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SUMMARY
We analyze compressional wave attenuation in fluid saturated porous
material with porous inclusions having different compressibilities and
very different spatial scales in comparison with the background. Such
a medium exhibits significant attenuation due to wave-induced fluid
flow across the interface between inclusion and background. For the
representative element containing two layers (one of them represent-
ing inclusion), we show that overall wave attenuation is governed by
the superposition of two coupled fluid-diffusion processes. Associ-
ated with two characteristic spatial scales, we compute two cross-over
frequencies that separate three different frequency regimes. At low
frequencies inverse quality factor scales with the first power of fre-
quency ω , while at high frequencies the attenuation is proportional to
ω�1�2. In the intermediate range of frequencies inverse quality fac-
tor scales with ω1�2. These characteristic frequency regimes can be
observed in all theoretical models of wave-induced attenuation, but
complete physical explanation is still missing. The potential appli-
cation of this model is in estimation of the background permeability
as well as inclusion scale (thickness) by identifying these frequencies
from attenuation measurements.

INTRODUCTION

One of the main intrinsic seismic wave dissipation mechanisms is as-
sociated with the wave-induced flow of the pore fluid. This effect oc-
curs in a heterogeneous porous medium when a passing wave induces
a local pore pressure gradient on the interface between inclusion and
the background. In order to equilibrate pressure, viscous fluid moves
across the interface. In geologically realistic structures the contrast
of length scales and elastic properties between inclusions and back-
ground material might be very large. One such scenario occurs in
fluid-saturated porous rocks containing fractures, described in articles
by Pride and Berryman (2003), Pride et al. (2004) and Brajanovski
et al. (2005).

In all these studies similar general behavior of attenuation versus fre-
quency is observed. In particular, for high contrast in permeabili-
ties, compressibilities and spatial scales between inclusion and back-
ground, three different frequency regimes can be identified. Dimen-
sionless attenuation (inverse quality factor) proportional to the first
power of frequency ω at low frequencies, to ω�1�2 at high frequen-
cies, and to ω1�2 in the intermediate frequency range, see Figure 1.
This kind of behavior of attenuation is shown in all theoretical mod-
els of wave-induced attenuation. Landau and Lifshitz (1987) showed
that dissipation of the energy due to a pure diffusion process is propor-
tional to the first power of ω in the low-frequency limit and to ω�1�2

in the high-frequency limit. However, the physical description how
the induced diffusional fluid motion produces intermediate frequency
range, remains unclear.

In this paper we show that the intermediate frequency regime is a gen-
eral feature of saturated porous media with two very distinct elastic
properties of the inclusion and the background and two very different
characteristic length scales that are 1) thickness of the inclusions and
2) distance between them. Based on the dispersion equation for the
effective P-wave modulus developed by Brajanovski et al. (2005) for
porous fractured rocks, we compute two cross-over frequencies that
separate three different frequency regimes of attenuation in the rep-
resentative element containing two layers (one of them representing
inclusion). In order to give physical explanation for the intermediate
ω1�2 frequency dependency, we show that overall wave attenuation is

governed by two coupled fluid diffusion processes, one taking place in
the background and the other in the inclusion (fracture).

ATTENUATION OF P-WAVE IN FRACTURED ROCK

Brajanovski et al. (2005) showed that effective frequency-dependent,
fluid-saturated P-wave modulus csat

33 �ω� of porous rock with periodic
system of fractures parallel to x1x2 plane with spatial period H is given
by
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where ΔN is the fracture weakness of value between 0 and 1, intro-
duced by Hsu and Schoenberg (1993) and Bakulin et al. (2000). Frac-
ture weakness is defined by ΔN � ZNLb��1� ZNLb�, where ZN �
limhc�0�hc�Lc� is the normal excess compliance describing fracture
contribution in compliance matrix in the linear-slip deformation the-
ory of Schoenberg and Douma (1988). Index c denotes fracture pa-
rameters while index b denotes parameters of the porous background.
In equation (1) Ω is the normalized frequency given by

Ω � ω
�

HMb

2CbDb

�2

� (2)

Equation (1) was derived in the limit hc�Lc � 0 from the more gen-
eral results obtained by Brajanovski et al. (2005) for a periodically
stratified medium, namely a system of alternating, relatively thick lay-
ers (thickness fraction hb � 1) of a finite-porosity background ma-
terial and relatively soft and thin layers (thickness fraction hc � 0)
of a high-porosity material composing the open fractures. The back-
ground material is specified by fluid-saturated P-wave velocity modu-
lus Cb � Lb �α2

b Mb , diffusivity Db � κbMbLb�ηCb , permeability κb,
pore space modulus Mb (which is practically confined bulk modulus of
the pore fluid, e.g. it is the pressure to be exerted on fluid to increase
relative fluid content for unity at isovolumetric strain of matrix), dry
(drained) P-wave modulus Lb and Biot-Willis coefficient αb (describ-
ing elastic quality of the grain contacts). Viscosity of the fluid is η .

The material parameter Rb � αbMb�Cb is a coefficient of proportion-
ality between induced pore pressure and loading total stress caused
by the incident wave. It contains bulk moduli of the fluid, grains
and drained matrix (skeleton) respectively, porosity and P-wave ve-
locity modulus of the drained matrix. No special assumption of shear
modulus is needed because we analyze only attenuation of the com-
pressional wave, propagating normally to the fracturing and we use
fracture parameterization through the fracture weakness and normal
excess compliance. The controlling parameter for induced pore pres-
sure gradient across the fracture-background interface is the P-wave
velocity modulus of drained matrix, where the shear modulus is hid-
den together with the bulk modulus.

Expression (1) is valid for frequencies much smaller than Biot’s char-
acteristic frequency ωB � ηφ�κρ f (fluid flow in the pore channels is
Poiseuille flow), and also much smaller than the resonant frequency
of the layering ωR �Vp�H (effective medium approximation is valid),
where φ is porosity of background, ρf is density of fluid and Vp is
velocity of P-wave. Within the condition ω � min�ωB�ωR�, we can
still define low and high frequencies with respect to fluid flow. Low
frequencies are those when pressure has enough time to equilibrate be-
tween layers during the half-period of wave, while for high frequencies
this is not possible.
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Seismic attenuation in fractured porous rocks

The resulting medium is anisotropic, furthermore, anisotropy is fre-
quency dependent. Brajanovski et al. (2005) derived effective limiting
low-frequency and high-frequency elements of the stiffness tensor for
such a medium.

From equation (1) we compute complex P-wave velocity Vp3 �
	

csat
33 �ρb ,

where ρb � ρg�1� φb�� ρ f φb is mass density of the fluid-saturated

background material. The P-wave phase velocity is Vp �
�
Re
�

V�1
p3

���1

and the attenuation Q�1 is given by Q�1 � 2VpIm
�

V�1
p3

�
. The results

of Q�1 as a function of frequency for different values ΔN are computed
for a typical reservoir. In Figure 1, where log�Q�1� is plotted versus
logω , we observe that the normalized frequency for peak attenuation
decreases with increasing fracture weakness ΔN . In the high-frequency
limit the attenuation is proportional to ω�1�2. In the low-frequency
limit attenuation is proportional to ω . From the curve marked with di-
amonds, for the case of lower fracture weakness (which intuitively cor-
responds to ”thinner” fractures), we clearly observe a transitional part
proportional to ω1�2. Points P and M define cross-over frequencies
separating attenuation behavior into frequency regimes whose asymp-
totes are given by ω to the power of 1, 1/2, and -1/2, respectively. In
the next section we derive analytical expressions for these cross-over
frequencies and investigate their dependence on fracture parameters.

ASYMPTOTIC ANALYSIS AND CHARACTERISTIC FREQUEN-
CIES

A direct calculation of the cross-over frequencies from equation (1)
is not feasible. Therefore, a simpler but approximate recipe is used:
estimates of the two cross-over frequencies can be obtained from the
intersection points of the three asymptotes. From the definition of Q�1

and dispersion relation (1) we find an asymptotic solution for imag-
inary parts of the complex velocity Vp3 normalized by the constant

real velocity



Cb�ρb. Therefore, in order to compute low-frequency
asymptote we only need to consider the expression
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where T � L�1
b

�
Rb�1

�2. Equation (3) can be simplified by using the
expansion of cot z for small argument z
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where B�
�
1�ΔN �Mb�Cb�1

�
. Hence, Q�1 is proportional to Ω and

from equation (2) to ω .

To find the intermediate asymptote we apply the following procedure.
From equation (1) and also Figure 1 we deduce that this intermedi-
ate attenuation regime becomes broader for smaller fracture weakness.
That means we have to analyze the double limit, first take the approxi-
mation for small fracture weakness and then take the limit as frequency
goes to zero. Small ΔN limit is obtained from equation (1) using

Im
1

csat
33

� Im
TΔN

1�ΔN �ΔNF
�

� ImTΔN

�
1�ΔN�ΔNF

�
� TΔ2

NImF � (5)

where F �
�

iΩcot�Cb

�
iΩ�Mb�. The low-frequency limit requires

only analysis of ImF. We calculate ImF by representing cotangent
function of complex argument in exponential form and then expressing
the result in terms of trigonometric and hyperbolic functions yields

Im
1
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33

� T
�

ΩΔ2
N

2
� (6)

−2 −1 0 1 2 3 4 5
−5

−4.5

−4

−3.5

−3

−2.5

−2

−1.5

−1

Log frequency (normalised)

Lo
g 

at
te

nu
at

io
n 

(1
/Q

)

5%
10%
15%
20%

~ω

~ω−1/2

~ω1/2
P

M

Figure 1: Log-log plot of attenuation versus circular frequency for
water saturated quartz grained sandstone (Kg � 37 GPa, μg � 44 GPa,
ρg � 2�65 g� cm�1) of porosity φ � 0�2 and fracture weakness ΔN
in range from 0.05 up to 0.2. Three different asymptotic parts of the
attenuation curves are observed.

The latter equation shows that in the double limit of small fracture
weakness and low frequency Q�1 is proportional to ω1�2; Figure 1
clearly demonstrates this dependency.

The lower cross-over frequency can be computed by looking at inter-
section of these two asymptotes. Equating right-hand sides of equa-
tions (4) and (6), and substituting B� 1�ΔN gives

ωP � 9
Db

H2 � (7)

The high-frequency asymptote can be obtained in a similar way. Writ-
ing the cotangent function in exponential form and taking limit Ω�∞,
we get imaginary part of the modulus

Im
1

csat
33

� Im
T

1
ΔN
�1� i�1�

2

�
Ω
� T�

2Ω
� (8)

thus, for high frequencies Q�1 is proportional to ω�1�2.

Equating right-hand sides of equations (8) and (6) gives the upper
cross-over frequency, which is an approximation for the maximum of
attenuation

ωM � 4
�

2

�
Cb

Mb

�2

Δ�2
N

Db

H2 � (9)

The main results of this section are the estimates of the cross-over fre-
quencies, equations (7) and (9). In the next section we provide a phys-
ical explanation of their dependence on poroelastic parameters and on
the length scales involved.

INTERPRETATION OF THE COUPLED FLUID DIFFUSION

We will now show that for the periodic system consisting of two lay-
ers with different compliances and different thicknesses (for example,
thin fractures embedded in a porous background rock) under compres-
sional loading the attenuation behavior described in the previous sec-
tion can be interpreted as a superposition of two coupled diffusion pro-
cesses. Although, each layer alone does not produce any attenuation
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Seismic attenuation in fractured porous rocks

(layer itself is homogeneous), when connected together, attenuation
takes place because the pore pressure gradient across the interface is
induced. In order to equilibrate pressure, fluid flow occurs between
layers (background and fracture). This process is described by the dif-
fusion equation. The symmetry of the system causes no-flow condition
in the middle of each layer. One can say that condition for the maxi-
mal attenuation is when fluid penetrates layer to the maximal possible
depth. Therefore, the condition of diffusion resonance for each layer

is given by a) the equality of diffusion length δb�c �
	

2Db�c�ω in par-

ticular layer and half-thickness of the layer and by b) the hydraulic
coupling as a consequence of fluid mass conservation. We use the
word resonance by analogy with waves because the pore pressure dif-
fusion processes under consideration can be also interpreted in terms
of Biot’s slow compressional wave, as shown in Chandler and Johnson
(1981). In that sense the total attenuation is a result of the interference
of Biot’s slow waves in each layer.

Let us interpret how pore pressure diffusion process behaves in the
background rock. The cross-over frequency ωP (7) is independent of
fracture weakness ΔN and depends merely on the ratio between diffu-
sivity and thickness of the background layer. This is understandable
since the diffusion length δc in the fracture at low frequencies is several
orders of magnitude bigger than the fracture thickness; such that it has
only negligible impact on the frequency dependency of the diffusion
process in the background.

If it was possible for a diffusion process in the background to exist
alone then its resonant frequency would be defined by the equality of
the diffusion length and the half-thickness so that

ωP�
� 8

Db

H2 � (10)

This estimate is very close to the cross-over frequency given by equa-
tion (7).

We note that in equation (9) for upper cross-over frequency ωM there
is no explicit dependency of the fracture diffusivity. The reason is that
in equation (1) fracture properties are lumped into a single parame-
ter that is fracture weakness. Underlying physical reason is the high
contrast in spatial scales and compressibilities, which allows simpler
parameterization of fractures via fracture weakness parameter. Let us
see how fracture thickness affects the upper cross-over frequency ωM .
By using the definition of fracture weakness, the ”softness” of the thin
layer can be expressed through the parameter

1
ZN

�
Lb

�
1�ΔN

�
ΔN

� (11)

then, Lc � hc�ZN � showing that dry modulus of fracture skeleton Lc �
0� as hc � 0. Substituting ΔN from equation (11) for small ΔN gives

1
ZN

�
Lc

hc
� Lb

ΔN
� (12)

and for upper cross-over frequency from equation (9) we get

ωM � 4
�

2
Db

N2
b

�
Lc

hcH

�2

� (13)

where Nb �Dbη�κ is a poroelastic modulus, H � hbH is the fracture
distance and h � hcH is the fracture thickness. For weakly consoli-
dated fracture matrix Gassmann equation yields Cc �Mc, so Lc � Nc

and from equation (13) we get

ωM � 4
�

2

�
Nc

Nb

�2 Db

h2 � (14)

The cross-over frequency ωM primarily depends on fracture thickness
(weakness). Since diffusion length in the background is smaller than
the diffusion length in open fracture the coupling of the two diffusion
processes is strong (amount of fluid that can flow across the interface
is influenced by Db). Then from equation (14) we deduce an effective

fracture diffusivity Dc ∝
�
Nc�Nb

�2
Db.

In conclusion, the coupled diffusion process with its characteristic fre-
quencies ωP and ωM can be interpreted as a superposition of two par-
tial diffusion processes. Each partial diffusion process has a charac-
teristic frequency, which is proportional to the ratio of diffusivity and
square of the characteristic length scale (equations 10 and 14). From
equations (7) or (10) and (14) we find relation

ωM

ωP
∝
�

Nc

Nb

�2�H
h

�2

� (15)

confirming that separation of cross-over frequencies depends on the
ratios of spatial scales and poroelastic moduli. Identification of these
cross-over frequencies provides a mean to estimate transport proper-
ties as discussed in the next section.

DISCUSSION AND CONCLUSION

In the layered porous medium with similar thicknesses of layers, both
diffusivities affect the cross-over frequencies ωP and ωM . A total max-
imum is created as a result of superposition. Intermediate frequency
regime of attenuation is hardly visible because ωP and ωM are close
to each other. What happens when one of the layers is several orders
of magnitudes thinner and softer than the other? The characteristic
frequencies evaluated in previous sections provide an answer in terms
of relevant material properties. In particular, from equations (7), (9)
and (15) we conclude that separation between ωP and ωM becomes
stronger for smaller fracture weakness (smaller fracture thickness) and
stiffer background matrix (or softer fracture matrix).

The results derived from equation (1) are limited by the assumption
of periodic distribution of fractures. In reality fractures may be dis-
tributed in a random fashion. Sensitivity of our results to the violation
of the periodicity assumption was examined numerically by Lambert
et al. (2006) using reflectivity modeling for layered poroelastic me-
dia. Numerical experiments for a random distribution of fractures of
the same thickness still show good agreement with theoretical results
obtained for periodic fractures in a vicinity of the attenuation peak.
However the regime with Q�1 proportional to ω is no longer present,
and the ”intermediate” frequency range with Q�1 ∝ ω1�2 extends over
the low-frequency range. This numerical result for a random distribu-
tion of fractures is in agreement with both theoretical and numerical
results for randomly layered porous media with small contrast between
layers as shown in Gurevich and Lopatnikov (1985) and Gelinsky et al.
(1998).

We think that results represent a general feature of attenuation due
to the so-called mesoscopic flow (in the presence of heterogeneities
small compared to the wavelength but much larger than the size of
individual pores or grains) in double-porosity structures. In fact, the
three different frequency regimes identified here can be clearly ob-
served in the attenuation behavior of double-porosity configurations
as shown in Pride et al. (2004) (see their Figure 1). Similar inter-
mediate frequency regime is observed in patchy-saturation model of
Johnson (2001) however, magnitude of attenuation is much smaller
because the overall elastic rock properties do not exhibit big contrast,
and thus if the spatial scales of fluid patches are very different the over-
all effect of small heterogeneities is small. According to Norris (1993)
: ”The general mechanism does not assume partial saturation, but only
that the medium is inhomogeneous. For example, the pores could be
completely saturated with liquid but the compressibility of the solid
frame may vary with position. However, the diffusion is greater if the
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Seismic attenuation in fractured porous rocks

fluid compressibility varies significantly from point to point.”, so the
similarity of attenuation frequency dependency in different scenarios
is expected.

Since natural fractures control the permeability of the reservoir, the
ability to find and characterize fractured areas of the reservoir repre-
sents a major challenge for seismic investigations. Up-to-date method-
ology for fracture weakness estimation from surface seismic data, de-
scribed in article of Bakulin et al. (2000), is based on Thomsen-style
anisotropic coefficients. Theoretically, elastic fracture weakness ΔN
is introduced through the constitutive relation of purely elastic frac-
tured medium. However, from measurements we estimate a poroe-
lastic fracture weakness, which in general includes hydraulic interac-
tion between fractures and pores of the background rock (squirt-flow
type mechanism). As a consequence, the estimated fracture weakness
can lead to non-unique information about fracture filling, except in
the case of isolated fluid-filled fractures or dry ones. We think that
frequency-dependent attenuation may provide additional constraints
on fracture weakness estimation. Identification of cross-over frequen-
cies and magnitude of attenuation can give possibility to distinguish
elastic from the poroelastic fracture weakness.

Presented results give a physical basis for estimation of the reservoir
permeability. These parameters may provide additional input for reser-
voir modeling. The major requirement for such an approach is that
measurements must be made over a relatively broad frequency range
(between seismic and sonic logging frequencies). The principal diffi-
culty lies in the fact that each of the seismic and acoustic technologies -
reflection seismology, sonic logging, ultrasonic measurements - cover
a relatively narrow frequency band. Interpretation of narrow band at-
tenuation measurements is ambiguous, as attenuation may be caused
by other mechanisms, such as scattering.

We think that analysis of data from cross-hole measurements, often us-
ing an input sweep signals in range 200 - 4000 Hz, enables us to recon-
struct intermediate parts of the dispersion and attenuation curves using
or developing procedures for processing of transient signals. Another
possible source of multi-frequency data is special logging tool (OYO)
that operates in frequency range 500 - 5000 Hz. The P-wave velocities
in low and high frequency limits we estimate from VSP and sonic log-
ging data. By fitting the theoretical model with real data we can extract
estimates of fracture and background parameters. The characteristic
frequencies yield to the estimation of permeabilities and thicknesses
of background-fractures system. This is of course work for the future;
here we describe the physical principle which makes this job possible.
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