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Cavity QED quantum phase gates for a single longitudinal mode of the intracavity field
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A single three-level atom driven by a longitudinal mode of a higjeavity is used to implement two-qubit
guantum phase gates for the intracavity field. The two qubits are associated with the zero- and one-photon Fock
states of each of the two opposite circular polarization states of the field. The three-level atom mediates the
conditional phase gate provided the two polarization states and the atom interact in a V-type configuration and
the two-photon resonance condition is satisfied. Microwave and optical implementations are discussed with
gate fidelities being evaluated against several decoherence mechanisms such as atomic velocity fluctuations or
the presence of a weak magnetic field. The use of coherent states for both polarization states is investigated to
assess the entanglement capability of the proposed quantum gates.
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[. INTRODUCTION proposal is very interesting its eventual implementation pre-
. sents two main drawback§) it requires a high® cavity that
Throughout the last decade, cavity quantum electrodysystains two different longitudinal radiation modes; iy
namics(CQED) [1-1Q in both the microwave and optical hoth modes must be adjusted to very particular frequencies:
regimes has been used to test the most striking quantughe mode must be on resonance with one of the bare atomic
features of single atoms interacting with zero-, one-, or fewtransition frequencies while the second one must be tuned to
photon states. Some relevant examples are the observationafie of the dressed states built up by the first longitudinal
photon trapping states and sub-Poissonian statistics in theode. We note here that three- and multilevel atoms have
micromaser{1], the generation of photon number states onbeen extensively investigated in the past as a successful tool
demand[2], the single-atom microlas¢B], nonlinear optics  for many quantum optics applicatiofis3] and, in particular,
with single atoms and photoiii4], and nonclassical statistics for quantum informatiorj4,14-17.
in wave-particle quantum correlatiorf§]. In particular, a In this paper, we propose a scheme that, while also using
series of seminal papers by Haroche and co-worf@rd@ @ three-level atom, overcomes the disadvantages of the pre-
have shown that CQED with long-lived atomic Rydberg Viously discussed propos@l2]. We make use of a single
states provides one of the simplest systems to unambiglﬁgng'tUd'nal mode of the cavity to implement a quantum
ously test the nonlocal nature of quantum mechanics. In alPhase gatéQPG between the two qubits associated with the
these experiments, the Rabi oscillations betweévaauum) zero- and single-photon states of the two opposite circular

quantum field and an effectiviwo-level atomwere used to polarization states of this mode. A precise control of the in-
teraction time between the three-level atom and the mode

entangle the cavity field with the atom. Moreover, the_ Pasi yield the conditional evolution needed to implement the
sage of subsequent atoms through the microwave cavity wit PG, provided that the atom and the two polarization states
well controlied velocities was used to entangle them via eijpieract in the so-called V-type configuration and that the
ther real[6] or virtual photong10] allowing, therefore, the two-photon resonance condition is satisfied.
creation of massive Einstein-Podolsky-Rosen pairs. The paper is organized as follows. In Sec. Il we briefly
CQED devices hold great promise as basic tools for quanyeyiew the interaction of a single three-level atom with a
tum networks[11] since they provide an interface between fe\y_photon field, discuss the basic ideas of the QPG imple-
computation and communication, i.e., between atoms anghentation, and determine the explicit conditions for its real-
photons. In this context, it is a very important task to 100k forjzation. In Sec. 11l we address some practical considerations
t_echnlques to quantum engineer the state qf the intracavityy, the physical implementation of QPGs in both microwave
field. Very recently the use oftree-level atonin a cascade  gnq optical regimes. The application of the QPG to the int-
configuration[12] has been suggested to entangle two differ-5cayity field with both circular polarizations in a coherent
ent longitudinal modes of the radiation field in one singleg;ate is discussed in Sec. IV as a method to entangle the

step. In particular, single- and two-bit quantum gates wergntracayity field. Finally, we summarize the proposal and
discussed with the number of photos=0 or 1) of each present the main conclusions in Sec. V.

mode being the quantum bit of information. Although this
Il. MODEL

The model we use in this paper is sketched in Fig) 1
*Electronic address: jordi.mompart@uab.es and consists of a higlp cavity with a single longitudinal
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after the interaction can be written, in general,[sse Fig.

-1)
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FIG. 1. (8 V-type three-level_ configuration under inyestigation. c.1,1) — culc, 1, D) + Boy|Boy), (1)
Hereg,(g-) is the vaccuum Rabi frequency of the coupling between - )
the atom and the rightdleft-)hand circularly polarized field, and Wwhere thec;;, ag, boe, and By, are probability amplitudes
A.(A.) is the corresponding cavity-transition detunitg). Dressed- ~ whose explicit value depends on the detuning and the inter-

state picture of(@) for g,=g_(=0), wac=wp(=wp), and A+=A- action time. For the symmetr_ic case considered hgye
(=A). [Bop(|Dgp) is the bright (dark state combination of =c;y and ag=bgo. |Bor)=(1/v2)(|a,0,D+|b,1,0) [|Doy
|a,0,2) and|b,1,0 (see text =(1/v2)(|a,0,1)~|b,1,0)] is the bright(dark state com-

bination of|a,0,1) and|b,1,0. For interaction times such
mode at angular frequeneay, and a three-level atom with its that complete Rabi oscillations occur, i.e., times for which
two allowed transition frequencies denoted &y, and w,..  the atom is brought back to the internal stae only those
These two atomic transitions couple to the longitudinal cavphases are left whose explicit value depends on the number
ity mode via the two opposite circular polarizatioms with of oscillations and the cavity detuning. Therefore, looking
coupling ratesg. and detuningsA,=w.—w,. and A_=w.  for interaction times that yield complete Rabi oscillations
—wpe For simplicity, in what follows we consider the com- both when the initial state ig, 1,0 (and, therefore, also for
pletely symmetric case given gy =g-=g andA,=A_=A. |c,0,1) and when it islc,1,1), two different QPGs can be
Later on, in Sec. lll, we address the case wheret A_due  implemented:
to the Zeeman effect caused by a stray magnetic field. R ,

Uy = €™%ale,j,k)(c,j K, (2

A. Setting up the idea

") — _ A 7808 ; ;
It is very well known[18] that under the two-photon reso- U, = - ™0, j,k)(c, ), K. (3)

nance condition the V-type system under investigation can bRjqtice thatU. introduces onlv one phase. equal#towhen
appropriately described in the bright-dark states basis Whertefr1 inout st tl 4 1 0 y h P ‘ ’ Iq 0 0.0
the ground statéc) couples only to a particular combination € rl]npu ?jabe tl$ct c? 2 on h e;o?hrar){hea\t/ﬁk;, b ) .
of the atomic bare statda) and|b), namely, the bright state UNchanged, but introduces a phas € other three basis

IB), while remaining uncoupled to the orthogonal Superposi_states. Each of these two QPGs together with arbitrary single

tion, i.e., the dark statfD). In this case, the three-level atom qu_bit gateq12] for both circular polarization states yields
in interaction with the two polarization modes becomes ef_umversal set of quantum gates and, theref.ore., these two
fectively a two-level system, i.e., the atom exhibits Rabi 0s-QPGs can be used to entangle the two polarization states.

cillations between the atomic ground stéteand the bright We want to note that both V- and-type three-level

state|B). Thus, a single complete Rabi oscillation takes theatomic configurations are suitable for the proposal here dis-

system back to the initial state with a global phase that de(_:ussed. The additional advantage of using a V-type scheme is
pends on the detuning. On resonance phase is attained. that the common statie) has lower energy than the other

These features of the V-type three-level system will be usedwo atomic states and can be radiatively stable if it is the
later on to quantum engineer the intracavity field. ground state.

In what follows we define a qubit by the vacuum and
single-photon Fock states. Thus, a single longitudinal cavity
mode can hold two qubits, one for the right-hafad) and To look for the conditions needed to implem&@)y and
one for the left-hando.) circular polarization. To drive the (3) we start by writing down the Hamiltonian of the system.
conditional evolution between these two qubits, a singldn the rotating-wave approximation and the interaction pic-
three-level atom is initially prepared in the internal groundture, the t_runcated _Hamlltonlan of the system restricted to the
state|c) and then the interaction is switched on for a con-computational basis reads=1)
trolled period of time. The particular mechanism to switchon |, _ -iAt -iAt
and off the interaction will depend on the physical imple- H=gla,0,0(c,1,0e™+glb,0,0/(c,0, 1e™ +gla,0,

B. Conditions for the gate operation

mentation and, accordingly, is discussed in the next section. x(c,1,1e"* +g|b,1,0¢c,1,1e" +H . c.

Using the notationi) ®|j)® |k)=|i,j,k) where, respectively, — it CiAt

i denotes the atomic state whjl@ndk denote the number of ger |a,Q,O><c,1,q +9e%b.0,0(c.0.4

o,- and o_-polarized photons, the final state of the system +v2g e"At|BOJ)<c,1,:IJ +H.c., (4)
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whereg is the vacuum Rabi frequency. It will be shown in TABLE I. Best numerical solutions to Eq&Z) and(9), sorted by
Sec. lll that for a suitably chosen set of parameters the cavitihe required interaction time. Detunidgand interaction time are
decay and the spontaneous emission in modes other than thiwen in units ofg andg™, respectively.

cavity mode can be neglected, based on time-scale arga=
ments. Accordingly, we now solve the Schrodinger equation Gate m n p Alg gt
for this Hamiltonian which, in our case, will provide the -

same information as the density matrix of the corresponding Lfl 6 7.985 0 817
master equation' U2 8 10 12.01 2.353 42.73
It is clear from Eq.4) that we deal with three uncoupled 0, 12 15 16.993 2.667 56.55
two-l_evel systems a_lnd a simple analytlcal soly'u_on can be - 4 12 15.992 0707 71.09
obtained by integrating the corresponding Schrédinger equa- !
tion. In each of these three cases, the probability amplitude U, 18 21 24.005 3.062 73.88
of state|c, j,k) evolves in time according to U, 10 15 19.007 1.689 74.41
) glavz A\ U 24 28 30.996 3.328 90.61
Gi(t) = (c.j, KlA0)) = 1- = | .
2 ik U, 0 14 20.066 0 91.10
A A 01 25 29 32.011 3.402 92.34
1 JeE ®) : 16 22 27.004 2022  99.39
with Qg,=040=14g?+A% and,=8g?+A?, and where we
have assumed;(t=0)=1 for j,k=0, 1.. Npte from Eq(4) E= D |C]pkut|2ei§¢jk 2 , (10)
thatcyy=(c,0,0| y(t)) does not evolve in time. Therefore, to jk=0,1

implement the first gate transformati¢?) one needs
At Qoqt Oqqt out_ /~ ; ou ; ;
—=2mm, ——=2mn, —— =(2p+ 1), (6) wherecjk =(c,j,kK| zpjk‘), oy s the difference between the
2 2 2 phase acquired during the gate operation and the exact phase
where the integersn, n, andp should satisfy the inequality ©f the gate defined in Eq$2) and(3), and(:--) denotes the
2p+1>2n>2m=0. Using the definition of)y; andQ,; it average over the four different input states. Figure 2 shows
follows from Eq.(6) that the time evolution of the fidelity for two different values of
the cavity detuningi(a) A=0, and(b) A=2.35. Fidelities
2_gn2_
(2p+1)*=8n” - 4n, (1) oscillate with peak values close =1 for the particular
which is a Diophantine-type equation, whereby for a fixed interaction time values predicted in Table I.
the value ofm is determined through the detunidgaccord-

ing to the relationA/g=2m/n?-n?. The problem then re- o e

1
05y 0998

duces to finding th@ closest to an integer value that satisfies
Eq. (7). Similarly, the implementation of the second quantum
phase gaté3) requires

At _ 1t

Qoit Q
5 =2mm, %:(2n+1)77, = =@p+D7, (®)

leading to the equation
(2p+1)?=2(2n+ 1) - 4n?. 9)

The corresponding inequality readp21>2n+1>2m=0,
while the relation betweem, n, and the detuning if\/g
=2m//(2n+1)2—m?. We report in Table | the best numerical
solutions of Eqs(7) and(9) that, in addition, minimize the
interaction timegt. Note that the values for the detuning and
the interaction time given in Table | are made dimensionless
through the vacuum Rabi frequengy which means that
these results are general in the sense that they do not rely on
any specific physical implementation.

In order to check the validity of our proposal, we have 0 10 20 30 40 50 60 70 80 90 100
numerically integrated the Schrodinger equation for the four gt
different input states iil) and checked for both QPGs how
much the output states deviate in amplitude and phase from FIG. 2. Time evolution of the fidelity® for both quantum phase
the exact phase gate transformation. We have characterizgdtes(solid curve forle and dotted curve fod,). (a) A=0, and(b)
the deviation by the following fidelity: A=2.35.
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3342 and ug is the Bohr magneton. To be specific, the valugs
3340 =1 andg;=3/2 corresponding td=1, L=1, andS=1 have
3338 been chosen.
3336 Thus, gate realizations with fidelitiés>0.99 demand an
3334 accuracy of the atomic velocities on the order of a few tenths
g 3332 of meters per second and magnetic fields smaller than a few
%333'0 tenths of milligauss. Both requ!rements could be acme\_/ed in
£ present CQED experiments with Rydberg atgm@]. Simi-
> sa28 lar results are obtained for the rest of the QPGs shown in
§ 328 Table I.
< 3324
3322 , ,
332.0 B. Optical regime
331.8 By working in the optical regime, all the cryogenic re-
2316 Ly N quirements necessary in the microwave case to reduce the
08 06 04 02 00 02 04 06 08 thermal photon noise can be avoided. In the optical regime, a
Astra) possible atomic candidate to drive the QPG in the intracavity
0.36 0.27 0.18 0.09 0.00 009 018 027 036 field is strontium[19]. Depending on the specific fine-
Magnetic Field (mG) structure component and on its four natural isotdpleee of

i which are bosonic®Sr (relative abundance 82%%%Sr
FIG. 3. Fidelity of the firstU; gate in Table I in the parameter (10%), and ®*Sr (0.5%)], a wide choice of transitions with
plane atomic velocity versus the intensity of a stray uniform mag-different g's, linewidths, and wavelengths are possible. The
netic field along the cavity axis. The parameter settings &re intercombination line 33)_53p1 of 83, in particular, spans

=0, g=27 x50 kHz, and an effective cavity length bf=4 cm. two transitions that couple the ground state with vanishing
nuclear spin with two fairly long-livedr=20 us) degenerate
I1l. PHYSICAL IMPLEMENTATIONS J=1 states. They both fall in the visible range=689 nm,

and hence are easily accessible with common semiconductor

Up to this pplnt we _havg d|§cussed the realization of thﬁasers; and both can acquire a large vacuum Rabi frequency
QPGs for the intracavity field in general terms. Below we /27~25 MHz when high-finesse microcavitiet® = 3

. ical . . . he bhvsi : i _
give some practical considerations regarding the physic 10°) are used[20]. The coherent atom-field interaction

implementation of the previous ideas in both microwave an )
optical regimes. need; to dor_mnate over de_cohere_nce rates; hence_ the strong
coupling regime of CQED is required. For the cavity decay
) _ rate k and spontaneous emission ratethis means thag
A. Microwave regime >(k,7y). As the vacuum Rabi frequenay is not constant

In the microwave regime, single three-level Rydberg at-throughout the cavity mode volume, optimal results will be
oms crossing the higl) cavity could be used to implement obtained for an atom trapped at the antinode of the cavity
the QPGs for the intracavity field. The interaction time canfield. This is experimentally viable, as shown, e.g., in Refs.
be controlled by an accurate selection of the velocity of thd21], where trapping times umptl s have been reported in
incident atoms. Typically, Rydberg atoms used in CQEDthe strong-coupling regime. A possible mechanism to control
yield vacuum-Rabi frequencies on the order gf27  the interaction time could be to switch off and on a magnetic
=50 kHz[6], which would imply gate times of a few tenths field that breaks both the one- and two-photon resonance
of a millisecond for the QPGs discussed in this paper. Thigonditions, and therefore inhibits the dynamical evolution of
time must be compared with the lifetime of a photon in athe system. Results shown in Table | suggest that the gate
high-Q microwave cavity, which can be as large as a fewoperation can be implemented over tinigg, of the order of
milliseconds, and with the atomic lifetime in Rydberg states,1 us. Due to the very high finesse of the microcavifi28],
which can be tens of milliseconds]. lifetimes 7,, Of the order of a few microseconds can possi-

We have investigated the robustness of the previously digdly be achieved, implyingyae=< 7c,,, Which is in turn appre-
cussed QPGs against some of the experimental imperfectiogéably less than the atomic natural lifetimeFor the realiza-
existing in the microwave regime. Figure 3 shows the fidelitytion of gate fidelities= >0.99, the conditionyae< 74, NE€dS
for the implementation for the first gate in Table | as a func-to be satisfied. This is feasible, given the rapid progress of
tion of both the atomic velocity through the cavity and the optical microcavities over recent yed20,21.
intensity of a uniform stray magnetic field along the cavity
axis. The magnetic field plays in general a negative role as it
breaks the degeneracy between atomic stapeand|b) via
the Zeeman effect, i.e., it yields,=—-A_=# 0, such that the Application of a two-qubit QPG to an intracavity field
closed two-level picture for thge, 1, 1)« |Byy) transition is  with well defined photon number clearly produces only a
no longer valid. The relationship between the cavity detuningylobal phase. For quantum computation purposes one also
and the strength of the magnetic field shown in Fig. 3 isneeds to produce single-quigibcal) operations for each po-
given byzA, = ugg;m;B whereg; is the gyromagnetic factor larization. Methods for the implementation of single-qubit

IV. ENTANGLING THE INTRACAVITY FIELD
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24 7 AL B S A S B S B V. CONCLUSIONS
22| -

20k We have proposed a CQED technique to quantum engi-

sl ] neer the intracavity field. Single three-level atoms are used to
oF :625 1 implement two different QPGs between the vacuum and

0.3 ] single-photon states of the two opposite circular polariza-
tions of a single longitudinal mode. QPG realizations with
fidelities above 0.99 and gate times of around 0.1 ms for the
] microwave regime and a few microseconds for the optical
I y regime can be attained, which lie below achievable photon
08 lifetimes in highQ cavities. However, to evaluate the fidelity
04} A also in the case where the gate times are closer to the cavity
02 ' ] lifetime, the cavity decay should be included explicitly in our

00 = — = e N calculations. Some practical considerations such as the role
00 02 04 06 08 10 12 14 16 18 20 22 24

14}
*+ 12
1of
08|

2
I

oo

2 of atomic velocity fluctuations or the presence of a uniform
lo | stray magnetic field along the cavity axis have been ad-
o dressed, showing that the QPGs here discussed can be imple-
FIG. 4. Concurrence between the two polarization states of thenented with state of the art technology. We have applied a
intracavity field(restricted to the computati(.)nall basés a function QPG in the case where each circular polarization of the int-
of the mean photon number of both polarizations. Parameters o, q4.ity field is initially in a coherent state. This, as has been
respond to the first); gate sorted in Table I. demonstrated, constitutes a simple method to entangle the
two polarization states of the intracavity field. We want to
operations for the intracavity field have been considered imote that the ideas here discussed to quantum engineer the
[12]. To only demonstrate the entanglement capability, theréntracavity field could be extended to other CQED physical
is a very simple and accessible approach to entangle the twaystems of current interest, e.g., solid state deVi28s such
circular polarizations of the intracavity field. We will not as superconducting electrical circuits, and superconducting
start with a well defined photon number in each mode, butjuantum interference devic§4,25. Finally, we would like
initially inject into the highQ cavity a product state consist- to note also that the use of three-level atoms in the optical

ing of a coherent state for both circular polarizations: regime has been previously discussed in the CQED literature
" " [4,15. For instance, single three-level atoms inAatype
n m - . s T .
_ a2y % P N conflguratlon have been used recently to deterministically
|, a) =€ go \«"ﬁm ®e mzzo \;ﬂ|m>' produce a single-photon sourfEs.
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