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ABSTRACT. The relationship between the non-tangential
maximal function and convenient versions of the area func-
tion of a general (non harmonic) function in a upper-half
space are studied.

1. INTRODUCTION

Let u be a harmonic function in the upper half space R?**! = {(w,y) : w €
R™, ¥ > 0} of R". Given & > 0, we define the area function of u at a point
x € R™ as the integral of |Vu|? over the cone I'y(x) in the Xy 1-direction:

1/2
(Aau><x>:(j ()|Vu<w,y>|2y*"dwdy) ,

Tx(x

where
Tn(x) = {(w,y) € R |x —w| < ay},

and the non-tangential maximal function of u at x as

(Noqu)(x) = sup |[u(w,y)l.
T (x)

We will also consider the (doubly) truncated cone
Tars(X) ={(w,y) eR"™ :|x —w|<ay, t<y<s}, 0<t<s<oo

and the corresponding (doubly) truncated area function (Ay;,su)(x) and non-
tangential maximal function (Nt su) (x) obtained by replacing T (x) by T r,s (x)
in the previous definitions. Note that (Aqu), (Nxu) correspond to (Ay0,e0U),
(Ng,0,00U), respectively.
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We say that u is non-tangentially bounded at x if (Nx,,su)(x) < co for some
o > 0 and some (all) 00 > s > 0. Calder6n ([7]) proved that, if u is a harmonic
function in R?*! and E is the set of points in R on which u is non-tangentially
bounded, then for almost every point x € E, (Axo,su)(x) < oo forall @ > 0,
s > 0. Stein [24] proved the converse: if F C R" is a set with the property
that for every x € F, there exists ® = «(x) > 0, s = s(x) > 0 such that
(Ax0,su)(x) < oo, then for almost every point x € F, the function u is non-
tangentially bounded at x. These results were first proved in dimension 1 by
Marcinkiewicz and Zygmund [20] and Spencer [23]. Calderén ([8]) also showed
that a harmonic function in R?*! has a non-tangential limit at almost every point
where it is non-tangentially bounded. Summarizing: if u is a harmonic function
in the upper half space R?**!, the sets

{x € R™ : u has non-tangential limit at x},
{x € R"™ : there exist s = s(x), & = «(x) such that (Ax,,su)(x) < o},

can only differ in a set of measure 0.

The results of Calderén and Stein above on the connection between the area
integral and the non-tangential maximal function extend to the LP-setting. By a
result of Fefferman and Stein, for all &, B, p > 0, the L”-norm of A is dominated
by the LP-norm of Ng. The converse estimate holds if one in addition assumes
that limy_. u(x,y) = 0 for each x € R". For an Orlicz-norm extension of
this result see the paper [5] by Burkholder and Gundy. The proofs are based
on inequalities relating the distribution functions of the non-tangential maximal
function and the area function. These inequalities, which came to be known as
good-A inequalities, were sharpened by Murai and Uchiyama [22] and Bafuelos
and Moore [3]. The result of Murai and Uchiyama can be stated as follows: If u
is a harmonic function in the upper half space R?*! and 0 < B < «, then there
exist constants C1, C; > 0 (depending on «, B, n) such that forany M > 1, A > 0
one has

(1.1) [{x € R™: (Agu)(x) > MA, (Nqu)(x) < A}
< Crexp(—CM?) |[{x € R™ : (Agu)(x) > A},

and

(1.2) [{x € R™: (Ngu)(x) > MA, (Aqu)(x) <A}
< Crexp(—CoM)|{x € R™ : (Ngu)(x) > A}|.

The proof involves the construction of certain “sawtooth” regions and estimates
on the BMO-norm of truncated versions of the area function in such regions. Al-
though both estimates have an exponential decay, observe that (1.2) does not have
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the whole subgaussian decay. These results have been extended to other contexts.
In [21], [28], [17] area integrals of subharmonic functions are considered and an
LP-estimate is proved. Area integrals for solutions of second order elliptic equa-
tions were considered by Dahlberg, Jerison and Kenig [13]. See also [17]. The
result of Bafiuelos-Moore is deeper than (1.2), and using the preceding notation
can be stated as:

(1.3) [{x € R™: (Ngu)(x) > MA, (Aqu)(x) < A}
< Crexp(—CoM?)[{x € R™ : (Ngu)(x) > A}l

The proof is based on reducing the desired estimate to its dyadic martingale ana-
log, which was proved by Chang, Wilson and Wolff ([9]). It is worth mentioning
that Bafiuelos and Moore ([3]) extended the Murai-Uchiyama result (1.1) to har-
monic functions in Lipschitz domains, while the estimate (1.3) is not known in
this generality (see [2, p. 98, p.113]). For an exposition and extension of these
ideas see [2, Chapter IV] by Bafuelos and Moore.

Yet another result in similar vein is the Law of the Iterated Logarithm for
harmonic functions that we next describe. Suppose that u is harmonic in the
upper half plane and that [Vu(x,y)| < C/y for each (x,y). Then, according
to a result of Makarov ([19]),

(1.4) lim sup [ulx, )| <2C
y—0 \/log(l/y)logloglog(l/y)

for almost all x € R. This result was extended to harmonic functions in the
upper half space in [1] and to Lipschitz domains in [18]. It can be considered
as a Fatou type theorem: for each x € R", the estimate |Vu(x,y)l < C/y
gives a logarithmic upper bound on the growth of u when y tends to zero, but a
substantially improved estimate holds for almost all x. The following area integral
version of this Law of the Iterated Logarithm was established by Bafuelos, Klemes
and Moore [1], [2, Chapter III] by reducing it to the dyadic martingale setting.
Fix 0 < B < xand 0 < y < 1. There is a constant C = C(«, B, y,n) such that if
u is harmonic in R”*!, then

(1.5) lim sup = W, y)| <C,
(W, )= (x,0), (w,»)€lpg o \/Aa’yyylu(x) loglog Aw,yy,1u(x)

for almost every point x € {x € R" : Aqu(x) = oo}.

The results of Calderén and Stein cited above state that the sets where u is
non-tangentially bounded and where the area function is finite can only differ on
a set of Lebesgue measure zero. In the complement of this set, that is, at almost
every point where the function is not non-tangentially bounded, this Law of the
Iterated Logarithm (LIL) measures the relative growth of these quantities.
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It is clear that the results above do not hold for all smooth functions. Very
recently two of us showed in [14] that the result of Makarov on the growth of
harmonic functions has the following analog for solutions to the Poisson equation
Au = f in the unit ball B* of R" under a growth condition on f: Let u be a C?
function in the unit ball B” that satisfies |[Vu(x)| < C/(1 — |x]|) and assume in

addition that
C

(1= 10 (log =)

|[Au(x)| <

for all x € B™. Then
lu(r?Q)]

lim sup <c
rl (10 L ) loglog ——
g 1—7v glog 1-r

for almost all T € S™~!. Here ¢ depends only on C and n.

Notice that the growth order of [u(x)Au(x)| above is at most C(1 — Ix|)~2,
which is no more than the worst possible growth of |V (x) |2. Because of this,
the contribution of the Laplacian can be embedded in the “gradient” estimates
and the indicated version of the LIL can be proven.

In this paper, we continue the analysis of the relation between the non-tangen-
tial maximal function and the area function of non-harmonic functions. To con-
trol the non-tangential maximal function by the area function, very light assump-
tions on the function are needed. More precisely, we say that a C?-function u
in R?*! has @-controlled oscillation if there exists a constant 0 < n < 1 and an
increasing positive function @ : [0,00) — [0,0), @(0) = 0, sup{@(2t)/@(t) :
t > 0} < oo, such that for any ball B ¢ R%?*! of radius 73 satisfying 2B C R*!,
the estimate:

(x) max{|u(w;) —u(w)|: w;, w € B}
1/2
< C.D((Té—n L1+n>3 IVu(x,¥) 12 + lulx, ¥)| [Au(x, y)| dxdy) )

holds, where (1 + n)B is the ball with the same center as B and radius (1 + n)7g.
We will often refer to this condition as condition (x).

A harmonic function u in R%*! satisfies condition (%) forany 0 < n < 1 with
@(t) = Ct, where C is a constant depending on n. This is a simple consequence
of the subharmonicity of |[Vu|. Condition () holds for many functions. For
instance, we will prove that a function u € C?(R%*1) satisfying

(1.6) luAu| < C|vVu|?

on R™*1, for a fixed constant C, satisfies condition (*) with the function @ (t) =
At, where A = A(C) is a constant. In the general context of functions u satisfying
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(), we consider the area function Syu defined as

1/2
(Sau)(x):(j ()(|Vu<w,y)|2+|u(w,y>||Au(w,y)|>y1*”dwdy) .

Tx(x

Clearly, for functions satisfying (1.6), the area function (Squ) is comparable
to the usual area function (Aqu). Also, if x € R™ and v > 0, we denote
by (Sau)(x,y) (resp. (Nqu)(x,y)) the area function (resp. the non tangen-
tial maximal function), obtained by replacing the cone I'x(x) by its translation
Tu(x,y) =¥ +Ix(x) so that its vertex is at (x, y).

We prove a good-A inequality analogous to (1.2), relating the non-tangential
maximal function and the area function S of a function satisfying condition ().
We do not know if a subgaussian estimate of the type of (1.3) holds in this more
general setting. The good-A inequality we prove leads to a Fatou-type theorem, to
LP-estimates and to a certain LIL, which we collect in the following result.

Theorem 1.1. Let u be a C*-function in R having @-controlled oscillation.
Assume
@A)

> 0.

lim inf

— 00

Fix 0 < o < B and assume there exists xg € R™ such that (Ny1,0U)(Xg) < oo,

Then,

(@) Forae. x € {x € R™ : (Sgu)(x) < oo}, the function w(w,y) has a finite
limit when (w,y) € In(x) tends to x.

(b) Assume @(t) = mt forany t € (0,0) andlimu(x,y) =0as |[(x,y)| — .
For 0 < p < oo, there exists a constant C depending on p, &, B, N, @, M such
that

INaullr(rny < Cll@p(Sgu) e (rn).

(c) There exists a constant C depending on &, B, Q, n such that

limsu (Nott) (X, 1)
P @ ((Sgu) (x, 1)) loglog @ ((Spu) (x, )

)sC,

forae. x € {x € R": (Spu)(x) = co}.

As mentioned before, in the harmonic case one can take @ (t) = ct. So, in
this case, comparing (c) with the LIL (1.5) which holds for harmonic functions,
there is a square root missing in the term loglog S«. This is due to the fact that the
good-A inequality we prove does not have the whole subgaussian decay. On the
other hand, our results hold on Lipschitz domains, while the LIL and the good-A
inequality with subgaussian decay for harmonic functions on Lipschitz domains
are open problems. See [2, p. 98]. Also, for solutions of second order elliptic
equations an estimate analogous to (1.3) is only known in very concrete cases. See

[27] and [2, p. 49].
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The control of the area function by the non-tangential maximal function re-
quires more specific assumptions on the function u. Let u € C2(R"*1). We say
that the function u satisfies condition (1.7) if there exists 0 < 0 < 1 such that

(1.7) lu(x, )| 1Au(x, »)| < 0|Vu(x,y)|?

for any (x,y) € R, As before, for functions u satisfying condition (1.7),
the area functions Aqu and Squ are comparable. We prove a good-A inequality
which is analogous to the estimate (1.1) of Murai and Uchiyama. Again, the
good-A inequality leads to a Fatou type result, an LP-estimate and to a Law of the
Iterated Logarithm.

Theorem 1.2. Let u € C2(R"!) be a function satisfying condition (1.7) for
a constant 0 < 0 < 1. Let 0 < & < B and assume there exists xo € R™ such that
(Ag,1,0U)(x0) < 00. Then:

(a) Forae. x € {x € R": (Nqu)(x) < oo}, one has (Aqu)(x) < .
(b) For0 < p < oo, there exists a constant Cy depending on p, &, B, n, 0 such that

[Acttlirn) < C1lINgUllr mn)-
(c) There exists a constant C, depending on &, B, n, 0 such that

. (Axu)(x, 1)
lim sup
t~0 +/(Ngu)(x, 1) loglog(Ngu) (x, 1)

SCZ

forae. x € {x € R": (Ngu)(x) = co}.

Local versions of Theorems 1.1 and 1.2 also hold. For instance, one can
replace Ay, N in (a) in both results by Ax 0,1, Nu,o,1-

We do not have an example to show that the condition 0 < 8 < 1 is essential,
but we see no real hope in relaxing this condition because of the following: There
is a bounded C2-function u so that the area integral of u is infinite at every point,
but still (1.6) holds in the following averaged sense for some constant C = 1:

J [luAU| SCJ [Vul?
B B

for each ball B = B((w,t), (1 — €)t), where € > 0 is a small positive constant.
This indicates that perhaps one should replace (1.7) by an averaged integral, and
similarly replace u by the average of u. We have not been able to do this, but the
reason might well be only technical.

The proofs of Theorems 1.1 and 1.2 are based on stopping time arguments
and on Green’s formula on sawtooth regions. In this sense, the work of Murai
and Uchiyama [22] and of Bafnuelos and Moore [3] provide not only an outline
for our proof, but also important techniques. However, the fact that our function
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is not harmonic causes several difficulties, which are solved by a careful choice of
the domains where we apply Green’s formula, by stopping time arguments and
Caccioppoli inequalities. Even if one only wishes to prove the results in the upper
half space, the use of stopping time arguments and sawtooth regions leads to Lips-
chitz domains, and one needs to study the corresponding results in this context. It
is actually on the setting of Lipschitz domains that we prove our results. The work
of Dahlberg ([11]) provides the necessary estimates for the harmonic measure and
Green’s functions on such domains.

The paper is organized as follows. Section 2 contains notation and back-
ground material on Lipschitz domains. Section 3 is devoted to the results on the
control of the non-tangential maximal function by the area function S. Section
4 is devoted to the converse results, that is, to the control of the area function by
the non-tangential maximal function. Finally, Section 5 contains the proof that
condition (1.6) implies (x) with @ (t) = At.

We are indebted to the referee who pointed out several errors and proposed
alternative arguments.

2. NOTATION, DEFINITIONS AND BACKGROUND ON
LIPSCHITZ DOMAINS

From now on, we will consider domains of the form
Q={(x,») Ry > d(x)},
where ¢ : R" — R is a Lipschitz function with Lipschitz constant M, that is,
lp(x) —p(2)| <M|x —z| ifx,zeR™

Given x € R", o > 0, define Iy(x) = {(z,y) € R*! : |z — x| <
x(y — P(x))}. Since y — p(x) = dist((x,y),0Q) = (y — p(x))/ (V1 + M?)
if (x,y) € Q, then I'x(x) C Q provided 0 < & < 1/M. Hereafter, we will only
consider such values of «.

Now, if x € R", 0 < x < 1/M, 0 <t < s < 400, we also introduce the
truncated cones:

Tats(x) =Ta(x) N {(z,y): Pp(2) +t <y < Pp(2) + s},

with special attention to the cases t = 0 or 5 = co.

Let Q, ¢, & be as above. Letu : Q — R, f : Q — [0, +] be measurable
functions, x € R" and 0 < t < s < co. We define the non-tangential maxi-
mal function of u by: (Nqu)(x) = SUPL, (x) |u|, and also its truncated version:
(Natsu)(x) = SUPL 4 () |u|. Furthermore, we define the area function associ-

ated to the density f by:

1/2
(Auf)(x) = ({ (X)f(z,y)(y—d)(X))l’"dzdy) ,

T
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and also the truncated version:

1/2
(Awrsf)(x) = (J Fz )y — x)dz dy) _

o t,s X

Wee are specially interested in the case f = |[Vu|2. Then, we will simply denote,

1/2
(Aet) (x) = (j Vu(z, )Py = ) dzdy) ,

T (x

1/2
(Agrsu) (x) = (J IVu(z, ) 2(y —(]S(X))l‘"dzdy)

Lo t,s (X

and we will refer to them as the (truncated) area functions of u. When u is
harmonic, these forms of the area functions were already used in [3]. If (z,y) €
I'x(x), the quantity |y —¢(x)| is comparable to dist((z, ), 0Q). Hence Aqu(x),
Agt,su(x) are comparable to

(Jro((x) IVu(w)|*s(w)' " dm(w))l/z’
<Lo<t5(x) IVu(w) 28 (w)! " dm(w)>1/2’

where 6(w) = dist(w,0Q), w € Q c R""! and dm is the Lebesgue measure in
R7HL,

We also need to consider a new square function (Sxu)(x), in spirit very sim-
ilar to the usual area function, (Aqu)(x). In fact, they both coincide when u is
harmonic. So, following the notation above, we define

Sat) () = (| (170G@) P + lutw) suw)]) 6(w)1—"dm(w>)”2

Tx(x)

and its truncated version

Sacs)0) = (| (1Vu@)P + [uw)auw)l) 5@)' " dm (w))”z.

T t,s(x

If Q, ¢ are as above, then, whenever E € R", we denote by Gg = {(x, $(x)) :
x € E} the piece of the graph above E. If Q c R™ is a cube with side length £(Q),

we define

={(x,») €Q:x€Q, p(x) <y <Pp(x)+L£Q)},

Q
TQ) = {(x,») €Q:x€Q, dp(x) +34(Q) <¥ < p(x) + LQ} .
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As in the case of R", it is useful to deal with dyadic decompositions in Q.
Denote by Fx the family of all dyadic cubes of the generation k, that is, all cubes
Q of the form Q = [[/~;[m;27%, (m;+1)27¥], where m; € Z. Then {Goloer,
is called a dyadic partition of 0Q and, for each k € N and each Q € ¥y, the
collection {T(Q") : Q' Fi, Q' CQ, j =k} is called a dyadic partition of Q.

Finally, we close this preliminary section with some properties of Green’s func-
tion and the harmonic measure in Lipschitz domains that will be needed later.

Suppose that Q is a cube in R™, centered at xy € R", with side length £(Q).
Setpq = (x0, P (x0) + %E(Q)) and let g, w be Green’s function and the harmonic
measure in Q, with respect to pg. We also denote by w* the projection of w,
restricted to the graph Gq, that is, w*(E) = w(GE,pQ,Q), for E ¢ Q. The
following theorem proved by Dahlberg [11] collects the central properties of w.

Theorem 2.1 ([11], [17]). With the notation above,

(a) w is mutually absolutely continuous with respect to the surface measure of Q).
In particular, w* is mutually absolutely continuwous with respect to the Lebesgue
measure in Q.

(b) The density dw™* | dx is an Aw-weight. Actually, there exist positive constants, C,
&, B depending only on M (the Lipschitz constant of Q0), such that

B «
S ELY | wE) (|E|)
¢ (IQ*I) = w e = \iar

whenever Q* C Q is a cube and E C Q* C Q.
(c) Let Q* in R™ be a cube with Q* C %Q, where %Q is the cube with the same
center as Q and half its side length. Then

(Q*)
Q)

o1 (#(Q*)

n—1
Q) ) 9(Pa-)-

n-1
) g(po+) =w*(Q*) =C <

3. CONTROL OF THE NON-TANGENTIAL MAXIMAL FUNCTION BY THE
AREA FUNCTION

Throughout this section we will consider functions u € C2(Q) whose oscilla-
tion on hyperbolic balls is controlled by a quantity similar to the one defining
(Squ)(x). By a hyperbolic ball centered at a point wy € Q, we will understand
an euclidean ball centered at wy whose radius is ¢d(wg), where 0 < ¢ < 1, and
0(wy) = dist(wy,0Q). Since Q is a Lipschitz domain, these balls are actually
comparable to the ones induced by the hyperbolic metric in Q.

We recall the notation given at the introduction. We say that a function u
satisfies condition () if there exists a constant ), 0 < n < 1, and an increasing
function @ : [0, 0) — [0, ) with @ (0) = 0, p(2t) < C@(t), such that for any
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ball B ¢ Q of radius 73 satisfying 2B C Q, the following holds:
osc(u, B) = max{|u(w;) —u(w;)| : wi,w, € B}

1/2
scp((J (|Vu|2+|uAu|)r§‘"dm) ),
(1+n)B

where (1 + n)B is the ball with the same center as B and radius (1 + n)7g.

Note that, if u is harmonic in Q, then it satisfies condition (x) for any 1 >
n > 0and @(t) = Ct, where C is a constant depending on n. This is simply a
consequence of the subharmonicity of the gradient. Actually, given w;, w; € B,
let L be the line that joins them. Then, using that |Vu/| is subharmonic, Fubini’s
Theorem and Hélder’s inequality, we get for p = p(n) < 6(wy) that

lu(w;) —u(wy)| < L [Vu(s)lds < L J[B( : IVu(w)|dw ds
5,0

1/2
(J IVulzré‘"dm) ,
(1+n)B

with comparison constants only depending on n. From now on, J[ S will denote
B

A

the average of the function f over the ball B.

We proceed now to state and prove a lemma that will become our main aux-
iliary result, but before that let us fix the notation.

Let Q = {(x,y) € R, y > ¢(x)} be a Lipschitz domain with Lipschitz
constant M. Denote by Q a dyadic cube in R centered at xy € R™ of side length
£(Q), and by wq the point wg = (x0, $(x0)+£(Q)), which is contained in the
boundary of T(Q). Also recall that the usual dyadic decomposition of Q gives a
dyadic decomposition of Q C Q.

Lemma 3.1. Let w be a function satisfying condition (x) in Q. Fix x > 0.
Assume that for each x € Q,
Squ)(x) <=a=<Cop(a).

Then there exist constants ¢ = c(o, M,n,C), A = A(x,M,n,C) such that: If
N = A and {Q;} are the maximal dyadic cubes of R™ contained in Q satisfying

sup |lu(w) —u(wg)l =z Np(ca),
weT(Q))

then

mzw@mn < &(N),

j
where E(N) — 0 as N — oo.
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Proof. The idea is similar to the one given in [25] to prove the local version of
Fatou’s Theorem for harmonic functions. We will build a new Lipschitz domain
R C Q and we will apply Green’s formula in R to the functions (u — u(wq))?
and g(z), where g(z) is some Green’s function to be specified later on. In the
harmonic case, the boundary terms in Green’s formula are controlled using prop-
erties of the Poisson Kernel. Since this tool is not available in our setting, we will
need to choose very carefully the hyperplanes in the construction of 0R, in order
to overcome the technical difficulties that arise in estimating such boundary terms.

We will often use dm and do to denote the Lebesgue measure and the surface
measure, respectively. Also by A S B, (A 2 B) we will mean that A < CB
(A = CB), where C is a constant. Moreover, A ~ B means that A < B and A = B.
Without loss of generality we can assume that £(Q) = 1. Thus 6(w) = 1 ifw €
T(Q). Since T(Q) can be covered by a fixed number of cones and (Sxu)(x) < a
forall x € Q, we get

J (IVul? + luAu|) dm s a?,
T(Q)

with comparison constant depending on &, M and n. By Chebychev’s inequality,
we can choose a “horizontal hyperplane” L such that

(3.1) J _(IVul? + luAu|) do s a?,
LnT(Q)

where L N T(Q) ={(x,y):x€Q, ¥y =¢(x)+ yo} with % <y < 1.
Observe that condition () and the bound on the function Sy give that
osc(u, T(Q)) < C(a, M,n)@(a). Hence, if the constants ¢, A are chosen suffi-
ciently large, one may assume that Q\J cO\TW),forj=1,2,....
Next, consider the domain

D={(x,y):x €Q, dp(x) <y < P(x)+ 2y} n (Q\JQ)).

Let po = (xo, P(x0) + %yo) and let g(-) = g(-, po) be Green’s function of D
with pole at py. Denote by w(-) = w(-,po,D) the harmonic measure in D
with respect to po. Even though D is not a Lipschitz domain, it is clear that the
results concerning the harmonic measure and behavior of Green’s function stated
in Theorem 2.1 hold on D as well.

Applying now Green’s formula in the region

R={x,7):x€Q, p(x) <y <px)+y}nD
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to the functions (1 — u(wq))? and g, we obtain

_ 24 _ i 2
(3.2) LR(u u(wg))0;gdo LRan(u u(wg))*gdo

= L{(IVMI2 + (u —u(wq))Au)g dm,

A(u?) = 2(|Vul? + uAu) and g is harmonic in R.
Note that 0R = (0D N 0R) U (LN T(Q)). Because g vanishes in 0D N oR,
the integrals on 0R can be written as

_ 24 - .
LBD(\BR(M u(wq)) 5ngdU+L o (u—u(wg))“0zgdo

nT(Q)

—J _0i(u—u(wg))?gdo.
LnT(Q)

We proceed now to estimate the integrals on L N T(Q). Observe that in the hy-
perbolic metric the diameter of T(@), where Qy is any dyadic cube, is bounded
from above and below by constants depending only on M and n. In particu-
lar, T(Q) can be covered by k balls B; of center w; and radius pd(w;), where
k depends on p and on n. Fix py = po(x) so that each such hyperbolic ball is
covered by a bounded number of cones. Now condition () implies that for any
weLNTQ),

lu(w) —u(wg)l < osc(u B;)

IA

1/2
(J (IVul? + IuAul)rélf"dm) .
(1+n)B;

Observe that one can assume that §(w;) is comparable to 6(w) for all w €
(1 4+ n)B;. Thus for some constant ¢ = c(py) > 1 and forany w € L n T(Q),

(3.3) lu(w) —u(wq)! s @(ca).

Also, g(z) s 1and 19;;9] =~ ;" on LN T(Q) by the estimates related to Green’s
function in Theorem 2.1, therefore

(3.4) J ~(u—u(wg))?0,gl do < @*(ca)
LAT(Q)

and
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J R 8ﬁ(u—u(wQ))2gd0‘
LNnT(Q)

< cp(ca)I _|Vuldo
(3.5) Lot@)
< @(ca)lo(Ln T(Qm”z(j

LNT(

172
R IVulzd(r)
Q)

s ap(ca).

Note that the last inequality is a consequence of (3.1).
Next we estimate the right hand side term in (3.2). Consider g* the Green’s

function for the domain D U (U Q) with pole at the point po. Then by the
maximum principle, g* > g in D. Thus, changing the order of integration and
using the left inequality in Theorem 2.1(c), one has

(3.6) JR <|Vu|2 + lu —u(wq)| IAul)gdm
< LR(IVuI2 +lu —u(we)! lAul)g* dm
< [Q <La(xm(|w|2 T - wwo)| |Au))5 ™ dm) dw* (x),

where w*(E) = w(Gg, po, D) and Gg is the graph of 0D above E. Let N > A.
The argument below will indicate how large A must be chosen.

To estimate the last integral in (3.6) we will first assume that |[u(wq)| =
2N @ (ca) and consider the general case afterwards. So, let us assume that [u(wq)|
> 2N@(ca). Since, by construction, |u(w) — u(wq)| < Np(ca) in R, we get
forallw € R, lu(w) — u(wq)| < |lu(w)|. The last integral in (3.6) is then
bounded by

JQ(Sguxx) dw* (x) < a2.

Therefore, going back to (3.2) and using (3.4) and (3.5), we obtain
J (u —u(wg))?0zgdo < a* +ap(ca) + p*(ca).
0DNOR

The cubes Q; are chosen so that [u(w) — u(wq)l > Ne(ca) for some w €
T(Q;). Since the oscillation on hyperbolic balls is controlled by @ (ca), arguing
as above we get that for all w € T(Q;)

(3.7) lu(w) —u(we)l > (N —co)@(ca),
where ¢y = co(po, ¢, M, n). We deduce then that

(3.8) ((N = co)@(ca))® X w*(Q)) s a’ + ap(ca) + *(ca).
J
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SO, if N > 2C(),

. 1
%w Q) = 13-

Now we use Theorem 2.1(b) with Q* = Q and E = J; Q;. Thus, since £(Q) = 1,

we get

(Se@n)" = [Ual" s wr(Ua) s 5
J J J

Taking roots and using the assumption £(Q) = 1, this ends the proof in the case
lu(wg)l = 2N@(ca).

Assume now that |[u(wg)| < 2N@(ca). If Np(ca)/4 < |lu(wq)l <
2N@(ca), replace N by N/8 and apply the previous argument. If Np(ca) >

4lu(wq)| we consider an intermediate family of cubes. Denote by {Qfgl)} the
maximal dyadic cubes contained in Q satisfying

sup |u(w) —u(we)l = W.

wer@\)

Because of the maximality of Q(el), if we denote by Wy the point wq, where Q is
the smallest dyadic cube which properly contains Q;l), we have

No(ca)

lu(wy) —u(we)l < >

Since Wy and Wq are at some fixed hyperbolic distance, the same argument as

before gives:

(3.9) (% + cl) @(ca) = Iu(wa)) —u(wq)| = (% — co) @(ca).

Hence,

N
|u(wQ§’1>)| = (Z — Co) @(ca)

and we can apply the previous case, that is, for each Q;l), choose the maximal
dyadic cubes {Q,((z)} contained in Q}l) such that

@(ca)
5

N
sup |u(w) —u(wQ;n)l > (Z —co)

Q)
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So, proceeding as before we obtain

1

5 LQIN™ < &(N).
(L@ynHn 2 ‘

(2) (1)
Qy'CcQ,

Finally, note that if w € 0\ Uk (5,((2\) , because of the left inequality in (3.9) and
the maximality of {Q}”},

lu(w)-u(wq)l < (ﬁ - CO) lca) +(M + Cl) qo(ca)+ﬂqo(ca) <N@(ca)
4 2 2 4
if N is big enough. Hence U; Q; C uQ\¥ and the proof is completed. o

Next, we shall prove a good-A inequality between the distribution functions
of the non-tangential maximal function Ngu and the area function Sxu, where u
is a function having @-controlled oscillation in an unbounded Lipschitz domain
Q c R?*! (with Lipschitz constant M). This type of a distribution inequality
will lead to an LP-inequality comparing both quantities, to a certain Law of the
Iterated Logarithm and to a version of Fatou’s Theorem in this setting.

Theorem 3.2. Let Q) be an unbounded Lipschitz domain with Lipschitz con-
stant M. Letu € C%(Q) be a Sfunction having Q-controlled oscillation in Q for an
increasing function Q satisfying

liminf(p(A) > 0.
A— 00 A

Fix & and B such that 0 < &« < B < 1/M. Then there exist constants co, C1 and c,
depending only on (&, B, M, n, Q) such that, for any A = 1 and any y > co, one has

| {x € R": (Nqu)(x) > yA, (Sgu)(x) <@~ (A)}]
<cre” | {x e R": (Nqu)(x) > A}|.

Proof- Fix A > 1. We may assume that the set {x € R" : (Nqu)(x) > A}
has a finite measure. Let &y > 0 be a small positive number, to be fixed later. Let
Q be a maximal dyadic cube such that

[{x € Q : (Nqu)(x) > A} = &]Q].

It is then enough to show that

(3.10) [{x € Q: (Nqu)(x) > A, (Sgu)(x) < @ 1A} < cre Y[Q.
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Also, observe that, by maximality, on the parent of Q, call it (i, we have the
inequality
[{x € @ : (Naw)(x) > A}| < &0

Hence, if &9 = &9(n, M) is chosen sufficiently small, the inequality [u(w)| < A

holds for every point w € T(Q). Now choose w € T(é) such that Q C Q.
Since the volumes of Q and Q are comparable, replacing Q by Q. in (3.10) if
necessary, it can be assumed that |[u(wq)| < A.

So the proof consists on showing (3.10) under the additional assumption that
lu(wg)l < A.

We will mainly follow the proof in Lemma 3.1, instead of directly applying
its conclusions.

Define the set E = {x € Q : (Sgu)(x) < @ 1(A)} and the Lipschitz domain
Q" = UyepIp (x), where B’ is chosen so that « < B < B. Then Q' is a Lipschitz
domain contained in Q with Lipschitz constant 1/, and we have (Sgu)(x) <
@~ 1(A) for all x € E. Hence the area function of u (in Q') is bounded by a fixed
multiple of @ 1(A) at the points of (0Q") NE. A technical difficulty arises because
we do not know such estimate in the whole 6Q)'. In the harmonic setting, it holds
(see Lemma 4.2.9 in [2]), but this lemma does not seem to hold in our situation.

We consider now the dyadic decomposition of Q with respect to the domain
Q. Denote the dyadic cubes in Q" by {(/2\’ }. Since Q was chosen to be big enough,
we can assume as well that [u| < A on T(Q"). The idea is to run a stopping time
process in Q.

We are essentially in the setting of Lemma 3.1 with Q' replacing Q, except
for the fact that the condition (Sgu)(x) < @~!(A) involves the distance to 0Q
which could be quite different from the one to 0Q'. This will create some technical
difficulties that can be solved by adapting the proof of Lemma 3.1 to this situation.

Proceeding as in Lemma 3.1, consider the maximal dyadic cubes (with respect

to Q') {Q}} C Q satisfying

sup  |u(w)| = GoA

weT(Q))

for some constant Cy to be chosen later. Define the corresponding regions D’ and
R’ and apply Green’s formula to u? and g’ (Green’s function in D’). Hence

(3.11) J urdw’ - J (0;u*)g’ do = J (IVul?> + uAu)g’ dm.
R’ R’ R’

Since 6 (w) = dist(w, 0Q) and & (w) = dist(w, 0Q’) for w € Q’, do not need
to be comparable, we need to consider a new Green’s function to estimate this last
integral. Let gg(-) be Green’s function in Qg = UyecpIg(x) with the same pole
as g'. Note that Qg D Q', so by the maximum principle, gg(w) = g’ (w) for all
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w € R’. Therefore

(3.12) J (IVul> + luAulg’ dm < { (IVul?> + luaul)gg dm.
R’ R

The point now is that, for points w € R’, 6g(w) = dist(w, 0Qg) is compara-
ble to 6 (w) = dist(w, 0Q2), with constants depending on (B, ', 7). So changing
the order of integration as in Lemma 3.1 we can bound (3.12) by

[ (] avuP+ usups) ™ dm) dog,
Q FB(X)QR’

Recall that (Sgu)(x) < @ '(A) if x € E. Since §(w) is comparable to
op(w) for w € R’, we deduce that

L o R/(IVuIZ +ludusg " dm s @ '(A)?, x€E.
B xX)N

To estimate the corresponding integral for points in Q \ E, we use an argument
in [22], which uses the different apertures & < B’ < B, (xo,t9) = P € 0Qg and
x € E such that P is in the closure of Tg(x). Since P ¢ Qg, the vertical cone (in
the negative direction) of aperture  with vertex at P,

{(x,t) : |x = xol < BIt = tol, t <o},

does not meet Qp. Therefore, since B’ < B, the distances dist(P, Q’), dist(x, Q")
are comparable. Hence if w € I3(P) n Q" D I3(P) N R’, 6g(w) is comparable to
|lw — x|. Hence

Jr (PR (IVul? + IuAul)(S}g‘" am < (Sf;u)(x) <p (M2
gPINR’

Therefore

2 1-n * -1 2
(3.13) JQ (Jrﬁ(X)OR,(IVuI + IuAul)éﬁ dm) dwg s (@~ (A)"

The rest of the argument is exactly the same as in Lemma 3.1. Just note that
the oscillations of 1 on tops of the cubes Q" will be controlled by the oscillation
on hyperbolic balls in Q'. The quantity that controls such oscillations depends
on the euclidean radius of the balls. That might be very small compared to the
distance of the ball to 0. So, we need to consider some bigger balls that will
help us control the oscillation in the smaller ones. Let B be a hyperbolic ball in

Q', that is, B = B(wg, pod’ (wg)) C ', where py < % Define B to be the ball
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B = B(wy, podg(wop)). Then obviously B > B and the euclidean radius of B is

comparable to §(w) forall w e B. Fix Po = po(PB) so that (1 + n)§ c Ip(x) for
some X € E. Then condition () gives

~ 1/2
osc(u,B) < osc(u,B) < q9<J _(IVul? + [uauhrg™ dm) ,
( B

1+n)
and the same argument which leads to (3.3) implies that
osc(u,B) < p(cp 1 (A) A

for some ¢ = c(B, B’,n). This is where the assumption @ (2t) < C@(t) is used.
Next, since liminfa—o @ (A)/A = ¢y > 0, we can choose ¢; such that

@@ Q) > cp@ 1 (A).
So the statement (3.8) (with a = @ 1(A), N = Cy) becomes

((Co— M) > 0¥ (Q) s (cfe™? + crc™! + DA’ 0¥ (Q).
J

Choosing Cy big enough, the proof of Lemma 3.1 gives:

o LQ"
%(#(Q,») <=5

Changing the notation now, we set Q' = Q;l), For each j, we repeat the
construction, that is, we consider {QEZ)}, the collection of the maximal dyadic
subcubes (with respect to Q) of Q;-]) satisfying

sup |u(w) —u(wym)l = CoA.
— J
Q")

Repeating the same process 1 times, where ng = ny(y) will be chosen later, we
obtain nested families {Q;-k) };j of pairwise disjoint dyadic cubes in Q satisfying

Jo¥ v cUa®, T (e )" =13 (e@h)",
J

J

J J

forany k = 1, ..., ng. Moreover, the same argument as in (3.9) yields

(C() + C())A > |‘l/L(’WQ<_k+1)) - M(WQ(_k))| > (C() — C())A
J J
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and by the maximality of the families {Q;n) : j}, we have that

lu(w) —u(wyw)| < Goa,
J

whenever w € QEk) \ Uj Q§k+]). Thus, if ng = y/Co, then one has

IxeE: sup luw)l>yal eJcal™,

welx(x)

where C is a constant depending on «, n, M. For ng =~ [y/Cyl, we can then
deduce

[{x €Q: sup |u(w)|>yA, (Spu)(x) <@ 1(A)}]

welx(x)

<cie|{xeQ: sup |u(w)|>Aa}[,
welx(x)

which concludes the proof. O

Remark. Assume that the function u satisfies condition (*) for a function @
such that
@) =ct, 0<t< oo,

for a fixed constant ¢ > 0. Then, the conclusion of Theorem 3.2 holds for any
A > limsup,, ., u(w).

Once this type of distributional inequalities is established, standard arguments
lead to the following L?-inequalities for functions u that vanish at infinity.

Theorem 3.3. Under the notation of Theorem 3.2, assume that

lim wu(x,y)=0.
1 (x,) || =0

Thenfor0 < p < 0 and0 < « < B there exists a constant C = C(p, &, B, n, M, @),

such that
INcullzr20) < CllQ(Spu)llrr o).
We can also obtain a Law of the Iterated Logarithm in this setting, but some

technical difficulties arise because no version of Lemma 4.2.9 in [2] seems to hold
in our setting.

Theorem 3.4. Under the hypothesis of Theorem 3.2, and assuming that
(Na,1,0U)(0) < o0, there exists a constant C = C(M,n, &, B, Q) such that

lim su (Now) (x, 1) <C
t=0 p(p((S,gu)(x,t))loglog(@((SBu)(x,t)))

at almost every point x € {x € R™ : (Spu) (x) = oo}.
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Proof. It is enough to show the result for points x € Q, where Q is any
sufficiently large cube in R™. We may assume that there exist x € Q and t > 0
such that (Spu) (x,t) < c. Given x € Q, consider the set

ne(x) = inf{t > 0: (Spu)(x, 1) < @' (25}

and the domains Qx(x) = UTx(x,nk(x)), Qx(B’) = Ulp (x,nk(x)), where
x < B’ < B. Observe that Qi (x), Qk(B’) are Lipschitz domains with Lipschitz
constant depending only on &, B, M, @, but not on k. We will apply the proof of
Theorem 3.2 in the domain Q. The main difficulty is that we only know that

S (P) = @~'(2Y),

at points P € 0Q(B’) of the form P = (x,ni(x)). As before, it is worth men-
tioning that the analogue of Lemma 4.2.9 in [2] does not seem to hold in our
situation. However, observe that for any point P € 0Qk(B")

(3.14) L . )(IVu(w)|2+|u(w)Au(w)|)Iw—Pll’”dm(w)
B k(e
@712,

Actually, if P is of the form P = (x,ni(x)), we already know it. For general
P = (x0,ty) € 0Qk(B’) let Q = (x,nx(x)) such that P is in the closure of
I (Q). Since P = (xo,ty) € 0Q(B’), the vertical cone (in the negative direc-
tion), {(x,t) : [x—xo| < B’ (to—t)}, does not contain any point of Qi (B’). Since
x < p,ifw eTlp(P)nQi(x), |lw— P|is comparable to |w — Q|. Therefore

Jl" (P)nQ () (|Vu(W)|2 + |M(W)Au(w)|> |w _p|l—ndm(w)
g (PN

S| (Va0 + @) sua)]) [w - Q' dm(w) < @7 ()
Iy (@)

Hence, (3.13) holds.
Observe that, if we would know that (Sgu)(P) s @~1(2%) for any point
P € 0Qk(B’), we could directly apply Theorem 3.2 to obtain

(3.15) [{x € Q : (Nqu) (x5, ni(x)) > yi2K3| < Cre=©¥%|Q).

To deduce (3.15) from (3.14), we follow the proof of Theorem 3.2. We apply
Green'’s formula to the functions u? and g’ in a subdomain R’ of Qi (). Here g’
is Green’s function of a convenient subdomain of Q (). As in the proof of The-
orem 3.2, the key estimate (3.13) follows easily from (3.14). These considerations
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accomplish the first step in the proof of Theorem 3.2. Successive steps run in the
same way as in Theorem 3.2.

Choose yx = (2logk)/c;. Then > e Yk < oo, and the Borel-Cantelli
lemma implies that almost all x € Q are, at most, in a finite number of the sets
{x € Q : Nayni(x),0U(x) > yk2k}. So, for almost all x € Q, Nen(x),0U(Xx) <
yi2K, eventually, that is, there exists an integer ko that may depend on x, such
that for all k > ko, we have Ny, (x),0U(X) < yx2k. Consider such points x
which in addition satisfy (Sgu)(x) = co. For these points ni(x) — 0 as k — oo.
So, forany t < ng,(x), choosing k such that ng+1(x) <t < nr(x), we get

@1 (2K) < (Spreu)(x) < @ 12K
and

(Not,0) (X) < (Newp (x0),00U) (X)) < Yir 12841
Thus, 2% < @ ((Spt,u)(x)) and

(Nat,0t) (X) < c@(Sgt,0u(x)) loglog @ ((Sgt,0u) (X)),

as we wanted to prove. O
We end this section applying these techniques to obtain a Fatou-type result.

Theorem 3.5. Under the hypotheses of Theorem 3.2 and assuming that
(Na1,00u) (0) < 0, for almost all x € {x € R™ : (Sgu)(x) < oo}, one has
(i) (Nou)(x) < oo.
(ii) The function w has a finite non-tangential limit, that is, limy . (x,¢(x)) U(W)
exists, where the limit is taken when w € Ty(x), w — (x,P(x)), 0 < & <
1/M.

Proof It is quite easy to deduce (i) from Theorem 3.2 and a standard point
of density argument, therefore we omit its proof. Assume now that (ii) does not
hold. Since (Nqu)(x) is finite a.e. x € {x : Spu(x) < oo}, there must exist
0 > 0 and a set

EC{x eR": (Nqu)(x) < o0, (Spu)(x) < oo},
with |E| > 0, such that for any x € E,

(3.16) limu(w) = limu(w) > §,

where the limits are taken when w tends to (x,p(x)), w € Tx(x). Choose
€ > 0. Then a point of density argument provides a dyadic cube Q ¢ R", and a
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set F C Q such that |F|/|Q] > %, and forall x € F, (Sg0,0(0)) (x) < € and (3.16)
holds. Consider the Lipschitz domains

Q' = JTalx) cQ = Ipx).

x€eF x€eF

As before, we only know that the area function of u is bounded (by C €) at points
P € 0Q of the form P = x € F. If we knew that, for any point in 0Q, then,
applying Lemma 3.1 to Q N Q, we would get a contradiction, since ¢ (0) = 0 and
the constant & can be taken arbitrarily small. As before, to overcome this difficulty
we will take profit of the two different angles &« < B. Arguing as in the proof of
Theorem 3.2, one obtains that for any P € 0Q,

J (IVu@) P+ lww)duw)) lw - P dm(w) < &.
FB(P)mQ’mQ

Now, one can apply the proof of Lemma 3.1 to obtain a contradiction. o

4. CONTROL OF THE AREA FUNCTION BY
THE NON-TANGENTIAL MAXIMAL FUNCTION

Let f = 0 be a measurable function in Q. If 0 < € < 1/+/1 + M2, we introduce
another function ff by setting

fiz,y) = ](

Be(z,y)

where B:(z,y) = B((z,y), e(¥y—¢(2))) for (z,y) € Q. Note that, since € <
1/V1+ M2, Be(z,y) Cc Qif (z,y) € Q. The following two technical results are
elementary.

Proposition 4.1. Ler0 < x <1/M,0<¢e<1/v1+ M2
(1) If(z,y) € Ix(x), then:
y-$(z) =y - px),
with comparison constants depending on M and «.
(2) If (z',y") € Be(z,y) and (z,y) € Tx(x), then
() ¥y —px) =y —px),
(i) ¥' = p(2) =y - P(2),
(i) [y =yl sy —-¢x),
(iv) 12 —xI sy - ),
with comparison constants depending on M, & and &.

The following lemma relates the truncated area functions of f, f# defined in
Section 2.
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Lemma 4.2. Let0 < &« < 1/M, and h > 0. Then there exists &g = 0(X, M)
such that if 0 < € < &, one can find X+ and W+ such that
() C'Au o (fE) < Awon(f) = CAw o, (),
(i) C' Awn, o (fE) < Agneo < CAx o (),
where X_ < X < Xy, ho < h < hy, and C are all positive constants depending on
M, & and «.
In particular, C' Ay (f£) < Ax(f) < CAn, (fE).

Proof: We will only prove (i), the proof of (ii) being similar. We start with
the right hand side. If 6 = 6(¢, M) is conveniently chosen, then, by Proposition
4.1 and Fubini’s Theorem:

J fz,»)(y—-px))N"dzdy
T,0,n ()

1

o 1-n__ -
Sera,o,h(x)JM“f(Z'y)(y N

X XBs(z (2, ) dz" dy’ dzdy

4 — /, 4 (Zs )
SCJF ( I n+1(y _(b(x))l n XBe(z',y") Yy
o0,k (X) JRY

e s = f(z,y)dzdy dZ' dy’
|BE(ZI’y/)| f( y) y y

= CJ o' —qb(x>>1*”][ f(z,y)dzdydz dy’
Lo, 0, (0 Bs(2',y")

:CJ (y/_(P(X))l—nfzﬁ(zr,y/)dzrdyr’
T, ,0,h, (X)

where C is some positive constant depending only on M, «, €. For the left-hand
side, we also get:

J fiz,y)(y - Mdzdy
Lo ,0,n_ ()

’ ’ (y - ¢(x))17n ’ 7
< z', ~— " —dz'dy'dzd
Jra,oyh (x) JBg(z,y)f( ) |Be(z, )] Y Y

s fEI -z dy o
T 00 %)

Now, if f = 0 is measurable in Q, Q C R" is a cube of side length € and
x € Q, consider the truncated cones I'y ¢(X), Iy ¢ (X) and the corresponding
area functions (Ay,¢f)(x), (A p.0f)(x) associated to f. The following two
results were proved in the harmonic setting by Banuelos and Moore [3].
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Lemma 4.3. Assume that f = 0 is measurable in Q and satisfies the uniform
estimate

A
1= 6 g

for some A > 0 and any (z,y) € Q. Then if Q C R™ is a cube of side length ¥,
0<a<1/MandAyyp(f) is as above, we have

Al g0 (x1) = ALy (X2 < C

Jor any x1, X2 € Q, where C is a constant depending only on M, &, A, n.

Proof. Take €' = 2M/n{. An elementary commutation shows that
AL pr o () = ALy () (x) < C = C(M,n, & A)

for any x € R™. Therefore, it is enough to prove the lemma with €’ instead of €.
Now,

| Ao (F)x1) = A2y 2 (F)(32)|

sj FE - @)™ = (v — o) dzdy
ru’g/1oo(xl)
v Fz)y — @) dzdy = (1) + ().
ro(’er,oo(XI)Arm,l}”m

We claim that (I) and (II) are bounded by some constant C = C(M, n, &, A). To
estimate (I), note that, from the choice of £’ it follows,

1 _y-9k) _

2= y - CP(Xl)
whenever (z,y) € Iy .0 (x1). Then

1

B 1-n _ _ 1-n < _—
‘(y @(x1)) (v = @(x2)) = C(M’"w(y - @)™’

so, by Proposition 4.1, (1):

A ct
D)< dzd
()<Ja€mm> - @@)? - EY
dzdy

<{CM,n, «, A)J e <C(M,n,A).

Ty 0 oo 1) (V= @(x1)
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To estimate (II), note that

Tn{z € R :(2,7) €Ty (X1) ALy p 0 (X2) | < COM, 1, 00 (y — P(x2))""!
where 07, is the Lebesgue measure in R™. As in [3], this last inequality, together
with Fubini’s Theorem, gives (II) < C(M, n, , A). O

Now, for a cube Q C R", centered at xo € R™ and of side length ¢, denote
by Q* the cube also centered at x¢ with side length 4¢, and let g, w be Green’s

function and the harmonic measure in @ , with respect to po* = (X0, p(x0) +
£/2). We follow the notation introduced in Section 2, that is, for E ¢ Q%*,
w*(E) = w(Gg, po+, Q%), where Gg = {(x, $p(x)) : x € E}.

The following lemma is a standard consequence of Fubini’s Theorem, Theo-
rem 2.1 (c) and the elementary estimates in Proposition 4.1.

Lemma 4.4. For any f = 0 measurable in Q, one has

jq(ﬂ;o,gf)(x) dw* (x) < Cj@ Fz)g(z,y) dzdy,

where C is a constant depending on &, M and n.
In what follows, we will be interested in the class of functions u € C2(Q) that
satisfy

(k%) luAu| < 0|Vul?* inQ,

for some 0, 0 < 0 < 1. As mentioned in the introduction, if 0 <t < § < 4+ 00, we

will define

1/2
(Accr.st) (x) = ([ Yz, )P - ) " dzdy)

Tot,s(x

The following lemma is a Caccioppoli inequality for this class. This is where our
assumption 0 < € < 1 gets used.

Lemma 4.5. Suppose that u € C*(Q) satisfies (x*) for some 0, 0 < 0 < 1.
Then, for each (x,y) € Q and any €, 0 < &€ < 1/4V1 + M2, one has

J [Vul? < %J u?,
B v 2B

wherer = €(y —P(x)), B=B((x,¥),7), 2B = B((x,)),2v) and C only depends
onn, 0.
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Proof. The proof goes as in the usual Caccioppoli inequality. Fix B and let
@ € C(2B) such that 0 < @ < 1, @ = 1 on B and [|AQ|l« < Cr~2, where C
only depends on n. Then by Green’s formula applied to u?, @ in 2B

So
2(1—9)J IVuIZSZ(I—Q)J @|vVul?
B 2B
szj @(Vul? + udu)
2B

C
= J wAp < — | u’ O
2B 12 )op

Corollary 4.6. Suppose thatu C2(Q) satisfies (x %) and |u| < 1 in Q. Then,
for any cube Q C R™ of side length 4,

JQ(Afx,O,,,/,u)(x) dw*(x) < C

where C depends on M, n, & and 0, the constant in (% *).

Proof: We use the notation of Lemma 4.4. By Green’s Theorem,
JA gAu® = J (- ul(pg+)) dw* < 2.
Qx o0Q*

Since Au? = 2(|Vul? + uAu) = 2(1 — 0)|Vul?, it follows:

1
Vul’g <
J@' urg =175

and the conclusion follows from Lemma 4.4, applied to f = |Vu/|?. O

Ifu € CHQ), f = [Vul> and 0 < & < 1/V1 + M2, we remind that f/
denotes the density introduced at the beginning of this section.

Theorem 4.7. Let 0 < « < B < 1/M. Suppose that u € C*(Q) satisfies ()
with constant 0, that \u| < 1 in Q, and that A, u(xy) < o for some xy € R™.
Then

(Aafi)? € BMO(R™)

for some appropriate choice of € = (&, B, M), and its BMO-norm only depends on
M, n, « B, 0.
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Proof. Choose € > 0 so that « < B_ with the notation of Lemma 4.2. If Q is
any cube in R", centered at x, with side length ¢, it follows by Lemma 4.3 that
(ﬂla,g,ooff)(x) < oo for any x € Q. On the other hand, (Ag g pu)(x) < o for
a.e. (w*) x € Q, by Corollary 4.6, so (ﬂayo,,gff)(x) < o fora.e. (W*)x € Q.
Since Q is arbitrary, it follows that (A ff)(x) < oo for ae. x € R" (recall
that the harmonic measure and the surface measure are mutually absolutely con-
tinuous on the boundary of any Lipschitz domain). Now as in [3] we show that
(J’Zlaff)z € BMO(R™). Indeed, let Q be a cube in R™ of side length £. Corollary
4.6 gives
w*(Q)

o

Since w* satisfies the A -condition of Theorem 2.1, we deduce

X € Q: (Anorfi)2(x) > Al < c'%,

w*{x € Q: (AnorfE)*(x) > A} <C

for some b > 0. On the other hand, Lemma 4.5 gives the necessary estimates for
the hypothesis of Lemma 4.3, with the function f# where f = |Vul?. Actually,
the fact that the expressions in Lemma 4.5 are averages is the reason to introduce
# functions. Hence, applying Lemma 4.3,

(A0 fE)(X) = (AnpofE)* V)] < C
forany x, ¥ € Q. Hence, if xq is the center of Q, one has

clQ]

‘{X S QI |(A¢x Eﬁ)Z(X) - (Aa,foofeﬁ)z(xQ)H > A}‘ = (A - Cl)h

and one deduces that (ﬂaff )2 € BMO(RM). O
Now, the John-Nirenberg inequality gives the following result.
Corollary 4.8. Under the hypothesis of Theorem 4.7, for any cube Q C R™ there

exists a constant aq such that
[{x € Q: [(AafDH2(x0) —aq| > t]| < Cle @t1q),
for every t > 0, where C1, C; depend on M, n, &, B, 0. In particular,
[{xeQ: (AufH?(0) > t}] < e aql,
provided t > \|2aq. Moreover,

[{x e Q: (AufH(x0) > 2t} | < Clexp(-Got?) | {x € Q: (AufD)(x) > t]].
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Constructing suitable Lipschitz domains, we will show that Theorem 4.7 leads
to good-A inequalities relating the size of the area function and the non-tangential
maximal function.

The following theorem is a weak version of the corresponding result for har-
monic functions, which is Theorem 4 in [3], but it is enough for the applications
that follow. We will use the notation T (x), AQ, N$ whenever we want to em-
phasize that we take cones with vertex at 0Q.

Theorem 4.9. Let 0 < x < B < 1/M. Assume u € C*(Q) satisfies (x*) with
constant 0, 0 < 0 < 1. Then there exist constants C1, C, > 0, 0 < C3 < 1 depending
only on M, n, &, B, O such that for any t, A > 0:

[ {x € R": (Aqu)(x) = tA, (Ngu)(x) < A}|
< Cre @ | {x € R": (Agu)(x) > C3tA} ] .

Proof. Suppose that |{x € R"™ : (Apu)(x) > C3tA}| < o. Since condition
(k) also holds, with the same constant 0, if we replace u by u/A, we can assume
that A = 1. Define E = {x € R" : (Ngu)(x) = 1} and Q" = Uyepe g (x).
Then it is easy to see that there is a Lipschitz function ¢ : R™ — R, with Lipschitz
constant at most 1/8 such that Q' = {(x,¥) : x € R"?, v > @(x)} C Q. Note
that lul < 1in Q.

Fix € > 0, depending only on «, B such that &y < (B-)- = y (with the
notation of Lemma 4.2). Then, by Lemma 4.2, Corollary 4.8, and the facts that
AL > ﬂgﬁ) and (ﬂg;ff)z € BMO(R"™), we have:

Hx € R™: (AQu)(x) = t, (Ngu)(x) < IH
= [{x e R"\E: (A%u) (x) = t}|
< Hx eR": (A% u)(x) = tH
< Hx eR™: (AL fH)(x) = %t}'
< Crexp{—-Cyt*} {x €R™: (AY fH(x) = %t}’

< Crexp{-Cat?} |{x € R": (AY fE)(x) = itH

{ s
< Crexp{-Cyt?} {x €R™: (AF u)(x) = %t}'
{

< Crexp{-Gat?} | 1x € R™: (AGu) (x) = 2%21&}' :

where C is the constant in Lemma 4.2. O
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By means of the change of variables, (z,t) — (z, t+¢(x)), which transforms
R™*! into Q, and the fact that ¥ — ¢p(x) = v — ¢p(z) whenever (z,y) € T2(x),
one can show that for any f > 0 measurable in Q,

J f(Z,y)(y—d)(x))l’"dzdsz fz,»)(y - "dzdy
r(x) rx)
= L | hz,t)t' "dtdz,
Z—-X|<a«t

where h(z,t) = f(z, t+¢(z)). This shows that we can reduce ourselves to the
general setting considered in [10]. In particular, from Proposition 4 there, adapted
to our situation, we get || Aqully = | Agully whenever 0 < & < B < 1/M, where
the comparison constant only depends on «, B, p. This observation, together
with a well-known standard argument, shows that the weak form of Theorem 4.9
is enough to get the usual comparison of the LP-norms of the area function and
the non-tangential maximal functions, as follows.

Theorem 4.10. Let 0 < & < B < 1/M, and u € C2(Q) satisfying (% %) with
constant 0, 0 < 0 < 1. Then, for 0 < p < oo there exists C = C(p, &, B,n, M, 0)
such that

[Axullr rny < CIINgUllLr w0y,

whenever | AUl Lr gy < 0.

Theorem 4.11. Letu, o, B be as in Theorem 4.9. Assume that there is xo € R"
and to > 0 such that (A t,,0U)(X0) < 0. Then there are positive constants Ci, Cs,
C3 depending on M, n, &, B, 0 such that if Q C R™ is any cube centered at xo, there

isaq > 0 such that, if A > 0, t > \|2C3aq, then

[{x € Q: (Aqu)(x) > tA, (Ngu)(x) < A}| < Cre~©|Q|.

Proof. Assume A = 1, as above. Since (Ag,,,U)(Xo) < oo, then for any
cube Q of side £ centered at x we have (Ag ¢ « ff ) (x9) < o0, by Lemma 4.2 and
some appropriate choice of €. (Here ff is the density associated to f = |Vu|?, as
above). Therefore, (ﬂg; ff)2 € BMO(R"™) by Theorem 4.7 where, as before, let
E={xeR" :Ngu(x) > 1} and Q' = Uyegc Fé)(x). Then, if € > 0 is chosen
sufficiently small, one has

[{x € Q: (Aqu)(x) > t, (Ngu)(x) <1|}|
< [{x e ECnQ: (AQw)(x) > t}]

< |[{xeq:@fw ) >t}

<|[{xea:@a@me >t <cecria
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provided (t/c)? = 2aq, where aq is as in Corollary 4.8. O

As a consequence of Theorem 4.11 and Theorem 3.5, we get the corresponding
Calderén-type result in this context.

Theorem 4.12. Let 0 < x < 1/M, and u € C3(Q), satisfying (xx). Then, u
has finite non-tangential limir almost everywhere on the set

{x e R": (Nqu)(x) < oo},

As before, the good-A inequality leads to a Law of the Iterated Logarithm.

Theorem 4.13. Letu € C*(Q), satisfying (%) with a constant 0. Suppose that
there exists Xo € R", 0 < B < 1/M and yo > 0 such that (Ag,y,,oU)(Xo) < co.
Then, for each &, 0 < & < B:

im (AO(,y,oou)(X) <C
(=0 (Np y,0tt) (x)yloglog(Np y ) (x)

ae x € {x € R": (Ngu)(x) = oo}, where C = C(M,n, «, B, 0).

5. A SUFFICIENT CONDITION
This section is devoted to proving the following result.
Proposition 5.1. Let Q) be a Lipschitz domain in R, Letu € C*(Q) be such
that there exists a constant C > 0 for which
lu(w)Au(w)| < CIVu(w)?,
Jor allw € Q. Then u satisfies condition (x) for @ (t) = At, where A = A(C) isa
constant depending on C.

The result still holds under more general assumptions on the domain Q. Ob-
serve that the hypotheses in Proposition 5.1 imply that u?¥ is subharmonic if k is
sufficiently large. Hence, Proposition 5.1 easily follows from the following result.

Proposition 5.2. Let B be a ball in R"™ and u € C2(B). Assume that u** is a
subharmonic function in B, for some positive integer k. Then,

1 1/2
osc (u, —B) < CTB(][ |Vu|2> ,
10 B

where C = C(n, k) is a constant.

Let us fix the notation. Given a ball By contained in B ¢ R™*!, and a
function u defined in B, vp, will denote the euclidean radius of By and ug, =

1/2
(1/1Bol) fBou = ][ u. Fix0 < n < 1, then we also define A = TB()(][N |Vu|2> ,
B(} BO

where By = (1 + 1)Bo C B. Before proving Proposition 5.2, we need a lemma.
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Lemma 5.3. Assume u? is a subbarmonic function in the ball B C R™ and let
By be another ball such that By = (1 + n)By C B. Then, Jor any w € By, one has

lu?(w) — (up,)? < C(lug,| + A)A,

where C = C(n, n) is a constant.

Proof. To simplify notation we set B = By and keep in mind that a certain
duplicate of B is contained in the domain where u? is subharmonic. The lemma
will be a consequence of several estimates.

(). lug —upl s A.
One has

1/2
luy — ug| < ][ lu—upl < ][Nlu—u~| S%J[NIVuI ST~<][N|Vu|2)
B B B B B B B B B ’

where the last two inequalities follow from Poincaré’s and Holder’s inequalities.

(i), (J[ - u3|2>1/2 <A

To show (ii) we apply Poincaré’s inequality again and (i):

][N lu —ugl? < 2(][~ Iu—uglz) +2lug —upl® < ré](NIVuP + A2~ A2,
B B B

(#ii). (J[Nuz) < lugl? + A%
B
We simply write
][N u? < 2(][N(u - uB)Z) +2(up)?
B B

and apply (ii).
Let us now estimate |u?(w) — (ug)?|. Since u? is subharmonic, for any
w € B, we have

W2 (w) — (up)? < J[ w2 — (up)?,
B(w)

where B(w) C B is a ball centered at w of radius comparable to the radius of B.
Hence

2 (w) — (up)? < ]Uuz ~ (up)?|
B

< (ﬁ(u - ug)z) l/2(][N(u - MB)Z) e {MAn.

B B
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By (ii), I < A. Also by (iii)

(1)?* < 2(}% uz) +2(ud) < (up)? + A% < (Jugl + A)% O

Proof of Proposition 5.2. Assume first that u? is subharmonic in B. To sim-
plify notation we rename 5B to be B and keep in mind that a certain duplicate

of B is contained in the domain where u? is subharmonic. Then, by the previous
lemma, for any w € B, one has

(5.1) lu?(w) — (up)?| s (Jlugl + A)A.

Suppose up > 0, otherwise we would apply the same argument to the function
(—u). Let kg = oscg(u). Then either (ug + ko/2) = u(w) for some w € B or
(up — ko/2) = u(w) for some w € B. Our purpose is to show that kg $ A. In
the first case, by (5.1) we get

‘ (uB + %)2 — (up)?| < (Jupl + A)A,

and therefore kg < A as we wanted to show. The second case is harder, and we
will need to consider several subcases. By (5.1)

2
(52) ‘(ug—ﬁ) —(’btg)z = ko MB—%' < (Jugl + A)A.

2

Suppose first that up > ko/2. Then |up — ko/4| = up/2 and (5.2) implies
kouB s (uB + A)A’

and therefore kg < A. Assume next that ug < ko/8. Then |ug — ko/4| > ko/8,
and by (5.2)

k% < (Jugl + A)A < (% +A) A.

So we deduce ko < A. Finally, if ko/8 < up < ko/2, we will apply (5.1) to some
point w such that u(w) = ug — ko/8. Then (5.2) becomes in this case

k 2
(=) -

— ke ’f—g “up| = (ugl + A)A,

and the previous argument holds as well.
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To prove the proposition in the general case, we proceed in a similar way.
Assume that u?¥ is subharmonic. The first step is to show an inequality similar to
(5.1). As before, since u?* is subharmonic, for any w € B we have

u*(w) — (up)? < ][ u?* — (up)?*,
B(w)

where B(w) C B is a ball centered at w of radius comparable to the radius
of B. By estimate (ii) in the proof of Lemma 5.3, the expansion a™ — b™ =
(@a-b)@m™'!'+a™2b+---+b™1), and Hoélder’s inequality, we get for any
wEB
k) - ) < f = g
B

2k

() (B )

J=1
2k

_ 12
sAanv*HquMﬂﬁ

Jj=1

u2k is subharmonic,

1/2k
sup |ul < (fgu”‘) ,
B 2B

1/4k 1/2k
() = ()
B 28

As a consequence of a result of Iwaniec and Nolder ([15], see also [4, Lemma
1.4]), this reverse Holder inequality improves to

(f) ™ = (f )

Using this and Hélder’s inequality, we get that

172 2k—j
(f 1ureen) " < (f )™
B 4B

Arguing as in Lemma 5.3, we get

Since

and thus

JMs(fJu—uw)+m~—um+mm
J:ZB 2B 2B 2B

1/2
srg<][ . IVuIZ) + A+ |ugl.
28
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Thus
2k ) )
(5.3) lu*(w) — (up)*| < A Z lupl/ =1 (A + |ugl)?k—
j=1

< A(lugl + A + |lug|)?*!
< A(lug| + A)2k1,
We can proceed now as in the case where u? was subharmonic. So, we suppose
as before that ug > 0, and we let kg = oscg(u). Then either (ug+ko/2) = u(w)

for some w € B or (ug — ko/2) = u(w) for some w € B. We will use the
following elementary estimate:

k-2

XK= yHo= (x = ) (T XMy b ) 2 (- ) ek )

So, in the first case by (5.3), we get

2k
<u3 + %) — (up)?* < A(up + A)K1,

and by the observation above we can conclude
ko(up + k)21 s A(up + A)%*-1
which implies kg < A. In the second case, we will consider subcases as before.

Assume first that up > ko, then ug — ko/2 = ug/2 and by (5.3) and the previous
observation

2k
ot <o~ (i)™ <

and therefore kg < A. Next, assume up < ko/8. Then ko/2 — ug > 3ky/8 and
(5.3) gives

2k
kgt < (% - us) —ug’ = Aug + )%

which implies kg < A. Finally assume ko/8 < ug < ko. Then we apply the same
argument to a point w € B such that u(w) = up — ko/16 and we get

2
(oot -

< 2k-1
16 s A(MB +A) .

Since up > ko/8, we obtain as before kg < A. O
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