-

View metadata, citation and similar papers at core.ac.uk brought to you byff CORE

provided by Dehesa. Repositorio Institucional de la Universidad de Extremadura

EXTRACTA MATHEMATICAE Vol. 30, Ntam. 1, 15—27 (2015)

Real Analytic Fréchet Algebras Containing
Algebras of Holomorphic Functions

MARK G. LAWRENCE

School of Science and Technology, Nazarbayev University, 53
Kabanbay Batyr Str. Astana, Kz. 010000

mlawrence@nu. edu. kz

Presented by Alfonso Montes Received Decembre 10, 2014

Abstract: A class of Fréchet algebras of real analytic functions is constructed, with a weaker
condition than complex analyticity. These algebras consist of functions on Stein spaces; a
related construction on CR manifolds of a certain type is also given.

Key words: Fréchet algebras, CR extension.
AMS Subject Class. (2010): 32V25, 46H20.

A fundamental, well-known property of the algebra of holomorphic func-
tions on a domain is that it is closed under the topology of uniform convergence
on compacta. Considering the holomorphic functions as a class of real ana-
lytic functions, we see that this class of real analytic functions is closed in the
given topology. More generally, solutions of elliptic PDEs are real analytic, or
smooth, given suitable conditions on the coefficients; furthermore, uniformly
convergent sequences of solutions to the PDE are again solutions, hence real
analytic or smooth [5].

All of this is old theory, familiar to analysts. In this paper, we demonstrate
an entirely new way of creating algebras of functions, closed under the topol-
ogy of uniform convergence on compacta, strictly containing the holomorphic
functions (on the given domain), such that all functions in this algebra are
real analytic. The functions obtained thereby satisfy no elliptic PDE; the real
analyticity stems from moment conditions, and is proved by the technique of
complexification and CR wedge extension. We construct examples on C™ for
any n, on some Stein spaces, and even related algebras on C'R hypersurfaces,
such that there is a real analytic extension on one side which is holomorphic
in some directions, but not fully holomophic. There are infinite dimensional
examples, but we do not explore this in detail in this paper. The techniques
of proof are those used by several authors to prove holomorphicity of func-
tions on domains, or holomorphic extensions from boundaries, via moment
conditions.
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The paper has a short review of the 1-dimensional extension property and
the relevant CR wedge extension theorems, after which the main theorems
are stated and proved.

1. THE 1-DIMENSIONAL EXTENSION PROPERTY AND THE
TECHNIQUE OF CR WEDGE EXTENSION

The 1-dimensional extension property applied to a family of curves is one
method of determining if a function is holomorphic, or in the case of bound-
ary values, of determining whether a function has a holomorphic extension
to a domain. An early version of this was a paper by Stout [10]. He proved
that a continuous function f on the boundary of a C'' domain D C C™ has
a holomorphic extension to D if for every affine complex line L such that
LND #0, flopnr has a continuous holomorphic extension to D N L. Many
theorems improved on this result by limiting the family of lines, including
results in papers by Dinh and the author [3] [8]. A different but related case
of the 1-dimensional extension property was examined in papers by Tumanov,
Globevnik, Agranovsky, as well as a preprint by the author [1] [6] [11]. These
papers were considered with the so-called "strip problem", its variants and
generalization. In the strip problem one asks whether a function on a hori-
zontal strip in the plane, having the property that it extends holomorphically
from translates of a curve (whose height equals the height of the strip) must
be holomorphic. In the papers of Globevnik and Tumanov, the method of CR
wedge extension was used.

All of the above-mentioned papers were concerned with holomorphic ex-
tension, or whether a function is holomorphic. In this paper, we analyze
how real analyticity can be a consequence of the 1-dimensional extension phe-
nomenon, even when holomorphicity is not obtained. For a discussion of the
wedge extension theorems which we need, see [2], [12] [13].

We make the convention that a real analytic function of may be written as
h(z) or h(z,%Z). The complexified function, where one sets w = Z, is also writ-
ten h(z,w). We call a function f(z,%) entire real analytic if it is the restriction
of an entire holomorphic function f(z,w) to the set {(w, z) : w = Z}.

All examples are based on the following definition.

DEFINITION 1. Let X C C be a discrete set. The algebra Ax consists of
all continuous functions f on C such that if p € X and r > 0, f|{z:
has a holomorphic extension to {z: |z — p| < r}.

|z—pl=r}
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If X ={aj,aq9,...}, we may write Ag,q,...-

Our construction is based on a property of Ag,qq45. Following the method
of Globevnik and Tumanov, we complexify the circles and the discs they
bound. Set Vi, = {(z,w) : 0 < |z —a;| < r,w = era + a}. Denote
by Fj the function on M; = U,V;, defined by F;(z,w) = Fj(z), the holo-
morphic extension of f. Let M = U;M;. This is a union of three Levi-
flat hypersurfaces meeting in the totally real edge w = Z; let I be the
function which is equal to F; on each M;. M; is contained in the quadric
pi(z,w) =Im((w—a;)(z — a;)) = 0. Let us first consider the extension from
the union of two M;’s. Let us take ag = 0 and a; = 1 for convenience of
exposition. The change of coordinates 7 = zw and ( = zw — 2z —wis 1-1 in a
neighborhood of any point (z,%Z) with z # R and sends pg = 0 to Im(7) =0
and p; = 0 to Im(¢) = 0. In the case of two linear C R manifolds N; and
Ny in C? intersecting transversally in a totally real edge (see e.g. [13]), a
continuous C'R function F' extends locally onto a full neighborhood on the
side of N1 U Ny near a point in the edge, if N7 and N» intersect in an angle
less than 7; the extension is on the side of the angle less than m, of course.
For My and M, the extension criteria applies at any point (z,z) with z # R;
in general, when the point z is not on the line determined by the two points
in X.

The fiber of M; over z, denoted by (M;),, is the line w = @; + ziai,
|z — a;| < r < oo, which is a ray from Z to co with slope z — a;. Suppose that
for some zq, all three angles between adjacent rays are < m. Let a be one of
these angles in C,,. Write a(z) for the angle in C, between the rays of the
same pair of C'R manifolds, for nearby z. As noted in the last paragraph, the
function F' extends to an open set U with (z,%) € U, which fills out one side
of the union of two of the M;’s, the side whose intersection with the vertical
fiber C, is the angle a(z) between the two rays. If z is contained in the
interior of the triangle determined by a1, as and as and if that triangle is non-
degenerate, then the angles between adjacent rays will be less than 7 and we
can conclude that the function F' extends holomorphically to a neighborhood
of (z,%) in C2.

The above criterion immediately gives our first theorem.

2

THEOREM 1. Suppose that ay, as and as are not collinear. Then any
continuous function f(z) € Ag, a,a5 1s real analytic inside the triangle with
vertices a1, as and as.

A couple of remarks. First, if the circles are replaced by any real analytic
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curves whose complexifications are sufficiently close to those of the circles,
near {w = Z}, then there will be real analytic extension into some piecewise-
smoothly bounded region close to a triangle.

By modifying this construction, we can create an algebra, closed under the
topology of uniform convergence on compact sets, such that any function in
this algebra is real analytic on all of C.

THEOREM 2. Let X C C be a discrete set with the following property:
for some z € C, there exist a set of triangles T,,, containing z in the interior,
with vertices in X, such that in T,, are uniformly bounded below and such
that for all r > 0, 3N with the ball B(z,r) contained in the interior of T, for
alln > N. Then if f € Ax, f is entire real analytic.

Proof. Since the triangles T, eventually fill up the plane, the claim that
f is real analytic is proved. To show that f is the restriction of an entire
function, we use scaling of the argument from Theorem 1. A function f which
is in Aqg, ap.05 €xtends to a holomorphic function on C? on the ball B(z,7)
for some r if z is in the triangle with vertices at ai, as, ag. The value of r is
bounded below, depending on the distance to the boundary of the triangle and
the smallest angle. This follows from the continuity of the wedges depending
on the C'R manifolds under consideration. As the vertices of the triangle
tend of oo, then by scaling, the value of r also goes to co. This proves that
f is entire real analytic. To prove that there are non-holomorphic functions
in Ax, we note that the function |2|?(z — a) has a holomorphic extension
from every circle |z — a| = r. An example of a non-holomorphic function is
f(2) = |2|?9(2), where g is an entire function vanishing at all points of X. 1

Since the functions in Ay extend to functions on C?2, let us also consider
the algebra A% consisting of entire holomorphic functions f(z,w) such that
f(z,%Z) € Ax. The proof of Theorem 2 contains the following fact:

LEMMA 1. There exists a constant C' > 1 and a sequence R,, — oo such
that

sup |f(z,w)| < sup f(z,2)
|Z‘§an‘w‘§Rn ‘Z|§0Rn

for f € A%. The constant C' is independent of f.
The proof of existence of non-holomorphic functions depends on the curves

all being circles. The author believes that given two generic concentric curve
families, a function which possesses holomorphic extensions from every curve
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in both families must be holomorphic. This is related to the strip problem, as
well as theorems of Agranovsky. However, those theorems only apply to one
continuous family of curves. A further remark is that the author has shown
in [7] that in the setting of the 1-dimensional extension property, CR wedge
extension theorems hold if a function is in L}, .

2. EXAMPLES IN HIGHER DIMENSIONS

A natural attempt to generalize Theorem 2 is to use a construction with
concentric spheres. Let S! and S? be two families of concentric spheres in
C? with centers at z; and 2z3. Assume that C! function f(z) has holomorphic
extensions from all of the spheres. Let S7 and S5 be the two spheres, one from
each family, which contain a point z. Then the sum of the complex tangent
spaces is the whole tangent space at z: TCS; + TC Sy = TEC2. Since f
satisfies the Cauchy-Riemann equations in the tangential directions of each
sphere, it satisfies those equations in all directions, thus is holomorphic.

Extension from spheres gives too much information. Instead, assume that
f extends from concentric circles contained in parallel complex planes. Given
a point p = (a,b), we say that f € A, if for every w, f(z,w) extends holo-
morphically from each circle |z — a| = r; also for fixed z, f extends holo-
morphically from all circles |w — b| = r. Given centers p; and py, a non-
holomorphic function in Ay, is (z — a1)|z — az|? or (w — ag)|w — a1|?. The
directions of the z and w axes can be changed, so that we add the require-
ment of extension from circles |z + fw| = r in the planes —f3z + aw = k,
where |a|? + |3]? = 1. In this case, (aw — B2)(z — a1)(w — by)|az + fw|? is
a non-holomorphic function with extension from the concentric circles in all
four directions: z, w, az + fw, aw — Bz.

Following the same procedure as in Theorem 2, we find a set of centers
X in the z-plane and a set Y in the w-plane, both satisfying the conditions
for creating entire extensions of functions in Ax and Ay. Denote by Axy
the algebra determined by the circles in the horizontal planes with centers in
X, and circles in the vertical planes with centers in Y. Thus if f € Axy,
then for fixed z, f(z,w) is the restriction of an entire function of z, w and
w to the complexification of the w-plane, and for each fixed w, f(z,w) is
the restriction of an entire function of z, Z, w to the complexification of the
z-plane. In other words, f is separately real analytic, in a strong sense. In
general, separate real analyticity is not enough to guarantee real analyticity,
even when the extensions on slices are entire. In this case, however, we have
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the following lemma.
LEMMA 2. Let f(z,w) € Axy Then f is entire real analytic on C2.

Proof. The w and w derivatives of f(z,w) depend on the uniform norm on
each z-slice of C2; hence, for any compact set K C C and any large enough
R, there is a constant C'r such that

8wka@l — Rk+I

6’“+l<f(z,0>)‘ _ Cnr

for z € K. Applying this to a circle |u — a| = r with a € X, we conclude that
for a fixed z with |z —a| <7,

/| flu,w) du (1)

u—al=r U—Z2 2mi

is entire real analytic in w, by differentiating with respect to w and w under
the integral and evaluating at 0, then letting R — oo. Let M; and M»
be two of the C'R manifolds coming from the complexification of the circle
families. M; can be written as (Im(p1) = 0) N (Im(py > 0)) and Ms as
(Im(p1) > 0)N (Im(p2 = 0) for some p;’s which are holomorphic quadratic in
zand 7. Also, let p be the function on C2(z, 7, w, ¢) defined by p} (z, 7, w, () =
pi(z,7); define M} similarly. For each fixed w, we have a C'R function in z
(since the leaves are always graphs, we can leave out 7 independent from
other considerations). Because the integral in (1) is entire real analytic in
w, and using Hartogs’ separate analyticity theorems on the leaves of M}, we
conclude that F' can be extended as a C'R function (holomorphic in z, w and ¢
on leaves) on each M. The same considerations used in the proof of Theorem
1 show that the extension from three wedges create to full neighborhood of
any point (29, Zg) in the (z,7) coordinates can be be taken to be holomorphic
in a full neighborhood of (zy,Zg, wo, Wp) in the (z, 7, w, () coordinates for any

(Z(),QU(]). I

This construction can be lifted to closed analytic subvarieties of C™, in
some cases. Let M be Stein space of pure dimension k. Suppose there is an
embedding ¢ : M — C™. Let V = «(M).

THEOREM 3. Let V C C™ be a k-dimensional complex subvariety. Sup-
pose that the projection w of V onto some C¥ C C™ is a proper, finite mapping
of multiplicity . Let W C CX¥ be the set of points such that #(7~(2)NV) < L.
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Then there exist subalgebras of C(V'), strictly larger than O(V'), closed under
the topology of uniform convergence on compacta, such that every function
in one of these sub-algebras is real analytic on V' \ (x=1(W) N V).

Proof. Without loss of generality, we may assume that the projection from
the theorem is onto the first k coordinates. The hypotheses of the theorem
imply that 7 : V. — CK is [ to 1, for some integer I. Write z = (2/,2"),
2/ =(z1,...2) and 2" = (211, ... 2n). Let X = X1 X Xy x X} be a set such
that each X; satisfies the hypotheses of Theorem 2. Then by Theorem 3, the
algebra Ay consists of entire real analytic functions on C¥. Membership in Ax
consists of a function satisfying various moment conditions on circles in affine
coordinate slices. Denote by 7 the projection onto the first k coordinates. We
define an algebra on V' as follows.

DEFINITION 2. Ay, x is the set of all f € C(V') such that for every circle
C in Ck associated to X, 74 (f)|C has a holomorphic extension to the affine
disc which C bounds. 74 (f) is the pushforward of f—i.e., the value of 74 (f)
is the sum of the values of f in the fiber.

From this definition it is clear that this algebra is closed under uniform con-
vergence on compacta. Also, for any f € V, m4(f) is entire real analytic.

Given a point p € CX\ W, pick a ball B C C¥ centered at p, and disjoint
from W. For any h € C(V) and for z € B let [h](z) denote the 1 by [ row
vector whose entries are the values of h at the [ points of V lying above z
(arranged in some fixed order). Then on a possibly smaller ball B; we can
find functions g1,92...g; € O(V N (771(By)) such that the matrix A whose
rows are the [g;]’s is invertible. Write A([f]7) = w. The entries of w are
real analytic on Bj, and from [f]T = A7lw we see that the entries of [f]
are real analytic. This proves that f is real analytic away from the branch
locus of w. 1

3. ORDER OF GROWTH, ZERO VARIETIES AND VANISHING IDEALS

Let X be any discrete set in the plane satisfying the hypotheses of Theorem
2. The moment conditions of Ax impose growth restrictions from below on
non-holomorphic functions in Ax. This is based on another lemma.

LEMMA 3. Let f € Ag be entire real analytic. Then % = zg(z), where g
is entire real analytic.
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Proof. Examination of Fourier coefficients on the circles centered at 0 im-

plies that o
f(Z,f) = Eogjgiaijzzfj.

This gives %(2) = Yo<j<ibij2'Z, which implies the lemma. NI

For a function f € Ax which is not holomorphic, with associated entire
function f(z,w), this shows that g—f;(z, w) has order of growth on all horizontal
slices which is bounded below, because of the zeroes on the set X (excluding
the possible discrete set of lines where the functions is identically zero). We
can quantify this notion if the set X satisfies an additional hypothesis.

THEOREM 4. Suppose that the set X from Theorem 2 satisfies the condi-
tion that for some a > 1, T;, C {2z : o™ < |z| < a™*1}. Let p be the minimum
order of an entire holomorphic function h(z) which vanishes on the set X. Let
p1 be the order of growth of an f € Ax which is not a holomorphic function.
Then p < py.

Proof. The hypotheses of the theorem imply that there exist C' > 1, s >0
such that

sup  [f(z,w)| < sup [f(z,2)]
|z|<sa™,|w|<sa™ |z|<Csam™
forn=1,2.... Set R, = sa™ Thus, if |f(z)| < e(B)* on |z| < R, for every
n > ng, then
Ckak,r.k
[f(zw| <e (2)

on |z| <7 |w| <r for any r > Ry,. Write f(z,w) = 332a;(w)z/. From (2)
and from [9] p. 5, we get that for |w| <1,

eCkark k
|aj(w)] < <j> (3)

for 7 > jg, with jg independent of w. By Cauchy’s estimates this gives that

j
eCkakk\ *
a5(0)] < (J) .

According to [9] p. 5, this implies that

af (Ckakteyrk
%(z, O)’ <e

sup
[w|<r
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for any € > 0, for all sufficiently large r. Since %(z, 0) is an entire holomorphic

function vanishing on X, this implies the theorem. If %(z, 0) = 0, then vary
0 slightly so get a non-zero function, then apply the argument. [

The proof of Lemma 3. can be improved to describe the generators of Ax.
The author is indebted to Z. Slodkowski for making this observation.

PROPOSITION 1. For a set X satisfying the conditions of Theorem 2., let
h(z) be an entire function which vanishes precisely on X, with all zeros of
order 1. Then Ax is generated by z and Zh(z).

Proof. We use Theorem 2. only for the power series; the structure X plays
no role in the proof.

Let f € Ax. From the proof of Lemma 3., we have %(z) = Yo<j<ibijz'7.
From this we see that %(z) = zg(z), where g € Ax. We also have %(z) =
G(z)h(z), where G is entire real analytic. Suppose for convenience that 0 € X.
Let dy = dist(0, (X \ {0}). On |z| < dp, we have g(z) = G(2)¢(z) where ¢ is
a holomorphic function which is non-vanishing on |z| < dy. This shows that
G satisfies the moment conditions to be in Ag on circles of radius < dy. Since
these moment conditions are real analytic, we conclude that G € Ax, after
repeating the argument at the other points of X.

Now write f(z,w) = X2 ja,(z)w"™. We have

of
e
h(2)G(z,w) = h(z)(g1(2) + 2g2(2)w ... ),
which gives us a1(z) = h(z)g1(z). Thus we can write f(z) = ap(z)+h(z)g1(2)z+

a1(z) + 272 (n+ Dap1(z)w" =

The rest of the terms are obtained in the same manner, noting that gg—,{ =

2"k(z), where k € Ag. 1

Given the set X, one may ask what are the zero varieties of Ax. Consider
an entire holomorphic function g(z) which vanishes at all points of X. Let
p(z,Z) be a real-valued polynomial of degree n in Z. Then g(z)p(z,%z) € Ax
and vanishes on X U K, where K is the zero variety for p. Thus, the zero
varieties of Ax need not be discrete. We can also construct real analytic
varieties which cannot be contained in non-trivial zero variety of a function in
Ax. Consider a graph y = ¢(z), where ¢ is entire real analytic and vanishes to
order 2 at z = 0 (we assume here that 0 € X). Changing coordinates to z and
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Z, we can re-write the defining function as ¢1(2,%) = z —Z + X202 5¢n (2 +2)™.
Noting that the V' = {¢; = 0} is irreducible, we infer that if f € Ax vanishes
on V, then f(2,2) = ¢1(z,2)¢(2,%). Using the equation from Lemma 3 on
the power series for f, we can rule out V being a zero variety for Ay, with
one extra condition. In fact, we show that V' cannot be the zero variety for
an entire real analytic function in Aj.

PROPOSITION 2. Suppose that a(z) = z + X952 9¢,2™ has infinitely many
zeroes, and is not the zero function. If

So<j<iijr = (2 = 2+ S5 gcn(2 + 2)") (Sij20bij 2'2),
then a;; = 0 for all i, j.

Proof. We prove that a;; = 0 and b;; = 0 for all j, by induction on 4.
For i = 0, we collect the anti-holomorphic and constant terms on both sides,
getting the equation

agp = (E;’iobojfj)(f + 220:207,2”).

The left side is constant, while the right side is anti-holomorphic, vanishing
at 0; therefore agy = 0; since « is not zero, this means that by; = 0 for all j.

Assuming that a;; = 0, b;; = 0 for all j and for i < k, we collect the terms
with degree k in z, obtaining the equation

Efzoakakéj = (E?‘;Obkakfj)(é + X5 0cnZ").

Factoring out z* we get that a(Z) times an anti-holomorphic function is
equal to a polynomial in Z, contradicting the assumption about the zeroes of
a. Therefore all the ag;’s and by;’s are 0, as claimed.

4. ALGEBRAS ON CR MANIFOLDS

An algebra Ax on CX¥ can be lifted to a C'R manifold of hypersurface type
embedded in CKkT1. We cover the case k = 1 for illustration. Let M C C?2
be a connected hypersurface such that # : M — C is a submersion, where
7 is the projection onto the first coordinate (the coordinates are (z,w)), and
such that for every z, M,, the fiber of M over z, is a simple closed curve.
If f is a continuous C'R function on M, then for any holomorphic function
g(z,w), h(z) = [, fgdw is holomorphic. Let X be a discrete set satisfying
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the hypotheses of Theorem 2. Define An¢rx to be the set of f € C(M)
such that sz fdw € Ax. Immediately we see that CR(M) C Aprr x. By
Theorem 2, we have that | ar, fdw is real analytic for f € Ay r x.

We can strengthen the result by restricting the algebra. Let O = O(C?)|M.
Let m*(Ax) ={f € C(M) : 3g € Ax, f(z,w) = g(2)}. Let B= 0O ® (7*(Ax)),
with the closure taken in the topology of uniform convergence on compacta.
Let Q be the domain in C? whose fibers over the z-axis are bounded by the
M,’s.

THEOREM 5. Suppose {w =0} C Q. Let f € B. Then

1. For each z, f(z,w) extends holomorphically from M, to €.

2. Let f(z,w) denote the extension of f which is holomorphic on vertical
slices. Then f is real analytic on 2.

Proof. If f € B, then for every z, f|y, extends holomorphically to the
interior of M,. We call the extension F as well. L. Suppose that {w =0} C €.
Then for all non-negative integers n, | M. ﬁl—ﬁ" € Ay gz x. Given a point z,
choose 7 such that {(z,w) : |z — 20| <7, |w| <7} C Q. Set hy(2) = [} J;‘f—,i”,
n=1,2,.... Assume without loss of generality that 0 € X. Pick R; such that
|z0| + 7 < Ry. Then, by Lemma 1, there exist Ry such that for any g € Ax,
SUP|;|<R, |u|<R,; [9(%, )| < sup|,<g, |9(2,Z)]. Let § = min( wyem,z1=r, W],
Then
QWRQ(SupwEMZJz\:RQ ’f(zv w)|)

on ’
which implies that A, (z, «) has the same bound in (|z—zg| < r)x(Jlu—Zp) < r).
Hence the power series expansion in terms of powers of w can be extended
real analytically in the z and w variables. let 71 = min(d,r). Then we can
conclude that f is real analytic in on (|z — zp| < r) x (Jw| < r1). We now

apply a theorem of Fefferman and Narasimhan [4]

[hn(2)] <

THEOREM 6. Suppose f(x,w) be a function on M x U, where M is a real
analytic manifold and U is a complex manifold. Suppose that for for some
open V C U, f is real analytic on M x U. Suppose also that for each fixed z,
f is holomorphic on V. Then f is real analytic on M x U.

For a fixed zp, apply this theorem with M = {|z — 29| < 0} and U any
open subset of €, containing 0, with M x U C () to conclude that f is real
analytic on Q. |1
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We now construct an example of a Hartogs domain such that L>(M) N
CR(M) C BN L*®M is a proper inclusion. Fix an algebra Ax on the z-
plane. Let Q = {(z,w) : |w| < e~?®)}, where ¢ is plurisubharmonic, chosen
so that for some non-holomorphic f € Ax, g(z) = f(2)e ??) € L®(C); set
M = 09. Set C = (L*°(M)NCR(M)) @ (L>*(M) N Ap,x,x); where this time
the closure is taken in L*°. By construction C contains functions which are not
CR; for example, wf(z), where f € Ax is non-holomorphic with f(z)e~?(*)
bounded. The real analytic regularity follows from two things. First, for an
L*> CR function f, [y, fdw is holomorphic, by the definition of weak C'R
functions. Second, the author showed in [7] that in the context of the 1-
dimensional extension property on 1-dimensional families of curves, the CR
functions constructed on Levi-flat C'R manifolds intersecting in a totally real
edge can be approximated locally in LP for p > 1. This implies that the wedge
extension theorems used in Theorems 1 and 2 apply in this setting.

Obviously, within a vertical slice, non-tangential limits exist for any f € C.
We do not know if limits exist along paths which are not contained in a vertical
slice.

5. FURTHER QUESTIONS

Let X; C C,, be discrete sets which make the argument of Theorem 2
go through, and let A, = Ax, x,,. x, be the algebra on C". We have in-
jective homomorphisms ¢,, : A, — A,11 given by ¢ o f(z1,22,...2n41) =
f(z1,22...2,). Let As be the direct limit of this sequence of algebras. These
examples may have interesting properties, depending on the sets X;; we have
not begun to examine this question.

Questions remain about the algebra Ax where X C R. We are unable
to construct functions in 4g; which are not real analytic. If X is an infinite
discrete set, especially if there are points tending to both infinities, we wonder
if there are additional smoothness properties of Ax of any kind. The results
of Section 3 indicate that the ideal structure of Ax may be quite intricate,
even in the 1-dimensional case. The examples for CR manifolds and Stein
spaces might allow even further generalizations.
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