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THE POLYANALYTIC REPRODUCING KERNELS
HICHAM HACHADI AND EL HASSAN YOUSSFI

ABSTRACT. Let v be a rotation invariant Borel probability measure on the complex plane having
moments of all orders. Given a positive integer g, it is proved that the space of v-square integrable
g-analytic functions is the closure of g-analytic polynomials, and in particular it is a Hilbert space.
We establish a general formula for the corresponding polyanalytic reproducing kernel. New ex-
amples are given and all known examples, including those of the analytic case are covered. In
particular, weighted Bergman and Fock type spaces of polyanalytic functions are introduced. Our
results have a higher dimensional generalization for measure on CP which are in rotation invariant
with respect to each coordinate.

1. INTRODUCTION

In their recent work A. Haimi and H. Hedenmalm [15]— [16], established asymptotics for the
Bergman-Fock type space of polyanalytic functions with respect to a given weight and mentioned
that in general finding explicit formula for these kernels is difficult ( [16], p. 4668). This problem
was also addressed by D. Alpay ( [3], p. 479). The main goal of this paper is to answer this
question in the general context of rotation invariant Borel probability measure on the complex
plane having moments of all orders. More precisely, given a positive integer ¢, we shall establish
the formula for the reproducing kernel for Hilbert spaces of square g-analytic functions with
respect to a rotation invariant Borel probability measure. The reduction of our formula to the
unit disc D gives an explicit formula for the weighted Bergman spaces of polyanalytic functions
on D, which in turn, which reduces to the result of Koshelv [19] when the weight is trivial. We
point out that the result of Koshelev is proved by a very specific method based on integration
by parts which does not work for the weighted case. Other applications are given to provide
new results on other Bargmann-Fock type spaces of polyanalytic functions on C and related
projections.

We recall that a function f (z) is called a polyanalytic function of order ¢ (or just g-analytic)
in the domain {2 C C if in this domain it satisfies the generalized Cauchy-Riemann equation
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Polyanalytic functions inherit some of the properties of analytic functions and the simplest
case is the so-called bianalytic functions. However, as in the theory of several complex variables,

many of the properties break down once we leave the analytic setting. They are naturally related
to polyharmonic functions see [7], [17] and [23] for further results.

(1.1

Key words and phrases. Reproducing kernel, Polyanalytic function, Bergman space, Fock space.
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2 HICHAM HACHADI AND EL HASSAN YOUSSFI

The properties of these functions was studied by several authors see Balk and Zuev [9], Balk
[8] and Dzhuraev [14] and the references therein. It is well known that any g-analytic function
in the domain {2 can be uniquely expressed as

q—1

(1.2) F(2)=) 7¢;(2).

J=0

where the ¢; (2) are holomorphic in 2. This representation was used to study the boundary be-
havior and integral representation of polyanalytic functions. Hilbert spaces of polyanalytic func-
tions and related projections were considered for the case of the unit disc by Koshelev [19] and
later by Vasin [28] and A. K. Ramazanov [21] and [22]. In the latter reference a representation
of the space of polyanalytic functions as direct sum of orthogonal subspaces is given and applied
to rational approximation. The case of the Bargmann-Fock space of polyanalytic functions was
studied by N. L. Vasilevski [26]- [27] and later by L. D. Abreu [1]- [2] in connection with Gabor
and time-frequency analysis. A deep study of the general case of weighted Bargmann-Fock space
of polyanalytic functions was considered by A. Haimi and H. Hedenmalm [15]- [16], where they
obtain the asymptotic expansion of the polyanalytic Bergman kernel as well as the asymptotic be-
havior of the generating kernel and the asymptotic in the bulk for the g-analytic Bergman spaces
in the setting of the weights e =2 (see [16]). Their approach relies on the study of polyanalytic
Ginibre ensembles and appeals to the connection with random normal matrix theory and Landau
levels.

Polyanalytic functions of several variables were considered by Avanissian and Traoré [4] and
[5]. They are defined in an anlogous way. Namely, a function f (z) is called a polyanalytic

function of order ¢ = (¢1,--- ,q,) € Nf (or just g-analytic) in the domain  C CP? if in this
domain it satisfies the generalized Cauchy-Riemann equation

o9+
(1.3) / =0.

41 z4p
821 A aZp

They can be uniquely expressed as
(1.4) fy= >, 7o)

where the ¢; (z) are holomorphic in © where for j = (j1, - ,J,),k = (k1,....ky) € Nj
and z = (z1,---2,) € CP, the inequality j < k means that j; < k; forall/ = 1,--- ,p and
2=

However, there are very few results are available in this case.

2. STATEMENTS OF THE MAIN RESULTS

In this section we will state the main results in the one dimensional case. The higher dimen-
sional analogs will be stated at the end of the paper.
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The setting is the following. We recall that a sequence s = (s4), d € Ny, is said to be a Stieltjes
moment sequence if it has the form
+o0
sa= [ tauo)
0

where £ is a non-negative measure on [0, +ool, called a representing measure for s. These se-
quences have been characterized by Stieltjes [25] in terms of some positive definiteness condi-
tions. We denote by 8 the set of such sequences and if s € 8§ we let M(s) the convex cone of the
representing measures of s. It follows from the above integral representation that each s € 8 is
either non-vanishing; that is, s, > 0 for all d, or else s; = d, for all d. We denote by SZ the set of
all non-vanishing elements of § having a representing measure j with support containing at least
q strictly positive elements. Fix an element s = (s4) € 8} and let u € M(s). It is known [12]

that the sequence (sdfld) converges to limit R, €]0, 00|, where R; is the supremum over all
t > 0 such that ¢ is in the support of 1. We denote by D, the disc in C centered at the origin with
radius R, with the understanding that Dy, = C when R, = 400.

For each pair of non-negative integers (d, n) such that n < g — 1, let P,, (1) be the subspace of
the Hilbert L?(x%du(x)) consisting of all polynomials with degree at most n furnished with the

real inner product
+oo

(f.9) = f@)g(@)atdpu(z), f.g € Pulp)

0
and denote by Q4. : (0, 4+00) x (0,+00) — C the corresponding reproducing kernel.
Consider the following function

+oo q—1
2.1) Frsha,y) =Y XNQugo1(z,y) + Y NQug-1-a(z,y).
d=0 d=1

where \ is a complex number and (z,y) € [0, +00[x[0, +-00[. Our first result is the following:

Theorem A. For all fixed non-negative real numbers v and y, the series X — F, (A, z,y)
converges uniformly on compact subsets of the disc centered at O with radius R>.

Next, let 1 € M(s) and denote by v denote the image measure on C of 1 ® o under the map
(t,€) > \/t€ from [0, +0o[x T onto C, where ¢ is the rotation invariant probability measure on
the unit circle T in C. Then v is rotation invariant. Conversely, it is known [10] that any rotation
invariant Borel probabiltiy v on C is of this form. Since y is supported in the interval [0, + R,
it follows that the support of v is contained in closure I, of the open disc I,.

We consider the Hilbert space L?(v) of square integrable complex-valued functions in D, with
respect to the measure v. We denote by Aiq the space of those g-analytic functions on D, which
are square integrable with respect to v. The natural inner product inherited from that of L?(v)
turns A§7 , Into a pre-Hilbert space. We are now prepared to state our second main result.

Theorem B. The space Ai o Is a Hilbert space which coincides with the closure of the q-analytic
polynomials in L*(v). Moreover, for each set compact K C D, we have that

sup.er| f(2) S C | f 2w
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for all q-analytic polynomials f € L*(v), where

C = C(K) = sup.cie\/ Fyal|22 22, |2]2).

Furthermore, the reproducing kernel of A,i 4 IS given by

R, (z,w) = F, s(zw, ]z]2, |w|2), z,w € Dy.

Remark C. When the measure 1 has a finite support and the number points of the support of 1
is ¢, then Theorem B gives Cauchy type formula for polyanalytic functions. Such an example
can be obtained using the Kroutchouk measure and related orthogonal polynomials.

A first application of our results provides the weighted polyanalytic Bergman kernel of the
unit disc {z € C : |z| < 1}. More precisely, for « > —1, we consider the space Aiﬁq of all
2)a dA(z)

T Y

square integrable of ¢-analytic functions with respect to the measure dv,(z) : (1 — |2|
where dA(z) is the Lebesgue measure on D. We will prove the following

Theorem D. The space Ai’ o Is a Hilbert space which coincides with the closure of the q-analytic
polynomials in L*(v,,) and its reproducing kernel is given by

Ka,q(z,w) _ q(a+q 1) (1—zw)at ( ) ( ; )(a+q+j) |Zﬂ{‘2j

(1—zw)otatT a+q—1/) |[1—zw|?7 *

forall z,w € D.

We point out that when o = 0, this result was established by Koshelev [19] by different
method limited to the case o = 0, but does not work for o # 0.

A third application of our results provides the weighted polyanalytic Bergman kernel for the
weighted Fock space. Namely, let « > 0, and denote by ¥, ,(C) the space Ai,q of all square
integrable of g-analytic functions with respect to the measure dv,(z) : |z|2ae*|z|2%(z)
dA(z) is the Lebesgue measure on C We will establish the following

, Where

Theorem E. The space F, 4 is Hilbert space which coincides with the closure of the q-analytic
polynomials in L*(v,) and its reproducing kernel is given by

Kog(z,w) =L (|2 —wl?), forallz,w € C
where Ly is classical weighted Laguerre polynomials of degree q — 1 and weight a.

We point out that when o = 0, this result was established by Haimi and Hedenmalm [15]
using a different method which does not go trough for a # 0.

3. PRELIMINARY RESULTS

We collect a few preliminary results from the refrences [13] or [18]. Let s = (s,) be a
Stieltjes moment sequence and ;1 € S representing measure of s. We assume in this section that
the support of 1 has N (i) > ¢ elements. For each non-negative integers n < N(u) — 1 set
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So S1 Sn
D S1 S9 Sp4-1
TR
Sn Sp+1 Son,
and for x € C, let
So S1 Sn
S1 S9o Sp+1
D, n(x) :=
Sp—1 Sn ' S2p—1

It is well-known that the sequence (PW);V:“(;)‘I of orthogonal polynomials with respect to the

measure dy(x) is given by
Dyyn ()
\V D,u,nleu,n

so that the reproducing kernel (), ,, is given by

(3.1 Pun(x) =

n

(3.2) Qun(z,y) =

=0

D,u,j (x)D;L,j (y) _
Dy j1Dy;

We recall the following classical theorem of Heine a proof of which can be found in [13]

Lemma 3.1. The determinants D,, and D, (x) have the integral representations

1
(3.3) D, = —— / (z; — zx) dp(ey) - - - dp(nga)
(n+1)! [0,+o0[nF1 1<j<1k1<n+1 ’
1 n
(3.4) Dy(z) = — [[@—=2) ] - w)dule)--dulan)
(0,400 51 1<j<k<n

In what follows we shall fix the measure u, and for each d € Ny, we consider determinants
and orthogonal polynomials with respect to the measure z%du(x). Then we simply set

(35) Dzdu(x),n = Dd,n and Dwdu(x),n(x) = Dan(JZ).

The sequence of orthogonal polynomials with respect to the measure 2¢dy(x) will be then denote
N(u)—1 RS
by (Pym) and it is given by

m=0
de(l’)
\ Dd,nled,n

so that the corresponding reproducing kernel ()4, is given by

e Quatr) =3 PttIDals)
J— )]

j=0

(3.6) Fan(z) =
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Lemma 3.2. Suppose that the support of  is unbounded. Then for any positive integer n and
x € [0, 400], there exist t, > 0 and a constant C, > 0 such that

(3.8) | Pan ()| ([te, +00]) < 5%
forallt > t,.

Proof. In view of Lemma 3.1 by Cauchy-Schwarz inequality we see that

n

Dan@) < Dapes [ [J=w? T o= aufar--adu(o) - due)

(0,400 51 1<j<k<n
Since the degree n of the polynomial Dy, (z) is positive, there is ¢, > 0 such that
|Dan ()| < |Dgn(t)|, forallt >t,
and thus by Lemma 3.1 we get

’Dd n(x)|2 oo oo
D xi+1du(1}n+1) < ’Dd,n(xn+1)’2 $i+1d:u(xn+1>
dn—1 te ty

< (TL + 1)|Dd,n

Taking C' = y/(n + 1)! and using (3.6) completes the proof. O

4. ORTHOGONAL POLYNOMIALS WITH RESPECT TO ROTATION INVARIANT MEASURES

Throughout this section, fix an element s = (sq) € 8} and let u € M(s). For each pair of
non-negative integers (d,n), with d arbitrary and n < ¢ — 1, let (Py),k € {0,--- ,n} be a
sequence of orthonormal polynomials of Hilbert space P, (%) equipped the L*(z%du(z)) inner
product. For all integers m,n € Ny, set

4.1) m An = min(m,n).

andforall z =r£ € C,r >0, €| =1,

(4.2) Hypn(2) = rm=mlemenp o an(7%).
Lemma 4.1. The family (H,, ) forms an orthogonal system in L*(v).

Proof. Let (m,n), (m’,n’) € N2. We first observe that for m + n’ = m’ + n, we have

+00 +oo
/ Hm,n (Tl/z)Hm’,n’ (r1/2)d,u(r) - / T‘min‘ﬂm—n\,m/\n (T>P|m—n|,m’/\n’ (r)d,u(r)
0 0

= 5m/\n,m’/\n’
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By the change of variables formula, we see that

/SHM Hor o (2w (» /+°° [ Hoo 2 B € 1)

[ Hn ) T e () / gt e (€)
0

= Om+4n/,m/ +n5m/\n,m N4

= 6(m,n),(m’,n’) .

This completes the proof. U
Lemma 4.2. Let n and d be positive integers such that n < q— 1. Consider a polynomial f in n-
variables such that f(x1,--- ,x,) > 0 for all pairwise distinct elements x1,--- ,x, of [0, +0o0],
and set

+oo [e%¢)
(43) ’Yd,n(f) = / f(xla"' axn)(xlxn)dd:u(xl)d:u(xn>
0 0
Then

4.4) lim Jetolf) ( lim %)n

d——+oo ’yd,n(f) d—+oco  Sg

Proof. Let n be the image of the measure on [0, +oo[ of f(xy,- -, x,)du(xy) - - - du(x,) under
the map (xy, -+ ,x,) — x1 -+ - x,. Then

+o0o

@45) aalf)i= [ atdn(a)
0

so that by [12] we see that

(4.6) i ernlf) _ p
d—+oo Yan(f)
where R is the supremum over all ¢ > 0 such that ¢ is in the support of 1. Moreover, it can be

easily checked that if ¢ > 0, then ¢ is in the support of 7 if and only if tw is in the support of p.
This completes the proof. U

Now we prove Theorem A

Proof of Theorem A. We only need prove that for all non-negative real numbers x and y, the

series
q—1 4+

(4.7) SeaN) =D ) APy (2) P (1),
n=1 m=0

converges uniformly on compact sets of Ds. We shall distinguish two cases. First, assume that
the support of 1 is bounded; that is Ry is finite. In view (3.6), the latter series can be written if

the form
qi f \m myn ()

n—=1 m—=0 mn 1Dmn
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Using the integral expressions (3.3) and (3.4) with respect to the measure r™dyu(r) instead of
dp(r), we see that D,, ,(x) is a finite sums of terms of the form z7+,, ,(f) where j € Ny and f
is a function of the form

(4.8) floy=ay o I (==
1<j<k<n

The same holds for D,, ,,(y) with y instead of . Finally, we observe that
Dm,n = 7m,n<g)a and Dm,n—l = ’Ym,n—l(g)

where
(4.9) g@) = ] (&5 — =)
1<j<k<n

Therefore the series S; 4 is a linear combination of series of the form

g—1 +oo
Ssait(N) == N g Y (f ) Yo (
7q7]7l( ) ;mzz() ! 7m7n(g)7m,n—1(g)

where f and h are of the form (4.8) and g is given by (4.8). Appealing to Lemma 4.2 and using
D’ Alembert’s rule yields that the series S, , ;;(\) converges as long as |A\| < R,. From this it is
also clear that the series converges uniformly on compact sets of D;.

Next, suppose that Ry = +oo. Let x,y be arbitrary non-negative real numbers. Then by
Lemma 3.2, there ¢, , such that
(n+ 1!

tm

| P (2) Prn (y)] <

for all t > t, . This proves that the series (4.7) convergence absolutely.
Finally, the inequality in Theorem A follows by Cauchy-Schwarz inequality. The remaining
equality in the theorem is straightforward. This completes the proof. U

Next, we denote by A?(s) the subspace of L?(v) consisting of all functions of the form

g—1 +oo

f(z) = Z Z W (2)

on Dy that satisfy
q—1 +oco

Z Z |t |” < +00.

n=1 m=0
We equip the space A?(s) with the natural inner product

q—1 +o0

(4.10) (f,9)s =D ynbmn,

n=0 m=0

for all members f(2) = 300 S Gy Hopn(2) and g(z) = 3290 S by Hyn(2) of
A?(s). Itis standard that this is a Hilbert space which contains all g-analytic polynomials, which
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is contained in L?(v) and its inner product coincides with the scalar product inherited from the
scalar product of L?(v). Indeed, we have

Theorem 4.3. The space A*(s) consists of q-analytic functions and its reproducing K , kernel
is given by

KS#I(’Z?w) = FS,q(zwv |Z|27 |w|2>7 Z,w e ]D)sa
where F , is the function defined by (2.1).

Proof. By virtue of Theorem A, the series

qg—1 400

(4.11) Kog(z,w) =YY Hupp(2) Hyn ().

n=0 m=0

converges uniformly for zw lying in a compact subset of Dy. Since the system (H,,,), m,n €
Ny, n < ¢ — 1 forms an orthonormal basis of Az(s), a little computing shows that

q—1 4+
w) =Y Hyyn(2)Hyn(w)
n=0 m=0
qg—1 400 qg—1 n—1
_ZZ )" Prn (I2) P, m,n (lwl?) +ZZ w)" P, mm(|Z| ) mn<|w| )
n=0 m=0 n=1 m=0
When ¢ = 1, we are in the analytic case. Since P, ¢ is constant, the latter sum gives
+oo
Ko(z,w) =Y (20)" P Prg.
m=0
However, , when ¢ > 2, we have
+o0 q—1 n—1
K q(z,w) = Z ZW mZPm,n |2[%) P (| )+ZZ(2w>n " P mm(121%) Pomm ([w]?)
m=0 n=1 m=0

= Foq(zw, IZ!Q, Iw\ )-

Now each element f of A?(s) admits a unique representation

qg—1 +o0

= Z Z am,nHm,n<w

n=0 m=0

By Cauchy-Schwarz inequality, it follows that this series converges uniformly on compact sets
of I, and hence it defines a g-analytic function. Moreover, it can be easily checked

f(2) = (f, Ksq(:,2))-

for all z € D,. This completes the proof.

Now we are ready to prove Theorem B
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Proof of Theorem B. It suffices to show that each g-analytic function which belongs to L?(v)
is an element of the space A?(s). Now let f be g-analytic function which belongs to L*(v).
By (1.4) we know that f has a unique representation of the form

f(z) =) 7"ful2), z €Dy,

where the functions f,, are analytic on ID,. Therefore, f can written in the form

q—1 +oo

f(z) = Z ZE”fm(z), z € Dy,

n=0 m=0

where f,, are anlytic polynomials and the series converges uniformly on compact sets of ;. In
view of Theorem A, we see that f admits a unique representation of the

g—1 +o0

f(Z) = Z Z CmmHmJLa z € Ds;

n=0 m=0

where c,, ,, are complex coefficients and the series converging uniformly on compact sets of D;.
Since f is in L?(v) it follows that

g—1 +oo

Z Z |Cmon|? < 400

n=0 m=0

showing that f € A?(s). The proof is now complete. O

5. THE POLYANALYTIC BERGMAN SPACE ON THE UNIT DISC

In this section apply our approach to different classes of orthogonal polynomials to produces
natural examples of Hilbert spaces of polyanalytic functions.

We start with the weighted polyanalytic Bergman space on ID. Consider the weighted Lebesgue
measure on D given by

o dA(2)

dA.(2) == (1—|z]?) , o> —1,

where dA(z) is the Lebesgue measure on ID. We denote by A¢(ID), the weighted g-polyanalytic
Bergman space on D where ¢ € Ny and o« > —1. This is the space of all g-polyanalytic functions
f on D which are square integrable with respect to dA,(z).

It can be easily checked that the measure v is the image measure in D of ;x ® o under the map
(t,€) > V1€ from [0, 1[x T onto D where 1 is the measure [0, 1] given by

du(t) :== (1 —t)“ dt.

The corresponding moment sequence is

! L d+1)T (a+1)
— d1 _ A\ g+ —
-1 Sd_/o A —)td = T(d+a+2)
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Lemma 5.1. Suppose that ¢ is an automorphism of the unit disc. The the Bergman kernel K,
of Ag (D) follows the transformation rule

(SO/(Z)W) (atg+1)/2
(5.2) Kq,a(zv f) = — (¢—1)/2 Kq,a(@(z)v 90(5»
(¢ e ©)

forall z, & € D.

Proof. Tt is sufficient to assume that ¢ o p(z) = z, for all z € D. We recall the that the measure
% is invariant under the action of the automorphism group of the unit disc. We also observe

(at+q+1)/2

that for any fixed £ € D), the function 2z — %Kq,a(gp(z), §) is an element of AZ(D).

By the reproducing property and change of variables formula we see that

(PR _ [ )t
i Kaale2).6) = [ K pap(10), ) K g (2, 0)dAu ()
o) (w)
(v ) (( ))(W
- [E Ky (10,6 Ky, () d A ()

(' (w))"
(

N /D ((%;Zjii/j Ky ol&w) Ky o(o(w), 2)dAL (w)
Y (w

(W) (a+q+1)/2

= ((,0’(5))0171)/2 KQ:Q('ZvSO(g))

Replacing & by ¢(€) the latter equalities yield

(a+q+1)/2

(2)¢'(€)
(SO v ) G-1)/2 Kq,a((p(z)a @(5)) = KCLCY(Z’ 5)

(W@’(ﬁ ))

This completes the proof. U

We shall make use of the classical Jacobi polynomials P,ga’d) with parameters («, d) and degree
n. An explicit formula for these polynomials is given by

(5.3) Pld(z) = 2% 3y <O‘ Z ”> (f:g) (z— 1" *(z + 1)
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It is well-known by formula (3.96) in ( [24], p. 71) that these polynomials verify the equality

n

F'n+a+1) (n\T(n+j+a+d+1) .
5.4) Pl —92z) = —1)/ J.
(5:4) P 7) n!F(n—i—ode—i-l)JZO( )(j> I'j+a+1) v

The Jacobi polynomials satisfy the orthogonality condition

1
(5.5) / P2z — 1) P (22 — 1)a%(1 — 2)*de = 8, hS?
0

where

MNa+n+1)I'(d+n+1)
F(a+d+n+1)(a+d+2n+1)
and hence for each non-negative integer d, the reproducing kernel of space of polynomials of

degree at most ¢ — 1 with respect to the L?-inner product associated to the measure t?du(t) is
then

(5.6) hod =

— Pl(2e — 1)Pr(2y — 1)

Qd,q—l (33, ?/) = Z a,d
n=0 ha
& Pie(1— 2z) PRe(1 — 2)
- a,d
n=0 h
By the identity (3.114) in ( [24], p. 75) we see that
(5.7) Qog1 (2,0) = o HR PG (1 — 22)

so that by (5.4) we obtain

Fq,s(ov Z, 0) = QO ,q—1 (CB 0)

_ a—l—q—l - q—1 atq+yj o
' a+qg—1

0
We observe that if z € D, then K, ,(z,0) = F, 4(0, |2|%,0). Let z, w € D let

1

Q

Z—w
gpw(z) 1=z
By Lemma 5.1, we have
(a+q+1)/2
(#2020 (w))
Kq Oz(Z w) = (q—1)/2 Kq,a<90w<z)70)
(P Z)e(w))

Since
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(atq+1)/2
CASERm) (1 -z
(SO,—(Z)SO, (w)>(q_1)/2 (1 — ZQD)OH‘(]‘FI
and
2
2j _ [z — wl
it follows that
at+q—1\ (1—zw)7 1! -1 Cra—1\ (o N p—w|29
Kyalz,w) =q("" )(1(—2117)0‘)_+‘1+1 ?:0(_1)3(% )(aigfi)\'l_z%pw

6. WEIGHTED POLYANALYTIC FOCK SPACES

The second example is the weighted measure defined on C by
dv (z) == |z|20‘e_lz‘2dA (2), a>-—1,

where dA (z) is the normalized Lebesgue measure on C. We denote by A¢(C) the weighted
g-polyanalytic Fock space on C where ¢ is a positive integer. This is the space of all g-analytic
functions f on C which are square integrable with respect to dv(z). The measure v is the image
measure in C of y ® o under the map (¢,&) + t'/2¢ from [0, +-00[xT onto C where f is the
measure on [0, +-o00[ given by

1
du(t) = =—————t%e"dt.
mt) =t
The corresponding moment sequence is
oo I(a+d+1)
6.1 Sq = tle tdt = —————
©.1) d /0 Fla+1)

We will use the classical weighted Laguerre polynomials L;, of degree n and weight . These
polynomials satisfy,

too I'(d 1
(6.2) / Lare (p) LEFe () 27 dx = (+—'n—|—)5n’n/.
0 n!
They have the following explicit representation
" +d+a)! (—x)""
6.3 L@y =" (n |
(6.3) n (@) err!F(n—i—d—i—oH—l—fr‘)(n—r)!

We point out some useful formulas, the first one is due to Bailey [6]

n n—1 1 d+a+2n+—21
(64) LZ—FCM (.Z‘) ng—i—a (y) _ r (d +oa+n+ ].) Z ((l'y) Ll ({L‘ + y)

n! n—DT(d+a+n+1-1)

=0
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The others are

(65) Ld+a . Z y Ld+cx+r
oo .

(6.6) LM (z —y) =¥ i{' Litotr ()
r=0

which are easy consequences of the definition of L™ (z). To compute the series F, ; (A, x,y)
in this case, it is sufficient to calculate the following expression

qg—1 400

d+a d+a
(6.7) => >t Hde)Ln () L3 (y)

n=0 d=—n
using first (6.4) and then (6.5) and (6.6) we have

)\d-l—nLd—l—a ) Ld+a (y)
= n '
Saq(A) Z/\ Z F'd+a+n+1)

A4
— A"l —Ld+o¢7n LdJrafn
S e ) 2

D B B
= o o -r)ildta-r+l)
a1 n n—r +o0 _
_ (.ZUy) A" )\d r ; -
- AT L +oa+n—2r
; ,Z:; (n—r)! ;F(d—i-oz—r—i—l)! r (z +y)
a1 n n—r yp +00 d
- (zy)" " A A e
= AT L +a+n—r
Z Z (n—r)! Zf(d+a+1) r (z+y)
n=0 r=0 d=0
a1 n n—r
e @) TN s
ED LDy e e R
n=0 r=0 .
1

q
:ZeALﬁ ($+y—k—ﬁ)
— A
and since Zg;é LP = Lﬁ +1 we deduce that

6.8) Fpo(\3,y) = Lo (x by A— x—Ay) .

7. THE HIGHER DIMENSIONAL CASE

Consider p Stieltjes moment sequences s(1),--- ,s(p) € 8; and for each j let pi; € M(s(j))
and denote by v; denote the image measure on C of y; ® o under the map (¢,£) — /£ from



THE POLYANALYTIC REPRODUCING KERNELS 15

[0, +00[xT onto C, where o is the rotation invariant probability measure on the unit circle T in
C. Then the support of each v; is contained in the closure of the disc D; centred at 0 with radius
Rs(;)- Then we set v := 11 @ - - - ® 1, and consider the Hilbert space L*(v) of square integrable
complex-valued functions in Dy x - - - x ﬁp with respect to the measure v. We denote by .A,%’ , the
space of those g-analytic functions on D; x - - - x 1D, which are square integrable with respect to
v. The natural inner product inherited from that of L?(v) turns A?,’ o nto a pre-Hilbert space. We
are now prepared to state the higher dimensional analog of Theorem B.

Theorem B’. The space Az,q is Hilbert space which coincides with the closure of the q-analytic
polynomials in L*(v). Moreover, for each set compact K C D, we have that

sup.c|f () < C |l f 2
for all g-analytic polynomials f € L*(v), where

C = C(K) = sup.ex [/ Fustn (|2l |51 5 [2).
j=1
Furthermore, the reproducing kernel of A2 is given by
p
Ryq(z,w) = [ | Fost (2505 12, lwy ), 2,0 € D
j=1

Remark C’. As in Remark C, in the one variable case, when the measures y; have a finite
support with exacly ¢ elements, provides the polyanalytic Cauchy type kernel of the unit polydisc
D" :={z= (21, ,2,) € C:maxj_..,|z| <1}

In a similar manner, we obtain the weighted polyanalytic Bergman kernel of the unit polydisc
{z = (21, ,2,) € C: maxj_,..,|z| < 1}. More precisely, for « > —1, we consider the
space Aim’ , of all square integrable of g-analytic functions with respect to the measure Vo n(2)
< [T/ (1 — |21*)*dV(2), where dV (2) is the Lebesgue measure on C". We will obtain the
following

2
a7n?q

Theorem D’. The space A is Hilbert space which coincides with the closure of the q-analytic
polynomials in L*(v,,) and its reproducing kernel is given by

Kong(z,w) = H?:1 Kaq(zj,w5)

forall z = (z1, -+ ,z,),w = (wy,--- ,w,) € D", where K, , is the weighted polyanalytic
Bergman kernel of the unit disc.

We also obtain by similar arguments the weighted polyanalytic Bergman kernel for the weighted
Fock space in C". Namely, let « > 0, and denote by F, ,(C) the space Ai’q of all square inte-
grable of g-analytic functions with respect to the measure

dV (z)

1.2
dvg(z) : |2)*%e > -1

where dA(z) is the Lebesgue measure on C" We will establish the following
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Theorem E’. The space F, , is Hilbert space which coincides with the closure of the g-analytic
polynomials in L*(v,,) and its reproducing kernel is given by

Kang(z,w) = e H?:l L?jll (27 — wy[?)
forall z = (21, -+ ,zn),w = (wy, - ,w,) € C"
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