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Abstract

The aim of this paper is to prove characterization theorems for field homomorphisms. More
precisely, the main result investigates the following problem. Let n € N be arbitrary, K a field
and fi,..., f,: K — C additive functions. Suppose further that equation

DHGM) =0 (xeK)
i=1

is also satisfied. Then the functions fi, ..., f, are linear combinations of field homomorphisms
from K to C.

Dedicated to the 70" birthday of Professor Miklés Laczkovich

1 Introduction

The main purpose of this work is to put the previous investigations into a unified framework and
to prove characterization theorems for field homomorphisms. The problem to be studied reads as

follows.
Let n € N be arbitrary, K a field and let fi,..., f,: K — C be additive functions. Suppose
further that we are given natural numbers py, ..., p,, 41, ..., g, SO that

Di * pj for l?l:]
1<pi-q N fori=1,...,n.
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Suppose also that equation

=

£ @) =0 (1)

i=1
is satisfied. Throughout this paper we always assume that the field K has characteristic 0 (about the
problem on other fields we refer to Open problem 4 in Section [3). In what follows, we show that
equation (I)) along with condition (%) is suitable to characterize homomorphisms acting between

the fields K and C.

Remark 1. Obviously, solving functional equation (I)) is meaningful without condition (%’). At the
same time, we have to point out that without this condition we cannot expect in general that all the
solutions are linear combinations of homomorphisms, or it can happen that the general problem can
be reduced to the above formulated problem.
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Indeed, if conditions
l<pi-qgi=N fori=1,...,n

are not satisfied, then the homogeneous terms of the same degree can be collected together, provided
that K is of characteristic zero (in such a situation we have Q C K). To show this, assume that

piqi = Nl izl,...,kl
Piqi N2 i:k1+1,...,k2

pigi = Npi i=kj+1,....n

where the positive integers Ny, . .., Nj;; are different. Let r € Q and x € K be arbitrary and substitute
rx in place of x in equation (IJ) to get

0= Zl f;% ((rx)l’i) — Zl rpiqif;% (xp,-)
ki ks n
= rN| Zfiqi (xpi) + er Z fi‘]i (xpi) 4o+ rNj+| Z fl.qi (xl’i) .

i=1 i=ki+1 i=kj+1

Observe that the right hand side of this identity is a polynomial of r for any fixed x € K, that has
infinitely many zeros. This yields however that this polynomial cannot be nonzero, providing that
all of its coeflicients have to be zero, i.e.,

ki

Zfiqr(xpi) —

i=1
k>

Z fiqf(xpi) -0

i=k1 +1

n

Z fiqi(xp,-) =0

i=k.,'+1

This means that in such a situation the original problem can be split into several problems, where
condition (%) already holds.
On the other hand, if condition

Di * pj for l?l:]
qi * q] for l;t]

is not satisfied then in general we cannot expect that the solutions are linear combinations of field
homomorphisms. Namely, in such a situation arbitrary additive functions can occur as solution,
even in the simplest cases.

To see this, let p, g € N be arbitrarily fixed and let a: K — C be an arbitrary additive function.
Furthermore, assume that for the complex constants a4, . .., @,, identity

holds and consider the additive functions

fi(x) = aja(x) (x € K).
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Clearly, equation

S ey =0
i=1

is fulfilled for all x € K. At the same time, in general we cannot state that any of these functions is
a linear combination of field homomorphisms.

2 Theoretical background

In this section we collect some results concerning multiadditive functions, polynomials and expo-
nential polynomials and differential operators. This collection highlights the main theoretical ideas
that we follow subsequently.

2.1 The symmetrization method

Definition 1. Let G, S be commutative semigroups, n € N and let A: G" — § be a function. We
say that A is n-additive if it is a homomorphism of G into S in each variable. If n = 1 or n = 2 then
the function A is simply termed to be additive or biadditive, respectively.

The diagonalization or trace of an n-additive function A: G" — § is defined as
A'(x) =A(x,...,x) (xe€G).
As a direct consequence of the definition each n-additive function A: G" — § satisfies
AL, oo Xin kX, Xt oo s X)) = KRA(XL, ooy Xim 1y Xiy Xigls e v s X)) (x1,...,x, € Q)

foralli =1,...,n, where k € N is arbitrary. The same identity holds for any k € Z provided that G
and S are groups, and for k € Q, provided that G and S are linear spaces over the rationals. For the
diagonalization of A we have

A'(kx) = k"A™(x) (x€G).

One of the most important theoretical results concerning multiadditive functions is the so-called
Polarization formula, that briefly expresses that every n-additive symmetric function is uniquely
determined by its diagonalization under some conditions on the domain as well as on the range.
Suppose that G is a commutative semigroup and S is a commutative group. The action of the
difference operator A on a function f: G — S is defined by the formula

Ayf(x) = fx+y) = f(x);

note that the addition in the argument of the function is the operation of the semigroup G and the
subtraction means the inverse of the operation of the group S .

Theorem 1 (Polarization formula). Suppose that G is a commutative semigroup, S is a commutative
group,n € Nandn > 1. IfA: G" — § is a symmetric, n-additive function, then for all x,yy, ..., Y, €

G we have
0 if m>n

Ay] """ y"’A ()C) - { n!A(yl,---’ym) lf m=n.

Corollary 1. Suppose that G is a commutative semigroup, S is a commutative group, n € N and
n>1.IfA: G" — § is a symmetric, n-additive function, then for all x,y € G

AJAT(x) = n!A%(y).
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Lemma 1. Let n € N, n > 1 and suppose that the multiplication by n! is surjective in the commu-
tative semigroup G or injective in the commutative group S. Then for any symmetric, n-additive
function A: G" — S, A" = 0 implies that A is identically zero, as well.

The polarization formula plays the central role in the investigation of functional equations char-
acterizing homomorphisms.

2.2 Polynomial and exponential functions

In what follows (G, -) is assumed to be a commutative group.

Definition 2. Polynomials are elements of the algebra generated by additive functions over G.
Namely, if n is a positive integer, P: C" — C is a (classical) complex polynomial in n variables
and a;: G —» C (k =1,...,n) are additive functions, then the function

x — P(ai(x),...,a,(x)
is a polynomial and, also conversely, every polynomial can be represented in such a form.

Remark 2. We recall that elements of N” for any positive integer n are called (n-dimensional) multi-
indices. Addition, multiplication and inequalities between multi-indices of the same dimension are
defined component-wise. Further, we define x* for any n-dimensional multi-index @ and for any

x=(x1,...,x,) in C" by
n
x* = l_lx?"
i=1

where we always adopt the convention 0° = 0. We also use the notation |a| = a; + - - - + a@,. With
these notations any polynomial of degree at most N on the commutative semigroup G has the form

pe) = Y cax)®  (xeG),

lal<N
where ¢, € Cand a: G — C" is an additive function. Furthermore, the homogeneous term of degree
kof pis
Z coa(x)”.
lol=k
Lemma 2 (Lemma 2.7 of [13]]). Let G be a commutative group, n be a positive integer and let
a=(ay,...,a,),

where ay, . .., a, are linearly independent complex valued additive functions defined on G. Then the
monomials {a®} for different multi-indices are linearly independent.

Definition 3. A function m: G — C is called an exponential function if it satisfies

m(xy) = m(x)m(y) (x,y€G).
Furthermore, on an exponential polynomial we mean a linear combination of functions of the form

p - m, where p is a polynomial and m is an exponential function.

It is worth to note that an exponential function is either nowhere zero or everywhere zero.
The following lemma will be useful in the proof of Theorem

Lemma 3 (Lemma 6. of [10]). Let G be an Abelian group, and let V be a translation invariant
linear subspace of all complex-valued functions defined on G. Suppose that };_, p; - m; € V, where
Pl1s--.»Pn : G = C are nonzero polynomials and my, . ..,m, : G — C are distinct exponentials for
everyi=1,...,n. Then p;-m; € Vandm; € V foreveryi=1,...,n.
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2.2.1 Algebraic independence

As a remarkable ingredient of our argument, we recall a theorem of Reich and Schwaiger [[11]]. The
original statement was formulated for functions defined on C (with respect to addition).

Theorem 2. Let k, [, N be positive integers such that k,l < N. Let my,...,m;: C — C be distinct
nonconstant exponential functions, ay, ...,a;: C — C additive functions that are linearly indepen-
dent over C. Then the functions my,...,my,a,...,a; are algebraically independent over C.

In particular, Let Py: C' — C be a classical complex polynomial of | variables for all multi-index s
satisfying |s| < N. Then the identity

Z Py(ay,...,apm}" ---m* =0 2)

s: |s|I<N
implies that all polynomials Pg vanish identically (|s| < N).

Now we just focus on the last part of the statement. Most of the original argument works without
changes for functions defined on any Abelian group. For an arbitrary field K we denote K* (resp.
K*) the multiplicative (resp. additive) group of K.

(A) Let G be an Abelian group. If the additive functions ay, ..., a; : G — C are linearly independent
over C, then any system of terms a;' ---a," are also linearly independent over C for different
nonzero multi-indices (si,...,s,) € N'. Note that s; = --- = 5; = 0 provides the constant
functions. This statement is nothing but Lemma[2l

(B) Nonconstant exponentials m,...,m; : G — C are algebraically independent if and only if
mi] . -mzk # 1 for any (sy,...,8) € N¥. The latter is not necessarily holds in general. Indeed,
for the n-ordered cyclic group Z, (with respect to addition) the statement is not true since ¢" =
for every character ¢ : Z, — C.

In our case, when G = K* and the functions are additive on K* the analogue holds. Obvi-
ously, exponential functions on K* that are additive on K* are the field homomorphisms of K.
Therefore none of them are constant.

Let ¢, ..., ¢ be field homomorphisms. To show that ¢}' ---¢}* # 1 for any nonzero multi-
index (si, ..., sx) € N* is enough to find a witness element 2 # 0 € K such that ¢} - - @ (h) #
1. As a special case (J' = 0) we get it from the following statement.

Lemma 4. (/I8 Lemma 3.3]) Let K be a field of characteristic 0, let ¢y, ...,¢: K — C be
distinct homomorphisms for a positive integer k. Then there exists an element 0 # h € K such

that
[ Teim = [erm,
jeJ jer
whenever J and J' are distinct multisets of the elements 1, ..., k.

(C) Combining these facts and using Lemma [2] or following the argument of [[11, Theorem 6.]

we get that if a,...,a; are linearly independent and my, ..., m; are nonconstant exponential
functions, then equation () holds if and only if every Py(ay,...,a) - m}' ---m}* = 0 for all
s=(S1,...,8), || <N.

Applying (A)-(C) we get the following statement.



Theorem 3. Let K be a field of characteristic 0 and k, [, N be positive integers such that k,l < N. Let
my,...,my: K* — C be distinct exponential functions that are additive on K*, let ay,...,a;: K* —
C be additive functions that are linearly independent over C and let P,: C! — C be classical
complex polynomials of | variables for all |s| < N. Then the equation

> Pdar,..apm) - m =0 3)

s: |s|I<N

implies that all polynomials Pg vanish identically (|s| < N).

2.3 Levi-Civita equations

As we will see in the next section, the so-called Levi-Civita functional equation will have a distin-
guished role in our investigations. Thus, below the most important statements will be summarized.
Here we follow the notations and the terminology of L. Székelyhidi [[13]], [14]].

Theorem 4 (Theorem 10.1 of [13]]). Any finite dimensional translation invariant linear space of
continuous complex valued functions on a topological Abelian group is spanned by exponential
polynomials.

In view of this theorem, if (G, -) is an Abelian group, then any function f: G — C satisfying the
so-called Levi-Civita functional equation, that is,

fep =Y g@hiy)  (xyeG) ()
i=1

for some positive integer n and functions g;, h;: G — C (i = 1,...,n), is an exponential polynomial
of order at most n. Indeed, equation () expresses the fact that all the translates of the function f
belong to the same finite dimensional translation invariant linear space, namely

7,f €lin(gy,...,gn)

holds for all y € G.

Obviously, if the functions Ay, ..., h, are linearly independent, then ¢;,..., g, are linear com-
binations of the translates of f, hence they are exponential polynomials of order at most n, too.
Moreover, they are built up from the same additive and exponential functions as the function f.

Before presenting the solutions of equation (), we introduce some notions.

Remark 3. Let k,n,ny,...,n; be positive integers with n = n; +--- + n; and let for j = 1,...,k
the complex polynomials P;, Q;; of n; — 1 variables and of degree at most n; — 1 be given, i =
I,...,n;j=1,...,k. Forany j = 1,...,k and for arbitrary multi-indices /; = (il,...,inj_l) and
J; = (jl,...,j,,j_l) we define the n; X n; matrix M;(P;1;,J;) and the n; X n matrix N;(Q;I;) as
follows: for any choice of p,g =0,1,...,n;—1the (n; — p,n;— q) element of M;(P;1;,J;) is given
by

1 ail---aipﬁjl---aquj(O,...,O) fOI'p+q<}’lj

MiP; 15 T inypy-g) = 1 77 :
J J» i) nj=p.nj=q) {0 otherwise

and for any choice of p = 1,2,...,n;, g =1,2,...,nthe (p, g) element of N;(Q; ;) is given by

N}(Q9 Ij)p,q = o al’,,r],Qq,p(O’ ceey O)

— b,
(nj - p)! 1



Then let us define the n X n block matrices M (P; Iy, ..., I, Ji,...,J;y) and N (Q; I4,...,1I;) by

M](P’Ib']l) O e 0
0 My(P, L, J>)| O

0

M(P;Il,...,lk,Jl,...,Jk):

M (P, I, Jy)

and

The idea of using Levi-Civita equations rely on Theorem 10.4 of [13]] which is the following.

N(Q;I1,...,Ik):

Theorem 5. Let G be an Abelian group, n be a positive integer and f,g;,h;: G - C (i =1,...,n) be
functions so that both the sets {g1,...,q9,} and {hy,..., h,} are linearly independent. The functions
fr9i,hi: G —> C (i =1,...,n) form a non-degenerate solution of equation @) if and only if

(a) there exist positive integers k,ny,...,ny withny + -+ + ng = n;
(b) there exist different nonzero complex exponentials my, . .., my;
(c) forall j =1,...,k there exists linearly independent sets of complex additive functions
{aj,l’ oo ’aj,nj—l} 5
(d) there exist polynomials Pj, Q; ;, R;;: Cvl' - Cforalli =1,...,n;j = 1,...,k in nj—1
complex variables and of degree at most n; — 1;

so that we have

k
FO) =D Pi(an(), ... a1 (0) mix)

J=1

k
gi(x) = > Oij (@), ..., @, 1(x) myx)

J=1

and .
hi(x) = Z R;; (Clj,l(x), cees aj,nj—l(x)) m (x)
=1
foralli=1,...,n Furthermore,
MP: L, ... . I, Ji,....,.J0) =N I,...,I)NR; J,, ..., J)"

holds for any choice of the multi-indices 1;,J; € N~' (j=1,...,k), here T denotes the transpose
of a matrix.

In E. Shulman used some techniques and results from representation theory to investigate
a multivariate extension of the Levi-Civita equation. In order to quote her results, we need the
following notions.



Remark 4. The notion of exponential polynomials can be formulated not only in the framework of
the theory of functional equations but also in that of representation theory. This point of view can
be really useful in many cases. Let G be a (not necessarily commutative) topological group and
% (G) be the set of all continuous complex valued functions on G. A function f € €' (G) is called an
exponential polynomial function (or a matrix function) if there is a continuous representation 7 of
G on a finite-dimensional topological space X such that

f(g) = (m(g)x, y) (g €G),

where x € X and y € X*.

The minimal dimension of such representations is called the degree or the order of the exponen-
tial polynomial.

Furthermore, f € ' (G) is an exponential polynomial of degree less that n if it is contained in an
invariant subspace . C %(G) with dim (%) < n.

Definition 4. Let G be a group. We say that f: G — C is a local exponential polynomial if its
restriction to any finitely generated subgroup H C G is an exponential polynomial on H.

A function f € €(G) is an almost exponential polynomial if for any finite subset E of G, there is
a finite-dimensional subspace £ C 4'(G), containing f and invariant for all operators 7, as g runs
through E, where

7of(h) = f(hg)  (h€G).

Remark 5. It is an immediate consequence of the above definitions that any exponential polynomial
is an almost exponential polynomial. Furthermore, if f is an almost exponential polynomial, then
it is a local exponential polynomial, too. Clearly, for finitely generated topological groups all these
three notions coincide. At the same time, in general these notions are different, even in case of
discrete commutative groups, see [[12]].

Definition 5. Let G be a group andn € N,n > 2. A function F: G" — C s said to be decomposable
if it can be written as a finite sum of products F - - - F}, where all F; depend on disjoint sets of
variables.

Remark 6. Without the loss of generality we can suppose that k = 2 in the above definition, that is,
decomposable functions are those mappings that can be written in the form

F(xl,...,xn):ZZAfo
E

where E runs through all non-void proper subsets of {1, ..., n} and for each E and j the function Af
depends only on variables x; with i € E, while Bf depends only on the variables x; with i ¢ E.

Theorem 6. Let G be a group and f € €(G) and n € N,n > 2 be fixed. If the mapping
Gn > (X1,...,Xn) '_>f(X1"'xn)

is decomposable then f is an almost exponential polynomial function.

2.4 Derivations and differential operators

Similarly as before, K denotes a field and K* stands for the multiplicative subgroup of K.
In this subsection we introduce differential operators acting on fields which have important role
in our investigation.



Definition 6. A derivation on K is a map d : K — K such that equations
dx+y)=dx)+dy) and  d(xy) =d(x)y + xd(y) S)

are fulfilled for every x, y € K.
We say that the map D : K — C is a differential operator of order m if D can be represented as

M
D:Zdej’lo“.o ik (6)
Jj=1

where c; € C and d; j are derivations on K and k; < m which fulfilled as equality for some j. If k = 0
then we interpret d; o ... o d; as the identity function id on K.

Remark 7. Since the compositions d; o ... o d; span a linear space over C, without loss of generality
we may assume that each term of (6) are linearly independent. Equivalently we may fix a basis %
of compositions. We also fix that the identity map is id in 8. We note that a differential operator of
order n contains a composition of length n.

If a function m is additive on K and exponential on K*, then m is clearly a field homomorphism.
In our case this can be extended to C as an automorphism of C by [9, Theorem 14.5.1]. Now we
concentrate on the subfields of C that has finite transcendence degree over Q.

Lemma S. Let K C C be field of finite transcendence degree and ¢ : K — C an injective homomor-
phism. Then there exists an automorphism  of C such that Y|x = ¢.

Further relations are presented between the exponential polynomials defined on K* and differen-
tial operators on K. The connection was first realized in [6] and the connection between the degrees
and orders was settled in [7]. Clearly every differential operator is additive on K and this additional
property is a substantial part of the following statement.

Theorem 7. Suppose that the transcendence degree of the field K over Q is finite. Let f : K — C be
additive, and let m be an exponential on K*. Let ¢ be an extension of m to C as an automorphism
of C. Then the following are equivalent.

(i) f = p-monKX*, where pis alocal polynomial on K*.
(it) f = p-monK*, where p is an almost polynomial on K*.
(iii) f = p-mon KX, where p is a polynomial on K*.
(iv) There exists a unique differential operator D on K such that f = ¢ o D on K.

In this case, p is a polynomial of degree n if and only if D is a differential operator of order n.

Proof. The equivalence of (i), (iii) and (iv) follows from [6, Theorem 4.2]. Remark [3] implies the
equivalence of (ii) with the others. The last part of the statement follows from [/, Corollary 1.1.]. O

3 Preparatory statements

At first glance equation () itself seem not really restrictive for the functions fi,..., f,. At the
same time, our results show that these additive functions are in fact very special, i.e., they are
linear combinations of field homomorphisms from the field K to C. This is caused by the additivity
assumption on the involved functions, and this is the property that can effectively be combined
with the theory of (exponential) polynomials on semigroups. More precisely, with the aid of the
following lemma, we will be able to broaden the number of the variables appearing in equation (1)
from one to N.



Lemma 6. Let n € N be arbitrary, K a field, fi,..., f,: K — C additive functions. Suppose further
that we are given natural numbers p1, ..., Pn,q1, - . ., qn Such that they fulfill condition (€¢). If

DA =0 (7)
i=1

is satisfied for any x € K, then we also have
o1
Z ﬁ Z fi (xrr(l) e '-xO'(pi)) e fi (XO'(N—p,-+1) o 'XO'(N)) =0 (8)
i=1 : O‘EyN
forany xi,...,xy € K, here #y denotes the symmetric group of order N.

Proof. Suppose that n € N, K is a field, fi,..., f,: K — C are additive functions and define the
function F: KV — C through

n
1
F(xi,...,xy) = Z ﬁ Z fi(x(r(l) o '-x0'(p,-))"'ﬁ(xU(N—p,-+l)"'-x0'(N)) (x1,...,xv €K).
i=1 ' O'GyN

It is clear that F is a symmetric function, moreover, due to the additivity of the functions fi, ..., f,,
it is N-additive. Furthermore, in view of equation (),

n

F(x,...,x):Zﬁf(xpf):o (xeK).

i=1
Therefore, the polarization formula immediately yields that the mapping F is identically zero on
KN, m

Equation (I)) with two unknown functions

At first we will investigate the case when n = 2. This case was also studied by F. Halter—Koch and
L. Reich in a special situation (when n = p and m = ¢) in [2, 3] 4].

Proposition 1. Let n,m, p,q € N be arbitrarily fixed so thatn-m = p-q > 1 and m # p. Let K be
a field and suppose that for additive functions f,g: K — C the functional equation

N =4¢""  (xeK) 9)

is fulfilled. Then, and only then there exists a homomorphism ¢: K — C so that

J&) =f)-e(x) and g(x) =g(1) - p(x)
furthermore, we also have f(1)" — g(1)? = 0.

Proof. Let N = n-m = p-q. According to Lemmal@ we have that the symmetric N-additive function
F: KN — C defined by

1
F(xy,...,xy) = ﬁ Z [f(-xtr(l)"'-x(T(n))'"f(xtr(N—nH)"'-xo—(N))

O'E,,y/v

—g (xo-(l) s )Co—(q)) g (-XO'(N—q+1) s xo-(N))] ()C], ..., XN € K)
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is identically zero due to the fact that
F,...,x) = f"(X")—g’(x") =0 (xeK).
From this we get F'(1,1,1,...,1) = 0 which implies

[ -g¢°(1) = 0. (10)
By appropriate substitution, F(x,1,1,...,1) = 0 clearly follows for any x € K, or equivalently
@ =g (g =0 (xekK). (1

If g 1(1) = 0 and f (1) # 0, then f = 0 would follow, which is impossible. A similar
argument shows that f71(1) = 0 and ¢g?~'(1) # 0 is also impossible. This means that either
g’ ' (1) # 0and ™ '(1) #0or g?~'(1) = 0 and " '(1) = 0.

If g»='(1) # 0 and ™ '(1) # O then

Fx,y,1,...,1)=0 (x,y € K),
implies that there exist constants ¢y, c,,d;,d, € Q sothatc; + ¢, = dy +d, = 1 and ¢; # d, (since
p # m) such that

cif" (D fCy) + e f" 2D ) f(y) —dig” (Dg(xy) —dag” > (Dg(x)g(y) = 0 (r,yeK). (12)
Applying equations (IQ) and (IT)) we get that
. (g (Hg())(g" ' Mgy) _ MU (Df )
P=2(1 = = =
g" " (Dg(x)g(y) (1) IZ0)
and we can eliminate g from equation (I2))
clf " (Df () + o f " PDFDO ) = dif" (D f () = dof "2 (DF ) f ) =
(1 =d) " D fOy) + (c2 = do) f" (D) f () f(y) = 0.

Since ¢; + ¢, =dy +dy = 1,¢; #d; and f(1) # 0, it follows that ¢; —d; = —(c; — d») # 0 and the
last expression can be reduced to

"2 f @),

Ffxy) = fFOf ().
Taking ¢(x) = f(x)/f(1) for all x € K, we get that ¢(xy) = ¢(x)¢(y) (i.e. ¢ is multiplicative). Also
@ is additive since f is additive. Thus ¢ is an injective homomorphism of K. A similar argument
shows that g(x) = g(1)y¥(x), where ¢ is an injective homomorphism of K. Substituting this into
equation (@), we get that

(" = g (",

Using equation (I0) and a symmetrization process, ¢ = ¢ follows and we get

f(x) = f(De(x) and  g(x) = g(D)e(x) (x € K)

with a certain homomorphism ¢: K — C and f(1)" — g(1)" = 0.

Finally, if g(1)9~' = 0 and f(1)"' = 0, then g(1) = f(1) = 0 and we have two alternatives.
Either f = 0 and g = 0 or at least one of them is non-identically zero, say f # 0.

The first case clearly yields a solution to equation (I)).

Now we show that the latter case is not possible. Without loss of generality we may assume that
m < p. Then

0=F(x,...x,1,...,1)=C- f(x)",
——
for some positive constant C. Indeed each other summand stemming from f contain at least one
term of f(1) in the product, similarly each product of g’s contains g(1). Therefore f(x) = O for all
x € K, contradicting our assumption.
]
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4 Main results

Firstly we show that every solution of equation (IJ) is an almost exponential polynomial of the group

K*.

Theorem 8. Let n € N be arbitrary, K a field, fi,...,[f,: K — C additive functions. Suppose

further that we are given natural numbers p, ..., Pu,q1, - - .,y S0 that they fulfill condition (€¢). If
DAy =0 (13)
i=1

holds for all x € K, then the functions f, ..., f,: K — C are almost exponential polynomials of the
Abelian group K*.

Proof. Suppose that the conditions are satisfied, then due to Lemma[6] we have that the mapping
F: K — C defined by

n
1
F(xy,...,xy) = Z X2l Z fi(x(r(l) = '-xO'(pi)) i 'fi(-x(r(N—piH) = 'XO'(N)) (x1,...,xy € K)
i=1 : O'E,,7N

is identically zero.
From this we immediately conclude that for any x € K

F(x,1,...,1)=0
holds, that is,
DA =0 (xek). (14)
i=1
Again, due to the fact that F has to be identically zero, we also have
F(x,y,1,...,1)=0 (x,y €K),

i.e.,

N

[cfio) + difiDfi] =0 (rnyeK) (15)
i=1
with certain constants c¢;, d; € C.
Without the loss of generality we can (and we also do) assume that the parameters ¢y, ..., g, are
arranged in a strictly increasing order, that is,

g1 < gz <---<(gy

holds and (due to condition (%)) we have that

P1>p2> > Dy

is also fulfilled.
We will show by induction on n that all the mappings fi,. .., f, are almost exponential polyno-
mials. Since the multiadditive mapping F is identically zero on KV, we have that

Z S (Xa(n o '-xO'(pl)) - fi (Xa(zv—p]+1) e 'XO'(N))

O‘EyN

n
= - Z Z fi (xcr(l) e 'xfr(p,-)) e fi (Xcr(N—p,-+1) e 'x(r(N)) (x1,...,xy € K)

i=2 geSy

12



Let us keep all the variables x, .1, ..., xy be fixed, while the others are arbitrary. Then the above
identity yields that either f; is identically zero or f; is decomposable. Due to Theorem [ in any
cases we have that f; is an almost exponential polynomial function. Therefore, for any finitely
generated subgroup H c K*, the function fi|y is an exponential polynomial. In other words for any
finitely generated subgroup H c K*, the mapping fi|y is not only decomposable but also fulfills a
certain multivariate Levi-Civita functional equation.

Assume now that there exists a natural number k with k < n—1 so that all the mappings fi, ..., fi
are almost exponential polynomials. Then, again due to the fact that F = 0, we have that

D et (Yo Katpeen) -+ For (Fov-pearsn -+ Ko

O'E,,y/v
k
== D> D F(xom o) - fi (ot -+ Xon)
i=1 O'G/UN
n
- Z Z Ji (xcr(l) o xrr(p») i (xcr(N—p,-H) o 'xrr(zv))
i=k+2 O’Ey]v
(xl,...,xN EK)
Let us keep all the variables x,,, .1, ..., xy be fixed, while the others are arbitrary. Then, in view of

Theorem [6] this equation yields that either f,; is identically zero or f,; is an almost exponential
polynomial, due to the fact that the first summand on the right-hand side is an almost exponential
polynomial by induction, while the other summand consists only of decomposable terms. O

Remark 8. Note that if
fix) = a;f(x) (x € K)

holds for all i = 1,...,n with certain complex constants ay,...,a, (assuming that at least one of
them is nonzero), then we immediately get that there exists a homomorphism ¢: K — C such that

fi(x) = fi)e(x) (x€K).
Indeed, in this case equation (13)) yields that

n

D eafoy) +dal ffm)| =0 (nyek),

i=1

that is, f satisfies the Pexider equation

af(y) =BfOfy)  (xyek).

This means that f is a constant multiple of a multiplicative function. Since f has to be additive too,
this multiplicative function has to be in fact a homomorphism. All in all, we have that the additive
function f: K — C fulfills equation

n

DalfaMi=0  (xeK)

i=1
with certain complex constants ay, . . ., a, if and only if there exists a homomorphism such that
J)=fMex)  (xeK),

moreover we also have
n

Dalfyr =0.

i=1
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As a consequence of the previous statement and Theorem 3 we have the following.

Theorem 9. Let K c C be a field of finite transcendence degree over Q. Each additive solution of
equation (1)) must be of the form

n—1
fi= Z Pijgj,
j=1

where P; ;’s are polynomials on K* and ¢;: K — C are field homomorphisms. Then
fi(x) = Pijp;(x) xeK,j=1,...,n-1).
is also a solution of (D) and all f; are additive.

Proof. By Theorem [8] the solutions f;: K — C of (I)) are almost exponential polynomials of the
Abelian group K*. Since K is a field of finite transcendence degree, by Remark [7land Theorem [3] all
fi’s are exponential polynomials. Thus there are nonnegative integers k,/ < n — 1 and distinct (non-
constant) exponential functions my, ..., m;: K* — C, further additive functions a,,...,a;: G —» C
that are linearly independent over C and classical complex polynomials P; , ..., P;;: C' — C with
deg P;; < n— 1 be such that

k
fi=) Pijar,....apm;. (16)
j=1

Substituting f; to (1)), we have

n n k qi
0= froem=> (Z P, j(ar, .. .,al)mj] (™). (17)
i=1

i=1 \j=1

Since my, ..., my are distinct (nonconstant) exponentials, the coefficients of the terms m]" - - -mzk
in the expansion must be 0. Taking all terms that contains only m; as an exponential in the product.
By this reduction, we get that

D Pm () =0 (18)
i=1

holds forall j =1,...,k.

The additive functions with respect to addition on K constitute a linear space that is translation
invariant with respect to multiplication on K*. By Lemmal[3, we get that if Z’;z (P jm;) is additive
(with respect to addition on K), then P;; - m; and m; are additive for every j = 1,...,k. The
first implies that f; is additive. Since m ; 1s additive on K that has finite transcendence degree and
multiplicative on K*, by Lemma [§] m; can be extended as an automorphism ¢; of C. These imply
the statement.

O

Remark 9. It is worth to note that the role of homomorphism m lost its importance. By Theorem
for finding a solution of (@) it is enough to find all solutions of (I8 separately forevery j = 1,...,k.
Since N = p1q; = -+ = pug, and m; # 0, equation (I8) is equivalent to

PY(x") = 0. (19)

i=1

Conversely, if (I9) holds and P; ;(x) - x is additive, then f; = P; ;¢ is an additive solution of (Ig)),
where ¢ is an arbitrary homomorphism.
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Remark 10. Our next aim is to prove Theorem If we omit the condition of additivity of f; then
we can easily find solutions that are neither homomorphisms, nor differential operators as it can be
seen in Example[Il

Example 1. To illustrate this, let us consider the following equation on a field K.
fOH+ @) +h (=0  (xeK), (20)

where f, g, h: K — K denote the unknown (not necessarily additive) functions.
Let d: K — K be a nontrivial derivation and define the function a: K* — K by

a(x) = @ (x e K9).

Then a is an additive function on group K*.
Consider the functions f, g and & defined through

f(x) = =(20 + 4a(x) + a*(x))x,
g(x) = 2(1 + a(x))x,
h(x) = 2x,

that clearly provide a solution for 20). Indeed, using a*(x') = * - a*(x) for all I, k € N we have
F(x*) = =20 + da(x*) + > (xM))x* = —(20 + 16a(x) + 16a*(x))x*,

g (x*) = 21 + a(x»)))*x* = (4 + 16a(x) + 164 (x))x*,
h*(x) = 16x*.

On the other hand, it does not satisfies (I4)). Clearly, f(1) = —20,g(1) = 2, (1) = 2 and
F(x) + g(Dg(x) + BP(DA(1) = (=20 — a(x) — a*(x) + 4 + 4a(x) + 8)x = —a*(x) + 3a(x) — 8 # 0.

This is caused by the fact that at least one of the function f,g and % is not additive. It is easy to
check that g and / are additive on K, but f is not.

Theorem 10. Let n € N be arbitrary, K a field, fi,..., f,: K — C additive functions. Suppose
further that we are given natural numbers py, ..., Pn,q1, - - - qn such that they fulfill condition (% ).

If
DA =0 1)
i=1

holds for all x € K, then there exist homomorphisms ¢, ...,¢,-1: K — Cand a;; € C(i =
1,...,n;j=1,...,n—1) so that

n—1
f0 = aeiv)  (xeK). (22)

=1
Moreover ; jp; gives also a solution of 2I).

Proof. Let us assume first that K c C be a field of finite transcendence degree over Q. By Theorem
we can restrict our attention on the solutions f; = P; - ¢. Namely,

0= ) (Pi- @@ =¢(M)- ) PIOM (ke K).
i=1 i=1
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Clearly ¢ has no special role in the previous equation (see Remark ), thus ¢ = id can be
assumed along the proof. Therefore the solutions are f; = P; - id. By Theorem [7] we can identify
fi = P; - x with a derivation D; defined with (@), where the degree of P; is the same as the order of
D;. Let us denote the maximal degree of all P; by M. Note that D; can be uniquely written in terms
of the elements of the basis % defined as in Remark [Z

Let the elements of % be the functions x,dj, ..., dy,...,d; o---od; (x) that are linearly indepen-
dent over C for all iy, ..., iy < n. Since every composition is an additive function on K, by Theorem
we get that the elements of Z are also algebraically independent.

Now fix i such that D; has maximal order M and g; is the smallest possible. Thus it contains a
termdj o---od;, € . Then we have that

djyo---od;,(x)=px"'(dj o od;)x)+ pi(pi — D" *di(x)(dy 0 -0 d;, )(x) + ...
Let us assume that M > 1. Since x,d;, o---od}, (x) € & and they are distinct, the coefficient of
xqi(Pi_l)(dj] 0---0 de(x))qi (23)

uniquely determined and it must vanish. In D;(x”")% we have only the term of (23 with nonzero
coefficient. Since g; was minimal, D;(x”/)% does not contain the product (23), if j # i. In such a
situation however this term cannot vanish, contradicting to the algebraic independence. This leads
to the fact that M = 1, i.e. every D;(x) = ¢; - x, for some complex constant c;.

This clearly implies in general that every solution can be written as

n—1

filx) = Z ¢ jpj(x),

=

for some constants ¢; ; € C and field homomorphisms ¢y, ...¢,1: K — C.
Now let K be an arbitrary field of characteristic 0 and assume that the statement is not true. Then
by Theorem [8] there exist almost exponential polynomial solutions defined on K* such that

n—1 n—1
fi= Z Pijpj# Z @i jpj-
=1 =1

Then there exists a finite set § C K which guarantees this. The field generated by S over Q is
isomorphic to field K c C of finite transcendence degree. Let us denote this isomorphism by
® : Q(S) — K. The previous argument provides that f; o @ satisfy (22). Since ®~! is also an
isomorphism, f; satisfies (22), as well. This contradicts our assumption and finishes the proof. O

Remark 11. Here we note that the proof of Theorem [[0] essentially uses the fact that the field K has
characteristic 0, that we assume throughout the whole paper.

The following example illustrates a special case when not all of f; are of the form c- ¢. Theorem
[[Tlis devoted to show that this is in some sense the exceptional case.

Example 2. Let K be a field and f, g, h: K — C be additive functions such that
fGH + g () + hi(x) =0

holds for all x € K. According to Theorem [§] define the 4-additive function F: K* — C through

1
F(x1,x2, x3, X4) = f(X1X2X3X4) + 3 {g(x1x2)g(x3x4) + g(x1X3)g(X2X4)

+9(x1x4)g(x2X3)} + h(xDh(x)h(x3)h(xs) — (x € K).
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The above equation yields that the trace of F is identically zero, thus F itself is identically zero, too.
From this we immediately get that

F(x,1,1,) =R (M h@)+g(1)g &)+ f(x) (x€K),
that is, the functions f, g, h are linearly dependent. Using this, we also have that

0 =F(x,y,1,1) = =31 (1) h (xy) = 29 (1) g (xy) + 31> (D) h () h (y) + 29 () g ()

has to be fulfilled by any x,y € K.
Define the functions y, ¢1,¢,: K — C as

x() = 3h(1)*h(x) + 2g(1)g(x)

@1(x) V3h(1)h(x) (x € K)
@) = V2g(x)

to obtain the Levi-Civita equation

x(xy) = e1(x0)@1(y) + ()2 (y) (x,y € K).

Using Theorems[3land 8], we deduce that there are homomorphisms ¢y, ¢, : K — C and complex
constants a1, @2, 81,2, V1, Y2 SO that

g(x) = a191(x) + arpz(x)
h(x) = Biei1(x) + Brpsr(x) (xeK),
f) = viei(x) + y202(x)

where the above complex numbers will be determined from the functional equation.
Indeed, from one hand we have

— F() = 0D + 1) = (@101(2) + a2a() + Brer(0) + Bapa()’
= a101(%)* + 2010201 (X)*02(x)* + @5r(x)*
+ Bie1(0)* + 481201 (x) 02(x) + 6818501 (x)*02(x)” + 4818301 ()2 (x) + Bioa (1)
= (a7 +B1) 10" + (2102 + 6B1B3) 01 (X @a(x)” + (3 + B3) 2 ()
+ 481201 (%) 92(x) + 4818301 ()2 (x)’
for all x € K.
On the other hand
£ = =y1010 = Y202 (xh) = —y101(0)* = Y22 (x)* xekK).

Bearing in mind Theorem 2] after comparing the coefficients, we have especially that equations

a'f +ﬁ£11 = Y
CZ% +ﬂ3 = -
a1y = 0
BB = 0

have to be fulfilled. This yields however that

f) = —g(1)*0i1(x) — h*(Dga(x)
gx) = g(Dei(x) (xeK).
h(x) = h(1)p(x)
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Without the loss a generality we can (and we also do) assume that the parameters ¢, ..., g, are
arranged in a strictly increasing order, that is, g; < g, < - -+ < g, holds.

Theorem 11. Let n € N be arbitrary and K a field. Assume that there are given natural numbers
Pi»qi (i = 1,...,n) so that condition (€¢) is satisfied. Let fi, ..., f, be additive solutions of

n

Z fiqi(xpi) -0 o4)
i=1
Then
Cijpj ifi>1lorq #1,
n—1
. i 25
g ch,jsﬁj ifi=1andq, =1, (25)

=1
n—-1

where ¢y, ..., 1: K — C are arbitrary field homomorphisms and Z CZ; =0forallj=1,...,n
i=1

Proof. By Theorem [[Q every solution

k

f0 =) a0 (xek),

J=1

for some ¢; ; € C thus the statement for f; if g; = 1 is trivial.
We show the rest of the statement by using a descending process as follows.
Introducing the formal variables x; = ¢1(x), ..., x = ¢i(x), equation 1)) yields that

n

Z (c,-,le" +...+ ci,kxf")qi =0. (26)

i=1
By the polynomial theorem

n

qi! J hx | Jup Jipi
—lC.’l'...‘C.'k‘X’lp‘...‘.x'kp =0. 27
1 k 1 k
Ji,l!'---'Ji,k! b b

i=1 Jii+..+Jik=qi

Since we have distinct homomorphisms it follows, by Theorem [3] that the coefficient of each mono-
mial term of the polynomial in equation (27) must be zero. Two addends belong to the same mono-

mial term if and only if
Jupi=Japj, .. Jikpi = Jjipj.
If ¢; > 2 then we choose the values J;; = 1, J;» = ¢, — 1, Jiz = ... = Jix = 0. For each addend

belonging to the same monomial term

pi=Jipj
pilgi—1) =Jj2pj,
Jj’3 =...= j,k:O-

This means that p; divides p; or, in an equivalent way, g; divides g;. Without loss of generality
we can suppose that g; is the maximal among the possible powers. Therefore there is no any addend
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belonging to the same monomial term as x’l’ i x’z”'(q"_l). Since ¢; > 2 it follows that ¢;; = 0 or ¢;» = 0.

Repeating the argument for arbitrary pair x; and x; we get that except at most one ¢;; = 0. This

immediately implies equation (24).
Finally, condition

n

qi _
2 ¢l =0

i=1

clearly follows from Theorem Ol

O

Example 3. Let K be a field. Illustrating the previous results we consider all additive solutions

fl’fl’ffi’f;l: K — Cof
RO+ HEH+ HE) + 6D =0  xek).

with fi(1) # 0 fori =1,2,3,4.
We distinguish two cases. If every f; is of the form c;¢p, then

2, 3. 4 6_
i+t tes+c, =0

and ¢ can be any homomorphism.
If not, then there are two different field homomorphisms ¢y, ¢, such that

fi = cipr,
fi = cjepo.

forsome 1 <i# j<4.
Practically, the only possible option is that iy, i, € {1, 2, 3,4} are such that

fil = Ciy¥1,
fiz = Cp¥1-

and for ji, j, € {1,2,3,4}\ {i, i} we have

fj] = Cj;¥2,
f]‘z = Cppo.

It also clearly follows that
cf" +c™ =0
1 5]
iy i _
;' +c = 0.

For instance, if iy = 1,1, = 2, j; = 3, j; = 4, then we get that

fi = e,
h = e,
fé = C3¢,
fa = caps,

where ¢} + ¢} = ¢§ +¢§ =0 and ¢y, ¢,: K — C are arbitrary field homomorphisms.
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4.1 Summary

We can assume that 0 < ¢; < ¢» < -+ < g,. As a consequence of Theorem [L1] we get that for
a given system of solutions f; of ZI)) the index set .# = {1,...,n} can be decomposed into some
subsets .4, ..., % (k < n) such that

g= 5

J

if 1
ﬂfj: 0 ?qli
{1y ifg, =1.

k
J=1

k
-1
and

If gi # 1, then for every .#; (j = 1,...,k < n) there exists injective homomorphisms ¢;: K — C
such that f; = c;p; and }ic s, ¢?"=0.1f g, = 1, then f; = 2’;:1 cjpj, fi=cpjif 1 #i€ 7 and

CL,j+ Z C?i =0.
ie 7 %]

Conversely, if there are given a partition .%; (j = 1,...,k) of {1,...,n} such that except maybe

element 1, the sets are disjoint, then for every field homomorphism ¢y,...,¢: K — C we get a
solution of 21]) as
/= Cipj ifie #;andeitheri # 1 or g, # 1
l_ Zl;:lcl,j%' ifqlzlandizl,

where Yc, », ' = 0if g1 # 1, otherwise ¢; j + Yics.z 21 €] = 0. Additionally, we get that for every
set .Z; the system of f; = cip; (i € .#;), where c; satisfy the previous equation, is a solution of (21).
This is a sub-term of (1)), thus it seems reasonable that we are just looking for solutions that do not
satisfies any partial equation of 2I)).

We say that the system of functions f, ..., f, form an irreducible solution if it does not satisfy
a sub-term of 21)).

Corollary 2. Under the assumptions of Theorem[[1] let fi, ..., f,: K — C be additive irreducible
solutions of @I). Then foralli=1,...,n,

filx) =ci-o(x)  (xeK),

where ¢: K — C is an arbitrary field homomorphism and c; € C satisfies

n

Z cl'=0.

4.2 Special cases

The following statement which is only about the real-valued solutions, is an easy observation which
allows us to focus on the important cases henceforth.

Proposition 2. Let n € N be arbitrary, K a field, fi,..., f,: K — R additive functions. Suppose
further that we are given natural numbers py, ..., Pn,q1,- - -> s SO that they fulfill condition (¢). If
equation (D)) is satisfied for all x € K by the functions f, ..., f, and the parameters fulfill

qi:2kl’ (izl,...,n)

with certain positive integers ky, . . ., k,, then all the functions fi, ..., f, are identically zero.

20



Proof. If the parameters fulfill
qi:2kl’ (izl,...,n)

with certain positive integers ki, . . ., k,, then equation (1)) can be rewritten as

n

(Fram) =0 @ew),

i=1

in other words, we received that the sum of nonnegative real numbers has to be zero, that implies
that all the summands has to be zero for all x € K. Thus the functions fi,..., f,: K — R are
identically zero. o

As an application of the results above, first we study the case

fi(x) =a;- f(x) xekK,i=1,...,n),
where ay, ..., a, are given complex numbers so that at least one of them is nonzero.

Theorem 12. Let n € N be arbitrary, K a field. Assume that there are given natural numbers
PlsesPusqls- - >y SO that they fulfill condition (¢). The function f: K — C is an additive solu-
tion of

D@ HT ) =0 (29)
i=1
if and only if
f0) =c-p(x), (30)

where ¢: K — C is a homomorphism and for the constant ¢ equation

n

Dcra) =0 31)

i=1
also has to be satisfied.

According to a result of Darboux [1]], the only function f: R — R that is additive and multi-
plicative is of the form
f(x)=0 or f(x)=x (x e R).

From this, we get also that every homomorphism f: R — C is of the form
JX)=«k-x (xeR),

where « € {0, 1}.

Corollary 3. Let n € N be arbitrary and assume that there are given natural numbers py, ..., Py,
q1, - .., qn so that they fulfill condition (¢). Let fi, ..., f,: R — C be additive solutions of (1). Then
and only then, there are complex numbers c, . .., c, with the property

n

Zc?" =0

i=1

sothatforalli=1,...,n
fix)=c;-x (xeR).

The above corollary shows that for real functions every solution of equation (I)) is automatically
continuous (in fact even analytic) without any regularity assumption.
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5 Open problems and perspectives

In the last section of our paper we list some open problems as well as we try to open up new
perspectives concerning the investigated problem.

Definition 7. Let (G, +) be an Abelian group and n € N, a function f: G — C is termed to be a
(generalized) monomial of degree n if it fulfills the so-called monomial equation, that is,

A f) =nlf(y)  (x,yeG).

Remark 12. Obviously generalized monomials of degree 1 are nothing else but additive functions.
Furthermore, generalized monomials of degree 2 are solutions of the equation

A @) =nlfy)  (nyel),

which is equivalent to the so-called square norm equation, i.e.,

fx+y) + f(x—y) =2f(x) +2f(y) (x,y€G).
In this case for the mapping f: G — C the term quadratic mapping is used as well.

Proposition 3. Let G be an Abelian group and n € N. A function f: G — C is a generalized
monomial of degree n, if and only if, there exists a symmetric, n-additive function F: G" — C so
that

fx)=F(x,...,x) (xe@G).

Open Problem 1 (Higher order generalized monomial solutions). In this paper we determined the
additive solutions of equation (). It would be however interesting to determine the higher order
monomial solutions of the equation in question. More precisely, the following problem would also
be of interest. Let n,k € N be arbitrary, K a field, fi,..., f,: K — C generalized monomials of

degree k. Suppose further that we are given natural numbers py, ..., p,, 41, - .., g, SO that
Di * p] for S ]
qi * qj for i#j ()
l<pi-qi = N fori=1,...,n

Suppose also that equation

NgE

fH ) =0 (32)

i=1

is satisfied. Here the question is, whether we can say something more about these functions f, ...

2 fl’l‘?
We remark that in case k > 2, we do not know whether such ‘nice’ representation for the
functions fi, ..., f, as in Theorem[§ can be expected.

At the same time, there are cases when the representation is ‘nice’ as well as previously. To see
this, let us consider the following problem. Assume that for the quadratic function f: K — C we
have

fG&H)=fx)* (xeK).

Since f is a generalized monomial of degree 2, there exists a symmetric bi-additive function F: K?
— C so that
F(x,x) = f(x) (x € K).
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Define the symmetric 4-additive mapping ¥ : K* — C through

F(x1, X2, X3, X4) = F(x1x2, X3x4) + F(x1X3, X2X4) + F(x1 x4, X2X3)

— F(x1, x2)F(x3, x4) — F(x1, x3)F(x2, x4) — F(x1, x4)F (X2, X3) (x1, X2, x3, x4 € K).

Since
F(x,x, %) =3(F(, ) - F(x, x)) = 3(f(7) - f(x) =0 (x€K),

the mapping # has to be identically zero on K*. Therefore, especially
0=F(,1,1,1)=3F(,1) - 3F(1, 1),
yielding that either F'(1,1) = 0 or F(1,1) = 1. Moreover,
0=F(x1,1,1)=3F(x,1)-3F{,1)F(x,1) (x e K),

from which either F(1,1) = 1 or F(x, 1) = 0 follows for any x € K.
Using that

0=F,x1,1)=F0% 1) =F(,1) F(x,x)+2F (x,x) = 2F*(x, 1) (x e K),

we obtain that
(F(1,1)=2)F (x,x) = F(x*,1) = 2F*(x, 1) (xeK).

Now, if F(1,1) = 0, then according to the above identities F'(x, 1) = 0 would follow for all x € K.
Since 7 (x, x, 1, 1) = 0 is also fulfilled by any x € K, this immediately implies that

—2f(x) = —2F(x,x) = F(x*, 1) = F(x,1)*> =0 (xeK),

i.e., f is identically zero.
In case F(1,1) # 0, then necessarily F(1,1) = 1 from which

~F(x,x) = F(x*, 1) = 2F(x, 1)*  (x€K).
Define the non-identically zero additive function a: K — C by
a(x) = F(x, 1) (x e K)
to get that
f(x) = F(x,x) = =F(x*, 1) + 2F(x, 1)* = 2a(x)* — a(x*) (x€eK).
Since F (x, x, x, x) = 0 has to hold, the additive function a: K — C has to fulfill identity
—a(x) + a*(x*) + da*(Da(x*) = 4a*(x) =0 (x€K)

too.
In what follows, we will show that the additive function a is of a rather special form.
Indeed,
0=%F(xyz1) (x,y,z € K)

means that a has to fulfill equation
a(x)a(yz) + a(y)a(xz) + a(z)a(xy) = 2a(x)a(y)a(z) + a(xyz) (x,y,z € K)
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Let now z* € K be arbitrarily fixed to have
a(x)a(yz") + a(ya(xz’) + a(z)a(xy) = 2a(x)a(y)a(@’) + a(xyz’) (x,y,z€K).
Define the additive function A: K — C by
A() = a(xz) —a(Zax)  (xe€K)

to receive that
A(xy) = a(0)A(y) + a(y)A(x) (x,y € K),

which is a special convolution type functional equation. Due to Theorem 12.2 of [[13]], we get that

(a) the function A is identically zero, implying that a has to be multiplicative. Note that a is additive,
too. Thus, for the quadratic mapping f: K — C there exists a homomorphism ¢: K — C such
that

f(x) = p(x)? (xeK).
(b) or there exists multiplicative functions m;,m,: K — C and a complex constant a such that

alx) = M (xeK)
and

Ax) = a(m(x) —my(x))  (x€K).

Due to the additivity of a, in view of the definition of the mapping A, we get that A is additive,
too.

This however means that both the maps m; + m, and m; — m, are additive, from which the
additivity of m; and m, follows, yielding that they are in fact homomorphisms.

Since
F(x,x) = f(x) = 2a(x)’ — a(x’) (x €K),
we obtain for the quadratic function f: K — C that there exist homomorphisms ¢, ¢,: K - C

such that
f) = @i1(x)p2(x) (x € K).

Summing up, we received the following: identity

[ =f? (xeK)

holds for the quadratic function f: K — C if and only if there exists homomorphisms ¢y, ¢,: K —
C such that

J(xX) = @1(X)@a(x) (x € K).

Open Problem 2 (Not necessarily additive solutions). Motivated by the above open problem as well
as Remark [I0} we can also pose the question below.

Let n € N be arbitrary, K a field, fi, ..., f,: K — C be generalized or exponential polynomials.
Suppose further that we are given natural numbers py, ..., p,, 41, - - . , g, SO that they fulfill condition
(%’). Suppose also that equation

n

DA =0 (33)

i=1

is satisfied.
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In Example [Il we gave a solution of consisting non-additive solutions of (Z0)). Namely,

f(x) = =(20 + 4a(x) + a*(x))x,
g(x) = 2(1 + a(x))x,
h(x) =2x

The functions f, g and & are exponential polynomial solutions of (Z0). Thus it is clear that Theorem
[Tl do not hold without additivity of f, g and A.
Again, the question is, how can we characterize (exponential) polynomial solutions of (33))?

Open Problem 3 (Solutions on rings and on fields of finite characteristic). As it already appears in
the definition of homomorphisms, the natural domain and also the natural range of the functions in
Q) are rings.

On the other hand, it is easy to see that there is no nontrivial field homomorphism from K to
C, if the characteristic of K is finite. The careful reader can also deduce using our methods, that
already (20) has no solution in this case. At the same time, it can be easily seen that the equation
has solutions if the functions f;: K — L are constant multiple of a field homomorphism where K
and L has the same characteristic.

According to this, the general question arises how the solutions of equation () look like in case
when the functions f,.. ., f, are defined between (not necessarily commutative) rings?

Open Problem 4 (Regular solutions in case K = C). To pose our last open problem, here we recall
the following. Concerning homomorphisms, instead of R, in C the situation is completely different,
see Kestelman [3]], since we have the following.

Proposition 4. The only continuous endomorphisms f: C — Care f =0, f =id or
f(x) =X (xe©).
These endomorphisms are referred to as trivial endomorphisms.
Concerning nontrivial endomorphisms we quote here the following.
Proposition 5. (i) There exist nontrivial automorphisms of C.
(ii) If f: C — Cis a nontrivial automorphism, then flg is discontinuous.

(iii) If f: C — C is a nontrivial automorphism, then the closure of the set f(R) is the whole
complex plane.

(iv) If f: C — Cis a nontrivial automorphism, then f(R) is a proper subfield of C, card(f(R)) = ¢
and either the planar (Lebesgue) measure of f(R) is zero or f(R) € C is a saturated non-
measurable set.

As we saw above the continuous endomorphisms of C are of really pleasant form. This im-
mediately implies that the continuous solutions of equation (I) in case K = C also have the same
beautiful structure.

Obviously, the continuity assumption can be weakened to guarantee the same result. At the same
time, our question is whether instead of a regularity assumption, an additional algebraic supposition
for the unknown functions would imply the same?
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