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An iterative approach for real roots of
polynomials
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Abstract

In the present study, we propose necessary and sufficient assumptions on the
coefficients in order to only get distinct real roots of polynomials.

Keywords: Polynomials with only real roots; Polynomial sequences; Interlacing method,
Sturm’s theorem, Euclidean division.
AMS: 26A06, 26C10.

1 Introduction

It is well known that polynomials are very useful in order to approximate functions. The research
of roots of polynomials is an old and famous problem. The theory of equations was studied
by prestigious mathematicians such as d’Alembert, Cauchy, Gauss, Euler, Lagrange, Hermite,
Galois among others. Polynomials with only real zeros arise often in different branches of math-
ematics. Nowadays, this is always the subject of an intense research, for example see [9] and
references therein.

[9] proposed a unified approach to polynomial sequences with only real zeros. They give
new sufficient conditions for a sequence of polynomials to have only real zeros based on the
method of interlacing zeros. As applications, they derived the reality of zeros of orthogonal
polynomials, matching polynomials, Narayana polynomials and Eulerian polynomials.

Recently [6], [7] studied cubic, quartic and quintic polynomials and proposed conditions on
the coefficients derived from the Sturm sequence that will determine the real and complex root
multiplicities together with the order of the real roots with respect to multiplicity.

Historically, equations of the first and second degree (where the coefficients are given num-
bers) are already solved with a general method by the Babylonians around 1700 be. J.C and may
be even earlier.

For the equations of degree three, it is necessary to wait until 1515 with the Italian Scipio del
Ferro (1465-1526) whose papers are however lost. Then, his compatriots Nicolo Tartaglia and
Gérolamo Cardano (1501-1576) continue his work. But it is Euler (1707-1783) who clarified the
determination of the three roots in a Latin article of 1732.
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For the equations of the degree four, the answer comes from Jerome Cardan (1501-1576) and
Lodovico Ferrari (1522-1565). Cardan gives a method in chapter 39 of the Ars Magna. He states
that it was found by his pupil Lodovico Ferrari. In 1615, Frangois Viete (1540-1603) clearly
explains Ferrari’s method. Descartes (1596-1650) also exposes another method of resolution.

For the equations of fifth order and above, the theorem, sometimes called Abel-Ruffini’s
theorem, indicates that: "For every polynomial with coefficients of degree greater than or equal to
five, there is no expression by radicals of the roots of the polynomial, that is to say of expression
using only the coefficients, the value one, the four operations and the extraction of the nth roots".

This result is expressed for the first time by Paolo Ruffini (1765-1822), then rigorously
proved by Niels Henrik Abel (1802-1829).

However, it is the legendary French mathematician Evariste Galois (1811-1832) who gives
a necessary and sufficient condition for a polynomial equation to be solvable by radicals. He
introduces permutations groups of the roots, now called Galois groups. This more precise version
makes it possible to exhibit equations of degree five, with integer coefficients, whose complex
roots which exist according with D’ Alembert-Gauss’s theorem do not express themselves by
radicals.

In this paper, we propose an iterative approach for real roots of polynomials based on the

ideas of C Sturm [10]. First of all, we give the family of polynomials we are interested in. For
simplicity reason (but our method works also in the general case), we are interested in polynomi-
als having the coefficient of highest power equal one (if not we have just to divide the polynomial
by this coefficient). Besides, we assume the coefficient of the second highest power is zero: we
can always produce a translation that leads to this form. This means that the sum of the roots
vanishes. We take as example the well known case of the order three. Then, we explain the
general idea.
The goal is to give the motivation and convince the reader what kind of results we prove. Neces-
sary and sufficient assumptions on the coefficients are given in order to obtain only distinct real
roots. More precisely, we build a simple characterization of interlaced roots of the remainder of
the polynomial and its derivative using extrema of the starting polynomial. We distinguish two
cases according with the degree even or odd of the studied polynomial. In fact, the originality of
our method is that we just need the same assumption for all degrees of the starting polynomial.

After recalling a consequence of the Sturm’s theorem, we can identify the greatest common
divisor (GCD) of a polynomial and its derivative with resultants and Sylvesters’ matrices. But
even if, as describe in [11] and [1], studying remainders of the Sturm sequence can be seen as
minors of a single determinant, it remains in general a very difficult and laborious task.

We see in a new light the real roots of polynomials of orders three, four, five, six and seven.
We use maple software to calculate different remainders of Euclidean divisions. We interpret
our result because, for low degree, the expression of the roots are available since a long time
(for example for orders three and four.) We think also interesting to compare our result with the
assumptions arising from the Sturm’s approach.

Besides, we concentrated on particular cases of multiple roots. This is because in such cases, the
intervals we are given are reduced to a point. As well, the same limit cases are obtained using
the Sturm’s approach. On the other hand, it shows a way to establish upper and lower bounds for
these intervals.

The case of the fifth order is studied in details and we explain how our assumptions can be easily
satisfied. In some sense, our result can be considered as an extension of the Sturm’s theorem and
wonderful ideas he exhibited in [10]. We finish with some concluding remarks and perspectives.



2 Method

In this section, we introduce the family of studied polynomials. As example, we present the case
of the order three. Next, we give the general idea. In fact, we will precise this later when we will
present the cases of order five, six and seven. The idea here is to build a series of polynomials
all having real roots introducing iteratively the same assumption on the last constant of the built
polynomial. We consider the following polynomial sequence:

Pa(z) =2 +co/3

Ps(x) = 23 4+ cox + 1

Pu(z) = t + %coxz + %clx + %(!ch

Ps(z) =2° + %comg’ + %cw&2 + 1?:!;!02“3 + %03

Pp(z) = 2™ + an—22" >+ an_32" "+ + ao

where |
Vk € {0,...,n—2}, ap = %Cn_z_k.

We note that 1
Vn > 3, Pnfl(x) = gpn(m)

As the notion of interlacing is crucial, a definition is welcome:

Definition 1 Given both polynomials P and Q of order n.and n—1 respectively and {cv; }1<i<n
and {B;}1<j<n—1 be all real roots of P and Q) in nonincreasing order respectively. We say that
the roots of Q are interlaced with the roots of P if

a1 <Pr<ae<fe< - <Br2<an1< B < an.

2.1 Examples of polynomials of degree two and three

1. Consider P;(x) = 2 4 p/3. This polynomial has two distinct real roots as soon as p < 0.
2. For the polynomial Ps(z) = 2 + px + ¢, by the Euclidean division by P = 3P, it comes
then ,

Py(2) = S Py(2) - Ra(x) = wPa(a) - Ri(a)

with Ry (z) = —(Zpz + ¢). The polynomial Ps has three real roots if and only if P, has two
real roots and if R, has a real root interlaced with those of P. Because of the previous remark,
P has two real roots if p < 0.

It then remains to fix the constant ¢ so that the root of R; is interlaced with those of P». The

root of Ry is 551) = —g—g and is interlaced with those of Ps if
3q 2 p\1/? 2 p\1/?
g€ o == (5) el = (-5)
or
2 2 2
qEc } —gpozg )§—§Pag ) {

If we call R{ the function defined by R (z) = Ri(z) + ¢ = —2pz, we have that

q €]RY (af®); RY ().



This means that R (a(12>) < 0 and that Ry (aéQ)) > 0. Note here that the result means that

the discriminant of Ps namely A(Ps) = —(4p® + 27¢?) is not negative. Moreover, if p < 0, it
is well known that only cases of multiple root for P3 correspond to Bﬁ” = af) or ﬂi” = oz<22)
according with the sign of q. Remark that this real double root is also a root of P> and R;.

2.2 General idea
Consider the family of polynomials defined previously

3

Pn(iU) =z" + an_zxn_Q + an—gl‘n_ + - 4ap
where
n!
Vk € [0;n—2], ar= mcnfsz.

From a more general point of view, the result is based on the following remarks:

1. Set Po(z) = 2Qn—-1(x) — Rn—2(x). If Qn—1 has n — 1 real roots and if R,,—2 has n — 2
real roots interlaced with those of Q,,—1, then P, has n real roots.

2. For a polynomial of degree n, to have n real roots, it is necessary that its derivative has
n — 1 distinct real roots iV ... a{" ", So, P, () = P, (x) — Ra—2(x) has n distinct
real roots as soon as its derivative has n — 1 distinct real roots and those of R, _» denoted by
(n=2) 822 are interlaced with those of P,.

The coefficient of highest degree of R, _» is —%an_z. If an—2 < 0 (as the sign of the

. . . . . . . . /
discriminant of P») and if R,,—2 has n — 2 real distinct and interlaced roots with P,, then P, has
n distinct real roots. If we write:

Raa(@) = (@ — BV R, o) — Toa(a),

as R;L_Q(a:) = (n — 1)Rp_3(x), R,,_, has n — 3 distinct real roots. It is therefore necessary

to ensure that 7,4 has n — 4 distinct real roots denoted by v\"~* ... 4" and besides

interlaced with those /3§”*3> - B,&"_}S) of R;_Q. The highest degree coefficient of T}, _4 is at a
positive factor proportional to As (discriminant of Rz). Then

’

Toos(t) = —— (2= 1") Thoa(e) — Unoo().

The roots of Uy _g noted 6"~ ... 6" % will be interlaced with those \" > ... ~4{"Z% of
T ,/L,4. The coefficient of highest degree of U, —¢ is a positive factor proportional to the discrim-

inant of T5. Then we have:
_ 1 ™\ 77
Uno(@) = —— (¢ =81 U —s(@) = Varus (@)

and so on. We will specify this construction later when studying polynomials of degree five, six
and seven, when we will explain how choosing iteratively the last coefficient ag of the polyno-
mial P,. This leads us now to the presentation of our main result.



3 Main result

First of all, we present a characteristic property of interlaced roots. Then, we explain how choos-
ing the integration constant ag using the extrema of P,, and the remainder of Euclidean division
of P, by P,/L. At last, we propose some necessary and sufficient assumptions on the coefficients
in order to obtain n distinct real roots for P,.

Proposition 1 Let P,, be a polynomial and let

Po(z) = %P,;(x) — Ru_2(2) = 2Pn_1(z) — Rn_2(z).

Denote by a(n D .. ozgln:ll), the n — 1 distinct real roots of Pn—1 and ﬁ§n72) .. 57(,?72>, the
n — 2 distinct real roots of Rn—_2.
If n is even,
agn—l) < /6577.—2) < a(2n—1) < Bén—Q) <. .. <a (n 1) /8(77. 2) ’Eln—ll)
& sup  Rn_o(ai"V) <0< inf Rn,g(a;’;ﬂ)).

ke{1,..., 252} ke{0,..., 252}
Ifn is odd,
agn—l)<ﬂin—2)<agn—1)<Bén—2)<.“< (n 1)<B(n 2)< (n 1)

o sup R, _ Q(Oéék+1 ) <0< inf R_ g(ag,; 1))

— 1 —1
k€{0,..., 253} ke{1,..., 25

Proof: We only present here the proof for n even. Suppose that R, _2 admits n — 2 distinct
roots 8" 72 ... 3" 2% interlaced with those of P,, 1 :

agnfl) <6§n72) <a;n71) <B£n72) < .. (n 1) <5(n 2) <n711>-

n

So,
sup P, (ozg,;r})) <0< inf P, (aézil)) .
ke{o0,..., 252} ke{1,..., 252}

which is also written

sup Rn_2 (agz 1)) <0< inf Rn—2 (Oé;zﬁ)) .

ke{1,..., 252} kE{0,.., m52}
Conversely,
sup R,_2 (Oz(;,z 1>> <0< inf R, (aé’,;&))
ke{l,...,n52} kefo,.., 252}

<
Vk € {1,.n— 2}, Ru_s (ag"”) X R—2 (a;’;l”) <0

This implies that R, 2 has n — 2 interlaced roots with those of P, _1.

The following theorem allows to choose ag so that the new polynomial P, has n distinct
real roots:



Theorem 1 Let P,, be a polynomial and set
Po(z) = %P;(x) — Rn_2(x) = 2P _1(x) — Rn_2(x).

We call R%_Q = R,_2 + ap.

Denote by aﬁ"‘” ... ailn:ll) the n — 1 distinct real roots of Py _1.
For n even, if
(n—1) inf (n—1)
sup Rn, 2(asy, ') <0< inf Rn—a(ag,,1")
ke{l,..., "2} ke{0,...," 5=}
n—1 . n—1
ao € sup R2,2(aék )); inf . Rg,g(aékﬂ)) ,
ke{l,..,"52} ke{o,...,"52}

then P,, has n distinct real roots.

For n odd, if
sup Rn_z(ag,:r})) <0< inf Ru—a(ali™)
ke{o,..., 253} ke{1,..., 5%}
ae | sup  Ri(afyy));  inf Ry (el
ke{0,..., 253} ke{l,...,"5=}
then P,, has n distinct real roots.
Remarks: 1. For example, in the case of n odd, if a9 = sup R?L,Q(ag;i)) or
ke{o,..., 253}
ao = inf ) RY_, (oeg,i*l)), that means that the polynomial P, as a double root which is
ke{l,..., 5
aroot of P,_1 and R,,_2.
2. Either ap = sup RO _,(ali)) = inf RY_ (") reach in two real
ke{0,..., 253 ke{l,.., 251}

distinct roots of P, _1: az(."fl) and a§"71). So these two real distinct roots are also roots of

R,,—2 and therefore of P,, . We deduce that these roots are double roots of P,.
Or, either, ap = sup R?L,z(ag;ﬂ)) = inf o R?L,g(a(zz_l)) reached in a real

ke{0,..., 253 ke{l,.., 51}
double roots of P, then this is a triple root of P, and a double root of R, 2.

Applying recursively Theorem 1, the following theorem allows to choose all coefficients a;,
0<l<n—-2,

Theorem 2 Let P, (x) = T+ an_2x" %+, . 4arx+ao and define the sequence [P;, Ri, R?],
i € {3,...,n}, such that

{ Pis(a) = 1 Pl(2)
Pl(x) = JZPZ;l(CU) — Rifz(x)

and, ¥i € {3,...,n}, R)_5(x) = Ri—2(2) + an—s.



If n is even, Py, has n distinct real roots if and only if, for alll € {0, ..., 5 — 2},

ea,_2 <0
0 20—1 . 0 —21—1
. sup Ry o Q(ng )) < 1nf72 Rn_Ql_Q(a(;,zH >)
ke{l,..., 2521} k€{0... 55" ~1}
0 20—1 . 0 20—1
eaz € sup Ry o1 o(a é’,i )) lnf_z Ry o1 2(045712“ ))
ke{l,..,n32 -1} kef0,..., 5= -1
0 20—2 . 0 —21-2
. sup Ry o1 3(a;7€+1 )) < 1n£72 Rn_zz_s(aé’;i ))
ke{o,..., 2541} ke{l,... 5=~
0 20—2 . 0 —21—2
® a2]4+1 S Sup Rn 20— 3(agZ+1 >)7 11’1572 R7L72l*3(a<27]:; >)
kefo,..., =4 1y ke{l,..,"52 -1}
If nis odd, P, has n distinct real roots if and only if,
®an—2 < 0.
0 20—1 . 0 —21-1
° sup Ry _o_ 2(05&7;_'_1 )) < 1n7fk1 Rn_Ql_Q(ong >)
kefo,..., an37Z} ke{o,..., 5= —
-3
oVic{0,.., 253}, o (n—21—1) . 0 (n—21—1)
®ay € sup Ry o1 2(042k+1 E 1nf71 Ry _o1—o(ag, )
ke{o,..., 253 — kefo,..., 251 —1}
0 21—2 . 0 20—2
i sup Ry o1 s(aé’; >) < 111573 Ry a1 3(a§Z+1 >)
ke{1,..., nT—37l} k’e{Owa—l}
oVl e {0,.., 252
{0, 2}7 0 (n—21—2) . 0 (n—21—2)
®az+1 € sup Ry o1 3(ag, ); mf_s Ry o1 3(ag,
kefl,..., 253 1} kefo,..., 5= —1}

4 Comparison with Sturm’s approach

Of course, at this stage, it is difficult to see what our result means. An interpretation of our
assumptions should be welcome. In particular, we may ask if we can compare our assumptions
to those arising from Sturm’s theorem. We denote .S,, the first term of the Sturm sequence of the
polynomial P, defined as follows:

Sn =
Sn-1 = P;
Sn - Q Sn 1— Sn72

S2 = Qn-151 — So.

And, with our notations,

{ Py (z) = xPp_1(x) — Rp—2(x)
Rn_2(x) = R _,(x) — ao.

Proposition 2

So = KiA KQHP (n=1)y

= (-1)"'Kz H Ro—a(a{"™V) = (=1)" ' Ko ﬁ[R?Hz(aE"‘”) — ao

i=1



!
where a(n 1),1 = 1,...,n — 1, distinct real roots of P, and K1, Kz strictly not negative

constants. A(Py,) represenls the discriminant of P,,.

Remarks:

1. It is well known that, if the discriminant of the polynomial P, is not negative, it is a necessary
but not sufficient assumption to obtain only real roots. The previous proposition follows from
well known results on resultants and Sylvesters’ matrices see for example [5].

2. A direct consequence of Sturm’s theorem is that P, has n real roots if the terms of higher
degree of S, j € {0,...,n}, are all not negative.

For illustrative purposes, let us describe what happen for polynomials of degree three, four,
five, six and seven. Everytime, we study different cases of multiple roots up to order six.

4.1 Polynomial of order three
In our case, the polynomial P; has three roots if p < 0 and 4p* 4-27¢* < 0. By Sturm’s method,
Ss(w) = Py(z) =2 +pr +q

So(w) = Py(x) = 32° +p
(@) = Ra(z) = (pw+)

4
So = K> | |}33 (2) = K, | |R1 (2) | |(RO( (2)) _q) = K> (_27?7 —q ) :KIA(PS)
i=1

i=1

The form of Sy can be deduced easily from proposition 2.

4.2 Polynomial of order four

The Sturm’s sequence is given by

Si(z) = Pi(z) = 2* 4 2pa? + dqx + 4r
Ss(x) = P, (z) = 4a® + 4px + 4q
Sa(z) = Ra(x) = —pa® — 3qz — 4r
-1
Si(z) = — e > [(—4pr + p° 4 9¢°)z + q(12r + p*)]
and
P 3 2 2 4 2 4 3 2
So = 64r° — 32p°r° +4p r+ T2prq” — 27q" — 2
o (_4pr+p3+9q2)2( p p prq q —2p°q")
P*A(Py)

256( 4pr + p3 + 9¢?)2

K2 HP4 (3) K2 HR2 (3)) = K H RQ(O&<3) 47”)
i=1

i=1 i=1

with a< )i = 1..3, the three dlstlnct roots of P3, A(P,) the discriminant of P and Ry (z) =
—pxz? — Sqw — 4r, RY(z) = —px® — 3qx.

Using Sturm’s theorem, we have four distinct real roots if the coefficients of the term of highest
degree of S3, S2, S1 and Sy are strictly positive. These assumptions are the following:

p <0, —4pr +p*> +9¢° < 0, A(P,) > 0.



Using our method, we have four distinct real roots for Py if we choose:

p<0. qe|-2-D"22-5) ], ar JRY(af"); inf RE(al?)CIRS(B"); ool

1) _
=

where /3 —;’—g is the root of R;.

1. Say 4r €]R3(8"); +-00] means Ry has two distinct roots 3\> and 85’ (the discriminant

of Ry is given by Ay = 9¢> — 16pr > 0). Clearly:
Ay >0 Ro(BY) = R(BM) — 4r < 0.
2. Say 4r E}Rg(af’)); iei{rg?)} Rg(agg’))[ means the roots of Ry are interlaced with agg),
al?, a?.

%3), agg), osz) is equivalent to 4r €

3. If ¢ < 0, we get: ,6’%2) and 652) interlaced with «
]Rg(agg)); RS (af”)[. Moreover we can show as ozéS) > 3q/p that aé‘n’) is closer to
—;—Z than agg’) and so that Rg(af')) < Rg(a?)), This means RQ(aé?’)) < 0 and

Rz(agg)) > 0. In that case, we remark that a§3) <0, ags) < 0 and aé?’) > 0. So,

4r €JR3(08”); inf Ra(of”)[=]R3(a5”); Ra(af”)]
i€q{1,
4. If ¢ > 0, we have 4r €|R9(a¥); inf RS (N [=]RS(a5?); RY(aS)].
€41,

Study of multiple roots for a polynomial of order four

1. If r = —p?/12, we are in a limit case in the following sense
256
A(Pr) = =S (49" +27¢°)* > 0

1
—4pr +p° +9¢% = g(41;73 +27¢%) < 0.

This implies 4p® + 27¢> = 0. We deduce that S; is identically zero. According with the sign of
g, Py has a triple root ++/—p/3 which is a double root of P3 and of R».

2. If ¢ = 0, the bounds become : A(Py) = 64r(r — p®/4)? and the other is—4p(r — p? /4).
Taking r = p?/4, S is identically zero. This case corresponds with two double roots &+/—p
for P;. We can establish that the quotient of the Euclidean division of Py by (z — a)? is 3a® +
2za + 2p + 2. This one has two real roots if its discriminant —8p — 8a? is not negative. This

requires that
a €] = v=p;v=pl

which are precisely the double roots previously obtained for ¢ = 0.
Both previous points make it possible to find bounds for 7:

2
4r E]Rg(a(;)); kei{nlfg} Rg(al(f))[c } —p—;p2 {

4.3 Polynomial of order five

In this section, we concentrate on the order five. After giving the Sturm’s assumptions, we
express three particular cases. Then, we describe the assumptions of our theorem. In particular,
the choice of s is discussed using the general idea. We explain how our assumption can be
satisfied. Next, different cases of multiple roots are specified. We can remark once more that our
assumptions and Sturms’ assumptions lead to the same result.



4.3.1 The Sturm’s assumptions
The Sturm’s sequence is given by

Ss(z) = Ps(z) = 2° + 1222% + 102> + 20rz + 20s

Su(z) = P(x) = 52* 4+ 10px? + 20qz + 20r
Ss(x) = Rs(z) = —(3pz® + 6qz® + 167z + 20s)
3 2 2 2
Sg(;r:) = —5 [(817 +813p2—48pr)m + (—151m+4}1;>2 q+54qr)x +dr + 13235]
Si(z) = —as, ¢ — bg,
with
as, = —80p*r —2106¢%pr + 1056p°r> — 3456r> + 240p>gs + 3240gsr
+40p*q® + 729¢* — 450ps®
bs, = —120p*s— 1755spq® + 1560p°rs — 4320r°s + 40p>qr + 729¢°r
—864qpr? + 20255%q.
Sy = 1800s*p® — 3600p*gsr + 1600r°p* — 27000p®s*r — 600¢°r*p* + 1200p°¢>s

+37125p%s%¢% — 23040r*p? + 50400p*r2gs — 85050prq>s + 3888013 ¢%p
+108000pr?s® — 101250ps3q + 182250r¢?s? — 10935r2¢* + 21870¢°s
—259200r2¢s + 8294475 4 50625s*

4

4 4
= KiAPs) = K [[ Ps(al?) = Ko [ ] Ra(al”) = Ka [J(R3 (™) — 20s).
=1 =1 =1

The result of Sturm gives five distinct real roots for Ps under the following assumptions:

p<0 (H
8p° +81¢% — 48pr < 0 )
as, <0 3)

4
[T(B3(af®) = 205) > 0. @)

1=1
The polynomial as, in s in the inequality (3) having —450p > 0 as the coefficient before s> has
to be not positive: we must have that its discriminant

144p* ¢ — 2484¢°p°r + 11664¢°r> — 160p°r + 2112p°r* — 6912pr® + 1458pg™ > 0.

Its roots in r are:

p? 2747 5p? — \/25p* — 648¢2p . 5p? + 1/25p* — 648¢2p
_ \ = _
72

r=—=+

6 " 1ep’ 2T 72 :

In fact, three particular cases are interesting to explain.

1. The particular case ¢ = 0 deserves to be detailed. It comes r; = p? /6, 12 = 5p? /36 and

rz = 0. If we take r = %, it gives two double roots f(f%")l/2 and (753—‘7)1/2 and s = 0.

2. If ry = 7y or ry = 73, then 4p® 4+ 27¢% = 0 or 8p® 4+ 27%¢*> = 0. When 4p> + 27¢*> = 0,
2

the particular case » = ry, = —5- is interesting: the polynomial Py has one triple root. The first

three Sturm’s assumptions become

p<O0
8p° + 81¢% — 48pr = 3(4p® + 27¢°) < 0
as, = (4p® + 27¢%)* — 450p(s + 22)* < 0.

10



s is necessary equal to =52 according with the sign of g, £1/—p/3 is the quadruple root of Ps.

2
If 8p3 + 272q2 = 0, the particular case r = r1 = 42% is interesting: the first three Sturms’
assumptions become

p<O0

8p® + 81q”> — 48pr = £(8p” + 729¢°) =0

as, = —450p(s — ‘%’J)Z + =25 (80 + 729¢%)*.
27
4%. Then, Ps have a real triple root oz<15) = ag4> = oz<13) = —L;Qp and a real double root

aé‘r’) = a§4) = /—2p. Notice that we have

This situation shows a limit case where, if ¢ < 0, taking ¢ = — , s is necessary equal to

16p>

4r = —R3(alY) = -

r 2(™) 27

Using Sturms’ polynomials, if r 4: % and 729¢*> + 8p® = Oand s = % or, if r = _ng
and 27¢> 4+ 4p®> = O and s = 42(%5(1 = EZ, then S is identically zero. Both cases correspond

respectively with a real triple root with a double real root and a quadruple real root and a simple
real root for the polynomial Ps: this result is consistent with [7].
4.3.2 Our assumptions

For our method, recall the assumptions of order four:

o (_PY¥P 5 (P 0 BN, 0 (3)
p <0, qe] 2( 3> ,2( 3) , 4r € |Ry(as ),kel{rllfs}RQ(ak)

Applying the theorem 1, we explain how choosing the parameter s.

Choice of s
First, Rs must have three distinct real roots and then they have to be interlaced with a§4)7i =
1...4. According with the result of order three, we find

20s €] R3(857), R5(817)].
The Euclidean division of R3 by R;, give as a remainder whose sign we change

_ 2(16pr — 9¢%)
= o)

sar

T1(z) z + 20s —

and this remainder vanishes at
(1) _ 3(—10sp + 4qr)
M= W
It is enough now that *y§1) is interlaced with 552) and ﬂf):
D <o < 5
We obtain :

—9¢° 24 A2)3?2 —94® 24 As)3/?
¢ | 24gqr _ (R2)"7 —9¢" | 24gqr (Ao

20s €]RS(BS); R (B [= ;
S } 3( 2 ) 3( 1 )[ p2 p 3p2 pg P 3p2

11



With the assumption Az = 9¢* — 16pr > 0 (the discriminant of R»), we deduce that Rz will
have three distinct real roots.
Or, as
~T1(8”) = Ra(B}”) = R3(B;”) — 20s
and
~T1(85”) = Ra(B5”) = RS(B5”) — 20s.

The condition can be written as Rs( f)) > 0 and R3( 52)) < 0 or Ti( f)) < 0 and
Ty (Bf)) > 0. Now, if the three roots of R3 are interlaced with those of Py, then

20s €] sup R3(af); inf R3(al")[ CIRI(BLD); RA(B))]
ke{1,3} ke{2,4}
under the assumption
sup RY(a) < inf RY(aP).
ke{1l,)3} 3( k ) ke{2,4} 3l k )

4.3.3 Discussion : our interval is reduced to a point

Now for a better understanding of our assumption, we need to precise when

20s = sup RY(aP)= inf RYa?).
ke{ll,)S} 3( k ) keis.a} 3( k )

This corresponds with two cases of multiple roots for Ps: one special case of two real double
roots and another one of a real triple root. This is the subject of the two following paragraphs.

Case of two real double roots The polynomial Ps has two double roots a and b which are
roots of Py and R3. The Euclidean division of P by (x — a)?(x — b)? gives a remainder that is
identically zero if:
3(a® +b%) + dab+ 12 =0
—2(a® 4+ b*) — 8ab(a +b) +10g = 0
7a®b® 4 4ab(a® + b*) +20r =0
205 — 2a%b*(a + b) = 0.
We deduce
(ab)? — 8gpab +12r =0
(a+b)*+22(a+b)—2¢=0
a+b=3q/lab— 2
—2(ab— 22)® + 2p(ab — 22)* 4+ 27¢> = 0.

2
1. The discriminant of the first equation in (ab) is not negative if r < 42%.

2. The discriminant of the second equation in (a + b) must be not negative : — - (8p® +
729¢%) > 0.

3. If ¢ # 0, we conclude having two double real roots if 8p® + 729¢%> < Oand r < %.

2 2
4. Thecase:q:()givesr:‘L”3L6,0L:—17:,/7T5p ands =0orr = p—andab:%p:

9
— 2v=2pp°
2y/rand s = 2="F-.

5. The third equation gives the particular case ab = %’7: this implies that ¢ = 0, r = p®/9

anda + b= £,/—2p/3.
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Case of a real triple root It also matches a double root of P, and R3, a root of Ps and Ra.
We can look for the order five under which conditions Ps has a triple root. If we divide Ps by
(z— a)3, we have, if the remainder is zero, that:

a+ap+qg=0
4r —3a* —2a°p =0
6a® 4 205 + 102°2 — .

The conditions on a are those for a double root at the order four or quadruple at the order six
(see later). The roots of 47 — 3a* — 2ap = 0 are

i%\/—?)pi 3v/p? + 12r.

When r = —?1’—; then 4p® + 27¢° = 0 and s = =2. One of these values (according with the

sign of q)

Vv _p/ TV _p/ 3
should be a double root of P4, triple root of P, and quadruple of Ps.
The quotient of Ps by (x — a)® gives

1
6a2+3ax+x2+ %

So, if, in addition to the triple root, we also want two real roots: the discriminant of the previous
polynomial is not negative if

ac |—

2¢/=2p 24/—2p
3 7 3 ’
If a = £2,/—2p/3, Ps has a triple root a and a double root.

4.3.4 Discussion : our interval is empty or not empty

Under the assumptions

_o(_Py3/2.5_Py3/2 0/ (3. 0(,(3)
p<0. ge |25y 25, arelR’); it RE(0f),

the assumption

sup Ry(aP) < inf RY(a'? 5)
ke{ﬁ’g} 3( k ) ke (o4} 3 ( k )
may not be satisfied if R3(a!") > R3(a(") with o{*) the smallest root and o'") the biggest

root. So, as the sum of the roots is zero, a§4) < 0and af) > 0. Taking X = a§4)ozfl4) (note, as

the product of the four roots is equal to 4r, X < —24/]|r|), the inequality (5) can be written as

2
(%T —p)X(X* —4r) + (9% +2r X% —8r? <0. (6)

1. 7<0
(a) This inequality is satisfied if » < O or better if r < 729;32 . Ps has five distinct real

roots.

13



(b) If, for example, a§3> or ozés) according with the sign of ¢ is lower in absolute value

than |_T‘?"1| (infreq1,3y Rg(af)) < 0), the proposed interval at order four for r is
included in | — oo; 0 Ps has five distinct real roots.

2.r>0

(a) As X < —2./r, the inequality (6) is satisfied for r < %: Ps has five distinct real
roots.

(b) Ifr > p? /9, we must look for negative roots of the polynomial (6) which are less
than —24/7.

() Ifr= % and 729¢2 + 8p> = 0, the polynomial with variable X in (6) has a not
positive double root %p. By taking X = 4p/3, Ps has a real triple root and a real

double (here, s = 4pq/5).

4.4 Polynomial of order six

In this section, another time we compare our assumptions with the Sturms’ assumptions. Then,

we explain how choosing ¢ and we describe some cases of multiple roots. Take

Se(z) = Ps(z) = ° + 5pa* + 20¢a® + 60rz> + 1205z + 120¢
and ,
Ss(z) = Ps(x) = 6P5(z) = 6° + 20pz® + 60ga” 4+ 120rz 4+ 120s.

We call ozgs), ozés), ozés), ozf), aé‘r’) the five distinct roots of Ps. We find:

Si(z) = Ra(w) = — (gpx4 + 10gz® 4 40rz> + 100sz + 120t>

’

with Ps(z) = § Ps(x) — Sa(x). We multiply Py by é and divide by Sy. It provides Ss:

Ss(xz) = —[(5p® + 54¢* — 36pr)z> 4 (216gr + 15p*q — 90ps)]a®
—[(540¢s + 30p*r — 108pt)x + 648qt + 30p?s).
Now, we multiply Si by
(5p* + 54¢° — 36pr)*
15p2 ’
We divide this polynomial by Ss and we obtain as the opposite of the remainder:

Sa(x) = —a523:2 — bg, T — s,
with
as, = —12(5p® + 54¢* — 36pr)t — 50p*r — 1620 pr 4 840pr? + 300p>¢s
—34561° 4 4320rgs + 25p°¢% + 540¢* — 900ps>
bs, = —150p*s — 2520psq® + 2580p2sr + 180p>qt — 8640r%s + 2592rqt
+50qp®r 4+ 1080¢3r — 1440gpr? + 5400s%q — 1080pst
cs, = —200tp* — 3240tpqg® + 2880tp>r — 10368tr> + 50gp>s + 1080¢>s
—1440qprs + 300p>s® + 6480sqt
Likewise:

S1(z) = —as,z — bs,

14



with

as, = —135000s*+ 250¢%*p3r? + 48600¢>spr + 16200tp®rq®> — 16200p>st
+194400s%rt — 38880¢t%s — 27900p2s%¢> + 23100p>s*r + 60480tr3p
—250tp*q® + 500tp°r 4+ 900sqtp® — 45360sqtpr — 3240p>rt? — 69120r°
+3888pt> — 750pr3 4 600p*t? — 32400gp>r?s — 1944007¢% s> — 129600ps>r>
—21600pg°r3 — 38880tr%¢* — 500¢3sp® — 11100tr?p> — 31104r2¢>
+45360s¢>t — 5400tpq* + 3240¢°t%p + 241920r3¢s + 144000ps3q
+1750¢p*rs + 5400¢*r? — 10800¢°s — 1125p°s% + 1440074 p?

bs, = —194400r¢®s* — 1350005 4 250¢%p>r? + 48600¢° spr + 16200tp>rg>
—16200p2s%t 4+ 19440051t — 38880qt%s — 27900p>s%¢? + 23100p>s>r
+60480tr3p — 250tp*q® + 500tp°r + 900sqtp® — 45360sqtpr — 3240p>rt?
—69120r° + 3888pt® — 750p*r? + 600p*t? — 32400¢p>*r?s — 194400r¢>s>
—129600ps?r? — 21600pgr3 — 38880tr2¢? — 500¢°sp® — 11100tr2p® — 311047242
+45360s¢>t — 5400tpq* + 3240¢°t%p + 241920r3qs + 144000ps3q + 1750gp*rs
+5400¢*r2 — 10800¢°s — 1125p°s? 4 14400r*p?

Finally, Sy is
5 5 5
SO = KlA(PG) = Kz HP6(az(5)) = —Kg HR4(O(§5)) = _K2 H(Rg(o&i5)) - 120t)
i=1 i=1 i=1

According with Sturm’s theorem, the assumptions for having six real distinct roots for the order
six are:

p<O0

5p + 54¢% — 36pr < 0

as, <0

as; <0

So > 0.
In these cases, ag, is a polynomial of order one in ¢ and as, a polynomial of order three in t.
The study of the sign will remove the unnecessary intervals of A(FPs) > 0.
By our method, we must assume the conditions described in order five on p, g, 7, s.
Choice of t: R, must have distinct roots. For this, we need three distinct roots 8>, (¥, /3§3)
of R3 = R}y/5,

4
Rs(z) = — (gpxg + 6qz® 4 167z + 203) .

We note once more

Ri(z) = — (gp:r‘* + 10qz® + 40rz> + 100595) .

It is necessary that Ra(85”) > 0 and that R4(8\")) < 0 and R4(85”) < 0 or else R(3{Y) —
120t > 0 and RY(B™®) — 120t < 0 and RY(B{*) — 120t < 0. Then we have to show that the
four roots of R4 obtained are interlaced with oz<15), a<25), aés), af), aéS) which will imply that
120¢ belongs to the interval we want, that is to say,
1206 €] sup Ri(oy”); _inf Ri(e”)[C] sup RI(BE): RI(BSY)]
ke{2,4} ke{1,3,5} ke{1,3}
under the assumption

sup RI!®) < inf  RI!®).
ke{2r,)4} 4( i) ke{1,3,5} i i)
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To ensure that R4 had four real roots, we divide R4 by R;. The remainder will give a polynomial
T3 of degree two whose we change the sign
5 (—9¢* + 16pr)z®  15(5ps — 2qr)x

To(x) = — + + 120t —
(@) 4 P P

75qs
2p

The fact that the roots of this polynomial *yf) and fyf) which are a function of ¢ are interlaced

with the three distinct roots Bf), 53), §3) of R; give the condition for ¢

Y < < <? < 8.

More precisely, we consider 7> whose coefficient of highest degree is positive: if p < 0 and
Ay > 0, so the conditions described in the order four give T5(8\) < 0, T2(8%*)) > 0 and
To(85%)) > 0. This is equivalent to R4(85>) > 0, Ra(8'¥) < 0 and Ry(85) < 0; this
interval for ¢ is included in that which ensures that 75 has two distinct real roots: TQ(’}/El)) <0
if 7{1) is the root of T} that we defined at the order five.

Some bounds for these intervals can be obtain by studying different cases of multiple roots
for the order six. In that cases, several polynomials of the Sturm’s sequence vanishes identically.
Let us now describe three particular cases.

Multiple Roots We can focus for the order six under which conditions Ps has a root of
multiplicity five. We already meet the case at the order three, four and five. If we divide Ps by
(x — a)®, we have, if the remainder is zero, that:

2 P o _,6_ 4° R p*V=p a® _ P
=_r =40 = -2 4r= 3¢ =L 5=+ t=—— = £
“ =Ty 14T g7 Ar=7da 35T T 530 24~ 648
In that case, we also have a quadruple root for Ps and for R4. Otherwise, if we want a real root
of multiplicity four and a real double root, then b = —2a with a such that
6 3 4 2 —E= 6 3
612:—5—p7 qQ:a—:—Si’ 4r:3i:5i’3::|:p 5]7’ t:a;:—25p
6 25 216 5 12 726 30 1296

This case corresponds also with a triple root for Ps and for Ry4.
At last, the case of two real triple roots for which we find two double roots for Ps and for R4.
It comes:

2_ _5p a' _ 5p*

a"=——, q=0, 47"23 9

In these three cases, we remark that S3 vanishes identically.

_a® _ 25p°
120~ 648 °

, =0, t=

4.5 Polynomial of order seven

In this section, according with our theorem and our family of polynomials, we only explain the
choice of the last constant. In that case,we have

Pr(z) = 27 + Tpa® + 35gz* + 140rz® + 420522 + 840tz + 840u
P;(x) = 7(2° + 5pa* + 20¢2® + 60ra® + 120sz + 120t).

We call Ong), aéﬁ>, CuéG), aff'), aée;), a((f) the six distinct real roots of P7,. We define :

Rs(x) = —(2pz® + 15gz” + 80rz® + 300sz” + 720tz + 840u)
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with .
Pr(x) = ?P7(x) — Rs(x).

We put once again
RY(x) = —(2pz® + 15gz” + 80rz® + 300sz”® 4 720tx).
We assume the same assumptions for p, ¢, r, s, t of the order six.
Choice of u:  As Ry = 6R4, we call Y B B B their four distinct real roots. Then,
the Euclidean division of R5 by R,5 gives changing the sign of the remainder:

36(5ps — 2qr)
p

2
Ts3(x) = ;D(—Qq2 + 16pr)z® + z?

+365(16pt — 5gs) 216qt

p

z + 840u —

The Euclidean division of 73 by Té gives changing the sign of the remainder a polynomial
U, of degree one whose numerator of the term in z is none other than the discriminant of the
polynomial T3 of the order six which is positive to have two real roots (7% (’yfl)) < 0). We
deduce the following expression for U;:

B 24(—144ptq® + 256p>tr + 45¢%s + 40gspr — 150p*s? — 244°r?) -
p(—9¢> + 16pr)

Ui(z) =

N 24(81¢t — 48qtpr — 315puq® + 560p>ur — 240p?st + 75ps?q — 30¢%rs)
p(—9¢2 + 16pr)

whose the root 5%1) is a polynomial of degree one in u:

—[81¢%t — 48qtpr — 35pu(9¢> — 16pr) — 240p>st 4 T5ps’q — 30¢°rs)

50 —
! —16pt(9¢g% — 16pr) + 45¢3s + 40gspr — 150p?s? — 24¢>r?

If this root is interlaced with those 7%2) and 'y§2) of T5 - as established for the degree three-

, T3 has three real distinct roots. If these roots are interlaced with ﬂ§4), @4), ﬁé4), @(14), this
gives an interval for u included in the previous one. So according with the result for the or-
der five, Rs has five real distinct roots. Finally, if these five real roots are interlaced with

o, al®

a§6), ag&, ag;), aff), , g, we conclude that Pr has seven real distinct roots. We find:

840u € sup R2(a!®), inf R2a!®)],
ke{1,3,5} (o )ke{2,4,6} sle”)

if we have

0/ (6) : 0/, (6)
sup Rs(a < inf  Rg(ap’).
e s(og,”) peinf s(og,”)
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5 Concluding Remarks

Our assumptions are explicit and depend on the roots of the previous order. That is why after the
order five, things become harder. Indeed, as we recall in the introduction, exact expressions of the
roots are unknown. Obviously, for cases of order three and four, Cardano’s, Ferrari’s, Descartes’s
or Euler’s formula of the roots are available and can be used for the order five. Notice that, for
example in different cases of multiple roots, the resolvant cubic takes a nice and simple form.
Of course, recall that there exists methods, for example, Brings-Jerrard efficient for solving
polynomials of degree five. Different transformations are needed in order to obtain expressions
of the roots.

Otherwise, Cayley [3] and more recently [4] and [8] proposed different methods for some kind
of polynomials of degree six those roots as functions of the roots for solvable quintics. On the
other side, Ramanujan [2] solve some polynomials of degree three, four, five, six and seven. His
approach is very original. It seems that he often started with roots having product one. In this
paper, we rather assume that the sum of the roots is zero even if our result is yet true in the
general case, but it takes a more complex form. Naturally, this is particularly true for the Sturm’s
sequence. Some connections with the theory of elliptic functions would be surely promising and
successful.
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