/4b—|—n. (7)
n el/4n

Inserting the edge {u, v} creates two types of triangles, depending on whether
the third vertex is in V' or not. We first consider the case when the third vertex
is in V’. Note that due to our conditions there are at most |Ng(u) N V(| +
[Na(v) N V3| < 2(80b/n + 1) such triangles. Due to every vertex of these
triangles is contained in at most 3e~'/%b 4+ n triangles, thus the number of
bowties is bounded from above by

b b
2 (82 + 1) 334 +n) = 14405‘1/4g + 1827/ + 480b + 6n

(1)
< ebn + 18 Y4 + 6n

< 2ebn + 6n, (8)
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where the last inequality holds, since n is large enough.

In addition, inserting {u, v} also creates at most |\S1|+|S2| triangles with the
third vertex in S; U .S3. Thus, by and @ an upper bound on these bowties
is

2 ()
9 b 3 (b n 552/%2) _ O 30z, g 21/ b
51/477, 51/471

This together with implies that at most
4e*bn + 6n
bowties have been created. O
Now we can show that both S; and Sy is empty and thus H = H'.
Lemma 14. We have that Sy, Ss = 0.

Proof. Assume for contradiction that S; or Sy is non-empty. Without loss of
generality assume v € S;. Then we have that dy(v) > €'/*n. In addition, by
and we have |Sp| < be~1/4n~1 < £7/4n and thus there exists U C VJ of
size €'/3n such that no vertex in U is adjacent to v.

Now we will remove £'/3n edges from the graph H and insert the edges {v,u}
for every u € U. In particular, we will first remove every edge in B\ B’ which is
adjacent to v. By Lemmal9]the number of such edges is dp(v) < 56%/3n < £'/3n.
In addition £/3n < e¥/4n/3 < |M|/3 < |B|/3, which is at most |B’|/2 by ().
Therefore 0 < £'/3n — dg(v) < |B’|/2 and the remaining £'/3n — dp(v) edges
can be removed from B’ in accordance to Lemma [[2l Denote the set of €'/3n
removed edges by D. Removing the edges in D destroys at least

bn  €2/3n3 Lem. @ ¢1/3pn?
Vsp —d — >
(e7n —dp(v))3 2 = T30

bowties, where we use b > dps(v) > el/4n,

Let G be the graph obtained after removing the edges in D. Note that
|NG(v) NVi| = 0 and for u € V3 we have by Lemma [10] that |Ng(u) N V3| <
80b/n + 1. In addition, inserting edges into M keeps these values unchanged.
Thus, Lemma [13|is applicable for each of the £'/3n edges inserted, and thus at
most

e¥3n(4e*bn + 6n)

bowties are created. Since b > £1/4n

1/3p,,2
% > e 3n(4et/4bn 4 6n),

contradicting the minimality of H. O

Since H = H' we have that dg(v) = dp/(v). Thus, Lemma [10] implies that
the conditions of Lemma [13| are satisfied for any pair {u,v} € M, enabling us
to prove M = ().
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Lemma 15. When b > £/*n we have M = ().

Proof. Assume for contradiction M # () and let {u,v} € M. Since |B'| = |B| >
2, by Lemma there exists an edge {wj,ws} such that removing this edge
destroys at least bn/8 — n/2 bowties. In addition, Lemma implies that we

create at most 4¢/4bn 4 6n bowties when inserting {u,v}. Since b > £'/%n we
have b
n n
— — =>4 6n,
8§ 2 +
which is a contradiction. 0

We conclude this section with the proof of Proposition

Proof of Proposition[3 The first statement follows trivially from Lemmas [7]
and [1B

Next we show that by < 4¢g + 4. Assume for contradiction that by > 4q + 4.
Taking any two disjoint edges ey, e in By and a vertex in V5 creates a bowtie.
In addition if e;,es € By are adjacent then any pair of vertices in V5 creates a
bowtie. Thus the number of bowties in the graph is at least

(4(q2+ 1)) vy > (4(q2+ 1)) (1— 2@% S %(q +1)2n > (q+1)2 (13n/4 + 13)

for large enough n. This together with Lemma [ contradicts the minimality of
H. An analogous argument shows by < 4q + 4.

Let v1 = [n/2] + a and vy = |n/2] — a. Without loss of generality assume
a > 01i.e. v1 > vy. Then the total number of pairs between V; and V5 is

Vil[Va| = [n/2][n/2] = a® + ([n/2] = [n/2])a < |E(Tx(n))| — a®

implying that by + by = b > g + 1 + a?. Together with by + by < 8q + 8 = o(n?)
this implies a = o(n) completing the proof. O

4. Proof of Theorems [1] and 2]

4.1. Proof of Theorem[]]

Throughout this section let H be a graph on n vertices and ex(n, F') + ¢
edges containing the minimal number of bowties. In the previous section we
proved Proposition [3] stating that there exists a partition of the vertex set of H
into two sets Vi, V5, such that every edge between the two sets is present. In
addition, both sets contain approximately n/2 vertices and the number of edges
spanned by each of these sets is small.

Once the partition of Proposition [3| has been established, we only need to
examine the structure of the graphs spanned by V; and V5. Denote the edges
spanned by V; and V5 by By and Bs, respectively. Set B = By UBs and b = |B)|.
In addition, for i = 1,2 let

V; = |‘/1‘ and bi = |Bz|
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We start by investigating the number of bowties in such graphs. Let H be a
graph on V containing ex(n F) + ¢ edges such that the vertex set of H can be
partitioned into two parts Vl, Va with E( (Vl, Vg)) (H) Denote the set of
edges spanned by V1 and V2 by 31 and Bg, respectively, also let B= Bl U Bg

Recall that for any v € V and E' C (2) dg:(v) denotes the degree of vertex
v in the graph (V, E’). Since H contains a complete bipartite subgraph we can
express a lower bound on the number of bowties found in H via an explicit
formula. Recall that bowties are formed of two triangles, and note that any
triangle in H must contain at least one edge in B. In particular, we restrict
ourselves to bowties formed from two triangles which have exactly one edge in
B and thus two edges between V; and V5. Any such bowtie belongs to one
of the 3 types of bowties seen in Figure [l Any pair of disjoint edges in V; is
contained in |V3| bowties. In addition a pair of adjacent edges in V; can be
found in [V5|(]Va| — 1) bowties. Similarly, two disjoint edges in Vs create |V
bowties, while two adjacent edges create [Vi|(|V1| — 1) bowties. Finally any two
edges, where one is spanned by Vi and the other is spanned by ‘72, are contained
in 2(n — 4) bowties. This implies that the total number of bowties in H is at
least

> > (5" ) Wi (7acit - 1)+ ('ii') -3 () ) e

i=1 \ el veV;
+2(n —4)| B1[| By .

After trivial simplifications, this lower bound can be rewritten as

#E(H) = f(d5(0))e, (d5(0))eq,): (9)

where f is the following function. It takes as input two sequences of non-negative
integers, (di,1,...,d10:) € N¥1 and (do1,. . d20s) € N2 such that vi4v; =n

and bf = % Z;j; d; ; is an integer for 4 = 1,2. Then the value of the function f
is defined as

f((dlﬂ)J 1 (dla) 1) =2(n — 4)b1b3
2 vl d "
+; ;( ;j>”§i(“§i —2)+ (2>v3 . (10)

Note that the bound in @ is sharp if neither \71 nor 172 contains a triangle.
On the other hand, the following lemma gives us some converse to the above
inequality, by replacing B; by a graph B} that has the same number of edges
and, additionally, is triangle-free and almost regular.

Lemma 16. The following holds for all sufficiently large n. Let V¥ UVy =V
be a partition of V and for i =1,2 set vf = |V;*|. Let ¢ : V — N be a function
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such that, for i = 1,2, b} = % v« ®(v)/2 is an integer and b] < (v})?/16.
Then there is a graph H* with n vertices and vivs + b} + b5 edges such that

#E(H") < f((0(0)wevy, (6(0))vevy )- (11)

Furthermore, if for some i = 1,2, two values of ¢ on V* differ by more than 1,
then the inequality in 18 strict.

Proof. For i = 1,2, pick integers d;1,...,d;» € {[20]/v]], [2b}/v}]} with
sum 2b7. Lemma [24] shows that there is a triangle-free graph B} on V;* whose
degree sequence is (d; 1, ..., d;‘,vi). Let H* be obtained by adding every edge

between the graphs B} and Bj. Clearly, H* has the stated order and size while
#F(H*) = f((dl,j)?:l, (dg’j);il). Using the convexity of the function z +— (3)
on N, we see that this is at most the left-hand side of , as required.

The second part of the lemma follows since the function x — (g) is strictly
convex on IN.

If we let H be our extremal graph H and let ¢(v) be dg(v) for v € V,
then, in view of v; = (1/2 + 0o(1))n = Q(n) and b; = o(n?), Lemma applies,
providing another extremal graph H*. Thus, both @ and are equalities.
This means that, for ¢ = 1,2, the part V; does not induce a triangle and

ldg(u) —dp(v)| <1, for every u,v € V;. (12)

For future reference, let us repeat the formula for the number of bowties in
H:

AF(H) = 2(n—4)b1b2+22: (Z (dBQ(”))USi(vgi 9+ ((’2)@3> . (13)

i=1 \weV;

Note that the number of vertices which have degree |2b;/v;| or [2b;/v;] in
the graph (V, B) is uniquely determined by b; and v;. Therefore depends
only on by, bs,v1,ve. In fact, we only need to establish the values of these
parameters which lead to the minimal number of bowties. However, there is
some dependence between the parameters. We only require one parameter to
track both part sizes. Let

v1=[n/2]+a and vy =|n/2] —a (14)

for some a € Z. Proposition [3| implies that @ = o(n). Note that b = ¢+ 1 +
([n/2] — [n/2])a + a?, thus it suffices to determine one of by, by, once the value
of a has been established.

Theorem [ follows if we can show that a = 0 when n is even and that a = 0
or —1 when n is odd. We will show that if neither of these holds, then moving
a vertex from the larger part to the smaller decreases the number of bowties.
Ideally, we would move the vertex in such a way that the number of neighbours
of the vertex within its part remains unchanged and every edge between the
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new parts is still present. This leaves the total number of edges spanned by the
parts unchanged, but increases the number of edges between Vi and V3 as |a|
is reduced. Thus, in order to leave the total number of edges unchanged, we
need to remove some additional edges. Although the previous argument is only
applicable if the degree of the vertex moved between the parts is even, it can be
adapted to work for odd degrees as well. This is achieved by removing an edge
before the vertex is moved, in particular an edge adjacent to the vertex about
to be moved, resulting in an even degree for the vertex. Further superfluous
edges are removed after the vertex has been moved.

We need to estimate the change in the number of bowties after moving a
vertex between the parts and removing superfluous edges. Later we will see that
the number of bowties destroyed by removing edges outnumbers the number of
bowties created when moving the vertex.

In order to prove Theorem [I] we need three auxiliary lemmas, the proofs
of which can be found in Section Bl We first estimate the number of bowties
destroyed when a well-chosen set of k edges is removed from the graph H, after
a vertex has been moved between its parts.

Lemma 17. Let U C 'V such that |U| > n — 2 and Ha graph created from H
by adding and removing edges, such that no edge is removed from E(H[U)). If
b > 10 for every k < b/3 there exists D C BN E(H[U]) with |D| =k such that
the removal of all edges of D from the graph H destroys at least

bowties.

The number of bowties created when moving a vertex depends on the dif-
ference of by and by. In particular, the closer the two values are, the smaller
the change in the number of bowties is. In the following lemma we provide an
upper bound on the difference of b; and bs.

Lemma 18. We have that |by — ba| < n/4 4 33(|al + 1)g/n.

As a consequence, we can derive that the degrees in the graph (V| B) are
also close. By , this holds in a very strong form for vertices that are in the
same part V;. So the following lemma says something new, only if w is not in
the same part as u or v.

Lemma 19. If there exists a pair of vertices u,v € V such that dg(u) = dp(v),
then every vertez w € V, but at most one, satisfies dp(w) > dp(u)—1—900(|a|+

D(dp(u) —1)/n.
Using Proposition |3| and Lemmas we prove Theorem

Proof of Theorem[], Assume for contradiction that the theorem is false. Then
for each § > 0 there exists a graph H that violates Theorem Let 0 be
sufficiently small so that the order n > 1/6 of H and the surplus ¢ = |E(H)| —
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ex(n, F') < 6n? satisfy all forthcoming inequalities. Since the constant § given
by our proof is very small, we do not write it explicitly nor try to optimise
the dependencies between other constants. For notational convenience, we use
asymptotic notation, e.g. writing ¢ = o(n?).

Proposition [3| applies and gives that H contains a spanning complete bipar-
tite graph K (Vi,V5). Define v; = |V;| for ¢ = 1,2. Without loss of generality
we may assume that v; > vs. Let a = v; — [n/2]. By Proposition [3| we have
that @ = o(n). Since H is a counterexample, we have a > 1. The larger part V;
must contain at least one edge, otherwise selecting U C V; with |U| = ve and
moving the graph spanned by V5 to U strictly decreases the number of bowties
by .

Recall that, by , all bad degrees inside a part differ by at most 1. Let
d be the maximal integer such that there exist two vertices v,w € V; such that
dp(v) = dp(w) = d. Since V] contains at least one edge, we have d > 0.

Note that each bad degree is at most d+1+0(d). Indeed, this is true by
if V5 spans no edges. Otherwise, V5 has two vertices u’, v’ of the same positive
degree d’ and the claim follows in view of @ = o(n) from Lemma [19| applied to
these two vertices. Thus, for every z € V, we have, for example, dp(z) < 2d+1.

Since vy, v2 < n, we have

We consider two cases depending on the parity of d.
Case 1: d is even.

Roughly speaking, we move v from V; to V5 in such a way that for every vertex
in V'\ {v} the number of neighbours within its part remains unchanged, but for
v the number of neighbours within its part changes from d to d — 2, i.e. an edge
is removed from B. In addition, every edge between the new parts is present.
More formally, set Vi* = V7 \ {v}, V5* = Vo U {v} and define ¢ : V — N such
that for u € V '\ {v} we have ¢(u) = dp(u) and ¢(v) = dg(v) — 2. Let H* be
the graph provided by Lemma [I6] for this function ¢. We have that

#F(H) < 2(n—4) <b1 - dB<7f)> (b2 N dB(v)2)

2 2
n (dB(v2) - 2) (01 = 1)(or —3)
+ <b1 - d;(v)/Z) (ot 1)+ (52 + (dB<2v> - 2)/2) - 1)
+ ueg\:{u} <d32(u)) (v2 +1)(v2 — 1) + u%% <d32(U)> (v; — 1)(v1 — 3).
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By the number of bowties in H is
d b b
HF(H) = 2(n — 4)bibs + ( B;“))m(vz 2+ (;)vz T (;)
(

+ > <d32(u)>v2(v2 2+ > (dBZU))vl(vl —9).

ueVi\{v} ueVa

We are interested in a lower bound on #F(H)—#F (H*), more precisely the
difference of the above two bounds. We will examine the difference of each of
the six terms in order to determine the overall change. Recall that dp(v) = d.

We start with

2(n —4)brby — 2(n — 4) <b1 - ;l) <b2 * d22>

=2(n—4) (bgg—bld;2 + d(d; 2))

(15)
> ndby — n(d — 2)by + O(d?n). (16)

Recall that v1,vs =n/2 + O(a). Thus for the following term we have

(Gt -
(() (137) (5)"+ otean

(2d — 3)(2) + O(ad?n). (17)

By the definition of d and 7 every vertex in Vi, except at most one, has
degree at most d. Therefore by — 1 < dn/4 + O(ad) and thus we have

<b21>U2 B (bl _Qd/Z)( n D> b <b21> +0(d2n)

= bl dUQ — b1 b1 —|— O(d2n)

2 2
() (d n dn
by

Lemma |19 implies that for every u € Va, except at most one, we have dg(u) >
d—14+O(ad/n). Thus by — 1 > (d — 1)n/4 + O(ad) and similarly as before

(z);)m B <b2 + (d2— 2)/2) (0 —1) = 2%2 n (b;) + O(ad’n)

o d—2n b2 -1 2
= —bo 53 + by 5+ O(ad"n)
> —bgw + O(ad?n). (19)
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All that is left to estimate are the two sums. The first of these is

> (dB§U)>Uz(vz -2)— (dBQ(u)) (v2 +1)(v2 — 1)

ueVi\{v} ueVi\{v}

=(-202+1) Y (dBéu))

ueVi\{v}

Recall that for every u € Vi \{v}, except at most one, we have that dg(u) < d
and by for the one exception we have dp(u) < d+ 1. When dp(u) < d, we

have <d32(u)> . dB(u);d— 0

on the other hand, if dp(u) = d + 1, then
<d3(u)> _dp(u)(d—1) n d+1

2 2 2
Thus
ey uevz\:{v} <dB2(U)> sy (d;l ’ uevz\:{v} W)
= (20 +1)(d=1) > d5(u) + O(ad®n)
ueVi\{v}
> (—2vz + 1)(d — 1)by + O(ad®n)
© b d—1)n + Oad®n). (20)

Finally, we have
u; (dBQ(“)) m(vpz)fuezw (de(“)) (v1—1)(v1—3) = (201 —3) uezv (dB;“))

Recall that for every u € Va, except at most one, we have dg(u) > d—1—
O(ad/n) and by for the one exception we have dg(u) > d — 2 — O(ad/n),
thus

(2v1 — 3) Z (dB(u)) > (2v1 — 3)(d — 2) Z dsv) + O(ad®n)

2 2
u€Va u€Va
= bo(d — 2)n + O(ad?n). (21)
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Combining f we have
#E(H) — #F(H")
2 15d — 13 15d — 24
> (2d — 3) (ﬂ) + ( by — b1> 2 4 O(ad?n)

2 4 4 2

Len§(2d_ 3) (g)Q _ 150387_24 (g)z + O(ad?n)
d=o(n) g (g)Q + ofadn?) (22)

when n is large enough.
Note that the number of edges in H* exceeds the number of edges in H by

E(H") = E(H) > ([n/2] + (a = 1)) ([n/2] = (a = 1))
—([n/2] +a) ([n/2] —a) =1
>a*—(a—1)?—-1=2(a—1).

When a < 10,

27 2

HF(H) — #F(H") g (g) + o(adn?) > 0
for large enough n and thus already H* has fewer bowties than H and removing
the additional edges only decreases this number. On the other hand, if a > 10,
then removing these 2(a — 1) additional edges plays a significant role, because
by Lemma [17 this destroys at least (a — 1)bn/4 — 2(a — 1)?>n bowties. Recall
that b > ¢+ 1+ a? and when a > 10 then b > ¢+ 1+ a? > 10(a — 1) leading to
the destruction of at least

b 2 b b>(d-1)n/2,d>2 qdn?

(a—1)n (Z —2(a — 1)) > (a=1)n <4 - 10) = (a=1)g5n 2 100
(23)

bowties. This together with leads to a contradiction.
Case 2: d is odd.

Recall that v,w € V; are such that dp(v) = dg(w) = d. Roughly speaking, we
will move v from V; to V4 in such a way that for every vertex in V' \ {v,w} the
number of neighbours within its part remains unchanged, but for v and w the
number of neighbours within its part changes from d to d — 1. Formally, set
Vi =Vi\{v}, V' = Vo U{v} and define ¢ : V' — N such that ¢(v) = dp(v) — 1,
¢(w) =dp(w)—1 and for u € V\ {v,w} we have ¢(u) = dg(u). Let H* be the
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graph returned by Lemma The number of bowties in H* satisfies

#E(H”)

+ <d3(”2) B 1> (v1 —1)(vg — 3) + (dB(“;) a 1> (v2 +1)(v2 — 1)
(Y (0

Clearly, the number of bowties in H is the same as earlier

# H = (’I”L 4)b1b2

(5o
(b;)w( )

> (dBQ( )>v2(v2 —2)+ > <d32(“)>v1 (01 — 2).

u€V1\{v,w} u€eVa

+
S~—
~
4
M
NJ
\

[\)
S~—
A

S8
o)
N —~
S
~~
4
[\v)
4
(V)
\
[\)
S~—

_|_

The calculations, for most part, are analogous to Case 1. In we just
need to replace d with d 4+ 1

2(n — 4)biby — 2(n — 4) <b1 - (d; 1)) <b2 + d;)
> n(d+ Dby —n(d — 1)by + O(d®n).  (24)

On the other hand, in the vertex degree decreases only by one, leading

(‘;)w(w —2)— (d; 1) (v1 — 1)(vy — 3)
=(5) (5 ("2 ") (5 + ot

—(d-1) (g)z + O(ad?n).

to

However, this time the degree of another vertex in V; also decreases

<d3§w)>02(v2 _9)- (dB(U;) - 1> (va+1)(vs — 1) = (d— 1) (g)Q + O(ad*n).
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For and our bounds on b; and bs still hold, leading to
— 1)/2 1
(2)1@— <b1 (d2+ )/ >(U2+1) > b <d+n_dn) + O(ad?n)

2 2 8
= b (d 22)71 + O(ad?n)
and
by by +(d—1)/2 d—1n (d—1)n o
_ 1) > — =
(2>’U1 ( 9 (1}1 1) > —by 5 2 + by 3 + O(ad n)
> —bg(d_Tl)n + O(ad?n).

Finally, note that removing an additional vertex from the sum in has
no affect on the lower bound and remains unchanged. Therefore, we have

#F(H)—#F(H")

2 15d — 15d — 1
> 23— 1) (%) +( bd -7, _ 15d 8b1)g+0(ad2n)

2 4 4

2(d — 1) (5)2 - MT_IS (3)2 + O(ad?n)
s d+2 (5

2

when n is large enough. Similarly as before we have at least 2(a — 1) additional
edges in the graph. If a < 10 or d = 1, then the number of bowties has
already decreased even before removing these edges. In the remaining cases, a
calculation analogue to implies that the removal of the additional edges
decreases the number of bowties. O

Lem. [I8]
>

4.2. Proof of Theorem[J
In order to prove Theorem [2| we need to show

hp(n,q) = (1 ﬁ:c)g K?) + (?) +m(d‘2F 1)’; +(n—m) (‘;)’2‘ +4eleg} ,

where J inf 12}
n  min{m,n
€= {4 S .

In the previous subsection we established the values of v; and wvs, thus we
only need to determine the values of by and bs. More precisely, the asymptotics
of these two values suffice, which we achieve by analysing the degree sequence in
the graphs spanned by V; and V5. We first show that the bad degree of almost
every vertex must take one of two values (Lemma . In addition in one of
the partitions almost every vertex must have the same bad degree (Lemma.
The proofs of these two lemmas can be found in Section [} Lemmas 20| and
are sufficient to establish the asymptotics of b; and by and complete the proof
of Theorem 2L

J and ey =q+1—e;.
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Lemma 20. Let d = |2(q+ 1)/n|. For every vertex v € V, we have d — 1 <
dp(v) < d+2. In addition, both the number of vertices with bad degree d — 1
and d + 2 is at most one.

This lemma shows that almost every vertex has degree [2(¢+1)/n] or [2(q+
1)/n] + 1 in the graph (V,B). We have yet to establish how many of these
vertices are contained in Vi and V5. In the following lemma we show that in
one of the two parts almost every vertex has the same degree. In fact, we show
a more general statement. By 7 pick integers k£ and £ such that every vertex
in V7 has degree k or k+ 1 and every vertex in V5 has degree £ or £+ 1. Let C;
denote the set of vertices of degree ¢ in V; and D; denote the set of vertices of
degree 7 in V5.

Lemma 21. In H, at least one of |Ck|, |Ck+1|, |Del, |Des1| is at most 1.

The previous two lemmas give us a satisfactory estimate for the degree se-
quence of (V, B), allowing us to determine the asymptotics of hr(n,q).

Proof of Theorem[3 By and since v; = (1 4+ o(1))n/2, the number of

bowties is
(1 +o(1))g [(b;) + <b22> + g > (dBQ(”)) +4b1b2] :

veV

When ¢ < [n/4] — 1, Lemma [21] implies that the optimal solution is when V; or
V5 contains a matching of size ¢ + 1 and the other part does not span any edge.
Therefore the statement holds for this range of g.

Now assume that ¢ > |[n/4| — 1. Recall from the statement of the theorem
that 2(¢ + 1) = dn + m for d,m € N with m < n and d = [2(¢ +1)/n]. By
Lemma 20| we have that almost every vertex has degree d or d+ 1 in (V, B) and
any other vertex has degree d — 1 or d 4+ 2. Thus we obtain

> (dBQ(”)> = (n—m) (;l) +m<d_2F 1) +0(d +1).

veV

Since d = o(n), we have (d + 1)n = o(n?). In addition, ¢ = Q(n) and thus
b? + b2 = Q(n?). Therefore, the total number of bowties is

(1 —|—0(1))% Kb?l) + (b;) +g ((n—m) (;l) +m(d;L 1)) +4b1b2} :

All that is left to show is that one of the parts contains (1 + o(1))e; edges.
Recall that the sum of the bad degrees is dn +m. Let m > n/2. By Lemma
there exist at least n/2 — 3 vertices of bad degree d + 1. If each part has at
least 2 vertices with bad degree d + 1, then by Lemma [21] all but at most one
vertex must have bad degree d+1 in one of the parts. Together with Theorem
this implies that there exists a part with at least n/2 — 2 vertices of bad degree
d 4+ 1. Otherwise, one part has at most one vertex of bad degree d + 1 and
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thus the other must have at least n/2 — 4 vertices of bad degree d + 1. So in
either case we have a part containing at least n/2 — 4 vertices of bad degree
d + 1 and without loss of generality we may assume that this is V3. Then
by = (14 0(1))(d+1)n/2 = (14 0(1))e;.

Now consider the case when m < n/2. A similar argument as before, implies
the existence of a part containing n/2—4 vertices with bad degree d and without
loss of generality assume that this is V5. Therefore,

dn+m dn <(d+1)n
= —o|——F——

b= T — (L+o(1) T - >:(1+0(1))61

as required. O

Remark Lemmas [20] and [21] leave only a limited number of options for the
degree sequence of the extremal graph H. The exact value of hr(n,q) can be
deduced after a precise analysis. In particular when n is divisible by 4, since
the number of vertices in both parts is even the aforementioned lemmas imply
that every vertex has bad degree d or d+ 1 and every vertex in one of the parts
has the same bad degree. Therefore the formula in Theorem [2| holds exactly,
i.e. without the 1 + ¢ multiplier.

5. Proof of technical lemmas

We start with results on the existence of triangle-free graphs with a given
degree sequence, culminating in Lemma which was used in the proof of
Lemma|[I6] While some of the intermediate steps can be derived from the Gale-
Ryser theorem [0, 27] that characterises possible degree sequences of bipartite
graphs, we present simple direct constructions instead. Let an («, a, 8, b)-graph
mean a triangle-free graph with o + 8 vertices which has « vertices of degree
a and B vertices of degree b if a # b and is a-regular if a = b. Trivially an
(o, a, B8,b) graph is also a (8, b, o, a) graph.

Lemma 22. For any non-negative integers d,i,m satisfying d < i + m there
exists a (2i,d + 1,2m, d)-graph. In addition this is a balanced bipartite graph.

Proof. Partition the vertices into two sets {v1; : j =1,...,i +m} and {va; :
j=1,...,i+m}. Join vy ; with va; by an edge for every j < i. Let M, be a
perfect matching where for every j = 1,...,% +m the vertex vy ; is connected
to v where k = j + £ (mod i + m). In order to complete the graph, insert
M, for £ =1,...,d. The obtained graph has the desired degree sequence and is
also bipartite (and thus triangle-free). O

Lemma 23. For any integers k,m satisfying k > m > 0 there exists a
(4k, k,1,2m)-graph.

Proof. Denote by u the vertex of degree 2m and partition the remaining vertices
into 4 sets of size k: Uy, ..., Us. Denote the vertices in U; by u; ; for j =1,... k.
Join u to vertices u; ; by an edge, where i = 1,3 and j = 1,...,m, i.e. we join
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u to m vertices in U; and to m vertices in Us. In addition, for j =m+1,...,k
insert an edge between w;; and us ;. Also for j = 1,...,k insert an edge
between up ; and uy ;. Finally insert every edge between U; and U, and every
edge between Us and Uy except the ones in the set {{w; j,u;11,;}:1=1,2,j =
1,...,k}.

Note that the obtained graph G has the required degree sequence. In addi-
tion u is not contained in a triangle, while, G — u is bipartite with parts U; UU,
and Us U Us. Thus, G is triangle-free, as required. O

Lemma 24. Let a,b,a, 8 be non-negative integers such that |a—b| = 1, aa+ Sb
is even and 3a+ 3b < a+ 8 — 1. Then there is an («,a, 8,b)-graph.

Proof. If both o and j are even, then Lemma[22] directly gives the desired graph.
Assume that at least one of « and (8 is odd. In fact, exactly one of them is odd,
because a and b have different parities while cwa + b is even by our assumption.
By symmetry, assume that « is odd and 3 is even. Then, necessarily, a is even.

By the remaining assumption of the lemma, we have that 6a < o+ —1 or
6b < a4 5 — 1. In the former case we take the disjoint union of the (4a,a,1,a)-
graph given by Lemma 23| (with £ = a and m = a/2) and the («—4a—1, a, 8, b)-
graph given by Lemma In the latter case we take the (4b,b,1,a)-graph of
Lemma (with ¥ = b and m = a/2) and the (o — 1,a,8 — 4b,b)-graph of
Lemma, [221 O

Now we provide the proofs of the auxiliary lemmas of Section [4

Proof of Lemma[I7 The number of bowties destroyed by removing the edges
in D from the graph H, is at least the number of bowties destroyed by removing
D from the graph H[U]. We will analyse the latter.

Note that

BrE@E) S <80b + 1) > 2
n 3
where the last inequality follows from our assumption that b > 10 and because
n is large enough.

For simplicity of notation let Uy = UNV; and Us = U N V,. Without loss of
generality we assume that U; spans at least as many edges in BNE(H[U]) as Us.
Select an arbitrary pair of edges {w1, wa}, {ws, ws} € BNE(H[U4]). If {ws, ws}
is disjoint from {wq,ws}, then for every shared neighbour of wy, ws, ws, ws we
have a bowtie. On the other hand, if {ws3, w4} is adjacent to {wy,ws}, then
every pair of shared neighbours results in a bowtie. By Proposition [3| every
edge between Uy and U, is present. Since only two vertices were removed from
the graph we have |U],|Uz] = (1 4+ o(1))n/2. Thus the number of bowties
containing {wi,ws} and {ws,w,} is at least (1 + o(1))n/2.
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Therefore, removing arbitrary k edges from B N E(H[U]) destroys at least

(1 +0(1))g (k <BmE;H[U])| - k>> > (1 +0(1))g (k: (g - k:))

bowties. O

Proof of Lemma[18 Assume for contradiction that |by — ba| > n/4 + 33(|a| +
1)g/n. Without loss of generality assume that

by > bo +n/4+ 33(|al + 1)g/n. (25)

Roughly speaking, we move ey := [n/4] — |a| edges from V; to V, and show
that the resulting graph has fewer copies of bowties. Let R; be a set of vertices
in V3 of size 2|n/4] — 2|a| maximising the function } _, dp(v), i.e. it contains
the 2|n/4| — 2|a| vertices v € V7 with the largest value of dg(v). Note that

Vil = IRl = | 5| = lal =2 | | +2lal > Ja| > 0.

On the other hand, let Ry be the set of vertices in Vi of size 2|n/4] — 2|a|
minimising the function )} dp(v). In order to move the e)s edges we reduce
the value of dp(v) for v € Ry by one and increase the value of dp(v) for v € Ry
by one. Define ¢ : V. — N by

dg(v) —1, ifv € Ry,
¢(U) = dB(’U), ifve V\ (Rl U Rg),
dp(v)+1, ifv € Rs.

Since by the value of dg(v) differs by at most one for vertices in V; and
R; contains the vertices v with the largest value of dp(v), we also have that the
value of ¢(v) differs by at most one for vertices in V3. The same argument also
gives us that the value of ¢(v) differs by at most one for vertices in V5.

Denote by H* the graph returned by Lemma [16|for V* = V; and V5" = V4.

By and Lemma [16] we have
#F(H) — #F(H")

e2 e
> Z d(uw)va(vy — 2) + eprba(2n — 8) 4 vy (eMbl - TM - ;\4>
ueERy

_ Z dp(u)vy(v1 — 2) —ep(by —ear)(2n — 8) — vy (erM + 7]‘/[ _ ) )

2
u€ R

By Propositionand we have 4¢g+4 > b; > n/4, implying b; < (1+0(1))4q
and 16g/n > 1+ o(1). Therefore > p d(u) < > oy ¢(uw) < 26y < (1 +
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0(1))8¢ < 9¢q. Thus

3ot Z (3 -3) 53

u€E Ry u€ERy

> 3 o) (2) ~ 14(al + g

u€ERy

Proposition [3| also implies that v;1 = (1 4 o(1))n/2, therefore the average vertex
degree in H[V1] is 2by /v1 < (140(1))16¢/n. Together with (12)), for every vertex
v € V1 we have dg(v) < (14 0(1))16g/n + 1 for large enough n. Recall that
16¢/n > 1+ o(1). Thus for v € V; we have dp(v) < (14 0(1))32¢g/n < 33¢/n.
Therefore, we have

S () ()"~ 14(lal + g

ueERy

zlz o) ~ Vi \ Raf 2| ()~ 14(]al + 1)gm

ueVy

> (3 ) 3 6(u) — 39(|al + 1)gn
ueVy
as [Vi\ Ri1| < [n/2] +|a| — 2|n/4] + 2|a|] < 3(|a] + 1).
Since ¢ > (1 4 o(1))n/16 we have by < 4g + 4 < 5q for large enough n.
Together with eps < n/4 this implies

ermba(2n — 8) > eprba2n — 10(lal + 1)gn
e >n/4 la]—1
" U)Zm3—mmun
ueVa

Finally using eys = [n/4] — |al and epr +1 <n/44+1 < by < (1+ 0(1))4q
we have

62 (& n e e

oo (ewtn = G = 5) 2 5 (et = 3= 57) 20l + D
n n n n n
g0 (Gt =1) - ((3) +3) ~2el+1
> 50 (F-lal=1) = 5 ((5) 45 ) - 2al+ )
TLQ n3 2
L 1
A e

Therefore, we obtain

2
S Gu)va(vs — 2) + earba(2n — 8) + 3 (eMbl - o)

u€ Ry
> (g)z > o+ (5 ) 3 dp(u 71)1 - ;Lz — 35— 64(Jal + 1gn.

ueVy ueVa

30



A similar argument shows that

€2,
Z dp(u)vi(vi —2) +ep (b —enm)(2n — 8) + 1 (bgeM + 7 - e;\/[>
u€ Ry

< (5)2 S dp(u)+ (gf 3 lu) —b2+ @ + o +64(|a| +1)gn

u€Vs (A%

Summing up, we have

? 1
HF(H) — #F(H") > & b1—b2—2—1_1ﬁm
8 1 -
16q/n>1+0(1) pn2 1
> ”[bl_bg_”_ggﬂalw]’
4 n
which is positive due to (25)), leading to a contradiction on minimality. 0O

Proof of Lemma[19 Let d := dg(u) — 1 = dp(v) — 1. We start with the case
when u,v € V3, d > 1 and at most one vertex in V; has degree d + 2 in (V, B).

Assume for contradiction that there exist 2 vertices wi,ws € V with
dp(wy),dp(w2) < d —900(|a| + 1)d/n. By for any vertex w € V; we
have that dg(w) > d so in fact wy,wy € V5. In addition, we may choose wy, ws
such that for every w € V5 \ {wi, w2} we have dp(w),dp(wz) < dp(w). Let
¢ : V — N be the function defined by

dp(z) —1, if z=wu,v,
o(z) =< dp(z), if veV\ {u,v,w,ws},
dB(Z)-i-L ifz:whwg.

Let H* be the graph returned by Lemma [16|for Vi* = V; and V5" = V,. Thus,
by , we have

#F(H) —#F(H") > (dp(u) + dp(v) — 2)va(vy — 2) + ba(2n — 8) + (b1 — 1)vs
- (dB(’LU1> + dB(’wg))Ul(’Ul - 2) — (b1 — 1)(27’L — 8) — bovy.

Note that dp(v),dp(w1) < d+ 1 and together with we have that dp(w) <
d+ 2 for any w € V. Therefore, by,bs < (1 4+ 0(1))(d+2)n/4 < dnasd>1
Thus we have

n2
WE(H) ~ #F(H") > (24— dp(u) — ()" + Sn(bs —b) ~ 26(al + 1o

a>1
Recall that dg(w) < d+ 2 for any w € V. Therefore ¢ < (d+ 2)n/2 < 3dn/2.
This together with Lemma implies be < by + n/4 4+ 33(Jal + 1)g/n < by +
n/4 4+ 50(|a| + 1)d and thus

n2

#F(H)—#F(H") > (2d —dp(w1) _dB<w2))Z -

ND\C»J

g 101(|a| +1)dn. (26)
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We first consider the case when 900(]a| + 1)d/n < 1. In this case any vertex
with degree less than d — 900(|a| 4+ 1)d/n has degree at most d — 1. Therefore,
dp(wy),dp(wy) <d—1 and thus

26) 2 3 2
LF(H) — #F(H") > 2% - % —101(|a] + 1)dn > 0
where the last inequality follows because due to our condition, 101(|a| + 1)g <
n?/8, resulting in a contradiction.
Next we consider the case when 900(|a| + 1)d/n > 1. Recall that by our
assumption dp(wy),dp(w2) < d —900(|a| + 1)d/n and thus

26) 2
HF(H) — #F(H") D 450(|a| + 1)dn — 3% —101(|a| + 1)dn > 0,

where the last inequality follows because due to our conditions 900(|a| 4 1)dn >
n?, leading to a contradiction.

Now we consider the remaining cases. An analogous proof works if u,v € V5.
Should u and v be in different parts, by we have for all w € V that dg(w) >
d giving the required bound. Also the statement is trivial when d +1 = 1, as
the degree of any vertex is non-negative. Finally, if more than two vertices of
degree d + 2 exist, then v and v can be replaced by two vertices of degree d + 2
and our earlier argument implies the result. O

Proof of Lemma[20, Note that dn < 2(q+ 1) < (d + 1)n. We start by showing
that in the graph (V,B) at most one vertex of degree at least d + 2 exists.
Suppose that this is false. Let Wy41 be the set of vertices w € V' with dp(w) <
d+ 1. By Theorem [I] we have |a| < 1, which together with Lemma[l9] d = o(n)
and the fact that dp(w) is an integer imply that |Wyp1| < 1. In fact, by
we have that if there exists a vertex w € Wy41, then dg(w) > d. Therefore,

20 +1) =Y dp(w)>2(d+2)+d+(n—3)(d+1)> (d+ 1)n,
weV

contradicting our earlier observation.

Note that if there exists in (V, B) a vertex of degree at least d + 3, then by
there exists a pair of vertices u,v € V such that dg(u) = dg(v) > d + 2,
a contradiction. Therefore, there is at most one vertex with degree larger than
d+1in (V,B) and by this vertex, if it exists, has degree exactly d + 2 in
(V,B). It only remains to show that there is at most one vertex with degree
less than d in this graph and should such a vertex exist it has degree d — 1.

Lemma |19 implies that this is in fact true if (V, B) contains two vertices of
degree d + 1. Now assume that (V, B) has at most one vertex of degree d + 1.
By the presence of a vertex of degree d + 2 in (V, B) would imply that
many vertices of degree d+1,d+ 2 or d + 3 should be present. However, by our
assumption there is only one vertex of degree d + 1 in (V, B) and previously we
have shown that there is at most one vertex of degree at least d 4+ 2 in (V, B).
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Thus (V, B) contains no vertex with degree larger than d + 1. Let Wy be the
set of vertices w € V with dg(w) < d. Then

dn <2(qg+1) = Z dp(w)=d+1+ (n—|Wy| —1)d+ Z dp(w).
weV weWy
Rearranging the terms gives us
(Wald—1< " dp(w) < [Wa|(d—1),
weWy
where the right hand inequality follows from the definition of W;. The inequality
holds only if |Wy| <1 and for w € Wy we have dg(w) =d — 1. O

Proof of Lemma[2]] Assume for contradiction that the size of each of these sets
is at least two. Therefore there exist vertices uy, us € Ciy1,v1,v9 € Cg, w1, we €
Dyi1,21,22 € Dy. Roughly speaking, we want to show that either moving an
edge from C41 to Dy decreases the number of bowties, or moving an edge from
Dyy1 to Cy, does.

Define ¢; : V — N by

dp(z) —1, if x=wu,us,
¢1(x) =4 dp(z), ifveV\{u,ug, 21,29},
dp(z)+1, if x=z,29,
and ¢9 : V — N by
dp(xz) —1, if 2 = wy, wa,

¢2(m): dB(x)’ if'UEV\{U}l,’LUQ,’Ul,’UQ},
dp(z)+1, if z=uwv1,vs.

For i = 1,2 let H; be the graph returned by Lemmawith p=0¢;, V=V
and V5 = V,. Thus, by , we have
#F(Hy) — #F(H) < 20v1(v1 —2) + (by — 1)(2n — 8) + bavy
—2kva(vg —2) —ba(2n —8) — (b1 — D)vg
and
#F(Hy) — #F(H) < 2kva(vg — 2) + (ba — 1)(2n — 8) + byva
— 201 (v1 — 2) — b1 (2n — 8) — (by — 1)vy.
Should either one of these be negative, we are done, as we have a contradiction

on the minimality of H. Clearly, this holds if the sum of the two terms is
negative. Note that the 2¢v; (v1 —2) and the 2kva(vy — 2) terms cancel and thus

#F(Hy) + #F(Hy) — 2#F(H)
< (by —1)(2n —8) + bovy — b2(2n —8) — (by — 1)vg
+ (ba —1)(2n — 8) + byvg — b1 (2n — 8) — (b2 — 1)1y
=—(2n—8)4+ vy — (2n — 8) + vy
=-3n+16<0

and the statement follows. O
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6. Concluding remarks

After Proposition 3 is established (namely, that every extremal graph ad-
mits a vertex partition {V1, Va} such that all cross edges are present), the rest
essentially reduces to the problem of minimising the right-hand side of as
a function of e.g. v1 = |Vi| and by = |E(H(V1))|. Surprisingly, this integer
optimisation problem turned out to be very delicate and we needed a lot of
calculations to solve it (i.e. to derive Theorems from Proposition . While
our method may apply to other non-critical graphs F', we expect that similar
algebraic difficulties will appear. One important difference between the cases
of critical and non-critical F' for ¢ = o(n?) is that in the former case a single
edge added to K (V1,Va) already creates many copies of F, which often gives
the dominant term for hgr(n,q) and makes analysis easier.

One cannot expect that Theorem [I] holds for all g. For example, the Turdn
graph T,.(n) is known to minimise the number of triangles among all graphs of
the same order and size, which follows from the results by Moon and Moser [20]
and, independently, Nordhaus and Stewart [23], which can be also derived from
the paper of Goodman [10]. The corresponding stability result was obtained
by Lovdsz and Simonovits [I8]. Since this graph has approximately the same
number of triangles per each vertex, the Cauchy-Schwarz Inequality implies
that T).(n) also asymptotically minimises the number of bowties, including the
stability result that all asymptotically optimal graphs are o(n?)-close in the edit
distance to T;.(n). However, if r > 3 is a fixed odd integer, then T}.(n) is Q(n?)-
away from containing 75(n). So Theorem (1| strongly fails for the corresponding
value of ¢. It would be interesting to know how hpg(n,q) behaves for larger g,
in particular find the largest ¢ such that hr(n,q) = (1 + o(1))tr(n, q) holds for
every g < cn?.
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