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In this article, a new kind of 2D tool is proposed, namely (¢, §) diagrams, able to high-
light most of the information deemed relevant for classifier building and assessment. In
particular, accuracy, bias and break-even points are immediately evident therein. These di-
agrams come in two different forms: the first is aimed at representing the phenomenon
under investigation in a space where the imbalance between negative and positive sam-
ples is not taken into account, the second (which is a generalization of the first) is able to
visualize relevant information in a space that accounts also for the imbalance. According to
a specific design choice, all properties found in the first space hold also in the second. The
combined use of ¢ and § can give important information to researchers involved in the

Coverage plots activity of building intelligent systems, in particular for classifier performance assessment
and feature ranking/selection.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Many proposals have been made for measuring the performance of classification tasks (see [15,23,26] for extensive in-
formation on this matter). There are also several graphical representations and tools for model evaluation. In particular,
ROC curves [3,13,25] are a 2D visual tool widely acknowledged as the default choice for assessing the intrinsic behavior of
a classifier. Various aspects of ROC curves have been extensively studied by the machine learning community, including:
(i) isometrics of relevant measures [16,27,28], (ii) cost curves [9-11], and (iii) confidence bands [22]. Several proposals have
been made with the aim of extending the descriptive power of ROC curves, including those on detection error tradeoff [24],
on instance-varying costs [14], on adapting ROC curves for regression tasks [20], on the relationship between ROC analysis
and Bayesian models [6], and on explicitly representing the imbalance (e.g., coverage plots [17]). The area under the curve
has been actively investigated as well (see, for instance, [4,5,19,21]), for it is considered a good estimate of the discriminant
power of a classifier. A further category of measures is aimed at checking the propension to classify inputs as belonging to
the positive or negative class (bias) and to what extent the training set affects performance (variance). See also [8] for more
information on bias and variance.

The vast majority of performance measures is affected by the imbalance between positive and negative samples. This
concept can be given in numerical terms using the ratio between the amount of negative and positive samples (i.e., class
ratio). If one wants to assess the intrinsic properties of a classifier, adopting a measure that accounts for the class ratio may
not be a reliable choice. In fact, although many practical problems are typically unbalanced, most of the existing performance
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Table 1

Summary table on the most relevant aspects concerning (¢, §) measures and diagrams.
Kind of diagram  Notation  Based on Class ratio  Focus on
Standard (g, 8) Unbiased measures ~ No Intrinsic properties
Generalized (@b, Op) Biased measures Yes Actual properties

measures (e.g., accuracy) become progressively meaningless with increasing or decreasing class ratio (e.g., [12,18]). This fact
may be worsened by a lack of statistical significance of experimental results, which may hold for minority test samples.
While no practical solution able to contrast the latter issue exists, the former is typically dealt with by adopting a pair
of measures (e.g., precision and recall, or specificity and sensitivity). Besides, also ROC diagrams follow this approach, the
default choice being false positive rate (i.e., 1 — specificity) on the x axis and true positive rate (i.e., sensitivity) on the y axis.

In this article, two measures (i.e., ¢ and §) are proposed, which allow to assess the performance of classifiers according
to a bias vs. accuracy perspective. These measures are framed in two different kinds of 2D visual tools, i.e., standard and
generalized (¢, §) diagrams. The primary goal of the former is to highlight the intrinsic performance of a classifier, regardless
of the imbalance of the dataset at hand, whereas the latter have been devised to investigate how the underlying statistics
of data affects the behavior of a classifier.! To these ends, standard (¢, §) diagrams rely on measures that are not affected
by the class ratio, whereas generalized ones account also for the class ratio. In particular, in a standard scenario ¢ and §
will give information about unbiased bias and accuracy, whereas in a generalized scenario ¢ and § will give information
about biased (i.e., actual) bias and accuracy. As the terms “unbiased” and “biased” do not belong to the classical jargon, a
full section will be devoted to illustrate the corresponding concepts. So far, let us concentrate on Table 1, which gives a
sort of “roadmap” aimed at shedding light on the most relevant aspects concerning (¢, §) measures and diagrams. We are
confident on its usefulness for the interested reader.

The remainder of this article is organized as follows: Section 2 points out the existence of unbiased and biased spaces,
devoted to highlight intrinsic and actual properties of classifiers. Section 3 introduces ¢ and §, first as measures and then as
diagrams. This section encompasses also details concerning mutual information, break-even points and relevant isometrics.
Section 4 generalizes (¢, &) diagrams, allowing class ratio to be explicitly represented. Section 5 illustrates experimental
settings, and Section 6 summarizes some relevant use cases in which (g, §) diagrams are put into practice. In particular,
two main scenarios are described therein: classifier assessment and feature ranking (the fact that (¢, §) measures can also
be used to assess features should not be surprising, as a feature can always be considered a simple kind of classifier in
itself). Section 7 points out the strengths and weaknesses of this proposal, and Section 8 draws conclusions.

The introductory part of this work partially overlaps the one published in [1]. However, this was purposeful, as this
article is intended to become a sort of reference for all researchers that will decide to adopt (¢, §) diagrams for measuring
the performance of binary classifiers or for performing feature importance analysis. Any other material, including (i) the
semantics of ¢ and & axes for both unbiased and biased cases, (ii) a complete study on the relation that holds between
(¢, 6) measures and mutual information, as well as (iii) isometrics of the most acknowledged performance measures (i.e.,
accuracy, precision, negative predictive value, sensitivity and specificity), is totally unpublished. Notably, all details about the
way relevant equations have been derived can be found in the supplementary material, i.e., in Appendix A and in Appendix B.
The former is devoted to standard (¢, §) measures, whereas the latter to generalized ones.

Not least of all, the reader should also be aware that this is a methodological article, aimed at illustrating and analyzing
new measure spaces able to highlight at a glance some classifier or feature properties deemed relevant by the machine
learning community. Notwithstanding this perspective, care has been taken to provide a full experimental section, with the
goal of giving researchers a flavor of (g, §) diagrams inherent potential.

2. Unbiased and biased spaces for classifier assessment

Be E((P, N) the confusion matrix of a test run in which a classifier ¢ trained on a class c is fed with P positive samples
and N negative samples, with a total of M samples. In particular, &g, €91, £19, and &7 represent true negatives (TN), false
positives (FP), false negatives (FN), and true positives (TP), respectively. Assuming statistical significance, the confusion ma-
trix, possibly averaged over multiple tests, is expected to give reliable information on the performance of the classifier at
hand. Using Bayes decomposition, we can write:

- wep  Wo1 n 0| Yo Yo
E:(P,N)=M- =M- . 1
«(P.N) |:6010 w11i| |:0 pi| |:J/1o J/ni| (1)
— ——
QO)~p(Xe.Xe) 0(©O)~p(Xe) T (©)~pKe|Xe)

where:

1 Theoretically, these two tasks are very different. In particular, the former is strictly related to decisions to be taken according to a maximum-likelihood
(ML) criterion, whereas the latter on a maximum a posteriori probability (MAP) criterion.
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e X, and X are two random variables used to denote oracle and classifier, respectively.

e Q(c) is an estimate of the joint probability p(Xc,)?c). In particular, w;~p(e;), i, j =0, 1, denotes the joint occurrence of
correct classifications (i = j) or misclassifications (i#j). According to the total probability law: |2 = 37;; w;; = 1.

e O(c) represents the behavior of the oracle. As the classifier has been tested with N and P samples, the probability esti-
mates of negative and positive class are N/M = n and P/M = p, respectively.

e I'(c) is an estimate of the conditional probability p()?C|XC). In particular, y;; ~ p()’(\c =j|Xc=1), i,j=0,1, denotes the
percent of inputs that have been correctly classified (i = j) or misclassified (i#j) by X.. Note that Y00» Yo1» Y10, and ¥ 11
are in fact the rate of true negatives (tn), false positives (fp), false negatives (fn) and true positives (tp). According to the
total probability law, applied to a space of conditional probabilities: yoo + Yo1 = ¥10 + i = 1. Hence: [I'| = 3 v = 2.

Eq. (1) highlights the presence of two separate perspectives. The former, related to €2, is biased by the class ratio, so that
the measures defined therein are suited to give information about the actual performance of classifiers. The latter, related
to I', is not biased by the class ratio, and everything goes as if negative and positive data were perfectly balanced. Hence,
the measures defined therein can give information about the intrinsic performance of classifiers. Several proposals have
been made over time to establish a bridge between the two spaces, aimed in particular at turning biased measures into
unbiased ones -see, for instance, the work of Flach [16,20]. In our view, a simple yet clear strategy for defining performance
measures, framed within a biased or an unbiased perspective, depends on the probability estimate used as reference. In
particular, 2 can be used to define relevant measures in a biased space, whereas I' can be used to define relevant measures
in an unbiased space.

The most common definitions of accuracy (a), precision (), negative predictive value (), sensitivity (o) and specificity
(p), given focusing on the joint probability estimate €2, follow:

_trace(2) w0 +wn _o-tn+tp
Toqer o1 ThwrEmE e
_ w11 _ D-Yn _ 1+O_.Q

w1 +wo1  P-Yn+n-Yo tp

1

@0 _ 1 Yoo _ 1+l‘ﬁ (2)

woo+wio  N-Yoo+ P Yo o tn

w11
=1  _ =t
1Y w"a}t)owm Y p
D= —— = =tn
P Woo + Wo1 Yoo

Eq. (2) highlights the dependence of accuracy, precision and negative predictive value from the class ratio, only specificity
and sensitivity being unbiased.

Turning biased measures into unbiased ones is now trivial. One should just substitute I' to Q2 in Eq. (2). Hence, using
the subscript “u” to distinguish unbiased from biased measures, we can write:?

_trace(T') _ yoo+yn _ tn+tp
-y 2 )
f 1
T = Yo _ 4 i Jp
Y + Yo tp
1
o Yo _(q, fn 3)
Yoo + Y10 tn
Y11
- = =t
P Vn)j(—)o)/m i P
0= —= =tn
P Yoo + Yo1 Yoo

3. Standard (¢, &) diagrams

In a classifier assessment scenario, a researcher is typically interested in understanding to what extent a classifier is
able to approximate the oracle and whether it is biased towards the positive or the negative class. In a feature assessment
scenario, a researcher is typically interested in assessing to what extent a feature is covariant or contravariant with the
positive class, and whether it is characteristic or not for the dataset at hand. As pointed out, the solution proposed in this
article addresses the problem from an accuracy-based perspective. In symbols, the following definitions hold (see [1] for
further details on this aspect):

g=tp+fp-1=p-p (4)
d=tp—fp=p+p-1

2 Note that the unbiased definition of sensitivity and specificity actually ends up with the usual definitions, as they are intrinsically unbiased.



326 G. Armano, A. Giuliani/Information Sciences 463-464 (2018) 323-343

N 27:
#
10
b\\o Q{"
4
%8 Q’
05 A b
N e Q
Q
4 & b
N N
“ 4
@/
-05
Q{O 0\\0
& s
-1.0 '6\ n
-1.0 -0.5 0.0, 05 10
Q O3
v o
<

Fig. 1. Shape of the ¢ —§ space: the diamond centered in (0,0) delimits the area of admissible value pairs for ¢ and § (it is easy to verify that, by
construction, the diamond area is 2).

Eq. (4) defines standard ¢ and § measures, which can be used to assess classifier performance or feature importance. De-
ployed in a 2D orthogonal view, ¢ and § give rise to (¢, §) diagrams. Due to the constraints imposed by p and p, these
diagrams have a diamond shape, whose borders are identified by the equation || + |§| = 1. Fig. 1 shows a (¢, §) diagram,
together with some isometrics of specificity and sensitivity, i.e., tn = p = {0,0.5,1}) and tp = p = {0, 0.5, 1}. Note that, by
construction, the area of admissible values in the (g, §) space is 2, as any side of the diamond has length /2.

3.1. Semantics of the (¢, §) space

The semantics of the § axis is strictly related to the unbiased accuracy. In fact, § can be given in terms of the unbiased
accuracy as follows:

b=p+p—-1=tp+tn—-1=2. -1=2.q,-1 (5)

tp+tn
2

Hence, the findings highlighted by Eq. (5) allow to state that § is able to measure the intrinsic discriminant capability of a
classifier.

To analyze the semantics of the ¢ axis, let us start from the fact that the bias can be defined as the expected value of
the difference between classifier (X.) and oracle (X;). In symbols:

bias = E[X. — X.] = E[X.] - E[X]
Having information about the percent of negative and positive samples, IE[)?C] and E[X;] can be rewritten as:
E[X] ~((@-m+2n-fp-2p-fn
E[X] =~ (p—n)
Hence:
bias:E[)?c—Xc] =E[5(\C]—IE[XC]~2n~fp—2p-fn (6)
Eq. (6) represents an estimate of the bias of a classifier, measured over the confusion matrix that describes the outcomes
of the experiments performed with the available data (see also [1] for further details on this aspect). Imposing n = p = 0.5,
Eq. (6) can be rewritten as:

bias:E[)?c—Xc] ~fp—fn=tp—tn=p—-p=¢ (7)

n=p=0.5

Eq. (7) highlights that ¢ is an estimate of the unbiased bias of a classifier. Indeed, when the performance of a classifier
measured over a test set D lies on the positive semiplane of ¢, one can argue that the classifier has a bias towards the
positive class and vice versa.
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Fig. 2. Relevant points in the (¢, §) space from a classifier- and feature-oriented view (left- and right-hand side, respectively).

To sum up, a standard (¢, 8) diagram is a bias-accuracy diagram, where ¢ represents (an estimate of) the unbiased
bias and § represents the unbiased accuracy remapped in [-1, +1]. As a consequence, classifiers with ¢ ~0 and ||~ 1 are
expected to show very good or very bad performance, depending to the sign of §. Conversely, classifiers with |p|~1 are
expected to show very bad performance.’

Fig. 2a points out that the diamond corners denote in fact well known kinds of classifiers. In particular, the upper corner
(characterized by p = p = 1) represents a classifier that is always correct (i.e., the oracle). Conversely, the lower corner
(characterized by p = p = 0) represents a classifiers that is always wrong (let us call it anti-oracle). As for left and right
corners, they both denote dummy classifiers. In particular, the one at the left-hand corner (characterized by p =1 and
p = 0) always takes pessimistic decisions, considering any sample as belonging to the negative class, whereas the one at the
right-hand corner (characterized by p = 0 and p = 1) always takes optimistic decisions, considering any sample as belonging
to the positive class. It is clear that the above behaviors refer to ideal cases. However, they are approximately conserved in
proximity of the corners (the closer, the better).

Similar considerations can be made for features. Fig. 2b points out that the highest discriminant capability for a feature
occurs at upper and lower corners. In particular, the upper corner denotes a feature that is completely covariant with the
positive class, whereas the lower corner denotes a feature that is completely contravariant with the positive class. In either
case, the discriminant capability of the feature at hand is the highest. A feature laying at the left- |/ right-hand corner is in
fact always false | true. In either case, any such feature would be completely irrelevant for the classification task.

3.2. (¢, 8) Diagrams vs. mutual information and break-even points

It can be shown that the ¢ axis, defined by the equation § = 0, denotes the locus of points for which the mutual infor-
mation between classifier and oracle is minimum (i.e., these points have maximum entropy), whereas the § axis, defined by
the equation ¢ = 0, denotes the locus of break-even points.

To start analyzing the property concerning mutual information let us recall its definition, given in terms of the random
variables associated to the classifier at hand and to the oracle. In symbols:

I(Xe; Xe) = H(Xe) — HXcIXo) (8)

This information-theoretic measure actually denotes the information gain obtained by applying the classifier to the given
problem. One should expect the information gain to be maximum in correspondence of oracle and anti-oracle, whereas a
null information gain is expected for dummy classifiers (no matter whether a pessimistic or an optimistic strategy holds).
Also the origin of axes is expected to carry a null information gain, as in that point p = p = 0.5. In fact, the whole ¢ axis is
characterized by a null information gain. Fig. 3 graphically illustrates this aspect, highlighting that all points for which the
information gain is minimum lay on the ¢ axis. In particular, the left-hand side of the figure shows the whole 3D plot of
1(Xc; X.), whereas the right hand side highlights its minima.

As for break-even points, in general they must fulfill the equation & = p. Enforcing this constraint in an unbiased space,
i.e., imposing that = = p, allows to show that break-even points are located on the § axis, which is characterized by the

3 A notable exception occurs when the imbalance is in favor of the bias. For instance, a classifier operating on a test set with o > 1 would have a good
performance in the event it associates the negative class to each submitted sample. However, this would only depend on the imbalance of data rather than
on the intrinsic behavior of the classifier.
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(a) Mutual information over (g, d) (b) Mutual information minima
Fig. 3. The information gain evaluated over the whole (¢, 8) space is reported on the left, whereas the locus of points for which the information gain is

minimum is reported on the right (a 25x25 grid has been used in both cases).

Table 2
Summary table concerning isometrics and loci of points in a standard (g, §)
space for unbiased and biased measures (shorthands: « =1/ —1 and o =

17 -1).
Isometrics of As unbiased measure As biased measure
Specificity S=¢p—-1+p -
Sensitivity S=—p—-1+4p -
o-1
Accuracy §=2a-1 8:@4(p+2a—1
Precision S=QRm-1)-(p+1) 8:g+a-1((p+1)
— a-o—

Neg Pred Value §=(1-2m) (¢ —-1) S:W(w—l)
Bias ¢ = bias, = Z—f] - (¢ — bias) + 1
Break-Even Points ¢=0 (e, § axis) 8= Z—t} o +1

equation ¢ =0. In symbols:

i tp P
ynt+van tp+fp p+(1-p)
Hence:
T=p—>p+(1-p)=1-p-p=0-¢=0 (10)

3.3. Isometrics on standard (¢, §) diagrams

This subsection illustrates how isometrics of specificity, sensitivity, accuracy, precision, negative predictive value and bias
are deployed in a standard (¢, &) diagram. For the sake of brevity, the corresponding formulas are summarized in Table 2.

Fig. 4 shows some isometrics of specificity and sensitivity (left- and right-hand side, respectively). In either case, they are
a bundle of straight lines parallel to the contour of a (¢, §) diagram.

Fig. 5 shows some isometrics of accuracy. The left-hand side of the figure (¢ = 1) highlights that § corresponds in fact to
the unbiased accuracy remapped in [—1, +1]. Note also that the isometrics for a = 1 (oracle) and a = 0 (anti-oracle) actually
reduce to a single point. The right-hand side of the figure (0 = 3) shows that the slope of accuracy isometrics depend on
the class ratio.

Fig. 6 shows some isometrics of precision and negative predictive value. In either case, isometrics are a bundle of straight
lines, with varying slope, which originate from the left- and right-hand corner of the (¢, §) space. The slope of a line in
general depends on o and 7.

Fig. 7 shows some isometrics of bias, for 0 =1 and o = 3. The left-hand side of the figure (o = 1) highlights that ¢
corresponds in fact to the unbiased bias.
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Fig. 4. Isometrics of specificity and sensitivity for selected values of p and p (i.e., 0., 0.25, 0.5, 0.75, 1.0).
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Fig. 5. Some isometrics of accuracy (i.e., 0., 0.25, 0.5, 0.75, 1.0), with different class ratios: o = 1 on the left-hand side and o = 3 on the right-hand side
(note that when o = 1 unbiased and actual accuracy coincide).

4. Generalized (¢, §) diagrams

In this section, a generalization of (¢, ) diagrams is proposed, the corresponding space being named (¢, §;). Notably,
all relevant properties identified for (¢, §) diagrams are maintained in the new space, according to a specific design choice.
In particular, it is shown (i) that a value measured on the §, axis corresponds to the actual accuracy remapped in [-1, +1],
(ii) that a value measured on the ¢, axis gives (an estimate of) the actual bias, and (iii) that the §, axis is the locus of
break-even points.

As we want Eqs. (7) and (5) hold also for the generalized case, the starting point for devising a generalized (¢, §) space
is:

©p ~ bias

Rewriting Eq. (11) in terms of n, p, p, and p yields the following equations, which define the generalized (¢, §) space:

§0b:_2n'ﬁ+2p'p+2(n_p) (12)
5b=2nﬁ+2p,0—1

4.1. Semantics of the (¢y, 8y,) space

Fig. 8 illustrates an example of a generalized (¢, §) diagram, with o = 3. All relevant points (i.e., oracle, anti-oracle and
dummy classifiers) have been highlighted, and the corresponding coordinates reported therein. Furthermore, we know that,
by construction, bias and accuracy isometrics are straight lines parallel to the §, and to the ¢} axis, respectively. As expected,
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Fig. 8. A (¢}, 8p) diagram in which o = 3 (in this case the diamond area is 3/2).
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Table 3

Summary table reporting the coordinates of corners in a generic (@, &)
space (also the coordinates of ¢ and & have been reported for the sake
of readability).

Hotspot Classifier % 1) Op Sp
TOP Oracle 0 +1 0 +1
BOTTOM  Anti-Oracle 0 -1 2(n-p) -1
LEFT Dummy (pessimistic) -1 0 -2p n—-p
RIGHT Dummy (optimistic) +1 0 +2n p—n
1.0 @ Oracle
() @ Dummy (no)
® Dummy (yes) 1.0 ® Oracle
@ Anti-Oracle ® Dummy (no)
® Dummy (yes)
05 @® Anti-Oracle
0.5
< 00Ke P
< 0.0
-0.5
-0.5
1ol Ratio=1 Q _1ol_Ratio=3
-1.0 -0.5 0.0 0.5 10 ~0.5 0.0 0.5 10 15
[ [
(a)o=1 (b) o =3
1.0 ® Oracle 1.0 @® Oracle
® Dummy (no) ® Dummy (no)
@ Dummy (yes) \'\ ® Dummy (yes)
@® Anti-Oracle @ Anti-Oracle
05 0.5
< 0.0 w 0.0
-0.5 -0.5
Ratip = 6 Ratio = 12
-1.0 -1.0
0.0 05 10 p & 2 0.0 0.5 1.0 15
¢ P
(c)o=6 (d) o =12

Fig. 9. Using (¢, &,) diagrams to assess the performance of a classifier in presence of different class ratios (i.e., from left to right and from top to bottom:
o =1,3,6,12). In particular, the figures make clear that a dummy classifier may reach “good performance” depending on the class ratio. Note that specular
diagrams could be obtained by imposing o =1,1/3,1/6,1/12.

the oracle is still located at ¢, = 0 and 8, = +1, whereas the position of the remaining corners changes according to the
given class ratio. Table 3 reports the coordinates of corners in a generic (¢, &) space. The corresponding values for the
standard (¢, §) space are also reported for the sake of completeness. Note (i) that the discriminant capability of the anti-
oracle is still —1, (ii) that the center of the biased space is not coincident anymore with the origin of axes (it is easy to
verify, analytically or using simple geometric considerations, that its coordinates are ¢, = n — p and §, = 0), and iii) that the
area of the rectangle that delimits a (¢, 8,) space amounts to 8 np (this happens because the borders of the rectangle now
measure 2p-+/2 and 2n-+/2, e.g., from the oracle to the left-hand corner and from the oracle to the right hand corner,
respectively).

Notably, the apparent discriminant capability of a dummy classifier might even become close to 1, depending on the
characteristics of the dataset at hand. In particular, the pessimistic (optimistic) classifier can reach a very good performance
when n>>p (p>n). However, most likely, this would be due to the statistics of the dataset at hand rather than to the
intrinsic capability of the classifier.

To further investigate this issue, Fig. 9 gives an insight about the potential of (¢, §,) diagrams in the task of assessing
the behavior of a classifier with varying class ratio. Four points are highlighted, each representing a relevant category of
classifier performance. In particular, two points approximate the behavior of oracle and anti-oracle, whereas the others ap-
proximate the behavior of dummy classifiers (optimistic and pessimistic). These diagrams make clear that, with increasing
class ratio, the apparent performance of a pessimistic classifier progressively becomes comparable to the one of the oracle.
However, here the improvement depends only on the statistics of data that has been imposed rather than on the discrim-
inant capability of the corresponding classifier. Similar considerations hold for decreasing class ratio, the only difference
being that -in this case- good performances would be attained by the optimistic classifier.
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Fig. 10. The information gain evaluated over the whole (¢}, 8),) space is reported on the left, whereas the locus of points for which the information gain
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is minimum is reported on the right (a 25 x 25 grid has been used in both cases).

Table 4

Summary table concerning isometrics and loci of points in the (¢}, 8;,) space.

isometrics of

Unbiased space

Biased space

15

Specificity S=¢p—-1+2p Sp=¢p+4n-p—1-2(n-p)
Sensitivity S=—-¢p—-1+2p Sp=—¢@p+4p-p—1+2(n-p)
Accuracy §=2a-1 Sp=2a-1

Precision §=2rn-1)-(¢+1) S=Q2nu—-1)-(pp+2p)+(n—p)
Neg Pred Value 8=(1-27)-(p—-1) 8,=(1-27)-(¢p—2n)+(p—n)
Bias @ = biasy @p =Dbias

Break-Even ¢ =0 (1e, the § axis) ¢p =0 (Le., the §, axis)

4.2. Generalized (g, §) diagrams vs. mutual information and break-even points

In generalized (¢, §) diagrams, the minimum information gain holds on the straight line that joins dummy classifiers
(i.e., left and right hand corners). This result is in complete agreement with the one seen on standard diagrams, the only
difference being that the diagram is now stretched according to the class ratio. Fig. 10 reports mutual information for o = 3.
In particular, the left-hand side of the figure shows the whole 3D plot of I(XC;)?C), whereas the right hand side highlights
its minima.

As for break-even points, they must fulfill the equation 7 = p. In symbols:

_ P-¥Yn _ p-tp p-p —p (13)
p-yn+n-yn p-tp+n-fp p-p+n-(1-p)

Hence:
T=p—>pp+tn-(A-p)=p->p-p-n-p+n-p)=0-¢,=0 (14)

4.3. Isometrics on generalized (¢, &) diagrams

This subsection illustrates how isometrics of specificity, sensitivity, accuracy, precision, negative predictive value and
bias are deployed in a generalized (g, §) diagram. For the sake of brevity, the corresponding formulas are summarized
in Table 4. Few differences in terms of equations occur between unbiased and biased isometrics, as equations derived for
the generalized space always imply or are equivalent to those derived for the standard one. Nevertheless, to facilitate the
comparison, also their graphical representation is given.

Fig. 11 shows some isometrics of specificity and sensitivity (left- and right-hand side, respectively). In either case, they are
a bundle of straight lines parallel to the contour of a (¢}, §) diagram.

Fig. 12 shows some isometrics of accuracy and bias. The figure highlights that §, corresponds to the accuracy remapped
in [-1, +1] (left-hand side), whereas ¢}, corresponds to the bias (right-hand side).

Fig. 13 shows some isometrics of precision and negative predictive value. Note that in both cases the isometrics 0.5 is still
parallel to the horizontal axis.
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Fig. 13. Isometrics of precision and negative predictive value.

5. Experimental settings

We decided to focus mainly on real-world datasets, as they are typically more effective than artificial ones in the task of
highlighting the characteristics of a method. However, as the majority of real-world datasets contain non binary features, we
had to devise a way for dealing with nominal and floating point features. To provide essential information on this aspect,
let us briefly describe the solutions adopted to make these kinds of features compatible with (¢, §) diagrams.
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5.1. Nominal features

Dealing with a nominal feature is straightforward, as one may focus on all subsets that originate from its values. In
particular, with P(.) used to denote the powerset operation, the number of significant subsets that can be built over the
values of a feature fis |P(f)|/2 — 1. For example, assuming that f has four values, say small, medium, large and extra_large,
the number of significant subsets would be:

[P(HI2-1=16/2-1=7

This result is consistent with the informal appraisal according to which, in this case: (i) singletons make irrelevant the analy-
sis of all subsets with dimension three, e.g., {small} makes irrelevant the analysis of {medium, large, extra_large}; and (ii) only
half of pairwise subsets are in fact significant, e.g., {small, medium} makes irrelevant the analysis of {large, extra_large}. Most
often, binarization is a viable alternative, as the number of values for a nominal feature is typically lower than 10. However,
in hard cases, nothing prevents from investigating only subsets with low cardinality, regardless of the actual dimension of
the powerset.

5.2. Floating point features

Let us first revisit the strategy adopted for dealing with binary features. In this case, class values are encoded with
+1 and -1 (positive and negative class, respectively), and the same happens for feature values (with the meaning of true
and false, respectively). In a way, given a binary feature, everything goes as if a full “token” (which amounts to +1) were
assigned to the set of true | false positives | negatives, depending on the agreement between the feature value (say v) and
the class label (say c) for the sample at hand. For instance, with ¢ = +1 and v = —1, the available token would be entirely
used to increment the number of false negatives. Given a feature, the full statistics concerning true / false positives, as well
as true | false negatives can be obtained by applying this basic step over all available samples.

The strategy adopted for dealing with floating point features extends the one depicted above by enforcing token sharing.
In particular, the function t(v) used for token sharing is:*

1+cxv
2

Depending on the sign of ¢, the cumulative value that accounts for the number of true negatives or true positives is updated
according to Eq. (15). In particular, when ¢ = —1 the quantity t(v) is assigned to true negatives, whereas the remaining
part, i.e, 1—t(v), is assigned to false positives. Conversely, when ¢ = +1 the quantity t(v) is assigned to true positives,
whereas the remaining part is assigned to false negatives. For instance, let us assume that the given sample belongs to the
positive class (c = +1) and that v, after normalization in [—1, +1], amounts to +0.8. This means that v is mainly, though not
completely, covariant with c. Hence, most of the available token will be assigned to true positives, whereas the remaining
part will be assigned to false negatives. In symbols:

TP +=09 as t(v)=(1+1%0.8)/2=0.9
FN +=01 as 1-t(v)=1-0.9=0.1
Analogous considerations hold when ¢ = —1 (in this case, true negatives and false positives would be affected by the update).

It is easy to show that token sharing reduces to the binary token assignment strategy when v = 41. For instance, assum-
ing that c = +1 and v = +1 (instead of +0.8), Eq. (16) would reduce to:

TP +=1. as tw)=1+1%1)/2=1.
FN +=0. as 1-t(v)=1-1.0=0.

t(v) = (15)

(16)

(17)

6. Experiments with (¢, §) diagrams

This section reports some relevant use cases aimed at illustrating the expressiveness of (¢, ) diagrams. All datasets
used for experiments are publicly available on well-known machine learning web sites.” Two separate subsections follow:
one focused on classifier assessment and the other on feature assessment.

6.1. Using (¢, 8) diagrams for classifier assessment

Let us consider for example the UCI dataset ionosphere, which contains radar data collected by a phased array of 16
high-frequency antennas in Goose Bay, Labrador. The targets were free electrons in the ionosphere: “good” radar returns

4 The proposed token sharing strategy is intentionally linear, as the token is split into two proportional parts. Although nothing prevents from devising
and implementing alternative non linear strategies, discussing this aspect is far beyond the scope of this article.

5 The vast majority of datasets has been downloaded from the Machine Learning repository at UCI (http://archive.ics.uci.edu). KEEL (http://sci2s.ugr.es/
keel) and OpenML (http://www.openml.org) have also been used as datasets sources.


http://archive.ics.uci.edu
http://sci2s.ugr.es/keel
http://www.openml.org
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Fig. 14. Workflow of the experiment in which the ionosphere dataset has been tested with multiple classifiers (i.e., Naive Bayes, Decision Tree, SVM, Logistic
Regression, and AdaBoost) using 10-fold cross-validation.
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Fig. 15. (¢, §) and (@), &,) diagrams corresponding to the experiment in which the ionosphere dataset has been tested with multiple classifiers (i.e., Naive
Bayes, Decision Tree, SVM, Logistic Regression, and AdaBoost) using 10-fold cross-validation. The imbalance for the diagram that lay on the right-hand side
of the figure has been arbitrarily set to 1/2.

are those showing evidence of some type of structure in the ionosphere, whereas “bad” returns are those that do not (i.e.,
signals pass through the ionosphere). The dataset contains 351 samples; 225 good and 126 bad. Assuming that the positive
class is “good”, this dataset has a ratio o = 126/225 = 0.56. Let us assume that one wants to test the behavior of different
classifiers (e.g., naive Bayes, decision trees, SVM, logistic regression and adaboost) on the given dataset. Fig. 14 reports the
workflow of the experiment, as obtained using the Orange toolbox [7].

The corresponding (¢, §) diagrams, reported in Fig. 15, clearly point out that the best performance (in terms of unbiased
and actual accuracy) is attained by SVM. This aspect would not be so clear using ROC diagrams, as they are suited to
highlight specificity or sensitivity isometrics rather than accuracy or bias isometrics.

As for bias, Fig. 15a highlights that almost all classifiers, except for Naive Bayes, are expected to show better performances
on the negative side, meaning that, in absence of imbalance, specificity should be better than sensitivity (a negative value
of ¢ implies that specificity is better than sensitivity). This behavior is further highlighted in Fig. 15b, which results from
stretching the unbiased diagram to account for the imbalance of data, according to Eq. (12). As last comment on classifier
performance analysis, let us note that the variance of a classifier on the dataset at hand can be estimated by showing the
results of all k-fold cross validation runs on a (@, §) diagram. In so doing, one can easily spot the variance by looking at
the scattering over the diagram. Fig. 16 reports the (estimated) variance obtained on the ionosphere dataset by running SVM
and random forests, both with 10-fold cross validation. The figure makes clear that the variance for SVM is higher than the
one obtained by running random forests.

As for classifier tuning, it is usually made according to a MAP criterion, in which the statistics of the input source are
known. A typical choice in this kind of experimental setting consists of trying to maximize the overall accuracy of a classifier
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Fig. 16. The (estimated) variance obtained by running SVM and random forests on the ionosphere dataset (on the left-hand and right-hand side, respec-
tively). Each step of a 10-fold cross validation testing strategy has been reported on a (¢, §) diagram. The scattering of results clearly highlights that the
variance observed with SVM is higher than the one observed with random forests.
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Fig. 17. Three extreme (g, §) curves, i.e., oracle (in blue), anti-oracle (in red), and random guess (in yellow) are reported on the left-hand side. The right-
hand side reports a (g, §) curve (in green) that results from testing a naive Bayes classifier on the heart disease dataset. (For interpretation of the references
to colour in this figure legend, the reader is referred to the web version of this article.)

by tuning up the classifier parameters. Among the available parameters, let us concentrate on the classification threshold,
which controls the way positive inputs are discriminated from negative ones.® This parameter may be used to tune the de-
cision process according to the class ratio. The starting point in a strategy for threshold optimization requires the equivalent
of a ROC curve, say (@, §) curve hereinafter. Drawing it is straightforward, the obvious difference being that the curve would
lay down in a bias vs. accuracy space rather than in a specificity vs. sensitivity space.

To better illustrate this aspect, let us take a look at Fig. 17. On the left-hand side, three extreme (¢, §) curves are drawn,
which correspond to: oracle (in blue), anti-oracle (in red), and random guesser (in yellow). On the right-hand side, a real
(¢, 8) curve is drawn, which represents the behavior of a naive Bayes classifier tested on the well known real-world heart
disease UCI dataset. Recalling that accuracy isometrics are straight lines parallel to the ¢ axis, drawing a (¢, §) curve allows
one to easily detect the maximum value of unbiased accuracy (see Fig. 18a). More importantly, assuming that the imbalance
is known, one can draw the (¢, §) curve in a (¢}, §,) diagram and check the maximum value of actual accuracy that can
be attained (see Fig. 18b). The corresponding threshold should be selected as optimal for the given imbalance.

6.2. Using (@, 8) diagrams for feature assessment

The analysis depicted hereinafter, aimed at investigating the so-called feature importance, can be considered a first step
in various activities concerning classifier design. Beyond feature ranking, it could play a primary role in feature selection
algorithms (as underlying heuristics) or it could be used to perform a preliminary analysis before deciding whether to apply
feature reduction or not to the dataset at hand.

As pointed out, (¢, §) diagrams can also be used to perform feature assessment. In this case, each feature is treated as
a single-feature classifier, so that its “performance” can be reported in a (p, ) space as well. Drawing all resulting points
(one point for each feature) gives rise to a kind of “class signature”.

6 Thresholding the output of a classifier is not always feasible, as not all classifier are designed (or implemented) to allow it. When feasible, the default
threshold value for a classifier whose output ranges in [0,1] would be 0.5, whereas 0 would be used as default for classifiers whose output ranges in
[-1,+1].
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Fig. 18. The (¢, §) curve obtained by running a naive Bayes classifier on the dataset heart disease is reported on the left-hand side. The optimal threshold
for the classifier at hand on the selected dataset can be easily spotted by looking at the maximum value of accuracy found when drawing a (¢, §) curve in
a (@p, 8,) diagram (right-hand side).
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Fig. 19. Examples of “good” and “bad” signatures obtained with two historical UCI datasets: (a) mushroom, on mushroom edibility, and (b) dota2, which is
an online game. For each dataset, the corresponding diagram has been obtained by reporting in the (¢, §) space the performance of its embedded features
-as they were in fact single-feature classifiers. Nominal features have been binarized (for the sake of simplicity, only subsets of values with cardinality 1
or 2 have been investigated).

One may wonder about how class signatures can be used to check whether a dataset is expected to be easy or difficult
and whether specific signature shapes exist for one or more application fields. Let us separately analyze these aspects.

6.2.1. Identifying easy vs. difficult datasets

A simple strategy for inspecting class signatures consists of checking whether one or more features exist, which are
covariant or contravariant with the positive class (in either case, the classification task would be easy). On the other hand,
class signatures in which all features lay close to the ¢ axis are expected to be difficult to classify. Notably, a class signature
can also highlight at a glance which features are rare or characteristic for the dataset at hand. For instance, let us assume
that the absence/presence of a word in a document is asserted by a corresponding binary feature. Having the feature mostly
false in the document corpus under analysis would mean that the word occurs in very few documents (left-hand corner of a
(p, 8) diagram). Conversely, having the feature mostly true would mean that the word occurs in the majority of documents
(right-hand corner of a (¢, ) diagram). In either case, the corresponding word would not be helpful for the classification
task.

Fig. 19 reports two exemplar cases of class signature, generated from historical datasets downloaded from the UCI ma-
chine learning repository. As for the mushroom dataset (see Fig. 19a), one may argue that the classification task should be
very easy, as many features are spread along the (¢, §) space. In any case, the performance could not be worse than the one
associated to the best feature, no matter whether covariant or contravariant with the positive class. In fact, after running
a naive Bayes classifier on this datasets the resulting accuracy was 0.98. As for the dota2 dataset (see Fig. 19b), one may
argue that the classification task is expected to be difficult, as all features lay along the ¢ axis. In fact, after running a naive
Bayes classifier on this datasets the resulting accuracy was 0.61. Note, however, that the presence of at least one feature
with medium-to-high value of |§| implies that the dataset at hand is easy, but the converse is not always true.

To further investigate this aspect, several real-world datasets have been selected from various Internet sources. Table 5
reports the selected datasets, divided into four groups, i.e., life sciences, multimedia, social sciences and remote sensing. Each
group encompasses four datasets, listed out with increasing number of samples.

All experiments have been run using the Orange toolbox, which allowed to easily calculate class signature and classifi-
cation for each dataset. The former task has been performed using a new widget, named (¢, &), which has been embedded
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Table 5

Four significant groups of datasets, i.e., life sciences, multimedia, social sciences and remote sensing, used for experiment-
ing (@, 8) diagrams in the context of feature assessment. Each group encompasses four datasets of different size, with
increasing dimensionality.

Life Sciences #samples  #features
SPECT images Heart disease identification by means of SPEC Tomography images 267 44
Diabetes Data about diabetes retinopathy (from Messidor image dataset) 1151 20
Splice Splice-junction identification in gene sequences 3190 61
Eye state EEG measurement with the Emotiv Neuroheadset 14,980 15
Multimedia #samples  #features
TechTC Class taken from the TechTC-100 text collection 163 19,259
Internet ads Advertisements identification on Internet pages 3279 1558
Phishing Predicting phishing websites 11,055 68
TV News News from the TV channel BBC International 17,721 4124
Social sciences #samples  #features
Credit Card Approvals of Australian credit card applications 690 14
German credit German credit data (loan decision process) 1000 24
Census US citizens census income (from 1994 data) 48,842 14
FARS Fatal injuries suffered in motor vehicle traffic crashes 100,968 29
Remote sensing #samples  #features
Robot Force and torque measurements on a robot after failure detection 164 90
Sonar Bouncing sonar signals (mines vs. rocks identification) 208 60
HAR Human activity recognition (with cellular phone) 10,299 561
Gas sensors Gas sensors for home activity monitoring 919,438 1
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Fig. 20. Class signatures corresponding to the dataset group life sciences.

into Orange. Figs. 20-23 report the class signature of each dataset, according to the group it belongs to. As for classification,
it has been performed using a standard widget that embeds random forests, which are widely acknowledged for being very
robust and effective (see for example [2] for further details on this aspect).

The corresponding experimental results, reported in Table 6, highlight that in most cases a strict correlation holds be-
tween classification performance and maximum absolute value of §. Information about the actual difficulty of the dataset
at hand is given in terms of accuracy, specificity and sensitivity. All cases in which the classification performance fulfills the
behavior suggested by the class signature have been labeled with a black circle, while weak correlations have been labeled
with a white circle. Weak correlations have been observed only on the Census and FARS datasets. Apparently, in the former
case the correlation is high. However, the reported high performance is probably due to the high value of imbalance rather
than on the intrinsic capability of the classifier at hand. In fact, most likely, the classifier has been “driven” towards negative
samples by the high value of imbalance. As a result, sensitivity is much lower than specificity. However, this drawback did
not have a great impact on the actual accuracy, this time thanks to the class ratio. In the latter case, the reported behavior
is probably due to the high number of samples compared to the relatively low number of features.
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Fig. 21. Class signatures corresponding to the dataset group multimedia.
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Fig. 22. Class signatures corresponding to the dataset group social sciences.

6.2.2. Relationship between application field and class signatures

A further issue that has been investigated is whether the shape of the class signature is affected or not by a specific
application field. In fact, no evident correlation between class signature shape and application field has been observed on
the selected groups of datasets, the only exception being for text categorization tasks. The membership of a dataset to a
group being in general not a sufficient condition for shaping up a characteristic signature in the (¢, §) space came as no
surprise. As for the “exception” found with text categorization, this is certainly due to the fact that a language lies behind
the scenes while analyzing text /| document samples. In particular, many studies acknowledge that a generic word occurs in
a document corpus according to the Zipf's power law [29]. This law states that the frequency of a word in a document corpus
and its position in the corresponding frequency table (i.e., its frequency rank) are approximately inversely proportional. As
a consequence, when checking the occurrence of a word in a dataset of documents, few high-ranking words are expected
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Fig. 23. Class signatures corresponding to the dataset group remote sensing.

Table 6

The table reports maximum absolute value of § and classification scores for the
selected datasets. The black circles on the right highlight datasets whose clas-
sification performance fulfills the behavior suggested by their class signature,
whereas weak correlations have been labeled with a white circle. The table con-
tent clearly shows that in almost all cases medium or high values of |§| guaran-
tee an easy or very easy classification task.

Life sciences Neg/Pos Max |[§| a 3 P

SPECT images 0.26 0.16 078 025 091 .
Diabetes 0.88 0.16 077 087 057 .
Splice 0.93 0.66 097 098 096 e
Eye state 1.23 0.03 059 056 061 .
Multimedia Neg/Pos Max || a 3 P

TechTC 1.06 0.27 077 067 086 e
Internet ads 6.16 0.30 0.95 0.97 0.84 .
Phishing 0.80 0.77 097 096 098 e
TV News (BBC dataset)  1.10 0.27 084 087 081 .
Social sciences Neg/Pos Max [§| a 3 P

Credit card 1.25 0.72 086 0.88 083 .
German credit 2.33 0.32 076 090 044 .
Census 15.12 0.51 085 093 062 o
FARS 0.77 0.73 084 084 085 o
Remote sensing Neg/Pos Max || a 3 P

Robot 0.66 0.13 080 069 087 e
Sonar 114 0.16 072 079 063 .
HAR 1.24 0.74 1.00 100 100 .
Gas sensors 0.22 0.42 0.99 0.95 1.00 .

to lay on the right side of a (¢, §) diagram, whereas many low-ranking words are expected to lay on the left side of the
diagram. This particular shape, which can be found in all datasets of documents (including Internet web pages), is a direct
consequence of the Zip’s power law. Note that, in this application field (¢, §) diagrams can be useful also in the task of
detecting the so-called stop words, as they are constrained to appear on the right side of the diagram. A full confirmation
of this hypothesis can be obtained by looking at the mulitimedia group. Indeed, the corresponding class signatures obey to
the Zipf's law, the only apparent exception being the Phishing dataset. In fact, in this dataset a feature selection has been
performed in a pre-processing step, with the goal of retaining only significant features. As a result, most of the rare and
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Fig. 24. Overview of the relationships between ROC curves and coverage plots, on one hand, and (¢, §) diagrams and (¢, §,), on the other hand.

characteristic words have been removed therein. However, the class signature clearly shows that the pre-processing step
could be further improved, as several rare and characteristic words have not been removed.’

7. Strengths and weaknesses of this proposal

(p, 8) diagrams come in two different forms. Similarly to what happens for ROC curves, standard (¢, §) diagrams are
aimed at representing the phenomenon under investigation in a space where the class ratio is not taken into account.
Framed along the same perspective of coverage plots, generalized (¢, ) diagrams are able to visualize relevant information
in a space that accounts also for the class ratio.

In either form, (¢, ) diagrams allow a researcher to see at a glance bias and accuracy, while ROC curves and coverage
plots do not.

As for standard (¢, §) diagrams, the unbiased versions of accuracy and bias of a classifier are immediately visible therein,
whereas it is not immediate to spot them in ROC diagrams. Maximum entropy and break-even points are also clearly visible,
as they correspond to the ¢ and to the § axis, respectively. Notably, the x-axis is an entropic watershed, being the locus
of points for which the mutual information is zero, whereas the y-axis is at the same time the locus of points for which
specificity equals sensitivity and the locus of break-even points. Hence, by construction, one can immediately see whether a
classifier tends to perform better on negative rather than on positive data or vice versa.

As for the generalized (¢, §) diagrams, they have been devised to let researchers analyze the actual behavior of a classi-
fier, which in general depends also on the statistics of data. Notably, this space is not only suited to assess the performance
of a classifier in presence of the statistics on input data. It is also suited to perform any sort of “guess if” concerning the
behavior of a classifier for specific class ratios. Here, the semantics of the x-axis and of the y-axis are still related to bias and
accuracy, this time according to their classical definitions. In particular, isometrics of accuracy are still straight lines parallel
to the x-axis, whereas isometrics of bias are still straight lines parallel to the y-axis. The locus of break-even points is still
coincident with the ¢, axis, whereas the entropic watershed is stretched according to the given class ratio. The crossing
between x-axis and y-axis gives also information about to what extent the performance of a classifier is affected by the
class ratio. In fact, whereas the regions identified by the crossing have the same area in presence of perfect balancing, these
regions may undergo a great change depending on the imbalance (the greater the imbalance, the more evident the change).
This phenomenon may give rise to experimental results deemed (or shown as) good, which are in fact related to the statis-
tics of input data rather than on the way a classifier is able to generalize on the given task. Moreover, classifier tuning is
straightforward with (¢, 8,) diagrams, as the best threshold can be easily found by first searching for the global maximum
of accuracy in a (¢, 8,) curve and then retrieving the corresponding threshold.

As for the dependence between (¢, §) diagrams (in either form), on the one hand, and ROC curves and coverage plots,
on the other hand, Fig. 24 clearly highlights their mutual relationships. Which kind of diagram should be selected for as-
sessment depends on the focus of the analysis. ROC diagrams and coverage plots are suitable to analyze data according to
specificity and | or sensitivity, whereas (¢, ) and (¢, §,) diagrams are the most proper choice for a researcher interested
in bias and | or accuracy. (¢, §) diagrams are also one of the best choices for investigating feature importance. In particular,
to the time of writing, the concept of class signature is the preserve of (¢, §) diagrams.

7 Recall that the unbiased accuracy depends on § according to the formula: a = (§ +1)/2).
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As a final remark, let us note that all software libraries that implement (¢, §) measures and their rendering as diagrams
have been implemented using the Python programming language. The available software also includes a visual inspector
that allows to perform any sort of “guess if” about the imbalance, as the class ratio on the dataset at hand were in fact
changed, together with further code aimed at performing analyses on mutual information, entropy and Gini index. All cited
software is available, as alpha release, at GitHub (https://github.com/garmano/phiDelta.git), under the GNU GPL licence.

8. Conclusions and future work

In this article, two measures have been proposed, i.e. ¢ and §, which have been framed in both unbiased and biased
spaces. For each space, a corresponding 2D visual environment has been devised and implemented, aimed at facilitating the
task of assessing the properties of binary classifiers and of performing feature importance analysis. Isometrics and loci of
points have been studied first in the standard (unbiased) space and then the generalized (biased) space. By construction,
relevant isometrics (in particular, bias and accuracy) share the same behavior in both spaces. With the help of a rich ex-
perimental section, it has been shown that (¢, §) diagrams (in either form) can be used: (i) to assess the bias | accuracy
of a classifier over a single or multiple runs; (ii) to assess the variance of a classifier; (iii) to find the right threshold to
be applied on the classifier at hand; and (iv) to estimate the difficulty of the current classification task (by analyzing its
features).

As for future work, the usefulness of standard and generalized (g, §) diagrams in the implementation of effective clas-
sifiers will be further investigated. In particular, we are studying how the class ratio affects the bias of learning algorithms,
from a theoretical and an experimental perspective. Furthermore, we are trying to extend the token sharing strategy to eval-
uate the pairwise correlation between features, this task being often a mandatory step for implementing effective feature
selection algorithms. The possibility of embedding the proposed measures in these algorithms is also under study.
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