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Explicit inverse of nonsingular Jacobi matrices

A.M. Encinas and M.J. Jiménez

Departament de Matematiques, UPC, BarcelonaTech, Spain

Abstract

We present here the necessary and sufficient conditions for the invertibility of
tridiagonal matrices, commonly named Jacobi matrices, and explicitly compute
their inverse. The techniques we use are related with the solution of Sturm-—
Liouville boundary value problems associated to second order linear difference
equations. These boundary value problems can be expressed throughout a dis-
crete Schrédinger operator and their solutions can be computed using recent
advances in the study of linear difference equations. The conditions that ensure
the uniqueness solution of the boundary value problem lead us to the invert-
ibility conditions for the matrix, whereas the solutions of the boundary value
problems provides the entries of the inverse matrix.

Keywords: tridiagonal matrices, second order linear difference equations,
Sturm—Liouville boundary value problems, discrete Schrodinger operator,
Chebyshev functions and polinomyals

2010 MSC: 15B99, 31E05, 39A06

1. Preliminaries

If we consider n € N\ {0}, the set M,,(R) of real matrices of size n x n, and
the sequences a = {a(k)}}2) C R, b= {b(k)}}} C R, and ¢ = {c(k)}}L) C R,

then the Jacobi matrix associated with a,b and ¢ is J(a,b,¢) € M, 12(R) given
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[ b00)  —a(0) 0 0 0 |
—c(0)  b(1) —a(1) 0 0
0 —c(1 b(2 0 0
J(a,b,c) = 0 2 (1)
0 0 0 b(n) —a(n)
| 0 0 0 —c(n) b(n+1)]

Jacobi matrices appear frequently in both general Mathematics and Applied

Mathematics, see [1].

As in this reference, we have chosen to write down the

coefficients outside the main diagonal with negative sign. This is only a suitable

s convention, motivated by the existing relationship between Jacobi matrices and

Schrédinger operators on a path, that we will use to analyze the invertibility of

the Jacobi matrix. We must make also some assumptions about the coefficients

of the matrix to avoid trivial situations or problems reducible to others with a

minor order. Therefore, we will require a(k) # 0 and ¢(k) # 0, k = 0,...,n;

0 since, in other case, J(a,b,c) is a reducible matrix and hence the inversion

problem leads to the invertibility of a matrix of lower size. Moreover, the values

of the coefficients for the sequences a and ¢ at n + 1 have no influence in the

analysis of the matrix , since these coefficients do not appear in it. So,

without loss of generality, we can impose a(n + 1) = ¢(n) and ¢(n + 1) = a(n).

15 In the sequel, we also assume that 0° = 1 and the usual convention that empty
sums and empty products are defined as 0 and 1, respectively.

The matrix J(a, b, ¢) is invertible if and only if for each f € R"*2 there exists

u € R"*2 such that J(a,b, c)u = f; which is equivalent to

b(0)u(0) = a(0)u(1) = f(0),

—a(k)u(k +1) +b(k)u(k) — c(k — Du(k —1) = f(k), k=1,...,n, (2)
—c(n)u(n) +b(n+ Du(n+1) = f(n+1).

Moreover, when this happens u is the unique solution of . We can rec-

ognize in the previous equations the structure of a boundary value problem

associated with a second order linear difference equation with coefficients a, b, ¢
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and data f or, equivalently, with a Schrodinger operator £, with potential g on
the path IT={0,...,n+ 1}. Specifically, i1 = {1,...,n}, 6(I) = {0,n+ 1} and
C(I) is the vector space of real functions defined on I, the Schrédinger operator
with potential ¢ € C(I) on the path I is the linear operator L4: C(I) — C(I)
defined as

L4(u)(0) = a(0) (u(0) — u(1)) + q(0)u(0),
Lq(u)(k) = a(k)(u(k) — u(k + 1))

+ c(k — 1) (u(k) — u(k — 1)) + q(k)u(k), kel,

Ly(u)(n+1) = c(n) (u(n + 1) — u(n)) + q(n + u(n + 1),

where ¢ € C(I) is defined as ¢(0) = b(0) — a(0), g(k) = b(k) — a(k) — c(k — 1),
k€T and q(n+1) = b(n+1) —c(n). Identifying C(I) with R**2 and using this
functional notation, Equation is equivalent to the equation L,(u) = f on [;

that is, to the Sturm—Liouville value problem
Louw)=f on I, Lg(u)(0)=f(0) and Ly(u)(n+1)=f(n+1), (3)

where the identities £4(u) = f on J(I) play the role of boundary conditions,
whereas the equation L£4(u) = f on i is named the Schrédinger equation on i
with data f.

Therefore, the Jacobi matrix J(a,b,c) is invertible if and only if the linear
operator L, is invertible. In terms of the boundary value problem, the invert-
ibility conditions for J(a,b,c) are exactly the same conditions to ensure that
the boundary value problem is regular; that is, it has a unique solution for each
given data and, hence, the computation of the inverse of J(a,b,c) can be re-
duced to the calculus of this solution. Implicitly or explicitly, determining the
solutions for initial or final value problems for the Schrodinger equation is the
strategy followed to achieve the inversion of tridiagonal matrices, see for instance
[2, B, 4, Bl 6] [7, ], [@]; but either the general case is not analyzed, the explicit
expressions of these solutions are not obtained, or the expressions obtained are

excessively cumbersome.



35

40

2. Initial value problems

It is well-known that every initial value problem for the Schrodinger equation
on I has a unique solution. Specifically, given f € C(I) and m = 0,...,n, for

any «, 3 € R there exists a unique u € C(I) satisfying
Ly(u)=f on I and u(m) =a, u(m+1)=20.

In particular, when m = n, the above problem is also known as final value
problem.
If S denotes the set of solutions of the homogeneous Schrodinger equation
on I - that is Ly(u) =0 on I - then S is a vector space such that dimS = 2;
while for any f € C(I), the set S(f) of solutions of the Schrodinger equation on
I with data f satisfies S(f) # 0 and given u € S(f), it is verified S(f) = u + S.
Given u,v € C(I), their Wronskian or Casoratian, see [10], is wlu, v] € C(I)

defined as

wlu o) =det | “F T et —o(B)u(kt1), 0<k<n,

u(k+1) wvk+1)
and as w[u, v](n+1) = wlu, v](n). The Wronskian is a skew—symmetric bilinear
form and and given u,v € S, either wlu, v] = 0 or w[u,v] # 0 for any k € iU{O}.
Moreover, u and v are linearly independent if and only if their Wronskian is non
null and then {u, v} form a basis of S.
The Green’s function of the Schrédinger equation on i is the function

g € C(I x 1), defined for any s € I as g(+, s), the unique solution of the ini-

1
tial value problem with conditions g(s,s) = 0 and g(s + 1,s) = —ﬁ, when
a(s
0 < s < n, and as the unique solution of the initial value problem with condi-
1
tions g(n+ 1,n+ 1) =0 and g(n,n+ 1) = At D) when s = n + 1. Notice

1
that g(s,s +1) = o for any s = 0,...,n. Therefore, if for any s = 0,...,n

we consider u = g(-,s) and v = g(+, s + 1), then

wlu,v](s) =g(s,s)g(s+1,s+1) —g(s+1,8)g(s,s +1) =

a(s)c(s)
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which implies that {g(-, s), g(-,s+1)} is a basis of S. Moreover, for any f € C(I)
and m = 0,...,n, the function u € C(I) given by

max{k,m}
uk) = > g(ks)f(s), kel
s=min{k,m}+1
is the unique solution of the initial value problem £,(u) = f on i and u(m) =
u(m+1) =0.

It will be very useful to introduce the companion function defined as

a

k—1
p(k):H(Si, k=0,...,n+1.
s=0

c(s
Notice that p(0) = 1.
Remembering the assumption a(k),c(k) # 0, 0 < k < n, it is easy to prove
that p(k)a(k) = p(k + 1)c(k). Moreover, the companion function verifies the

following meaningful result.

Proposition 2.1. Given u,v € C(I), then
a(k)wlu,v](k) = c¢(k — Dwlu,v](k — 1) for any k €l.

Therefore, the multiplication of functions pawlu,v] is constant in 1 and is zero

if and only if u and v are linearly dependent.

3. Regular Sturm—Liouville boundary value problems

A Dboundary condition at 0 is a linear function ¢: C(I) — R of the form
c(u) = au(0)+ Su(1l) +yu(n) +du(n+1), and a boundary condition at n+1 is a
linear function d: C(I) — R of the form d(u) = du(0)+Bu(1)+Fu(n)+du(n+1).

The pair (¢,9) is named Sturm—Liouville conditions if y = = & = § = 0, see

[11]. Therefore, defining the pair of Sturm-Liouville conditions (cy,c2) as

Lo(u)(n +1) = —c(n)u(n) + b(n + u(n +1),

)
)
—~
<
Nab
I
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and according to Equation , we must consider the Sturm—Liouville boundary
value problem (L, ¢1, ¢2); that is, for any f € C(I), we should determine if there
exists « € C(I) such that

Louw)=f on 1, ci(u)=F(0) and cs(u) = f(n+1).

The boundary value problem (L, ¢1, ¢2) is called homogeneous when f = 0.

We are only interested in regular problems; that is, in those boundary value
problems with a unique solution. For the resolution of this sort of boundary
value problems, we use the so—called resolvent kernel, see [I2, Sections 2 and
3], and the process of determining the resolvent kernel always depends on an
appropriate choice of solutions of the corresponding homogeneous Schrodinger
equation. We reproduce here some of the main results of the above—mentioned
work of the authors, essential for the main result developed in the next section.
Therefore, for more details or to check out proofs that are not included on the
present section, see [12].

[e]
If g is the Green function of the Schrédinger equation on I, the value

Da,b,c =0 (g(',O))Cg(g(', 1)) - CQ(Q(',O))Cl (g('r 1))

[e]
encompasses information of both the Schréodinger equation on I and the pair of
boundary conditions (¢1, ¢2). In fact, we next show that it plays a fundamental

role in the analysis of the Sturm—Liouville problem.

Definition 3.1. The boundary value problem (L4, c1,¢2) is called regular if the
solution of the corresponding homogeneous problem is unique, and so the null

one.
Proposition 3.2. The following assertions are equivalent:
(i) The boundary value problem (Lq,c1,¢2) is reqular.

(ii) For any f € C(I) the corresponding boundary value problem has a solution

(and hence a unique solution).

(iii) Dapc # 0.
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PRrROOF. If z; = ¢g(-,0) and 23 = g(-,1), then {z1, 22} form a basis of solutions
of the homogeneous Schrédinger equation L£4(u) = 0 on i If given f € C(I)
we consider a solution y of the Schrodinger equation with data f on i the
expression u = azy + 29 +y where o, 8 € R, determines all the solutions of the
Schrédinger equation on i Therefore, u = az; + Bz2 + y denotes a solution of

the boundary value problem
Low)=f on I a(u)=f0) and e(u)=fn+1),
if and only if a and 8 are solutions of the linear system

ci(z1) c(z2) o J(0) = ex(y)

c2(z1)  ca(22) g fn+1) —ca(y)
When f goes over C(I), then the right term of the previous system goes over the
whole R2. Therefore, the system has a solution for any f € C(I) if and only if the
coefficient matrix is non—singular and, hence, the system has a unique solution.
As the homogeneous system associated with the previous one determines the
solutions of the homogeneous boundary value problem, the problem is regular if
the homogeneous system has as its unique solution the null one. Therefore, (i)
and (ii) are equivalent and, in addition, the coefficient matrix is non—singular
and it implies that its determinant is different from 0. Hence, (i) and (iii) are

equivalent. O

In the sequel, for any s € I, we denote by e, € C(I) the Dirac function at s.
Therefore e4(s) = 1 and €4(k) = 0, when k # s.

Definition 3.3. Let (L4, ¢1,¢2) be a regular boundary value problem. We call
resolvent kernel of the boundary value problem to R, pc: I x I — R charac-

terized by
£q (Ra7b,c('7 3)) =Es ON i €1 (Ra,b7c('7 S)) = 55(0)7 C2 (Ra,b7c<'7 S)) = Es(n + 1)
for any s € L.

Notice that for any s € I, Rypc(-,s) is the unique solution of the Sturm-

Liouville problem for the data €, and hence it makes sense when the boundary
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value problem is regular. The role of the resolvent kernel is showed in the

following result.

Proposition 3.4. If the boundary value problem (L4, c1, ¢2) is regular and Rq p ¢

is the resolvent kernel, then for any f € C(I) the function

u(k) = Rapelk,s) f(s), keL

sel

18 the unique solution of the boundary value problem with data f, i.e.
Lo(u)=f on I, c1(u) = f(0), ca(u)=f(n+1).

Definition 3.5. We call fundamental solutions of the homogeneous Schrodinger
equation on I, related to the boundary conditions ¢; and ¢o or, simply, funda-
mental solutions, t0 @gpc, Vo € C(I), the unique solutions of the homoge-

o
neous Schradinger equation on 1 determined respectively by the conditions

Da,,c(0) = a(0), Dop,c(1) = b(0),
Uype(n) =bn+1), Yup(n+1)=c(n).
Notice that @, . is the solution of a initial value problem, whereas ¥, j . is

the solution of a final value problem. The reason to choose these definitions for

the fundamental solutions is shown in the following result.

Proposition 3.6. If &, . and Y, . are the fundamental solutions of the ho-
mogeneous Schrodinger equation on i related to the boundary conditions ¢; and

c2, then ¢1(Pgpc) = c2(¥ape) =0, c2(Pap,c) = a(0)c(0)Dqpc. Moreover,
¢1(Wab,e) = c(0)a(n)p(n)Dap,c = w[¥apc; Pap,el(0).

PrOOF. Consider {u,v} the basis of solutions of the homogeneous Schrédinger
equation satisfying w(0) = 1, u(1l) = 0, v(0) = 0 and v(1) = 1; that is,
u=¢(0)g(-,1) and v = —a(0)g(+,0). Moreover, w|u, v](0) = 1.

If we prove that

Pape=cr(u—ci(v)u and Wy =a(0) " a(n)p(n)(c(v)u — ca(u)v),
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then, clearly, ¢1(®qp.e) = 2(Vape) = 0, e2(Pupe) = a(0)c(0) Doy and
¢1(Wap,e) = a(0) " a(n)p(n)ea(Payp.ec) = ¢(0)a(n)p(n) Dap,c-
Moreover,
W[Pab,er Yap,e](0) = a(0)Fa(n)p(n) (e1(v)ea(u) — e1(u)ez(v))
= —c(0)a(n)p(n)Da,p,c.
To end the proof, let us consider the functions
s=ap—a@u  and 2 =a(0)  a(n)p(n)(c2(v)u — ca(u)v).
Then 2(0) = —¢;(v) = a(0), 2(1) = ¢1(u) = b(0) and on the other hand,
£(n) = a(0)~'a(n)p(n) (c2(v)u(n) — ca(u)v(n))
= b(n + 1)a(0) " a(n)p(n)wlu, v](n)
= b(n + 1)a(0)~"a(0)p(0)wlu, v](0) = b(n + 1),
2(n+1) = a(0)~ta(n)p(n) (c2(v)u(n + 1) — ca(u)v(n + 1))
= ¢(n)a(0)~'a(n)p(n)wlu, v)(n)

— c(n)a(0)~*a(0)p(0)uwu, v](0) = c(n).

The uniqueness of the solution of any initial value problem concludes that

z = ‘I)a,b,c and Z = \I/a,b,o ]

Corollary 3.7. The boundary value problem (Lg, ¢1,¢2) is reqular if and only if
the fundamental solutions are a basis of solutions of the homogeneous Schridinger

o
equation on 1.

The next step in this section is to obtain the resolvent kernel for a reg-
ular boundary value problem with Sturm-Liouville conditions in terms of the

fundamental solutions, see [I2] for its proof.

Theorem 3.8. The Sturm-Liouville boundary value problem (L, ¢1, ¢2) is regu-
lar if and only if b(0) W4 4 . (0) # a(0)W4p.c(1) or, equivalently, iff c(n)Pqpo(n) #
b(n+ 1)@ p.c(n+ 1) and its resolvent kernel is determined by

D, pc(min{k, s}) ¥, p . (max{k, s}) o(s),

Ra,b,c(ka 8) = a(O) [b(())‘lla,b,c(o) - (L(O)\I’a7b,c(1)]
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forany k,s=0,...,n+1.

Finally, let us remind that the boundary conditions associated with the
Jacobi matrix were ¢1(u) = L4(u)(0) and c2(u) = L4(u)(n+1), so the boundary
value problem (L4, ¢1,c2) associated with the inversion of that matrix is the
Poisson equation £,(u) = f on I. Applying now Theorem to this equation,

we obtain the fundamental result for the inversion of Jacobi matrices.

Corollary 3.9. The Schrédinger operator L, is invertible if and only if
b(0)T 4 p,c(0) # a(0)Typ.c(1) and, moreover, given f € C(I),

(L) () (k) = Z D, p c(min{k, s})¥, 4 (max{k, s})
1 a(0) [B(0)%4,0,0(0) — a(0)Wap.c(1)

forany k=0,...,n+ 1.

4. The inverse of a Jacobi matrix

The invertibility conditions of the Jacobi matrix J(a, b, ¢) described in Equa-
tion , as well as determining its inverse J=!' = R = (r;;) in terms of the
solutions @, p . and ¥, . of the Schrodinger equation, are described in Corol-
lary So, to obtain the explicit values of the entries of R, the next step is
to compute explicitly the functions ®,; . and ¥, ., that can be seen as the
solutions of an initial and a final value problem respectively, associated with
the second order linear difference equation with coefficients a, b and ¢ that cor-
responds to the Schrodinger equation. To compute these solutions we will use
recent advances in the study of difference equations developed by the authors in
[13]. In particular, in Section 7 of this work it has been proved that the solution
of any initial value problem for a second order difference equation with any data
f, can be expressed as a linear combination of the functions Py (z,y) called k-th
Chebyshev functions and defined for any z,y € C(Z) as

E
Py(w,y) =1, Py(w,y) =0 and Pe(z,y) = > (=)™ Y a%* k>1. (4)

m=0 ael

[NIE
[

10
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We reproduce here some brief explanations about the notation involved in Equa-
tion , for the sake of completeness. The parameter o = (aq,...,q,) is a
binary multi-index of order p; i.e. « is a p-tuple o = (a1,...,0p) € {0,1}7,
and its length is defined as |a| = zp: a; < p. Given a € {0,1}? and a func-
j=1
tion a € C(Z), we consider the value a® = lp_[ a(§)*. Given p € N\ {0}, we
denote by 41,...,4, the indices such that 1];1 <<y Spand aq; =1,
j=1,...,m. We just need to consider the binary multi-indexes « of order p in

the set £, defined as
(i) 69 ={a:]al =0} ={(0,...,0)}, for p e N\ {0},
(i) ¢, ={a:ap =0 and |a| =1}, for p > 2,

(iii) ' = {a :ap =0, o] = m and ij41 —i; > 2, j = 1,...,m — 1}, for

p>4andm=2,...,|5]

Finally, & is the binary multi-index of the same order as « defined by

&

;=041 =0, j=1,...,m, and a; =1 otherwise.

The name of Chebyshev function for is justified due to its relation with
the usual Chebyshev polynomials of second kind, since Py (z,y) can be identified
with them when x and y are constant sequences. In that case, Py(x,y) = 1 and
P_i(x,y) = 0 and moreover, since #£* = (k:nm) for any k € N*, we obtain that

Py(e,) = f (et

m
m=0

Clearly, for any k£ > —1 and any constant sequence z, we have
L5) k—m
Ur(z) = Pp(2,1) = > (—1)’"( )(2x)’“2m,

m=0 m
that is known as the standard k—th Chebyshev polynomial of second kind, see
[14] and also [I1], I5]. Definitely, for constant sequences = and y, it is satisfied

LgJ k‘ _m T k—2m x
Pule.y) = ot (—1)’”( ) () i () k>l
= m VY 2,y

m

11



Now we are ready to compute the basis of solutions {®gpc(k), Vupc(k)}
of the homogeneous Schrédinger equation £4(u) = 0 on I applying the results
showed in [I3] on second order difference equations, that is through a linear
combination of the Chebyshev functions Py (b,ac) and Py (by,, @mCm), where
a,b,c € C(I) are the coefficients of the second order difference equation associ-
ated to the Schrodinger equation, and given a € C(Z) and m € N, the function
@, corresponds to the m-—shift of a, so a,, = a(k +m). We must consider, for
this first result and most of those that will appear from now on, the functions

@, U, e C(I) defined as

@, (k) = b(0)Py—1(b, ac) — a(0)c(0) Py—2(b1,a1c1), E=1...,n+1,
U (k) = b(n + 1)P,_k(bg, axcr) — a(n)e(n) Po—g—1(bg, arck), k=0,...,n,

U,(nt+1) =1,
and the value
D, = b(0) [b(n + 1) Py (b, ac) — a(n)e(n) Po_ (b, ac)}
— a(0)¢(0) [b(n 4 1) Py (by, arer) — a(n)e(n) Pa_s(by, alcl)] .

Lemma 4.1. For any k=0,...,n+ 1, it is satisfied that

@a,b7c(k):a(0)<lﬁa(s))1<I>J(l<;) and \I/a,b7c(k):c(n)(Hc(s)>71\PJ(k)
5=0

and, moreover,

n—1

(0) ¥ c(0) — a(0)¥4o(1) = D, ( [] () -

s=0
ProoF. Applying [13, Theorems 4.3 and 7.4], we have that ®, ;. is a linear
combination of the Chebyshev functions {Py_2(b,ac), Px—1(b1,a1¢1)} and, in
addition, ¥, is a linear combination of {P,_k_1(bk, arck), Pn—k(bk, arck)}.

To obtain all the results, we must just to impose the conditions
Du50(0) =a(0), Popc(l) =0(0), Uupe(n)=bn+1), Yopc(n+1)=c(n).

O

12



125 Before showing the main result for the explicit inversion of a Jacobi matrix,

we add a previous result extracted from [7, Theorem 3.3], that allow us to

compute also the determinant of the inverse matrix.

Lemma 4.2. IfR = (r;;) € M,,,(R) is an irreducible and invertible matriz, the

following statements are equivalents:

(i) There exists a diagonal and invertible matrizx H = (h;) such that RH™?

is a Green’s matriz; that is, there exist v,w,h € R™, where h; # 0,

j=1,...,m, such that

’Uz"LUjhj, S’LZS]7

Tij = hjvmin{i,j}wmax{i,j} =

vihjws;  sit > g,

that is,
U1 U1 V1 s V1 h1w1 h2w2 hg'll)g
hivi  ve v s U wy  haws  hzws
R = hﬂ]l hQUg V3 e V2 | © w3 wWo h3w3
hivi  hove  hgvg -0 vy Wy Wy Wiy

o (i) R71 is a tridiagonal and irreducible matriz.

Moreover,

det R = hyviw,y, H hs(Vsws_1 — Vs_1ws).

s=2

hpwny,
N Wi

R Wi,

R Wiy

Theorem 4.3. The matriz J(a,b,c) is invertible if and only if D, # 0, and in

that case, the entries of its inverse R are explicitly given by

1 j=k
D k—1

J

Tks =

j=s
Moreover,

detR=-D".

13

(T at) @, (9 %,(5). if0<k<s<ntl,

( I c(j))Q(s)pr(k), fO<s<k<n+l.



PRrROOF. The first part is consequence of Corollary and taking into account
the identities from Lemma Then, for any k,5s = 0,...,n + 1, we obtain

s—1

p(s)(j]j: c(s)) ) jl;[ka(j)v sik<s,
w0 (" ) (s_r;g; @) | e sz

To prove the formula for the determinant of R, we apply Lemma with
n—1
hy = hp(j), b = a(0)7' D71 T e(s), v; = @875 (4) and w; = WEYS (j), which
s=0
implies
hs(Vsws—1 = vs—1ws) = —hpa,o(s)w[@E15, VETE] (s — 1)
= —he(s — 1) a(s = Dpa.c(s — Dw[@E"5, UeTE)(s — 1)

= —he(s — 1)1 a(0)w[@E, UEE)(0)

€1,€2
n—1 —1
= he(s — 1)_1a(O)DJ( 11 c(s)) =c(s—1)71,
s=0
for any s = 1,...,n + 1. Therefore
n+1
det R = hovowp 41 H c(s—1)71 = —DJ_l.
s=1

O

Although the expression of the inverse of J(a,b,c) in terms of solutions of
initial and final value problems is well known, see [3, [6], the above—explained
proposal has the novelty of computing such solutions explicitly. On the other

135 hand, the formula for the determinant of R appears to be new, probably because
this is the first study on the inversion of matrices from an algebraic point of
view, particularly based on the properties of difference equations.

We end this section particularizing the last results for a Jacobi matrix
J(a,b,c) with constant diagonals except for the first and the last row, that is
a(j)=a#0,b(j)=8,7=1,...,n,and ¢(j) =7 #0,5 =0,...,n—1, and also
for the easiest case when J(a, b, ¢) is also a Toeplitz matrix, so then has the three

main diagonals completely constant. In both cases, the Schrédinger equation

14
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corresponds to a second order linear difference equation with constant coeffi-
cients (in the first case, the first and the last row are related to the boundary
conditions), so its solution can be expressed in terms of Chebyshev polynomials,
a known result that can be consulted in [14, Theorem 2.4] or [15, Theorem 2.4].
Of course, this result coincides with the one showed below when we use Cheby-
shev functions Py (x,y) valued in constant sequences z(j) = z and y(j) =y # 0,
7 =1,...,n, so then Equation become Chebyshev polynomials of second
kind,

T
Paley) =0, Ry =1 and Ploy) =yiU(5 ).

If we consider q = L, then
2\/ay

@, (k) = (&)* 2 [b(0) Y& U1 () ~ a(0)1Us(0)]. F=1..n+1,
W, (k) = (VA" [bln + 1)@ Uai(q) = e(m)alinia(a)] . k=0,...0m,

\I]J(n—’_ 1) = 17
and D, = d,( /ay)" 2 where

d, = b(0) /& [b(n + 1) &7 Un(q) ~ c(n)al-1(0)| o
~ a(0)y[bn + 1) /T Un-1(0) ~ e(m)aln-2(q)].

The next result corresponds to the first case, a Jacobi matrix with con-
stant diagonals except for the first and the last row, and is a straightforward

consequence of Theorem using Equations and @

Corollary 4.4. If a(j) = a # 0, b(j) = B, j = 1,...,n, ¢(j) = v # 0,
j=0,...,n—1, then J(a,b,c) is invertible if and only if d, # 0, and in that

15



case the entries of its inverse R are explicitly given by

a(0)a*~1® (0)V(s), si0=k<s<n+1,

1 " (R)¥)(s),  sil<k<s<n+tl,
Tks = 77 —n_2
dJ(M) 'ykfs(I)J(S)\IfJ(k), si0<s<k<mn,
c(n)y" @, (s)¥,(n+1), si0<s<k=n+l
Moreover,
1
detR= —————F—.
d,(y/am)"2

Finally, the two last results showed above correspond to Jacobi and Toeplitz
matrices.

Corollary 4.5. If ay # 0, the Jacobi and Toeplitz matriz of size n + 2

(8 —a 0 -~ 0 0]
-y B -« 0 0
0 —v B 0 0
Ja, B,7) =
0 0 0 B —a
0 0 0 B

1s invertible if and only if

km
2 _— =1,... 2
622y (L), k=t e,

and then, the entries of the inverse of J(a, B,7) are explicitly given by

1 Oﬁik(\/ a’Y)kisilUk(Q)Un—s+l(Q)v if0<k<s<n+1,
T Ul

ke YRS (o) TR U () Un—kg1(q), if0<s<k<n+1,

where q = s .

2, /a7y

Moreover,
1
detR = .
Vay) AU, 5(q)

16
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150

PRrROOF. All the results are consequence of Theorem by imposing in Equa-
tions and @ the identities

a(0) = —a, b(0) =b(n+1) =3, c(n)=—.

Then,
dJ = _O‘Q’VQ Un+2 (Q)»

so d, # 0 if and only if ¢ is not a zero of the polymonial U,,;2(z); that is, if and
only if ¢ # cos (nk—f?’), k=1,...,n+2, see [16]. Moreover, the expression for
the determinant follows.

On the other hand,

®,(k) = (va7)*Us(a), ¥,(k) = —(voy)" " Un-rs1(q)

for any £k = 0,...,n + 1, that leads to the given expressions for the inverse

entries. 0

A more detailed proof of the above result for Jacobi and Toeplitz matrices
can be consulted in [I2]. Besides, the expression obtained for the matrix inverse
of this kind of matrices coincides with that published by Fonseca and Petronilho
in [2| Corollary 4.1] and [3| Equation 4.26].

Corollary 4.6. If a # 0, the symmetric Jacobi and Toeplitz matrixz of order

n+2 ) )
8 —a 0 0 0
—a f -« 0 0
0 —-a g 0 0
e, B) =
0 0 0 8 -«
| 0 0 0 —a B |

1s invertible if and only if

km
2 —_ k=1,... 2
ﬁ# O[COS(n+3>, ) N+ 2,

17



and then, the entries of the inverse of J(a, B) are explicitly given by

Umin{k,s} (%) Un—max{k,s}-‘rl (%)
aUn+2(35)

Ths = , kys=0,....,n+ 1

Moreover,

1

detR= ————.
‘ a(”+2)Un+2(%>

The expression for the inverse of a symmetric Jacobi and Toeplitz matrix is

well-known, see for instance [2, Corollary 4.2] and the references of this article.

155

This work has been partly supported by the Spanish Program I+D+i (Mi-

nisterio de Economfa y Competitividad) under projects MTM2014-60450-R and
MTM2017-85996-R.

References

1]

160

165 [3]

170

G. Meurant, A review on the inverse of symmetric tridiagonal and block
tridiagonal matrices, STAM J. Matrix Anal. Appl. 13 (1992) 707-728. |doi:
10.1137/0613045.

C. M. da Fonseca, J. Petronilho, Explicit inverse of some tridiagonal matri-
ces, Linear Algebra Appl. 325 (2001) 7-21. /doi:10.1016/S0024-3795(00)
00289-5.

C. M. da Fonseca, J. Petronilho, Explicit inverse of a tridiagonal k-
Toeplitz matrix, Numer. Math. 100 (2005) 457-482. |doi:10.1007/
s00211-005-0596-3.

M. A. El-Shehawey, G. A. El-Shreef, A. S. Al-Henawy, Analytical inversion
of general periodic tridiagonal matrices, J. Math. Anal. Appl. 345 (2008)
123-134. [doi:10.1016/3 . jmaa.2008.04.002.

F. P. Gantmacher, M. G. Krein, Oscillation matrices and kernels and small
vibrations of mechanical systems, AMS Chelsea Publishing, Providence,

RI, 2002 (Translation based on the 1941 Russian original).

18


http://dx.doi.org/10.1137/0613045
http://dx.doi.org/10.1137/0613045
http://dx.doi.org/10.1137/0613045
http://dx.doi.org/10.1016/S0024-3795(00)00289-5
http://dx.doi.org/10.1016/S0024-3795(00)00289-5
http://dx.doi.org/10.1016/S0024-3795(00)00289-5
http://dx.doi.org/10.1007/s00211-005-0596-3
http://dx.doi.org/10.1007/s00211-005-0596-3
http://dx.doi.org/10.1007/s00211-005-0596-3
http://dx.doi.org/10.1016/j.jmaa.2008.04.002

175

180

185

190

195

200

[6]

[14]

[15]

R. K. Mallik, The inverse of a tridiagonal matrix, Linear Algebra Appl.
325 (2001) 109-139. |doi:10.1016/380024-3795(00) 00262-7.

J. J. McDonald, R. Nabben, M. Neumann, H. Scheider, M. J. T'satsomeros,
Inverse tridiagonal Z-Matrices, Linear Multilinear Algebra 45 (1998) 75-97.
doi:10.1080/03081089808818578.

R. A. Usmani, Inversion of Jacobi’s tridiagonal matrix, Computers Math.

Applic. 27 (1994) 59-66. doi:10.1016/0898-1221(94)90066-3.

R. A. Usmani, Inversion of a tridiagonal Jacobi matrix, Linear Algebra

Appl. 212/213 (1994) 413-414. doi:10.1016/0024-3795(94)90414-6/
R. P. Agarwal, Difference equations and inequalities, Marcel, 2000.

E. Bendito, A. Carmona, A. M. Encinas, Eigenvalues, eigenfunctions and
Green’s functions on a path via Chebyshev polynomials, Appl. Anal. Dis-
crete Math. 3 (2009) 282-302. |doi:10.2298/AADM0902282B.

A. M. Encinas, M. J. Jiménez, Explicit inverse of a tridiagonal (p,r)-
Toeplitz matrix, Linear Algebra Appl. 542 (2018) 402—421. doi:10.1016/
j.1aa.2017.06.010.

A. M. Encinas, M. J. Jiménez, Second order linear difference equations,
J. Diff. Eq. Appl. 24 (3) (2018) 305-343. |doi:10.1080/10236198.2017.
1408608.

D. Aharanov, A. Beardon, K. Driver, Fibonacci, Chebyshev and orthog-
onal polynomials, Am. Math. Mon. 112 (2005) 612-630. |doi:10.2307/
30037546.

A. M. Encinas, M. J. Jiménez, Floquet theory for second order linear
difference equations, J. Diff. Eq. and App. 22 (2016) 353-375. |doi:
10.1080/10236198.2015.1100609.

J. C. Mason, D. C. Handscomb, Chebyshev Polynomials, Chapman &
Hall/CRC, 2003.

19


http://dx.doi.org/10.1016/S0024-3795(00)00262-7
http://dx.doi.org/10.1080/03081089808818578
http://dx.doi.org/10.1016/0898-1221(94)90066-3
http://dx.doi.org/10.1016/0024-3795(94)90414-6
http://dx.doi.org/10.2298/AADM0902282B
http://dx.doi.org/10.1016/j.laa.2017.06.010
http://dx.doi.org/10.1016/j.laa.2017.06.010
http://dx.doi.org/10.1016/j.laa.2017.06.010
http://dx.doi.org/10.1080/10236198.2017.1408608
http://dx.doi.org/10.1080/10236198.2017.1408608
http://dx.doi.org/10.1080/10236198.2017.1408608
http://dx.doi.org/10.2307/30037546
http://dx.doi.org/10.2307/30037546
http://dx.doi.org/10.2307/30037546
http://dx.doi.org/10.1080/10236198.2015.1100609
http://dx.doi.org/10.1080/10236198.2015.1100609
http://dx.doi.org/10.1080/10236198.2015.1100609

	Preliminaries
	Initial value problems
	Regular Sturm–Liouville boundary value problems
	The inverse of a Jacobi matrix
	caratula elsevier hoy.pdf
	UPCommons
	Portal del coneixement obert de la UPC
	http://upcommons.upc.edu/e-prints
	Aquesta és una còpia de la versió author’s final draft d'un article publicat a la revista Discrete applied mathematics.
	URL d'aquest document a UPCommons E-prints:
	https://upcommons.upc.edu/handle/2117/130869
	Article publicat / Published paper:
	© 2019. Aquesta versió està disponible sota la llicència CC-BY-NCND 3.0 http://creativecommons.org/licenses/by-nc-nd/3.0/es/


