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Abstract

The main purpose of this work is to provide the general solutions of a class of linear functional equa-
tions. Let n > 2 be an arbitrarily fixed integer, let further X and Y be linear spaces over the field K and let
a;,B; € K,i=1,...,nbe arbitrarily fixed constants. We will describe all those functions f, f; ;: XXY — K,
i, j=1,...,nthat fulfill functional equation

n n n
f[z aixi,Zﬁiyi] = Z fi,i(xiyj) (xieXyieYi=1,...,n).
i=1 i=1 ij=1

Additionally, necessary and sufficient conditions will also be given that guarantee the solutions to be non-
trivial.

Dedicated to Professor Jdanos Aczél on the occasion of his 95™ birthday.

ath.CA] 19 Mar 2019

c 1 Introduction

As Janos Aczé€l wrote in his famous and pioneering monograph [[1]]: ‘Functional equations have a long history
~ and occur almost everywhere. Their influence and applications can be felt in every field, and all fields benefit
<I" from their contact, use, and technique.” Almost the same can be said about the class of linear functional
O) equations. This area is one of the most investigated topic in this field, several authors studied this class, see
'C\D e.g. [2.3.4, 15,16, 7,18, 9L 10, 141 (18} [19, 20].
- The main purpose of this paper is to describe the general solutions of a class of linear functional equations.
More precisely, we are interested in the following problem. Let n > 2 be an arbitrarily fixed integer, let further
O) X and Y be linear spaces over the field K and let «;,5; € K, i = 1, ..., n be arbitrarily fixed constants. Assume
_F! further that for the functions f, f; j: X XY — K, 7, j = 1,...,n, functional equation

>
>é f(Z a;x;, Zﬁiy,) =Y futwy)  (eXypieXi=1,...,n (1)
i=1 i=1

ij=1

is fulfilled.

This equation belongs to the class of linear functional equations, that was thoroughly investigated by
L. Székelyhidi in [15} (16} [17]. For the sake of completeness, here we briefly recall the main results from
Székelyhidi [15].

Definition 1. If G, S are groups and # is a positive integer, then a function A: G" — § is said to be n-additive
if it is a homomorphism in each variable. Let F': G" — S be a function, then the function ¢: G — S defined
by

o(x)=F(x,...,x) (x€G)

is said to be the diagonal of F and it is denoted by diag(F). Further, let

A =A(x,... .
k(-x7 y) (x’ s X, Y, 7y) (-xay € G)

ktimes  pn -k times
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Remark. Let G, S be groups, n be a positive integer and A: G" — S be an n-additive function. Then for all
k € Z and for arbitrary i € {1,...,n} we have

A ()C1, o 7-xi—1’kxi7 Xitls - ,Xn) = kA (Xl’ coes Xicls Xis Xig 15+ - - ,xn) (X], sy Xy € G) .
For a function f, rng(f) denotes the range of f.

Definition 2. Let G, S be Abelian groups, let n be a non-negative integer. The function f: G — S is said to
be of degree n, if there exist functions f;: G — S and homomorphisms ¢;, ¥;: G — G such that

mg(p;) cmgly)  ((=1L2,....,n+1) (%))

and functional equation
n+1

O+ D F@+) =0  (tyel) 2)
i=1

holds.

Definition 3. Let G, S be Abelian groups, let n be a non-negative integer. The function f: G — S is called
a (generalized) polynomial degree n, if for all k = 0, 1,...,n there exists a k-additive mapping A;: G* — S
such that

n
= diag(Ay,
k=0
where 0-additive functions are to be understood constant functions.

Theorem 1 (Theorem 3.6 of [15]). Let G,S be Abelian groups and suppose that G is divisible. Let n be a
non-negative integer. The function f: G — S is of degree n if and only if it is a polynomial of degree n.

Theorem 2 (Theorem 3.9 of [[15]). Let G, S be Abelian groups and suppose that G is divisible and S is torsion
free. Let n € N be a non-negative integer and let ;, ; be homomorphisms of G onto itself such that

mg(yjou; —giop)=G  (i#j ij=1....n+1). (%)

The functions f;: G — S (i =0,1,...,n+ 1) satisfy functional equation

n+l1

@+ D Fe@+u) =0  (tyeG)
i=1

ifand only if forallk = 0,1,...,nandi =0,1,...,n+ 1 there exist symmetric k-additive functions A,(j) : Gk >
S such that

fi= Zn:diag(A,(f)) (i=0,1,....n+1)
k=0

and the equations
n+1

A0+ > A (@) =0 (xyeG)
i=1

hold forall j=0,1,...,nandk=j,j+1,...,n.

Observe that equation (I) can be reduced to the form (2)). Indeed, suppose that n = 2 (or substitute zero in
place of the variables except a distinguished pair) and consider the following family of homomorphisms

Cap(X,y) = (g g) . (;) xeXyeYapek).



With these notations (I)) can be re-written as

f (()Dal,ﬁl (u) t Pay po (V)) =
J11(@1,1(@) + @o0(V)) + f12(e1,0(@) + @0,1(V)) + f2.1(p0,1(0) + ¢10(V)) + f22(p00(@) + ¢1.1(V))
(m,veXxY).

At the same time (as it can be seen in the following subsection), we cannot state that the functions involved
are polynomials. This is because the fact that the homomorphisms ¢, s defined above in general do not fulfill
range condition (%), neither fulfill range condition (%,). What is more, they are injective if and only if
a, # 0 and in such a situation go;’}g = @41 451. Notice that equation (I)) involves the projections ¢, o, ¢, and
©o,0- None of these are injective. This shows that Theorems [1|and |2 cannot be applied in our situation.

2 Special cases of the original equation

2.1 The one-variable sub-case

In this sub-case let n € N, n > 2 be arbitrarily fixed, X be a linear space over the field K and suppose that for
the functions f, fi, ..., f,: X — K functional equation

f(z Q’ix,‘] = Z ﬁ(xi) (X1, s Xy € X) (3)
i=1

i=1

holds with certain constants «;, ..., qa, € K.
Observe that without loss of generality
fO)=fO0)=...= f,(00=0 (*)
can be assumed. Otherwise we consider the functions
f) = f)-f0)
hH) = filx) = £1(0) e X).
fd) = £, = £,(0)

They clearly vanish at zero and they also fulfill the above functional equation. Therefore from now on we
always suppose that (*) holds.

As we will see, the solutions of equation (3]) heavily depend on whether or not there are zeros among the
parameters aq, ..., a,. We may (and also do) assume that these parameters are arranged in the following way:
there exists a non-negative integer k < nsuch thata; # Ofori=1,...,k,bute; =0foralli=k+1,...,n.

Proposition 1. Let n € N,n > 2 be arbitrarily fixed, X be a linear space over the field K and suppose that
for the functions f, fi,..., f,: X = C functional equation (3)) holds with certain constants a,, . .., a, € K and
assume that (x) is also satisfied. Suppose further that a; # 0 fori=1,...,k, buta; =0 foralli=k+1,...,n.
Then

(i) in case k = 0, all the functions fi,..., [, are identically zero and f: X — C is any function fulfilling

) =0,

(ii) in case k = 1, all the functions f,..., f, are identically zero and f, fi: X — C are any functions
vanishing at zero and fulfilling

flaix) = fi(x) (xeX),
(iii) otherwise, there exists an additive function y : X — C such that

f(x)=x(x) and fi(x)=x(a;x) for i=1,...,k

and the functions fi.1, ..., f, are identically zero.
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Conversely, the mappings f, fi,..., f,: X — C vanish at zero and they also fulfill (3).

Proof. In case k = 0 equation (3) reduces to
Zfi(xi)=0 (x1,...,x, €X).
i=1

Since we have independent variables, this immediately yields that the involved functions have to be constant
functions. In view of () this means that they have to be identically zero and the only information we get for
the function f is that f(0) = 0.

In case k > 1, our equation can be written as

k n
f[z a,-xi) = ij(x‘,) (x1,...,x, € X).
=1

i=1
With the substitution

X1 =...= X = 0
we obtain that

0= ij(xj) (Xkt15 - -5 X0 € X)),

Jj=k+1

which (similarly as above) yields that the functions fi,,..., f, are identically zero. Using this, the functions

[ fis oo fi fulfill
k k
f(Zaixi]ZZfi(x,-) (x1,...,x €X). @)
i=1

i=1
If k = 1, this is nothing but
flax) =itk (xeX),

showing that in this case there is nothing to prove.
Assume that k > 2 and let i, j € {1,...,k} be different integers. Then equation (@) with x, = 0 for
Lef{l,....,k}\ {i, j}is
flax +apx) = fie) + fitx)  (xix;€X),

which, after introducing the functions

X
a

fi(x) :ﬁ( ) (xeX,l=1,....k)
can be reduced to the system of Pexider equations
fOi+x) =i+ fix)  (xnxjeXiije(l,.. ki ).
This means that there exists an additive function y: X — C such that

f(x)=x(x) and fi(x)=x(a;x) for i=1,... k.

3 The two-variable case with n = 2

In this section we will focus on functional equation

flayx; +az x2,B1y1 + B2ry2)
= fia(xi,y0) + fia(xi, y2) + f2,100,y1) + fr2(X2,42) xLxeXy,yel), (5)



where f, fi1, fi2, fa1, f22: XXY — Kdenote the unknown functions and a, @», 51,8, € K are given constants.
Observe that without loss of generality

f(()’ 0) = ﬁ,j(o, 0) =0

can be supposed. Otherwise we consider the functions

fxy = fxy) - f0,0

(xeXyeyY).
fijxy) = fij(xy) = £i,;(0,0)

They clearly vanish at the point (0, 0) and they also fulfill the same functional equation. Similarly as previously,
from now on we always suppose that all the involved functions vanish at the point (0, 0).

This section will be divided into two parts. At the first one, we will consider the so-called degenerate cases,
where at least one of the parameters a, s, 81,5, is zero. After that the non-degenerate case will follow, that
is, when none of the above parameters are zero.

3.1 Degenerate cases
3.1.1 The homogeneous case o =a; =5, =5, =0

In case a; = @, = 81 = B> = 0 equation (3] reduces to

S y) + fia(xi, y2) + fo1(x2, y1) + fo2(x2,y2) =0 (xL,xeXy,yp€Y).

Proposition 2. Let X and Y be linear spaces over the field K and fi 1, fi2, fo1, fr2: X X Y — K be functions
such that

S y) + fia(xi,y2) + fo1(x2,y1) + fo2(x2,y2) =0 (xL,xeXy,yp€Y). (6)

Then and only then for all i, j = 1,2 there exist functions y;j: X — Kand {;j: Y — K vanishing at O such
that

Ji,j(x,2) = xi,;(x) + £, j(2) (xeX,zeY i, j=1,2)

as well as
Xi20)+x11(x) = 0
X22(x) + x21(x) = 0
o@D+ = 0 FEXED.
02D+ 02 = 0

Proof. Fori, j € {1,2} let us define the functions y; ;: X — Kand ¢;;: ¥ — K through

Xij(x) = fij(x,0) and ¢ ;(z) = f;;(0,2) (xeX,zeY).

With the notation

E(xi, x2,y1,42) = fii(x, 1) + fio(xi,y2) + fo1(x2, y1) + fo2(x2,y2) xLxeXy,yp€Y),

identities
E(x,0,0,0)
E, x,0,0)
E©,0,z0)
E0,0,0,2)

(xeX,zeY)

Il
o O O O

give that
X12(X) + x1,1(x)
X22(X) + x2,1(x)
$.1(2) + {1.1(2)
$2(2) + 412(2)

(xeX,zeY).

o O OO



Moreover, equations

E(x1,0,y1,0) = 0
I e———
EQ©,x,0,y5) = 0
yield that
[ij(x,2) = xi,j(0) + ¢ j(2) (xeX,zeXij=12),
where we used the previously proved identities, too. O

3.1.2 Thecasea; =a,=6,=0and g, #0

In such a situation (3)) reduces to

fQO,By2) = fin(xi,y1) + fia(x1,y2) + fo1(x2,y1) + fo2(x2,Y2) (x1,x2 € X,y1,y2€Y).

Obviously, 5, = 1 can be assumed, otherwise we consider the functions E,f{z: X XY — K defined
through

]E(x,z) = f1,2(x,/§'2)
fz’z(x,Z) = f2,2(-x»ﬁiz)

Proposition 3. Let X and Y be linear spaces over the field K and f, fi1, fi2, fo1, fa2: X XY — K be functions
such that

(xeX,z€eY).

fO,y2) = fiinCxi,y1) + fia(x1,y2) + fo1(x2, y1) + fa2(x2, Y2) (x,x € Xy, €Y).

Then and only then for all i, j = 1,2 there exist functions y;;j: X — Kand {;j: Y — K vanishing at 0 such
that

fij(x,2) = xij(x) + £, j(2) (xeX,zeY i, j=1,2)

as well as
X12(x) +x11(x) = 0

X22(X) + x21(x) = 0
£0@+ 4@ = 0 (xeX,z€Y).
O+ 022 = f(0,2)

Proof. Fori, j € {1,2} let us define the functions y;;: X — Kand ¢;;: ¥ — K through
Xij(x) = fij(x,0) and ¢ (z) = fi;(0,2) (xeX,zeY).
Furthermore, let

E(x1, X2, Y1,42)
= f(0,y2) = fia(x1,y1) = fio(x1,42) = fo1(x2, y1) = fo2(x2, Y2) (x1,% € X,y1,y2 €Y)

to obtain the following system of equations

E(x1,0,y1,0)
E(x1,0,0,y,)
E(0, x2,y1,0)
E(0, x2,0,y5)

xLx€eXy,y€Y),

[
S O OO

or equivalently

fiaxny) + fio(x,0) + £,(0,y) = 0
Ji2(x1,42) + f1.1(x1,0) + £22(0,42) = f(0,42)
foi(x2,y1) + f22(x2,0) + f11(0,y1) = O
fo2(x2,42) + f21(x2,0) + f12(0,2) = f(0,y2)

(xL,xeXy,yp€Y).



Finally, the system of equations

E(x1,0,0,0) = 0
E0,x,,0,0) = 0
E0,0,4,,0) = 0 (x1, 02 € X,y1,y2 €Y)
E(O9 Oa 09 !/2) =0
yields that
fl,2(xl, 0) + fl,l(xl,o) = 0
J22(x2,0) + f2.1(x2,0) = O
Fa©O.y) + a0,y = 0 (1,0 € Xypz € ),
£20,y2) + f1200,40) = f(0,y2)
which in view of the above definitions completes the proof. 0

3.1.3 Thecase a;,a; #0and 3,5, =0

In such a situation (5)) implies that

flaix; + axx,0) = f11(x1,0) + fi2(x1,0) + f2,1(x2,0) + f22(x2,0) (x1,x2 € X)

because the left hand side does not depend on y; and y5. o
Obviously, a1, a; = 1 can be assumed, otherwise we consider the functions f,, f>,: X X ¥ — K defined
through

a2 = fi(2.2)
fia2) = fia£.2)
P = fa(E2)
fonr(x,2) = fz,z(fz,z)

Proposition 4. Let X and Y be linear spaces over the field K and f, fi 1, fi.2, o1, fo2: X XY — K be functions
such that

(xeX,zeY).

S+ x2,0) = fi.1(x1,0) + fi2(x1,0) + f21(x2,0) + f22(x2,0) (x1,x € X).

Then and only then there exists an additive function y : X — K such that

f(x,0) = x(x)
fii(x,0) + fia(x,0) = x(x) (xeX).
f1(x,0) + fr2(x,0) = x(x)

Proof. Consider the functions y, ¢, ¥ : X — K defined through

x(x) = f(x,0)
e(x) = fi1(x,0)+ fi2(x,0) (xeX)
Y(x) = f1(x0)+ f2(x,0)

to get the following Pexider equation
X(x1+ x2) = @(x1) + Y(x2) (x1,x2 € X).
Since all the functions y, ¢, ¢ vanish at zero, we get that ¢ = ¢ = y and the function y has to be additive. O

To finish the discussion of equation (3)) in this special case, apply Proposition [2]to the functions

fijx,y) = fij(x,y) = fij(x,0), (xeX,yeY)

where f; j(x,0) are given in Proposition {]



3.1.4 Thecase a,8, # 0and a,,3, =0

In such a situation (3)) implies that

flax, Biyr) = fiux,y) + fia(x,0) + £1(0,y1) (x1 €X,y; €7Y)

because the left hand side does not depend on x, and y5.
Obviously, due to similar reasons as previously, @,5; = 1 can be assumed. The proof of the following
proposition is a straightforward calculation, so we omit it.

Proposition 5. Let X and Y be linear spaces over the field K and f, fi1, fi2, fo.1: X X Y — K be functions.
Functional equation

Oy = fuilxny) + fia(x,0) + £21(0,41) (x;€X,y1 €7Y).

is fulfilled if and only if there exist functions y: X — Kand {: Y — K such that

S12(x,0) = x(x)
f2.100,2) {(2) (xeX,zeY).
f(x,2) = fra(x,2) x(x) +4(2)

To finish the discussion of equation (3)) in this special case, apply Proposition [2]to the functions
]E 1y = 0,
Sia(x,y) Ji206y) = fi2(x,0),

]fg,l(X, Y) a1, y) = £2100,y),
fa2x,y) = fra(x,y),

where fi,(x,0) and f,(0,y) were determined in Proposition 3]

(xeXyeY),

3.1.5 Thecase ay,a,,8, #0and 3, =0

In such a situation (5) implies that

flaix) + axxa, Bry1) = fri(x, y1) + fi2(x1,0) + fo1(x2, y1) + f22(x2,0) (x;eX,y€Y),

because the left hand side does not depend on ys,.
Obviously, due to similar reasons as previously, @, a,,8; = 1 can be assumed.

Proposition 6. Let X and Y be linear spaces over the field K and f, fi 1, fi2, fo1, fr2: XXY — K be functions.
Functional equation

S+ x2,y1) = fiulx,y1) + fi2(x1,0) + fo1(x2, y1) + f22(x2,0) (x,x2€X,y €7)

is fulfilled if and only if there exist a mapping A: XXY — K additive in its first variable and there are functions
X- X1 x21: X = Kand {,{1,0.1: Y — Kvanishing at zero so that y is additive and

fx2) = A(x,2) +x(x) + ()
fuix,2) = Ax,2) +x11(x) + £1,1(2) (xeX,zeY)
fi(x,2) = Ax,2) +x21(%) + 1(2)

and also
x(x) = f(x,0)
xii(x) = fi1(x,0)
X21(x) = f1(x,0)
(@) = Lu@+o,  FEXIED
S12(6,0) = x(x0) — x1.1(%)
F2(x,0) = x(x) — x2,1(%)
hold.



Proof. With the substitution y; = 0 our equation yields that
S+ x2,0) = fr.1(x1,0) + f12(x1,0) + f21(x2,0) + f22(x2,0) (x1, %2 €X,).
From this we immediately get that
FO+ xa,1) = fia(xny) + foi (o) (x1, 2 € X,y1 €Y),

where the functions f, ﬁl, ﬁ 1: X XY — K are defined by

Few = fp) - f050)
fuGey) = fialny) = fia(x, 0) (xeX,yey).
‘fZ,I(X’ y) = f2,1(x7 y) _f2,1(~x’ O)

This means that the functions ]7, ﬁ,l, ]7;’1 fulfill a Pexider equation on X for any fixed y € Y. Thus there exists
amapping A: X X Y — K additive in its first variable and functions £, ;1,1 : ¥ — K so that

{@) =411 + £.1(2) (zeY)

and _
S = A2 + ()
furd = AxD+4u@  (eXzeY).
Hi(n2) = Alx2) + $o(2)

In terms of the functions f, fi 1, f>.1 this means that

f(x,2) = A(x,2)+x(x) +{(2)
fiilx,z) = Ax,2) +x11(x0) + 11(2) (xeX,z€eY),
Hi(xz2) = A(x,2) +x21(%) + $H0(2)

where
x(x) = f(x0)
x11(x) = fii(x,0) (x€X).
x21(x) = f1(x,0)

Observe that y is additive. Indeed, using the above the forms of f, f;; and f,,, our equation with y; = 0 and
the fact that A is additive in its first variable, we obtain that

X (X1 4+ x2) = x1.(x1) + f12(x1,0) + x2,1(x2) + f22(x2,0) (x1,x € X),

that is, y fulfills a Pexider equation. Since y(0) = 0, this means that y has to be additive. Thus, using again
the form of the functions f, fi 1, f>.1 and our equation with x, = 0, we get that

f12(6,0) = x(x) —x11(x)  (x€X).

Similarly, our equation with x; = O implies that

f22(x,0) = x(x) — x2,1(x) xeX).

To finish the discussion of equation (3)) in this special case, apply Proposition [2]to the functions

fuxy =0,
fiany) = fialxy) = fia(x, 0), (xeX,yeY)
f%,l(x’ y) = O

25 y) = for(x,y) = fo2(x,0),

where f;,(x,0) and f,,(x,0) are given in Proposition@
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3.2 The non-degenerate case

After making clear the degenerate cases, now we can focus on the case ay, @,,81,5, # 0 and provide the
general solution of the functional equation

flayx + a2 x2,B1y1 +B2y2)
= fii(xi,y0) + fia(x, y2) + o100, y1) + fo2(X2,42) (x, % €X,y1,yp €Y),

where f, fi1, fiz, fo.1, fr2: XXY — K denote the unknown functions and @y, a,, 81,8, € K are given constants.
Obviously, it is enough to consider the case @y = @, = §; = B, = 1, that is, to consider the following
functional equation

Fa+x,y1 +y2) = fiaulxyn) + fia(x,y2) + (0, y1) + f2(x2, 42) (x1,X2 € X, y1,pp €Y).
In this subsection we always assume that the characteristic of the field K is different from 2.

Proposition 7. Let X and Y be linear spaces over the field K. Then the functions f, fi1, fi2, f>1, fro: X XY —
K satisfy functional equation

FOa+x0,y1 +y2) = fia(xny) + fialx, y2) + 100, y1) + fr2(x2,y2) xL,xeXy,yp€l). (7)

if and only if
f(x,2) A(x,2) + x(x) + {(2)
fij(x,2) A(x,2) + xij(x) + £ j(2)
where the mapping A: X X Y — K is a bi-additive function and for i,j € {1,2} x,xi;: X — K as well as
{, ¢ Y — Kare functions such that y and { are additive functions and y; ; and {; j vanish at the point (0, 0)
and

(xeX,z€e2),

X1.1(0) + x12(%) = x2,1(x) + x22(x)
1,12 + £,1(2) = §12(2) + £2(2)

x(x)

() (xeX,zeY)

are also fulfilled.

Proof. Assume that the functions f, fi 1, fi2, fo.1, f22: XXY — K fulfill functional equation (7)) for any x;, x, €
X and y, y, € Y. With the substitution y, = 0 we obtain that

fCo+xi,y1) = fo1(0,y1) + fr2(x2,0) + fi1(x1,y1) + fi2(x1,0) (xLxeXy €Y),
which immediately implies that
S+ x,y) = }Zl(xbyl) + E(xl,yl) (xL,xeXy €Y),

where the functions ]"Tl f; are defined by

fii(62) = finlx2) + fia(x,0)

/1.1 (xeX,zeY).
£i(x2) = fr1(x,2) + f2(x,0)

This means that there exists a function AV: X x ¥ — K which is additive in its first variable and a function
{: Y — K vanishing at zero such that

fx,2)=AV(x,2) + {(2) (xeX,zeY).
Substituting this form into equation (7)), with x, = 0 and with a similar argument we receive that

AD(x,z) = A(x, 2) + x(x) (xeX,zeY),

where A: X X Y — K is a bi-additive mapping and y: X — K is a function that vanishes at zero.
All in all this means that

f(x,2) =A(x,2) + x(x) + {(2) (xeX,zeY).

10



Additionally, equation (7), first with y; = y, = 0 yields that y has to be additive and secondly, with x; = x, = 0
we receive that the function £ also has to be additive, too.
Define the functions F 1, Fy 2, 1, F2, on X X Y through

Fii(x,2) = fiilx,2) —A(x,2) —/% - %
Fio(x,2) = fialx,2) —A(x,2) — )%x) - %

Y L) (xeX,zeY)
Fou(x2) = fule2)-Ax) -—== - ==
me@::ﬁmuyA@@_é?_%?

to deduce that they fulfill functional equation (6). Due to Proposition [2} for all i, j = 1,2 there exist functions
Xij: X > Kand ¢;;: Y — K vanishing at zero such that

Fijx) =X+ 4@ (x€XzeYij=12),
that is, for the functions f; ; we have
fii(x2) = A(x, 2) + xij(x) + & j(2) (i, jel{l,2},xeX,z€Y).

Finally, using the equations in Proposition [2|for the functions y; ; and ZI j» identities

f(x,0) = x(x) = fi.1(x,0) + fia(x,0) = x1.1(x) + x12(%)
f(x,0) = x(x) = f21(x,0) + f22(x,0) = x2,1(x) + x22(x)
£0,2) = L@ = fir(0,2)+ f10,2) = £11(2) + 01 (D) (reXzed)
f0,2) = @) = f1200,2) + f22(0,2) = £12(2) + £22(2)
complete the proof. O

3.3 Related equations
3.3.1 The functional equation of bi-additivity
As a trivial consequence of the results of the previous section we get the following.

Corollary 1. Let X and Y be linear spaces over the field K with char(K) # 2. The mapping f: X XY — K
fulfills the functional equation of bi-additivity, that is,

FOa+x,y1 +y2) = f(xi,y1) + f(x,y2) + f(x2,y1) + f(x2,42) (x,xeXy,y€Y)
if and only if f is bi-additive.

3.3.2 The rectangle equation

Let X and Y be linear spaces over the field K and let f: X x ¥ — K be a function.
Then functional equation

ftuy+o)+ fx+uy—ov)+ f(x—uy+v)+ f(x—u,y—v) =4f(x,y) (x,y e X,u,vey),
or equivalently (provided that char(K) # 2)

X1+xX2 y1+y»
2 72

ar( ) = FOnp) + FGu) + Oy + fOog)  (n € Xy € Y).

is called the rectangle equation.
Indeed, both the above equations express the following: the value of f at the center of any rectangle, with
parallel sides to the coordinate axes, equals the mean of the values of f at the vertices.

11
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This equation as well as its generalization were investigated (among others) in [2} 5, [14]].
With the aid of the results of the previous section, we obtain the following straightaway.

Proposition 8. Let X and Y be linear spaces over the field K with char(K) # 2 and f: X XY — K be a
function. The function f fulfills the rectangle equation, i.e.,

X1+xX2 y1+y2
2 72

4f( )=f(xl,yl)+f(X1,y2)+f(xz,y1)+f(xz,!/2) (x1,x € X,y1,y2 €Y),

if and only if there exists a bi-additive mapping A: XxXY — K and additive functions y: X - Kand(: Y - K
such that
fx,2) = A(x, 2) + x(x0) + {(2) (xeX,zeY).

Remark. In case char(K) = 2, the rectangle equation reduces to equation
fx+uy+v)+ fx+uy—v)+fx—uy+v)+ f(x—u,y—0v)=0 (x,ye X,u,veY),
or equivalently
JCeLy) + e, y2) + [, y1) + f(x,42) =0 (x1, 2 € X, yr,yp €Y).

Thus, Proposition [2] yields that there exist functions y: X — Kand ¢: ¥ — K such that
Jey =x(x0)+{y)  (xeXye)).

The Cauchy equation on X X Y

Proposition 9. Let X and Y be linear spaces over the field K and f,g,h: X X Y — K be functions. Then
functional equation

S+ x2,y1 +y2) = g(x1,y1) + h(x2, y2) (x,x2€Xy1,pp€Y) (8)

holds if and only if there exist additive functions y: X — K, {: Y — K such that

fy) = x(x)+{(2)
g(x,y) x(x) +(2) (xeX,zeY).
h(x,y) x(x) +{(2)
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4 On the reduction of equations with n > 2 to the two-variable case

In this section we intend to investigate the following problem. Let X and Y be linear spaces over the field
K, let further a;,5; € K, i = 1,...,n be arbitrarily fixed constants. Assume further that for the functions
[ fij: XxY —>K,i,j=1,...,n, functional equation

f(z aix;, Zﬁiyi] =Y ftwy)  (eXpieXi=1,...,n ©
i=1 i=1

ij=1

1s fulfilled.
We will show that in case n > 2, the results of the previous section can be applied. Indeed, let A, k,u,v €
{1,...,n} such that A # x and u # v, but otherwise arbitrary. In this case equation (9] with the substitutions

xi=0ifi # A,k and y;=0if j #u,v
yields that

f (a'/lx/l + akxkaﬁﬂyﬂ +:8vyv) = f/l,,u(x/la yﬂ) + fxl,v(x/l’ yv) + ﬁ(,/J(xK’ yﬂ) + fk,v(xka yv)
+ 2 L0+ Y £ 0+ ) 0,50 + > £in(0,,)

JEUY JELY i#4,k i#A,k

for any x,, x, € X and y,,y, € Y. Consider the functions E;, ]"; X x Y — K defined by

Fru62) = fax)+ D fiin0)+ ) 0,0 (xeX.ze)

JEWY i#A,k
and .
feorl6,2) = fir(x,)+ D fjx,0)+ D" fi0,2)  (xeX,z€Y)
JEUY i#A,k
to receive that
£ (@axa + e By + Boygy) = FruCias y) + Frs(in 9) + feu s Y) + Feo(ir ) (10)

is satisfied for any x,, x, € X and y,,,y, € Y. This equation can however be handled with the aid of the results
of Section[3l

S The case of a single unknown function in the equation — existence
of non-trivial solutions

Let X and Y be linear spaces over the same field K and consider the following functional equation
S arxi + @2 x2,B1y1 + Bay2)
=Y f (L y) + yiaf (3, 92) + v21f (e, y1) + v22f(x2, y2) (x1,x2 € X,y1,42€Y), (11)

where f: X XY — K denotes the unknown function and a, @,, 81,5, € K and y; 1,12, Y21, Y22 € K are given
constants.
Recall that due to the linearity of the above equation we may (and we also do) suppose that

f0,00=0

holds. Otherwise the function

f(x7y):f(x7y)_f(070) (XEX,!JEY)
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can be considered. This function clearly vanishes at the point (0, 0) and it fulfills the same functional equation,
too.

Furthermore, the linearity of the investigated equation implies that the identically zero function is always
a solution. In this section we would like to study under what conditions admits equation (I1)) a non-identically
zero solution. Clearly, in every case the results of the previous sections can be applied with the choice

Jijxy) =viif(xy) (xeX,yeY).

This means that the assumption that the function f is not identically zero will imply algebraic conditions for
the involved parameters a;, @2, 51,82 € K and y1 1, ¥12, Y21, Y22 € K.
Similarly as before, first we consider the so-called degenerate cases.

5.1 Degenerate cases
5.1.1 Thecasea, =a, =8, =6,=0
In case @ = @, = 81 = B, = 0 equation (I1)) reduces to
Yiuf(xny) + v f (e, y2) + v f (0, y1) + 20 f (%2, 42) =0 (x1, %2 € X, y1,yp €Y),
where y; ; € K for any i, j € {1,2}.

Proposition 10. Let X and Y be linear spaces over the field K, v, ; € K be given constants such that not all of
them are zero and f: X X Y — K be a function such that

Y f e y) + i f (XL y2) + v21f (2, y1) + 22 f (2, 42) = 0 (x1, 2 € X,y1,yp €Y). (12)
Then and only then there exist functions y: X — Kand {: Y — K vanishing at zero such that
f(x,2) = x(x) + {(2) (xeX,z€Y).
Furthermore

(i) either the following system of linear equations

o

Y1tV =
Yoi+v2 = 0

is fulfilled or the function y is identically zero.

(ii) either the following system of linear equations

o

Y1t Y =
Yiza+y, = 0

is fulfilled or the function ( is identically zero.

Proof. In view of Proposition [2] we get that there exist functions y: X — K and {: Y — K vanishing at zero
such that

J) =x(x)+4z)  (xeX,zeY).
Using this representation of the function f, equation (12)) yields that

Y1 e(x) + 4(y) + viz2 (v(x1) + L(y2) + y21 (e((x2) + L(y1) + v22 ((x2) + {(y2)) =0
(xl,xz S X,yl,yz S Y),

or equivalently

X)) (Y1 +¥12) + x(02) (Yan +v22) + L) (Yig +v21) +{2) (Yip + v22) =0
(xL,xeXy,yp€Y).
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Since we have independent variables we get that

I
)

Y11t Y12
Yo1+v22 = 0

is fulfilled or the function y is identically zero. Similarly,

Yiat+ty = 0
Yigt+ty, = 0

holds or the function ¢ is identically zero. O

5.1.2 Thecasea; =a, =6 =0and S, #0
In such a situation (IT)) reduces to

fO,B2y2) = viaf(x1,y1) + Yiaf (X1, y2) + y21f (2, y1) + va2f (X2, 42) (x,x € Xy, yp €Y).

In view of Proposition [3| the proof of the following proposition is straightforward and similar to that of
Proposition The basic step is to consider f as the sum of single variable functions (Proposition (3) and
substitute such a special form of f into the functional equation.

Proposition 11. Let X and Y be linear spaces over the field K, B,,7v; ; € K be given constants such that not all
of them are zero, and f: X X Y — K be a function such that

O, B2y2) = yi.1f (X1, 1) + Y12 (X1, 42) + v21f (2, y1) + ¥22f (X2, 42) (x,x € X, y,yp€Y).  (13)
Then and only then there exist functions y: X — Kand {: Y — K vanishing at zero such that
fx,2 =x(x)+{(z)  (xeXzeY).
Furthermore

(i) either the following system of linear equations

|
)

Y1t V12
Yo1+Y2 = 0

is fulfilled or the function y is identically zero.
(ii) either the following system of equations

yii+yar = 0
(Brd) = (natya)l@ — CEV

is fulfilled or the function ( is identically zero.

5.1.3 Thecase a;,a, # 0and 3,5, =0
In such a situation (T1)) reduces to

flaix) + a2x2,0) =y f(x1,y1) + Yiaf (x1,y2) + vau1 f(X2, y1) + Y22/ (%2, y2) (xL,x eXy,yp€Y).

As before, taking f as the sum of single variable functions (Proposition H)), substitute into the functional
equation.

Proposition 12. Let X and Y be linear spaces over the field K, a,,a,,v;; € K be given constants such that
not all of them are zero and f: X X Y — K be a function such that

flarx; +a@2x2,0) =y f(x1, y1) + Y12 (X1, y2) + Y21 f (X2, Y1) + v f (X2, y2) x,x €Xy,yp€Y). (14)

Then and only then there exists an additive function a: X — K and a function {: Y — K vanishing at zero
such that

fy =a)+{y) (xeXyel).
Furthermore the above additive function a has to fulfill
a(a1x; + @ax2) = (Y11 + v12)a(x1) + (y21 + y22)a(x)

for arbitrary x,, x, € X and for the mapping { alternative (ii) of Proposition|l0|is fulfilled.
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5.1.4 The case «,8, # Oand a,,3, =0
In such a situation (T1)) reduces to

flaix, Biy) = yiaf(xn,y) + vipf(x1,y2) + va1 f(x2, y1) + vao f (X2, y2) (xL,xeXy,yp€Y).

To prove the following result, consider f as the sum of single variable functions (Proposition [5) and
substitute into the functional equation.

Proposition 13. Let X and Y be linear spaces over the field K, a;, as,y;; € K be given constants and f: X X
Y — K be a function such that

flarx, Biy1) = yiaf(x,y) + vipf (L y2) + 21 f (2, y1) + ¥22/ (%2, 42) (x1, 2 € X,yr,yp€Y). (15)
Then and only then
(A) vi2,v2.1,v22 =0and f: X XY — Kis an arbitrary function fulfilling
flax,pry) =yafey)  (xeXyel),
(B) or there exist functions y: X — Kand {: Y — K vanishing at zero such that
Jy =x(x)+{y)  xeXze)).
Furthermore the mappings y and { also fulfill

x(ax) = (yi1+7yi2x(x) (xeX,zeY)

{Bi12) = (yia +7214@)
and
(i) either
Y21 +722=0
or x is identically zero;
(ii) either
Yi2+7v22=0

or { is identically zero.

5.1.5 The case ay,a,,8; #0and 3, =0

In such a situation (TT)) reduces to

flarx + aaxa, Bry1) = yiaf (X y1) + viaf (X1, y2) + v21f (2, y1) + v22/ (X2, y2) (x1,X2 € X, y1,yp € Y).
Proposition 14. Let X and Y be linear spaces over the field K, ay, a»,B1,v:; € K, i, j = 1,2 be given constants
and f: X XY — K be a function such that

flaixi + azxa, Biyr)
=Y f (L y) + yiaf (X, y2) + v21f (e, y1) + v22f (X2, y2) (x1, X2 € X,yr,yp € Y). (16)
Then and only then there exists a mapping A: X X Y — K additive in its first variable, further there are
functions y: X — Kand {: Y — K vanishing at zero such that y is additive and
Fxy) = Alx,y) + x(x) + {(y) (xeX,yeY).

Furthermore, we have that

LBry) = (i1 + Y20 (W) yey)

and also
(Y12 +722){@) =0 (yeY),
vielding that y, 5 + v, = 0 or { is identically zero. Additionally, the alternatives below also hold
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A) either y,, and y,, are zero, that is, equation has the form
flarxy + axx0, Biy) = yia f (X, y1) +y2,1 /(2 y1) (x, 2 € X, y1 €Y)

and the identities

Alax, Biy) + x(a1x) = y11AX, y) + yix(x) (xeX,yeY)

and
A(azx, Bry) + x(a2x) = v21A(x, y) + y2,1x(X) (xeX,yeY)
have to hold.

B) or vy, or vy, do not vanish simultaneously and then the mapping A has a rather special form, namely
there exists an additive function a: X — K such that

A(x, y) = a(x) (x € X)
and therefore
FO,y) = alx) + x(x) + {(y) (xeX,yeY)

where the identities

a(ax) + x(a@1x) = yi1a(x) + y1,x(x) (xeXyel)
and

a(aax) + x(@2x) = yz,1a(x) + y2,1x(x) (xeX,yel)
have to hold.

Proof. Using Proposition [6] we immediately get that there exists a mapping A: X X ¥ — K and there are
functions y: X — Kand {: Y — K vanishing at zero such that y is additive and

fooy) = Ay +x(0) +4y)  (xeXye)).
Using that A is additive in its first variable and equation we derive that
Alarxy, Biyr) + Al@axa, Biy1) + x(aix + a2x2) + {(Biy1)
= YA, Y1) + v () + vl + y12A0, 2) + yiax () + 120 (12)

+ ¥2,1AX2, Y1) + Yo, x(X2) + ¥2.18(y1) + v22A(x2, y2) + V20x(X2) + ¥22{(y2)
(xL,x2€Xy,yp€Y) (17)

Observe that this equation with x; = x, = y; = 0 implies that

(Y12 +722){(y2) =0 (y€7),

SO Y12 + 22 = 0 or the function ¢ is identically zero. Similarly, equation (I7) yields with x; = x, =y, = 0
that
{Bry1) = (yin +y2.0¢ 1) (y1€Y),

here while proving the last two identities we used that x(0) = £(0) = 0 (cf. the proof of Proposition[6)) and the
fact that A(0,y) = O for all y € Y due to that A is additive in its first variable. Put x, = y; = 0 into to
receive that

A x1,0) + x(@1x1) = y11A(x1, 0) + y1ix(x1) + v12A(x1, ¥2) + y12x(x1) (x1,x2 € X,y1,yp €Y)
or in other words,
=Y12A0x1, y2) = Y11AX1, 0) + y1x(x1) + y12x(x1) — Al x1, 0) — x(aix1) (x1 €X,yp€Y)
Similarly equation with x; = y; = 0 yields that
A(@ax2,0) + x(a2x2) = 721A(x2,0) + y2.1x(x2) + ¥22A(x2, 42) + Y221 (%2) (rreX,yp€Y)
or equivalently
—Y22A(X2, Y2) = ¥2.1A(x2, 0) + 21X (%2) + Y22 (X2) — A(@2x2, 0) — x(@2x2) (roeX,ype?).

From this latter two identities the following alternatives can be deduced
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A) either y;, and y,, are zero and equation has the form

flaixy + axxa, Bry1) = yiif(x, y1) + v f(x2, 1) (x1,x2€X,y €7)

and the identities

A(ayx, Bry) + x(a1x) = y11A(x, y) + Yiax(x) (xeXyeY)

as well as
A(arx, B1y) + x(a2x) = y2,1A(x, y) + Y21 x(X) (xeX,yeY)

follow immediately from (I7) with x, = y, = 0 and x; = y, = 0, respectively.
B) or the two-variable mapping A can be represented as
A(x,y) = a(x) (xeXyeY).
A being additive in its first variable, this is possible if and only if a: X — K is additive. This means that

fOoy) = alx) + x(x) + {(y) (xeX,yeY).

Using this representation and equation (I4)) first with x, = y, = 0 and after that with x; = y, = 0 we get
the identities

a(ax) + x(a1x) = yr1a(x) + y1,1x(x) (xeX,yey)
and
a(arx) + x(a@2x) = ya1a(x) + y2.1x(X) (xeX,yeY).

5.2 The non-degenerate case

In view of the above results, now we can focus on the case ay, @, 81,8, # 0 and investigate the existence of
nontrivial solutions of functional equation

flarx +axx, By + B2y2)
= Y1 S (X y1) + Yiaf (0, y2) + v21 f (32, 1) + v22/ (%2, y2) (x1, %2 € X,y1,pp€Y),
where for i, j € {1, 2}, the constants y; ; € K are given.
Here we will make use of the results of Section [3.2] therefore (as in Section [3.2)) we always assume that

the characteristic of the field K is different from 2. As a direct application of Proposition [/| we derive the
following.

Proposition 15. Let X and Y be linear spaces over the field K, a;,B;,vi; € K, i, j = 1,2 be given constants
and f: X XY — K be a function such that

flayx1 +ayx2,B1y1 + Bryr)
=y fxnLy) +yiaf (X, y2) + ya1 f (o, y1) + van f(x2, y2) xLx eXy,y,€Y). (18)

Then and only then, there exist a bi-additive function A: X X Y — K and additive functions y: X — K and
(Y — K such that
fx,2) = A(x, 2) + (%) + £(2) (xeX,z€Y).

Furthermore the following identities also have to be fulfilled

x(@ix) = (yii+vi2)x(x)

x(ax) = (y21+7y22)x(x)
(Brz) = (Y1 +7v21) @) (xeX,zeYi j=12).
{(Baz) = (Yi2+722)L()
A(aianjZ) = %’,J'A(x’ Y)
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Remark. While investigating whether equation (I1])) admits or not a non-trivial solution we always got three
type of conditions. One of them is a purely algebraic condition, namely we have to check if the parameters y; ;
fulfill a system of homogeneous, linear equations.

The second type is about the existence of a non-trivial semi-homogeneous additive function. More pre-
cisely, this condition is always of the following form: let X be a linear space over the field K and leta: X — K
be an additive function such that

a(ax) = Ba(x) (xeX)

with certain fixed scalars @, € K. For which values of @ and § will the function a be non-trivial (that is,
non-identically zero)? This question was firstly investigated in Dardczy [6] if X = K = R. These results
were later generalized and extended in the papers [7, 8, 9} [10, 14, 19, 20]. To the best of our knowledge, this
problem has not been investigated in case of fields with nonzero characteristic. To this we provide a solution
in Subsection

Our third condition is similar to the second one, namely it concerns the non-triviality of a semi-homoge-
neous bi-additive function. The attached existence problem will also be discussed in the last section.

6 A necessary and sufficient condition for the existence of non-zero,
bi-additive semi-homogeneous mappings

According to the characteristic property

A(Q’[x,ﬁjy) = ')’i,jA(X, !/) (-x € X, ye Ya la] = 192)

of the bi-additive term in the solution (see Proposition [I5)), it is natural to investigate the problem of the
existence of such non-zero mapping over the field K.

Definition 4. Let X and Y be linear spaces over the field K. An additive function a: X — K is called semi-
homogeneous if there exist elements «, 8 € K such that

a(ax) = Ba(x) (xeX).

Similarly, a bi-additive function A: X X ¥ — K is called semi-homogeneous if there exist elements «, 8
and vy in the field K such that
Alax,By) = yAx,y)  (xeX,yel). (19)

6.1 The case of fields with characteristic zero

In this subsection we restrict ourselves to the case of fields with zero characteristic. According to this, let K
be a field of characteristic zero. Then it is an extension of the field Q of the rationals and we can consider the
subfields Q(@) and Q(B) in K.

We will also use the following.

Proposition 16. Let K be a field of characteristic zero. Then K is embeddable into C if and only if the
transcendence degree of the field extension K/Q is less than c.

Remark. From the previous proposition we immediately get that if K is finitely generated over Q, that is if
K = Q(ay,...,a,), then K is embeddable into C.

Theorem 3. Let K be a field of characteristic zero and suppose that X and Y are linear spaces over K. There
exists a non-zero bi-additive mapping A: X x Y — K satisfying (19) if and only if y can be written as the
product of algebraically conjugated elements to a and B over Q, respectively.
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Proof. Suppose that y can be written as the product of algebraically conjugated elements to @ and 5 over
Q, respectively. This means that y = ¢(@)d,(8), where 6;: Q(@) — K and 6,: Q(5) — K are injective
homomorphisms. Taking X and Y as linear spaces over Q(a) and Q(f), respectively, we can write that

X = p,-(a)x_ and y= n®
2g® ™ =2

L gi(@) 5B
where
(1) I and J are finite index sets such that |/| = k and |J| = [,
(1) pi, qi € Q[x] foranyi € [,
(iii) rj, s; € Q[x] for any j € J,
(iv) xi,...,x; belong to a basis of X as a linear space over Q(a),
(V) y1,...,y; belong to a basis of Y as a linear space over Q(8).

The mapping A is defined by the formula of the semi-linear extension

/

k
pi(61()) ri(62(B))
A(x,y) =
) ;memmww»

A(xi, )

and the values A(x;, y;) are not all zero.

Conversely, suppose that there exists a non-zero bi-additive mapping A: X x Y — K satisfying (19). Let
us fix elements x € X and y € Y such that A(x,y) # 0. Taking the field L = Q(«a,, A(x,y),y) we can define
the bi-additive mapping B: L XL — C as

B(u,v) = A(ux, vy) (u,vel).

It can be easily seen that
B(au, Bv) = yB(u,v) (20)

is fulfilled for arbitrary u,v € L.
Let L* denote the multiplicative subgroup of L and let G = L*XLL* be the group equipped with the pointwise
multiplication. Then, for any (u.,v.) € G, the translate mapping, that is,

(Tw oy B)(u, v) = Bluu™, ")

also satisfies (20). Let V be the set of the restrictions of bi-additive mappings of the form B: L XL — C
satisfying (20). Then the set V is closed with respect to the uniform convergence on finite sets and the field L
is countable. Therefore V is a closed, translation invariant linear space, in other words, it is a variety over a
field of finite transcendence degree. From this we infer that spectral analysis holds in V, i.e., there exists an
exponential element in this variety, see Laczkovich—Székelyhidi [12]. An exponential element in this variety
is a bi-additive mapping M: L x L — C satisfying (20) such that

M(uu.,,vv,) = M(u,v)M(u.,v.).

Using the notations 6(u) = M(u, 1) and 6,(v) = M(1,v), it follows that M(u,v) = §;(u)d,(v), where ¢, and 6,
are injective (field-) homomorphisms of L. Using property (20)

yM(u,v) = M(au, Bv) = 61(@)0,(B)M(u,v).

Therefore vy = 61(a@)d,(B) as it was stated. O
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6.2 The case of finite fields of non-zero characteristic

If K is a field of characteristic different from zero then it is a field of prime characteristic. First of all we
collect those results from the theory of finite fields, that we intend to use subsequently. Here we rely on the
monograph Lidl-Niederreiter [13]. For any field K, there is a minimal subfield, namely the prime field of K,
which is the smallest subfield containing 1. It is isomorphic either to Q (if the characteristic is zero), or to a
finite field of prime order Z, (in case char(K) = p). Moreover, if p is a prime and n € N is arbitrary then up to
an isomorphism there exists exactly one finite field of order g = p". This field is nothing but the splitting field
of the polynomial x? — x over Z,. This field is denoted by GF(g).

Letnow a: X — K be a semi-homogeneous additive function, that is, assume that for the additive function
a we have

a(ax) = Ba(x) (xeX).

As we have seen in the proof of Theorem 3] the problem of the existence of semi-homogeneous mappings
defined on the linear space X can be reduced to the problem of the existence of semi-homogeneous mappings
defined on K. It can be easily seen that the additivity automatically implies the homogeneity with respect
to the multiplication by the elements of the prime field. By the argument of [18], it also follows that there
exists an automorphism between the extensions of the prime field with @ and S, respectively, such that it maps
a into B. Conversely, such an automorphism allows us to use the technique of the semi-linear extension to
construct semi-homogeneous additive mappings. This criteria for the existence of semi-homogeneous additive
mappings does not depend on the characteristic of the fields but it is worth to investigate the problem of the
subfields in K in some special cases as follows.

Let ¢: K — K be an automorphism of K with ¢(8) = a. Then

(poa)(ax) = ¢(B) - (poa)x) = a-(¢oa)x) (x € X).
This means that
(i) we have to guarantee the existence of an automorphism ¢: GF(p") — GF(p") for which
pB) = a
is satisfied;
(ii) we have to determine the homogeneity field (see Definition [6) of the additive mapping ¢ o a: X — K.

Suppose that K ~ GF(p") for some prime p and n € N.
To answer the above questions, for (i) we have to know the automorphism group of GF(p"), while for (ii)
we have to describe the sub-fields of GF(p").

Definition 5. Let p be a prime and n € N. By an automorphism ¢ of GF(p") over GF(p) we mean an
automorphism of GF(p") that fixes the elements of GF(p). More precisely, we require ¢ to be a one-to-one
mapping from GF(p") onto itself with

@(a) + p(b)
w(a)p(b)

p(a+b)

o(ab) (a,b € GF(p"))

and
pla)=a (a € GF(p)).

Theorem 4. Let p be a prime and n € N. The distinct automorphisms of GF(p") over GF(p) are exactly the
mappings @o, @1, - . . , pn_1 defined by

0@ =a” (@€ GE(p"),j=0,1,....n—1).

Remark. In other words, the above theorem says that the automorphism group of GF(p") over GF(p) is a cyclic
group of order n generated by ¢;.
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Let X be a linear space over the (not necessarily finite) field K and a: X — K be an additive function.
Then clearly, for any k € Z we have
a(kx) = ka(x) (xeX).

Nevertheless, it may happen that a satisfies the same identity for all x € X and for some a € K\ Z, therefore
we introduce the following.

Definition 6. Let X be a linear space over the (not necessarily finite) field K and a: X — K be an additive
function and
H, = {a € K|a(ax) = aa(x) for all x € X}.

This set is called the homogeneity field of the additive function a. Observe that this term is well-motivated,
since we have the following.

Although the following two statements are known in case K = R (see Kuczma [11]), for the sake of
completeness we present a short argument for them.

Proposition 17. Let X be a linear space over the field K and a: X — K be an additive function. Then H, Cc K
is a field.

Proof. Let a,B € H,, then
a((@ = B)x) = a(ax) — a(Bx) = aa(x) - pa(x) = (a — Pa(x) (xeX),
yielding that & — 8 € H,,. Similarly, if 8 # 0, then

aa(x) = alax) = a (ﬁ%x) = Ba (%x) (xeX),

from which a € H, follows. O

In some sense, the converse is also true, namely we have the proposition below. The proof is based on
the existence of Hamel bases of linear spaces. Therefore, in any case it is needed, the Axiom of Choice is
supposed to hold.

Proposition 18. Ler X be a linear space over the field K, let further . C K be a subfield of K. Then there
exists an additive function a: X — K such that H, = L.

Proof. Let B be the Hamel basis of the linear space (X, L, +, -), which (according to Corollary 4.2.1. of Kuczma
[11]]) does exist. Fix ¢ € K\ {0} and define the function f: B — K by

fx)=c (xeB).

Making use of Theorem 4.3.1 of Kuczma [11], there exists a homomorphism a from (X,L, +,-) to (K, L, +,-)
such that we additionally have that a|p = f. Clearly, a is an additive function and

alax) = aa(x) (xeX,ael).

Thus L c H,,.
For the converse statement, let x € X be arbitrary, then x = Y7, 4;b;, where A; € L and b; € B for all
i=1,...,n. Furthermore,

a(x) = a[znl /l,-b,-) = Zn:/l,-a(b,-) = an Aif(b)=c- an Aiec-L,
i=1 i=1 =1 P

or equivalently, a(X) C ¢ - L.
Let now a € H, and b, € B be arbitrary, then
a(aby) = aa(by) = af(by) = ac.

On the other hand, since ab, € X, inclusion a(X) C ¢ - L implies that there exists A € L such that a(ab,) = Ac.
Since ¢ was to be chosen nonzero, this means that @ = A € L. Therefore H, C LL. O
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Theorem S. Let p be a prime and n € N. Then for all d\n, the field GF(p") admits exactly one subfield
isomorphic to GL(p?) and GL(p") has no other type of sub-fields. Furthermore, this subfield is the set of zeros
of the polynomial X" = xin GF(p").

Finally, we provide necessary and sufficient conditions for the existence of non-zero, bi-additive semi-
homogeneous mappings.

The relations among the elements @, 8 and y such that the semi-homogeneity equation (19) is satisfied for
some non-zero bi-additive mapping A: X X ¥ — K are more implicit as we will see in what follows.

Lemma 1. Let X and Y be linear spaces over the field K and let a, 3,y € K be given non-zero elements. There
exists a not identically zero bi-additive mapping A: X XY — K satisfying the semi-homogeneity equation (19)
if and only if there exists a not identically zero bi-additive mapping B: K X K — K satisfying equation

B(au,pBv) = yB(u,v) (y #0) 2D

Proof. Suppose that A: X X Y — K satisfies the semi-homogeneity equation (I9) and A(x, y) # O for a certain
element (x, y) € X X Y. The bi-additive mapping B: K X K — K defined by

B(u,v) = A(ux, vy) (u,v € K)

obviously satisfies equation (21]). Conversely, suppose that B: K x K — K satisfies equation (21)). Let {x'u},uef
X

and {y,},.r, be Hamel bases in X and Y, respectively. Taking the projections
m: XxY—>K and my: XxY - K

onto the first coordinate of the elements with respect to the given bases it follows that the mapping A: X XY —
K defined by

A(x, ) = Blry(x), my(y)) (xeXyeY)
fulfills (19). O
Remark. Note that there is no need any additional condition for the cardinality of the field K to prove Lemma
[

From now on the results are strongly based on the cardinality condition for K being finite. Let K = GF(g),
where g = p" for some prime number p € N and consider a (finite) basis by, ..., b,_; of K over its prime field
Z,. Itis clear that

(H) bi-additivity implies Z,-homogeneity for any bi-additive mapping B: K x K — K.

Since the translation 7;: K — K with respect to the multiplication by the i" element of the given basis (i =
0,...,n—1), that is,
T(x) =b; - x (x e K)

is a linear transformation, we can consider its matrix representation M’ given by

n-1
Tib) = ) mib),
j=0

where for any possible indices we have mi’k)

equation (2T]) is equivalent to

€ Z,. According to property (H), a simple calculation shows that

n—1

n—1
YB(bib) = Y aif; ) mym B(b,,b,),

i,j=0 r,s=0

n—1 n—1
where k,[=0,...n—1,@= > abjandf = b, with ;. ; € Z,.
i=0

J=0
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Let .#,(K) be the linear space of matrices of order n over the field K and consider the linear mapping

Pog: My(K)3 X 5 Y = Py y(X), (22)
where | |
Yu = Z @B Z mgik)m(s{)x”'
i,j=0 r,s=0

In a more compact form
n—1

PasX)= Y ap;(M?) XMO.
i,j=0
Equation (1)) is obviously satisfied if and only if 0 # y € K is an eigenvalue of P,z. The corresponding
(non-zero) eigenvector B € .#,(K) can be chosen as the matrix of a bi-linear mapping satisfying (21)). To sum
up, we can formulate the following result as the answer for the problem of existence of non-identically zero
bi-additive mapping satisfying (19).

Theorem 6. Let K = GF(q), where g = p" for some prime number p and n € N. Consider the polynomial
P(u,v,w) = det(P,, — w - id) (u,v,w € K),

where id stands for the identity mapping of the linear space of matrices of order n over the field K. Then the
following assertions are equivalent

(i) there is a not identically zero bi-additive mapping satisfying the semi-homogeneity equation (21)),

(ii) the characteristic polynomial of the linear operator P, g is reducible over the field K by one of its non-
zero roots,

(i) P(a,p,y) = 0.

Remark. If the elements @ and 8 are given, then the possible y’s are among the roots of the characteristic

polynomial P, . The characteristic polynomial is independent of the choice of the basis b, . .., b,_;. Moreover
it is a polynomial over the prime field but the root y belongs to K in general. Setting the variables a and 8
free, the roots of the multivariate polynomial P is independent of the choice of the basis by, ..., b, ;. In other

words the algebraic variety
P(x,y,2) =0

in K contains all possible triplets for the solution of the semi-homogeneity equation (I9).

6.3 An example: the field GF(4)

The operations are summarized in the following tables:

+ 0 1 a 1+a 0 1 a 1+a
0 0 1 a l1+a 0 0 0 0 0
1 1 0 1+a a and 1 0 1 a 1+a
a a l1+a 0 1 a 0 a 1+a 1
l+a|l+a a 1 0 l+a |0 1+a 1 a

Since 4 = 2? it follows that GF(4) is a two-dimensional linear space over its prime field Z,. The basis we
are going to use in the following is by = 1, b; = a. An easy computation shows that the translations 7y and 7,

are represented by the matrices
MO = 10 4 M= 0 1
“lo 1) ™ 1 1)

a=ayta;-a, L=PB+pia,

respectively. Choosing elements

24



where ay, a1, Bo, 81 € Z,, it follows that

rav-easenn] oval Jronslt )

Xoo  Xo1
where X =
X10  X11

). Taking

Yoo Yol
P, s(X) = ,
#X) (Ulo .1/11)

a direct computation shows that
Yoo = @oPoXoo + @oB1Xo1 + @1foX10 + @11 X11,

Yo = aoBoxor + aoBi(xoo + Xo1) + a1B80x11 + a1Bi(x10 + X11),
Y10 = aoBoxio + aoBixi1 + aiBo(Xoo + X10) + a1B1(xo1 + X11),
yi = agBoxii + aofi(x10 + x11) + @1Bo(xo1 + x11) + @181 (xo0 + Xo1 + X10 + X11).

Therefore P, 4 is represented by the matrix

@ofo @oP a1Bo 1B
a1 aoBo + aoP 1P a1fo + a1
a1 a1B aofo + @18 aof1 + a1

a1t afo+ a1t aoBi + a1t aoBo + aofi + a1fy + @15y

with respect to the basis

1 0 0 1 00 00
Boo=(0 0), 301:(0 O)’ Blo=(1 O)’ B11:(0 1)~

Ifa=1+a,ie.qp=a;=1andB =a,ie. By =0, 5; =1 then we have the matrix

-0 = O
—
S o = O
SO = =

and the characteristic polynomial is
Praa®) =@ =17 (1+1+7).

This means that the possible choices are y = 1,a or 1 + q, that is, if X and Y are linear spaces over the field
K = GF(4), then there exist not identically zero bi-additive mappings of the form A: X X ¥ — K such that

A((1 + a)x,ay) = A(x,y) (xeX,yeY),

A((1 + a)x, ay) = aA(x, y) (xeXyeY),

or
A((1 + a)x,ay) = (1 + a)A(x,y) (xeX,yey).

Remark. GF(4) seems to be rich of semi-homogeneous biadditive functions in case of @ = 1 + aand 8 = a. In
general, if & and 3 are fixed, then the characteristic polynomial is of degree n?, i.e. we have at most n? different
possible values for A. It is a polynomial dependence on n but the number of the elements in GF(p") increases
exponentially. Therefore the probability of a randomly chosen element in K to be a possible value for A tends
to zero.
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In this last section of the paper we investigated the existence of non-zero, bi-additive semi-homogeneous
mappings. If the field K is of characteristic zero or K is a finite field, we could provide necessary and sufficient
conditions. At the same time, there exist infinite fields of prime characteristic (for example, the field of all
rational functions over Z/pZ). Therefore, we end this paper with two open problems.

Open Problem 1. Let p be a prime and K be an infinite field of characteristic p. Further, let X be linear spaces
over K and a: X — K be an additive function. Find necessary and sufficient conditions for a to be a nontrivial,
semi-homogeneous additive mapping.

Open Problem 2. Let p be a prime and K be an infinite field of characteristic p. Further, let X and Y be linear
spaces over K and A: X X ¥ — K be a bi-additive function. Find necessary and sufficient conditions for A to
be a nontrivial, semi-homogeneous bi-additive mapping.
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