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Measuring irreversible dynamics of a quantum harmonic oscillator
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We show that the unitary evolution of a harmonic oscillator coupled to a two-level system can be undone by
a suitable manipulation of the two-level system—more specifically, by a quasi-instantaneous phase change.
This enables us to isolate the dissipative evolution to which the oscillator may be exposed in addition. With this
method we study the decoherence time of a photon mode in cavity QED, and that of the quantized harmonic
motion of trapped ions. We comment on the relation to spin echoes and multipath interferometry.
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Decoherence is currently under investigation theoreticallyharmonic, and it couples to an internal atomic transition
and experimentally1], thereby searching for the boundary when the ion is irradiated by a lasg3]. We discuss below
between the quantum and classical rea[®g8]. From the how the decay of these oscillators can be studied by means
point of view of technical applications, scalability of coher- Of the proposed scheme.
ent control—like that needed in a quantum computer—is be- Let us consider the resonant interaction between a TLS,
ing pursued intensively and is limited mainly by the presencevith lower state[g) and upper statge), and a harmonic
of decoherencfl,4]. With the tools of quantum optics, it has Oscillator, with creation and annihilation operatafsanda,
become possible to create quantum states of high pistjty respectively. The eigenstates of the number opemdiarare
and to monitor their decay5,6]. The measurement of a denoted byn) with n=0,1,2 .. .. Thetransition energy of
quantum state, however, can introduce additional coherendfe TLS isfiw, equal to the energy of the oscillator quanta.
destruction, caused by the nonunitarity of the state reduction’he coherent dynamics is described by the Hamiltonian
Methods like quantum nondemolition measurem¢nispar-
tially solving this problem, have been implemented for H(t)=H ot Hyioe=Ho+ Hin+ Hiick - (1)
studying nonclassical states of a harmonic oscillator and
their decoherencgs]. Nevertheless, the decoherenceaof  Here,H ;e describes the JC dynamics, composed of the free
bitrary initial states of the quantum oscillator deserves fur-Hamiltonian
ther studies.

In this contribution, we propose a method for measuring Ho=%w(oco+a'a), 2
the decoherence time of a harmonic oscillator prepared in an
arbitrary initial state by suitably coupling it to a stable two- with o=|g)(€el, o'=|e)(g|, and of the interaction term
level system(TLS), whose final level statistics carry the in-
formation of the oscillator decay. The composite system H=#%g(c'a+cah), 3
evolves following a Jaynes-Cumming3C) interaction[8]
for a total duratiorl. At an intermediate instant, after timme  whereg is the coupling constant ;. generates the instan-
has elapsed, the JC evolution is interrupted by a phase kickaneous phase kick at 7 and is defined as
that is, a fast unitary operation applied to the TLS that intro-
duces a relative phase between the levels. We will show that, Hua=fmoo s(t—1). (4)
as a consequence of the phase kick, the coherent dynamics is
effectively reversed, mimicking a time-reversal operationThe effect of the kick alone is thus given by
[9-11]. When7=T/2, the final state of the composite system
matches the initial one, provided that the evolution is unitary. i [7+0
Any mismatch represents a measurement of changes in the Ukick=eXP( _f_LJ dtH()=c'o~0oo'=0,. (5
oscillator state due to external actions and an estimation of ™0
the time in which decoherence occurs. After the durationT, the evolution operator for the whole

This method allows us to separate the irreversible decapgrocess is then
of the oscillator state from the unitary JC dynamics. The

scheme can be easily implemented in two representative sce- U (T)=e (MHT-7y, . e~ (/MHcr

narios in quantum optics, ion traps and cavity QED, for T ¢

studying the irreversible decay of the quantized motion or i 27—T

the electromagnetic field, respectively. In cavity QED, the = 08X 7| Hot —F—Hint| T}, (6)

harmonic oscillator is a mode of the quantized radiation
field, coupled to a resonant electronic transition of atomsvhere the second line exploif$iy,Hi =0 and{H;,,o,}
sent through the resonator and undergoing JC dyngrbils  =0. So the net evolution amounts to propagation governed
In ion traps, the center-of-mass motion of the trapped ion iky a JC coupling of the effective strength
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to a Markovian bath at zero temperaty2]. We assume
1 that the atomic transition is not subject to dissipation by
P itself on the relevant time scale. The initial stat@®) of the
& joint atom-field system is then evolved into the final state in
accordance with
0.98}
p(T)=e"T"7Ke""p(0), (8
0s6 @ ‘ /8 = 0.0005 whereK p=U,jupUa=0,p0, is the effect of the kick at
0 time 7, and the Liouville operatok is given by
1 .
Lp=— ~[H + r_Lar L ar 9
09 p=—7z[Hic.pl+«|apa’—saap—5paial,
P wherex is the field decay rate. This particular choice of the
nonunitary part ofL is taken for simplicity, but the method
0.7 works just as well for other cases. An explicit form f,
the probability for measuring the atom at the exit in staje
can be obtained from Ed8) in the limits kT<1 and «/g
(b) <1. At first order in these parameters, for=T/2 andp(0)
% £ o8 12 16 =1g(9 @ = mpnmln)(m|, it is
8
. Lo . - kT
FIG. 1. (@) Numerical valuegsolid line, Eq.(8)] and approxi- Pg: 1— 2 pn'n{—(Zn— 1)
mate analytical valueiglashed line, Eq.10)] of P as a function of n=2 4

gT for different ratiosx/g and the field initially in the number state
|3). (b) Numerical values ofPy for k=0.05g and initial cavity

sin(gT\/ﬁ)_ sinfgTyn—1)

states [2)+i|3))/\/2 (solid line), |2) (dashed ling coherent state K 4aq+n K 4an—1
|a) with a=exp(m/4)/\/2 (dotted ling. g\n g
S \/ﬁ(4n—3)sin(gT\/ﬁ)cos(gT\/n— 1)
27T 4g

geff: T g (7)

—Jn—1(4n—1) sin(gTyn—1)coggTyn)] . (10)

for time T, followed by the phase kick. Since the probability
of finding the TLS in|g) or [e) is measured eventually, this The effect of the decay is evident, causing deviation® of
final phase kick can in fact be ignored. ForT/2, the ef-  from unity. These deviations are oscillatory functions of the
fective interaction term in E(6) vanishes and the final state durationT, resulting from the JC dynamics characterizing the
is just the freely evolved initial statéexcept for the irrel- system evolution. Note that in EGLO) the summation starts
evant phase kiok So, if the initial state werfg) ® | os9, for  atn=2. In fact, forp,,= 5,1 one hasPy=1 in this pertur-
example, the TLS would always be measured in the grounthative limit, the deviations appearing at second ofdé&.
state after the interaction. The effect of the kick consists thus In Fig. 1, we plotP4 as a function of the duratioil.
in symmetrizing the JC evolutiofiL0], which is somewhat Figure Xa) compares the full numerical evaluation of E§)
reminiscent of spin-echo techniqugs4], where the evolu- with the approximation10) for different decay rate. In
tion of spin4 particles interacting with alassicalfield is  Fig. 1(b), the curves are plotted for different initial states.
undone. We remark that, with this scheme, the external adNote that forcT>1 the cavity state tends to the vacuum, and
tion could come from any other coherent or even incoherenthe probability of counting the atoms in the ground state
process, but not from the probing TLS. Nevertheless, it is itaapproaches unity again. How big the deviation frég=1
final statistics that carry the information about the effect ofshould be for considering that the system has decohered is a
the environment on the oscillator. question that will depend on each particular case or use.

We now turn to the application of this scheme to the par- The decay of the field phase can be studied by adding to
ticular scenario of cavity QED. The quantized electromag-the proposed scheme a Ramsey zone at the exit of the cavity,
netic field in a cavity is probed by atoms that fly through thewhich performs the unitary transformation xp¢(o€*
resonator and whose dipole transition couples resonantly to & o'e '¢)]. In this way, the Ramsey zone and the detectors
privileged field mode, undergoing the JC interaction de-constitute a field-phase-sensitive deviité]. When only the
scribed byH ;¢ in Eq. (1). The phase kick could be imple- coherent atom-field interaction takes place, we h
mented by a laser that quasiresonantly couples the groundcog¢, independent of the initial state of the field, and the
state of the atom to a third atomic level, thereby realizing adecay of the field phase is measured through the deviations
fast 27 pulse[11]. We consider the proposed scheme forfrom this value. In Fig. 2, we plot the phase sensitive prob-
measuring the decoherence time of the cavity field, coupledbility P, after the Ramsey zone with= /4, /=0, as a
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0.6 In general, the scheme can be applied to studying deco-
herence in the collective motion of a chain Mfions [18],
055 i.e., a linear crystal of ions, achieved in linear ion traps at
sufficiently low temperature. In this limit, the chain motion
05 —JVVV\AA/‘-‘\/\/\N\AAANWV\NM along its main axis is described by the collective excitations
of its N normal modes with frequencies, . ..,vy [19]. A
045 dynamics of the JC type can be designed betweeitthisn
(a) internal state and thgth mode of the crystal, by laser irra-
A diation analogous to the one-ion case. Then, the total Hamil-
tonian describing the interaction is given Bifjs?)=H{#)
055 +H{A) with
05 Héj‘ﬁ)=ﬁvﬁ(0';ra'j+agaﬁ) (12
0.45 and
(b)
04
0 5 10 15 HA =hg; g(ofag+ojal), (12

gT

FIG. 2. Phase sensitive, as a function of T for x=0.05g and Wherng s is the Rabi frequency for iopand modes, agz,
0=10g. The initial field States aréa) (|2)+i|3))/v2 and(b) co- andaﬁ are the annihilation and creation operators of a vibra-
herent statéa) with a=exp(a/4)/+/2. In both plots, the constant tjonal quantumfvg, while v, is the detuning of the laser
P¢=0.5 of an initial Fock state is plotted for reference. from the atomic transition and equal to the frequency of the

addressed mode. The dynamics then follows the lines of that
function of the total interaction time for different initial field described for a single ion, except that here #hekick is a
states. Both signals contain a high frequency modulation daser pulse applied to ion In this way, we are able to study
the field frequency, chosen here for convenienceaslOg.  the irreversible decay of a chosen collective mode. Similarly,
For reference, we plot in both figures the curve correspondit is possible to measure the irreversible loss of coherence of
ing to an initial state characterized only by a diagonal densityan arbitrary motional state involving all modes. One would
matrix (dashed ling—a Fock state, say. need to pair the ions with the modes, so that the correspond-

We now study the application of the phase-kick scheme iring Hamiltonian has the fornm =X ; B)HJC a sum over
ion traps, where a JC dynamics between the internal transthese pairs. One could then measure the decoherence time of
tion of the ions and its center-of-mass motion is implementecgach mode, and also of entangled states between different
by a laser. Now, the Hamilton operat@t) applies in the normal modes.
reference frame rotating at the laser frequency. The atomic Here are some remarks on the experimental feasibility of
phase kick can be realized here in a similar way as in théhe proposed scheme in relation to the systems discussed
cavity QED case. Provided that the spontaneous emissidpefore. First, we note that the phase kick is crucial for the
from the atom can be neglected and that the motion isvhole scheme, but it is not necessary to realize the ideal kick
coupled to a Markovian bath at zero temperature, the evoluef Eq. (5). Indeed, the scheme is rather robust against experi-
tion of the density matrix of the composite system is agairmental imperfections that would amount to multiplyiHg;e,
given by Eq.(8), and the results reported above for the atom-of Eq. (4) by 1+ €. In particular, even with an error as large
cavity case are recovered. In the ion-trap situation, howeveas|e|=<7%, we would still cancel more than 99% of the JC
the phase kick is more easily implemented than in cavitydynamics.

QED. For example, we can switch off the laser system, after In the case of cavity QED, our scheme could be imple-
a fast initial coherent JC evolution and before the phase kicknented in the microwave and optical regime. For a test of
and so interrupt the interaction during a convenient period othe decoherence time associated with the population and the
time Tyee. By continuing with the phase kick and a fast final phase of the intracavity field, convenient ratiegy<1 can
coherent JC evolution, the experiment is completed. be found in both regimes. In either case, atomic decay is

This variation of our scheme has features in common withirrelevant in a wide range of interaction times. Furthermore,
Ramsey interferometr{17]. One could say that, during the the kick could be implemented by introducing a sheet of
initial short interaction time, interferometric paths are cre-light—transversal to the mode of interest and crossed by the
ated in the ion-motion Hilbert space and that, after sufferingatomic trajectory at the center of the cavity—by shining a
“dephasing” during timeTy.., these paths are recombined laser through a hole drilled at the side of the cayitiosed
into the initialge=0 superposition. With the aid of an arbi- cavity), or by focusing laser beanfspen cavity. Note that,
trary phase kick, instead of the fixedr2kick, we create a for measuring decoherence in atom-cavity systems, a quality
modulated output that is reminiscent of an interferometefactor that is not too large may be desirable. Further, the use
pattern. This variation could also be implemented in theof an external kick for testing this scheme is not necessary, if
atom-cavity system, but the experimental setup would behe field mode in question changes sign at the center of the
much more demanding. cavity. In this case, the odd spatial symmetry of the field
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naturally undoes the JC dynamics, producing the same effeatethod is based on a phase kick applied to the two-level
as the phase kick for the fundamental mode. system during its interaction with the oscillator, thereby un-
lon traps appear more fitting for testing and scaling thedoing the coherent interaction and isolating the effect of any
present scheme. For example, the atomic decay can be nexternal disturbance affecting the oscillator. We have dis-
glected by suitably coupling either a long-lived transition orcussed applications of the scheme for measuring decoher-
two internal metastable states with a two-photon cohererence times of the quantized field mode in cavity QED ex-
process. Also, JCor anti-J§ dynamics like that discussed periments and of the q_uantlzed motion of trapped atoms in
here as well as pulses of well defined shape and duration af@rmenic traps. We think that the proposed scheme repre-
currently realized. Individual ions of a chain cannot be ad-S€Nts & useful tool for measuring decoherence times in dif-

dressed by a laser in all experiments, but this is not necessag?rent physical systems underg'oing JQ—!ike interactions_. As a
for the present application. It is always possible to illuminate eneral feature, this method' Is sensitive fo any deviation
the chain of ions homogeneously and, by giving an equally’®™ the expected JC dynamics and could also be used, for
homogeneous phase kick, the JC dynamics could be “timd'stance, for measuring corrections to the_ rotating wave ap-
reversed” and tested by measuring the global atomic groungroximation, or for studying the anharmonic coupling among
state. In this case, we replaceby 3o in Eq. (12), and the the normal modes of a chain of ions, or the influence of
phase-kick operator, by Hjajz_ spectator atoms and spectator modes.

In summary, we have discussed a method for measuring This work was partly supported by the European Com-
the decoherence time of a harmonic oscillator by coupling itmission(TMR networks ERB-FMRX-CT96-0077 and ERB-
to a two-level system and detecting its level statistics. Th&=FMRX-CT96-0087.
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