ON THE LOCALLY REDUCIBLE PART OF
THE EIGENCURVE

A THESIS PRESENTED FOR THE DEGREE OF
DocTOR OF PHILOSOPHY OF IMPERIAL COLLEGE LONDON
AND THE
DipLoMA OF IMPERIAL COLLEGE

BY

BODAN ARSOVSKI

DEPARTMENT OF MATHEMATICS
IMPERIAL COLLEGE

180 QUEEN’S GATE, LONDON SW7 2BZ

JANUARY 2019






I certify that this thesis, and the research to which it refers, are the product
of my own work, and that any ideas or quotations from the work of other
people, published or otherwise, are fully acknowledged in accordance with

the standard referencing practices of the discipline.

Signed:







COPYRIGHT

The copyright of this thesis rests with the author.

Unless otherwise indicated, the contents of this thesis are licensed under a
Creative Commons Attribution Non-Commercial 4.0 International
Licence (CC BY-NCOC).

Under this licence, you may copy and redistribute the material in any medium
or format. You may also create and distribute modified versions of the work.
This is on the condition that: you credit the author and do not use it, or any

derivative works, for a commercial purpose.

When reusing or sharing this work, ensure you make the licence terms clear
to others by naming the licence and linking to the licence text. Where a
work has been adapted, you should indicate that the work has been changed

and describe those changes.

Please seek permission from the copyright holder for uses of this work that

are not included in this licence or permitted under UK Copyright Law.






ABSTRACT

This thesis studies crystalline Galois representations, which are certain con-
structions in p-adic Hodge theory whose most interesting property is that
they arise as representations associated with modular forms. The main the-
orems proved in this thesis are partial results towards a conjecture about
crystalline representations which dates back to computational observations
by Buzzard and Gouvéa. Among the curiosities they noticed when comput-
ing the p-adic slopes of modular forms (i.e. the p-adic valuations of their pth
coefficients) was that, for a certain class of so-called I'y(N)-regular primes
when the level N is coprime to p, the p-adic slopes of eigenforms of level
[o(N) are always integers. Since, at least when p > 2, the reductions mod-
ulo p of the Galois representations associated with such modular forms are
always reducible, this eventually pointed to a more general conjecture that
the “locally reducible” eigenforms—i.e. those eigenforms of level coprime to
p which have associated Galois representations whose reductions modulo p
are reducible—always have integer slopes. In fact, while all representations
associated with the aforementioned modular forms are crystalline, the class
of all crystalline representations is larger and constructed entirely locally via
p-adic Hodge theory (and therefore does not need any of the global structure
coming from the world of modular forms). Thus the main conjecture tackled
in this thesis is an entirely local statement saying that the slopes of locally
reducible crystalline representations of even weight are always integers. The
main result we prove in this thesis is that this conjecture is true when the
p—1

slope is less than *5=. We additionally classify the reductions modulo p for

a large class of crystalline representations.
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INTRODUCTION AND STATEMENTS
OF THE MAIN RESULTS

1.1 BACKGROUND AND MOTIVATION BEHIND THE MAIN CONJECTURE

Throughout this thesis we assume that p is an odd prime number. Many
of the computations crucially make the assumption that p # 2, and in fact
the main conjecture is not true for p = 2. The main objects of study are
two-dimensional crystalline representations of the absolute Galois group of
Qp, which are representations that are up to a twist parametrized by an
integer k£ > 2 and an element a € Z, such that v,(a) > 0. We denote by V.,
the crystalline representation corresponding to the parameters (k, a), so that
all crystalline representations are of the form Vj , ® n for some character n
of G, that is the product of an unramified character and a power of the
cyclotomic character. The construction of Vj, is outlined in section 2.1.
The core property of crystalline representations is that the representation

associated with a non-ordinary finite slope classical eigenform

f = Zzozl anqn
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of weight k > 2, level I'o(N) such that (N,p) =1, and character Y, is crys-
talline and equal to Vi 4, /x(p) ® /X, where /X is an unramified character of
G, whose square is x. By the “slope” of f we mean the p-adic valuation of
the eigenvalue of the Hecke operator T, which corresponds to the eigenvector
f. By the “slope” of an eigenform of level I'o(Np) we mean the p-adic valua-
tion of the corresponding eigenvalue of the Atkin-Lehner operator U,. Each
newform of level I'o(/N) maps onto a pair of oldforms fi, fo of level I'o(Np)
via the maps defined on g-expansions that send ¢ — ¢ and g — ¢”. If the
slope of f is «, then the slopes of f1, fo are @ and k — 1 — «; moreover, every
newform of level T'y(Np) has slope £22 (see section 1 of [Gou01]). Thus find-
ing the slopes of newforms of level I'g(N) is equivalent to finding the slopes
of eigenforms of level I'o(Np).

The motivation behind the main conjecture tackled in this thesis comes
from computational observations made by Buzzard and Gouvéa in [Buz05]
and about a certain class of primes which Buzzard subsequently
termed “T'o(V)-regular”. These computational observations were about the

slopes of newforms of level I'g(1) = SLy(Z), and consisted of the following:

k—1

. The exceptions occurred
ptl

1. In most cases, the slopes were at most
for p = 59,79,2411, 3371, . ..

2. In almost all cases, the slopes were integers. The exceptions occurred
for p = 59, 79.

Subsequently, Buzzard introduced the notion of “I'g(/V)-regularity”: a prime
p > 2 is called I'y(V)-regular if and only if any eigenform of level T'g(V)
and weight in {2,..., %} has slope equal to zero. There is an algorithm
which can be used to verify whether a prime is I'((N)-regular. The list of
['o(1) = SLy(Z)-regular primes begins with 59,79,107,131,139, 151,173, .. .,
so one might ask if all exceptions to the above two observations happen only

when the prime is regular.

The main connection between this and the theory of Galois representations
is that a prime p > 2 is I'g(N)-regular if and only if, for all weights & > 2 and
all f € Si(Io(N)), the mod p representation associated with f is reducible

14



(see [Buz05| and [BG16]). This naturally leads to the more general conjecture

that all exceptions to the above two observations happen only when the

associated mod p representation is reducible.

In this thesis we only concern ourselves with the second observation, and the
main conjecture we consider is the following one, which was made by Breuil,
Buzzard, and Emerton (see conjecture 4.1.1 in [BG16]):

Conjecture A. If k is even and vy(a) € Z then V', is irreducible.

Here Vi, is a mod p representation, and it defined as the semi-simplification
of the reduction modulo the maximal ideal m of Z, of a Galois stable Z,-
lattice in Vi ,. Since the weights of non-trivial modular forms of level I'g(V)
are even, and since the representation associated with a level I'y(V) eigenform
is crystalline as we have mentioned, this conjecture, if true, would imply
that indeed all exceptions to the second observation above happen when the

associated mod p representation is reducible.

1.2 PRIOR RESULTS

The question of computing V', has been studied extensively:

e V.. has been computed when k < 2p + 1 by the work of Berger and

Breuil, in [Ber10|, [Bre03aj, and [Bre03b|.
k=2

e V.. has been computed when the slope v,(a) is greater than [.=5] by
the work of Berger, Li, and Zhu, in [BLZ04].

e QOutside of a small region where the slope is %, V.o has been com-
puted when v,(a) < 2, by the work of Buzzard, Gee, Ganguli, Ghate,
Bhattacharya, and Rozensztajn in [BG15|, [BGR18], [BG09], [BG13],

and [GG15].

e Algorithms have been developed that allow one to compute V7, for

given p, k,a, and to find the locus of all a such that V,, = p for given

p,k, and a mod p representation p, by the work of Rozensztajn in

and (R
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1.3 NEW RESULTS

There are three main results in this thesis: theorems 1, 2, and 3. The first

two theorems compute V, in about half of all cases when the slope is less

than p—;l. The third theorem builds on the first two theorems and proves
-1

that conjecture Al is true when the slope is less than #5-.

The statements of theorems 1/and 2 are somewhat complicated: for example,
if the valuation of a is a positive integer v — 1 € Z~(, then there are about
%VQ]? different possibilities for what V', can be depending on the congruence
class of £ modulo p”. Perhaps the most natural way to state these theorems
is to fix embeddings Q — @p — C, and to look at the space of continuous
homomorphisms %" = hom(Z,Cx). We have ZX = (Z/(p — 1)Z) X Zy,
and hom(Z,, C;) is isomorphic to the open disk in C, with center 0 and
radius 1, via the identification y <+ x(1) — 1. Thus # is the disjoint union of
p — 1 open disks of radii 1. We identify the weight £ > 2 with the continuous
homomorphism z +— 2¥72, so that k > 2 is a point on the disk indexed by
k —2mod p — 1. We say a point of # is “integral” if it is associated with a

weight in this fashion.

The most general result about V., to date is the main theorem in [BLZ04]

which says that

_ _ ind(wh™) ifp+11k—1,
Via = Vip = 1
(=t ® p_y=1) @writ ifp+1|k—1,

whenever v,(a) > L%J This theorem tells us what V, is at a discrete set
of points in the aforementioned p — 1 disks. It is expected that the bound

LZ%%J is not optimal: there is a prediction in subsection 2.1 of [BG16[ that
k—1
p+1’
first of the two observations in section 1.1. However, there seems to be an

the bound can be replaced with and this prediction is motivated by the

inherent increase in difficulty in finding Vk,a at these extra points.

The theorems we prove indicate that these points play a fundamental role:
it seems that the p — 1 open disks can be split into regions by concentric

circles centered at these points in a way that Vj, depends on the region
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k belongs to. For example, the following diagram illustrates how the disk
containing the weight 10 is split into regions when p > 11 and 3 < v,(a) < 4.
There are four centers of the bundles of concentric circles, and they are
exactly the points k belonging to the disk (i.e. such that k¥ = 10 mod p — 1)
and such that v,(a) > Lf)%f (i.e. [EJ < 4). In fact, they are the same
as the points satisfying z% < 4. By , at these four points we have
Vk,a = ind(w%’l). The diagram illustrates closed disks around the points, of
radii p~,p~2, and p~3. As we show in theorem [1, in this situation V, is
always one of these four representations, depending on the color of the region
that k belongs to, as illustrated.

3p+7
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Theorems 1 and 2 prove a general version of this, in the case when the

corresponding disk is what we label “non-subtle”: this label depends on the
k—2
p—1
belonging to that disk, i.e. that there are no additional points k£ on that disk

slope v,(a) and roughly means that the bound |*=%] is optimal for any k

satisfying the improved bound v,(a) > % but not v,(a) > L%J at which
the associated representation is distinct from the “typical” one, which in
the context of the diagram on the previous page means the representation

corresponding to the yellow region.

Theorem 3 is simpler to state because it is not a complete classification like
theorems 1/ and 2 are—in proving it we show just enough to conclude that
Vi is irreducible when k € 2Z and v,(a) ¢ Z and v,(a) < 251

1.4 STATEMENTS OF THE MAIN RESULTS

Recall that we assume that p > 2 is an odd prime number. Let £ > 2 be
an integer, and let a be an element of Z, such that v,(a) > 0. With this
data we associate a mod p representation V7, ,—the full details are given in
section 2.1. Let us write h for the number in {1,...,p — 1} which is congruent
to h mod p—1. Let v = |v,(a)| + 1€ Zsy, and let s be the number in
{1,...,p — 1} which is congruent to k — 2 mod p — 1. Let us say that k is
“subtle” if s € {1,...,2v — 1}, and k is “non-subtle” if s & {1,...,2v — 1}.
An open disk of # consists either entirely of “subtle” points or entirely of
“non-subtle” points, so we can also refer to the p — 1 open disks of # as
either “subtle” or “non-subtle”. In particular, the min{p — 1,2r — 1} disks
containing 3,...,2rv + 1 are “subtle”, and all other disks are “non-subtle”.

Note that whether a weight is “subtle” or not depends on the value of v.

Let 9, denote the open disk of radius 1 around s + 2 € #, and let us consider
the set

B, ={s+8(p—-1)+2|8e{0,. .. v—2})

In particular, if » =1 then B;, = &, and in general B;, is a set of v — 1
points in %,. Let
bp < -+ <b,_o

18



be the elements of Bs, in increasing order. Therefore if ¢ € {0,...,v — 2}
then b; = s +i(p — 1) + 2 and, by the main result of [BLZ04|,

Vo = ind(wbi™h).

Let us also define b,y =s+ (v —1)(p—1)+2. For i € {0,...,v — 2} and
€ Zog, let
Ay ={t € Ds|j <vp(t —bi) <j+1}

be the half-open annulus which is the complement of the closed disk of radius
p~?~1 around b; in the closed disk of radius p~7 around b;. The integral points
in #;; are the points on the circle of radius p~7/ around b; = s + i(p — 1) + 2.
Finally, let

.....

so that Z; is partitioned into the disjoint sets

(B Y UL i € {0, ,v =2}, j € Tso). ()

5J

Note that the definition of this partition depends on both s and v. For [l € Z
and A € F let us define

II’I’(Z) = ind(wé_l) and Redsﬂj(l, )\) _ M}\ws+l—y+2 fan [L)\—lwl/_l_l.

The first result is a complete classification of V,w over the “non-subtle”

components of weight space for v,(a) € Z.

Theorem 1. Recall that k > 2 is an integer and that s is defined as the
integer in {1,...,p — 1} which is congruent to k —2mod p — 1. Suppose

that k is “non-subtle”, i.e.
k#3,4,...,2v,2v+ 1 mod p — 1.

Suppose also that the open disk D of radius 1 around s + 2 € W is partitioned

19



into disjoint sets as in (%*"). If v,(a) & Z then

_— Irr(b,—1) ifk € %",
e It (bmax(iv—j—1y) if k € ;).

This result is known for v = 1 by the work of Buzzard and Gee in [BGO9|
and for v = 2 by the work of Bhattacharya and Ghate in [BG15].

We also prove a similar theorem for v,(a) € Z. The precise statement of this
is the following theorem, which is a complete classification of V, over the

“non-subtle” components of weight space for v,(a) € Z.

Theorem 2. Recall that k > 2 is an integer and that s is defined as the
integer in {1,...,p — 1} which is congruent to k —2mod p — 1. Suppose

that k is “non-subtle”, i.e.
k#3,4,...,2v,2v 4+ 1 mod p — 1.

Suppose also that the open disk D of radius 1 around s + 2 € W is partitioned
into disjoint sets as in (#*"). If v,(a) =v — 1 € Z~( then

Red, (0, \oo) if k € B2,
Via =18 Redsy(f, Mewyiy) if k€ %y andi+j<v—1,
Ire(b;) ifke % andi+j>v—1,

where

s—v+2 .
)\k,l/ = (5654{_21)1)):11 S ]F;7<7
COFHR o)) (L)

— v—j—1 X
Ak = (k—s—i(p—1)—2)pr—i—1 IFp'

Note that Ag,;; is indeed a unit (and therefore we can think of it as an
element of FY) since the integral points in 2 consist precisely of those

points on the circle of radius p~/ around b; = s +i(p — 1) + 2 and so

vp((k—s—ilp—1)=2)p" 7 ) =v -1

20



This result is known for v = 2 by the work of Bhattacharya, Ghate, and
Rozensztajn in [BGR1§].

Building on theorems 1] and 2, we also prove the following theorem.

p—1

Theorem 3. Conjecture A is true when the slope is less than %

This is relatively more difficult and the ad hoc nature of the proof involving
many case studies means that we cannot (yet) deduce a full classification as

in theorems 1 and 2.

The proofs are based on the method (developed by Breuil, Buzzard, and
Gee) of using the local Langlands correspondence and its compatibility with
reduction modulo p to compute the representations of Gg, by computing
certain corresponding representations of GL2(Q,). We give further outlines

of the proofs in chapters 2, 5, 6, and 7.

Finally, we note that there is nothing to prevent the method from working
when v > % other than the complexity of the computations, and we believe
that it is possible to write a computer program which takes as input a positive
integer m and verifies conjecture Al for slopes up to m by verifying it for the

primes that are less than 2m.

1.5 VERIFYING THEOREMS |1 AND 2/ BY A COMPUTER

The paper [Roz18| gives an algorithm which takes as input a prime p, a weight
k, an eigenvalue a, and a parameter called “radius” which determines the
precision of the computations, and if the radius is large enough it computes

Vk,a.l An implementation of the algorithm in SageMath is available at

lhttp://perso.ens-lyon.fr/sandra.rozensztajn/software/index.html|

As theorems [1) and 2| give complete classifications of V7, ,, one can use this

algorithm to verify them for any given triple (p, k, a). The complexity of the

! The algorithm actually computes the GLg(Q,)-representation associated with V, , via
the bijective correspondence given in theorem 4 in section 2.2, and one can use theorem 4
to then compute V7 ,.
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algorithm depends on the size of the extension field generated by a, so in
practice it is much faster to verify theorem 2. Additionally, the statement
of theorem 2 is more complicated, especially the formulas for A ., Mg, so
it is better suited for this type of computer verification. We have verified

theorem 2| for the triples in the following table.

p k a Cradius” | Vi,

7 8 49 3 ind(w?)

7 14 49 3 ind(wa?)

7 20 49 4 Uaw® @ psw?
7 26 49 3 piw® @ pw?
7 32 49 3 paw® @ pow?
7 38 49 3 piw® @ pw?
7 44 49 3 psw® @ psw?
7 50 49 3 Hew D Lg

7 56 49 3 ind(w4?)

11 38 121 3 prw® B pgw?
11 39 121 3 psw® @ prgw?
11 40 121 3 prw” @ pgw?
11 41 121 3 Uaw® @ pgw?
11 42 121 3 piw® @ pyw?
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ASSUMPTIONS AND DEFINITIONS

This chapter introduces all of the objects studied in this thesis. In section 2.1
we refer to a definition of the crystalline Galois representations V;, , and their
reductions V.. In section 2.2 we state a bijective correspondence between
these reductions and certain GLy(Q,)-representations @k,a- The main results
in this thesis are about computing V., and the main recipe to do so is by
computing the bijectively associated O ,. In section 2.3/ we use the bijective
correspondence between V,w and @m to rephrase theorems 1, 2, and 3 into
the equivalent theorems 5, 6, and 7. Thus our task for the remainder of
this thesis becomes proving the latter three theorems, and we do that in
chapters 5, 6, and 7. In sections 2.4 and 2.5 we introduce some notation
and all of the assumptions we make throughout this thesis, most notably
that k& > p'%. In section 2.6 we introduce some combinatorial definitions.
Finally, in section 2.7 we collate all of the new assumptions, definitions, and

notation in a convenient table.
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2.1 CRYSTALLINE REPRESENTATIONS

Recall that we assume that k> 2 is an integer and a € Zp is such that
vp(a) > 0. The representation Vi, is defined in subsection 3.1 of [Bre03b]

as the representation of Gg, that is crystalline on @, and such that
Dcris(V]:a) - Dk,a
for the weakly admissible filtered ¢-module

Dk,a = @pel > @pGQ
which has Hodge-Tate weights (0, k — 1), a filtration

Dy. ifi <0,
Fil'(Dio) = Qper if 0 <i <k,
0 ifi>k,

and a Frobenius map ¢ such that

{ pler) = pFles,

p(es) = —eq + aes.

All crystalline representations are of the form Vi, ® n (see proposition 3.1
in [Bre03b]). We define Vi, to be the semi-simplification of the reduction

modulo the maximal ideal m of Z, of a Galois stable Z,-lattice in Vj,.

Let us denote v = |v,(a)| + 1 € Z+o. Since the theorems we prove in this

thesis are vacuous for 2 < v,(a), we assume that v € {1,..., 21} And,

since Vi, has been described completely for & < 2p + 1, we also assume that

a® # 4pF~t and a # (1 + p~')p*/2.
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2.2 THE p-ADIC AND MOD p LOCAL LANGLANDS CORRESPONDENCES

Let W be a finite-dimensional representation of a closed subgroup H of
G = GLy(Q,). By a locally algebraic (l.a.) map H — W we mean a map
which on an open subgroup of H is the restriction of a rational map on
(the algebraic group) H, and we say that W is locally algebraic if the map
h € H — hw € W is locally algebraic for all w € W. For a closed subgroup
H of G and a locally algebraic finite-dimensional representation W of H we

define the compact induction of W by

indG W =
{La. maps G — W | f(hg) = hf(g) & supp f is compact in H\G}.

Let B be the Borel subgroup of G consisting of those elements that are up-
per triangular, let K = GLy(Z,) C G, and let Z be the center of G. Let
Fe {@p,Fp}. For an open subgroup H of G, a locally algebraic finite-
dimensional representation W of H, and elements g € G and w € W, let
g ey w be the unique element of indfl W that is supported on Hg~! and
maps g~ to w. Since H\G is discrete, every element of ind% T can be writ-
ten as a finite linear combination of functions of the type g ey w. It is easy

to check that
g1 (92 e hw) = g192h ouF W.

For ¢ € F, let £ ey w denote {(id ey r w). Let 1, be the unramified character
of the Weil group that sends the geometric Frobenius to z. Write A for
one of the roots of X2 — aX + p*~!, so that the other root is A\™'p*~!. Let
p:B— @; be the character defined by

B3 (§Y) = papr-r(x)pr-1(2) |z /2|2

We can view Symkd(@i) as the G-module of homogeneous polynomials in

x and y of total degree k — 2 with coefficients in @p, with G acting by

(o) v(x,y) =v(gie + g3y, g2 + gay)

25



for (5.92) € G and v(x,y) € Symk_Q(@;). Similarly, if R € {Z,,F,}, we can
view Symk_z(R2) as the K Z-module of homogeneous polynomials in x and

y of total degree k — 2 with coefficients in R, with KZ acting by

(91 g2

6 0) - v(z,y) = v(g1T + g3y, 9o + gay)
for (9:9) € KZ and v(z,y) € Sym" *(R?). Let
- E—2/72 k272 L)
Yk_o = Sym (Qp) := Sym (Qp) ® |det| = .

In particular, (59) acts on Sym* > (@;) as multiplication by p*~2 and it acts
on ¥, trivially. Let X;_; be the reduction of Symk_2(Z§) ® |det| =" modulo

m. Let us consider the @p—representation
= ind (pagr-r| [V2 X paa] [772).

Here the Borel subgroup B is seen as a parabolic subgroup of G' and indg
denotes parabolic induction (as opposed to the compact induction we defined
above). Let us fix embeddings Q — @, and Q < C. Then 7 corresponds
to a principal series representation which is the admissible representation of

G associated with Vj, via the classical local Langlands correspondence. In

section 3.2 of [Bre03b|, Breuil defines the GL2(Q),)-representation
I, = ind%, Si_s/(T — a),

where T € Endg(indgz ik_Q) is the Hecke operator corresponding to the

double coset of (#9), and proves that
My, = Sym (@) @ |det| "2 @ 7. (2.1)
Here 7 is the parabolic representation we defined above. He also defines

Okq = im (indIG(Z(Symk*Z(Zz) ® \det|%) — Hk,a) ;
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and Oy, = O, ® F,. In section 2.1 of [Bre03b], Breuil proves the explicit

formula

T(’}/ .sz@p ?))
= Syer, V(30 oz, ((571) - v) +9(55) exzg, (59) - v),
where [¢] is the Teichmiiller lift of & € F, to Z,. Let us write oy = Sym' (Ez)).

For t € {0,...,p— 1}, A € F,, and a character ¢ : QF — F;, let 7(t, A\, )
denote the representation

m(t, A1) = (ind%, 00/ (T — ) @ ¥,

where T is the Hecke operator corresponding to the double coset of (4 9). Let
w be the mod p reduction of the cyclotomic character. Let ind(w5™) be the

unique irreducible representation whose determinant is w!*! and that is equal
to wi™ @ wg(tﬂ) on inertia. Let h € {1,...,p—1}and h € {0,...,p — 2} be

the numbers in the corresponding sets that are congruent to h mod p — 1.

In [Berl(], Berger proves the following correspondence between Vi, and
O}..4, which was conjectured by Breuil (conjecture 3.3.5 in [Bre03b]).!

Theorem 4. There aret € {0,...,p— 1} and : QF — F; such that either
O = (ind[G(Z O't/T) ® Y

or

@;’a o (ﬂ'(t, NY)@w(p—3—t, Afl,wt“@b))ss
for some X\ € F,,. In the former case we have
Vie & ind(with) @ 9,

and in the latter case we have

Via = (aw™ @ py-1) @ 1.

'In fact, what Berger proves is a more general correspondence for so-called “trianguline”
representations.
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Moreover, since Oy, has finite length as a F,[G]-module, we have @:a = ﬁ:a
by lemma 3.3.4 in [Bre03b], so we may replace Oy, with II;, in theorem 4.
Theorem 4 is the mod p local Langlands correspondence, which associates
with Vi, a GLy(Q,)-representation over F,, and equation 2.1 implies that
it is compatible with the p-adic local Langlands correspondence, which asso-

ciates with V} , a principal series representation over Q,,.

2.3 COMPUTING Vk,a BY COMPUTING @m

For | € Z let us define
Olrr(l) = (ind%z 011/T> ® w',

where [; and [y are the unique integers such that | =1 + (p + 1)lx + 2 and
L €{0,...,p—1}. Forl € Z and X € F)’ let us define

ORed, (1, \)
=m(s+20 =24+ 2\ O T2 — s — 20 — 4, X\ w2,

Theorem 4 implies that the three theorems in section 1.4 can be rewritten in

the following equivalent forms. Recall that we assume p > 2 throughout.

Theorem 5. Recall that k > 2 is an integer and that s is defined as the
integer in {1,...,p — 1} which is congruent to k —2mod p — 1. Suppose

that k is “non-subtle”, i.e.
k#3,4,...,2v,2v+ 1 mod p — 1.

Suppose also that the open disk D of radius 1 around s + 2 € W is partitioned
into disjoint sets as in (#°"). If vy(a) ¢ Z then

Y

@k,a =

Oir(b,—1) if k€ %",
OIrr (bumaxfip—j—1y) i k € %} .
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Theorem 6. Recall that k > 2 is an integer and that s is defined as the
integer in {1,...,p — 1} which is congruent to k —2mod p — 1. Suppose

that k is “non-subtle”, i.e.
k#3,4,...,2v,2v 4+ 1 mod p — 1.

Suppose also that the open disk D of radius 1 around s + 2 € W is partitioned
into disjoint sets as in (#°"). If vy(a) =v — 1 € Zsq then

ORed, (0, \, )™ if k € B,
Ora =S ORed,, (j, Mewi))® ifk €RY andi+j<v—1,
OIir(b;) ifke X andi+j>v—1,

where

sfu+2)a o

J— v—1 X
Aoy = W € Fp)
_1\vtitg+le,, s v—j—2\(s—v+j5+2
A ..:(1) ’ (”71)( i )(V—j—l)aeFX
kv (k—s—i(p—1)—2)pr—7 -1 P

Theorem 7. If k € 2Z and vy(a) € (0, 22)\Z then Oy, is irreducible.

Thus our task is to prove theorems 5, 6, and [7. We do this in chapters 5, 6,

and 7, respectively.

2.4 NOTATION

For a € Z,, let O(v) denote the sub-Z,-module
aind$, (Sym*(Z,) ® |det| T ) C indf, (Sym" (Z;) @ |det| =) .
We abuse this notation and write O(«) to represent a term f € O(«). Let

A, = ker (ind?{Z Yoo —» @k,a> )
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We use the shorthand “im(7" — a)” for the image of the map
T — a € Endg(ind$, Sis).

This image is a G-submodule of the G-module ind?( Z Yi_a. A crucial property
of im(T — a) is that if an element of ind%., Xj_, is the reduction modulo m

of an element of im(7" — a) then it is also in the “kernel” .7,.

Let H be a subgroup of GLy(Z,) and let V be an F,[H|-module. Let V(m)
denote the twist V @ det™. Let I, denote the left F,[K Z]-module of degree h
homogeneous functions ]F‘f7 — T, that vanish at the origin, where Z is defined
to act trivially and o € K is defined to act as (af)(z,y) = f((z,y)a). Note
that if hy = hy mod p — 1 then Ij,, = I,. Let us write o = Symh(FIQ,). Then
oy C Iy, since any element of oy is also a function IFIZ) — F, which is homo-

geneous of degree h and vanishes at the origin and is therefore an element of
Ij,. Due to lemma 3.2 in [AS86|, there is a map

fely— Y, flu,0)(vX —uY) e o_p(h), (2.2)

which gives an isomorphism I, /oy, & o_,(h), and therefore the only two fac-
tors of I are oy, (“the submodule”) and o_,(h) (“the quotient”). If h # p — 1
then o_x(h) is not a submodule of I, (since the actions of (3 ) on o_(h)
and [, do not match), and hence oy, is the only submodule. If h =p—1then
o_n(h) = 0¢ is also a submodule: the submodule of those functions that are

equal to a constant everywhere except at the origin.

Let 6 = zy? — 2Py, and for a polynomial f with coefficients in Z, let f denote
its reduction modulo m. Let r=k—2>0and s=7and t(p—1) =7 — s,
and suppose that r > v(p+1). For « € {0,...,v — 1} let

Ha —a+1 ~
Ny = 0 Er—oz(p—l—l)/(9 ZT—(a—i—l)(p—O—l) - 1"7201(05)-
These are the subquotients of the filtration

Y D08 1D D0 ) D
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This filtration corresponds to a filtration
ind%, %, D ind%, (0%, 1) D -+ D ind%, (0%, _apir) D -
of ind%, 3., which has corresponding subquotients {ﬁa}0<a<y. Since
Opo Zind%, %,/ 5,
there is also a filtration

01a=60026;D---260,D -

whose subquotients are quotients of {ﬁa}0<a<y. More precisely, for each

a € {0,...,v — 1} there is a surjection
]/\7(1 —»@a/@aJrh

and the kernel of this surjection consists of those elements of the subquotient
N, of ind% , %, that are represented by an element of .#, C ind%, %,. In
the proofs we compute Oy, by eliminating the possible subquotients in this
filtration. Therefore, the strategy is to find elements of .#, that represent

non-trivial elements in the subquotients {Na}0<a<y.

For a property P let us define [P] =1 if P is true and [P] = 0 if P is false.
Lemmas 4.1 and 4.3 and remark 4.4 in [BG09| imply that the ideal

I, Cind%, ¥
contains 1 ex 77 0”h for any polynomial h and 1 ex 23, v’y 7 for all
0<j < ()] = v — [uyla) € 7],
and thus @k’a is a subquotient of
ind[G(Z(Zr/@r, o ’IV*lf[vp(a)EZ]yrfl/‘i’l“r[’vp(a)EZ],?VZT_V(p+1)>)7

a module which has a series whose factors are subquotients of Ny, ..., N,_1.
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For a € {0,...,v — 1} let us denote

sub(a) = o;=55 () C N,,
quot(a) = No/or—5(a) = 0aa—r(r — ).

r—2a

2.5 ASSUMPTIONS

As the statements of the main theorems are vacuous when % < v, let us

also assume that v — 1 < v,(a) < v for some positive integer v < pT_l.

The modules Vi, have been completely described when k < 2p + 1 (see for
instance theorem 3.2.1 in [Ber10]), so we may assume that k& > 2p + 2. More-
over, the main theorems are true for p = 3 (this follows from the main result
of [BG09]), so we may assume that p > 5. In particular, since v,(a) < 25+
and k > 2p+ 2 and (4p+ 2)(p* —3p+ 1) = 3(p — 1)3, we can conclude that
k> 3u,(a) + E=2 L 1. Therefore theorem B in [Ber12] implies that there

(p—1)?
is a constant m = m(k, a) such that

Vk,a = Vk’,a

whenever k' > k and k' = k mod (p — 1)p™. By using this isomorphism we
can conclude that if the main theorems are true for k > p'% then they are

true for all k. Therefore we assume that k > p'%°,

2.6 COMBINATORIAL DEFINITIONS

For a formal variable X and n € Z let us define

(g_wwz{éﬁiﬂ—ﬁe@ﬂjﬁn>a

n n!

- 0€Q,X] ifn<0o.

Therefore
X, =115 (X = j) € Z,[X]

J=0
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denotes the falling factorial when n > 0. For m € Q, and n € Z let us define
(’ZZ) € Q, as the evaluation of (f) at X =m € Q,. In particular, binomial

coefficients with negative denominators are always zero. Let

()= & (%) =

o ]
For m € Q, and n € Z let us define (ZZ) € Q, as the evaluation of (if) at
X=meQ,. IfneZ,,then ()n() € Z,|X]. In general if ¥(X) € Z,[X] then
there is the Taylor series expansion

() Simt &5 € Qlx].

I(b+€) = V(b) + e (b) + O(€)
for b, e € Z,. Indeed, this follows from the facts that
(b+e)™=b"+emb™ '+ 30, (Tj”) =2

and
s, ()i e 7,

=2

for b,e € Z, and m € Z>,. Therefore
0
() =€) )+ 0
for b,e € Zy, and n € Z,,.

For n,k € Z>o let us define the Stirling number of the first kind s;(n, k) as
the coefficient of X* in X,, = X --- (X — n + 1). Therefore,

(5o s X T = (D) ()

Let us also define the Stirling number of the second kind ss(n, k) as the

coefficient of X}, in X", in the sense that

X = kg sa(n, k) X = g s2(n, k) [T (X = j).
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In particular, (s2(4,5))o<; j< 1S the inverse of (s1(4,j))oe; j<,n and

) = xmT

For a family {D,}icz of elements of Z, supported on a finite set of indices,
and for w € Z, let us define

(7'82(2, 5)) o jcm - ((i)(), .

Vw(De) = V({Di}icz) = Yiez Di<(p:u1)z‘>.

Let us also define
Sun = Yiez (i<p—1i>+n)
for uw € Z>y and n € Z, and let S, = S, .

We use the convention that when the range of summation is not specified, it

b}

is assumed to be over all of Z, so that “>-,, . 7 means “Y, 7>, ez’

2.7 TABLE OF ASSUMPTIONS AND DEFINITIONS

In this section we collate the assumptions, definitions, and notation we have

introduced in a convenient table.
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p > 2 is the prime.

G = GLy(Q,), K = GLy(Z,), and Z is the center of G.

the number in {1,...,p — 1} that is congruent to h mod p — 1.
the number in {0,...,p — 2} that is congruent to h mod p — 1.
k is the weight and we assume k& > p!® r =k — 2, and s = 7.
a is the eigenvalue, v = [v,(a)| +1 € {1,..., 21}

1

is in indf] W, is supported on Hg™!, and maps ¢~ — w.

F,[K Z]-module of degree t maps F2 — F, that vanish at (0,0).
Sym’ (Fﬁ).

the twist V ® det™.

Sym* (@ )® |det| "z

the reduction of Sym"~ 2(Z ) ® |det| = modulo m.

the Hecke operator corresponding to the double coset of (49).
sub-Z,-module of multiples of a; also used for f € O(a).

0 = xy? — xPy.

No = 0ot 0 S ety = Lrozalc).

(if) = X(Xinﬂ € Qu[X] for n > 0 and ( ) = 0 otherwise.

(1) =& (0) = () 5 25 € @lx]

Sun = i (1p_ty4n) for u>0and n € Z, and 8, = S, .
the coefficient of X* in X,, = X -+ (X —n +1).

the coefficient of X}, in X™.

u(Da) = Du{Di}ien) = Siez Di(" ).

O = B(Via)-

the kernel of the quotient map ind]G(Z Yo —» éiw-

[P] = 1if P is true, [P] = 0 if P is false.
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COMBINATORIAL IDENTITIES

This is a reference chapter which consists entirely of combinatorial identities,
mostly involving binomial sums. The proofs of these identities are standard,
so the reader may wish to skip this chapter on initial reading and refer back
to it as required.

Let us recall that we use the convention that (f) € Q,[X] is a polynomial
of degree n if n > 0 and is identically zero if n < 0, and (:’;) € Q, is the
evaluation of that polynomial at m € Q,. In particular, binomial coefficients
with negative denominators are always zero, which contrasts some of the
literature. We also use the convention that when the range of summation is

not specified, it is assumed to be over all of Z, i.e. we define

Zml,.‘.,mk F(m17 s 7m]€) = ZmleZ e kaEZ F(mla s amk‘)'

This never gives rise to convergence issues as F'(mq,...,my) is always sup-
ported on a finite subset of Z*¥ whenever such a sum appears in this thesis.
Finally, let us refer to chapter 2 for any definitions, for example of the Stirling

numbers s;(n, k) and sa(n, k).
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3.1 COMBINATORIAL IDENTITIES INVOLVING BINOMIAL SUMS
Lemma 8. Suppose throughout this lemma that
n,t,y € 7, b,d,k,l,w € Z, m,u,v € Zs.
1. Ifu=vmod (p—1)p™! then

Sun = Sy, mod p™.

2. Suppose thatu = t,(p — 1) + s, with s, =@, so that s, € {1,...

and t, € Z=o. Then
Su=1+[u=p1 0]+ 2p+ O(tup?).
3. If n <0 then
Sum = Lo (=1 (") Su-nio-
4. If n >0 then
Sunm = (14 [ =11 =,1 0)) () mod p.
5. Ifu> (b+1)d and | > w then
1P (459 = o = U
6. If X is a formal variable then

(F) () = S0 () O) (E):
Consequently, if b+1 > d+ w then
(g1 (%)
- Zv (_ 1)w—v (Z—H:j):z;_l) (b_fﬂ) Sb—d—l—l—v,l—v .
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7. We have

5 (— 17 () () = (e ().

8. We have
55 (D () = (e (i),
9. We have
S () (1) = (o).
Proof.

1. We can rewrite S, , by using the equation

Su,n = Iﬁ ZD;AMEFP [:u}_n<1 + [:u])u
This is because

p—1 ifp—1]A,

0 otherwise.

Y ozuer, [ = {

Since 1+ [u] € {0} UZ) for p € F, (as p is odd), and since

_ m—1
=D = 2 mod p™

for z € {0} UZ), we can conclude (c-a).
2. For pp € F)\{—1,0} let us define

B CER )

x, »

€ Zp.

Then S, is equal to

L+ [su=p = 1+ 555 Speryonop (1 + ()™ iy ()i,
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It is easy to show that (t]“)pj = O(t,p?) for j > 1 by writing

op ((%)p7) = vp(t) +§ = Loz i)

and verifying that the right side is at least v,(t,p*) for j € {2,3} and
at least vp(t,) + £ 25 > v, (t,p?) for j > 4. This implies that if

Asy = 557 Zper-10 (1 + (1)
then
Su=1+[sy =p—1]+ A, tup + O(t.p?).

Moreover, the constant A, is independent of ¢,. Since

Sevtp1 =1+ [su=p— 1]+ (")

and

Su+p—1Y\ __ (3u+1) (Su+ 1
() = == + 0f)

(su—1)! ((;quS) (p—1) »+ O(p) _ i + O(p),

we find that A, = i + O(p).
. This follows from repeated application of Pascal’s triangle equation
Su,v = Sufl,v + Sufl,vflu

which holds true for u,v > 1. We omit the full details.

. This follows from the congruence
Sun = = Loguer, 17" (L + [1])" = — Xosuer, [1] (1 + [1])" mod p.

. Let us denote
Hu,d,l,w = Zj(_l)jib (jib) (u;}dj) :
Then

Hu,d,l,w = lly—1.d,lw + Hu—l,d,l,w—l-
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Thus it is enough to prove equation (c-€) in the boundary cases, i.e.
when either w = 0 or u = (b + [)d. If w = 0 then the equation is trivial
as both sides are clearly equal to [w =1]. If u = (b+{)d then, after

introducing the variable i = [ — j 4 b, what we need to show is that
Si(=D () (3) = [w=0d
for w < [. This follows from the facts that
=D () = (0 (0) S0 ()
= (L)@ -) = =1) = [w = ww =]
for all w’ < w and
(8) = () el = o)

for some hy—1,..., ho € Zy.
. We can use
() () = G ()
to rewrite equation (c-f) as
() = QImrC)(:)

And this equation can be shown to be true by using

(o) = So=0e (o) (),
which, since

(—yee (e = (1)

follows from Vandermonde’s convolution formula. If we apply (c-f) to
X=b—d+land t=i(p—1), we get

() = mer e () () ()
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Then we get equation (c-g) by summing over all i € Z.

7. Since
] +1—7 . w [ w— —[-1
(05 = o (),
this follows from Vandermonde’s convolution formula.

8. Since
(770) = (55) amd (=1 (07) = (55),
this follows from Vandermonde’s convolution formula.

9. If L(b,l,w) denotes the left side and R(b,l,w) denotes the right side,
* (b, L, w) +*(b,l,bw—1)+*xb-1,Lw—-1)=0

for x € {L, R}. This is trivial for x = R and only slightly more difficult
for x = L, but the computation in the latter case is standard and only

makes use of the equation
= (2)(7) = (A= B,

so we omit it. Therefore it is enough to show the boundary cases when
b=0orw=0.If b= 0 then both sides are equal to (—1)"[l = 0], and
if w = 0 then both sides are equal to (—1)°[b = I].

Lemma 9. Let a € ZNI0,..., 5] and let {D;}iez be a family of elements
of Zy such that D; =0 for i ¢ [0,2=¢] and J,,(Ds) =0 for all 0 <w < av.
Then

Y, Dzl Dteyr—i-1-a — gap,

for some polynomial h with integer coefficients.

Proof. 'The Q,-span of
() ()
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is the same as the QQ,-span of

(@) (55

Note that here we do not put a restriction on the size of o, and in particular
a may be larger than p: the polynomials ((p _jl)X ) and (f ) are in Q,[X] (and
not necessarily in Z,[X]) and by the “Q,-span” we mean the corresponding
Qp-vector subspace of Q,[X]. Thus the condition that 9,(D,) =0 for all

0 < w < « is equivalent to
i Dif,,) =0
for all 0 < w < a. The coefficients of *h for any polynomial A (which has

degree 7 — a(p + 1)) satisfy this set of o equations. We can subtract from
Zi Dixi(pfl)Jrayrfi(pfl)fa

a suitable #“h such that the only non-zero coefficients of the resulting poly-

nomial have indices among 0,...,a — 2, i.e. we can find an h such that
Ei Dixi(p—l)—l-ayr—i(p—l)—a = 9°h + Ez D;xi(p—l)—l-ayr—i(p—l)—a

and D, =0 if i & {0,...,a — 2}. Moreover, the coefficients of this h must

be integers since the coefficients {D;};c7 are integers. Since Vandermonde’s

()

is 1, we have a set of &« — 1 constants Dy, ..., D! _, that satisfy a independent

determinant

linear equations, so all of them must be zero. Hence

Zi Dixi(pfl)Jrayrfi(pfl)fa — oh.
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3.2 COMBINATORIAL IDENTITIES INVOLVING STIRLING NUMBERS

Lemma 10. For a, \, i € Z~q let

La()H N)

be the (a+ 1) X (o + 1) matriz with entries
Ll,j = Zg:o% (%) Sl(l7 k)52(k7j)7

where s1(l, k) are the Stirling numbers of the first kind and ss(k,j) are the
Stirling numbers of the second kind. Then

LaOv) () ()7 = ((5) ()
Proof. Straight from the definitions of s1(n, k) and sy(n, k) we have

(Mjsi!(m))ogi,jga ' (1’ e ’Xa)T - ((u(—)’()’ Y (Mi())T
and .
(ﬂsi\#)ogi,j@' ((/\g()""’(/\fD - (1""’Xa)T'

The claim then follows from the fact that

Lol = <&E%¥ﬁ))0<aj<a' (EE%ED

)Ogajsa'
| |

Lemma 11. For a € Zx let B, be the (a + 1) X (a + 1) matriz with entries

(_1)i+l+k

Bij = 3! Ciime () (1 = p) Fs1(1, k)sa(k, ),

where s1(i,j) and so(k,j) are the Stirling numbers of the first and second
kind, respectively (see section |2.7). Let {X;;}ijs0 be formal variables. For
B € Z=o such that o > [ let

S(Oé, 6) = (S(Oé, B)TUJ)ng,jga
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be the (v + 1) X (a + 1) matriz with entries
S, By = X Xos ("7,7).
Then B,S(a, B) is zero outside the rows indexed 1,. .., and
(BaS(, )i = Xiy
forie{l,...,5}.
Proof. Let L = L,(p — 1,1) be the matrix defined in lemma [10. Then
(LS)is = Y Xu(7)-

Let £ = ((7)) . Then the claim follows from the fact that
0<l,w<a

Ba = ((_I)Hl (i))ogi,lga L=E"L

3.3 COMBINATORIAL IDENTITIES INVOLVING FORMAL VARIABLES

Lemma 12. For u,v,c € Z let us define
FuoelX) = S0 (") (X)7 (") € @ [x].

Then

FuaeX) = (1) ()" = (2)"(2).

Proof. 1f ¢ < 0 or v < cthen the claim is trivial. Let v > ¢ > 0. It is enough
to show that ®'(0) = 0 for

D(=) = (D" (2) (L) (57) = () (02) € QXL
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In fact, ®(z) is the zero polynomial (over Q,[X]) as can be seen from
S ) () = () () ()
(_1)v—c (z—i;X) (z+v;g;c—1)
- (7))
Here the first equality is a simple rewrite, i.e. we use the equations
(£)(2) = (22579 ma (257) = ().

The second equality follows from Vandermonde’s convolution formula, and

the third equality is a simple rewrite as well. "

Lemma 13. Suppose that o € Z=o. For w,j € {0,...,a} let
Fw,j(za w> € ]Fp[za w]
denote the polynomial
_ 1\w—v (jtw—v—1\ (z2—a+j Y—at+j—v) _ (z—a+j-v
S0 (ST ) () - (5R)-
Note that this depends on «. Then

20 (=) (Y1) Fug(2,0) = (—1)([w = o — [w = 0])(*;?).

Proof. Both sides of the equation we want to prove have degree o and the

coefficient of z* on each side is & ([w = a] — [w = 0]). So the two sides are

equal if they are equal when evaluated at the points (z,1) such that

(z,) e{(lu+v(p—1)+a,u+a)|luei0,....,a}t,y€{0,...,a—1}}.
The right side is zero when evaluated at these points, and

Fuj(u+y(p—1) +ou+a) =L, ("0 9 (0n)
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by (c-g). Thus we want to show that
S (D () L () (%) = o)
for 0 <u,w < aand 0 < v < a. Since
(i) (00) = O30 G) + o).

that is equivalent to

Siso(=D)> () () 0 () = 0tw).
This follows from the facts that

i (25) (7557) = (0)
for ¢ > 0 by Vandermonde’s convolution formula, and
(G2 =()G) =0

since v € {0, ..., a—1}.

Lemma 14. Suppose that s,« € Zsq are such that
s€{2,4,..., p—3}and i <a<sanda < 5.
Forw,j € Zs let F,,;(z) € F,[2] denote the polynomial
S ) () () - () G) - (R )

Let Cy(2), ..., Ca(z) € F,[z]| denote the polynomials

Ci(z) = { _ (S*gfl)ili;ﬁ if j =0,
J (—jl_~)_71+1 (s;i}l) (z — a) if j € {1 ..... a},
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Let Fi(2), F5(z) € F,[2] denote the polynomials

Fi(z) = 3520 Cj(2) Fu j(2),
Fy(z) = —[w =0)(*,71").

Note that all of these polynomials depend on s and o. Then Fi(z) = Fy(z).

Proof. Let us first show that
z—a « z—a+j —1otl(z—a
Co(2)((22) + X5, Cy(2) (F,00) = ==, (3.1)

Since

-1
s - a s—z z—o (z—a—1
CO(Z) (sfa) o (sfafl) a+l s—a (sfafl)’

this is equivalent to

@ 1 /a1 1)t (a—j+1) [ s—a z—a+j\ __ a+1
(s—a—l) a+1 (s—a—l) + Z j+1 (a—j—i—l)( s—a ) - (_1) :
The polynomial on the left side has degree at most s — a. The coefficient of

257% in it is —(2‘(3‘ stD! blus

(1)t (s—a-1 DIt r s 2a45— s—a—1
(s—a—1)! Z ]+1 ( a—j ) (s—a— 1)' Z ]+1 [X I 1](1 +X)
1)i+1

_ Z ]+1) [Xj]X2a—S—l(1 _|_X)s—a—1
= i YR A )ty

_ (=1)*(2a—s+1)!
(a+1)!

Since s is even, that coefficient is zero. Therefore it is enough to show that
the two polynomials are equal when evaluated at z € {o + 1,...,s}. At these

points the polynomial on the left side is equal to

(5= o)y S (55 (70)
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for v € {0,...,5s —a —1}. We have

Zj (fjlfl“'l (s;c_y;l) (sf?:;éy+j) Z ysTatitl (s;o_z;l) ('y;j;l)
=%.( z pEas e (e
Q ()
=%, (u)Z e () (n)
=%, S @26&?§ﬁﬂ
=y, () () = S5

The third equality follows from ( ) =0 for u > s — a — 1, and the last equal-

ity follows from (Zé) =0 forue{l,...,s —a—1}. In particular, (3.1) is

indeed true.

So both Fi(z) and Fy(z) have degree at most o + 1, and therefore they are

equal if they are equal when evaluated at
ze{s+y(p—-1)|7y€{0,...,a+1}}.
It is easy to verify that Fi(s) = F»(s), and when
ze{s+v(p—-1)|ye{l,...,a+1}}
the fact that
S () (00Y) = Fus(s + 40— 1)

(due to (c-g)) implies that the equation Fi(s +v(p — 1)) = Fa(s +v(p — 1))
is equivalent to

L G+ = D ZE (M) () =~ = 0 (7).

Note that (_7(2 ;i)_l) = (g;i) = 0 and therefore the right side vanishes. Let

us reiterate that all computations done in this proof are over IF,,. Let us write
C] = Cj(s+~(p —1)). The desired identity

L, C] 7— (s+v( 1)— aﬂ') (i(p*1)> =0

(p—1)+j w
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follows if

v (s+rp—1)—a+j) _
C ( i(p—1)+j )70

forallie {1,...,7—1}. Ifj>0andC]77éOthen
jz22a—s+12a+v—s

and consequently

(8+7(p71)7a+j> _ { ( (Z) (Z:z:’;z) ifs—a—v+i>0
v

i(p—1)+j 71) (p:f;f;il) ifs—a—v4+1<0

Y\ (s—oa—y+i
7 s—a—y+i)”

On the other hand,

(6™ = () (5):
Since
(7)) =:0) eF;

(as that 0 < i <y < a+ 1), what we want to show is that

C'M(s a— 7)"‘2? Cv(s a— 7+J):O

0’ysa’y+z sS—a—y+1

for all i € {1,...,v — 1}. That is equivalent to
Fy(s+~(p—1)) =0,
where F3(z) € F,[z] is defined as
Fiz) = (i) it (Satehs) + S S () ()

with w =y —14 > 0. The degree of F3(z) is at most s — a — w, and in fact
_ (s—a=1)w(2a—s+41)!
(a1)!

the coefficient of 2°57%"% in it is

plus

(=)t (s—a—1\ _ (s—a—1)y(2a—s+1)!
(s—a—w—1)! Z j+1 ( a—j ) o (a+1)! )

20



i.e. the coefficient of z5~* %

in it is zero. Therefore the degree of F3(z) is
less than s — a — w, so it is enough to show that F3(z) is equal to zero when
evaluated at

zef{a+1,...,s—w}.

At these points F3(z) is equal to

(=)t (s—a—1) (s—a—y+j
(S —a— w) Ej j+1 ( a—j )( s—ajw])
for v € {w,..., s —a—1}. We have

= S () (L) =2 =5 ) ()
= T (V) S S () ()
=2 () S S () ()
=S () 5 () )

_1)u+1

= S () S (M) = 0.

The last equality follows from (”;w) =0 for

ueg{0,...,s —a—w—1}.
This proves that indeed F3(z) = 0 and therefore that Fi(z) = Fy(2). u
3.4 COMBINATORIAL IDENTITIES INVOLVING MATRICES

Lemma 15. Let X and Y denote formal variables, and let
¢ = (=1l (XEE( )+ (.),)) €QX, Y] CcQ(X,Y)
be polynomials over Q of degrees a — 7, for 1 < j < . Let

M= (Mw,j)OSw,jéa
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be the (v + 1) x (a + 1) matriz over Q(X,Y) with entries

Mg = (~1)v 0520

Y11
My = o0 () () (CF47) = (5257)

forO0<w < aand0 < j < a. Then the first « — 1 entries of

Y

Mec= MYy, c1,...,c0)t = (do,...,d)T

(Y_X)aJrl .

are zero, and do = <~

Proof. If w =0 then

4= IS (L) D) () (1)
TR e D) e (R ()0 + 6)C)
- =) D0 () + ()
= 0.

Thus we have computed the first coordinate of (dy,...,d,)T. If 0 <w < «
and 0 < j < « then, due to (c-f),

My = S0 () () (7))

v Jj—v

To compute d,, we want to show that
(Y —a)(Mc)y = [w=a](Y — X)as1,

where (Mc),, denotes the wth entry of Mec. The degree of (Y — «)(Mc),, is
at most o + 1. We are going to show that (Y — a)(Mc¢),, belongs to the ideal
generated by Y — X — ¢ for 0 < t < a—then it must be a constant multiple
of (Y — X)a41 and we can deduce that the constant is indeed [w = «] by
comparing the coefficients of Y™, If ¢ = 0 then the claim is obvious, so

suppose that 0 <t < «. In that case (Mc), is a polynomial of degree at
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most a — 1 in the quotient ring

QX Y]/(Y - X —1) = Q[X] = Q[Y].

By (C_f)7
=5 () G) G) = G0 () G (07):
So
(_;!)w =1 M ;¢;
is equal to

S () () om0 () (5 () + (C59))
() Sl (2 (D (1) + (5 ()
) 5 Y
-2 () () T P () ()
- (E) SO ) S )

Here the first equality is a simple rewrite. For the second equality we replace

J + 1 with 7 in the first term of the inner sum, i.e. we use the equation

Yjso(—1) ()jjlj:f) (a)—(;_—tl) = V(-1 (fjlj) (fjﬁ

to rewrite

o= (SR (50) + (G ()
= W=D () (05 + S0 SHGH) (),
The extra term (1 — 1) (XH (X“) does not contribute to anything since
= () ()=o) EH)

is zero for | < 0 (as then (;) =0), for [ =0 (as then (“’Jrul}_l) =0), forl =1
(as then 1 — [ =0), and for [ > 1 (as then (X+1) = 0). For the third equality
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we use Vandermonde’s convolution formula

() =2 ()02

which holds true for m € Z and n > 0 (as both sides are the coefficient of Z"

in (1+ Z)**™). To be more precise, we write

() =S () = () )

Finally, the fourth equality is a simple change of variable where we replace

a — j +u with u. Since the degree of the polynomial is at most o — 1, we

a—1

oo, and for w in this range we have

can replace the final sum Y, with

S0 T, 8,,) = Ky S (5) = At

Thus the equation we want to show, i.e.

S (Me)y = O35 (1) + 55 5550 M ey = 0

Yuw+1 « al j=1

(modulo Y — X —t), is equivalent to

S ()2 () () () - S22

Let us denote the left side by L(t) and the right side by R(t). Then

o1 ()G + 1) = gz () = 2 () e ()

To conclude that L(t) = R(t) for 1 <t < a, it is evidently enough to show
that

Po(=1P (5) LG + 1) = So(=1)7 () RG +1)
for 0 < m < . We can uniquely write each side (as an element of Q,[Y]) in

the form
hao () + -+ ho(})-

To show that the two sides are equal, it is enough to show that the coefficients

of C:) are the same on both sides, which (after multiplying both coefficients
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by (—1)°‘_m‘“_1a<a;1)) is equivalent to showing that

a0 () () () () = (7))

Let us show that this equation is true more generally for all o, m, u,w > 0.
Let L(c,u) denote the left side and let R(c,u) denote the right side. Then

*(o,u) =*(a—1Lu)+x(a—1,u—1)

for x € {L, R}. Therefore we only need to show the boundary cases, i.e. the
ones when u = 0 or = 0. If u = 0 then, since [ — j — 1 < 0, the only terms

on the left side that are non-zero are the ones such that [ — 1 = j. Thus, the

Z0m () () = ()

equation is

This follows from

() = () ama () = ()

and Vandermonde’s convolution formula. If o = 0 then the equation is

S () = ()

Let L(w,m,u) denote the left side and let R(w, m,u) denote the right side

of this equation. Then the equation follows from the fact that
Zw,m,u)() L(wa m, U>ZquZ£nZ§L € Qp(Zla Z27 Z3)

and
Zw,m,u}(] R(U), m, U)Ziyzﬁnzg € Qp(Zla ZQa Z3)

are both equal to

1
1-Z1—23—7Z12Z2+71273

(as can be found by a routine computation). "
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Lemma 16. Suppose that s,a, 3 € Z are such that

1<f<a<s—2<82

N &

Let B = B, denote the matrix defined in lemma 11. Let M denote the
(a+1) x (a+ 1) matriz with entries in F, such that if i € {1,...,8} and
Jj€A{0,...,a} then

My = (%) (o) ey =,
2V 1 S—o— ] . -
(792 iri>o.
and ifi € {0,...,a}\{1,.... 8} and j € {0,...,a} then M, ; is the reduction
modulo p of
j= «@ w—uv [ Jtw—v— S —1)—a+j g
p_[jio] Zw:O Bi,w Zv(_l) (]+w—v 1) ( e 1)1) +])
B s+B(p—1)—a+j—v
2u=0 < u(f?—l)ﬂ'—i )
_ i = lp=li=0] (s+B(r-D—a+7\?
[Z - O]p / ( yi )

— [ = 0] 58 Bi(— 1) (FHP0 D7)

w S—)wt1

Then there is a solution of
M (zp, ..., 2z0)" = (1,0,...,0)T
such that zy # 0.

Proof. Let us simplify M, ; fori € {0,...,a}\{1,...,5}and j € {0,...,a}.
The matrix B can be defined as

B((3): () = Eaa-07 () () gere-
Since
(V) = 0" () = s () ()
for [ > 0, it follows that
B = [(i.w) = (0,0)] + S (-1 () (1)
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In particular, B, = (g) and Y2 _(—=1)“""B, .4 (j“”*”*l) is equal to

w—v

oo Biw(,7) = 20 (16w) = 0.0)] + £y (1 () (22) (2)
[(.0) = (0.0)] + 25, (D' () () (7))

[(i.0) = (0,0)] + (~1)* i, (' () (12)
(~1 (1) (7).

The third equality follows from (c-j). When 0 < v < j < a, this is equal to
_1\tt+gt+v( v
(—1Hte(,),

due to (c-k). Hence we can simplify M, ; for i ¢ {1,...,3} as

o0 (7Y (7)) e =
R R G e B Gl O

Jj—1t J

Moreover, if i € {8+ 1,...,a} then by lemma [12 we have

ZU(_l)H-j—H) (13]) (s—a;ﬁ-l—j)a(s_?ji_v) = F,B,j,jfi(s —a— [+ ])
= (37 (o)
i j—i ’

so we can further simplify M, ; fori € {3+ 1,...,a} as

o1 B (8(757) = (707) ) i i =0
(Y (o) — i =01 (*7)” it > 0.

i Jj—i J

It follows immediately from these expressions that all entries of M that are

below the diagonal and are not in the zeroth column must be zero, since

(S*OtfﬂJrj) =0

j—i

when 7 < i. It also follows that all entries in the zeroth row except for the

one that is in the zeroth column must be zero, since the only non-zero term
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in the relevant sum

() () ()

is the one with v = j. This is because (j) =0 for v < j and (Sfj»ljjfv) =0

(2

for v > j. Thus the equation
M(zo,...,24)" =(1,0,...,0)T
has a solution such that zy # 0 as long as the determinant
det M = Moo+ Myq

is non-zero. Since By, = (g),

ey = a0 (7)) ()

Due to (c-7) and lemma 12, that is equal to

~ a0 (713) - G () = (0 5, G () = S

The diagonal entries M, 1, ..., Mgag are equal to (f), e (g) For 8 < 7,

Mj;=—us0 i(f:;”),
(—1)8+7

B+ (551)
(= 1)a+/3+1 ( 1)B+J’

lﬂl o —
(s=a)at1 H ( )Hj:ﬁﬂ B+1)(524) 70,

due to lemma (12, and that is equal to Therefore,

det M =

implying that there is indeed a solution of
M(z,...,24)" = (1,0,...,0)"

such that zy # 0. "
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Lemma 17. Suppose that s,a, 8 € Z are such that
se{2,4,....p—3}and j<a<sand 1 < <.

Let M denote the (o + 1) x (a+ 1) matriz with entries in F, such that if
ie{l,...,0—1} and j € {0,...,a} then

= ()

and if i € {0,...,a}\{1,...,8 =1} and j € {0,...,a} then
Miy = Sp oo =D () (20 (7o) ()
_ [Z — 0] (s—a;ﬁ+j)a - [Z _ B] (s—(z:g-i-j)a
_ (_1)2’(5*;3:54&) Zla:() (i) (l*ﬁlfl)al
Suppose that Cy, ...,C, € F, are defined as
1 ifj=0,
Ci = (=)t (s—a=p) ( at1) o 1
5 (2a_5+1)<j+1) ifje{1,...,a}.

Then

T
T _ ((C0TP sma) =84 (
M(Cy,Ch, ..., Ca) _< s (S_a),o,...,o).

Proof. Let us denote the rows of M by
rog,...,Iq.

Note that if j >0 and C; #0 then j >2a—s, so s—a+j >« and in

s—a+j—v\ _ [(s—a+j—v
v ) =\ v )

particular
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We have the following string of equations:

Y jzo(—1)7H (2a—js+1) (?ii) (ngigﬂ)
Y jzo(—=1)s ot (Qa—js-i-l) (?ill) (;i__lu)
() Tl () ()
() (o (o) + (=0t (3 (oo tan™)
(2 D) (= (oY) + T = 0)(=1)*+)
= (=0 ((L) - (222)-
The first two equalities amount to rewriting the binomial coefficients. The
third equality amounts to computing the inner sum. The fourth equality

follows from (c-€). The fifth equality amounts to computing the outer sum.

This string of equations implies that

?:0 C; (S—a—ﬁ—i-j) _ (_Doﬂ—lﬂ (a-s-l)‘

s—a B s—a

Our task is to compute r;(Co, Cy,...,C,)T for i € {0,...,a}.

o Computing ro(Co, C1, . . ., Co)t. If j > 2a — s then

Sio(-D' () (170) = (~17(%)
for 0 < v < j < «a and therefore
My = Sio(~1 o (3) (7))
_ (s—a;/&’ﬂ')a _ (s—?:fﬂ') > (l—ﬁl’—l)a
= () s (Y

The second equality follows from the fact that (;’) =0if v <j. We also
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have

Moo = Smo =1 (20) (07) ()
— () s ()
= (D () (7)) ()
—(szf)izo( N’
= oD () (7)) ()
+Ggﬁzm<w D () (),

The third equality follows from lemma 12. Thus ro(Cy, . .., C,)T is equal
to

Zzofv o( 1)a+l+v( ) ( e )( ) s—a— 6(a+a1) (s—la;v))
(=172 (77) () ) =5 () ()
((20) =572 () Zomo -0 ( 6)8(8 )
XEN (<£a> g B(““))

(= 1);*2?;;52101))(&)&1) ( fa)'

The third equality follows from lemma 12. Thus we have computed

T _ ()P (s—a)(a=p+1) ( a
I'0(610 7777 Coé) - /82(204—8-1—1)((5) (s—a)'

o Computing r;(Co, C1, ..., Co)t foried{l,..., B —1}. Let w € Z be such
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that i = —we{l,..., B —1}. Then

Zj>0 M (2a—js+1) (?ﬁ) (sf;ff

)

i a+1)\ (s—2a+j5—1
20—s+1/ \ j+1 S—a—w—u

S ) G

= 3, () iy C T emasi)(
=3 (a*BJrl) (a:w:uiﬂ) Zj;o (—1)i+1
= (e, () ()

The third equality follows from (c-e). Consequently, if i € {1,..., p—1}

then

o Computing r;(Cy, C1, . . ., C)T forie{B,...,

a}. For these i we have

Mo = Zlcrvzo(_l)a+i+l+v (i) (sfa) <57376>6<l:1;>

. s—a— 9 ifs—a
~li=8(27) - (e
and for j > 2a — s we also have

Mij = 555, _o(—1)H () (172) (o9

D) ()

s—a+j—v
j—v

=B = o () s () ()"

The identity

Sio(=1) (Qa,jsﬂ) (j‘ill) (Z+§:z+j)a
B (a0 )

() - ()
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is true over Q,[z]. By evaluating at z = —3 we get

j=1 S—« s—a

and consequently
S—a— «@ S—x s—a—pF—1
( s—aB) +Z] 1 ( s—ngj) - é( s—aél )
This means that (—1)*™8r;(Co, . . ., C,)T is equal to ®(—f3), with

D(z) = (a = 5)@1(2) — Pa(2) + (2 + 5 — ) (D (2) + P4(2) + P)(2))

and
Di(z) = Z —o(— )l+v+1 (i) (550) (Z+Z_a) (l__f})v
e
(133(2) _ Z?] o ( )a+j+l+v+1 (Za—js-',-l) ((;_-:_-11> (i) (g:z) <z+s;o¢+]) (S-?&-_‘r’i—l}>,
o= (B ()= CEE)

So we want to show that ®(—5) =0. If s =a+  then this equation

amounts to

AP (=f) + P2(—5) =0,

and indeed

5ww>ﬁmmuww@®®%ﬁ
= _0 v L (i) (E) (l_—q;
—zmﬂ<n%x;Dtﬁ

— 50,1 = 0)(= 1)1+ [t = B)(=1)) (1)
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Now suppose that s # o + (. As in the proof of lemma 12 we can simplify
dq(2) to

@1(2) = = (707 £ () (270):
We can also simplify ®3(z) to

P(2) = Xmo( D)™ (20 20) (513) (1) (707) (5527)
= (77 DD (a0 ) (1) (T557),

Suppose first that ¢ > 5. Then

3(-5) = - 5t ()((522) () + () (7)),
@2(—6) = 07

0 = (T S, ) G2 (),
¥y (-8) = (<) () (4

Thus if s > a + f then the equation ®(—3) = 0 is equivalent to

Ll(S,Oé,ﬂ,i) = RI(S;O‘aB?i)

with

= i (540) (7570 (2750,
By = (21”1‘) (=D o ) () (75 7)
(%“Ii) (o780 ().
Let us in fact show that
Li(u,v,w,t) = Ry(u,v,w,t)
for all u,v,w,t > 0. We clearly have

Lqi(u,0,w,t) = Ry(u,0,w,t)
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since both sides are zero, and

Ri(u+1Lv+1,w,t) — Ry(u,v,w,t)
— Li(u+ 1,0+ 1,w,t) + Ly (u,v,w,t)
= () w5 Diao (0™ (o0 %) () (75077)
N (Zﬁ) (21)1]:;1«%2) (?:)::J—:ll)

+ U—v v+1 v—w v—w+1
2v—u+2 \w+1/ \u—v—w—-1 t—w :

All we need to show is that this is zero for all u, v, w,t > 0, which follows

from
3(2 ’UH 9] Gaie)
=Y. 1)](u - 15)11 )(2 u+1)<;1) <u72v€+j71>
e (i) (o) () (75
- () () () ()
= o= () () ()
= (=) G (3:2)

Similarly, if s < a4 8 then the equation ®(—3) = 0 is equivalent to
L2<37 «, 57 Z) = RQ(Sa «, 67 Z)

with

Lyi=0 50 (L) (500):
Ra = S0 () (520 (87) + (22) ()

Let us in fact show that

Lo(u,v,w,t) = Ro(u,v,w,t)
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forallu > v >t >w > 0. It is easy to verify that
Lo(u,t,w,t) = Ro(u,t,w,t),
and

RQ(U + 1,'U + 1, w7t) - R?(ua ’U,’U},t)
— Lo(u+ 1,0+ 1,w,t) + Lo(u,v,w,t)
_ _u—v v v+j j otl) (u—v—w+j
= w5 Do (o ) () (7527)

+ U—v v+1) (v—w+1) v+1 u—w—+1
2v—u+2 \u—v t—w u—v—1/) \u—v—w+t)’

which is zero by (3.2). Finally, suppose that i = 3. Then

¥ (=) = =i (5) (00 (27 + () (G))

@a(=) = (~1)"(7,L).

() = D1 (4 () (578 = (7)),
B(=3) = (=1 (1) (hams = o)

where hy =1+ --- + % is the harmonic number for t € Z~y and h; = 0 for
t € Z«o. Since

ST (o0 1) (0) (257)

- () - (),
we can simplify ®4(—f) to

B(—5) = a1 (22 (1) (5557) = D7 (L) = (22)) s
The equation ®(—p) = 0 is therefore equivalent to

Ls(s,a, B) = R3(s,a, )
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with

Ry = (s —a = B)(P5(=F) + P4(=5)) — ©2(=H).

Let us show that L3(u,v,w) = Rs(u,v,w) forallu > v > w > 0. Forv =w
this is

(1 ((220) () - () (6t)”) = o - (e + (220

If u > 2w then both sides are zero, if u = 2w then both sides are 1, and if

2w > u > w then both sides are w(hy,— ). Thus all we need to do

2w—u
is show that

R3(u+ 17U+ 1,’(1]) - Rg(U,U,U)) - L3(U+ 17U+ 1,'11)) +L3(u,v,w) =0

for all u > v > w > 0. By using the equation

0 ) (7) (75577) = G0 (L) (R8)

we can get rid of the sum 37, and, after some simple algebraic manipula-

tions, simplify this to

(o) (o) ) + () (min)”) = St (),
We omit the full tedious details and just mention that since we are able to

get rid of the sums >, and 3_; the aforementioned algebraic manipulations

amount to simple cancellations. If u > v + w then

(o) () G + () ()
(=D (041! (v—w) (u—v—w)!(w—1)!

- w!l(v—w+1)!(2v—u+1)(u—v—w—1)!(u—v)!
(

_ _(= 1) (u—v—w)(v4+1)! _ (= )+ (u—v—w) <U+1)
w(v—w+1)(u— v) (2v—u+1)! w(v—w+1) u—v)"’
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and if v < v + w then

(o) () G + () ()
_ (=1)¥ (v+ 1) (w—1)(v+w—u)!(v—w)!
w!(v—w+1)(u—v)! (v+w—u—1)!(2v—u+1)!
(=) (u—v—w)(v+1)! _ (=1)* ! (u—v—w) <U+1)'
w(v—w+1)(u—v)!(2v—u+1)! w(v—w+1) u—v

We have finally shown that if i € {3, ..., a} then

I'Z‘(Co, ce ,Ca)T = 0.

Lemma 18. Suppose that s, o, B € Z are such that
s€{2,4,....,p=3}anda=p=5+1

Let M denote the (a+ 1) X (a+ 1) matriz with entries in F, defined in
lemma |17. Suppose that Cy, ...,C, € F, are defined as

0y = (~1)a(22).

j—2

Then
M(C’O,...,CQ)T: (O,...,O,l)T.

Proof. The equation associated with the ith row of M is straightforward if
i ¢ {0,a}. Since My is equal to

Shoco(-D () 03 (T (4 o =285 =)

() - @0
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and since

)
S0 () () () = -1
the equation associated with the zeroth row is
55 (1P (572) om0 (20 () () = -4,
and it follows from the fact that
S (1) = (=17 ()2

for 0 < v < j < a. This shows the equation associated with the zeroth row.

Since M, is equal to
5 =2(0)" + 1= alFaaolo—2) — (772)” = (~0(22) ()",
the equation associated with the ath row is
(O =S (D) () = () = () Faaola —2) + £
and it follows from the facts that
Fao@ = 2) = Fano(~1) = (-1)*(3)’

)
and that the polynomial (a)f 2) € F,[X] has degree less than a — 2 (and is

zero if a = 2) and therefore

-1 (52 (2 = 0.

This shows the equation associated with the ath row and concludes the proof.
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Lemma 19. Suppose that s, a, B € Z are such that
s€{2,4,....p=3tanda=3+1and B {3, 5+ 1}.
Let Ay denote the 8 x 8 matriz with entries in Q, defined as

Ay = (p[j=1]—[i<5—a+1} (s+€((£:3;?+j))ogi<,8,a—,@<j<a .

Then Ay has entries in Z, and is invertible over Z,.

Proof. 1t is easy to verify that A is integral, since if j > 1 then
s—a—p+j=20
and therefore
(") = () (752) +0w) = o)

for i < —a+1. Let us show that Ay is invertible (over Z,) by showing
that Ay is invertible (over F,). Suppose first that f = o — 1 and denote the
columns of Ay by ca,...,¢,. The bottom left (v — 3) x (o — 3) submatrix

of Ay is upper triangular with units on the diagonal. Moreover, since

SR () =2 ) () =0
S0 G =D () = S0 G - () (0) =0,

all but the top two entries of each of the vectors

cat = (7)) eaz o+ (1) (7 2)es,
ca = (% )eaz o (1) o= 3) (1) e

are zero. Thus it is enough to show that the 2 x 2 matrix consisting of those

four entries is invertible (over F,). This 2 x 2 matrix is

€0,0 €o,1
((—1)’3/3 (—1)‘3/3(6—1))
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with
coo = BEIL (-1 (") (%55 = Shn G2 ()
- - o,

eo,l:ﬁzf-_o(—l)ﬂ‘—l(j—1>(‘?)(/f;il) = 2, GOSN ()

1B (841 _ (=1)F1E?
Z B+1 ( J )_ B+l
so it has determinant 311 +1 € F;. Now suppose that § = « and denote the

columns of Ay by c¢y,...,¢c,. The bottom left (o« — 1) x (v — 1) submatrix
of Ay is upper triangular with units on the diagonal, all but the top entry of

the vector
Co — (0‘ 2)0(1 144 (—1)2? (zj)cQ

are zero, and that top entry is

B -1 () () = S G () = (-1 e

Therefore A, is invertible. .
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COMPUTING Oy, ,

In this chapter we prove six core results that we subsequently use to compute
Op.q. As we remarked in section 2.4, the main strategy for computing Oy, is
to find elements of ., that represent non-trivial elements in the subquotients
{ﬁa}0<a<u. We refer to section 2.7 for the relevant notation. We recall that
v <t <pand k> p' (and therefore r > p»). Let us write n = p?, so

)

that r > np?.

Lemma 20. Suppose that o € {0,...,v —1}.

1. We have

(T —a) (1 exzg, 0" x* "y —"P=)
=y(—1) (?)pj(p*1)+a< 50) ez, i = Dtayr—j(p-1)-a
—ay (1) (";a) 0kc2g, 0°i P~ Dyr=i=D=alr) L O(pn).

2. The submodule im(T — a) C ind-, S, contains

> (Z:lﬁ:5,7 Ci (l(tu_—ﬁ—)i——f-l)> °x27, giP=1)+Byr=i(p=1)-8

+0 (ap*BJrvc + ppfl)
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for all0 < 5 < v < v and all families {C, }iez of elements of Z,,, where
ve = ming_<i<5(vp(C) +1).

The O(ap‘ﬁﬂc —i—pf”_l) term is equal to O(pP~') plus

—(;p:f Zlﬁ:ﬂ—'y Cip' Sosper, (1] (5 1) x5, 0P~y
Proof. (1) Let us recall the formula
T(y 0k, v) = Syuer, V(3 W) oxkzg, ((5711) - v) +9(55) exzg, (59) - v)
for T'. Directly from the definition of # we have

Y .KZ,@I, v=1 .sz@p enxafnyrfnpfa

= o(—1) (?) oz, 2PNyl

If we apply the formula for T to v exzg v =1exzg, 0"z "y """~ then

the first part of the formula, the part

can be expanded into
ek, Lieso(5U) ez, (=107 (1) (770 D7) (—[u])rI 0D e plar €y,

The part of this sum with ¢ > n is in O(p™), and moreover (—[yu])"—/P—1-a=¢

is independent of j when & < n since r > p» implies
r—jp—1)—a—¢>r—np—p—n>0.
The coefficient of 2" ~¢y¢ vanishes when £ < n since
Q) () =0

due to (c-€) applied to (u,b,w,l) = (r — «,0,&,n). The second part of the
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formula, the part
(o) ®xzg, ((57) - v),

is precisely

> (—1) (?)pj(pfma( 59) exzg, gIp=Dtayr=jlp-1)-a
and —a ez, 0"x* "y P77 is precisely
—ay;(—1)! (”;a> k23, oI (=D yr=i(p——alp+1)

By adding these three terms up we obtain the required expression for

(T _ U,) (1 .KZ7@p enxafnyrfnp*a) .

(2) Let us multiply the equation in the statement of part |1 on the left by

Ch-aDl ™" Xosucr, (] P (5T

(that is, let us act on both sides of the equation in part 1 by the above
element of Q,[G]). Since im(T" — a) is a G-module, both sides still end up in
im(7 — a). The “j = 0” part of the first sum on the right side becomes

Ci-a Xopuer, 1P (5 1) ek zg, vy~
= Ci_o ®K2T, Zopuer, (1] (5 W)y
= Cp_a 52, Dosucr, 1" P ((ulz +y)™°
=(p—1)>:Cs-0 (i(piq)_fﬁia) *x 2T, i p=1)+Byr=ip=1)=6

The third equality follows from the fact that
Zo;épele ] = (p—1)[w =p—1 0]

for w € Z. The “j > 07 part of the first sum on the right becomes O(pP~1).
The rest of the right side becomes

—aCs-ap™ " Cosper, 1] (5 1) °xzg, "y TP + O(p" ).
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Thus, since n — a > p? — p > p, we get that im(7T — a) contains

(p—1)>;Cs_q (i(p_q)’fﬂ_a) °x73, giP=D+Byr=ib=1=8 4 O(pr1)

— aCpap™ Coruer, (1" (5 14)) 0xc2, 0" "y P~

If we sum this over all & € {0,...,~} and then divide by p — 1, we get

S0 Cha (i(pfq)ifﬁfa) °x73, xi(pfl)Jrﬁyrfi(pfl)*ﬁ +0(pr 1)

— 55 Ym0 Ca-ab™ Cosper, (7 (5 1)) exzg, 0" "y "0

This element is in im(7" — a) and, after changing to the variable [ = § — «a,

it turns into precisely the element we want.

Lemma 21. Suppose that o € Z and v € Q are such that

aef0,...,v—1},
v < vp(Va(Ds)),

v = min{v,(a) — a,v} < v,(Fy(Ds)) for a <w < 2v — a,
v < vp(0(Ds)) for 0 < w < a.

If, for j € Z,
Aj = (_1)j_1(1 - p)—a (jﬁl)ﬁa(D°>7

then v < vy (Va(As)) < vp(4;) forall j € Z, and

Yi(Ai — D;) ez, a'rmeyrmile=h=e
e [Oé < S](_l)n+1D$ .KZ7@p enxrinpis+ay3*a7n

_ DO .KZ7@p enl,afnyrfnpfa

+ Eexyg 0°"'h + Fexyg W+ ERR; + ERRy,
Q, Qp

for some ERR; and ERRsy such that

ERR; € im(T — a) and ERR, = O(p"~ @+ 4+ pr=a),
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some polynomials h and h', and some E,F € Q, such that v,(E) > v’ and
vp(F) > 0.

Proof. By using the equation
v=aTo— (T —a)(a )
we can rewrite
Si(A; — D) ez, al-Dtayr—i-1)-a
as

(l_lT Zz(Az - Dz) .sz@p xi(P—l)-l-ayr—i(p_l)_a
— a7 T Xept Yosaer, [T (B ) ezg, o700
_ [Oé < S](—l)nﬁ-ng °x77, enxr—np—s+ays_a_n

T—np—a

+ DO .KZ,@p anainy
+ ERRs3,

where ERR3 + O(p”~) € im(T — a). Here
Xe = S(A; = D) (T,
The constants A; are precisely designed in a way that X, = 0. We assume
vp(Xe) = v
2v—1—a»

for & < § < 2v — @, so the part of the sum “3:%, where v < £ is in

0 (pu—vp(a)+v + py—a) )
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Due to part (1) of lemma 20, the part of the sum where o < & < v is

0 i Xep* Yoprer, [FA (0 1) exzg, o4yt
=a ! Zg;clwrl XeaYopaer, |- (1Y) K20, 6°he + ERRy
= E .sz@p 004+1h + ERR47

where
BRR, + O(p(@+ + =) € im(T — a)

and h and E are such that v,(E) > v (since v,(X¢) > ¢/ for all @ < & < v).

Similarly, the part of the sum where £ < « is
¢ Fe k27, 0°he + ERRs,

where
ERR; + O( voupla)to 4 pr= “) € im(7T — a)

and he and F¢ are such that v,(F¢) > v,(Xe) > v'. We get the identity we
want after writing

= 225 Febhe
for some h' and F'. n

Lemma 22. Let {C}iez be any family of elements of Z,. Suppose that
a€{0,...,v—1} and v € Q, and suppose that the constants
D= i =0]C1 + [0 <i(p—1) <r—2a] 2, i, 90

(p—1)+1

satisfy the conditions of lemma 21, i.e.

v
V' := min{v,(a) — a, v}

Moreover, suppose that Cy is a unit. Let
V= (1 —p) 0 (Ds) — C_1.

78



Suppose that v,(C_1) = v, (V).

1. If v,(¥') < V' then there is some element gen, € .9, that represents a

generator of N,.

2. If vy(a) — a < v then there is some element gen, € .Z, that represents

a generator of a finite-codimensional submodule of
T (indf{z quot(a)) =T (Z/V\a/ ind%.,, sub(a)) :

where T denotes the endomorphism of indf(z quot(«) corresponding to
the double coset of (7Y).

Proof. Before proceeding to the proofs of (1) and (2)), let us make some initial

remarks. Due to part (2) of lemma 20, we know that im (7" — a) contains
i Dierzg, v/ @Dty iD= 4 O(ap™).
The conditions imposed on the constants D; are designed in a way that
Zi Dixi(p—l)—i-ayr—i(p—l)—oc — foph + B

for some polynomials h, ' such that v,(h’) > v’ (that is, such that the valu-
ation of each of the coefficients of b’ is strictly greater than v'). In the very
special case when 9,,(D,) = 0 for 0 < w < «, this is because these conditions

are precisely the equations needed to imply that
Ei Dixi(p—l)—i-ayr—i(p—l)—a

can be factored as *h, due to lemma 9. The general case when 9,,(D,) > v’
for 0 < w < « can be reduced to this special case by adding a term A’ such
that v,(h’) > v'. Then §°} is an element of N,,, and the number ¥ is specif-
ically designed in a way that 6”7 is precisely ¥ times a generator of N,. If
¥ is a unit then this immediately gives us an element of im(7" — a) whose

reduction modulo m represents a generator of N,.. Note that in general the
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valuation of ¢’ is an integer. If that integer is strictly positive then we would
like to divide ¥ by a power of p prior to reducing modulo m. We cannot do
this directly, since almost certainly there exist some D; whose valuation is
strictly smaller than the valuation of . Thus we would like to “smoothen”
the D; to better constants A; which have much of the same qualities as the
D; (i.e. satisfy the same conditions) but whose valuations are all at least as
large as the valuation of ¥'. We use the constants A; from lemma 21, and

we replace D; with A; by adding
Zz(Az . Dz) .KZ,@p xi(p—l)+ayr—i(p—1)—a 4 DO .KZ,@p ana—nyr—np—a.
We know, directly from the definition of the constants A;, that

Zz’ Az .KZ,@p CCi(p—1)—i-ozy7“—i(p—l)—oa + DO .KZ,@p ana—nyr—np—a
— (1 _ p)—aﬁa(D.) °xz3, anp—lyr—oc(p—kl)—p—f—l

_l_ C_l .KZ,@;D enl,afnyrfnpfa’
and, for any A, B € Z,, the reduction modulo m of
A °x23, gaxp—lyrfa(p+1)*p+1 +B °xz3, grpenyrnp—a

is A — B times a generator of N,. We use lemma 21 to deduce that if we

add some extra error terms to
Ez(Az . Dz) .sz@p xi(P—1)+ayr—i(P—1)—a + DO .KZ,@p enxa—nyr—np—a
then we get an element of im(7 — a), so that im(7" — a) contains

(7.9/ + C,1> *x 20, eaﬂjp_lyT_a(p'i‘l)—P-‘rl +C, °xZ3, enxa—nyr—np—a

+ E ez, 09T h+ Fegzg, b + O(pr =@+ g prl@=a) - (41)

for some h, 1, E, F with v,(E) > v" and v,(F) > v'. Now let us proceed to
the proofs of (1) and (2).
(1) Suppose that v,(¢') < v'. Let us note that v,(C_;) = v,(¥). If we mul-

tiply (4.1) by ||¢']|, and reduce modulo m we obtain in .#, a representative
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of a generator of N,,. Note that the reductions modulo m of the terms in the
second row of (4.1) are trivial as v,(a) — a > v,(¥') (since, crucially, v,(a) is

not an integer). Thus we define gen; to be this element.

(2) Suppose that v,(a) — a < v. Then the dominant term in (4.1) comes from

the error term O(ap~?), which is described in the last displayed equation in

the statement of lemma 20. Thus after we multiply (4.1) by app;loo and

reduce modulo m, we get a representative of

(Z/\E]FP(ZO) W)+ AEY) + [r =p-1 20]B( 52)) *KkZF, Xzesr,
for some A, B € F,. Let  denote this element, which belongs to
ind%, quot(a) = N,/ ind%, sub(a) = ind% , (02—, (r — @)

and is represented by the reduction modulo m of an element of im(7 — a).
The classification given in theorem 4 implies that either T'— X\ acts triv-
ally on ind%., quot(a) modulo .#, for some A € F,, or s € {1,3,...,2v — 1}
and (T — \)(T — A7) acts trivially on ind$, quot(«) modulo .#, for some
AE F; , where T" denotes the endomorphism of indIG(Z quot(«) corresponding
to the double coset of (79).

e Let us first consider the case when T'— A acts trivially. Then

(A(5Y) + A = [r =p1 22)(1 = B)(03)) ®xz5, X227 (4.2)

0p

in ind%, quot(a) is represented by an element of .#,. First suppose that
200 — 7 > 0. If A#0 then either A =0 in which case ind% , quot(a) is
trivial modulo .#,, or A # 0 in which case we can multiply (4.2) on the left
by [11P~2( 1) and sum over all 1 € F, to obtain that \ e, 5 X24=r-1Y
is represented by an element of .#,, so we can take

200—r—1
n,=XAe,. = X Y.
geny = A KZJF,

If A =0 then either A # 0 in which case ind%, quot(a) is trivial modulo
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#,, or A =0 in which case we can take

gon, = T(1 5, X20),

Now suppose that 2ae — r = 0. Then we can use the decomposition of GG
into cosets of KZ given in section 2.1.2 of |[Bre03b| together with the fact
that4.2/is trivial modulo .#, to conclude that any element of ind% , quot(«)

can be written in the form

(pa(51) + p2) ®xzF, 1| T b

for some h” which is represented by an element of .%,, and thus we can
find a suitable gen, € .7, that represents a generator of a submodule of

T(ind% , quot(a)) which has codimension at most two.

Now let us consider the case when (T — \)(T — A™!) acts trivially. Thus
A#0and s € {1,3,...,2v — 1}, and in particular 2a — r > 0. As

(ZAer(g )+ A(g?)) oz F, X

is trivial in ind% , quot(a) modulo .#,, it follows that so is

(A2(7 )+ A+ ATDA(LY) +1) 5, X207,

Again after multiplying on the left by [u]P~2((,7) and summing over all

1 € F, we conclude that 1 e, ;5 X2o=r=1y s trivial (since 2a —r > 0)

and therefore that ind$ , quot(a) is trivial modulo .%,.

Consequently, either .#, contains a representative of a generator of a finite-

codimensional submodule of T'(1 e ;5 X20=r) or it contains a representa-
tive of a generator of ind% , quot(a) (the latter being a stronger statement),

and we can take gen, to be that element of .7,. "
Lemma 23. Let {C}}ez be any family of elements of Z,. Suppose that o € Z

and v € Q and the constants

D= [i =0)C4 +[0 <i(p—1) <7 —20] Tiy G501
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are such that

ae{0,...,v—1},
v < Up(ﬁa(DO))7
v = min{v,(a) — a,v} < v,(I,(Ds)) for 0 < w < a.

Let
Vo= (1 —p) 0 (Ds) — C_1.

Then im(T — a) contains

(19/ + Cfl) *x 70, eamp_lyr_@(P'H)—P-i'l + C,1 °xZ3, gnl,oz—nyr—np—a
T Eeladt Be oxz, 0°he + F ez, I + H, (4.3)

for some he, B, Ee, F, H such that

1. B¢ = Ug(Da) + O(p") U O(Waya(Ds)) U -+ - U O(e-1(Ds)),

2. if £+ a—s< 26— 5 +#0 then the reduction modulo m of 0°he gener-
ates Ng,

3. v,(F) >, and

4. H= O(p”*“”(“)*” —l—p”*a) and if vy(a) — o < v then

1-p H = g .KZ@p enxafnyrfnpfa + O(pufvp(a)>

ap— ™

with
9= Yer, Co(§ ) + A(51) + [r =51 20]B(50),
where
A=-Co+x, o
and

B =35, G ).
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Proof.  This lemma is essentially shown under a stronger hypothesis as
lemma 22. The stronger hypothesis consists of the three extra conditions
that v,(V(Ds)) = min{v,(a) — a,v} for all a < w < 2v — a, that Cy € Z,
and that v,(C_1) > v,(¢). These extra conditions are not used in the ac-
tual construction of the element in (4.3), rather they are there to ensure
that v,(E¢) > min{v,(a) — a,v} for all o < £ < 2v — a, that the coefficient
of (2} in g is invertible, and that we get an integral element once we divide

01
the element

(19/ + 0_1) .KZ,@I, anp—lyr—a(p+1)_p+1 + C—l .KZ,@Z, ana—nyr—np—a

by 9. Therefore we still get the existence of the element in (4.3) without
these extra conditions, and to complete the proof of lemma 23 we need to
verify the properties of he, E¢, F, H, A, and B claimed in (1), (2), (3), and
(4). The he and E¢ come from the proof of lemma 21, and F¢ exz g, 0% hy is

Xeogz, ZA;AO[_A]T_Q_g((l) D) (=) e tyt

with the notation for X from the proof of lemma 21. Let E¢ = (—1)t1 X,
Then condition (1) is satisfied directly from the definition of X,. Let

he = (=1)5F 22 Lo[= A5 (5 W) (—0) a5y,
This reduces modulo m to the element
(= 1) oo A8 (3 YR = () (G, Xy e

of
Ooe—r(r — &) = I 9¢(§) ) 07=5£(€) = quot(§).
This element is non-trivial and generates N¢ if { + o — s < 2§ — s # 0, since

then X&F=syt=2 generates Ng. This verifies condition (2). Condition (3)

follows from the assumption v' < v,(9J,,(D,)) for 0 < w < «, as in the proof

of lemma 21. Finally, condition (4) follows from the description of the error

term in lemma 20, as in the proof of lemma 22. "
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Corollary 24. Let {Ci}iez be any family of elements of Z,. Suppose that
a€{0,...,v—1} and v € Q, and suppose that the constants

D= i =0]C_1 +[0 < i(p—1) <7 —2a] S, G {7571

are such that

v < vp(VUa(Ds)),
v' = min{v,(a) — a,v} < v,(Fy(Ds)) for a <w < 2v — a,
v < 0y(0y(Ds)) for 0 < w < a.

Suppose also that v,(a) & Z. Let

V' = (1 —p) " *Vu(D,) — C_y,
é = —Cfl + Z?:l Cl (T_(;H_l).

If x then x is trivial modulo #,, for each of the following pairs

(%, %) = (condition, representation).

~

op(9) < min{u,(C_1), '}, m).

v =v,(C_1) < min{v,(v),v,(a) — a}, ind%, sub(a)).

3 <vp(a)—@<v<vp(c_l) 6 C ey 6C gL 62 —r1>0, ﬁa)
(vp(a) —a<v<,(Cy) 8C¢c 7y, ind%, quot(a)).

vp(a) —a <v <v,(Coy) §Cy €LY, r1>, where

I
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is a finite-codimensional submodule of

T(ind$ , quot(av)).

Proof. There is one extra condition imposed in addition to the conditions

from lemma 23: that
V' := min{w,(a) — o, v} < (9, (Ds)) for a < w < 2v — a,

and it ensures that v,(E¢) > ¢’ for all & < § < 2v —a. Lemma 23 implies
that the element in (4.3) is in im (7" — a). Let us call this element 7.

(1) The condition v,(¢) < min{v,(C_1),v’} ensures that if we divide v by
¥ then the resulting element reduces modulo m to a representative of a

generator of N,.

(2) The condition v = v,(C_1) < min{v,(?),v,(a) — a} ensures that if we
divide v by C_; then the resulting element reduces modulo m to a represen-

tative of a generator of ind% , sub(a).

(3, 4, 5) The condition v,(a) —a < v < v,(C_1) ensures that the term with
the dominant valuation in (4.3) is H, so we can divide 7 by ap~® and obtain
the element L + O(p"’”P(“)), where L is defined by

L= (Z,\GFP Co(2BY + A(BY) + [r =pa 2a]B(25)) °xzg, O Ty TS

with A and B as in lemma 23. This element L is in im(7" — a), and it reduces

modulo m to a representative of

(EA@FP Co(h0) +ARY) + [r=p 2@](—1)T—QB((1)2)> - X207

As shown in the proof of lemma 22, if Cy € Z, then this element always

generates a finite-codimensional submodule of
T<1nd?(Z qUOt(a))v

and if additionally A # 0 (over IF,) then in fact we have the stronger conclu-
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sion that it generates

ind%., quot(«).

Suppose on the other hand that Cy = O(p) and A € Z;. In that case we

assume that 2ac — r > 0 and therefore the reduction modulo m of L represents

a generator of N,. "

Corollary 25. Let {Ci}iez be any family of elements of Z,. Suppose that
a€{0,...,v—1} and v € Q, and suppose that the constants
D= i =0]C1+ [0 <i(p—1) <r—2a] 2, i, 50

(p—1)+1

are such that

v
V" := min{v,(a) — o, v}

Suppose also that vy(a) € Z. Let

V= (1 —p) " “a(Ds) — C_y,
é = —0_1 + Z?:l Cl (T_(IX—H).

If x then x is trivial modulo 7, for each of the following pairs

(%, %) = (condition, representation).

(vp < min{v,(C_1),v} & v,(¥) < vy(a) — «a, ]/\7\a>

(v ) < min{v,(¥'), v,(a) — a}, ind%, sub(a)).

3. (vp —a<v< (C_)@CV(GZ;@CO€Z;82€Y—7“>O,]/\7Q>.
(e

vp(a) —a < v <v(Cy) &C e ZY, ind%, quot(a)).
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5. (vp(a) —a<v<(C,) 80 ey, r2>, where
ro
is a finite-codimensional submodule of

T(ind%., quot ().

6. (vp(a) —a=v=0,(9) <v,(C_,) &C ¢ Z, & Cy e Zy, r3> for

ap—«

ro = (T +C(42) — S8 (ind, quot(a),
where
€ = [r =y 20] (1) SiLy O G (20) — 1)
7. (vp(a) —a=v=0,(Cq) <v,(V) & Co g Z) & 2a —1 >0, r4> for

ry = (T + C%:l) (ind%., sub(a)).

8. (Up(a) —a=v=0,(C_y) <v,(0) &C ¢ 7y, ind%, quot(a))

9. (vp(a) —a=v=10,(Cq) <v,(V) & Cy € Z), r5>, where
Is
is a finite-codimensional submodule of

T(ind%., quot ().

Proof. (1, 2, 3, 4, 5) The proofs of these parts are nearly identical to the

proofs of the corresponding parts of corollary 24.
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(6) The proof is similar to the proof of (5), the only difference being that the
valuation of 1 is the same as the valuation of the coefficient of H. To be
more specific, we divide v by Cj, the term “T"” comes from the expression

for H given in lemma 23, the term “C/($9)” comes from
[r =p-120)(C5 ' B = 1)(30),

the reason there is no term “A(?9)” is because A = C' = O(p), and the term
«_ Cglv s

o= comes from the first line of the formula for 7 given in (4.3).

(7) As in the previous parts we can deduce that .#, contains

L:=S2(09) exzg, 0°(y" — 2P~y P + Tegyg, 07y + L,

where " =r —a(p+ 1) and L' reduces modulo m to a trivial element of

sub(). The reduction modulo m of the element Y- ,cx ()L generates ry.

(8,9) The proofs of these parts are similar to the proofs of (4, 5). n
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PROOF OF THEOREM 5

The proof of theorem 5 is based on the approach outlined in [BG09|, and
roughly consists of finding enough elements in .%,, consequently eliminating

enough subquotients of indg 2 3, and using that information to find Oy, ,.

5.1 RUNNING ASSUMPTIONS

Throughout this chapter we assume that
r=s+p8(p—1)+up' +0(p™

for some € {0,...,p— 1} and ug € Z} and t € Z¢. Let us write € = ugp".
Recall also that we assume v — 1 < v,(a) < v for some v € {1,..., 21}, that

s € {2v,...,p— 2}, and that k > p'® (and consequently r > p®9).
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5.2 THEOREM 5 IS EQUIVALENT TO PROPOSITIONS 26 + 27

Let us first show the equivalence between theorem 5 and the union of the

following two propositions.

Proposition 26. If k € %" then any infinite-dimensional factor of Oy, is
a quotient of N, 1. Ifk € g'{ then none of the infinite-dimensional factors

of Ok are quotients of a representation in the set

—

{]/\707 sy Nmax{y—t—l,,@}—l} .

Proposition 27. If k € #Zj then none of the infinite-dimensional factors

of Ok are quotients of a representation in the set

—~ —~

{Nmax{uftfl,,ﬁ}Jrla ce 7NV—1} .

Proof that theorem 5 is equivalent to propositions 26, + 27.  First let us
assume that propositions 26/ and 27 are true. Together they imply that any
infinite-dimensional factor of @k,a is a quotient of ]/\7&, where a = v — 1 if
ke %" and a = max{v —t — 1,8} if k € Z;. The classifications given
by theorem 4/ and theorem 2.7.1 in [Bre03a] imply that if Oy, is reducible
then it must have exactly two infinite-dimensional factors. There may be an
additional one-dimensional factor, a twist of the Steinberg representation.
Suppose that the infinite-dimensional factors are quotients of ind% (o, (b))

and ind% ,(o4(d")), respectively. By theorem {4 we must have
V—d=,1d+1land b+d=,1 —2.

In particular, ind% , (o3, (8')) and ind% ,(04(d’)) cannot be the representations

ind%., sub(a) and ind% , quot(a), as that would imply that
20—1r =51 200 —1r + 1.

Similarly, the two representations cannot be two copies of ind%, sub(a), as
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that would imply that
20 =p 1 s + 1,

a contradiction since 2« € {2,...,2v — 2} and s € {2v,...,p — 1}. And, the
two representations cannot be two copies of ind?(z quot(«), as that would
imply that

20=,_1 5 — 1,

which is similarly a contradiction. Thus we can conclude that @k,a must
be irreducible, and the classifications given by theorem 4/ and theorem 2.7.1
in [Bre03a] imply that the only possible quotient of N, that O}, can be is
OlIrr(b,). This implies theorem [5.

Conversely, if theorem /5 is true, then the fact that Oy, = OIrr(b,) implies

that Oy, is irreducible and not a quotient of a representation in the set

{No,.. ., Nyt ]\ {Na} -

5.3 PROOF OF PROPOSITION 26

Recall from section 2.7/ that X, = X(X —1)--- (X —n+1) € Z,[X] is the
falling factorial. Let o € {0,...,v — 2} and let us consider N,. The task is
to show that if @ < max{v —¢ — 1, 5} then none of the infinite-dimensional

factors of @k,a are quotients of ]/\f\a.

Let v € Q, let {C}}1ez be any family of elements of Z,, and let us define the

constants

Dy :=1[i=0]C_1 + [0 <i(p—1) <r—2a] 25 Ci,0 5.

i(p—1)+1

Let us note from the definition of ¥;(D,) for j € {0,...,p— 1} that it is
a Zy-linear combination of the constants C_;,Cy,...,C,. In the proof we

make suitable choices for the constants C'_1, Cy, ..., C, so that the constants
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{D;}icz satisfy the conditions of lemma 22, i.e.

v <
v = min{v,(a) — o, v} < V(I (D)) for a <w < 2v —
v < vy(9,(D,)) for 0 < w < a,
Co €Z,,
vp(C1) Z vp(V).
Suppose that we find such choices for C'_1, Cy, ..., C, and that moreover we

have v,(¥) < v’. Then we can conclude from part (1) of lemma 22 that none

of the infinite-dimensional factors of Oy, are quotients of ]/V\a.

Let U denote the (2v — ) X (o + 1) matrix with entries in Q, such that
U(Co, Cl, “e 7CQ)T == (190<D.), ce . ,ﬁQV_a_l(D.»T.

Let U denote the (o + 1) x (a + 1) submatrix consisting of the top « + 1
rows of U. Note that « € {0,...,v — 2} implies that a +1 < 2v — a. We
have

Uy = (1) (Pree ) (o) (9 ) = (7947)) + O(p)

for 0 < w < 2v —a and 0 < j < a, so the entries of U are in fact integers.

Let us consider four different cases, and find constants {C};} that are suitable

in each case.

e Suppose that a = 0. Let us choose Cy = 1 and C_; = 0. Then, due to (c-b),

Vo(D.) = =Lp 4+ O((s — r)p?).
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Moreover, due to (c-b) and (c-c),

Vw(Da) = Yo<i(p—1)<r ( i(p— 1))( w ) 2 0<i(p—1)<r (»(pr_ﬁ"_w) <;J)
= (1) Soci mzu o(=1"(2 )(Z; )
:p@ys—r =1)(%) 5 + O((s — r)p?)

= p(=1)"(7)(s — >8w+1+ (s —r)p?) = O((s = r)p)

for 0 <w <2v. Soif 0 =a <max{v —t— 1,5}, then either 5 >0 in
which case s —r € Z) and ¥o(D,) € Z) and therefore the constants {C;}
are suitable for v = 0, or § = 0 and ¢t < v — 2 in which case v,(Jg(D,)) =t
and v, (¥, (Ds)) =t for 0 < w < 2v and therefore the constants {C;} are
suitable for v =v' = t.

Suppose that a > 0 and B & {0, ...,a}. The second condition implies that
Up((s = 7)at1) =0. Let M and ¢ be as in lemma (15, and let us make

the substitutions X =r —a and Y = s — . Let us apply lemma |15 with
(0_1,00) = (0, 1) and

.= 4P
C; =

(s—a)a

for 0 < j < a. Then
U(17 Cl7 ceey Oa)T - (190(D0>7 s 71921/—01—1(D0))T7
We can use (c-b) and (c-g) to compute that

Uno = (~1)e=treday, | 0(p2)

oy = S ) (0) (327) - (5)) o)
for 0 <w < 2r—aand 0 < j < «. In particular,
Unj = pP=1(M,,; + O(p))

for 0 < w < aand 0 < j < a. Therefore, due to lemma 15, the first o en-
tries of the resulting column vector (9o(Ds), ..., Y2 _a_1(D.))T are O(p?),
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and the entry indexed « is

Vo (Dy) = (s— r)a+1p+o( )EpZ;.

(s—a)a+t1

Since all subsequent entries are evidently O(p), we can conclude that the

constants {C;} are suitable for v = 1.

Suppose that o > 0 and f = 0. Again let C'_; = 0. We can similarly com-
pute

Uno = (—1)" =y, 1 O(p!+2),

s = S0 () (T ((52) - (52) 0w

for 0 <w < 2v —aand 0 < 7 < a. Again, the column vector with entries
V(D,) for 0 < w < 2v — avis equal to U(1,Cy, ..., Cy)7, its first o entries
are in O(p'™?), and the entry indexed « is

(s— )““p—l—O( t+2).

(s—a)a+1

Moreover, as long as w < 2v — a,

Uy = (—1)w=nl=alu), 1 g(pi+2) = O(pit),

(s—a)w+1

and, since r = s + O(p'), we can replace r with s in the expression for U, ;
when j > 0 to deduce that

Uw,j _ Zv(_l)w U(ﬁ—w v— 1) (s Ol+j) (s atj— v) <pt)
:zmggﬁ@(w)+0@>=mﬁ>

for 0 <w < 2v — a and 7 > 0. Since v,(C;) > 1 for 1 < j < ¢, it follows
that all subsequent entries of the resulting column vector are O(p'™).
Therefore the constants {C;} are suitable for v =¢ + 1.
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e Suppose that a« >0 and € {1,...,a}. Let A be the (o« +1) x (a+1)

matrix with entries
_ 2 —[5=0] r—a+j i(p—1)
Awj=p7" EDO( i(p— 1)+]>( w )’

for 0 < w, j < a. For C_; = 0 this would be the matrix obtained from U*%
by dividing the first column by p, however this time we need to choose a

nonzero C'_;. The matrix A is precisely the matrix such that

A(Co,C1/p,...,Ca/p)" = ((90(Ds) — C_1)/p,91(Ds)/p; - .., 9a(Ds)/p)""
We have

Auo = (~1)*5806=2= 1 O(p),

(s—0)w+1

Ay =X (=1 (e (e () = (79)) + Olp),

so in particular A has integer entries. However, these expressions for the

entries of A are not useful as we need to compute A up to precision O(p'*!).
Recall that
x\9 a9 (x
() =)

Let us also consider the (a4 1) X (o + 1) matrices S and N with integer

entries

Sug = VIS (TGRS (),
Ny =p*b‘=°1 S (=) () () e ()

~ [w = 0]p~ =0 (s+ﬁ(p—j1)—a+j)8

— [ = 0)(=) (TP

for 0 < w, 7 < a. Recall that € = ugp’. Let us prove the following claim.

Approzimation claim.

A=S+¢eN+O(ep).

Proof of approximation claim. First let us look at the entries with 5 > 0.
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Due to (c-g),
Ay = (=1 (70 () Do (15750
- () () ) - () ()

The second equality here simply amounts to extracting the “¢ = 07 term

from the sum. We now use the fact that

(P?H) _ (sw(pfjl)faﬂ‘) + e(“ﬁ(f’*j”*“”)a + O(ep).

This holds true since the denominator j! of (“?Jrj) is coprime to p (see

the note about approximating polynomials in Z,[X] in section 2.4). Due
to (c-g),

Sy = Lo(— 1) (Freme ) (e D) s (AR et ).
By combining these facts we get that A, ; — Sy ; — €Ny ; is
S ) () - ()
+ed,(—=1)v (j+w—”—1) (S+ﬂ(p—1)—a+j)a

) - )
S ) ),
The first two lines are in O(ep) since
S () =5 () ot )
due to (c-a). The third line is also evidently in O(ep), which proves that

Aw,j = Sw,j + ENwJ' + O(Ep)
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Now let us look at the entries with j = 0. In this case

phen = Ton (i 5)(07) = () Zon (5
P = o (YO = () B (),

PNuo = <5+,8(p—1)_a)6 S (s-i-ﬁz((ﬁ:})):g—w) B (_1)w (s-i-ﬁ(pq;l)_a) mp'

w

So p(Aw,O - Sw,O - GNw70) is

() S0 ((652%) = (=020 )
+ <(ra> _ (s+5(10*1)7a) _ E(erﬁ(pl)a)a) Z’>O (er@((pfi))fafw)
w ? i(p—1)—w

w w

_ 1\w (s+B(p—1)—« w!
+ (1) ()
The second line is in O(ep?) since, due to (c-b) and (c-c),

22i>0 (Sw(p_l)_a_w) = 0(p).

i(p—1)—w
Due to (c-b) and (c-c),
Lo (-5 ) = (75 =7)
Is
o (=17 (%)(Sr—ams = Sersp-1)-a—y)

J=0

= So(=1Y(Y) (”‘”’p S 0(6192))

J Sr—a—j Ss4+B8(p—1)—a—
= S0 (=1)7(%) (525 + O(ep?)
= ep(—1)vH—2— + O(ep?).

(5—a)wt1

For the first equality we use (c-b) to compute S,. The O(ep?) term in the

second line comes from the fact that the terms
O(trfafjp2>a O(terB(pfl)fafij)

are congruent modulo p"**—we can show this by noting that ¢,_,_; and
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ts+B(p—1)—a—; are congruent modulo p’ and using the explicit description
of O(t,p?) in the proof of (c-b). The second equality comes from the fact
that t,_o_; = B — €+ O(ep) and ts45(p—1)-a—; = . Consequently,
p(Aw,O - Sw,O - 6]Vw,O)
_ Ep(—l)w w! ((s—i—ﬁ(l)ujl)—a) . (T;a)) + O(€p2) _ O<€p2),

(s—a)wt1

just as we wanted to prove. ]

Thus we have shown that
A=S8+eN + O(ep).

Let B = B, be the (a+ 1) X (a4 1) matrix defined in lemma [11. That
lemma implies that B encodes precisely the row operations that transform

S into a matrix with zeros outside the rows indexed 1, ..., 3 and such that

(BS)wj = p (0005 H)

when w € {1,...,3}. Let Q be the matrix that is obtained from BN by
replacing the rows indexed 1, ..., 3 with the corresponding rows of BS. If

i€ {l,...,B} then we can write @” as the reduction modulo p of

—[j=0] (s+B(p—1)—a+j
P ( i(p—1)+j >>

which can be simplified to

(*mez) it > 0.

j—i
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Ifi & {1,...,5} then we can write @” as the reduction modulo p of

p—[jzo] 23:0 Bi,w ZU(_l)w_v (jerfvfl) (erB(pfl)faJrj)a

w—v v
N8 s+B(p—1)—a+j—v
o (TUDHT)

_ [z _ O]pf[jzo] (s+ﬁ(p*jl)*a+j)a

— [ = 0] 29 Bia(—1) (0 D7)

w S—0)w+1

Thus @ is the matrix M from lemma 16, and that lemma implies that

there is a solution of
Q20,5 24)" = (1,0,...,0)"

such that zyp # 0. Then U = (2, ..., 24)" is in ker BS = ker S and
BNu+ BSv = (1,0,...,0)T

for some ¥ (because the submatrix of BS consisting of the rows indexed
1,...,8 has full rank). So (2¢,...,24)" € ker S lifts to a u € ker S, and
that implies that

B(S +eN)(u+ ev) = (€,0,...,0) + O(ep)
for any lift v of 7. Since A = S + eN + O(ep), if we write
(Co,C1/p,...,Cq/p)t = u+ ev,
then Cp must be a unit since zy # 0, and C; = O(p) for j > 0, and

BA(Cy,Ci/p,...,Co/p)t = (6,0,...,0)T + O(ep).
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Since the zeroth column of B is (1,0,...,0)?, we also have

A(Co, Ol/pv s 7Ca/p)T
= (¢,0,...,0)7 + O(ep)
((Vo(Da) = C-1)/p; 91(Da) [P, - -, Va(Ds) /)"

Let us choose C_; = —ep. Then 9,(D,) = O(p'?), which makes
vp(V') = v,(Cq) =t + 1.

We moreover have

Juw(Da) = O(p'™*?)

for all 0 < w < a, and
Jw(Ds) = O(p*)

for all & < w < 2v — a. Indeed, if we extend the number of rows in A, 5,
and N to 2v — « by defining A, ;, Sw,;, and N, ; with the same equations
used for the first a + 1 rows, then still A = S + eN + O(p'*!). Therefore,
since A =5 mod € (as the entries of N are integers), and as all rows of
S are linear combinations of the rows of BS indexed 1,..., [, it follows
that every entry of A(Cy,C1/p,...,Cy/p)T is O(¢).! This means that the

constants {C;} are suitable for v =t 4 1.

Therefore we can always find suitable constants {C;}, and that concludes

the proof of proposition 26. "

Note that it is crucial here that the entries of N be integers. In this case they are since
all equations in the proof of the approximation claim hold true forw < s —a. fw > s — «
then the equation for N, ; is different (as, for instance, a certain alternating sum is not

(=1 (572’)! — ). This is one of the places where the proof breaks down if s < 2v.
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5.4 PROOF OF PROPOSITION 27

Let « € {0,...,v — 2} and let us consider N,.. The task is to show that if
a > max{v —t — 1, 3} then none of the infinite-dimensional factors of O,

are quotients of N,.. Note that the condition on a implies both o >  and
t>v—a>uv(a) —a.

Let us apply part (3) of corollary 24 with v chosen arbitrarily in the open

interval (v,(a) — «,t) and

o 0 if j € {-1,0},
i~ j [ s—a % L -
(D)9 () +pCy it e{L,...,al,
for some constants C7,...,C% yet to be chosen. We need to show that

the constants {C;} are suitable, i.e. that the conditions of corollary 24 are
satisfied. Clearly
vp(a) —a < v < v,(Cy)

and Cy = O(p). Moreover,

S G = S (-0 () (7o) + Of)
= (=12 (2) + (1) () 4 O(p)
= (=)™ (e + O).

The third equality follows from the fact that o > . Since
pt+a—1>s>2a—2
for > 0, and (S_ZH) =1 for a = 0, it follows that
S () e 2y
Thus we only need to verify the most delicate condition, that

v < vp(Pu(Dy))



for 0 < w < 2v — a. By (c-a) and (c-g), if
Ll(ff’) =250 (Z{p:o{;rij) (Z(pujl))

then Ly(r) = Li(s+ B(p—1)) +O(e) for 0 < w <2v —a. So in order to
verify the last condition it is enough to show that

La(s) i= 5, (=) (.05 4 pCy) (PHH0 Do) = 0(p) (5.1
for all i € {1,...,8}. We have

(s+ﬁ(p—1)—a+j) _ (3) (S—a‘ﬂ“) + O(p).

i(p=1)+J i j—i

We also have

a0 ) (5)
=0 ) ()
= 0 (=) () s () ()
= (=) (—[i = 0] (") + (7)) = 0.

The second equality follows from Vandermonde’s convolution formula. The
third equality follows from the assumptions that ¢ > 0 and a > 5. So (5.1)

is true modulo p, and we can transform (5.1) into the matrix equation

(G (Cr, .., O = (wy, ..., ws)T

i(p—1)+j ))1<i<ﬂ,1<j<a
for some wy, ..., wg € Z,. This matrix equation always has a solution since
the left § x § submatrix of the reduction modulo p of the matrix

((s+ﬁ(p—1)—a+j))
i(p—1)+j 1<6<B, 1<

is upper triangular with units on the diagonal. Therefore we can indeed
always choose the constants CY,...,C% in a way that v < v,(J,(D,)) for
0 < w < 2v — a. Then all conditions of part (3) of corollary 24 are satisfied,

which concludes the proof of proposition 27. "
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5.5 SOME ADDITIONAL RESULTS

Propositions 26/ and 27] are already sufficient to compute Oy, since they
imply that O}, must be a quotient of N,, where a = v — 1 if k € Z5" and
a=max{r —t— 1,8} if k € Z3;. Let us show that in fact the surjective

map

—

Na —» @k,a
factors through ind% , quot(v).

Proposition 28. If k € %" then the surjective map
ﬁy—l — @k,a
factors through ind$., quot(v — 1).

Proof. Let a = v — 1. Note that since k € Z;" we have
pe{v—1,....,p—1}.
Let us apply part (2) of corollary 24 with v = 0 and some constants
C_1,Co,...,C,

such that C_; = (g ) and Cy = 0. The conditions that need to be satisfied
in order for the corollary to be applicable are v,(,,(D,.)) > 0 for 0 < w < «,
and v,(9) > 0. Let us consider the matrix A = (A, ;)o<w j<o that has integer

entries
Awg = Ziso (i65015) (00)-

Then v,(¥) > 0 is equivalent to ¥,(Ds) = C_1 + O(p) = (g) + O(p), so the

two equations we want to show are equivalent to

A0.Cy, ., C)T = (=(9),0,...,0, (%)) + 0).
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By (c-g) we have

Aw,j = Fw,j(T7 5)7

where F,, ;(2,1) € Fy|z,9] is the polynomial defined in lemma 13| Then the

conclusion of that lemma is that

_ T
A(0,Cy,.., Ca)" = (=(9),0,...,0,(2))
with
_ i(s—a+1
Cj= (_1)]( a—j )

for j € {1,...,a}. Thus these choices for C_y, Cy, ..., C, are suitable, and we
can apply part (2) of corollary 24/ with v = 0 and conclude that ind$ , sub(a)
is trivial modulo .%,. n
Proposition 29. If k € Zy then the surjective map

o~

Nmax{u—t—l,ﬂ} — @k,a
factors through ind$, quot(max{v —t — 1, 8}).

Proof. Let a = max{v —t—1,8}. Let us apply part (2) of corollary 24
with v =t and
¢ if j=—1,
(—D)tta () () e {1, a}.
We need to show that the constants {C};} are suitable, i.e. that the conditions
of corollary 24 are satisfied. Clearly v,(C_;) =t < v,(a) — . We also need to
show that t < v, (9, (D,)) for 0 < w < a and t < v,(¥') and t < v,(Vy(Ds))

for a« <w < 2v — . Let us consider the matrix A = (A j)o<w, j<o that has

integer entries
Awj = 20 (i(pioi;rij> (i(plzl))'
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If we consider the approximation claim in the proof of proposition 26 and

multiply the first column by p, we get
A =S+ ¢eN +O(ep),

where

Sy =X (i) (7))

Nyj = S, (—1)% (j+w—v—1> <s+ﬁ(p—1)—a+j)a > <s+ﬂ(p—1)—a+j—v>

w—uv v i(p—1)+j—v

—[w=0] (sw(p,jl),aﬂ-)a '

Exactly as in the proof of proposition 26 we can deduce the three conditions

we need to show as long as

S(Co, ..., C)T
N(Co,...,C)T

0,
(—=C_1e71,0,...,0,C_1e )T + Sv + O(p) for some v.

Let B = B, be the (o + 1) x (a4 1) matrix defined in lemma [11. That
lemma implies that B encodes precisely the row operations that transform

S into a matrix with zeros outside the rows indexed 1,..., 5 and such that

(BS)wy =p U= (50 =05™)

when w € {1,...,3}. Moreover,
Biw = [(i,w) = (0,0)] + S, (-1 () (Z2) + 0).

By using this formula we can compute that

B(=1,0,....0.1)" = (0,=(5).....(=1)*(%))" + O).

and therefore if R is the o x a matrix over F, obtained from BN by replac-
ing the rows indexed 1,..., 3 with the corresponding rows of BS and then

discarding the zeroth row and the zeroth column, the condition that needs
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to be satisfied is equivalent to the claim that

R(Ch.o C)T = (=1 =< AN, s (12— [a < 8)(%)". (5:2)

The matrix R is the lower right o x o submatrix of the matrix @ defined in

the proof of proposition 26, where we compute that

Rosya = (8. (7) ified{1,....8,
J j—i _(

B
f ) otherwise,
fori,j € {1,...,a}. We have

S (=D () (L) (75)
ZZj(—l)Mﬁ“a( )(s a+1) (a+ﬁ s—i— 1)
- (a5 (1)

If i € {1,...,3} then the last expression is zero, and if i € {f+1,...,a}
then it is

() () = () = () ()

which implies (5.2). Consequently we can apply part (2) of corollary 24 with

v =t and conclude that ind% , sub(a) is trivial modulo .7,. u
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PROOF OF THEOREM 0

The proof of theorem 6 is very similar to the proof of theorem 5. The major
difference is that we apply corollary 25 instead of corollary 24 since v,(a) is

an integer, which means that Oy, is reducible in some cases.

6.1 RUNNING ASSUMPTIONS

We make the same assumptions as in chapter 5. We assume that
r=s+pB(p—1)+up' +0(p)

for some € {0,...,p— 1} and up € Z) and t € Zs, that ¢ = ugp’, that
vp(a) = v —1 for some v € {1,..., 21}, that s € {2v,...,p — 2}, and that
k > p'% (and consequently r > p%).
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6.2 THEOREM 6 IS EQUIVALENT TO PROPOSITION 30

Let p = Nif k € Z5" and = g, if k € Z37 (in the notation of theorem 2).
Let y =v—1ifk € Z5" and v = max{v —t — 1, B} if k € 2. Let us first

show the equivalence between theorem 6 and the following proposition.

Proposition 30. Let cither k € %y, or k € g} andt <v— 3 — 1.

1. (T — p~Y)(ind%, quot(y — 1)) is trivial modulo .%,.
2. (T — p)(ind$, sub(v)) s trivial modulo .7,.
3. ind% , sub(y — 1) is trivial modulo .7,.

4. ind$, quot(y) is trivial modulo .Z,.

Proof that theorem |6 is equivalent to proposition 30. First let us assume that
proposition 30| is true. In the setting of theorem 5, propositions 26, 27, 28,
and 29/ show that if k € %5 then Oy, is a quotient of ind%, quot(v — 1), and
if k € Z5; then Oy, is a quotient of ind%., quot(max{v —t — 1, 8}). Their
proofs are based on corollary 24. They amount to considering the element of
im(7 — a) coming from equation 4.3/ in lemma 23, and noting that the term

with dominant valuation is either H or
(19/ + 0_1) .KZ7@p eaxpilyrfo‘(p+1)*p+1 + C—l .KZ,@p enxafnyrfnp7a7

depending on how ¢ compares to v,(a) — a. In the setting of theorem 6/ we can
apply the analogous corollary 25/ to conclude that any infinite-dimensional

factor of @k,a must be a quotient of one of
ind, sub(y — 1), ind%, quot(y — 1), ind, sub(y), ind§, quot(y),

where for convenience we define sub(—1) and quot(—1) to be the trivial repre-
sentation. The key reason why the proofs of propositions 26 and 27 copy ver-

batim to prove this is that outside of these subquotients the valuations ¢ and
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vp(a) — a never match, so again exactly one of the two aforementioned terms
is dominant. The only subtlety when copying the proofs of propositions 26
and 27 is that we do not know whether .%, contains 1ex,g v lyrr
This ultimately does not present a problem since when working with N,
we always assume that Cy = 0. As the proofs of propositions 26 and 27 work
here nearly without modification except for replacing corollary 24 with 25,
we omit the full details of the arguments. Proposition 30 then implies that

any infinite-dimensional factor of @k,a must be a quotient of one of

ind%, quot(y — 1)/(T — u~), ind% 5 sub(y)/(T — p),

and together with theorem 4/ they completely determine ©,.

The converse, that theorem 5 implies proposition 30, is clear since theorem 5

completely determines Oy, n

6.3 PROOF OF PROPOSITION (30

(1) Suppose first that k € Z;". Let ¢ = (c1,...,¢s) be as in lemma (15, and
let us make the substitutions X =r —«a and Y = s — a. We apply part (6)
of corollary 25/ with v = 1. We choose C_; =0 and Cy =1 and C; = (siff)a

for j € {1,...,a}. In the proof of proposition 26 we show that for these

constants we have

0 = Eelp + 0(p?),
1 < v,(9y(Da)) for

a<w<2v—a,
1 < v,(0y(D,)) for 0 < w < a.

Moreover, since C1,...,C, = O(p) we have C = O(p), and

_ (s—v+2)p_1a _ a
H (s=r)v—1p¥ 007119’1)”*2 '
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Therefore the conditions needed to apply part (6) of corollary 25 (i.e. the

three conditions

v < vp(UalDs)),
v = min{v,(a) — o, v} < vp(Iy(Ds)) for a < w < 2v —
v < vp(Py(Da)) for 0 < w < a,

in addition to the two extra conditions on C' and Cj in part (6) of the

corollary) are satisfied and we can conclude that

(T — =) (ind, quot(y — 1))

S,V

is trivial modulo .. If k € #Z5; and ¢t <v — (3 —1 then the argument is
similar: we choose v =t + 1 and the same constants {C;} as in the third
bullet point (if 5 = 0) or the fourth bullet point (if g € {1,...,7 —1}) of
the proof of proposition 26. In the former case

9 = (S_T)a+1p + O(pt+2),

(s—a)a+1

and in the latter case
V" = €Qoop + O(p™*?).

In both cases

_ a
/"L - C(;lﬁlpu—t—Q

and the conditions needed to apply part (6) of corollary 25 are satisfied, so

again we can conclude that

(T — p~)(ind5 ; quot(y — 1))

is trivial modulo .#,.
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(2) Suppose first that k € Z;". We use the constants

(0 () it =1,
(—1 (028 it e {1, a)
We can show just as in the proof of proposition 28 that these constants

satisfy all of the conditions needed to apply part (7) of corollary 25 with

v = 0. Moreover, we have

C =S ) () = () + 0)

e () () - (0 () + o)
—1)7(*,"1*) + O(p).

Thus (=12
Cv 1—v g;z a o
- ?71 = (i:fl)lpx/A =

so part (7) of corollary 25 implies that

(T — p)(ind% ; sub(v))

is trivial modulo .%,. If k € #Z37 and t <v — 3 —1 then the argument is

similar: we choose v =t and the constants

e if j =—1,
C; = 0 ifj=0,
(—1) oy () () i e {10,

as in the proof of proposition 29. Again all of the conditions needed to apply
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part (7) of corollary 25 with v = t are satisfied and

) T (55 (737) + o)
52 (551 (57 +ow)

) ()= (57) +ow)
#)(73) + o).

The last equality follows from the fact that (S;T> = O(p). Thus

G _ UM _

_Cflpyitil - Epuftfl - M?

so part (7) of corollary 25 implies that

(T — p)(indfz sub(7))

is trivial modulo .Z,.

(3) This is very similar to part (2) of this proposition: if k& € Z;"

then we use

part (2) of corollary 25 just as in the proof of proposition 28, and if k € Z37

and t < v —  — 1 then we use part (2) of corollary 25 just as in the proof of

proposition 29. We omit the full details.

(4) We apply part (8) of corollary 25 with the same constants as in the proof

of part (2) of this proposition—since C' € Z) all of the necessary conditions

are satisfied and we can conclude that ind%, quot(y) is trivial modulo .7,.
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PROOF OF THEOREM 7

Theorem |7 is the most involved among the main results in this thesis. We
prove it by proving nine propositions which give just enough information to

conclude that Oy, is irreducible, but not enough to classify it fully.

7.1 RUNNING ASSUMPTIONS

We assume that
r=s+8(p—1)+uwp’+ O(p*t)

for some 5 € {0,...,p—1} and ug € Z, and t € Zo, and we write € = uopt.

As theorem |5 implies theorem 7| for s > 2v, we may assume that
se{2,...,2v —2}.

Recall also that we assume v — 1 < v,(a) < v for some v € {1, ..., %}, and

that k > p'% (and consequently r > p»).
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7.2  PROPOSITIONS 31-39 IMPLY THEOREM 7
In this section we give a list of nine propositions, and show that their union
implies theorem 7.
Proposition 31. If a < 5 then
N, if3e€{0,...,a—1} and o > vy(a) —t,
ind%, sub(a)  otherwise
s trivial modulo #,.

Proposition 32. If ; <a<sand 8¢ {1,...,a+ 1} then

—

Na

is trivial modulo Z,.

Proposition 33. If 0 < a < 5 then

T(ind% , quot(a)) if B € {0,...,a} and a > v,(a) —t,
Ns—o if €A{0,...,a} and a < v,(a) —t,
N, ifpef{a+1,...,s—a},
Ny o ifB>s—a«

is trivial modulo .Z,.
Proposition 34. If 5 < a <s and (o, ) # (3,5 + 1) then

T(ind%, quot(a)) if B € {l,...,s —a} and s — a > v,(a) — t,
T(ind%, quot(a)) if B € {s—a+1,...,a} and a > vy(a) —t,

N, otherwise

is trivial modulo Z,.
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Proposition 35. If a > s then

T(ind%, quot(a)) if @ = max{v —t — 1,5 — 1},
]/V\a otherwise

is trivial modulo .Z,.

Proposition 36. If 3 c {1,...,5 —1} andt > v — 5 — 2 then

o~

Ns/2+1

s trivial modulo %,.
Proposition 37. If € {1,...,5 — 1} andt = v — 3 then

—

Ns/271

18 trivial modulo .Z,.

Proposition 38. If 3 € {5,5 + 1} andt >v —  — 1 then

—

Ns/2+1

is trivial modulo .Z,.

Proposition 39. If 3 =35+ 1 andt=v — 5 —1 then
ind% , sub($ + 1)
s trivial modulo %,.

Proof that propositions |31-39 imply theorem|7. Let us assume that Oy, is
reducible with the goal of reaching a contradiction. The classification given
by theorem 4 implies that Oy, has two infinite-dimensional factors, each of

which is a quotient of a representation in the set
{ind%, sub(a) |0 < o < v} U {ind%, quot(a) |0 < a < v},
and moreover that the following classification is true.
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1. If the two representations are ind% , sub(ay) and ind% , sub(a) then
o+ =pq s+ 1.
2. If the two representations are ind% , sub(a;) and ind%, quot(as;) then

o) — g =, 1.

3. If the two representations are ind%., quot(a;) and ind%., quot(ay) then

o+ oy =p 15— 1.

The facts that

Oél—i-OéQE{O,...,QV—Q}Q{0,...,]?—3},
al—cyQG{l—u,...,u—l}g{—%,...,%},
se{2,....,2v -2} C{2,...,p—3}

imply that the following classification is true as well.
1. If the two representations are ind%, sub(a;) and ind%, sub(ay) then
a1+ oy =5+ 1.
2. If the two representations are ind% , sub(ay) and ind%, quot(as;) then
a1 = Qo + 1.
3. If the two representations are ind% , quot(ay) and ind%, quot(as) then

a1 +ag =5 — 1.

This classification and propositions |31, 32, 33, 34, and |35/ together imply that

one of the two representations must be either ind%, sub(3) or ind% , quot( 5)s

118



and in that case the other representation is either
ind, sub($ + 1)

(which can only happen if 3 € {1,...,5 —1}andt >v —Jor g e {3, 5+ 1}

and t > v — 5 —2), or

ind%.,, quot(s — 1)

(which can only happen if s =2or 3 € {1,...,5 —1}and ¢t = v — J). In the
latter case if s = 2 then either 1 o555, 2%y ~? € .7, generates ind% , quot(0),
or v < 2 in which case V4 is known to be irreducible. Propositions 34, 36,
37,138, and 39 exclude all of the remaining possibilities. Thus if we assume
that @Im is reducible we reach a contradiction, so @k,a must be irreducible.

7.3 PROOF OF PROPOSITION 31

First suppose that § > a. We apply part (2) of corollary 24 with v = 0 and
(—0(*)) ifj=—1,
(-1 (et i el al
Since
() = () + o) ez,

the two conditions we need to verify are v,(J,,(D,.)) > 0 for 0 < w < o and

v,(Y') > 0. These two conditions are equivalent to the system of equations
«a a—j(s—a+l r—oa+j i(p—1
D) B (6-03) ()
= (=1)*([w=a] = [w =0))(*,") +O(p) (7.1)

for 0 <w < a. Let F,;(z,¢) € Fylz,¢] denote the polynomial defined in

lemma /13l Since

Siso (i) ((201) = Fuy(r,s)
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by (c-g), the conclusion of that lemma when evaluated at z = r and ¢ = s
implies (7.1). Thus if 8 > « then we can apply part (2) of corollary 24 and

conclude that ind% , sub(a) is trivial modulo .%,.

Suppose now that g € {0,...,a—1}. If ¢t >v,(a) — « then the proof of

proposition 26 applies here nearly verbatim since

(sfaJrl) c Z;;,

a

and in fact we can conclude that N, is trivial modulo .%,. So let us suppose
that t < v,(a) — a. We apply part (2) of corollary 24 with v =t and

(-0 (*)) if j =1,
C; = 0 iftj=0,
(_Ua—j(s(—;jl) +pC; ifje{l,... a},

for some constants C7,...,C% yet to be chosen. Clearly
v,(C_y) =t < vy(a) — a,

and the other conditions that need to be satisfied in order for corollary 24 to

be applicable are

t < v,(V),
t < vp(Yy(Ds)) for a <
t < vp(Vy(Ds)) for 0 <

Let us consider the matrix A = (A, ;j)o<w j<a that has integer entries
ot \ (i(p1
AwJ = 20<i(p—1)<7”—2a (Z‘(rp_oi)_f_j) (l(pw ))

Then exactly as in the proof of proposition 26 (the approximation claim on

page 97) we can show that

A =S4 ¢eN +O(ep),
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where

Sy = iy (SHl et (1),

Nw,j _ ZU(_l)wfv (jerfvfl) <s+,6’(pfl)foz+j)a Ziﬁzo <s+,3(p71)7a+jfv>

w—v v i(p—1)+j—v

—[w=0] (s+,6’(p—j1)—a+j)a‘

We still have equation [7.1] since the constants are the same, and since

we have

S(Co, ..., C)T = (O(p),...,0(p))T.

Let B = B, be the (a+1) x (o + 1) matrix defined in lemma [11. That
lemma implies that B encodes precisely the row operations that transform

S into a matrix with zeros outside the rows indexed 1,..., 3 and such that

_[j= S —1)—a+j
(BS)us =p (5 Y)

when w € {1,...,8}. We thus have
BS(Cy,...,Co)t =(0,0(p),...,0(p),0,...)7T,

where the only entries of the vector on the right that can possibly be non-
zero are the ones indexed 1, ..., 5. As in the proof of proposition 26/ we note
that S has rank [ and therefore we can choose Cf,...,C? in a way that
(Co,...,Cu)T € ker BS. Then 9,,(D,) = O(e) for all w, and the conditions
that need to be satisfied are J,,(D,) = O(ep) for 0 < w < o and ¥’ = O(ep).

These two conditions are equivalent to the single equation

A(Oo, c ,Ca)T = (—Cfl, O, C ,0, 071) + O(ﬁp),
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which is itself equivalent to

BN(Cy,...,C)T
= (0,~(2)(Cae™), o, (=12 (2)(Ce™) | + BSv+O(p)

for some v. Thus, if R is the @ X a matrix over [, obtained from BN by
replacing the rows indexed 1,. .., with the corresponding rows of BS and
then discarding the zeroth row and the zeroth column, the condition that

needs to be satisfied is equivalent to the claim that

(0= B Ao 100 fo ()

is in the image of R (since Cy = O(p) and C_je”! € Z). This is indeed the
case since R is the lower right o X o submatrix of the matrix @ defined in the
proof of proposition 26/ (where it is shown that @ is equal to the matrix M
from lemma 16) and is therefore upper triangular with units on the diagonal.
Thus we can apply part (2) of corollary 24 with v =¢ and conclude that

ind% , sub(a) is trivial modulo .7,. u

7.4 PROOF OF PROPOSITION 32

Let us define C_1(z),...,Cy(2) € Zy|#] as

Ci(2) = (37371 arr iy =0,
1)t [ o
(3'14):1 ( a_j1>(z—04) if je{l,...,a}.

We apply part (1) of corollary 24 with v = 0 and

(C_1,Ch,...,Cq) = (C_1(r),Co(r),...,Cu(r)).
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The two conditions we need to verify are v,(J,,(D,.)) > 0 for 0 < w < a and

v,(¥') = 0. These two conditions follow from the system of equations

Z?:o Cj > 0<i(p—1)<r—2a (i(Tp__OSrij) (i(p;n) = —[w = 0] (5;1_11) +0(p) (7.2)

for 0 < w < . Let F, j(2) € F,[z] denote the polynomial

S0 () ) ) - ) 0) - ) (),
By (6'9)7 A '
20<i(p71)<r72a (Z(Tp_,of)t]rj) (Z(ngl)) = Fw,j (T)7

so the conclusion of lemma 14 evaluated at z = r implies (7.2). Thus we can

apply part (1) of corollary 24/ and conclude that Z/\f\a is trivial modulo .%,. =

7.5 PROOF OF PROPOSITION 33

First let us assume that g € {0,...,a}. If we attempt to copy the proof of
proposition 26 in this setting, the one place where we run into problems is
that some entries of the extended associated matrix N are not integers (i.e.
when we extend the number of rows in A, S, and N to 2v — a by defining
Ay j, Swj, and N, ; with the same equations used for the first o 41 rows,
we get entries which are not integers—see footnote |1). To be more specific,

the equation for N, in this setting is

PNyo = (Hmﬁl)_a)a 22i50 (S+6(p_1)_a_w) + O(p),

i(p—1)—w

where the second term is O(p) because it is still true that
r-a—-w s+B(p—1)—a—w) __
250 (i(p71)7w> — >0 ( igflgfw ) = O(ep).
On the other hand,

Siso (R0 T) = Sie(-1! (1) Ziso ()
= (=1(,",) + Op).
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So Ay = Swo+ O(e) is integral if w < s — « and

Auo = Suo + (=12 (27) et + 0(¢)

S—x w

if w > s —a. Note that 8 € {0,...,a} and s > 2« by assumption, so Sy is

still always integral, and if s — o < w < 2v — « then

(s—a—ﬂ>a _ yrehmeil

w w(siuojfllﬁ P

What this means is that if we proceed with the proof of proposition 26 and
apply lemma 23 with the constants (C_1, Cy, ..., C,) constructed there such

that Cj is a unit, then we obtain an element

(19/ + C—l) °x23, gamp—lyr—a(z)+1)—p+1 + 0O, k23, gn oy —np—a

+ 38" Be okzg, 0he + Fogzg, W+ 1
which is in im(7" — a) and is such that

v,(C1) = v, (V) =t + 1,
vp(Be) 2 t+1fora+1<E<s—a,
vp(F) > t+1,

and with H as in lemma 23. However, v,(Es_,) =1 and v,(E¢) >t for
¢ > s — a.. Therefore if t > v,(a) — a then the dominant term is H and we
can conclude that a submodule of finite codimension in 7(ind%., quot(a)) is

trivial modulo .#,, and if ¢ < v,(a) — a then the dominant term is
Es—a .KZ,@p 0870&hs—0¢

and hence N,_,, is trivial modulo .7, by part (2) of lemma 23.

Now let us assume that 8 > a. We use the constants constructed in the

second bullet point of the proof of proposition 26, and we apply lemma 23.
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This gives an element

ol °x 2T anp—lyr—a(p—i-l)—p—i-l
"ep

+ Zgi;ﬁ_}l Ef .KZ,@p 05h5 + F .KZ,@p h'+ H

which is in im(7" — a) and is such that

and with H as in lemma 23l This time the dominant term is either
oy %23 Qawpflyrfa(erl)prrl
»p

or

Es—a .KZ,@p 987&}1’3—04

depending on whether g € {a+1,...,s—a} or f>s—a. Thus in the
former case ]/V\a is trivial modulo .#,, and in the latter case ]/\75_@ is trivial

modulo .%,. n

7.6 PROOF OF PROPOSITION (34

By proposition 32 we may assume that g & {1,...,a+ 1}, and by propo-
sition 33/ we may assume that f # a+1. If a# J and g€ {1,...,5s —a}
and s — o < vp(a) — t then the claim follows from proposition 33. Thus it is
enough to show that if 5 € {1,...,a} then

o~

T(ind%, quot(a)) if a > v,(a) —t,
N, ifa<wy(a)—t

is trivial modulo .#,. If a < v,(a) —t we apply part (1) of corollary 24, and
if & > vy(a) —t) we apply part (5) of corollary 24. In both cases we choose
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v =1 and

(,1)&+5(sfa)(a*5+1)< a )e if j = —1,

/32(201—5—}—1)(2‘) s—a
Cj = 1 ifj =0,
g (5 [t} i
f(&x—j&s_u) (j+1> itje {1, - ,a}_

Since v,(C_y) =t and Cy = 1, the conditions we need to verify in order to

be able to apply corollary 24 are

t < vp(Vy(Ds)) for a <
t < vp(Vy(Ds)) for 0 < w < a,
¥ =—C_1+ O(ep).

w < 2V — a,

Let us consider the matrix
A = (Auj)o<w,j<a
that has integer entries
Awj = Xo<ip—1)<r—2a (ig;_oiﬁ» (i(p;))-
Then the second and third conditions are equivalent to the claim that
A(Cy,...,Co)T = (—=C1 + O(ep), O(ep), ..., O(ep))" .

As in the proof of the approximation claim on page 97 (and as in proposi-

tion 31) we can show that

A= S+4¢eN +O(ep),
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where

Z <s+ﬁ(p B+a+1> (i(pfl)) _ <S+6(p71)*a+j) (6(17*1))’
i(p—1)+j w s—a w
Nug = S0 (P ) (700 ) sy (H )

() (Y () - ()

The first condition follows from an argument similar to the one in the fourth
bullet point in the proof of proposition 26: if we extend the number of rows
in A, S, and N to 2v — a by defining A, ;, Sy ;, and N, ; with the same
equations used for the first o + 1 rows, then we have A = S mod € and so
we can replace A with S + O(e), and 9,,(D,) for each a« < w < 2v —a is a
Zy-linear combination of ¥(Ds) = O(€),...,Va(Ds) = O(€). And, as in the

proof of proposition 26, the second and third conditions follow if

—Cye1,0,...,0)" + Sv+ O(p) for some v.

Let B = B, be the (a+ 1) x (o + 1) matrix defined in lemma [11. Then BS

has zeros outside of the rows indexed 1,...,3 — 1, and
. (s+B(p—1)—otj
(BS); = ("6 ™)

for i € {1,...,8—1}. Let R denote the (o + 1) x (o + 1) matrix over F,
obtained from BN by replacing the rows indexed 1,...,3 — 1 with the cor-

responding rows of BS. As in the proof of proposition 26 we can compute

(BN )iy = Shoa(= 1 () (20) (7029) (75377
—li= 0l = Al ()

T
= T _ (0 a) st [ o
R(Co,Ch, ..., C) _( e (_),o,...,o) .
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So the conditions we need to apply corollary 24 are indeed satisfied, and that
completes the proof. "

7.7 PROOF OF PROPOSITION 35

This is the first time that we consider an « such that a > s. The major
difference in this scenario is that s is not the “correct” remainder of r to
work with and instead we should consider the number that is congruent to r
mod p — 1 and belongs to theset a + 1,...,p — a — 1. Let us therefore define
Sq =T — a+ «, and in particular let us note that s, = s for s > a (which
has hitherto always been the case). Then the computations in the proof of
proposition 26 work out exactly the same if we replace every instance of s with

7

S (and the restricted sum “3-,.0" with “X o ;—1)<;—o” When s, =p —1).

The sufficient condition for these computations to work is
(=2 ez

which is indeed the case since s, —a=p—1+4+s—a > 2rv—a. So there
is an analogous version of proposition 26, and we can conclude the desired
result—as the proof of proposition 26 works nearly without modification, we

omit the full details of the arguments. "

7.8 PROOF OF PROPOSITION 36

Let us write o = 5 + 1 and, as the claim we want to prove is vacuous for
s =2, let us assume that s > 4 and in particular o > 3. We apply part (3)
of corollary 24 with v chosen in the open interval (v,(a) — «,t) and

0 ifj e {-1,0},

Cj = . ‘
(=17 () + (~1) Y (a = 2)(53) +pC; ifje{L,...,a},

128



for some constants C7, ..., C} yet to be chosen. The conditions necessary for
the lemma to be applicable are satisfied if C = > G (T_?J“j) € Z, and

for 0 < w < 2v — a. We have

C=3,C(",20) + o)

=145 (17 (757) + (e = 2)(537)) (72275) + O)
=—-1+0(p) €Z;

by (c-e) since &« — 2 > s — o — 3. And, since
JSs—a—-p+j<s—f<p—i,

we also have

(s+5(p—1)—a+j> = (ﬂ) <S_a_ﬂ+j) + O(p).

i(p—1)+j i j—i

Thus the equality ¥,,(D,) = O(p) follows from the fact that
i (a—2\ (s—a—pB+7) __
EZjQ_])J<j—2><s—a—ﬁ+§) =0,

which follows from (c-¢) sincea —2 >a —-2—(F+i=s—a— [+ i. More-
over, we can choose

* *
Ci,...,Cx

in a way that J,(D.) =0 for 0 < w < 2v — « similarly as in the proof of

proposition 26 since the reduction modulo p of the matrix

() ey = (O (T527) 00

is upper triangular with units on the diagonal. Thus the conditions we need
to apply corollary 24| are satisfied and we can conclude that N, /241 18 trivial

modulo .%,. n
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7.9 PROOF OF PROPOSITION 37

.

2
let us assume that s > 4 and in particular a > 3. The only obstruction in

Let us write a = 1 and, as the claim we want to prove is vacuous for s = 2,

the proof of proposition 33| that prevents us from concluding that N, J2-1 18

trivial modulo ., is that the dominant terms are
E. °73, Qghg
for § <& < 2v — 5 rather than H. We can see from proposition 36| that
Esppi10k27, 98/2+1hs/2+1 = X1 + T2,

with v,(z1) > t+ 1, and with o € im(7T — a). Since the valuation of the
coefficient of H is less than ¢+ 1, we can remove the obstruction coming
from

Esj2119k27, 0> by o1

by replacing it with ;. If s = 2v — 2 then this is the only obstruction and we
can conclude that Z/\Ts /2—1 is trivial modulo .#,. Now suppose that s < 2v — 2.
Then just as in the proof of proposition 26 we can apply part (1) of corol-
lary 24 and conclude that ]/V\a is trivial modulo .#, as long as (¢,0,...,0)T is

in the image of the matrix A = (A, j)o<w j<o that has integer entries
r—o+j i(p—1
Aug =0 (5537 ) (720) = Suy + eNuj + O(ep)

with S and N as in proposition 31. However, this time we can deduce more
than that: since s < 2v — 2 it follows that

s/241, r—s/2—1

10Kz,@px Y

is equal to

0 .KZ,@p 65/2+1x5/27n+1yrfnpfs/271 + 13
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for some g, with v,(g1) > v,(a) — 5 — 1 and some x3 € im(7T — a). This in

turn by proposition 36 is equal to
g2 0k, 0/ hy + 24

for some gy with v,(g2) > t, some ho, and some x4 € im(T" — a). Here we use
the fact that the valuation of the constant C from proposition 36 is at least

one and therefore the corresponding term H is
go .KZ,@p 03/2+1xs/27n+1yrfnpfs/Qfl + 5 + O(G)

for some g5 with v,(gs) = v,(a) — 5 — 1 and some x5 € im(7" — a). In general

the error term would be
C«lapfs/2g4 .KZ,@p 08/21.5/27nyr7np75/2 + O(E)

rather than O(e)—a description of this error term is given in part (2) of

lemma 20. This implies that we can add a constant multiple of

s/2+1,r—s/2—1

Lerzg, 2%y
to the element

S D; ek, ilp=D+ayr=ib-1=-a 4 O(gp=)
from the proof of lemma 22, and we can translate this back to adding the

() ()

to A. As in proposition 31/ we can then reduce showing that (e,0,...,0)7 is

extra column

in the image of A to showing that

is in the image of the (a + 1) x (a4 2) matrix R which is obtained from the
matrix @ defined in the proof of proposition 26| by replacing all entries in the
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first row with zeros (because this time we do not divide the corresponding row
of A by p) and by adding an extra column corresponding to the extra column
of A. Thus, if we index the extra column to be the zeroth column, the lower
right a X o submatrix of R is upper triangular with units on the diagonal,
the first column of R is identically zero, and all entries of the first row of R
except for FQO are zero. As when computing (W)” in proposition 34| we
can find that

Roo=io (0 = @/(-5-1)
with
D(2) =Y, (zjz) _ (z-i—z-i—l)_
Thus

Ry = (a;ﬂ)a = % # 0,

which implies that (1,0,...,0)7 is in the image of R. Thus the conditions
we need to apply corollary 24 are satisfied and we can conclude that ]/\75 /2-1

is trivial modulo .Z,. ]

7.10 PROOF OF PROPOSITION 38

Let us write @ = 5 + 1. The reason why the proof of proposition 36 does not
work for § € {a—1,a} is because C' = O(p) for the constructed constants
C;. However, since t > v,(a) — 3, if Ce pZ, then the dominant term coming

from lemma 23 is
H = bH(g?) .KZ,@p enxa—nyr—np—a + O<pu—a+1)

for the constant

«@

by = 2C

1-p
which has valuation v,(a) — o + 1. As in proposition 37 it is crucial here that
C1 = O(p). Just as in the proof of proposition 36/ we can reduce the claim

we want to show to proving that there exist constants (4, ..., C, € Z, such
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that C; = O(p) and

(<s+ﬁi((£:8;?+j>)Ogi<5,0<j<a (C, ..

LO)T = (p,0,...,0)T,
Therefore it is enough to show that the square matrix

Ay = (p[jzl]_[igﬁ_aﬂ} (SJF[?((;;:B;?H))KKB,a—ﬁ<j<oc

has integer entries and is invertible (over Z,), as then we can recover

C’1:O&nd (CZ"”’CQ)T:Aal(l,o,...,O)T 1fB:Oé_1,
(Ci/p, ..., Ca)T = AF1(1,0,...,0)T if § = .

This follows from lemma 19. So the conditions we need to apply corollary 24

are satisfied and we can conclude that ]/\fS /241 1s trivial modulo .%,. L]

7.11 PROOF OF PROPOSITION 39

Let us write o = 5 + 1. This time the proofs of both parts (36) and (38)
break down since C' = O(p) and the dominant term is no longer H. Let us

slightly tweak these constants and instead use

(=1)% ifj=—1,

Cs = atj+l, (a=2) ¢
(—1)ots oz(j_2> it 7 €{0,...,a}.

Let R be the matrix constructed in proposition [34. Then just as in the
proof of proposition 36 we can show that C = O(p), and just as in the proof
of proposition 31/ we can show that the dominant term coming from equa-

tion (4.3) in lemma 23 is
(19/ + 0_1) *x70, anp_lyr_a(p-i‘l)—p-i-l +C 4 °x 23, ana—nyr—np—a

(and therefore that indf, sub($ + 1) is trivial modulo .#,) as long as

R(Cy,...,C)" =(0,...,0,1)".
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This follows from lemma 18, Thus the conditions we need to apply corol-
lary 24 are satisfied and we can conclude that ind$, sub(5 + 1) is trivial

modulo .Z,. L]
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