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Abstract

Strong key stream sequences in cryptographic applications should not only have a high
linear complexity but the linear complexity should also be stable. The concept of linear
complexity and k-error linear complexity have attracted much attention in the cryptogra-
phy research community. There has been some research on the k-error linear complexity
distribution of 2"-periodic binary sequences for £ < 3. Several researchers have started to
study CELCS (critical error linear complexity spectrum) for the k-error linear complexity
distribution of 2"-periodic binary sequences. There have been some results about the first

descent point of k-error linear complexity.

The aim of this thesis is to propose several novel approaches, so that we can further
study the k-error linear complexity distribution of 2"-periodic binary sequences for k > 3,
and the second descent point and beyond of k-error linear complexity critical error
points. More importantly, with prescribed linear complexity and k-error linear complexity,
we aim to give an approach to constructing all such 2™-periodic binary sequences. This is

a challenging problem with broad applications.

To further the study of the k-error linear complexity distribution for 2™-periodic binary
sequences, we propose a framework as follows. Let S = {s|L(s) = ¢}, E = {e|[Wg(e) <
wh, S+ E = {s+e|s € S,e € E}, where s is a sequence with linear complexity ¢, e is an
error sequence with Wy (e) < w. We aim to sieve sequences s+ e with Li(s +e) = ¢ from
S+ FE. By a divide and conquer method of combinatorics, we investigate sequences with
linear complexity 2", and sequences with linear complexity less than 2", separately. With
our approach, the issue to study k-error linear complexity distribution for 2™-periodic

binary sequences becomes a combinatorial problem of these subsequences.

With our framework along with the sieve method, for k = 2, 3,4, the complete counting
functions on the k-error linear complexity of 2"-periodic binary sequences with both linear
complexity 2™ and linear complexity less than 2" are characterized. We also obtain some
partial results about the 5-error linear complexity of 2™-periodic binary sequences. On
the other hand, we derive a full representation of the first descent point spectrum for the
k-error linear complexity. We obtain the complete counting functions on the number of
2"-periodic binary sequences with given 2"-error linear complexity and linear complexity

2" — (201 4282 4 ... 4 20m) where 0 < iy < dg < -+r < iy < N
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The sequences with only two k-error linear complexity values exactly, namely its k-error
linear complexity is only L(s) or 0, have been studied. Based on this concept, we present
a new tool called the Cube Theory. It is proved that a binary sequence with period
2™ can be decomposed into some disjoint cubes. Based on the Games-Chan Algorithm,
we propose a standard cube decomposition for any binary sequence with period 2".
With such decomposition, we are capable to construct sequences with the maximum stable
k-error linear complexity. It is also proved that the maximum k-error linear complexity is

2" — (2! — 1) over all 2"-periodic binary sequences, where 2/=1 < k < 2! and [ < n.

By the cube theory, a new approach to determining the CELCS for the k-error linear
complexity distribution of 2"-periodic binary sequences is developed via the sieve method
and Games-Chan algorithm. The second descent point distribution of the 3-error linear
complexity, the second descent point distribution of the 4-error linear complexity and the
third descent point distribution of the 5-error linear complexity for 2"-periodic binary

sequences are characterized completely.

Based on the Games-Chan algorithm and cube theory, a constructive approach is presented
to construct 2"-periodic sequences with the given k-error linear complexity
profile. Consequently, the complete counting formula of 2"*-periodic binary sequences is
derived with the given k-error linear complexity profile having descent points 1, 3, 5 and
7. The k-error linear complexity profile having descent points 2, 4, 6 and 8 is also partially
discussed. The proposed constructive approach can be used to construct 2-periodic binary

sequences with the given linear complexity and k-error linear complexity.

Most results in this thesis are presented along with examples, which are verified by com-

puter program.
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Chapter 1

Introduction

With the rapid development of Internet and communication, safeguarding communica-
tion and authenticating data have become more and more important, and the need for
cryptology research has become more necessary and urgent. Crypotology includes cryp-
tography and cryptanalysis. The latter mainly deals with the investigation of how to
crack encryption algorithms or their implementations. Cryptography is mainly the study
of methods for securing communications and authenticating data. A stream cipher is one
of the most important symmetric key ciphers where plaintext digits are combined with a
pseudorandom cipher digit stream (keystream). Stream ciphers have historical and prac-
tical importance, and have been well investigated (Menezes et al., [1996; Paar and Pelzl,
2010)).

The linear complexity of a sequence s, denoted as L(s), is defined as the length of the
shortest linear feedback shift register (LFSR) that can generate s. As the LFSR that
generates a given sequence s can be determined using the Berlekamp-Massey algorithm
(Massey, |[1969) with only the first 2L(s) elements of the sequence, hence for cryptographic
purposes sequences with high linear complexity are highly necessary. The concept of
linear complexity is very useful in the study of stream cipher security for cryptographic
applications and it has attracted much attention in the cryptography research community
(Games and Chanl 1983; Ding et al., |1991; |Stamp and Martin) 1993} Salagean) 2005]).
But large linear complexity of the sequence (key stream) does not necessarily guarantee
the security of a stream cipher. To make a stream cipher secure, one has to make the
linear complexity of the sequence (key stream) not only large, but also stable. Otherwise,
suppose that the linear complexity of the sequence (key stream) decreased drastically by
only changing a few symbols, an attacker could modify the key stream and try to decrypt
the result using the Berlekamp-Massey algorithm (Massey, |1969)). If the resulting sequence
differs from the actual key stream by only a few symbols, the attacker could extract a large
part of the message. This observation gives rise to the stability of linear complexity of

sequences.

As a measure on the linear complexity of sequences, the weight complexity was first

introduced by Ding| (1990). A further refined measure, called sphere complexity, was



defined in the monograph by Ding, Xiao and Shan in (Ding et al., 1991)). |Stamp and
Martin (1993) introduced the k-error linear complexity, which is in essence the same as
the sphere complexity. Specifically, suppose that s is a sequence with period N. For any
k(0 < k < N), the k-error linear complexity of s, denoted as Lg(s), is defined as the
smallest linear complexity that can be obtained when any k or fewer bits of the sequence

are changed within one period.

One important result, proved by |Kurosawa et al.| (2000)), is that the minimum number k
for which the k-error linear complexity of a 2™-periodic binary sequence s is strictly less
than the linear complexity L(s) of s is determined by ki, = 272" =L6)  where Wi (a)
denotes the Hamming weight of the binary representation of an integer a. According to
Meidl (2004])), for the period length p™, where p is an odd prime and 2 is a primitive root
modulo p?, a relationship is established between the linear complexity and the minimum
value k for which the k-error linear complexity is strictly less than the linear complexity.
For generalization of these results by Zhou (2011)), for sequences over GF'(q) with period
2p™, where p and ¢ are odd primes, and ¢ is a primitive root modulo p?, the minimum
value k is presented for which the k-error linear complexity is strictly less than the linear

complexity.

Rueppell (2012)) derived the number of 2™-periodic binary sequences with given linear com-
plexity L,0 < L < 2". For k = 1,2, Meidl| (2005) characterized the complete counting
functions on the k-error linear complexity of 2™-periodic binary sequences with linear com-
plexity 2. For k = 2,3, Zhu and Qi| (2007)) further gave the complete counting functions
on the k-error linear complexity of 2"-periodic binary sequences with linear complexity
2™ — 1. By using algebraic and combinatorial methods, [Fu et al.| (2006) characterized the
2"-periodic binary sequences with the 1-error linear complexity and derived the counting

function completely for the 1-error linear complexity of 2"-periodic binary sequences.

By investigating sequences with linear complexity 2" and linear complexity less than 2"
together, [Kavulury| (2008], 2009) characterized 2™-periodic binary sequences with the 2-
error and 3-error linear complexity, and obtained the counting functions for the number
of 2™-periodic binary sequences with the k-error linear complexity for £ = 2 and 3. By
Zhou (2012)), it is proved with one counterexample that the counting functions by |Kavu-
luru| (2008, [2009) for the number of 2™-periodic binary sequences with the 3-error linear

complexity are incorrect in some cases.

As the LFSR that generates a given sequence s can be determined using the Berlekamp-
Massey algorithm (Massey, [1969)) with only the first 2L(s) elements of the sequence,

hence a cryptographically strong sequence must have both larger linear complexity and



k-error linear complexity. Due to the importance of linear complexity and k-error linear
complexity in the study of stream cipher security for cryptographaic applications, many
researchers have studied the CELCS (critical error linear complexity spectrum) for the
k-error linear complexity distribution of 2"-periodic binary sequences (Kurosawa et al.l
2000; Lauder and Paterson, 2003; Salagean, 2005; Etzion et al., 2009; Pi and Qi, 2011)).
Recently, by using short sequences to construct longer sequences in a manner similar to
the reversed process of the Games-Chan algorithm (Games and Chan, [1983), [Pan et al.
(2016) investigated the distribution of linear complexity and k-error linear complexity of

2"-periodic binary sequences with fixed Hamming weight.

1.1 Aims and Research Goals

After some investigations, we discovered some research gaps and directions that we want

to address:

1. The concept of linear complexity and k-error linear complexity have attracted much
attention in the cryptography research community. There has been some research on
the k-error linear complexity distribution of 2"-periodic binary sequences for k < 3.
Algebra (Meidl, |2004, [2005; Fu et al., [2006; |Zhu and Qi, [2007) and discrete Fourier
transform (Meidl and Niederreiter, [2002; |[Hu and Feng, 2005) are two important
tools to study the k-error linear complexity for periodic sequences. To further the
study of the k-error linear complexity distribution for 2™-periodic binary sequences,

we need some novel approaches.

2. Several researchers have studied the CELCS (critical error linear complexity spec-
trum) for the k-error linear complexity distribution of 2"-periodic binary sequences
(Lauder and Paterson, 2003; Etzion et al., 2009)). There have been only some results
about the first descent point of k-error linear complexity (Kurosawa et al., 20005
Lauder and Paterson, [2003; Etzion et al., 2009). With the current techniques, it is
extremely difficult to study the second descent point and beyond of k-error lin-
ear complexity critical error points. We should cope with a sequence from different

perspectives and need some new techniques.

3. The motivation of studying the stability of linear complexity is that changing a small
number of elements in a sequence may lead to a sharp decline of its linear complexity
(Ding, |1990; Ding et al., |1991; Niu et al., [2013, |2014). Therefore we really need to

study such stable sequences in which even a small number of changes do not reduce



their linear complexity. We should study how to construct sequences with stable
k-error linear complexity. It is also important to construct periodic sequences with
prescribed linear complexity and k-error linear complexity. This is a challenging

problem with broad applications.

1.2 Preliminaries for Linear Complexity

In this section we give some preliminary results which will be used in the sequel.

We consider sequences over GF'(q), which is the finite field of order ¢. If there exists a
positive integer N such that s; = s; + NV for ¢ = 0,1,2,---, then s is called a periodic

sequence, and N is called the period of s.

Let x = (z1,29, -+ ,2n) and y = (y1,Y2," - ,yn) be vectors over GF(q). Define x +y =
(1 +y1,22 + Y2, , Tn + Yn), which is called as the superposition of z and y.

When n = 2m, we define Left(z) = (x1, 22, , Zm) and Right(z) = (Tm1, Tm42, -+ 5 Tam,)-

The Hamming weight of an N-periodic sequence s is defined as the number of nonzero
elements in each period of s, denoted by W(s). Let sV be one period of s. If N = 2",
sV is also denoted as 5. Obviously, W(s(™) = W (s") = W(s). supp(s) is defined as
the set of the positions with nonzero elements in each period of s. The distance of two

elements is defined as the difference of their indexes. For instance, the distance of x1, x3

in x = (z1,22,23, -+ ,Tp) is 3-1=2.
Let s = {so,s1,82,83, -+, } be a sequence over GF(q). The sequence s is called an K-
order linear recursive sequence if there exists a positive number K and cq,c2, -+ ,cx in

GF(q) such that s; + c1sj_1 + -+ + cxsj—x = 0 for any j > K. The minimal order is
called the linear complexity of s, which is denoted by L(s).

The generating function of a sequence s = {sg, $1, 2,83, - , } is defined by
[e.e]
s(x) = sp + s1x + s92% + 532 + - = Zsixz
=0

The generating function of a finite sequence sV = {s0, 81,82, -+ ,sny—1} is defined by
SN(J;') =so+s1z+ 502+ -+sy_1zV 1l Ifsisa periodic sequence with the first period



s, then,

s(xr) = sN(x)(l—l—xN—i-:rQN—i—---):

sV (x)/ ged(s™ (@), 1 —a™)  g(x)
(1 —2N)/ ged(sN(2), 1 —2N)  fo(x)

Obviously, ged(g(z), fs(z)) = 1,deg(g(x)) < deg(fs(z)). fs(x) is called the minimal
polynomial of s, and the degree of fs(z) is called the linear complexity of s, that is
deg(fs(x)) = L(s) (Ding et al., 1991).

Suppose that N = 2" and GF(q) = GF(2). Then 1 -2V =1-22" = (1-2)?" = (1-x)".
If s is a binary sequence with period 2", its linear complexity is N minus the degree of
factor (1 —z) in sV (z). This is the foundation of the Games-Chan algorithm (Games and

Chan), [1983)) for the linear complexity of a 2"-periodic binary sequence.

1.3 Thesis Structure and Contributions

The list below briefly describes the content of each chapter in this thesis along with its

contributions.

e Chapter [2; We propose a structural approach for determining the k-error linear
complexity distribution for 2™-periodic binary sequences (Zhou and Liu, [2014). We
mainly use the sieve approach and the Games-Chan algorithm (Games and Chanl,
1983). Furthermore, by a divide and conquer method of combinatorics, we in-
vestigate sequences with linear complexity 2", and sequences with linear complexity
less than 2™, separately. In this way, the issue to study k-error linear complexity
distribution for 2"-periodic binary sequences becomes a combinatorial problem of
these subsequences. With our structural approach along with the sieve method,
for k = 2,3,4, the complete counting functions on the k-error linear complexity of
2"-periodic binary sequences with both linear complexity 2™ and linear complezity
less than 2™ are characterized. We also obtain some partial results about the 5-
error linear complexity of 2™-periodic binary sequences. Additionally, to verify the
theorem in Chapter [2], for n = 5, the numbers of 2"-periodic binary sequences with
linear complexity less than 2™ and the 4-error linear complexity ¢, 0 < ¢ < 2", are

presented, and these results are also checked by a computer program.

Finally, the first descent point (critical point) distribution of the k-error linear



complexity for 2"-periodic binary sequences was characterized completely. We ob-
tained the complete counting functions on the 2™-error linear complexity of 2"-
periodic binary sequences with linear complexity 27 — (2% 4 22 4 ... 4 2im) where
0< 1 <t <+ <y <M.

Chapter [3; We begin by presenting a new concept of stable k-error linear com-
plexity(Zhou et al., 2013). The sequences with only two k-error linear complexity
values exactly, namely its k-error linear complexity is only L(s) or 0, have been stud-
ied by |Etzion et al. (2009)). Based on this concept, we present a new tool called the
Cube Theory(Zhou et al., 2013} 2015b)). First, it is proved that a binary sequence
with period 2" can be decomposed into some disjoint cubes. Second, based on the
Games-Chan Algorithm, we propose a standard cube decomposition for any
binary sequence with period 2". The main approaches of Chapter [4 and Chapter
are based on the cube decomposition theory. Finally, it is proved that the maximum
k-error linear complexity is 2" — (2l — 1) over all 2™"-periodic binary sequences, where
2i-1 <k < 2V and I < n. As a consequence of these results, some results by [Niu et al.
(2013, 2014])) are proved to be incorrect. With such decomposition, some approaches
are also presented to construct sequences with the maximum stable k-error linear

complexity.

Chapter[d} By the cube theory, a new structural approach to determining the CELCS
for the k-error linear complexity distribution of 2"-periodic binary sequences is de-
veloped (Zhou et al. [2015a). Similar to Chapter [2, we also use the sieve approach
and the Games-Chan algorithm (Games and Chan, [1983). The structural approach
is also based on the proposed framework in Chapter [2| First, we present the second
descent point distribution of the 3-error linear complexity. Further, we investigate
the second descent point distribution of the 4-error linear complexity. Furthermore,
the third descent point distribution of the 5-error linear complexity for 2"-periodic

binary sequences are characterized completely.

Finally, the k-error cube decomposition of 2™-periodic binary sequences is developed
based on the Cube Theory of Chapter|3] As an extension of the work by [Kurosawal
et al.|(2000), we investigate the formulas to determine the second descent points and
third descent points for the k-error linear complexity, respectively. Most results
in Chapter (4] are presented along with examples, which are verified by computer

program.

Chapter Based on the Games-Chan algorithm (Games and Chan| |1983) and

the cube theory, a constructive approach is presented to construct 2"-periodic



sequences with the given k-error linear complexity profile (Zhou et al.,
2016)). Consequently, the complete counting formula of 2™-periodic binary sequences
is derived with the given k-error linear complexity profile having descent points 1,
3, 5 and 7. The k-error linear complexity profile having descent points 2, 4, 6 and
8 is also partially discussed. The proposed constructive approach can be used to
construct 2"-periodic binary sequences with the given linear complexity and k-error
linear complexity. Lastly, to verify the results in Chapter o, we give the complete
2"-periodic binary sequence distribution with the given k-error linear complexity
profile of 0 = L7(s(™) < Ls(s™) < L3(s™) < Ly(s™) < L(s™) = 2" for n = 5,

which is checked by a computer program.

Chapter [6f The conclusion of the whole thesis and some potential future direc-

tions are addressed.



Chapter 2

A Unified Approach for the k-error
Linear Complexity Distribution of

2"-periodic Binary Sequences

By investigating sequences with linear complexity 2" and linear complexity less than 2"
together, Kavuluru (2008, 2009) obtained the counting functions for the number of 2"-
periodic binary sequences with k-error linear complexity for & = 2 and 3. By |Zhou (2012),
it is proved with one counterexample that the counting functions by Kavuluru (2008,
2009) for the number of 2™-periodic binary sequences with the 3-error linear complexity

are incorrect in some cases.

In this thesis, we propose a structural approach for determining the k-error linear com-
plexity distribution for 2"-periodic binary sequences (Zhou and Liu, 2014). We mainly
use the sieve approach and the Games-Chan algorithm (Games and Chan) [1983). The
proposed approach is different from those by Meidl (2005); Fu et al.| (2006) and Zhu and
Qi (2007), and it is based on the following framework.

Let S = {s|L(s) =c},E = {e|Wg(e) =k},S+ E ={s+e¢|s € S,e € E}, where s and e
are two sequences. We aim to sieve sequences s+e with Li(s+e) = ¢ from S+ E. For this
purpose, we need to investigate two cases. One is to exclude all sequences s+u € S+ E,
with Li(s +u) < c. Based on Lemma 2.1.2 in Section this is equivalent to checking if
there exists a sequence v such that L(u+v) = ¢. The other case is to check the repetition
of some sequences in S+ E satisfying that s+u,t4+v € S+FE and Ly(s+u) = Li(t+v) = ¢
with s # t, u # v, but s + v = t + v. Similarly, this is equivalent to checking if there
exists a sequence v such that L(u+v) = L(s+t) < ¢ and if so, check the number of such
sequences. With the sieve method of combinatorics, we attempt to sieve sequences s + e
with Li(s +e) = ¢ in S+ E. This is the first contribution of our Unified Approach.

The second contribution of our Unified Approach can be summarized as follows. First

we investigate sequences with linear complexity 2", and sequences with linear complexity



less than 2™ separately. It is observed that for sequences with linear complexity 27,
the k-error linear complexity is equal to the (k + 1)-error linear complexity, when k is
odd. For sequences with linear complexity less than 2", the k-error linear complexity is
equal to (k 4+ 1)-error linear complexity, when k is even. Based on these observations we
investigate the k-error linear complexity in two cases and this would reduce the complexity
of this problem. Finally, by combining the results of two cases, we obtain the complete
counting functions for the number of 2"™-periodic binary sequences with the k-error linear

complexity.

With our Unified Approach, the issue to study k-error linear complexity distribution
for 2"-periodic binary sequences becomes a combinatorial problem of these subsequences.
With developed counting techniques, 3-error and 4-error linear complexity distribution for
2"-periodic binary sequences is solved completely and other cases are investigated briefly
for partial solutions. In this process, the most difficult part for the problem of the k-
error linear complexity distribution is to calculate all the possible combinations of these

subsequences, which becomes extremely complicated for large k.

Generally, the complete counting functions for the number of 2™-periodic binary sequences
with the k-error linear complexity for k& > 2 could be possibly solved using our Unified
Approach. However, the decomposition of the sequences is much more complex for
larger k. For 3-error linear complexity being equal to 2"~! — 27~™_ there are only 4
cases in the sieving process. In contrast, for 4-error linear complexity being equal to
2n=1 — (n=m 4 9n=J) there are more than 10 cases in the sieving process. It remains for
us to solve two difficult issues here. One is that the number of possible cases, which is
related to j — m, is not a constant. The other is that we have to calculate the number
of elements with more than 2 overlapped cases by using the inclusion-exclusion principle

(Dohmen), [1999)) in combinatorics.

The rest of this chapter is organized as follows. In Section we first give an outline
about our main approach for determining the k-error linear complexity distribution for 2"-
periodic binary sequences for k = 2,3,4,5,6 and 7. In Section for k = 2, the counting
functions on the k-error linear complexity of 2™-periodic binary sequences with linear
complezity less than 2" are characterized. In Section[2.3] for k = 3, the counting functions
on the k-error linear complexity of 2-periodic binary sequences with linear complexity 2"
are characterized. In Section for k = 2,3, the complete counting functions on the
k-error linear complexity of 2™-periodic binary sequences with both linear complexity 2™
and linear complexity less than 2™ are characterized. In Section for £k = 4, the
counting functions on the k-error linear complexity of 2"-periodic binary sequences with

linear complexity less than 2™ are characterized. Finally in Section for k = 5, the



counting functions on the k-error linear complexity of 2™-periodic binary sequences with

linear complexity 2™ are partially characterized.

2.1 Preliminaries

In this section we give some preliminary results which will be used in the sequel.

The linear complexity of a 2"-periodic binary sequence s can be recursively computed by
the Games-Chan algorithm (Games and Chan, [1983)) as follows.

Algorithm 2.1.1
Input: A 2"-periodic binary sequence s = [Left(s), Right(s)], ¢ = 0.
Output: L(s) =c.

Step 1. If Left(s) = Right(s), then deal with Left(s) recursively. Namely, L(s) =
L(Left(s)).

Step 2. If Left(s) # Right(s), then ¢ = ¢+ 2" and deal with Left(s) @ Right(s)
recursively. Namely, L(s) = 2"~! + L(Left(s) @ Right(s)).

Step 3. If s = (a), then if a =1 then ¢ = c+ 1.

Remark 2.1.1 Based on this algorithm, one can see that the linear complexity of a

sequence s is in the following form
L(s)=2""140m 2 4 424141 — (20 422 4. 4 20m) =27 — (20 4282 4 ... 4 2im),

where i) represents the case that Left(s) = Right(s) in the loop n — i, with 0 < i1 <
19 < ++» < iy < n. Conversely, with a given linear complexity value in above form, one

can construct a sequence s such that its linear complexity equals to this value.

The following three lemmas are well known results on 2"-periodic binary sequences. Please
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refer to Meidl (2005); |Zhu and Q1 (2007) for details.

Lemma 2.1.1 Suppose that s is a binary sequence with period N = 2". Then L(s) = N

if and only if the Hamming weight of a period of the sequence is odd.

If an element 1 is changed to element 0 in each period of a sequence with odd Hamming
weight, the Hamming weight of the sequence will be changed to even, so the main concern

hereinafter is about sequences with even Hamming weight.

Lemma 2.1.2 Let s; and sz be two binary sequences with period N = 2". If L(s;) #
L(s2), then L(sy+ s2) = max{L(s1), L(s2)}; otherwise if L(s1) = L(s2), then L(s;+s2) <
L(Sl).

Suppose that the linear complexity of s can decrease when at least k elements of s are
changed. We construct a binary sequence e, in which only elements at exactly those k
changed positions are nonzeros. By Lemma 2.1.2, the linear complexity of the binary
sequence e must be L(s). Therefore, for computation of the k-error linear complexity, we
need to first find the binary sequence with the minimal Hamming weight and its linear

complexity is L(s).

Lemma 2.1.3 Let E; be a 2"-periodic sequence with one nonzero element at position ¢ and
0 elsewhere in each period, 0 <i < 2™ If j —i=2"(14+2a),a > 0,0 <i < j < 2™ r >0,
then L(E; + E;) = 2" — 2.

We have the following result on the linear complexity of sequences with Hamming weight
less than 8.

Lemma 2.1.4 Suppose that s is a binary sequence with period 2" and the Hamming
weight is w < 8. Then the linear complexity of s is L(s) = 2" —2""™ 1 < m < n or
2n — (2nm 42" ) 1 <m < j < n.

Proof. Suppose that s is a 2™-periodic binary sequence with Wy (s) = w < 8. If the linear
complexity of s is neither 2 — 2"~™ nor 2" — (2"~™ +2"7), then the minimum number k
for which the k-error linear complexity of s is strictly less than the linear complexity L(s),
can be given by kpyin = oWr (2" ~L(s)) > 8, where W (b) denotes the Hamming weight of
the binary representation of an integer b. This contradicts the fact that the w-error linear
complexity of the binary sequence s is 0 (L (s) = 0). So the linear complexity of s must
be2n —2"m 1 <m<mnor2®— (2" 42 ) 1< m<j<n. O

11



Based on the Games-Chan algorithm, the following lemma is given by [Meidl| (2005).

Lemma 2.1.5 Suppose that s is a binary sequence with one period s = {s0, 51,82, ,San_1},
a mapping ¢, from FZ" to F22n_1 is defined as
wn(s(n)) = Son(('sO’ 51,82, 782”*1))
= (80 + Sgn-1,81 + Sgn-147,- -+ ,Sgn-1_1 + San_1).

Let Wg(v) denote the Hamming weight of a vector v. Then the mapping ¢, has the

following properties.
1) W (pn(s™)) < Wi (s™);
2) If n > 2, then Wi (0, (s™)) and Wy (s(™) are either both odd or both even;

3) The set
ot (5™ = (v e FZ" |ppsr (v) = s™)

of the preimage of s(™ has cardinality 22".

Rueppel (2012)) presented the following result on the number of sequences with a given

linear complexity.

Lemma 2.1.6 The number N (L) of 2"-periodic binary sequences with linear complexity
L,0 <L <2 is given by N(L) = { ;’Ll, L1 Z (; o

In this thesis, we will investigate sequences with linear complezity 2", and sequences with
linear complexity less than 2™, separately. It is observed that for sequences with linear
complexity 2", the k-error linear complexity is equal to (k + 1)-error linear complexity,
when k is odd. For sequences with linear complexity less than 2", the k-error linear
complexity is equal to (k4 1)-error linear complexity, when k is even. Therefore, in order
to characterize 2™-periodic binary sequences with the 3-error linear complexity, we need
first to consider the 2™-periodic binary sequences with linear complezity less than 2™ and
the 2-error linear complexity, and we will also fully characterize the 2"-periodic binary

sequences with linear complexity 2" and the 3-error linear complexity.

Similarly, in order to characterize 2"-periodic binary sequences with the 4-error linear
complexity, we need first to consider the 2™-periodic binary sequences with linear com-

plexity 2™ and the 3-error linear complexity, and then characterize the 2™*-periodic binary

12



sequences with linear complexity less than 2" and the 4-error linear complexity.

Further, in order to characterize 2"-periodic binary sequences with the prescribed 5-error
linear complexity, we can first consider 2"-periodic binary sequences with linear complexity
less than 2™ and the prescribed 4-error linear complexity, and then we need consider 2™-
periodic binary sequences with linear complexity 2" and the prescribed 5-error linear
complexity. In this thesis, only partial results are given here based on the proposed

framework.

Of course, one can extend this idea to characterize 2™-periodic binary sequences with the

k-error linear complexity for k =6, 7.

The proposed structural approach is based on the following framework. Let S = {s|L(s) =
ch, E={e|lWh(e) <w},S+ E ={s+e|s € S ee E}, where s is a sequence with linear
complexity ¢, w < 8 and e is an error sequence (Kaida et al.,|1999) with Wg(e) < w. Note

2 2"
that the number of 2™-periodic binary sequences in F is 1+ 2" + ( 5 ) +-+ < ) .
w

By Lemma 2.1.6, the number of 2"-periodic binary sequences s + e € S + E is at most

w
s+ e with L, (s +e) =c from S+ E.

2" 2"
(1+2"+ < 5 > +- 4+ < >)25_1. With the sieve method, we aim to sieve sequences

Intuitively, we aim to characterize the 2"-periodic binary sequences with linear complexity
less than 2™ and the 4-error linear complexity. If Wy(e) = 1 or 3, then W (s + e) is odd,
thus L(s + e) = 2. As we only consider the binary sequences with linear complezity less
than 2", so we can only consider the error sequences with Wy (e) = 0 or 2 or 4. In the
same way, when we characterize the 2™-periodic binary sequences with linear complezity
2" and the 5-error linear complexity. If Wiy (e) = 0,2 or 4, then Wy (s + e) is odd, thus
L(s+e) =2". As we only consider binary sequences with linear complezity 2", so we can

only consider the error sequences with Wy (e) =1 or 3 or 5.

Given a 2"-periodic binary sequence s(™, based on the Games-Chan algorithm (Games
and Chan), [1983), its linear complexity is either 0 or L(r,c) =271 42" 24 ... 4 2" 4 ¢ =
M 2" ¢, 2<r<n,1<c<2l. With the following result, we only need to consider

2"-periodic binary sequences s(") with linear complezity c.
Lemma 2.1.7 Suppose that s(™ is a binary sequence with period 2 and its linear com-

plexity is either 0 or L(r,c) = 2" 1 4+ 2" 2 4 ... 4 2" 4 ¢c=2" -2+ ¢, 2<r <n,1 <
¢ <271 — 1. Let ul™ be a binary sequence with period 2" and WH(u(T)) =k, and u™

13



be a binary sequence with period 2" constructed by adding zero elements to u(”. Then
Li(s™ +u) = ¢ & Li(s™ +u(™) = L(r,c), where s = @, 1 o, (s™).

Proof. Let v(") be a binary sequence with period 2" and Wy (v(")) < k, such that L(u(") +
v(’”)) = ¢. Let v be a binary sequence with period 2" constructed by adding zero
elements to v("). Then L(u(™ +v™)=2n=1 4272 4 ... 49" L c=2" 2" ¢ = L(r,c).

On the contrary, let v™ be a binary sequence with period 2" and WH(U(”)) < k, such that
L(u™+v™) = L(r, c). Based on the Games-Chan algorithm, u("4+0(") = @1 - o, (u™+
v™) and L(u( +v(")) = ¢, where v(") = @, - - - @, (™).

By Lemma 2.1.2, we have proved that Ly (s + u() < ¢ & Li(s™ +u™) < L(r, c).

This completes the proof. O

By Lemma 2.1.7, in order to characterize 2"-periodic binary sequences with the k-error
linear complexity, we just need to consider the k-error linear complexity for 0 < ¢ < 2771,

For such purpose, we first consider a simple case.

Lemma 2.1.8 Suppose that s and ¢ are two different binary sequences with linear
complexity ¢,1 < ¢ < 2" 3, and u(™ and v(™ are two different binary sequences with
Wi (u™) < 8, Wi (v™) < 8. Then s 4 (™) £ t(0) 4 (),

Proof. First we observe the following fact
s () £ () 4 () o g() gy () 4 (1) £ ¢(0) o () 4 y(m) £ g(0) 4 ¢(n)

Note that s and t( are two different binary sequences with linear complexity ¢, 1 <
¢ < 2773, 5o the linear complexity of s(™ + ¢(™ is less than 2773, hence one period of

s(m 4+ ¢(™ can be divided into 8 equal parts.
Suppose that (™ + v = (") 4 ¢ Then one period of u(™ + v(™) can be divided into
8 equal parts. As Wy (u™) < 8, Wy(v™) < 8, thus u(™ + v has 8 nonzero elements.

It follows that the linear complexity of u(™ +v(™ is 273 which contradicts the fact that
the linear complexity of s + ¢(™) is less than 2773, O

Now we need to consider more complicated cases with linear complexity 273 < ¢ < 271,
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First we have the following result.

Lemma 2.1.9 1). Suppose that s is a binary sequence with linear complexity ¢,1 < ¢ <
an=l 3 cA£2n "t onm 1 < <n—landec# 2" 1— (2742 0) 1 <m < j < n; u(™)
is a binary sequence with Wy (u(™) < k,4 < k < 8. Then the k-error linear complexity of
s 4+ 4 is still e.

2). If s(™ is a binary sequence with linear complexity ¢ = 2"~1 —2"~™ 1 < m < n or
c=2""1_(27"™ £ 2770) 1 < m < j < n. Then there exists a binary sequence u(™ with

Wi (u™) < k,4 < k < 8, such that the k-error linear complexity of s +u(™) is less than

C.

Proof. Suppose that v(™ # (™ and Wy (v™) < k.

1). As1 < ¢ < 27!~ 3 we only need to consider the case L(u(™ + v(™) < 271,
In this case, LH(u™ + v™) = RHu™ + v™) and Wy (LH(u™ + v™)) < 8. By
Lemma 2.1.3 and Lemma 2.1.4, one can obtain that L(u(™ + v(®) = 2n=1 _ gn=m o

2n—1 _ (2n—m + 2n—j).

Thus L(s™ +u(™ + ™) > L(s(), so the k-error linear complexity of s + u(™ is still

c.
2). Note that s s a binary sequence with linear complexity ¢ = 2771 -2~ 1 <m <n
orc=2""1—(20"™ 4 977J) 1 < m < j < n. As seen from part 1), there exist (™ and

v(™ such that L(u(™ +v(™) = ¢. So the k-error linear complexity of s 4 u(™ must be
less than ¢ O

Now by Lemma 2.1.9, we need only to consider the following three cases.
i)c=2""1—20 242 0<dy <dy <n-—2.
ii)c=2""1—-20 292 L o 0<dy<d; <n—20<az<2%1

i) c=2""1—-2% 0<d <n-—2.

For a given linear complexity ¢, it remains for us to investigate two cases. One is that
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s+u €S+ E,but Ly(s+u) < c. This is equivalent to checking if there exists a sequence
v such that L(u + v) = ¢. We define LESS = {ulu € E,v € E,L(u+ v) = ¢}. In this
case, we first characterize the set LESS, then exclude such elements s + e from the set
S+ E. The other is the case that s+u,t+v € S+ E and Ly(s+u) = Ly(s+v) = ¢ with
s#t,u#wv, but s+u=1t+w. It is equivalent to checking if there exists a sequence v
such that L(u+v) = L(s +t) < ¢ and if so, check the number of such sequences v, where
Wh(u) < w, Wg(v) < w. We define EQUAL = {u|lu € E,v € E,L(u+v) < c}. In this
case, we first characterize the set FQU AL, then take out these repetitions from the set

S + E. This technique will be used in different places throughout this thesis.

In the next section, we will first fully characterize the 2-error linear complexity distribution

of 2™-periodic binary sequences with linear complexity less than 2™.

2.2 Counting Functions with the 2-error Linear Complexity

For a 2™-periodic binary sequence with linear complexity less than 27, the change of one bit
in each period results in a sequence with odd number of nonzero bits in each period, which

has linear complexity 2". In this section, we thus focus on the 2-error linear complexity.

Furthermore, the change of 1 bit or 3 bits in each period results in a sequence with
odd number of nonzero bits in each period, which has linear complexity 2. In order
to derive the counting functions of the 3-error linear complexity for 2"-periodic binary
sequences with linear complexity less than 2™, we only need to investigate the 2-error

linear complexity of 2"-periodic binary sequences with linear complexity less than 2".
The main result of this section is the following theorem.
Theorem 2.2.1 Let L(r,c) = 2" —2"+¢,2<r <n,1 <c <21 —1 and Nyo(L) be

the number of 2™-periodic binary sequences with linear complexity less than 2" and the

2-error linear complexity L. Then
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or
270 )+ D D=L(re)lses2? —Lr>2
2L—1 " 1_3x27‘+m—3,
Na(L) = N2 )7 )

L=L(rc),c=2r"1t-2m1<m<rr>2

or
2L1(< ) + 1 + gr—m _ 27‘+m72)’

L(r,c),c=2""1—-2r"m4tpl<m<r—1,0<ax <2 ™ 1lr>3
0, otherwise

In order to prove Theorem 2.2.1, we first prove the following lemmas.

Lemma 2.2.1 1). If s(™ is a binary sequence with linear complexity ¢,1 < ¢ < 2"~1 — 3,
c#£ 21 _9m 2 <m < n—1,u™ is a binary sequence with W(u(”)) =0 or 2. Then the

2-error linear complexity of s + u(™ is c.
2). If s(™ is a binary sequence with linear complexity ¢ = 21 — 27 0 < m < n — 1.

Then there exists a binary sequence u(™ with W (u(™) = 2, such that the 2-error linear

complexity of s + u(™ is less than c.

Proof. Let (™ be a binary sequence with v(® 2 u(™ and W (v(™) =0 or 2.

1). As ¢ < 21 — 3, we only need to consider the case L(ul™ + v(™) < 271 Thus
Left(u™ +v™) = Right(u™ + v™) and W (Left(u™ +v™)) = 2.

By Lemma 2.1.3 in Section Lu™ oMy =2n="1_9m 0<m<n—1.

Thus L(s™ +u™ + ™) > L(s(), so the 2-error linear complexity of s(™ + u(™ is still

C.

2). As s is a binary sequence with linear complexity ¢ = 2"~! — 2™ 0 <m <n — 1, so

the 2-error linear complexity of s +u(™) must be less than ¢ when L(u(™ +v™) =¢. O

Lemma 2.2.2 Suppose that s # (") are two binary sequences with the same linear

complexity ¢,1 < ¢ < 272 (" £ 4™ are two binary sequences with W(u(”)) =0 or 2,
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and W (v(™) = 0 or 2. Then s + (™) =£ (V) 4 4,

Proof. First the following is true.
s 4 () £ () 4 () o g() gy (M) 4 () £ () oy (1) (1) £ g(m) 4 4(0),

Note that s(™ and ¢(™ are two different binary sequences with the same linear complexity
c,1 < ¢ <272 from Lemma 2.1.2 the linear complexity of s 4 ¢() ig less than 272,
By the Games-Chan algorithm (Games and Chan, [1983), one period of s 4+ ¢() can be
divided into 4 equal parts.

Suppose that u(™ 40 = () 4 ¢ Then one period of u™ + v(™ can be divided into 4
equal parts. It follows that the linear complexity of (™ + v(™ is 2"=2 which contradicts
the fact that the linear complexity of s(™ + (™) is less than 272 O

Next we divide the 2-error linear complexity into three categories and deal with them by
Lemma 2.2.3, Lemma 2.2.4 and Lemma 2.2.5, respectively. First we consider the category

of 2n—1 — gn—m,

Lemma 2.2.3 Let N3(2" ! — 2"~™) be the number of 2"-periodic binary sequences with
linear complexity less than 2" and the 2-error linear complexity 2"~1 —27""™ n > 2.1 <
m < n. Then

2n n— n—m
Ny(2n—t —2n=m) = (1 + ( ) ) — 3 x gutm=3)g2" -2

Proof. We first sketch the proof. Let S = {s|L(s) = 2"~! —2n"m} E = {e[W(e) =
Oor2},S+ E = {s+els € S,e € E}, where s is a sequence with linear complexity

2n=1 _27=™ and e is an error sequence with W(e) = 0 or 2. With the sieve method in

combinatorics, we attempt to sieve all the sequences s + e with La(s +¢) = 27—t —2n—m

in S+ FE.

By Lemma 2.1.6 in Section the number of 2"-periodic binary sequences with linear

71_2n7'm_1

complexity 271 — 2n—m g 22" . As the number of 2"-periodic binary sequences

n

2
in Fisl+ 5 >, the number of 2™-periodic binary sequences s+ e € S+ F is at most

2n n—1 n—m
(1+ ) )22 2L
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It remains to characterize two cases. One is that s+e € S+E, but La(s+e) < 271 —-2n=m,
The other is the case that s +u(™ () £ () € § 4+ F with s #£ () 4™ £ ™) but

The following is the detailed proof.
To deal with the s + u(™ with W (u(™) = 2, we need to give the following two facts.

Fact 1. Suppose that
2n—1
u™ + o™ ={...,01,0,---,0,1,0,---,0,1,0,---,0,1,0,---}
—_—

2n—m (2k41)

where Left(u™ +v) = Right(u™ 4v™) in each period, and the distance of first two 1s
is 277" (2k+1) with k being an integer. Here the distance of two elements is defined as the
difference of their indexes. By Lemma 2.1.3 in Section L(u 4y = on=1 _ gn—m

Fact 2. Suppose that «(™ is a binary sequence with W(u(”)) = 2, and there exist two
nonzero elements whose distance is 2"~™(2k + 1) or 2”71, with k being an integer. Then

it is easy to find a binary sequence v with W (v™) = 2, such that L(u™ + v() =
2n71 _gn—m_

In the case that the distance of two nonzero elements is 2"~ (2k + 1), Left(v™) =
Right(u™), Right(v™) = Left(u(™). Thus there exists exactly one binary sequence
o™,

Without loss of generality, one can assume the case that the distance of two nonzero
elements is 2"~ (2k + 1) and

2n—1
w(™ ={--,0,1,0,---,0,1,0,--- ,0,0,0,---,0,0,0,---}
—_———

2n=m (2k41)

Then v(™ can be constructed as the following.
277,71
o™ ={...,0,0,0,---,0,0,0,---,0,1,0,---,0,1,0,---}
N———

9n—m (2k+1)
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If one assumes the case that the distance of two nonzero elements is 2"~ ! and

277,71
u™ ={-.,0,1,0,---,0,0,0,---,0,1,0,---,0,0,0,---}
———

on—m (2k+1)

Then v(™ can be constructed as the following.
2n—1
(™ — {--,0,0,0,---,0,1,0,---,0,0,0,---,0,1,0,---}
~—

2n—m (2k+1)

Suppose that s(™ is a binary sequence with linear complexity 27~ — 2"~™_ By Lemma

2.2.1, there exists a binary sequence u(™ with W (u(™) = 2, such that the 2-error linear

complexity of u(™ + s(™ is less than 271 — 27—,

Now let us divide one period of (™ into 2"~™ subsequences in the following form,
{U,a, ua+2n7m, ua+2n7m+1, s 7ua+(2m_1)><2n7m}, 0 S a < 2n—m
If two nonzero elements of u(™ are in the same subsequence, then the number of these

Cl—2n_mx<2 )
2

Here 2™ ™ represents the number of selections when one selects 1 subsequence, and

u(™ can be given by

2m
< 5 represents the number of selections without consideration of the order when

one selects two elements in one subsequence.

Suppose that two nonzero elements of (™) are in the same subsequence, and the distance
of the two nonzero elements is 2™ (2k + 1) or 2"~ !, with k being an integer. From Fact

2, the 2-error linear complexity of u™ 4 s will be less than 271 — 2n—m.

Suppose that two nonzero elements of () are in the same subsequence, and the distance
of the two nonzero elements is not 2"~ (2k + 1) with k being an integer. Then the
distance of the two nonzero elements must be 2"~™%(2k + 1) with k being an integer
and z being an positive integer. This is equivalent to the fact that one period of u(™

is divided into 2"~™*! subsequences and two nonzero elements of u(™ are in the same

2m—1
subsequence. Therefore, the number of these (™ can be given by 27+ x ( 5 ) .
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Of these u(™, there are 2~™11 x 9m=2 — 9n—1 gequences, in each sequence the distance

of the two nonzero elements is 27 1.

So, if two nonzero elements of u(™ are in the same subsequence, and the distance of the

two nonzero elements is neither 2"~ (2k + 1) nor 2”1, then the number of these u(™ can

-1
2 = on—mtl « ( 2" > —on—1

be given by

2

Suppose that two nonzero elements of u(™ are in the same subsequence, and the distance
of the two nonzero elements is neither 2" ~™(2k+1) nor 2" 1. Then the distance of the two
nonzero elements must be 27"~ %(2k + 1) with k being an integer and x being an positive
integer. From Fact 2, there exists exactly one binary sequence v(™ with W (v(™) = 2, such
that L(u(™ 40) =271 277 1 < =m—z < m. Let t™" = s(") 44 4 (), Then
L(tM) = L(sM) = 2n=1 —9n=m and () 4 40 = ¢(n) 4 (),

Suppose that two nonzero elements of u(™ are not in the same subsequence. Then the
distance of the two nonzero elements must be 27~ ("+%)(2k 4+ 1) with k being an integer
and z being an positive integer. From Fact 1, there does not exist a binary sequence v(™
with W (v(™) = 2, such that L(u(® +v(™) =27=1 — 27=™ This leads to the following,

N2(2n—1 . 2n—m)

= [1+ < 2; ) —(C1—02) —C2/2]2%" 2!

— [1 + 2” _ 2n—m 2m + 2n—m 2m_1 _ 211—2] % 22n71_2n7m_1
2 2 )

2” 3 271,71 gn—m
= (1+ ) — 3 x 2nhm=3)g2t 2L

Next we consider the category of 271 — 27=™ 4 g,

Lemma 2.2.4 Let Ny(2"~! — 2"=™ 4 1) be the number of 2"-periodic binary sequences
with linear complexity less than 2" and the 2-error linear complexity 2"~ —2""™ + . n >
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3, 1<m<n—1,0<z<2"™ ! Then
N2<2n—1 _gn—m + LE)

2n n—1 n—m
RSE PR

Proof. Let S = {s|L(s) =2""t—2""™m 4+ 2}, E = {e[W(e) =0or 2},S+ E = {s+e|s €
S,e € E}. By Lemma 2.1.6 in Section the number of 2"-periodic binary sequences with

linear complexity 27~ — 2"~ 4 1 is 92" 71 =2"""+a—1 Ag the number of 2™-periodic binary
n

2
sequences in F is 1+ 5 ) , the number of 2™-periodic binary sequences s+e € S+ FE

n

2 ) )22n—172n—m+x71'
2

is at most (1 4+ (

Suppose that s is a binary sequence with linear complexity 2"~ —2""™ 4z and (™ is a
binary sequence with W (u(™) = 0 or 2. By Lemma 2.2.1, the 2-error linear complexity of
w4 () jg an—1 _9n—=m 4 2 Tt remains to prove the case of s+ () 44" ¢ S+ F
with s £ ¢ () £ () put s 4 () = ¢(7) 4 (),

Suppose that u(™ is a binary sequence with W(u(”)) = 2, and there exist two nonzero
elements whose distance is 2"7"(1 + 2a),1 < r < m,a > 0. Then there exists one binary
sequence v(™ with W(v™) = 2, such that L(u(™ 4 v(™) = 27=1 — 27=" Here the
construction of v(™ is similar to that of Lemma 2.2.3. Let t(® = (") 4 4 4 4™ Then
L(tM) = L(sM) = 271 — 27" 4 3 and s + u() = (W) 4 (),

Now let us divide one period of (™ into 2"~ subsequences in the following form,

{uavua+2n_m’ua+2n_m+1’ . e 7’[,La_;'_(zm_]_)><2'n—7n}, 0 S a < 2n—m

If two nonzero elements of u(™ are in the same subsequence, and their distance is 271,
then there exist 2~ —1 binary sequences v(™ with W (v(™) = 2, such that L(u(™ +v(™) =
on=1 _on=r 1 <« p < m. Let t™ = s 4 4 4 () Then s + () = ¢ 4 (™) The

number of these u(™ can be given by D1 = 27~ x 2m~1 — gn—1,
Suppose that two nonzero elements of u(™ are in the same subsequence, and their distance
is 2777 (14 2a),1 < r <m,a > 0. Here 2" "(1+2a) < 2"~!. Then there exists one binary

sequence v(™ | with W (v(™) = 2, such that L(u(™ + v(™) = 27=1 — 27" The number of
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these u(™ can be given by

D2 = 2"—m[< 2; ) —om~l,

This will lead to the following,
N2(2n—1 _ 2n—m + x)
]. n— n—m
> x D1 - 5 x D2J2* -2l
) > T 1 s« on—1 _ 2nm1[( 2: ) _ 2mfl]}22"*172”*m+zfl
_ (2m—1 . 1) 5 on—m _ 2n—m—l[ 2" . 2m—1]}22"*1—2”*m+x—1
2

4onmm _ 2n+m—2]22"*1—2”*m+x—1

Finally we would consider the category for 1 < ¢ <2772 — 1.

Lemma 2.2.5 Let L(r,c) =2" —2" +¢,3<r <n,1 <c <272 -1, and Na(L(r,c)) be
the number of 2"-periodic binary sequences with linear complexity less than 2" and the

2-error linear complexity L(r,c). Then

1+<2n>, L=0
No(L) = 2

. 2L=1(1 4 ( 2; >), L =L(rc)

Proof. Suppose that s is a binary sequence with first period s = {s0, 81,82, "+ ,Som_1},
and L(s) = L(r,c) = 2" —2" 4+ ¢,3 <r < n,1 <c <272 - 1. By the Games-Chan
algorithm (Games and Chan, 1983), Left(s")) # Right(s®M)),r + 1 < t < n, where s) =
P41 @n(s(n))-

First we consider the case of W(s(")) = 0. There is only one binary sequence of this kind.

Let us consider the case of W(s(”)) = 2. There are two nonzero bits in {sg, s1,- -, Son_1},
n

2
thus there are ( 5 ) binary sequences of this kind.

23



So No(0) = 1+ ( 2; )

It is our turn to consider the case of L(r,c) =2" — 2" +¢,3<r<n,1 <c<272-1.
Suppose that s(™ is a binary sequence with L(s™) = L(r,¢). Note that L(r,c) = 2" —
2" 4 ¢=2""14...42" 4 ¢ By the Games-Chan algorithm, Left(s(")) = Right(s(")), and
L(s™) =c.

27”
It is known that the number of binary sequences (") with W (")) =0 or 2 is 1+ ( 5 )

By Lemma 2.2.1, the 2-error linear complexity of s(") + (") is ¢.

By Lemma 2.1.6 in Section and Lemma 2.2.2, the number of binary sequences s(") +¢(")

ool 2
is 261 (1+<2>)

By Lemma 2.1.5 in Section e (W) = {v € F2pp1(v) = s®}, which is the
preimage of s(*) with cardinality 22t, where 7 < t < n. Thus there are 22"+ +2" =
22"=2" binary sequences s 4 t(™ such that s 4 t(") = 1 - @, (s + 1) () =

Orp1 - en (™) and W (M) = W (™).

Thus the 2-error linear complexity of s + ¢ ig

2n—1+._.+2T+L2(8(7”)_|_t(7’)):2"—2T+C:L(T,C)-

n r 2T 2T
Therefore, No(L(r,c)) = 22" 72" x 2¢71 x (1 + ( ) >) = oL(re)-1(1 4 ( ) >) =

Based on the results above, we can have the proof of Theorem 2.2.1 now.

Proof. By Lemma 2.2.5, we now only need to consider the case of 3 < r < n, U2 <<
or—1 1.

By Lemma 2.1.6 in Section [2.1] and Lemma 2.2.3,

21"
No(L(r,c)) = 2L<m>—1(< ) ) +1—3x2rtm=3)
for3<r<n,e=2""1—-2"""1<m<r.
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By Lemma 2.1.6 in Section and Lemma 2.2.4,

2T
N2(L(7’, C)) = 2L(r,c)—1(< , ) +149mm 2r+m—2)
ford<r<mc=2""1-2"""Migl<m<r—10<z<2 ML

This completes the proof. O

Notice that for a 2™-periodic binary sequence with linear complexity less than 2", the
change of three bits in each period results in a sequence with odd number of nonzero bits
in each period, which will have linear complexity 2™ again. So from Theorem 2.2.1, we
have also obtained the counting functions for the 3-error linear complexity for 2"”-periodic

binary sequences with linear complexity less than 2".

2.3 Counting functions for the 3-error linear complexity

For a 2"-periodic binary sequence with linear complexity 2", the change of two bits in each
period results in a sequence with odd number of nonzero bits in the same period, which
has linear complexity 2". In this section, we thus focus on the 3-error linear complexity.

The main result of this section is the following theorem.

Theorem 2.3.1 Let L(r,c) =2" — 2" +¢c,or 2" — 23+ 1,4 <r<n,1 <c< 2t -1,

and N3(L(r,c)) be the number of 2"-periodic binary sequences with linear complexity 2"
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and the 3-error linear complexity L(r,c). Let

f(n,m)
() () () )
3 3 2 2
+ < 2nmm > % 22m(2m72 _ 1) + 2n7m71 % ( 2m—1 )
2 3

_2n—2 % (Zm—Q _ 1)

Then
2n
+2" L=0
3
27"
2L(r,c)71( + 27“)7
3
L=L(re),1<ec<2r2-1,7>2
N3(L) = ¢ 2HCI=1f(r,m),
L=L(rc),c=2r"1t-2r"1<m<rr>3
2L (r, m),

L=L(r,c),c=2""1 —2r=m 4 g,
l<m<r—10<z<2 ™l pr>3

0, otherwise

To prove Theorem 2.3.1, we need to give several lemmas.

With the idea similar to that used in previous section, we first investigate the sequence
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Lemma 2.3.1 1). Suppose s(™ is a binary sequence with linear complexity ¢,1 < ¢ <
on—l _3 c£onl _9m 9 < < n—1, u™ is a binary sequence with linear complexity
2" and W(u(™) =1 or 3. Then the 3-error linear complexity of (™ + u(" is also c.

2). If s(™ is a binary sequence with linear complexity ¢ = 21 —2™ 0 < m < n— 1, then

there exists a binary sequence u(™ with linear complexity 2", such that the 3-error linear

complexity of s(™ + (™ is less than c.

Proof. Note that the 3-error linear complexity of s is the smallest linear complexity
that can be obtained when any u(® with W (u(™) =1 or 3 is added to s(™.

Suppose that v(™ is a binary sequence, v(™ # (™ and W(v(™) =1 or 3.

1). Asec< 2”*1 — 3, we only need to consider the case of L(u(”) + ™) < 271 In this
case, Left(u™ 4 v™) = Right(u™ +v™) and W(Left(u™ +vM)) = 2.

By Lemma 2.1.3, L(u(™ + o) =271 _9m 0 <m <n—1.
Thus L(s™ + u(™ 4+ () > L(s™), so the 3-error linear complexity of s + u(™ is c.

2). As s is a binary sequence with linear complexity ¢ =271 —2™ 0 <m <n—1. So

the 3-error linear complexity of (™ +u(™ must be less than ¢ when L(u(™ +0™) =¢. O

Lemma 2.3.2 Suppose that s(™ ;é t (") are two binary sequences with the same linear
complexity ¢,1 < ¢ < 272, 4™ £ (™ are two binary sequences with linear complexity
2" as well as W (u() =1 or 3, W(v(”)) =1 or 3. Then s(™ 4y £ ¢ 4 4,

Proof. First the following is true.

s 4o £ ) () o g(0) g gy (1) ) £ 1) o ) () £ M) g ()

Note that s and ¢(™ are two different binary sequences with linear complexity ¢,1 < ¢ <
2"=2 50 the linear complexity of s + ¢(™) is less than 2”2, and one period of s(™ + ¢(™)

can be divided into 4 equal parts.
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Suppose that (™ + v = (") 4 ¢() Then one period of u(™ + v(™ can be divided into
4 equal parts, thus W(u(”) + v(”)) = 4. Tt follows that the linear complexity of (™) 4 o)
is 272 which contradicts the fact that the linear complexity of s + ¢(™) is less than
2n=2, O

Next, we divide the 3-error linear complexity into three categories and deal with them by

Lemma 2.3.3, Lemma 2.3.4 and Lemma 2.3.5, respectively. First consider the category of
2n71 _gn—m_

Lemma 2.3.3 Let N3(2" ! — 2"™) be the number of 2"-periodic binary sequences with
linear complexity 2" and the 3-error linear complexity 27—t — 2"~ n > 3.1 < m < n.
Then

N3(2n71 o 2n7m)
on om on—m om
— [ _ gn—m _ 2m+1
3 2 2 2
2nm 2m om—2 n—m—1 2m—1
+ x 22m(2m=2 _ 1) 42 X
2 3

_2n—2 % (2m—2 o 1)]22"’1—2"*7"—1

Proof. Let S = {s|L(s) =271 —2n"m} E = {e|]W(e) = 1or3},S+E = {s+e|s €
S,e € E}. By Lemma 2.1.6 in Section the number of 2"-periodic binary sequences

with linear complexity 2"~1 — 27" is 22"71=2"""~1_ Ag the number of 2™-periodic binary
n

2
sequences in F is 2" + 5 ) , the number of 2"-periodic binary sequences s+e € S+ E
2” n—1 n—m
is at most (2" + 5 )22 2L

It remains to prove the following two cases. One is that s +e € S+ E, but L3(s +e) <
27— _ 97n=m_ The other is the case that s 4« () + v ¢ § 4 F with s # (),

on—1 _ on=m and u(™ is

Suppose that s is a binary sequence with linear complexity
a binary sequence with W (u(™) = 1. One can construct a binary sequence v(™ with
W (v™) = 3, such that L(u(™ 4 (™) =27~ _9n=m Qg the 3-error linear complexity of

u(™ + (M) is less than 271 — 2n—m,

28



To deal with the s(™ + u(™ with W (u(™) = 3, the following fact is used.

Suppose that u(™ is a binary sequence with W (u(™) = 3, and there exist two nonzero
elements whose distance is 2"~ "(1 + 2a),1 < r < m,a > 0 or 2"~!. Then one can find
1 binary sequence v(™ with W(v(™) = 3, such that L(u(® 4 o) = 2n—1 — 2n=7 with
W (u™ 4 0™ = 4. If r = m, then L(u(™ +v() =27=1 — 27~ hence the 3-error linear

complexity of u(™ + s(™ is less than 271 — 27—,

Without loss of generality, assume that supp(u(™) = {y1,y2,y3}, and the distance of y1
and y2 is 27" (1+2a),1 < r < m,a > 0. Then the construction of v(™ with supp(v(™) =
{21, 22,y3} is similar to that of Lemma 2.2.3. Here (™ and v(™ have exactly one common

nonzero element, so that W (u( + v(™) =4,
Let us divide one period of u(™ into 2"~™ subsequences with the following form
{ua, ua+2n7m, ua+2n7'm+1, st ,ua+(2m_1)><2n7m}, 0 S a < 2nim

If only two nonzero elements of u(™ are in the same subsequence, then the number of these
u™ can be given by E1 = 2 5 X 5 x 2™, Here 2 5 represents

2m
the number of permutations when one selects 2 subsequences, 5 represents the

number of selections without consideration of the order when one selects 2 elements in
one subsequence and 2™ represents the number of selections when one selects 1 element

in another subsequence.

Suppose that only two nonzero elements of u(™ are in the same subsequence, and the

distance of the two nonzero elements is not 2"~ (2k + 1). Then the number of these u("™
on—m 2m—1 gn—m
can be given by 2 5 X 2 X 5 x 2™ Of these u™, there are 2 5 X

2m—1 % 2™ sequences, in which the distance of the two nonzero elements is 2" 1.
So, if only two nonzero elements of u(™ are in the same subsequence, and the distance of

the two nonzero elements is neither 2"~ (2k + 1) nor 2"~!, then the number of these u("™

can be given by
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gn—m 2m—1 on—m
E2 = 2( ) >><2><< ) >x2m—2< ) >><2m1><2m

Suppose that u(™ is a binary sequence with W(u(”)) = 3, and there exist two nonzero
elements whose distance is a multiple of 27~™%1 but is not 27~!. Thus we can assume the
distance of two nonzero elements is 2"7"(1 4 2a),1 < r < m,a > 0, hence there exists one
binary sequence v(™ with W (v(™) = 3, such that L(u(™ +v(™) =271 27" 1 <1 < m.
Let ™ = s 4+ 4 4 9™ Then L(t™) = L(s™) = 271 — 277 and s + 4 =
t() 4 v where there exist exactly two nonzero elements in v(™) whose distance is a
multiple of 27~m+1,

If all 3 nonzero elements of u(™ are in the same subsequence, then the number of these

2m
u(™ can be given by E3 = 2" x < 3 ) .

Suppose that all 3 nonzero elements of u(™ are in the same subsequence, and there do not

exist two nonzero elements whose distance is 2"~ (2k 4 1). Then the number of these u(™)
m—1

2
can be given by 2"~m+1 x ( ) . Of these u(™), there are 27—+ x2m=2 5 (2m—1_92) =

27 x (2m~2 — 1) sequences, in which there exist two nonzero elements with distance 271,

So, if all 3 nonzero elements of u(™ are in the same subsequence, and there do not exist
two nonzero elements whose distance is 2"~ (2k + 1) or 2”1, then the number of these

u™ can be given by

2m—1

E4 = on—mtl
3

> — 2" x (2m7% — 1)

Suppose that u(™ is a binary sequence with linear complexity 2" and all 3 nonzero elements
of u(™ are in the same subsequence, and there do not exist two nonzero elements whose
distance is 2"~ ™(2k +1) or 2"~ . Thus we can assume that supp(u(™) = {y1,72,y3}, and
the distance of y1 and 32 is 2"7" (1 4 2a1),1 < r; < m,a; > 0, the distance of y1 and y3
is 2"7"2(1 4 2a3),1 < ro < m,ay > 0, the distance of y2 and y3 is 2" "3 (1 +2a3),1 < r3 <
m,asg > 0. Similar to that of Lemma 2.2.3, one can construct 3 distinct binary sequences
vgn), 1 < < 3, with linear complexity 2" and W(UZ(”)) = 3, such that L(u(™ + UZ(”)) =
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2=l on=ri 1 < r; < m. Let tz(n) = 3(”)+u(")—i—v§”). Then L(tf;”)) = L(s) = gn—1_gn-m

and s + (™ = tl(n) + v(n)

)

(n

Here u(™ and v,

Specifically, y3 € supp(vgn)), y2 € supp(vén)) and yl € supp(v:g”)). It follows that,

2n1 2nm

3 n— n—m
\ ) (E1 - E2) - E2/2 — (E3 — E4) — ZE4]22 i

() (5) () (%)
3 2 2
< ) ) x 22m(2mT2 — 1) 42" x ( 277;_1 )

_ogn—2 (2m72 _ 1)]22"—172’1—“171‘

. ( 5 ) E3 — E1+ E2/2 + E4/4]2%" -2 "1
+

Next we consider the category of 2"~1 — 27— 4 g,

) have exactly one common nonzero element, so that W (u(™ + vgn) ) =4.

Lemma 2.3.4 Let N3(2" ! — 2"~™ 4+ z) be the number of 2"-periodic binary sequences

with linear complexity 2" and the 3-error linear complexity of 2"~1 — 2"~™ 4 2 where

n>31<m<n—1,0<z<2"™ 1 Then

N3(2n71 _on—m + .I)

— {( 23n ) _(2m—2_1) « 2n+1_ (2m—1 _1) % ( 2n2m > % 2m+1

—3 % 2“—m—2[< 2" ) —4< 2 )]
3 2
2nfm 2m . m n—l_gn-m o
—( ) )x[<2>—2 1 x 2mypxt el

Proof. Let S = {s|L(s) =27t -2t 2} E={e[W(e) =1or3},S+E = {s+e|s €
S,e € E}. By Lemma 2.1.6 in Section the number of 2"-periodic binary sequences with
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linear complexity 271 —2""™ 4z is 92" ' =2"""+a-1 Ag the number of 2"-periodic binary
n

2
sequences in F is 2" + ( 5 ) , the number of 2™-periodic binary sequences s+e € S+ E

2TL n— n—m
is at most (2" + ( 5 >)22 AR

Suppose that s is a binary sequence with linear complexity 271 =24z and (™ is a
binary sequence with W (u(™) =1 or 3. By Lemma 2.3.1, the 3-error linear complexity of
w(™ 4 5(1) jg gn=1 _9n=m 4 0. Tt remains to prove the case of s +u(™ (W) () ¢ S+ F
with s £ ¢ () £ () put s 4 () = ¢(7) 4 (),

Suppose that u(™ is a binary sequence with W(u(”)) = 1. One can show the following

facts.

There is 1 binary sequence v(™ with W (v(™) = 3, such that L(u( 4 v(™) = 2n—1 _ gn—2
2n—2;

and there exist two nonzero elements in v(™ whose distance is
There are 2 binary sequences v(™ with W (v(™) = 3, such that L(u(® +v() = on—1 _gn=3

and there exist two nonzero elements in v whose distance is 2”73 or 3 x 23,

There are 2™~2 binary sequences v with W(v(™) = 3, such that L(u(™ + o) =

2n—1 _ 9gn—m gn—m

and there exist two nonzero elements in v(™ whose distance is

2 1) x 2n,

or
3x2" ™ or --- or (W
Let t = 5™ 4 4 4 () Then L(t™) = L(sM™) =271 — 27" 4 2 and s + 4 =
t0 4+ v, Note that there are total 1 +2+---42m2 = 271 _1 such t( and v(™) with
W (v™) = 3. Thus it is unnecessary to consider the case of s + u( with W (u(™) = 1.

To deal with the s(™ + u(™ with W (u(™) = 3, the following fact is used.

Suppose that u(™ is a binary sequence with W (u(™) = 3, and there exist two nonzero
elements whose distance is 2"7"(1 4 2a),1 < r < m,a > 0. Then there exists one binary
sequence v(™ with W (v(™) = 3, such that L(u(™ 4 v(™) = 271 — 27" with W (u(™ +
™) = 4. Let t = 50 £ 4 4+ (™ Then L(t™) = L(s™) = 27~1 —27=™ 4 g and
(M) 4 () = ¢(n) 4 4(n)

Without loss of generality, assume that supp(u(™) = {y1,y2,y3}, and the distance of y1
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and y2 is 2" "(1+2a),1 < r < m,a > 0. Then the construction of v with supp(v(™) =
{21, 22, y3} is similar to that of Lemma 2.2.3. Here u(™ and v(™ have one common nonzero
element, so that W (u(™ 4 v(™) = 4,

Let us divide one period of u(™ into 2"~™ subsequences with the following form

{Ua, ua+2n7m, ua+2n—m+1, tt ,ua+(2m_1)><2n7m}, 0 S a < 2n_m

We divide the s + (™ with W (u(™) = 3 into 4 cases.

Case 1. If all 3 nonzero elements of u(™ are in the same subsequence, and there exist two
nonzero elements with distance 27!, then there exist 2~! — 2 binary sequences v(™ with
W (v™) = 3, such that L(u(™+0™) = 271277 1 < < m. Let t( = () 44,0 45,
Then s 4+ 4 = t(® 4 () The number of these u(™ can be given by

2m71
F1:2”_m><2><< 5 >><2.

Case 2. Suppose that u(™ is a binary sequence with linear complexity 2" and all 3 nonzero
elements of u(™ are in the same subsequence, and there do not exist two nonzero elements
whose distance is 27~!. Then there exist 3 distinct binary sequences vgn), 1 <¢ <3, with

W(v(n)) = 3, such that L(u(”)+vi(n)) =" 19" ] < r < m. Let tl(n) = s(”)+u(”)+vi(n).

(2

Then s + u(W = tgn) + vfn). The number of these u(™ can be given by

om 2m—1
F2:2"_m[< 5 )—2><< ) )x2].

Case 3. If only two nonzero elements of u(™ are in the same subsequence, and the distance
of the two nonzero elements is 27!, then there exist 2™~! — 1 binary sequences v(™) with
W (v™) = 3, such that L(u(™+0™) = 271277 1 < < m. Let t( = () 44, 45,
Then s + 4™ = ¢(™ 4 4™ The number of these u(™ can be given by

271,7?72 anm
F3=2 ) x 2m—L s om — ) x 22m

Case 4. If only two nonzero elements of (™ are in the same subsequence, and the distance
of the two nonzero elements is not 2”~!, then there exists one binary sequence v(™ with
W (v™) = 3, such that L(u(™+v™) = 271977 1 < < m. Let t( = () 44,0 45
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Then s 4w = ¢ 4 () The number of these u(™ can be given by

() () e
F4=2 X [ —2M77 x 2™,
2 2

The above calculations will lead to the following,
N3(2n—1 _gn—m + J})

2" 2m=1 9 2m—t —1 3 1 n=1_gn—m
= | O Fl- T X F3-C x F2— S x P42 el
gm—1 4 2

2m—1 -1 on—m om 2m—1
— x( ) >x22m—ix2"m[( 5 )—4( ) )]

n—m-—2 2m 2m_1
—3x2 [( 5 ) —4 ( 5 )]
gn—m 2m m—1 myo2n "l 2n—m g1
_ ( ) > % [( 5 ) -2 ] X 2 }2 *

Finally we consider the category for 1 < ¢ < 2772 —1.

Lemma 2.3.5 Let L(r,c) = 2" — 2" +¢,3 <r <n,1 < ¢ <272 -1, and N3(L(r,c))
be the number of 2"-periodic binary sequences with linear complexity 2" and the 3-error

linear complexity L(r,c). Then

Proof. Suppose that s is a binary sequence with first period s = {s0, 81,82, ,San—1},
and L(s) = 2". By the Games-Chan algorithm, Left(s®)) # Right(s®),1 < t <
n, L(s(0) = 1, where s®) = @1 - 0, (s™).
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Thuss(o):{l}, and sg+ 81+ +se_1=1,1<t<n

First we consider the case of W(s(")) = 1. There is only one nonzero bit in {sg, s1,- - , Son_1},

thus there are 2" binary sequences of this kind.

Next, we consider the case of W (s(™)) = 3. There are 3 nonzero bits in {sq, 51, - - , San_1},
n

2
thus there are ( 5

n

2
) binary sequences of this kind. So N3(0) = ( 5 + 2™,

Finally, we consider the case of L(r,c) = 2" —2" +¢, 3 <r <mn,1 < ¢ <22 -1,
Suppose that s(™ is a binary sequence with L(s™) = L(r,¢). Note that L(r,c) = 2" —
2" +¢c=2""14 ...+ 2" 4 ¢. By the Games-Chan algorithm (Games and Chan) [1983),
Left(s")) = Right(s(")), and L(s")) = c.
It is known that the number of binary sequences t(") with W (¢(")) = 1 or 3 and L(t(")) = 2"
2T
is ( ) + 27,
3
By Lemma 2.3.1, the 3-error linear complexity of s() + ¢() is ¢.
By Lemma 2.1.6 in Section and Lemma 2.3.2, the number of binary sequences s(") +¢(")

27‘
is 2671 x (( 3 >+2”)

By Lemma 2.1.5 in Section [2.1] there are 22"~"+++2" = 22"=2" hinary sequences s(™ + (),
such that 8(7') + t(r) = Qp41-- gpn(s(n) —+ t(n))7 t(T) = Qp41--" Son(t(n)) and W(t(n)) =
W (™).

Thus the 3-error linear complexity of s(™ + ¢ ig

2" 27 Ly(s™) + ) = 2" — 2" e = L(r,c).

n - 27’ 27'
Therefore, N3(L(r,c)) =22"7% x 2¢71 x (( 5 ) +2") = 2L(T’C)1(< 5 ) +27) O

Based on the results above, we can have the proof of Theorem 2.3.1.
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Proof. By Lemma 2.3.5, we now only need to consider the case of 4 <17 <n,2"2 < ¢ <
2r=1 1.

By Lemma 2.1.5 in Section and Lemma 2.3.3, N3(L(r,c)) = 2L~ f(r m) for 4 <

r<n,c=2"1_-2""m 1 <m<r

By Lemma 2.1.5 in Section [2.1] and Lemma 2.3.4, N3(L(r,c)) = 259~ g(r,m) for 4 <
rgnjc:QTfl_zrfm_i_x’l<m<7._170<x<2r7m71 O

2.4 Complete counting functions for the 2-error or 3-error

linear complexity

Based on previous investigations, we will give the complete counting functions for 2"-period
sequences with the 2-error or 3-error linear complexity. For completeness of presentation,

the following theorem on the 1-error linear complexity from Meidl (2005) is given first.

Theorem 2.4.1 Let L(r,c) =2" —2" +¢,2<r <n,1 <¢c<2"~! — 1, and Ny(L(r,c))
be the number of 2"-periodic binary sequences with linear complexity 2" and the 1-error

linear complexity L(r,c). Then

2" L=0
Ni(L) =] 2L+t L= L(r,c)
0, otherwise

From Theorem 2.4.1, we can have counting functions for the 2-error linear complexity of
2"-periodic binary sequences with linear complexity 2". From Theorem 2.2.1, we have
counting functions for the 2-error linear complexity of 2™-periodic binary sequences with
linear complexity less than 2. By combining these results of the two cases, it is easy
to derive the complete counting functions for the number of 2”-periodic binary sequences

with the 2-error linear complexity.
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Theorem 2.4.2 Let L(r,c) =2" —2"+¢,2<r <n,1 <c <21 —1 and No(L(r,c))
be the number of 2"-periodic binary sequences with the 2-error linear complexity L(r,c).
Then

NQ(L) — 2L—1( > +2"4+1—-3x 27~-+-m—3)7
L=L(rc),c=2""t -2 1 <m<rr>2
2"

) + 27 F 14 2rTm - ortm=2)

L(ryc)yc=2""1—2"""4tpl<m<r—1,0<z <2 "1 r>3

0, otherwise

One can show that Theorem 2.4.2 is equivalent to the results in Table 1 and Table 2 by
Kavuluru| (2009).

Similarly, based on Theorem 2.2.1 and Theorem 2.3.1, the counting functions for the
number of 2"-periodic binary sequences with the 3-error linear complexity can be derived

as follows.
Theorem 2.4.3 Let L(r,c) =2" —2"4+¢, 4 <r <n,1 <c <21 —1 and N3(L(r,c))

be the number of 2"-periodic binary sequences with the 3-error linear complexity L(r,c).
Then
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L(r,c),c=2""1—-2r"m 4t l<m<r—1,0<x<2~ ™ 1lr>3

0, otherwise

where f(r,m) and g(r,m) are defined in Theorem 2.3.1.

According to Table 1 and Table 2 by [Kavulury| (2009), the numbers of 2™-periodic binary
sequences with the 3-error linear complexity for n = 4 are shown in the second column of
Table 211

Table 2.1: N3(L(r,c)) by Kavuluru and Theorem 2.4.3.

L(r,c) | by Kavuluru | by Theorem 2.4.3
0 697 697
1 697 697
2 1394 1394
3 2788 2788
4 5128 2824
5 10704 8400
6 18720 4384
7 30272 2624
8 0 0
9 23808 23808
10 22016 8704
11 37888 5120
12 0 0
13 4096 4096
14 0 0
15 0 0

It is well known that the number of all 2"-periodic binary sequences for n = 4 is 216 =
65536. However, the summation of numbers of the second column is much bigger than
65536. So the counting functions for the number of 2"-periodic binary sequences with the

3-error linear complexity by Kavuluru| (2009) are not fully correct.
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Specifically, it is easy to check by computer that all underline numbers in Table are

incorrect.

In the case of L = L(r,¢),c = 2"~1 —27"™ 1 < m < r,r > 2, which corresponds to the
case of 2" — (2"~ "1 42"~ "2) by Kavuluru (2009)), the counting function by [Kavuluru| (2009)

is wrong.
L =4,6,7,10 or 11 in Table 2.1 belong to this case.

In the case of L = L(r,c),c=2""1-2""" 421l <m<r—1,0<z <2 ™ Lr>3
which corresponds to the case of 2% — (2771 4 2n772) < [ < 2" — (27771 4 2nmr2—hy hyy
Kavuluru (2009)), the counting function by Kavuluru (2009) is wrong.

L = 5 in Table 2.1l is this case.

For n =4, L =5, we know that r; = 1,79 = 2, and

on _ (2n—r1 + 2n—r2) <L < on _ (2n—r1 4+ 2n—r2—1)

From Theorem 7 by Kavuluru| (2008), we have N3(L) = 10704, which is incorrect by

computer check.

From Theorem 2.4.3, the numbers of 2™-periodic binary sequences with the 3-error linear
complexity for n = 4 are shown in the third column of Table These results have been
checked by computer.

The summation of numbers of the third column is 2'6 = 65536.

2.5 Counting functions for the 4-error linear complexity

By Theorem 2.3.1 in Section the 3-error linear complexity of 2™-periodic binary se-
quences with linear complexity 2™ has been investigated. For 2™-periodic binary sequences
with linear complezity 2", the change of 4 bits per period will result in a sequence with an
odd number of nonzero bits per period, hence still with linear complexity 2". Therefore,
the 4-error linear complexity is the same as the 3-error linear complexity for 2"-periodic
binary sequences in the case of linear complexity 2. In order to derive the counting

functions for the 4-error linear complexity of 2"-periodic binary sequences in general, we

39



only need to obtain the counting functions for the 4-error linear complexity of 2"-periodic
binary sequences with linear complexity less than 2™. To this end, we divide the 4-error
linear complexity into six non trivial categories and deal with them respectively.

First we consider the category of sequences with 4-error linear complexity 272 — 27",

Lemma 2.5.1 Let Ny(2" 2 — 2"™) be the number of 2"-periodic binary sequences with
linear complexity less than 2" and the 4-error linear complexity 2772 — 27" n > 2,2 <
m < n. Then

2n 2” n—2 n—m
Ny@2m 2 -2y = | 14 , |t —C1-C2/2 | x2¥" 2"

where C1, C2 are defined in the following proof.

Proof. By Lemma 2.1.6 in Section the number of 2™-periodic binary sequences with

2n72 _ 9gn—m ig 22"’272”*’“71_

linear complexity As the number of 2"-periodic binary

2" 2m
sequences in F is 1 + ( 5 ) + ( A ), the number of 2"-periodic binary sequences

2” 2” n—2 n—m
s+e€ S+ Eisat most (1+ ) + . )22 L

We first characterize the set LESS. Assume that «(™ and v(™ are two distinct binary
sequences with W (u(™) = Wy (v™) = 4, and L(u(™ + v(™) = 27=2 — 27=™_ Then the

4-error linear complexity of u(™ + s must be less than 2"~2 — 2"~ where L(s"™) =
2n—2 _ gn—m_

Suppose that w(™ is a binary sequence with linear complexity 27 2—2""" and Wy (w(”) ) =
8. Then w(™ can be divided into 4 equal parts and the number of such sequences is given
by

2n72
(2n—2 o 2n—m) + (2n—2 _gn—m 3) ot [271—2 _gn=m o (2n,m _ 1)] — 2n+m—6‘
on—2

Each w(™ has the intersection of 4 nonzero elements with 2( g — 1) = 2(2m73 — 1)

other different w(™. All these 4-nonzero-elements constitute the set

Al - {(az’, ai+2n72, ai+2n717ai+2n71+2n72)| O S Z < 2”72}

If the 4 nonzero elements of u(™ are part of 8 nonzero elements in one w(™, where
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Wi (w™) = 8, then the number of these u(™ is given by

8

4

) —2n2(gm=3 1),

Note that the second item in C1 implies that the 4 nonzero elements of (™ can be in Aj.

Second, we characterize the set EQUAL. Suppose that Ly(s™ 4+u(™) = Ly(t™ +0) =
2n=2_on=m with s =£ ¢ (M) £ (™) but s 44 = () 44 Then L(u®40M™) =
L(s™ +tM) < 2n=2 _9n=m where L(s™) = L(t(")) =272 — on—m,

Suppose that w(™ is a binary sequence with linear complexity 272 — 2"k 2 < k < m,

and W (w(™) = 8. We define Ay as the set of these sequences. So the number of these

sequences is given by |As| = 27k,

If the 4 nonzero bits of u(™ are part of w(™ € Ay, but does not belong to A;, then the
8
number of these u(™ can be given by 2”+k_6[< A ) - 2.

In summary, for 2 < k < m, the total number of (™ is given by

C2—m_1 ntk—6[ 8 _ (ontm—6 _ on—3 8
e Sl (M R R R (B )

k=3

For each of these u(™), there exists exactly one binary sequence 0™ with Wy (U(”)) =4,
such that L(u(™ +v™) =272 _ 97~k 9 < k < m. Let t(" = s 4 4™ 4 () Then
L(t™) = L(s™) = 27=2 — on=m and () 4 () = 5(0) 4 (),

As the number of sequences in LESS is C1 and the number of sequences in EQU AL is
C2, thus

Ny(2m2 —2n™) = [1 + ( 22 ) + ( 24 ) —C1—C2/2] x 22" P2

O

Now we define Ny(27~2 — 2=™) = f(n,m) x 22" °=2"""=1 with notation f(n,m). Next

we consider the category of sequences with 4-error linear complexity 2"~2 — 2"~™ 4 .
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Lemma 2.5.2 Let Ny(2""2 — 2"~™ + 1) be the number of 2"-periodic binary sequences
with linear complezity less than 2" and the 4-error linear complexity 272 —2""™ 4+ 2 n >
4,2<m<n—1,0<z<2"™ 1 Then

an n
N4(2n—2_2n—m+x) — [1+< ) >+< A >_2n—3+2n—m

1 n—2_gn—m
—5(C14 ) x 22 e

where C1, C2 are defined in Lemma, 2.5.1.

Proof. Suppose that s is a binary sequence with linear complexity
2n—2 _QnTm 4 2n—1 . (Qn—2 + 2n—m> +

and u(" is a binary sequence with Wy (u(™) = 0,2 or 4. By Lemma 2.9, the 4-error linear
complexity of s +u(™ is still 27~2 —27~™ 4 4. So, we only need to characterize the set
EQUAL.

Based on the proof of Lemma 3.1, there are C1 distinct binary sequences u(™ with
W (u™) = 4, such that L(u(™ 4 o) = 2n=2 _gn=m < gn=2 _on=m 4 4 where v(" is
a binary sequence with W (v(™) = 4.

Among C1 binary sequences u(™ in set LESS, there are 22 binary sequences with

N . m n—2
4 nonzero elements in Al. For each of these sequences u(™, there exist > f,ikﬂ =
k=3

m
S 263 = 9m=2 _ 1 distinct binary sequences v(™ with Wy (v(™) = 4, such that L(u™ +
k=3
v(")) =22 _9n=k 9 < | < m. For each of other sequences u™ in set LESS, there exists
only one binary sequence v(™ with Wy (v(™) = 4, such that L(u(™ + (™) = 2n=2 _gn—m

For each of these C2 binary sequences u(™, there exists exactly one binary sequence v(™
with Wy (v(™) = 4, such that L(u(™ +v™) =272 27—k 9 < | < m,

Therefore, the number of sequences in EQU AL is 2"~ 2 + (C1 — 2"~2) 4+ C2, thus

3 3 on 2" om=2_1
Ny(2" 2 —2""" 4 a) = [1+< 5 )‘L( 4 >_2m—22n ?

1 n— n—m
f§(01 +C02— 2n—2)] % 22 2.9 +x—1
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Similarly we can define Ny (272 — 27 4 z) = g(n,m) x 22" *~2"7"+2=1 with notation

g(n,m). Now we consider the category of sequences with 4-error linear complexity 27! —

an=m,

Lemma 2.5.3 Let Ny(2" ! — 2"~™) be the number of 2"-periodic binary sequences with
linear complexity less than 2" and the 4-error linear complexity 271 — 27™™ 2 < m < n.
Then

n

Ny(2 -2 ) = [( |

where 1, E2,--- , E8 are defined in the following proof.

) —E1+E2/4—E3+E4/2—E5+E6/4— ET+E8/8]x22" =27 "1

Proof. Suppose that s = 27~1_27=m and 4" is a binary sequence with WH(U(”)) =0
or 2. One can verify that there exists a binary sequence v(™ with Wy (v(™) = 4, such
that L(u(™ +0v(™) = 27=1 _ 27~ Then the 4-error linear complexity of u(™ + s is less
than 271 — 2n—m,

Suppose that u(® is a binary sequence with Wy (u(™) = 4. Let us divide one period of
u(™ into 2™ subsequences with the following form
{ucu Ugq-gn—m,; Ugqon—m+1, - " 7ua+(2m—1)><2"*m}

where 0 < a < 2" ™. Next we consider four cases depending on the nonzero element

distribution in the subsequences of u(™.

Case 1): If only two nonzero elements of u(™ are in one subsequence and the other two

nonzero elements are in another one, then the number of these u(™ is given by
El = X X .
2 2 2
Among these u(™, if the distance of two nonzero bits in each subsequence is not 2nm (14

2a), a > 0, in other words, the two nonzero bits in each subsequence are both at odd

locations or even locations, then the number of these u(™ is given by
on—m 2 2m—1 2 2m—1
X X X X .
2 1 2 1 2

Also the number of sequences with exactly two nonzero elements and their distance equal

to 2771, is given by

(77)-(2) e ()
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and the number of sequences with at least two nonzero elements and their distance equal

to 2771 is given by

on—m 2m71
) % [Qm—l % 2m—1 + 2m+1( ) _ 2m—2)]

So, if only two nonzero elements are in each subsequence, and their distance is neither
2"~™(1 + 2a) nor 2"~ !, then the number of these u™ is given by

( on—m ) ( 2m71 ) ( 2m71 )
E2=4x X X
2 2 2
on—m _ - mel i
_< 2 >X[22 e H(( 2 )_2 B

For each u(™), there exist 3 distinct sequences v(n), 1 <1< 3, with WH(U(H)) = 4, such

) %

that L(u(™ + vz(n)) =on-l _gnrgron=l _(onr ponky 1 < <mom+1<k<n.

Case 2): If only two nonzero elements of u(™) are in one subsequence and the other two

nonzero elements are in other two distinct subsequences, then the number of these u(™ is

E3 = 2 X 3 X 2 x 2™ x 2™,
3 1 2

Among these u(™, the distance of the two nonzero bits which are in one subsequence

given by

n—m 3
is not 2"~ (1 + 2a), then the number of these u(™ is given by ( 5 ) X ( . ) X

2m71
(( 5 ) X 2) x 2™ x 2™ Further note that the number of sequences, in which the

distance of the two nonzero bits is 2”71, is given by

n—m
(23 >x<?>x2m1x2mx2m.

So, if only two nonzero elements are in one subsequence, the other two nonzero elements
are in other two distinct subsequences. The distances of the two nonzero elements in one

subsequence is neither 2"~ (1 + 2a) nor 2", then the number of these u(™) is given by

(I
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Also we note that for each u(™ there exists one unique sequence v\, with Wy (v(")) =4,
such that L(u(™ +v™) =27=1 _ 27" 1 < < m.

Case 3): If there are only 3 nonzero elements in one subsequence, then the number of

(7)) (5)

Suppose that there are only three nonzero elements of u(™ in one subsequence, and there

these u(™ is given by

are no two nonzero bits with distance equal to 2"~ (1 4 2a). Then the number of these

() )

Among these u(™), there are

2nm 2 m—1 m—1 m
( 5 )<1>[2 x (2 —2)] x2

sequences, in which there exist two nonzero elements with distance 2”1, So, if there are

u™ is given by

only 3 nonzero elements of (™ in one subsequence, and there are no two nonzero elements

with distance 2"~ (1 4 2a) or 2", then the number of these u(™ can be given by

gn—m 2m—1 gn—m
E6 = 2m12 x ) X ; — ) x (2m~1 —2) x 22m,

Similarly for each u(™, there exist 3 distinct binary sequences vz-(n) , 1 <@ < 3, with

WH(UZ(n)) = 4, such that L(u(™ + vZ(")) =2n-l_on T 1 <r<m.

Case 4): If all 4 nonzero elements of u(™ are in one subsequence, then the number of these

E7=2""T"x 2 .
4

Suppose that all 4 nonzero elements of (™ are in one subsequence, and there are no two

u™ is given by

nonzero elements with distance 2"~(1 4 2a). Then the number of these u(™ is given by

3 2m71
0T % 2 X .
4
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Among these u(™), there are

n—m m—2 2m—l — 2 m—2
2 X 2 x 2Mm72 ) -2 +1]

sequences, in which there exist exactly two nonzero elements with distance 2"~!. Note
m—2

that there are 27"~ ™*1 x < ) sequences, in which there exist exactly 2 pairs of

elements with distance 2"~1. So we can obtain that there are

2n—1 2m=1 -2 o 2n—m+1 % m—2
2 2

sequences, in which there exist at least two nonzero elements with distance 27!

So, if all four nonzero elements of u(™ are in one subsequence, and there are no two nonzero

elements with distance 2"~ (1 + 2a) or 2"~ !, then the number of these u(™ is given by
1 -1 -2
pg =g+t [ 2 — 2"t x T2 g (27 ].
4 2 2

4
Further, one can show that there exist ( 5 ) + 1 = 7 distinct binary sequences ’Ui(n), 1<

i < 7, with WH(vin)) = 4, such that L(u™ + vgn)) =2l v 1 <y < mor
n=l (2r T on Ry 1<y <k <m.

Finally, as the number of sequences in LESS is (E1 — E2) 4+ (E3 — E4) + (E5 — E6) +
(E7 — E8) and the number of sequences in FQUAL is E2 + F4 + E6 + ES8, thus

N4(2n71 o 2nfm)

on 3 1
= [( ) )—(El—EQ)—4E2—(E3—E4)—2E4—(E5—E6)

—ZEG — (E7— E8) — gES] x 22"
2n n— n—m
- [< ) )—El+E2/4—E3+E4/2—E5+E6/4—E7+E8/8]><22 A

O]

Now we rewrite Ny(2"~! — 27=m) = h(n,m) x 22"~ ~2"""~! with notation h(n, m). Next

we present an important lemma, which will be used in proving our main result.

Lemma 2.5.4 Suppose that s is a 2"-periodic binary sequence with linear complexity
ol (v 27 ) > 3,2 < m < j < n, and Wg(s") = 8. Then the number of
these s(™ ig 2n+2m+j—10,
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Proof. Suppose that s"~9) is a 2" J-periodic binary sequence with linear complexity 27
and Wy (s("=9)) = 1, then the number of these s("~7) is 277,

So the number of 2771 periodic binary sequences s 711 with linear complexity 2"+ —
n—j — 97=J and WH(S("*HU) = 2 is also 2",

on—m (n—m)

Forn —m > n —j, if -periodic binary sequences s are with linear complexity
2n=m — 277 and Wy (s("~™) = 2, then 27~™ — 277 — (2n—7+l _ gn—j) — gn-m-1 4
2n7m72 R 2nfj+1'

Based on the Games-Chan algorithm (Games and Chan,|1983), the number of these sn—m)
is given by (22)n—m=(n=5)=1 y gn—j = 92(n—m)=(n—j)=2,

So the number of 2"~ _periodic binary sequences s~ with linear complexity
gnomtl _ (gn=m 4 on=j) — gn=m _ 9n=j and Wy (s("~"H) = 4 is also 22— (n=5)=2,

For n—1 > n—m, based on the Games-Chan algorithm, if 2"~ !-periodic binary sequences
s("=1) are with linear complexity 2"~ — (277 4 2"77) and Wy (s(* 1) = 4, then the

(n—1)

number of these s is given by

(24)n—1—(n—m)—1 % 92(n=m)—(n—7)=2 — 94(n—1)=2(n—m)—(n—j)—2—-4 _ 9gn+2m+;j—10
This completes the proof. ]

Now it is time to investigate the category of sequences with 4-error linear complexity
2n=1l _ (2n=m 4 27=J). 1In order to simplify the complexity of the following proof for
Lemma 2.5.5, we first analyze the possible decompositions and then give an outline for its

proof as below.

It remains for us to investigate two cases. Case A is to exclude all sequences s + u
satisfying s +u € S + E, but Ly(s +u) < 27! — (2n=m 4 277J). Based on Lemma
2.1.2 in Section this is equivalent to checking if there exists a sequence v such that
L(u+v) =2""1 — (2n=™ 4 277J) where Wy (v) = 4. Case B is to check the repetition of
some sequences in S + E satisfying that s +u,t +v € S+ E and Ly(s+u) = Ly(t +v) =
on=l _(2n=m 4 9n7J) with s # t, u # v, but s +u = t + v. Similarly, this is equivalent to
checking if there exists a sequence v such that L(u+v) = L(s+1t) < 2"~ — (277" 4. 2n7)

and if so, check the number of such sequences. This is the first layer decomposition in

Figure [2.7]
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Al

B21 B22 B23 B24 B25
Figure 2.1: The decomposition of sequences with Ly(s + u) = 2"~ — (2n=™ 4 2n=7)

In Case A, we need to investigate the number of sequences w(™ satisfying w(™ = 4" 44
with L(w(™) = 27~ — (27=™ 4 27=7) and Wy (w™) = 8, Wx(ul™) = 4. Once we obtain
the number of w(™, we need to derive the number of (™. In order to exclude possible
repetitions of u(™ with different w®")
LH(u™) = RH(u™). Case A.2: There are only two nonzero elements with distance
2"~1 among 4 nonzero elements of (™. This is the decomposition under node A in Figure

2.1

, we have two subcases to consider. Case A.l:

In Case B, there are also two subcases. Case B.1: we need to first find the number of
sequences w™ satisfying w(™ = u(™ 4 v with L(w®™) = 2n=1 — (27— 4 2nk) <
2n=l _ (2n=m 4 90 m < k < j and Wy (w™) = 8, Wy (u™) = 4. Case B.2: Consider
sequence u(™ for which there is no binary sequence v(™), such that L(u(") + v(”)) =
2n—1 — (2n=m 4 97=k) ';m < k < 4. This is the decomposition under node B in Figure

Similarly, we can decompose the Case B.1 into three subcases. Case B.1.1: LH(u(™) =
RH(u™). Case B.1.2: There are only 2 nonzero elements with distance 2"~ among 4
nonzero elements of u(™. Case B.1.3: There are no two nonzero elements with distance

27=1 among 4 nonzero elements of u(™.

In Case B.2, there are five subcases: Case B.2.1, Case B.2.2, Case B.2.3, Case B.2.4 and
Case B.2.5.

The next step is to find all the number of sequences u(™ in all the nodes and there are

total 10 leaves (cases). These cases are investigated one by one in Lemma 2.5.5.
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Remark: In comparison with Lemma 2.3.3 in Section [2.3] for the 3-error linear complexity
being equal to 2"~! — 2"~ there are only 4 leaves (cases) in the decomposition. The

counting technique based on sieving is much more complicated in this section.
Next we will deal with all the cases in Figure [2.]in Lemma 2.5.5.

Lemma 2.5.5 Let Ny (2"~ —(2"~™42"77)) be the number of 2"-periodic binary sequences
with linear complexity less than 2" and the 4-error linear complexity 2"~! — (27~ +
27"=7),n > 3,2 <m < j <n. Then

N4(2n71 o (znfm + 2nfj))

on on J—1 22m—3 -1 2m—1 -1
— [1+< >+< A >—F4— > o PO+ o FT+ F8/2)

2

k=m-+1
om=2 _ 1 3 om—1_ 1 3 92m—4 _ 1
2m_2 - ]. 7 2n—17(2n—m+2n—j)71
~F22/2 - = "F23 — F25 — F26 — —F27] x 2
om—2 8

where F1,F2,---, F27 are defined in the following proof.

Proof. Suppose that L(s(™) = 27—t — (27=™ 4 97=7) (") is a binary sequence with
2n 2n
Wi (u(™) =0, 2 or 4. Then the number of these u(™ is given by 1 + ( 5 > + < A >

Next we will investigate the u(™) by Case A) and Case B) separately.

Case A): Suppose that w™ is a binary sequence with linear complexity 2"~ — (2n—m 4+
27=7), and Wy (w™) = 8. By Lemma 2.5.4, the number of these w(™ can be given by
2n+2m+j=10  Fyurther by Lemma 2.1.9 in Section there exist sequences u(™ and v(™
with Wy (u™) = Wy (v™) = 4, such that L(u™ + v(™) = 27=1 — (27=™ 4 97J)  thus

the 4-error linear complexity of u(™ + s(™ is less than 271 — (2= 4 2777),
Now suppose that u(™ is a binary sequence with WH(u(”)) = 4, and its 4 nonzero bits

4

such sequences u(™, but some of which may be counted repeatedly. So we need to exclude

. 8
are part of the 8 nonzero elements in each w(™. There are totally 27F27m+i—10 ( )

these repetitions as discussed below.

Case A.1): LH(u™) = RH(u™). Among these u("™), if there exist two nonzero elements
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in LH(u™) with distance 2”7 (1 + 2a), then the number of these u(™ is given by

—1 | —2
F1=2""7x ( 2 ) —on—itl ( 2 ) = onti—4,
2 2

. n—1 n—1 _
One can observe that each of these u(™ is counted 23_m+1 X 23_m+1 92(m—2)

times
, 8
repeatedly in 27+2m+i—10 ( A ) . This repetition is due to different choice of w(™ which

can produce the same u(™.

Similarly, if the distance of two nonzero elements in LH (u(™) is 2"~™(1+2a), then each of

; . . , 8
=T = 2™ ~5 times repeatedly in 272m+i—10 ik

gn—m

these u(™ is counted 22(m—2) x

and the number of these u(™ is given by

FQ — on—m ( 2mt ) _ 2n—m+1 < 2m—? ) — 2n+m—4‘
2 2

2"~1 among four nonzero

Case A.2): There are only two nonzero elements with distance
elements of u(™. First we select three nonzero elements among four nonzero elements of
LH(w™), second, one selects two nonzero elements among these three nonzero elements
and each of these two nonzero elements can be put in LH(u™) or RH(u™). So the

number of these u(™ is given by

2n+2m+j710 ( 4 ) ( 3 > « 22 — 3 x 2n+2m+j76_
3 2
1

Similar to the first case, it is easy to verify that each of these u(™ is counted 23:17;“ =om—2
times repeatedly. Suppose that u™ is a binary sequence with WH(u(”)) = 4, and there
are only two nonzero elements with distance 2"~ among four nonzero elements of u(™.

Then the number of these u(™ without repetition is given by

F3 =3 x 2MmH=0 jgm=2 — 3 5 g4,

So, if the 4 nonzero elements of u(™ are part of the 8 nonzero elements in w(, then
there exists one unique binary sequence v(™ with Wy (v™) = 4, such that L(u(™ +

v(M) = 2n=1 _ (27=m 4 9n=J)  So the 4-error linear complexity of u(™ + s() is less than
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2n=1 _ (27=m 4 97=7) and the number of these u(™ can be given by

8
4
— 2n+2m+j—6 + 2n+m—4 + 2n+j—4 +3x 2n+m+j—4.

F4 = gnt2m+j—10 ( ) —(22m=2) _1)F1— (2" —1)F2— (22 —1)F3

Next we consider the case of w(™ with linear complexity less than 271 — (2r—"™ 4 2n—7),

Case B): Consider u(™ for which there is no vgn), such that L(u(™ —H}in)) =2n-l_(gnmmy
2"=7), but there exists v(™, such that L(u(™ +0(™) < 271 — (=™ 4 9n—7),
let t(") = s(") 44" 4" then L(t() = 27—1—(2"~™42"7), and t( 44

Next we investigate two different cases based on the property of u(™.

In this case,
= S(’I’L) +u(n) .

Case B.1): We first investigate the case of a sequence w(™ = u( + v with L(w(™) =
2=l _(2n=m 4 9n=F) 'y < k < j and Wy (w™) = 8. By Lemma 3.4, the number of these
w™ is given by 2nt2mtk—10,

Suppose that u(™ is a binary sequence with WH(U(”)) = 4, and the 4 nonzero elements

8
are part of the 8 nonzero elements of w(™. Then there are totally 27+2m+k—10 ( A ) such
sequences u(™, some of which may be counted repeatedly. In order to exclude repetitions,
we will investigate these u(™ by 3 subcases.

Case B.1.1): LH(u™) = RH(u™).

By Case A.1, if there exist two nonzero elements with distance 2"~ (1 + 2a), then the
number of these u(™ is given by
F5 = 2n+m—4‘

In this case, there exists a v(™ such that L(u(™ +v(™) = 271 — (27=™ 1. 97=7)_ S there

is no need to consider these u(™).
By Case A.1, if there exist two nonzero elements with distance 2"%(1 + 2a), then the

number of these u(™ is given by
F6 = 2nth=14,

To be specific, there exist 22(~2) distinct binary sequences v(™), such that L(u(”) —HJ(”)) =
2n—1 _ (2n=m 4 9n=k). there exist (22 — 1)? distinct binary sequences v("™, such that
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L(u™ 4 o)) = on=1 _ (gn=m 4 gn—ky op gn—1 _9n—i 9 < j < m; there exist 2(2""2 —1)
distinct binary sequences v("™), such that Wy (u(") + v(")) = 4. So the number of distinct
binary sequences v(n),l < i < 2273 1) with WH(v-(n)) = 4, and L(u®™ + vgn)) <

Q 7

2n=1 — (2n=m 4 27=k) is given by

22(m72) + (2m72 _ 1)2 + 2(2m72 _ 1) —92m=3 _ 1

Case B.1.2): There are only two nonzero elements with distance 2"~!. By Case A.2), the

number of these u(™ is given by

F7 =3 x gntmth—4

To be specific, there exist 22 distinct binary sequences v(™_ such that L(u(”) + v(")) =
2n—1 _ (2n=m 4 9n=k): there exist 2™~2 — 1 distinct binary sequences v(™, such that
WH(U(") + v(”)) = 4. So the number of distinct binary sequences vgn), 1<gi<2am 1,
with Wy (™) = 4, and L(u™ + o) < 2n=1 — (2n=m 4 9n=Fk) is given by

i

Case B.1.3): If there are no two nonzero elements with distance 2"~!, then the number of

these u(™ is given by

F8 — 2n+2m+k710 X 24 — 2n+2m+k76

For each u(™), there exists one unique binary sequence v(™, with Wy (v™) = 4, such that
L(u(n) + U(n)) —on—1 _ (2n7m + ank) < on—1 _ <2nfm + anj%m <k<j.

Case B.2): Consider the sequence u(™ for which there is no binary sequence v(™, such
that L(u™ + o) =2n=1 — (2n=m . on=k) i < | < 5.

Let us divide one period of such u(™ into 2"~™*1 subsequences with the following form

{ua, Ua+2n7m+1 3 Ua+2n7m+2, Tty ua+(2m71_1)><2n7m+1}

where 0 < a < 2~
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Case B.2.1): Suppose that u(™ is a 2"-periodic binary sequence with Wy (u(™) = 2, and

all two nonzero elements are in one subsequence. Then the number of these u(™) is given

by
F9 = on—mtl ( 2 ) )
2

Among these (™| there are F10 = 27! sequences, in which the distance of the 2 nonzero

elements is 271, Also for each of these u(™, there exist

2n—1 2n—1 2n—1

ot

. :2m—2_1
2 x 2n—2 + 2 x 2n—3

2 X 2n—m+1

distinct binary sequences v(n), 1 <i<2m2_1, with WH(v(n)) = 2, such that L(u(™ +

i i
vgn)) =2nl_onr ] < <.
So, if the two nonzero elements of (™ are in one subsequence, and the distance of the 2
nonzero elements is not 2”1, then the number of these u(™) is given by F11 = F9 — F10.
For each of these u(™, there exists one unique binary sequence v\ with WH(U(") ) = 2,
such that L(u( +v™) =2n=1 _2n=" 1 < p < m.

Case B.2.2): Suppose that u(™ is a 2"-periodic binary sequence with Wy (u(™) = 4, and
only three nonzero elements are in one subsequence. Then there exist at least one pair of
nonzero elements with distance 2"~*(1 + 2a),1 < i < m,a > 0. Thus u( is not in Case

B.1). So the number of these u™ is given by
2n—m+1 2 2m—1
F12 = X X x om—1,
2 1 3

Among these u(™, there are

2n—m+1 2
F13 = ) <| ) 2m=2 5 (M1 — 2) x 2m~l

sequences, in which the distance of the two nonzero elements is 2”1, It is easy to verify
that there exists a binary sequence v(™ with Wy (v(™) = 2, such that L(u(™ 4 v(™) =
on=l _on=r 1 < < m.

Let t™ = s 44, 49 then L(t() = 271 — (2= 427=3) and t(") v = 5(") 4,(7)
thus we only need to count t™ + v with Wg(v(™) = 2.

So, if only three nonzero elements of u(™ are in one subsequence, and there are no two

nonzero elements with distance 2”1, then the number of these (™ can be given by F14 =
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F12— F13. Among these u™ | there exist 3 distinct binary sequences vin), 1 <i <3, with
WH(UZ(n)) = 4, such that Wy (u(™ + vi(n)) =4 and L(u™ + Ugn)) < 2n=l _(gn=m 4 on=d),

Case B.2.3): Suppose that u™ is a 2"-periodic binary sequence with WH(u(”)) =4, and
2 nonzero elements are in one subsequence, and the other two nonzero elements are in a

different one. Then the number of these (™ can be given by
2n—m+1 2m—1 2
F15 = X
2 2

Among these u(™ | if there exist 2 pairs of nonzero elements with distance 2771, then the
distance of 2 nonzero elements from different subsequences is 2" ~*(1+2a),m <i < n,a >
0. If the 4 nonzero elements are in w(™, and L(w™) =271 — (2"~ 427 k) m < k < j,
J
then the number of those u(™ is F2 + > 27tF=4 a5 discussed in Case A.1) and Case
k=m-+1
B.1.1). So the number of the remaining sequences u(™ can be given by
J
F16=F15—F2— Y 2vth4
k=m+1

Among these u(™, if there exist only 2 nonzero elements with distance 271, then the
distance of other 2 nonzero elements is 2"~ %(142a),1 < i < m,a > 0. Thus u(™ is not in

Case B.1). So the number of these u("™ is given by

2n—m+1 92 2m—1
F17 = X x 2172 x| —2m=2],
2 1 2

For each u("™, there exist (22;;—111 —1)x2+1=2m"1 1 distinct binary sequences UZ-(n), 1<

i <2m=1 1, with Wy (0\") = 4, such that L(u(™ + o) < 2n=1 — (2n=m 4 gn—i),

If the distance of 2 nonzero elements in each subsequence is not 2”1, then the number of

2n7m+1 2m71
F18 = ( ) X [( ) —om=2)2,
2 2

There exist 3 distinct binary sequences vl(n), 1 <1 < 3, with WH(vin)) = 4, such that
L(u® + o™y < gn=1 _ (gn=m 4 gn=j),

these (™ is given by
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So, there are F'19 = F16 — F17 — F'18 sequences, in which the distance of 2 nonzero
elements in each subsequence is 2", and the distance of 2 nonzero elements from different
subsequences is 2" (1 4 2a), j < k < n. There exist (23117;11 —1)2+ (23117;11 —1)x2=
22m—4 _ 1 distinct binary sequences vi(n), 1<i<22m4_1 with WH<U§n)) = 4, such that

L(u® + o) < gn=1 _ (gn=m 4 gn=j),

Case B.2.4): Suppose that u(® is a binary sequence with Wy (u(™) = 4 and 2 nonzero
elements of (™ are in one subsequence and the other 2 nonzero elements are in the other

2 distinct subsequences. Then the number of these u(™® can be given by

F20 = < 2 > X < X ) X ( 2 > x (2m 12,
3 1 2

If the distance of 2 nonzero elements of the same subsequence is 2”71, then we need to
remove some sequences u™ already discussed in Case A.2) and Case B.1.2). The number
of those u(™ is 3 x 27tm+k—4 an( there exists a binary sequence 0™ with Wy (v(")) =4,
such that L(u(™ + () = 27=1 — (27— 4 97=F) 1y < k < j. So the number of the

remaining sequences u(™ is given by

j
F21 = F20—3 Z gntm+k—4
k=m-+1

Among these (™ if there are no 2 nonzero elements with distance 2", then the number
of these u(™ is given by

F22 = ( 2n7:+ ) ( i’ > X [( 277;7 ) —2m72) x (2mT )2,

For each of these u(™, there exists one binary sequence 0™ with WH(v(")) = 4, such that
L(u™ 4 pM) =2n=1 _on=7 1 < < m.

So, if there exist 2 nonzero elements of u(™ with distance 21, and there is no binary
sequence v(™ with Wy (v(™) = 4, such that L(u(® +v() =271 — (2n=m 4 on=k) 4y <
k < j, then the number of these (™ is given by

F23 = 21 — F22.

23:17;11 —1 =2m"2_1 distinct binary sequences UZ-(n), 1<

i <2m72 1, with WH(U(n)) = 4, such that L(u(™ + vgn)) ="l vl < <m.

%

For each of these u(™), there exist
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Case B.2.5): Suppose that u(® is a binary sequence with Wy (u(™) = 4 and all 4 nonzero

elements of u(™ are in one subsequence. Then the number of these u(™ is given by
2m71
F24 = 2nmHl e

Among these u(™, there are

m—2
F25 = on—mtl ( 2 ) >

sequences, in which there exist nonzero elements 21,29, 23 and z4, such that the distance

of z; and 29, and the distance of z3 and z4 are all 271
For each of these u(™), there exists a binary sequence v(™ with WH(U(")) = 0, such that
L(u™ o™y =271 _9n=7 1 < < m. Let t0 = s 4 4 440 = 5() 44" thus

we only need to count (™ 4 (™ with Wy (v™) = 0.

If there are only 2 nonzero elements with distance 2", then the number of these u(™ is

given by
2m=1 2
F26 = 2n~mHl 5 om=2 o | ) — (2™~ 1))
For each of these u(™, there exist 2 binary sequences v(™ with WH(U(")) = 2, such

that L(u™ + vM) = 2n=1 27" 1 < ¢ < m. Let t = s 4+ 4™ 4 ¢ then
L(tM) =2n=1 — (27=m 4. 277) and t( + v = 5" 4 4" thus we only need to count
t) 4 v with Wi (v™) = 2.

So, if there are no 2 nonzero elements with distance 27!, then the number of these u(™
can be given by
F27 = F24 — F25 — F'26.

4
For each of these u(™, there exist < 5 ) + 1 = 7 distinct binary sequences vf"), 1<:<7,

with WH(vZ(n)) = 4, such that L(u(™ + vz-(n)) < on=l _(gn=m 4 on),

Finally, we have that the number of sequences in LES'S is F'4 and the number of sequences
in EQU AL is given by

j—1
F10+F114+ F134+ F144+ F17+ F18+ F19+ F22+ F234+ F254+ F26 + F27+ Z (F6+F7+FB).
k=m++1
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Notice that in the cases including F'13, F'25, F'26, we only need to count ) 4 (") with
Wi (v™) # Wy (u™), which leads to the following

N4(2n71 o (2nfm + 2nfj))

on on J—1 22m73 -1 2m71 -1
— [1+< ) >+< A >—F4— > o PO+ o FT+ F8/2)

k=m-+1
om=2 _ 1 3 om—1_ 1 3 92m—4 _ 1
2m_2 - ]. 7 2n—17(2n—m+2n—j)71
~F22/2 - = "F23 — F25 — F26 — —F27] x 2
om—2 8

O]

Let us denote Ny(27~1 — (27=™ 4 27=3)) = p(n,m, j) x 22" =@ +2")~1 with notation
p(n,m, j). Now we investigate the category of sequences with the 4-error linear complexity
2n—1 _ (2n—m + 2n—j) 4z

Lemma 2.5.6 Let Ny(2"~! — (27~™ 4+ 2"7J) + x) be the number of 2"-periodic binary
sequences with linear complexity less than 2" and the 4-error linear complexity 271 —
2rm 4N 4 n>52<m<j<n—1,1<z<2" 77! Then

Ny(2 1 — (27™ 4 2779 4 )

= [1+ ( 2; ) + < 2: > —oni(2mtiTd )

J 22m—3 -1 2m—1

—1
- > (—gmmg F6+ — F7+ F8/2)
k=m+1
om=2 _ 1 3 om—1_ 1 3 92m—4 _ 1
2m_2 - ]. 7 2n—17(2n—m+2n—j)+zil
~F22/2 - = "F23 — F25 — F26 — —F27] x 2
om—2 8

where F'6, F7,--- , F27 are defined in the proof of Lemma 2.5.5.

Proof. Suppose that s is a binary sequence with linear complexity 27! — (2n—m 4
27=7) 4z, ul™ is a binary sequence with Wy (u(™) = 0,2 or 4. By Lemma 2.1.9 in Section
the 4-error linear complexity of s + u(™ is still 271 — (27~™ 4 27=7) 4+ z. So, we
only need to characterize the set FQU AL.

Based on the proof of Lemma 2.5.5, we only need to characterize these F'4 binary se-
quences u(™ in set LESS. Suppose that w(™ is a 2"-periodic sequence with linear com-
plexity 271 — (2™ 4+ 2"=7) and Wy (w™) = 8. Then LESS = {u™|Wy(u) =

4 and the 4 nonzero elements are part of the 8 nonzero elements of w(™}
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We will investigate these binary sequences u(™ by the following three cases.

Case 1): LH(u™) = RH(u(™). Based on the proof of Lemma 3.5, the number of these
u™ can be given by 2ntm—4 4 onti—4,

Case 1.1): Among these u(™, if there exist 2 nonzero elements in LH (u(™) whose distance
is 2™ (1 4 2a),a > 0, and the number of these (™ can be given by

Gl = 2n+m74

Suppose that Wy (v™) = 4 and L(u™ + v™) < 27=1 — (2»=™ 4 2777) 4 2. We will

investigate the number of these v(™ by the following 2 cases.

Case 1.1.1): L(u™ 4 (™) = 2n=1 _ (gn=m 4 on=k) 4y < | < j. By Case A.1) of Lemma
3.5, the number of these v(™ ig 2m+k=5,

Case 1.1.2): Let us divide LH (u{™) into 2"~ subsequences. From the subsequence which
contains the 2 nonzero elements of LH (u(™), we first select one location as one nonzero
element of LH (v(™). The number of locations of another nonzero element in LH (v(™) is
2,%7;1“, such that the distance of 2 nonzero elements of LH (v(™) is 2~ (1 + 2a),a > 0.

As we select every v(™ twice and one v("™ is the same as u(™), thus the number of these v(™
is L2 x 2 ) — 1=220m"2) _ 1 such that L(u(™ 4 v(™) < 2n=1 — (2n=m 4 gn—j),

§ an—m on—m+1
Therefore, there exist

J
Z 2m+k—5 + 22(m—2) _ 1 — 2m+j—4 _ 1
k=m+1
distinct binary sequences vi(n), 1 <i<2mti=4 1 with WH(vi(n)) = 4, such that L(u(™ +

o) < on=1 _ (gn=m 4 on=d) 4 g,

Case 1.2): Based on the proof of Lemma 2.5.5, if there exist 2 nonzero elements in LH (u(™)

with distance 2”7 (1 + 2a), then the number of these (™ can be given by

G2 = onti—

Suppose that W (v(™) = 4 and L(u(™ 4 v™) < 271 — (2™ 4 2777) 4+ 2. We will

investigate the number of these v(™) by the following 2 cases.

Case 1.2.1): L(u(™ () = 2n=1 _ (2n=m 4 97=J) By Case A.1) of Lemma 2.5.5, the

the number of these v(™) is 22(m—2)
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Case 1.2.2): From the locations which have distance 2" (2a), a > 0 with the first nonzero
element of LH (u(™), we first select one location as one nonzero element of LH (v(™). Then
from the locations which have distance 2"~"(2b),b > 0 with the second nonzero element
of LH(u™), we sclect one location as another nonzero element of LH (v(™). As one v(™)

is the same as u(™, thus the number of these v(™ is

-1
2" —1=2%m"2 _

)

(W)

such that L(u(") + v(")) < on—1 _ (2n—m 4 2”—]').

Therefore, there exist 22(m—2) 4 92(m=2) _1 — 92m=3 _1 ({istinct binary sequences Uz(n), 1<
i < 22m=3 _ 1 with Wy (0{"™) = 4, such that L(u(™ +0{™) < 2n=1 — (2n-m 4 on—j) 4 4.

)

2n—1

Case 2): There are only 2 nonzero elements with distance . By the proof of Lemma

2.5.5, the number of these u(™ can be given by

G3 =3 x 2ntmti—

For each u(™, there exist

2n71 2n71
+(

—1)=2m"1_-1

on—m+1 on—m+1

distinct binary sequences vf"), 1 <i<2m ! 1, with WH(vl(")) = 4, such that L(u(") +
vl(n)) < 2=l —(2n=m 4 2773) 4 2. There are 23:17:“ — 1 distinct binary sequences v(™,

such that W (u(™ 4 v(™) = 4.

Case 3): If there are no 2 nonzero elements with distance 27!, then the number of these

u(™ can be given by
G4 — 2n+2m+j710 X 24 — 2n+2m+j76

For each u(™, there exists one unique binary sequence v("™), with WH(U(")) = 4, such that
L(u™ 4 o) = gn=1 _ (gn=m 4 gn—j),

99



Based on Case B) in the proof of Lemma 3.5, it is easy to have the following

Ny(2 1 — (2"7™ 4 2779 4 7)

on on 2m+jf4 -1 22m73 -1 2m71 -1
e (2)+ () B B e e

2 4 2m—|—j—4 22m—3
Jj—1 2m—3 m—1
2 -1 2 -1

- > (—gmmg F6+ — F7+ F8/2)

k=m-+1

om=2 _ 1 3 om—1_ 1 3 92m—4 _ 1

2m_2 - ]. 7 2n—17(2n—m+2n—j)+171
~F22/2 - = "F23 — F25 — F26 — —F27] x 2
om—2 8

O

Finally, let Ny (271 — (20" 4-2"7) 42) = g(n, m, j)x 22" =" 7" +2")+2=1 with notation

q(n,m,j) and we have the following result.

Lemma 2.5.7 Let L(r,c) = 2" —2" +¢,4 <r <n,1 < ¢ <23 —1, and Ny(L) be
the number of 2"-periodic binary sequences with linear complexity less than 2™ and the
4-error linear complexity L. Then

2" 2n
) (7). e
ML) - oA
2L—1(1+< ) >+< A ))7 L= L(rc)

Proof. Suppose that s is a binary sequence with first period s = {s0, 81,82, ,Som_1},

and L(s™) = 2" — 2" 4+ ¢. By the Games-Chan algorithm (Games and Chan, [1983),
LH(s®) # RH(s®),r 4+ 1 <t <n, where s®) = @1 p,(s).

First we consider the case of Wy (s(™) = 0. There is only one such binary sequence.

For the case of Wy(s(™) = 2. There are 2 nonzero bits in {sg,s1,--- ,52n_1}, thus
271,
there are ( 5 ) binary sequences. Similarly for the case of Wy (s(™) = 4. There

n

are 4 nonzero bits in {sg,s1, - ,s9m_1}, thus there are ( ) binary sequences. So

2" 2n
vo-1e (%) (%)
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Consider the case of L(r,¢) =2"—2"4¢,4 <r <n,1 < ¢ < 2"3-1. Suppose that s isa
binary sequence with L(s(™) = L(r, ¢). Note that L(r,c) = 2" —2"+¢c=2""14... 42" t¢.
By the Games-Chan algorithm, LH(s(")) = RH(s(")), and L(s") = c.

It is known that the number of binary sequences t(") with WH(t(T)) =0,2o0r4is
2" 2"
1+ +
2 4
By Lemma 2.1.9 in Section the 4-error linear complexity of s + ¢(") is ¢.

By Lemma 2.1.6 and Lemma 2.1.8 in Section the number of binary sequences s +4¢(")
is
2" 2"
271 % (1 + + )
2 4

By Lemma 2.1.5 in Section there are 22"+ 2" = 22"=2" hinary sequences s(™ + ¢
such that s + t0) = @, n(s™ + t™) ) = o 1o (t™) and Wy (™) =
W (™). Thus the 4-error linear complexity of s(™ + (™) is 271 ... 4 27 4 L(s(") +
t))y =27 — 2" + ¢ = L(r,c). Therefore,

Ny(L(r,c)) = 92" =2" o ge=1 (1+ < 22” ) N ( Z >) _ 2L(r,c)—1(1+ ( 227" ) . ( 24,: ))

O]

Now by summarizing all the results above and using the technique of extending the period
from 2" to 2" used in Lemma 2.5.7, we can have the main result of this chapter in the

following theorem.
Theorem 2.5.1 Let L(r,c) =2" — 2" +¢,2 <7 <n,1 <c <21 —1 and Ny(L) be

the number of 2™-periodic binary sequences with the linear complexity less than 2™ and

4-error linear complexity L. Then
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1+ 2 + 2
2 4 )7
L=0
2" 2"
2L(r,c)71 1

L=L(re),1<ec<2r3-1,r>3
2101 (1, m),
L=L(rec),e=2"2-2""2<m<rr>2
2L (=g (r, m),
L=L(rec)c=2"2-2rm4tz2<m<r—1,0<z<2 "1 r>4
2L =1p (1 m),
L=L(rc),c=2""1-2rm2<m<rr>2
2L(T?C)71p(’r7 m7j)7
L=1L(rc)c=2""1—(2m42r ) 2<m<j<rr>3
2= Yq(r, m, j),
L=L(re),c=2""t—(2r=m 4 27=3) + x,
2<m<j<r—1,0<z<2 71 r>5
0, otherwise

where f(r,m), g(r,m), h(r,m), p(r,m,j), q(r,m,j) are defined in Lemma 2.5.1, 2.5.2,
2.5.3, 2.5.5 and 2.5.6 respectively.

From Theorem 2.5.1, for n = 5, the numbers of 2"-periodic binary sequences with linear
complexity less than 2" and the 4-error linear complexity ¢, 0 < ¢ < 2", are shown in

Table and these results are also checked by a computer program.
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Table 2.2: N4(L(r,c)) by Theorem 2.5.1.

L(r,c¢) | Na(L(r,¢)) | L(r,c) | Na(L(r,c))
0 36457 16 0
1 36457 17 127205376
2 72914 18 236060672
3 145828 19 418643968
4 289416 20 134217728
5 581072 21 567279616
6 1144608 22 33554432
7 2236992 23 16777216
8 2293760 24 0
9 6837504 25 486539264
10 13210112 26 0
11 25031680 27 0
12 14876672 28 0
13 46845952 29 0
14 8978432 30 0
15 4587520 31 0

The summation of numbers in both the second and fourth column of Table 2.2 is
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2.6 Counting functions for the 5-error linear complexity

For a 2"-periodic binary sequence with linear complexity 2", the change of 2 or 4 bits in
each period results in a sequence with odd number of nonzero bits in the same period,
which still has linear complexity 2. In this section, we thus focus on the number of
sequences with the linear complexity 2" and 5-error linear complexity taking different

values.

By using the approach of Lemma 2.5.7, we can have the following result on the distribution
of the sequences with the linear complexity of 2" and 5-error linear complexity in some

range. First we have the following result.

Lemma 2.6.1 Let L(r,c) =2" —2" +¢,4 <r <n,1 <c <273 —1, and N5(L) be the
number of 2"-periodic binary sequences with the linear complezity 2" and 5-error linear

complexity L. Then

(2;>+<23n>+2n’ ot
=4 NP A

L—1 r _

2 (<5>+<3)+2),L—L(r,c)

In order to tackle this problem thoroughly, we only need to consider for the cases with
linear complexity L(r,c) =2" —2" +¢,4 <r <n,2" 3 < c¢ < 2""!. Now by Lemma 2.1.9
in Section we only need to consider the following three cases.

i)c=2n"1_20 2% < dy<d <n-2.
iiye=2n"1 24 _ 9% 4 3 0<dy<d <n—20<ax<2%7]
i )e=2n"1—-20 0<d; <n-—2.

Among all these three cases, the most complicated one is ¢ = 271 — 2% — 242 () < ¢, <
dy < n —2. We need to characterize the case that w(™ = u( + v with W (u() = 3
or 5, W(w™) = 3 or 5, L(w™) = 271 — 2% _ 2% and W(w) = 8. Nevertheless,
we have characterized the case that w(™ = u(™ + 0™ with W(u(™) = 4, W(v(™) = 4,
L(w™) =271 —2d _ 942 and W (w(™) = § in the previous section. Next in Lemma 2.6.3
we will present a special case with d; = n — 2 in i). Also, 2! — 2773 in Lemma 2.6.4 is

a special case of iii). We expect the techniques used in these proofs will be useful to solve
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this problem completely in future.

First we consider the category of sequences with the 5-error linear complexity 2”3 + 2 =

on—l _9n=2_ 9n=3 4 o which is a special case of ii).

Lemma 2.6.2 Let N5(2" 3 +x) be the number of 2"-periodic binary sequences with linear

complexity 2" and 5-error linear complexity 2”2 +z,n > 5,1 < 2 < 2"~4. Then

N5(2n_3 + ZL‘)

(G2 () (e

Proof. Let S = {s|L(s) =2" 3+ a2}, E={e|]W(e)=1,30r5},S+E={s+e|s€S,ec
E}. By Lemma 2.1.6 in Section the number of 2"-periodic binary sequences with

linear complexity 2" 3 4z is 22" *+2=1_ As the number of 2"-periodic binary sequences in

2" 2"
Eis 2"+ ( 3 > + ( . ) , s0 the number of 2™-periodic binary sequences s+e¢ € S+ E

. 2n 2n 27173 -1
is at most (2" + 3 + . )22 el

We first characterize the set LESS. Suppose that w(™ = 4 + o™ with W(u(™) =1,3
or 5, W(w™) = 1,3 or 5, and L(w™) < 273 4 2. As 1 < 2 < 2", thus L(w™) <

273 4 ¢ < 272 Therefore, w(™ can be divided into 4 equal parts with W(w(”)) = 8.
So, L(w™) =2n=2 —on=™m 3 < m < n.

If m = 3, then L(w(™) = 2"~3. The number of these w(™ is 273,

If m > 3, then L(w(™) =272 —gn=m > gn=2 _ gn=4 _ gn=3 4 gn—4 5 9on=3 4 4 This
contradicts the condition that L(w(™) < 273 4 z. Thus m can only be 3.

As L(u(™ 4v(™) can only be 273, thus the case that s+e € S+E but Ls(s+e) < 2" 34z
does not exist. Namely, LESS is empty.

Second we characterize the set EQU AL by dividing the u(™ + v with L(u(™ 4 v(™) =

273 into 3 cases.

Case 1): W (ul™) = 3, there exists exactly one v(™ with W (v(™) = 5, such that L(u(™ +
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v(”)) = 273 In this case, the number of these u(™ can be given by

Case 2): W (u(™) = 5 and all 5 nonzero elements of u(™ are in w(™, there exists exactly
one v(™ with W (v(™) = 3, such that L(u(™ + v(") = 273, In this case, the number of

these u(™ can be given by

Case 3): W (u(™) = 5 and only 4 nonzero elements of u(™ are in w(™, there exists exactly
one v(™ with W(v(™) = 5, such that L(u(™ +v() = 27=3, The number of these u(™ can

be given by
8
A3 =2n3 ( A ) (2" - 8).

We have that the number of sequences in EQU AL is Al + A2 + A3, which leads to the

following

N5(2n_3 + .CL‘)
n

_ n 2 2" _1 _1 _1 2" 341
= [2 +(3)+<5> 2Al 2A2 2/13]2

- ( 3 ) " ( 5 ) o ( : ) o ( i ) (20 — g)jo¥ et

This completes the proof. O

As a simple illustrative example, let n = 5,2 = 1. Then 2" 3 + 2 = 5, N5(2" 2 +z) =
3244544, which can be easily verified by a computer program.

Next we consider the category of sequences with the 5-error linear complexity 272 —27~"

which is a special case of i).

Lemma 2.6.3 Let N5(2" 2 — 2"~™) be the number of 2"-periodic binary sequences with
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linear complexity 2" and 5-error linear complexity 272 — 27" n > 4,4 < m < n. Then

A%<2n—2__2n—nw

on on
= [2"+ + — B1-B2—- B3
3 5

1 1 1 2 n—2 n—m
——B4— -B5— -B6— -B7] x 2% ¥ "1
5 5 5 5 6 3 7] x

where B1, B2, B3, B4, B5, B6, B7 are defined in the following proof.

Proof. Let
S = {s|L(s) =2""2—-2""™} E = {e|]W(e) = 1,3 or 5}

S+FE={s+e|lseSec E}

2m 2m
As the number of 2"-periodic binary sequences in F is 2" + ( 5 ) + < . ) , the number

of 2™-periodic binary sequences s + e € S + E is at most
(2" + + )22 2.2 -1
3 5

We first characterize the set LESS.

Case 1): Suppose that w™ = u( + (™ with W(u™) = 1,3 or 5, W(®™) = 1,3 or
5. By Lemma 2.1.9 in Section there exists w(™ such that L(w(™) = 2n=2 — 2n=m,
So Ls(s 4+ u(™) < 27=2 — 2"=™_ Then one can show that W(w(™) = 8, and w(™ can
be divided into 4 equal parts. Each part has exactly 2 nonzero elements with a distance

2"=™(2i 4+ 1). The number of these w™ is

2n72

(2772 2Py 4 (2072 9T B) e [2072 2T ( —1)] = 2ntm6,

2n—m

Each of these w(™ and other 2(23;%—1) = 2(2™3—-1) distinct w(™ have the intersection
of 4 nonzero elements, which constitute the set P = {a;,a; 902, a1 9n-1,0; 1 359n—2[0 <
i < 2"72}. Thus the size of set P is 2”2, Now we only need to consider the following

three cases.

Case 1.1): Suppose that w(™ = u(™ + v where L(w™) = 272 — 2=™ W (w(™) = 8,
W(u™) =3 W) =5
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If 3 nonzero elements of u(™ are contained in {a;, a; on—2, @ 9n—1,0;4 55902}, 0 < i <

4
272} then the number of these u(™ is 272 N Thus the number of other u(™ is

{2)(2)

In this case, the total number of u(™ is B1 = 2"+m_6[<

w oo
~—
|
[\]
N
w
~
+
3
S
N
RN

)

Case 1.2): Suppose that w™ = ™ 4 (™ where L(w(")) = n=2 _gn-m, W(w(”)) =38,
[ 8
W (u™) =5, W(v(™) = 3. In this case, the total number of u(® is B2 = 2n+m—6 . )

Case 1.3): Suppose that w(™ = 4 + v where L(w(™) = 272 — 2n=m 1}/ () = 8,
W(u™) =5 WwM) =5

Case 1.3.1): If 4 nonzero elements of u(™ are {a;, a; on—2,0; 901,04 540m 2}, 0 < i <
272 then the distance of the fifth nonzero element of (™ and a; can not be 2"~™(2j +

1),§ > 0. Otherwise, u(™ is in the case of (1.2).

Suppose that the distance of the fifth nonzero element of (™ and a; is not 2mTM (25 4
1), > 0, then the number of possible location of the fifth nonzero element of u(™ is
2" — % x4 —4 =2"—2m"1 _ 4 Thus the total number of u(™ in this case is

2n—2(2n o 2m—1 o 4)

Case 1.3.2): If there are no 4 nonzero elements in u™, which are {ai, aj1on—2, a; on—1,

8
Qipgxan—2}, 0 < i < 2772 then the number of 1™ in this case is Qntm=6] A —2](2"-8).

The following case must be noted. Suppose that 5 nonzero elements of u™ are by, ba, b, ba,
bs, and by, ba, by C {a;, @ on—2,ipon—1,0;359m2}, 0 < < 2772,

d(bg,a;) =2""™(251 + 1),51 > 0, d(bs, a;) = 2"""™(2j2 + 1), j2 > 0, but d(bg, bs) is not the
multiple of 272, In this case, we can obtain two different w(™ with the same u(™. The

number of u(™ in this case is

() ()
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Therefore, in the case of W(u(™) =5 and W (v(™) = 5, the total number of u(" is

8 2m73
B3 =2""2(2" — 2™~ _4) 4 2"+m—6[< A ) —2](2" — 8) — 2" ( ) ) .

Second we characterize the set FQU AL.
Case 2): Let w™ = u(™ + ¢ with L(u™ 4+ 0™) =272 _ 27k 3 <k < m.
Let P, = {w™|L(w™) =2"~2 — 27k 3 <k < m}. Then the size of set P is 2"+tk=6,

Case 2.1): Suppose that w™ = u(™ + v where L(w™) = 27=2 — 2n=k W (w™) = 8§,
W (™) =3, W(©™) = 5, and the 3 nonzero elements of u(™ are not contained in an

element of set P. In this case, the total number of such u(™ is

B4 = mil 2n k6| ) o ! ] = 48(2mtm=T — g3
- k=3 3 3 ) .

Case 2.2.1): Suppose that w(™ = (™ + v where L(w™) = 27=2 — 2"~k W (w™) =8,
W (™) =5, W(v(™) =3, and the 4 nonzero elements of u(™ are by, by, b3, by, which are
contained in one element of set P. The distance of the fifth element of «(™ and by is

2"‘k(2j + 1), which is an even multiple of 2”7, In this case, u(™ is in fact in the case of
(1.3.1).

Case 2.2.2): Suppose that w(™ = (™ + v where L(w™) = 2"=2 — 2"~k W (w™) =8,
W(u™) =5, W(v™) = 3, and there are no 4 nonzero elements of u(™) contained in one
element of set P. Thus u(™ is equivalent to the v(™ in the case of (2.1). In this case, the
total number of u(™ is B5 = BA4.

Case 2.3): Suppose that w(™ = u(® + v where L(w™) = 27=2 — 27~k W (w™) =8,

W (u™) =5, W(w™) =5. Let by, ba, b3, by be the 4 nonzero elements of u(™ contained in

w™ . If by, by, by, by are contained in one element of set P, then u(™ is in the case of (1.2)

8
or (1.3.1). Thus the number of remaining u("™ is 2”+k—6[< A ) —2](2" - 8).

We have to further consider the following special cases.

Case 2.3.1.1): Suppose that by, by, bs are contained in one element of set P, d(by,by) is an
odd multiple of 2" and d(by, bs) is an odd multiple of 2"~™. Then u(™ is in the case of
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(1.3.2). In this case, the total number of u(™ is
2n—2 4 2k—1 gm—1 o 2k—1 om—1 |
3 1 1 1 1

Case 2.3.1.2): Suppose that by, ba, bs are contained in one element of set P, d(by, bs) is an
odd multiple of 2"~* and d(by, b5) is an odd multiple of 277,k < j < m. Then there exist
2 distinct v(™ with W (v(™) = 5, such that L(u(™ + (™) < 272 — 27" 1In this case,

2]671 2j71
the total number of u(™ is 27 ( ) ) < ) ) .

Similarly, if d(b1,bs) is an odd multiple of 2% and d(by, bs) is also an odd multiple of
2"~k 4 < k < m, and d(b4, bs) is not a multiple of 22, then there exist 2 distinct v(™)
with W (v(™) = 5, such that L(u(™ 4+ v(™) < 27=2 — 27" _In this case, the total number

k-3
of u(™ ig gn+4 ( 22 )

We will consider these two cases in case 2.3.2) again later. In these two cases, we can

obtain two different w(™ with the same u(™.

Therefore, the total number of u(™ here is

m—1 k—1 m—1
_ n+k— 8 _ n_ __9n 2 2
B6 = ;3{2+ 6[(4) 2)(2" — 8) — 2 ( . )( . )
- mz_:l 2 x 2" ( 2 ) ( 2 )}—§2x2”+4<2k_3 )
j=k+1 1 1 k=4 2

For each u(™ here, there exists exactly one v(™ with W (v(™) = 5, such that L(u™+v™) <
on=2 _gn=m_ Qo 4 is in EQU AL.

Case 2.3.2): Now we consider the two cases for case 2.3.1).

Suppose that by, by, bs are contained in one element of set P, d(by, b4) is an odd multiple of
27—k and d(by, bs) is an odd multiple of 2"k < j < m. Then there exist v\, v{" with
vgn) # vzn), W(vgn)) = W(vén)) = 5, such that L(u(”)—i—vgn)) =on-2_ogn—k L gn=2_on-m
L(u( + v{V) = 2n=2 _ gn—i < gn=2 _gn-m

Similarly, if d(by,bs) is an odd multiple of 2"~ and d(b1,bs) is also an odd multiple
of 2"7% 4 < k < m, and d(by,bs) is not a multiple of 2”72, then there exist vgn), vén)
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with Ugn) # vgn), W(v%n)) = W(Uén)) = 5, such that L(u(™ + vgn)) = L(u™ + vén)) =
on=2 _ gn—k L gn=2 _ gn—m g4 () ig in FQUAL. Suppose that all u(™ here form a set
U. Then the size of U is

m—2 m—1 k—1 i1 m—1 k—3
2 2 Z 2
o > < > < ) ! o ( )
k=3 joht1 1 1 po 2

(For easy understanding, the following special case with n = m = 6 is given to illustrate
the construction of v(™. For n = m = 6, k could be 3,4,5. Let by, by, b, ba, bs be the 5

nonzero elements of v, and by, by, bg are contained in one element of set P. Let

Q22 = {u™|d(by, by) is an odd multiple of 2 = 2",
d(by, bs) is an odd multiple of 2 = 275,
d(bg,bs) is not a multiple of 2”2}

Q28 = {u™|d(b1,bs) is an odd multiple of 2 = 2",
d(by,bs) is an odd multiple of 2% = 2773}

Q24 = {u™|d(b1,b4) is an odd multiple of 2 = 2",
d(by,bs) is an odd multiple of 2% = 2"~4}

(i). For ul™ € Qq2, there exist Ugn), Uén) with v%n) # vgn), W(UYL)) = W(vén)) = 5, such
that L(u(™ + UYL)) = L(u™ + vén)) =22 2 < 2n2 _on=m_ q(by, bs) could be 4 or 8.

If d(by, bs) = 4, then both v§n), vén) are in QQ24. If d(bs,bs) = 8, then both vln), vén) are

n QQ}S.

(ii). For u(® € Qg;g, there exist v;(n), v;(n) with vll(n) # v;/(n), W(vll(n)) = W(v;(n)) =5,
such that L(u(”)—i—vl(n)) =" 22 < on2gn—m L(u(")—i—v;n)) =22 g < on2gnm,
So Ul(n) S QQ’Q, UQ(n) S QQ,B.

(iii). For u™ e Q2.4, /t/here exist vlll n), v;(") with vlll(n) =+ vg(n), W(v;,,(/n)) = W(vg(n)) =5,
such that L(u(™ + vl(n)) =2 9 < onm2 _gnem o Ly 4 1}2(”)) =22 4 <
n=2 _ gn—m_ Gq vy () € 2,2, v, (n) € Q24.

(n) () '(n)  '(n) ”(n), v;(n)

In summary, all v;7, vy 7, vy 7, vy 7, Vg are in @22, @24, @25, respectively.)
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It follows that
N5(2n72 o 2n7m)

s (P )+ (P )-Bi-B2-B3-lpa
3 5 2

]. ]. 2 n—2 n—m
—-B5— -B6— -BT7] x2*" 2"
o B5 = 5 B6 = 3BT x
O
As an illustrative example, let n = m = 5. Then 2772 — 2™ = 7 N5(2"~2 — 2""™) =
11184128, which is verified by simulation.
Finally we consider the category of sequences with the 5-error linear complexity 2"~ —

273 which is a special case of iii).

Lemma 2.6.4 Let N5(2" ! — 2773) be the number of 2"-periodic binary sequences with
the linear complexity 2" and 5-error linear complexity 2"~ — 2773 n > 5. Then

n

where C'1,C2,C3,C4,C5 are defined in the following proof.

1 1 n— n—
)—C1—C2+403—C4+205]x22 2l

2m 2"
Proof. As the number of 2"-periodic binary sequences in F is 2" + < 5 > + ( 5 ) , the

number of 2"-periodic binary sequences s + e € S + E is at most

2n 2m n—1_on—
(2n + + )22 1_9 3—1.
3 5

First we consider the case that W (u(™) =1 or 3. There exists a v with W (v(™) =3 or
5, such that L(u(™ + (™) =27=1 _27=3 G6 4,(") is in LESS.

Second we consider the case of W (u(™) = 5. Let us divide one period of u(™® into 273

subsequences with the following form

{(uaa Uq4-on=3; Ugqon—3+1, """ 7ua+7><2"_3)|0 <a< 2n—3}

Case 1): Suppose that there are at least 3 nonzero elements of u(™ contained in one
subsequence. Then there exists a v(™) with W (v(™) = 1, 3 or 5, such that L(u™ +0v(™) =
2n=1 — 273 8o u(™ is in LESS.
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Assume that there are 5 nonzero element of u(™ contained in one subsequence. Then the

8
number of these u(™ is 273 ( . >

Suppose that there are 4 nonzero element of (™ contained in one subsequence. Then the

) 2n—3 8
number of these u(™ is 6 5 Nk

Assume that there are 3 nonzero element of u(™ contained in one subsequence and the

other 2 nonzero elements of (™ contained in another subsequence. Then the number of
2n=3 8 8
2

Suppose that there are 3 nonzero elements of (™ contained in one subsequence and the

these u(™ is

other 2 nonzero elements of u(™ contained in two subsequences respectively. Then the

) 2n73 8
number of these u(™ is 192 5 5 )

The total number of these u(™ is

8 on—3 8 on—3 8 8 on—3 8
Cl=2"3 +16 +2 +192

5 2 4 2 3 2 3 3

For each of these u(™, there exists a v with W (v(™) = 5, such that L(u(™ + v(™) =
2n—1 _ 2n—3‘

Case 2): Suppose that there are 2 nonzero elements by, bg of u(™ contained in one subse-
quence and the other 2 nonzero elements bs, by of u(™ contained in another subsequence,

and the final nonzero element of u(™ contained in the third subsequence. Then the number

)

We now consider u(™ with d(b1,bs) is an even multiple of 273 and d(b3,bs) is an even
multiple of 2”3, but neither d(by, by) nor d(bs,bs) is 2*~'. The number of these u(™ is

n—3
03:3x?<2 ).
3

of these u(™ is
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For each u(™ of this kind, there exist v%n), vén) and vén) with W(v%n) ) = W(vén)) =
W(vgn)) = 5, such that L(u(™ + v%n)) = L(u™ + vgn)) =272 L(u™ + vén)) <22, So
u™ is in EQUAL. For each u(™ of other kinds, there exists a v(™) with W (v(™) = 5,
such that L(u(™ + () = 2n=1 _ 9n=3,

Case 3): Suppose that there are 2 nonzero elements by, by of u(™ contained in one sub-
sequence and the other 3 nonzero elements of (™ contained in 3 distinct subsequences.

Then the number of these u(™ is
camon (20 ) (3,
4 2

2n73
We now consider u(™ with d(by, by) = 2"~2. The number of these u(™) is C'5 = 24 ( A ) .

For each u(™ of this kind, one can construct exactly one v(™ with W (v(™)) = 5, such that
L(u™ + ™) =272 So u(™ is in EQUAL. For each u(™ of other kinds, there exists a
o™ with W (v(™) = 5, such that L(u™ 4 v(™) = 2n=1 _ 9n=3,

It follows that,
A%(Qn_l——2n_3)

2n 1 n— n—
=1 ) —C1—-(C2—-C3) — 203 — (04~ C5) - 5C5]2° -2l

2" 1 1 nel_on—
_ [< - >0102+4CBC4+205]22 2l

As a simple example, let n = 5. Then 2"~! — 2773 = 12, N5(2"~! — 2773) = 19922944,

which can be verified by a computer program.
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2.7 Complete Characterization of the First Descent Point

Distribution for k-error Linear Complexity

In this section, we first derive the counting formula of binary sequences with the same
linear complexity and minimum Hamming weight. This result is first obtained in [Zhou
et al.|(2013).

Theorem 2.7.1 The number of binary sequences s with period 2", Wg(s) = 2™, and
L(s)=2" — (20 422 4 ... 4 2m) where 0 < i1 < ig < -+ < ip <M, is

22mn7(2m*1im+---+2i2+i1)72m+1+2

Proof. The approach to constructing a 2"-periodic binary sequence s is based on the
reverse process of Games-Chan algorithm (Games and Chan, 1983). First we construct
sequences with a small period and count the number of these sequences. Second double
the period recursively and get the desired sequences, and count the number of all these

sequences.

The number of 2°1-periodic binary sequences s(1) with linear complexity 2°t and WH(S(“)) =
1 is 201,

So the number of 21+ -periodic binary sequences s(1*1) with linear complexity 2011 —
211 = 241 and Wy (s1HY) = 2 is also 211, where Left(s(1*1) = Right(s(1+1).

For iy > ij, we aim to obtain 2?2-periodic binary sequences s with linear complexity
22 — 21 and Wy (s(2)) = 2 from above 21! periodic binary sequences s+, In this
case, when the sequence period changes from 2111 to 22, the increase of linear complexity
is 202 — 901 — (21l _ gi1) = gia—1 4 9i2=2 | ... 4 gi+l,

Based on Step 2 in Algorithm 2.1.1 in Section the number of these s(%2) can be given by
(22)2= =1 x 211 = 922=1=2 The formula can be easily verified for iy = i1 + 1, iy = i1 + 2,

19 =41 + 3, - - -, respectively.
Next based on Step 1 of Algorithm 2.1.1 in Section [2.1] the number of 2?2 1-periodic binary

sequences 5211 with linear complexity 2241 — (272 4-271) = 22 — 211 and Wy (s(2+D)) = 4

is also 222—11—2

Similarly for i3 > 45, the number of 2%3-periodic binary sequences s** with linear complexity
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213 — (22 42%1) and WH(S(i3)) = 4 can be given by (24)i3—i2—1 x 92i2—i1 =2 _ gdiz—2ia—i1—2—4

Consequently, the number of 2im ! periodic binary sequences s('m*1) with linear complex-
1ty 2i7,L+1 o (211 + 2’i2 et 2im) — 2im _ (211 + 2i2 4+ 4 Qimfl) and WH(S(imJ"l)) = om
is also 22" lim—r—2iz—i1—2—d4——2m 71

Finally, for n > 4,,, the number of 2"-periodic binary sequences s(™ with linear complexity
27 — (21 422 4 ... 4 2m) and Wy (s™) = 2™ can be given by

(22m>n—im—1 % 22m*1im—~~~—2z’2—i1—2—4—-~~—2m*1

_ 22mn72m*1im7---72i27i172747---72’”*1727"
_ 22mnf2m—1z‘mf---72127z‘172m+1+2
This completes the proof. O

In fact, Etzion et al| (2009) proved Theorem 3 in their paper, which is equivalent to
Theorem 2.7.1, with a much different approach.

In Theorem 2.7.1, we give the number of sequences with given linear complexity and
Hamming weight. Next we will investigate the linear complexity for the sum of two

sequences and this will pave the way for our main results in Theorems 2.7.3 and 2.7.4.

Theorem 2.7.2 Suppose that v(™, v(™ are distinct 2"-periodic binary sequences with the
same linear complexity 2" — (21 + 22 4. .-+ 2') and Wy (u™) = Wg(v(™) = 2™ where
0<iy <ig<-- <ipy <n. Then L(u™+0M) =2"—(¢,2m 4e,_12m=14. .. 4211427,
where r € {n —1,n—2,------ , 1,00\ {i1,42, -+ ,im} and €1,€9,- -+ , €, € {0,1}.

Proof. First we note that two 2"-periodic binary sequences with the same linear complexity

must have the same linear complexity representation 27 — (2% 4 292 4 ... 4 2im),

From the proof of Theorem 2.7.1, one can see that () is constructed from w(1), (@) ...

ulm) ... and v(™ is constructed from v(1), p(2) ... y(im) ..
Suppose we use the reverse process of Algorithm 2.1.1 in Section to construct a se-

quence. If the previous period is in {iy,42,- - ,%m}, one doubles the period of a sequence

using Step 1 of Algorithm 2.1.1. In this case, we copy the previous sequence to the right
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half of the new sequence, so that the right half is the same as the left half of the new

sequence. The number of nonzero elements is doubled.

If the previous period is not in {i1,42, - ,im}, then we can use the Step 2 of Algorithm
2.1.1 to double the sequence. In this case, every nonzero element of the previous sequence
may not move, or move a distance of the previous period. The number of nonzero elements

is unchanged.

(For example, suppose that i1 = 1,is = 3, then we have (22)27~1 = 4 sequences

{1010 0000}, {1000 0010}, {0010 1000}, {0000 1010}
of 5(2) correspond to a sequence {1010} of s(1+1) )

The above approach to constructing a 2™-periodic binary sequence s is based on the
reverse process of Games-Chan algorithm ( see Algorithm 2.1.1 in Section. The above
relation is denoted as u(® = GC‘l(u(ij)), 1 < j < m, where GC represents the Games-
Chan algorithm.

Now we consider the sum of two sequences u(™ and v(™. As both of them are constructed

from u(® and v(® respectively, we now consider the sum of u(? and v,

In the case of (™) # v(1) as both of them have only one nonzero element, so L(u(il) +
p(1)) = 249" where r < i;. For example, in the case of Left(u(")+v(1)) = Right(u(™)+

v()), it is easy to see that r = 4; — 1.

Next from the reverse process of Algorithm 2.1.1 in Section we have u(™ + (") =
GC~ (ul™) 4+ v()) thus L(u™ 4 0™) =27 — (2im 4 2im—1 4 ... 4 201 4 97),

Now suppose that u() = p(i1) 4(i2) = 4(2) ... (ii-1) = (-1 put ¢+ £ T+ for

ij—1 <1 < ;. In this case, we have
L(u(r—H) i ,U('r—l-l)) —or+l (27 4 €j712z‘j_1 Fo e 20),
where 7;_1 < r <i;. In consideration of the reverse process in Algorithm 2.1.1, we have
w™ 4 () — GC’_l(u(TH) + U(TH)) + 5™,
where
L(s™M) <2m — (20m 4 2im=1 4.4 91 4 97+ < L(GO (w407 T)Y)
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=27 — (20  2imet 20 T gy 20 e g 20,
In this case, the linear complexity of u(™ 4+ v will not be affected by s Therefore,
L(u 4+ 0™y = 9n — (20m 4 9im—1 ... 4 9% 497 4 €121 oo €21,
where €1, €, , €51 € {0,1}.

Recursively, suppose that u(i) = p(i1) | (22) = ¢(2) ... (im) — ¢(im) byt o+ £ (r+1),

In this case, we have

L+ 40y = o1 (97 4 ¢ 90 4 e 1201 4o 201,

where i, < r < n. Then from the reverse process of Algorithm 2.1.1, we have
w™ 4 () = GC—I(U(TH) + U(T+1)) + s,
where
L(s™) < 2n—2" < L(GC (w40l ) = 27— (27 +€, 27+ 1 2 - - e 271,
Similarly we have,
Lu™ +0M) =27 — (27 + €2 + €121 4 - 4 € 27),

where €1, €2, -+, €y, € {0,1}. This completes the proof. O

The following examples are given to illustrate the above formula.

Suppose that n = 4, iy = 2,4; = 1, u™ = {1010 1010 0000 0000}, »(™ = {0000 0000 1010 1010}.
Then (™ + (™ = {1010 1010 1010 1010}. Thus L(u(™ 4 v(™) =24 — (23 422 4 21) = 2,

where r = 3.

Let u(™ = {1010 1010 0000 0000},»(™ = {0101 0101 0000 0000}. Then u(® + (" =
{1111 1111 0000 0000}. Thus L(u(™ + v(™) =24 — (22 4+ 21 + 20) = 9, where r = 0.

Let (™ = {1010 0000 0000 1010}, v»™ = {0000 0000 1010 1010}. Then u(™ + v(™ =
{1010 0000 1010 0000}. Thus L(u(™ + v(™) = 2% — (23 4+ 2') = 6, where = 3,5 = 0.

Let u(™ = {1000 1000 0010 0010},v™ = {0000 0000 1010 1010}. Then u(™ 4 v =
{1000 1000 1000 1000}. Thus L(u(™ + v(™) = 2% — (23 4+ 22) = 4, where r = 3,¢; = 0.

Here L(u™) = L(v(™) = 2% — (22 + 21), Wy (u™) = Wi (v™) = 22.
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Suppose that n = 4,iy = 1,i; = 0,r = 2, ™ = {1111 0000 0000 0000}, v =
{0110 1000 0001 0000}. Then w1 4+ v+ = {1000 1000}, GC~! (D) 4 p(r+1D)) =
{1000 10000000 0000},

s = {0001 0000 0001 0000}, ™ + (™ = {1001 1000 0001 0000} = GC~*(u("*+V +
'U(T‘+1)) + S(n)

As L(s™) = 24— 23 < L(GC (ur D) 40 +D))) = 24 — 22 thus L(u(™ +0(M) =24 —22 =
12, where e = 0, €; = 0.

Before we turn to the main problem, we briefly discuss representation of the minimum
Hamming weight for a sequence. Suppose that s is a 2"-periodic binary sequence
with linear complexity 2" — (2% + 22 4 ... 4+ 2'm) and the minimum Hamming weight.
From Theorem 2.7.1, Wy (s™) < 2™. Next, it is impossible that Wy (s(™) < 2™, If
Wg(s(™) < 2™ then the minimum number & for which the k-error linear complexity of
s(™ is strictly less than the linear complexity of s is WH(s(")). This contradicts the
result by Kurosawa et al. (2000) that the minimum number k for which the k-error linear
complexity of 2"-periodic binary sequence s(™ is strictly less than the linear complexity

of (™ is 2. Thus the Hamming weight of s must be 2.

Let 5 be a 2"-periodic binary sequence with linear complexity 2" — (201 4272 4. . . 4-20m),
To consider Lom (s™), we just need to compute L(s(™ + u(™), where u(® is a 2"-periodic
binary sequence with linear complexity 2" — (2/t + 2% 4 ... + 2im) and Wy (u(”)) = 2™,

Now we investigate the first descent point (critical point) distribution of the k-error linear
complexity, namely, the possible values of the 2™-error linear complexity. By |[Kurosawal
et al| (2000), we know that the first descent point of the k-error linear complexity is
k = 2™, where 0 < m < n. So our concern turns to the distribution of 2"-error linear

complexity, which is given in the following theorem.

Theorem 2.7.3 Let s be a 2"-periodic binary sequence with linear complexity 2" —
(20t 422 4 ... 4 20m) where 0 <4y < ig < -+ <y <n. Then
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2n_(2im+2im_1_|_._'+2i1)_27“+1+c7
1<r<ig—-1,1<e¢<2" -1

2 — (20m 4 2im—t .4 202y 2T
h+1<r<ia—1,1<c¢<2" —1,c#2"—21

Lom (s = 9n _ (2im 4 Qim-1 4 ... 4 9i8) _ o+l ¢

i+ 1<r<iz—1,1<c<2 —1,c#2" — €21 — 2"

on _ 2r+1 + ¢,
im+1<r<n—1,1<c<2" —1,c#2" — 201 — €22 — ... —¢,2im
where €1,€2,- -+ , €y € {0,1}.

Proof. The following proof is based on the property for the sum of two sequences in the
framework: S+ E = {t+e|t € S,e € E}, where ¢ is a sequence with linear complexity ¢
and e is sequence with Wy (e) = 2™ and linear complexity L(e) = 27— (211 422 4. . .4-2im),
0<i;<ig<--+<ipy<mn,and L(t+e) = L(e). With the sieve method, we aim to sieve
sequences t + e with Lom (t +€) = ¢ from S + E.

For a given linear complexity ¢, it remains to investigate the case that t + © € S + E, but
Lom(t 4+ u) < c. As observed from the following proof that this is equivalent to checking
if there exists a sequence v such that L(u 4+ v) = ¢. We try to exclude this case in the

sieving process.

As 5 is a 2"-periodic binary sequence with linear complexity 2" — (2 +2%2 4. .. 4 2m),
by [Kurosawa et al.| (2000), Lam (s(™) < 27 — (211 4 272 4 ... 4 2im),

First we prove that Lgm(s(”)) £ 2" — (€n2'm 4 €121 4 o 4 €210 + 27), where
re{n—1,n—2-.--- , 1,00\ {i1,42, - ,im} and €1, €2, -+ € € {0,1}.

We prove it by a contradiction checking. Suppose that Lom (s(")) = 2" — (ep2m +
€m_12m= €201 427) < 27— (201 4212 4. .. 4.2, Then 5™ = () 4-4,(") where t(™) is
a 2"-periodic binary sequence with linear complexity 2™ — (€;,2 + €, 120m—1 4+ - -4 €1 201 +
2"), and u(™ is a 2"-periodic binary sequence with linear complexity 27 — (24 422 ... 4
2'm) and Wy (u™) = 2™, From Remark 2.1.1 in Section [2.1|and Theorem 2.7.2, there ex-
ists a 2"-periodic binary sequence v(™ with linear complexity 2" — (20 422 ... 4-2im) and
W (v™) = 2™ such that L(u(™ 4+0v™) = 2" — (€,,2"m + €, 121 4+ -4¢,21 +27). From
Lemma 2.1.2 in Section L0 4™ 10y < 27— (,,20m 4, 2014211 27),
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thus Lom (t(”) —i—u(")) < 2" — (em2im Fey_12im=1 4. 20 +27). This is a contradiction,

which completes the proof of this assertion.

Next consider the case that Lom(s() = 2% — (20m 4 2m-1 4 ... 4 211) — 2™+ | ¢ where
1 < ¢ < 2"—1. In this case, let ¢ be a 2"-periodic binary sequence with linear complexity
27— (20m 4201 4.4 20) ot e ] < < 4y—1,1 < ¢ < 2"—1. Let u(™ be a 2"-periodic
binary sequence with linear complexity 2" — (20 + 22 4 ... + 2'm) and Wy (u™) = 2™,
Then from Lemma 2.1.2 in Section L(t™ 4 u(M) = 27 — (20m 4 2im—1 ... £ 211, Now
it remains to prove that Lom (t() 4 u(™) = 27 — (20m 4 2im—1 ... 4 oi) _ortl 4 ¢

Suppose that v(™ is a 2"-periodic binary sequence with linear complexity 2" — (2°t + 22 4
oo+ 20m) and Wy (™) = 2, w™ £ v One can derive from Theorem 2.7.2 that,
L(u™ 4 0M) =27 — (,2/m + €y 1201 4 4 €201 4 27) #£ 2% — (20m 4 20mo1 4.4
20t 4 ortly 4 ¢,

If L(u™ 4 vM) < 27 — (20m 4 20m—1 4 ... 4 20 4 97F1) ¢ ¢ then from Lemma 2.1.2
L(t™ 4 ) 4 (m)) = 9n — (2im 4 gim—1 4 ... 4 20y _9r+l 4 ¢

If L(u™ 4 0™) > 27 — (20m 4 2im—1 ... 4 201 4 97+1) 4 ¢ similarly we have L(t(™) +
u™ + 1}(”)) > N (Qim 4 Qm—1 L 22'1) —ortl e,

Note that L(t( + u(™ + (™) = L) = 27 — (2im 4 9im—1 4 ... 4 o0y _ 97+l L ¢ [n
summary of these three situations, we can conclude that Lom (t( + u() = 27 — (2im 4
9im—1 4+t 2i1) _or+l +e.

Similarly, theorem can be proved to be true on other cases for parameters r and c. O

Secondly, based on the first descent point distribution, we can derive the complete count-
ing functions on the number of 2™-periodic binary sequences with given 2"-error linear

complexity corresponding to different cases in Theorem 2.7.3.
Theorem 2.7.4 Let Nom(L) be the number of 2"-periodic binary sequences s(™ with

linear complexity 2" — (2% + 2% 4 ... 4 2im) and the 2"™-error linear complexity L taking
different values, for any fixed 0 < i1 < iy < --+ < iy, < n. Then
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22mn72m*1im7-~-72i27i172m+1+2’ L=0
oltr [ =9n _ (2im 4 2im—1 4 ... 4 20y _ortl 4 o
1<r<ii—1,1<e<?2"
2L+2r7i1717 I, —9on _ (Qim 4 Qm-1 .. 21:2) —or+l | c,
h+1<r<iz—11<c<?2r—24
2L+2r—i1—27 I —9on (Qim 4 2m1 2i2) —ortl 4 c,
W+1<r<ia—1,2"n -2 <c< 2
2L+4r72127i173’ [, —9on _ (2im N O T 2i3) —ort+l 4 c,
fa+1<r<ig—1,1<c<?2r —21 2"
2L+4r—2i2—i1—4’ I —=9n (2im 4 2Im-1 4L 2i3) _ortl ,
Nom (L) = fo+1<r<ig—1,2"n -2 22 < c< 2 — 2"
2L+4r72127i175’ [, —9on _ (2im N O 21‘3) —ort+l 4 c,
o +1<r<ig—1,2" —22 <c< 2" —201
2L+4r—2i2—i1—6’ I —9on _ (Qim 4 2m1 44 2i3) —gr+l 4 c,
fo+1<r<iz—1,2"n—21 <c< 2"
2L+2mr—2m4im—m—2i2—i1—2m+1+1’ L =9on_ortl 4 c,
im+1<r<n—1,2"—22 <c<2r—21
2L+2mr—2m_1im—-~~—2i2—i1—2m+1+2’ L —on_9ortl 4 c,
im+1<r<n-—1,2" —24 <c<2"

0, otherwise

Proof. By Theorem 2.7.1, we know that Nym (0) = 22"n=2" lim—=2iz—i1 —2"F142,

Similar to the proof of Theorem 2.7.3, the following proof is based on the property on
the sum of two sequences in the framework: S+ E = {t +e|t € S,e € E}, where t
is a sequence with linear complexity ¢ and e is sequence with Wy (e) = 2™ and linear
complexity L(e) = 2" — (2 + 22 4 ... +20m) 0 < 4) < iy < -+ < iy < n, and
L(t+e) = L(e). With the sieve method, we aim to sieve sequences t+e with Lom (t+¢) = ¢
from S + F.

For a given linear complexity ¢, it remains to investigate the case that s+u,t+v € S+ FE
and Lom (s+u) = Lom (t+v) = ¢ with s # ¢, u # v, but s+u = t+v. This is equivalent to
checking if there exists a sequence v such that L(u+v) = L(s+t) < ¢ and if so, calculating

the number of such sequences v, where Wy (u) = Wy (v) = 2™.

Based on Algorithm 2.1.1, in the kth step, 1 < k < n, if and only if one period of the
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sequence can not be divided into two equal parts, then the linear complexity should be
increased by half period. In the kth step, the linear complexity can be increased by
maximum 2" %,

1) Now we consider the case L = 2" — (2im 4 20m—1 4 ... 4.201) _2rHl Lo ] <p <4;—1,1 <
¢ < 2" —1. Let s/ be a 2"-periodic binary sequence with linear complexity L. Based on
Algorithm 2.1.1, after the n — (r + 1)th step, the period of the sequence s 1) becomes
27+1 the linear complexity of the sequence s"+1) is ¢. By Lemma 2.1.6 in Section the
number of binary sequences with linear complexity c is 2¢71.

1) can be changed to a sequence ¢("+1)

By changing any one element, a given sequence s
with linear complexity 2"t1. Thus the number of such new binary sequences t"+1) with

linear complexity 2"+ is 2" +1 x 2¢71,

For a given sequence 1) with linear complexity 27! restore the sequence ) with
linear complexity 27 — (2im 4 2im-1 4 ... 4 201) from t+1) by the reverse process of
Algorithm 2.1.1. By Lemma 2.1.5 in Section 92" (22Tl 2 =2 o ences
™ will be obtained.

Specifically, when we restore the sequence ¢ with linear complexity 2" from t"t1) by the
reverse process of Algorithm 2.1.1, by Lemma 2.1.5 in Section 2.1} the number of sequences
) will be 22" H2 44277 — 922" B the sequence ¢ with linear complexity
2" — (20m 4 20m—1 4 ... 4 201 from Algorithm 2.1.1, there are m steps that one period of

the sequence can be divided into two equal parts, thus the number of sequences (™) will
be 22”—2T+1—(2im +2i7n71 ++211 ) )

The total number of such sequence (™ is

22n_(2im+2im_1+,,,+2i1)_2r+1 % 27‘+1 % 2C_1 _ 22n_(2im+2im—1+...+2i1)_2r+1+c+r.

Note that by changing any one element, a given sequence s+ with the linear complexity
¢ can be changed to a sequence t"t1) with linear complexity 2"t'. Thus new sequence
t) = () 4 s where s is a 2"-periodic binary sequence with linear complexity
2% — (20m 4 2im—1 ... 2i) — 97+l e (") g a 27-periodic binary sequence with linear
complexity 2% — (20m + 2im-1 4 ... 4 211) and Wy (ul™) = 2. From Theorem 2.7.3,
Lom (M) = 27 — (20m 4 20m—1 4 ... 4 201) —or+l 4 ¢

2) Consider the case L = 2" — (20m 4 2im-1 ... 4 22) _or+tl 4 ey 41 <pr <ig—1,1<

¢ < 2" — 21, Let t™ be a 2"-periodic binary sequence with linear complexity L. Based
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on Algorithm 2.1.1, after the n — (r + 1)th step, the period of the sequence t"*1) becomes
2741 the linear complexity of the sequence t"*1) is ¢. By Lemma 2.1.6 in Section the

number of binary sequences with linear complexity ¢ is 2¢71.

Let u("t1) be a 271 periodic sequence with linear complexity 2"t —2 and Wy (u"t1)) =
2. By Theorem 2.7.1, the number of sequences u("+1) with linear complexity 2"+ — 2/ is
92(r+1)=i1=2 — 92r—i1  Thyg the number of sequences ¢t + 4"+ with linear complexity
2r+1 _ 2i1 is 22r7i1 x 2071.

For a given sequence ¢tV 4 41 with linear complexity 2"T! — 2i1, we restore the se-
quence ¢+ 44,41 to ¢tV 44" with linear complexity 27 — (2im 4-20m—1 4. ..4211) by the
reverse process of Algorithm 2.1.1. By Lemma 2.1.5 in Section 92— (242t 212) —2r

sequences t(™ + 4" will be obtained. The number of such sequences ¢t + u(™ is

21— (2m 4 2tm—14...4 9i2)_9or+l 2r—i c—1 _ 92" —(2im42im—1 4.4 2i2)_9r+lyc 142
22" =( ) x 221 5 ge—l = 92" —( ) L

where u(™ is a 2"-periodic binary sequence with linear complexity 2™ — (2“” + 2im-1 4
-4 21) and Wy (u™) = 2™, Also from Theorem 2.7.3, Lom (t(") + (M) = 27 — (2im 4
Qm—1 ... 21'2) —ortl e

3) Consider the case of L = 27— (20m 4-2im-14...4202) or+lic iy 41 <7 <ijp—1,2"-20 <
¢ < 2" —1. Let t™ be a 2"-periodic binary sequence with linear complexity L. Based on
Algorithm 2.1.1, after the n — (r 4 1)th step, the period of the sequence t+1) hecomes
27+1 the linear complexity of the sequence t"*1) is ¢. By Lemma 2.1.6 in Section the

number of binary sequences with linear complexity ¢ is 2¢71.

Let u("*+1 be a 27+1-periodic sequence with linear complexity 271 — 2% and Wy (u("+) =

r+1)

2. By Theorem 2.7.1, the number of sequences t("+1) 4 4l with linear complexity

2r+1 o 2i1 is 22r—i1 % 20—1‘

Let S = {s|L(s) = ¢}, E = {e|Wg(e) =2},S+ E = {s+e|s € S,e € E}, where s is a
sequence with linear complexity ¢ and e is sequence with Wy (e) = 2 and linear complexity
L(e) = 271 —2% With the sieve method, we aim to sieve sequences s+e with Ly(s+e) = ¢
from S+ E.

It remains to investigate the case that s,t € S,u,v € F and Lo(s +u) = Lo(t +v) = ¢
with s # ¢, u # v, but s +u =t +v. It is equivalent to checking if there exists a sequence

v such that L(u+v) = L(s+1t) < c and if so, check the number of such sequence v, where
WH(U) = WH<’U) = 2.
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For any sequence u("t1), by Theorem 2.7.2, there exists exactly one sequence vt with
linear complexity 271 -2 and Wy (u("+Y) = 2, such that L(u("+D40+D) = 2720 < ¢,

(The following example is given to illustrate the above case. Suppose that r = 3,i; =
1, «® = {1010 0000 0000 0000},v* = {0000 0000 1010 0000}. Then u® 4 v®* =
{1010 0000 1010 0000}. Thus L(u® +v®) =2* — (23 4-21) =23 — 21 )

Let 271 = ¢+ (41 4 (4D Then L(z+D) = ¢, t0+D 40+ = z(r+1) 4y (r41),

Therefore, the number of distinct sequences ¢ 441 with linear complexity 27+ —2

is 22T—i1—1 % 20—1'

For a given sequence t" 1) + ("1 with linear complexity 2”71 — 21 we restore sequence
tr D) 4 (01 t0 ¢ 444 (") with linear complexity 2" — (20m 4-2tm=1 4 ...4.20) by the reverse
process of Algorithm 2.1.1. By Lemma 2.1.5 in Section 92" — (22t m =t 44 212) 2T

sequences t(™ + 4™ will be obtained. The number of such sequences £ + u(™ is

2" —(2¢m 4-2tm—1 4...49i2)_gr+1 2r—i1—1 c—1 _ o2n—(2im42im—14...42i2)_9r+lic 949r
22" =( ) x 22—l geml — 92" —( ) 1

where 4™ is a 2"-periodic binary sequence with linear complexity 2" — (2im + 2im-1 4
-4+ 21) and Wy (u™) = 2™, Also from Theorem 2.7.3, Lom (¢ 4 u(™) = 27 — (2m +
9m—1 4+ 22'2) _or+l +e.

4) When L = 27— (2im42im=-14...423) 2"y o1 <pr <iz—1,1 << 27—(22427),
let ¢(™) be a 2"-periodic binary sequence with linear complexity L. Based on Algorithm
2.1.1, after the n — (r + 1)th step, the period of the sequence t"+1) becomes 2"+, the

linear complexity of the sequence tr+1) g ¢

Let ("1 be a 2"+1-periodic sequence with linear complexity 2"t! — (272 + 271) and
Wi (u("tD) = 22, By Theorem 2.7.1, the number of sequences tU"*+) 4+ 4"+ with linear
complexity 271 — (2% 4 201) jg 24r=22=01=2 y g1,

For a given sequence t"+1) 4+4,("*+1) with linear complexity 271 —(27242%), restore sequence
t0+D p 4+ to () 44 (™ with linear complexity 27 — (20 4-2im=1 4. ..4271) by the reverse
process of Algorithm 2.1.1. By Lemma 2.1.5 in Section 92" = (2 420 m 44 278) 27

sequence (™ + (™ will be obtained. The number of such sequences t(™ + (™ is

2N (20m 4 2¥m—1 4.4 22)_9r+l  dr_92i5—i1 -2 gc—1 _ 27— (2im420m—14...4212)2r+l ot dr—2ip—i1—3
92"~ )72 odr =2 =2y geml 92" —( ) 2=t1=3

where u(™ is a 2"-periodic binary sequence with linear complexity 27 — (2im 4 2im-1 4... 4
21) and Wy (u(™) = 2™, Also Lom (t™ +u(™) = 27 — (20m 4 2tm—1 ... 4 958) —or+]l 4 ¢

85



5) If L =2" — (20m 4 20m-1 ... 4 288) — 2"l ¢ jo 41 <r <izg—1,2" — (22 +24) <
c < 2" —22 let t( be a 2"-periodic binary sequence with linear complexity L. Based on
Algorithm 2.1.1, after the n — (r + 1)th step, the period of the sequence tr+1) becomes

27+1 the linear complexity of the sequence ¢t is ¢.

Let u("t1) be a 2"+!1-periodic sequence with linear complexity 2"t! — (272 + 271) and
W (u"+1) = 22, By Theorem 2.7.1, the number of sequences ¢t 1) + u("+1) with linear
complexity 271 — (202 4 2i1) jg 24r—2i2—i1=2  ge—1

For any sequence u("t1) by Theorem 2.7.2, there exists exactly one sequence v("+1) with
linear complexity 27+ — (22 4 211) and Wy (u"+tY)) = 22, such that L(u("t1) 4 (1) =
2" — (22 4 211) < ¢. Let a1 = ¢+ 4o+ 4+ Then L(z0*V) = ¢, ¢+ 4
w1 = g(r+1) 4 4 (+1) " Therefore, the number of distinct sequences ¢t 1) + 4+ with
linear complexity 27! — (202 4 201) jg 24r—2i2=1 =3 » ge=1

For a given sequence t("t1) 4+ 4("+1) with linear complexity 2! — (272 + 271), restore
the sequence U+ 4+ w1 to ¢ 4 () with linear complexity 2" — (20m 4 2im-1 4
.-+ 4 21) by the reverse process of Algorithm 2.1.1. By Lemma 2.1.5 in Section
92" = (242144 288) =2 o nences ™ + u(™ will be obtained. The number of such

sequences t(™ 4+ u(™ is

2m—(2tm 4 2tm—1 4.4 203) 2T+l odr_2i5—i1—3 _ge—1 _ o2"—(2im42m—1 4.1 2i3) 2"t et dr—2ip—iy—4
22" —( )=2 ptr—2iz—in =3 el 92" —( ) 2—i1—4

where u(™ is a 2"-periodic binary sequence with linear complexity 2" — (20m 4 2im-1 4
oo+ 27) and Wy (u™) = 2™, Also from Theorem 2.7.3, Lom (t() 4+ () = 27 — (2im 4
2im—1 ... 4288y _ortl 4 ¢

6) If L = 2" — (20m 4 20m=1 ... 4-283) —2rHl ¢ o 41 <1 <i3—1,2" - 22 < ¢ < 27— 201
let t(™) be a 2"-periodic binary sequence with linear complexity L. Based on Algorithm
2.1.1, after the n — (r + 1)th step, the period of the sequence t+1) becomes 2L, the

linear complexity of the sequence t"t1) is c.

Let u("t1) be a 2"+!-periodic sequence with linear complexity 2"T! — (272 + 271) and
Wg(u"+1) = 22, By Theorem 2.7.1, the number of sequences t" 1) + u("+1) with linear
complexity 271 — (202 4 2i1) jg 24r—2i2—i1=2  ge—1,

For any sequence u("t1) by Theorem 2.7.2, there exists exactly one sequence v 1) with

linear complexity 27+ — (22 4 211) and Wy (u"+tY)) = 22, such that L(u("t1) 4 (1) =
2" — (22 4+ 21) <.
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There exist two sequences v("1) with linear complexity 271 —(224-2%1) and Wy (u(rJrl)) _
22 such that L(u("t) + oDy =2r — 22 < ¢,

(The following example is given to illustrate the above case. Suppose that r+1 =4 iy =
2,41 = 1, u"t1) = {1010 1010 0000 0000}, v("*1) = {0000 0000 1010 1010}. Then u("*+1) +
v+ = {1010 1010 1010 1010}. Thus L(u+Y) 4 o+D) =24 — (23 422 4 21) = 2,

Let (™Y = {0010 0010 1000 1000}. Then w1 +4+1) = {1000 1000 1000 1000}. Thus
L(u(rJrl) + ,U(rJrl)) — 24 _ (25 + 22) — 4.

Let ("D = {1000 1000 0010 0010}. Then "+ +u+1) = {0010 0010 0010 0010}. Thus
L(u(r+1) + ,U(T'Jrl)) — 24 _ (23 + 22) — 4.

Here L(u"D) = L(v(tD) =24 — (22 4 21), Wy (")) = W (D)) = 22, )

Let 27+1) = ¢+ 4 (41 4 o +D  Then L(z+D) = ¢, t0+D 40+ = g0+ 4y (r+1),
Therefore, the number of distinct sequences ¢t 4 w("t1) with linear complexity 27! —
(22 +271) is

24r—2i2—i1—2 % i % 2071.
22

For a given sequence tU"+Y) 4 ("1 with linear complexity 2"+! — (22 4 2/1), restore
the sequence ¢t 4 4+ to ¢ 4 (") with linear complexity 2" — (2im 4 2im-1 4
.-+ 4 21) by the reverse process of Algorithm 2.1.1. By Lemma 2.1.5 in Section
92" —(2im 42 m 1 44 213) 27 sequences t(™ + 4" will be obtained. The number of such

sequences t) 4 () g

on_(2im 4 2im—14...4283)_2r+1  Ar_2is—ji—4 oc—1 _ o2"—(20m42m—14...42i3)_2r 4ot gr—2i5—i—5
22" =( )=2 g gtr—2iz—in—d 9ol 92" —( ) 2= =5

where u(™ is a 2"-periodic binary sequence with linear complexity 2" — (20m 4 2tm—1 ... 4
21) and Wy (u(™) = 2. Also Lom () +u(™) = 27 — (2im 4 20m—1 ... 4 903) _or+l | ¢

7)If L =20 — (2im 4 2im-1 ... 4 28) —2r+l o 41 <7 <i3—1,2" - 20 <¢c <2,
let (™ be a 2"-periodic binary sequence with linear complexity L. Based on Algorithm
2.1.1, after the n — (r + 1)th step, the period of the sequence t+1) becomes 211, the

linear complexity of the sequence ¢t"+1) is ¢.
Let u"tY be a 2"+!-periodic sequence with linear complexity 2'+! — (272 + 21) and
Wi (u"t1D) = 22, By Theorem 2.7.1, the number of sequences ¢+ 4 4"+ with linear

complexity 271 — (202 4 201) jg 24r—2i2=01=2 5 g1
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For any sequence u("t1), by Theorem 2.7.2, there exists exactly one sequence vt with
linear complexity 271 — (2%2 4 271) and Wy (u"+V)) = 22, such that L(u+D) 4 o+D) =
2" — (22 4 24) < c.

There exist two sequences v("+1) with linear complexity 2"t —(224-211) and Wy (u"t1)) =
22 such that L(u*Y +orHl)) =2r — 22 < ¢,

There exist four sequences v(" 1) with linear complexity 2"+ — (224-21) and WH(u(rH)) _
22 such that L(u("tD + oty =2r — 90 < ¢,

(The following example is given to illustrate the above case. Suppose that r +1 = 4,4y =
2,41 = 1, urth) = {1010 1010 0000 0000}.

Let v("*1) = {0000 1010 1010 0000}. Then u("*+Y 44+ = {1010 0000 1010 0000}. Thus
L(ul ) 4 ortD)y = 24 — (23 4 21) = 6.

Let o™ = {1010 0000 0000 1010}. Then u(*1 + »("+1 = {0000 1010 0000 1010 }.
Thus L(u+t1) 4oty =24 — (23 4 21) = 6.

Let v+ = {0010 1000 1000 0010}. Then w("*+1) + »("+1) = {1000 0010 1000 0010 }.
Thus L(ulD) 4 pr+1)) =24 — (23 4 21) = 6.

Let v+ = {1000 0010 0010 1000}. Then w(+Y + »(+D = {0010 1000 0010 1000 }.
Thus L(u(*+!) +0H)) =21 — (2% +21) =6. )

Let 21 = ¢0r+1) 4 (1) £ 0+ Then L(z+D) = ¢, t0+D 4+ = g+ (1),
Therefore, the number of distinet sequences ¢ 4+ ("1 with linear complexity 27! —
(22 +211) is

9dr—2ip—i1—2 i % 9¢—1
23

For a given sequence t("t1) 4 4("*+1) with linear complexity 2"+ — (2%2 4 271), we restore
the sequence U+ 4+ w1 to ¢t 4 () with linear complexity 2" — (20m 4 2im-1 4
.-+ 4 21) by the reverse process of Algorithm 2.1.1. By Lemma 2.1.5 in Section
92" —(2Im 2 m =144 28) =2 o yences ™ + u(™ will be obtained. The number of such
sequences ¢t 4+ u(™ is

2N (20m 4. 2tm—1 4.4 2i3)9r+1  Jdr_92i9—i1—5 _ gc—1 _ 27— (2im420m—14...4213)—2r+1 et dr—2i9—i1—6
22" ( ) X2 x 2071 = 92"~ ( ) ,

where (™ is a 2"-periodic binary sequence with linear complexity 2" — (20m - 2tm—1 4.y
21) and Wiy (u(™) = 2. Also Lom () +u(™) = 27 — (2im 4 20m—1 ... 4 9i3) _ 91+l | ¢
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8) Finally, let (") be a 2"-periodic binary sequence with linear complexity L = 2" — 2"+ 4
Cim+1 <1 <n,2" —21 < ¢ < 2. Based on Algorithm 2.1.1, after the n — (r + 1)th

step, the period of the sequence t"+1) becomes 2711, the linear complexity of the sequence
tr+1) g .

Let u("*1) be a 2"*1-periodic sequence with linear complexity 27+ — (2im 4 ... 4 272 4. 2i1)
and Wy (u("tD) = 2. By Theorem 2.7.1, the number of sequences t""*+1) + 4("+1) with
linear complexity 271 — (2im 4 ... | 9i2 4 21 jg 927 (r+1) =2 i = =2ip—is ~2" 142 o 9o,

For any sequence u("t1), by Theorem 2.7.2, there exist 1 +2 4 --- + 2272 = 22"-1 _1
sequences v("t1) with linear complexity 27+ — (2m 4. .. 4272 4 211) and Wy (u("+D)) = 2™,
such that L(u("t) +o+D) < ¢,

Let 271 = ¢0r+1) 4 (41 £ (0 +D  Then L(z+D) = ¢, t0+D 40+ = z(r+1) 4y (r+1),
Therefore, the number of distinct sequences ¢t 4+ w(™t1) with linear complexity 27! —

(Qim + ...+2i2 +2i1) is

227717,_2771711‘7”_,,._21‘2_i1_2m+2 X 2271_1 X 20_1.

For a given sequence t" 1) + 41 with linear complexity 271 — (2im 4 ... 4 202 4 9i1),
we restore the sequence t 1) 4 ¢ +1) to ¢(") 4 (") with linear complexity 2" — (2im 4
2im-1 4 ... 4 211) by the reverse process of Algorithm 2.1.1. By Lemma 2.1.5 in Section
92" -2 sequences (™ + 4™ will be obtained. The number of such sequences (™ + (™)
is

92" =2 922" iy — =20 —iy =243 ge—1 22”72T+1+c+2mr72m_limf---721'27i172m+1+2
where u(™ is a 2"-periodic binary sequence with linear complexity 2" — (2im + 2im-1 4
o4 20) and Wy (ul™) = 2™, Also Lom () 4 () = 2n — or+1 4 ¢

This completes the proof. O

The above result gives a complete characterization on the first descent point distribution
for k-error linear complexity. Several existing results are special cases of Theorem 2.7.4.

For m = 0, from Theorem 2.7.4, we obtain the following conclusion.

Corollary 3.1 Let N;(L) be the number of 2"-periodic binary sequences s(™ with linear
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complexity 2" and 1-error linear complexity L. Then

2" L=0
Ny(Ly=¢ 247, L=2" -2ty 1<r<nl1<c<?2
0, otherwise

Corollary 3.1 was first proved by Meidl (2005). Here we obtain this result with a different
approach.

For m = 1,41 = 0, from Theorem 2.7.4, it is easy to verify the following conclusion, which
was first proved by Zhu and Qi (2007)).

Corollary 3.2 Let No(L) be the number of 2"-periodic binary sequences s(™ with linear

complexity 2" — 1 and the 2-error linear complexity L. Then

2%n—2 L=0
No(L)y=q 2t+2=1 L =2 _2fl L 2<r<n,1<c<2 —1

0, otherwise

For m = 2, the main result by Pi and Qi (2011) is also a special case of Theorem 2.7.4.

2.8 Summary

In this chapter, we proposed a unified framework for the k-error linear complexity dis-
tribution of 2"-periodic binary sequences, and completely solved the problem of 2-error,
3-error and 4-error linear complexity distribution of 2" periodic binary sequences. One
can see that the decomposition in the case of 4-error is much more complicated than that
of 2-error and 3-error. As to the case of the 5-error linear complexity, we only obtained
partial results in this chapter and for complete solution, it remains to study the case that
w™ = u™ + v with W(u™) =3 or 5, W(w™) =3 or 5, L(w™) =271 240 _2d
and W(w™) = 8. The key issue in the problem is that W (w(™) is still 8. In this case,
we need to calculate its different possible combinations. However, this is not an easy task
currently. We expect that with the technique of sequence decomposition proposed in this
chapter, one can obtain the complete counting functions for the 5-error linear complexity

distribution. We will continue this work in future due to its importance.

Of course, we can consider the 6-error linear complexity and the 7-error linear complexity

with the proposed approach in this chapter and obtain some partial results similar to the
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case of Kk = 5. As to the difficulty of this problem in nature, we will do it in future as
we believe the proposed approach can pave a way for their complete solutions. One can
imagine that the decomposition will become more and more complicated when the value

k increases.
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Chapter 3

Cube Theory and Stable k-error
Linear Complexity

The motivation of studying the stability of linear complexity is that changing a small
number of elements in a sequence may lead to a sharp decline of its linear complexity.
Therefore we really need to study such stable sequences in which even a small number
of changes do not reduce their linear complexity. The stable k-error linear complexity is
introduced in this chapter to deal with this problem. Suppose that s is a sequence over
GF(q) with period N. For k(0 < k < N), the k-error linear complexity of s is defined as
stable when any k or fewer of the terms of the sequence are changed within one period,

the linear complexity does not decline.

Algebra (Meidl, 2004, [2005; |Fu et al.l 2006, Zhu and Qi, 2007) and discrete Fourier trans-
form (Hu and Feng, 2005) are two important tools to study the k-error linear complexity
for periodic sequences. [Etzion et al. (2009) studied the sequences with only two k-error
linear complexity values exactly, namely its k-error linear complexity is only L(s) or 0. To
further investigate this concept, we present a new tool called the Cube Theory (Zhou
et al., 2013)) to study the stable k-error linear complexity of binary sequences with period
2", By using the cube theory, we are capable of investigating the k-error linear complex-
ity for periodic sequences from a new perspective. First, one significant benefit is that
one can construct sequences with the maximum stable k-error linear complexity. Some
examples are also given to illustrate the proposed approach. Second, it is proved that a
binary sequence with period 2" can be decomposed into some disjoint cubes. Based on the
Games-Chan Algorithm, we further propose a standard cube decomposition for any
binary sequence with period 2". The main approaches of Chapter 4] and Chapter [5| are
based on the cube decomposition theory. With such decomposition, it is proved that the
maximum k-error linear complexity is 27 — (2! — 1) over all 2"-periodic binary sequences,
where 271 < k < 2!, As a consequence of these results, some results by Niu et al. (2013,
2014) are proved to be incorrect. Finally, continuing the work of |Kurosawa et al. (2000))
with different approaches, a characterization is presented about the minimum number &

for which the second decrease occurs in the k-error linear complexity.
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The rest of this chapter is organized as follows. In Section[3.I] some preliminary results are

presented. In Section the definition of cube theory and our main results are presented.

3.1 Preliminaries

The linear complexity of a 2™-periodic binary sequence s can be recursively computed by
the Games-Chan algorithm (Games and Chan| [1983) stated as follows.

Algorithm 3.1.1
Input: A 2"-periodic binary sequence s = [Left(s), Right(s)], ¢ = 0.
Output: L(s) =c.

Step 1. If Left(s) = Right(s), then deal with Left(s) recursively. Namely, L(s) =
L(Left(s)).

Step 2. If Left(s) # Right(s), then ¢ = ¢ + 2"~ ! and deal with Left(s) @ Right(s)
recursively. Namely, L(s) = 2"~! + L(Left(s) @ Right(s)).

Step 3. If s = (a), then if a = 1 then ¢ = ¢+ 1.

From Lemma 2.1.1 in Section if a nonzero element is changed to zero in a sequence
whose Hamming weight is odd, the Hamming weight of the sequence will be changed to
even, so the main concern hereinafter is about sequences whose Hamming weights are

everl.

Suppose that the linear complexity of s can decrease when at least k elements of s are
changed. By Lemma 2.1.2 in Section the linear complexity of the binary sequence, in
which elements at exactly those k positions are all nonzero, must be L(s). Therefore, for
the computation of the k-error linear complexity, we only need to find the binary sequence

whose Hamming weight achieves the minimum and its linear complexity is L(s).

Denote E;; by a binary sequence with period 2", and it has only 2 nonzero elements in a
period. By Lemma 2.1.3 in Section if there are only 2 adjacent positions with nonzero
elements in F;;, then its linear complexity is 2" — 1, namely E;; is a sequence with even

Hamming weight and the largest linear complexity. According to Lemma 2.1.2 in Section
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if sequence s can be decomposed into the superposition of several E;;s, in which each
has linear complexity 2" — 1, and the number of E;js is odd, then L(s) = 2" — 1. After a
symbol of s is changed, its Hamming weight will be odd, so its linear complexity will be

2" namely the 1l-error linear complexity of sequence s is 2" — 1.

Proposition 3.1.1 If s is a binary sequence with period 2", then its maximum 1-error

linear complexity is 2™ — 1.

In order to discuss the maximal 2-error linear complexity of a binary sequence with period

2", we now consider a binary sequence which has only 4 positions with nonzero elements.

Lemma 3.1.1 If s is a 2™-periodic binary sequence and there are only four non-zero
elements, thus s can be decomposed into the superposition of E;; and Ej;, where i <
4,i < k < . If d,e are the largest integers satisfying i = j( mod 2%), k = I( mod 2°),
and k — ¢ = 1( mod 2) separately, then

2" — (1429), ife=d
L(S) - n min(d,e) ;
2" —2 €/ otherwise

Proof. According to Lemma 2.1.2 in Section if d # e, then L(s) = 2" — 2min(de),

Consider the case of d = e. Denote E; by a binary sequence with period 2", and it has
only one nonzero element with index 7 in a period. We know that s can be decomposed

into the sum of E;, F;, E}, and E;. The corresponding polynomial of E; + Ej is given by

4l = 21— =21 - xQd(HQ“))

= 21— 21+ 2 + 22 4 a2
where u is a positive integer. The corresponding polynomial of Fy + Ej is given by

iL‘k + l’l _ xk(l - xl—k) — xk(l _ x2d(1+21)))

= "1 — 221+ 22 + 222 4 g2

where v is a positive integer. Then E; + E; + Ej, + E; corresponds to a polynomial, which
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is given by

[ Rt
= (1—%‘ N+ 2 +x 2 ety
(1422 4 22 2]
- ( )[1+xk i (xz +x2'2d+---+x2“'2d)
aF i@ 4 2?2 g g2
")
(z

1+ a:2c+1 (@ 22 g2
2d

= (

—1

+ NS x2vv2d)]

— l,i(l_l,)Q +1[(1—|—$+l’2—|—"'+$26)
+(w2d—|—x3'2d+---+$(2“ 1)-2¢ )1+ )Qd—l
+xk—i(x2d +x3.2d +...+x(2v—1)‘2 )(1 +x)2d—1]

where c is a positive integer. Since there is no factor (1 +z) in (1 +z + 2% + -+ + 2%),
hence ged((1 — 2)2", 2% 4+ 29 + 2% 4+ 2!) = (1 — 2)2° L, thus, L(s) = 2" — (27 + 1).

This completes the proof. O

More specifically, we have the following result.
Lemma 3.1.2 If s is a binary sequence with period 2" and there are only 4 non-zero

elements, and s can be decomposed into the superposition of E;; and Ejy;, in which each

has linear complexity 2" —1, then the linear complexity of s is 2" — (2d+1) or 2" —2% d > 0.

Proof. Suppose that the non-zero positions of £;; are i and j, whose linear complexity is
2" — 1,7 — i =2a+ 1, and non-zero positions of Fy; are k and [, whose linear complexity
isalso 2" —1,i< k,l —k=2b+ 1.

Next we will investigate the problem with the following 6 cases:

l)i<k<l<j,and k —1i=2c.

Asj—i=2a+1,l—k=2b+1,s0

j—l=2a+1—-(2b+1+42c)=2(a—b—c)
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If j — 1 = 2% + 202 k — i = 2° 4+ 202¢, without loss of generality, assume d < e, by Lemma
2.1.2 in Section L(s)=2"—-2% d>0.

If d = e, by Lemma 3.1.1, since [ —i = 2(b+c¢) + 1, so L(s) = 2" — (2¢ 4+ 1).
2)i<k<l<j,and k—i=2c+ 1.

Asj—i=2a4+11-k=20+1,50l—i=204+1+2c+1=20b+c+1),j—k =
20+1—(2c+1)=2(a—c)

If j — k = 2%+ 2u2%, 1 — i = 2¢ 4+ 202¢, without loss of generality, assume d < e, by Lemma
2.1.2 in Section [2.1} L(s) = 2" — 24, d > 0.

Since k — i = 2c + 1, by Lemma 3.1.1, if d = e, then L(s) = 2" — (2¢ 4 1).
3)i<k<j<l,and k—i=2c.

Asj—i=2a+1,l—k = 2b+1,80 j—k = 2a+1-2c = 2(a—c)+1,l—j = 2b+1—[2(a—c)+1] =
2(b+c—a)

If I —j = 2%+ 2029 k — i = 2¢ + 202¢, without loss of generality, assume d < e, by Lemma
2.1.2 in Section [2.1} L(s) =2" —2¢,d > 0.

Since j — i = 2a + 1, by Lemma 3.1.1, if d = e, then L(s) = 2" — (2¢ + 1).
)i<k<j<l,and k—i=2c+1.

Asj—i=2a+1,l—k=2b+1s0j—k =2a+1—(2¢+1) =2(a—c),l—i=2b+1+2c+1 =
2b+c+1).

If | —i = 2% 4+ 2u2%, j — k = 2¢ 4+ 202¢, without loss of generality, assume d < e, by Lemma
2.1.2 in Section 2.1} L(s) = 2" — 2%.d > 0.

Since k — i = 2c + 1, by Lemma 3.1.1, if d = e, then L(s) = 2" — (2¢ 4 1).
5)i<j<k<l and k —1i=2c.

Asj—i=2a+1l—-k=20+1,50k—j=2c—(2a+1) =2c—a)—11—j =
264+ 14+ 2(c—a)—1]=2(b+c—a)
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If | —j = 2%+ 2u2% k — i = 2° 4+ 202¢, without loss of generality, assume d < e, by Lemma
2.1.2 in Section L(s)=2"—2%d > 0.

Note that j —4 = 2a + 1, by Lemma 3.1.1, if d = e, then L(s) = 2" — (2¢ 4 1).
6)i<j<k<l and k—i=2c+ 1.

Asj—i=2a+1,l—k=2b+1,s0k—j =2c+1—(2a+1) = 2(c—a),l—i =2b+1+2c+1 =
2b+c+1)

If | —i = 2% 4+ 2u2% k — j = 2°¢ 4+ 202¢, without loss of generality, assume d < e, by Lemma
2.1.2 in Section L(s) =2"—2%d > 0.

Note that k —i = 2c + 1, by Lemma 3.1.1, if d = e, then L(s) = 2" — (29 4 1).

Based on the above 6 cases, we conclude that the lemma can be established. ]

Corollary 3.1.1 Suppose that s is a binary sequence with period 2™ and there are only
4 non-zero elements, and s can be decomposed into the superposition of E;; and Ej;. If
non-zero positions of F;; are ¢ and j,j — 4 is an odd number, and non-zero positions of
Ey; are k and [,1 — k is also an odd number, and i < k,k —i=4c+2,|l — j| =4d + 2, or
|k — j| = 4c+ 2, |l — i| = 4d + 2, then the linear complexity of s is 2" — 3.

Proof. According to case 1), 3) and 5) of Lemma 3.1.2, if k —i = 4¢c+ 2, [l — j| = 4d + 2,
then |l — j| = 2+ 4d,k — i = 2 + 4c. By Lemma 3.1.1, noting that j —i = 2a + 1, so
L(s)=2"—(2+1).

According to case 2), 4) and 6) of Lemma 3.1.2, if |k — j| = 4¢+ 2, |l —i| = 4d + 2, then it
is easy to know that k — i is odd, thus |k — j| =2+ 4¢, |l —i| = 2+ 4d. By Lemma 3.1.1,
L(s)=2"— (2+1). O

Corollary 3.1.2 If s is a binary sequence with period 2" and there are only 4 non-zero
elements, and s can be decomposed into the sum of two E;;, in which each has linear
complexity 2" — 2, then the linear complexity of s is 2" — (24 1) or 2" — (2¢ +1)2,d > 0
or 2" — 24 d > 1.

Proof. Suppose that non-zero positions of the first E;; are i and j, j — ¢ = 4a + 2, and
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non-zero positions of the second E;; are k and I,l — k = 4b + 2, where ¢ < k.

If Kk —i=2c+ 1, according to Lemma 3.1.1, then L(s) =2" — (2+1).

If k — i = 2¢, the corresponding polynomial of E; + E; + Ej, + Ej is given by

o2l 4 af 4l = 2t (1 4 2T 4 gk g gl R

Therefore, we only need to consider

14 @I = gkt g glmhth—i = ] o (g2)20HL 4 (22)C 4 (22)20H1He = | 4 g2atl g ey 2btlde

According to Lemma 3.1.2, L(s) = 2" — (2¢ +1)2,d > 0 or 2" — 29, d > 1. O

Now we can obtain the following conclusions according to Lemma 3.1.2 and Corollary
3.1.2.

Proposition 3.1.2 Suppose that s is a binary sequence with period 2" and there are four
non-zero elements, then the necessary and sufficient conditions for the linear complexity
of s being 2" — 3 are given by: s can be decomposed into the superposition of E;;, and Ej;,
in which each has linear complexity 2" — 2. Further, if the non-zero positions of E;j are ¢
and k, with k — i = 4c + 2, and the non-zero positions of the second Ej are j and [, with
l—j=4d+2, where i < j, then j —i =2a+1(or |l —k|=2b+1or |l —i]| =2e+1 or
|k —jl=2f+1).

2b+1

2 1 2e4 1

4c + 2 4d + 2

20 + 1

Figure 3.1: A graphic illustration of Proposition 3.1.2

We can also illustrate this with a graph in Figure The only 4 non-zero positions of
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sequence s are i,j,k and [. Ask—i=4c+2,l—j=4d+2,and j —i = 2a+ 1, so
l—k=1l—j+j—i—(k—i)=4d+2+2a+1— (4c+2) is odd. Next we give a result on

the stable sequence.

Proposition 3.1.3 Suppose that s is a binary sequence with period 2" and its Hamming

weight is even, then the maximum stable 2-error linear complexity of s is 2" — 3.

Proof. Assume that L(s) = 2" — 1, then s can be decomposed into the sum of several
E;js and the number of E;;s with linear complexity 2" — 1 is odd. According to Lemma
2.1.2 in Section @ if an E;; with linear complexity 2" — 1 is removed, then the linear
complexity of s will be less than 2" — 1, namely the 2-error linear complexity of s is less
than 2" — 1.

Assume that L(s) = 2" — 2, then s can be decomposed into the sum of several F;js and
the number of Fjjs with linear complexity 2" — 2 is odd. If an Fj;; with linear complexity
2™ — 2 is removed, then the linear complexity of s will be less than 2" — 2, namely the

2-error linear complexity of s is less than 2" — 2.

Assume that L(s) = 2™ — 3, without loss of generality, here we only discuss the case that
s has 4 non-zero elements: e;, e;, ey and e;, and L(E; + E; + Ey, + E;) = 2" — 3. If any two
of them are removed, by Proposition 3.1.2, the linear complexity of remaining elements of
the sequence is 2" — 1 or 2" — 2. From Figure after e; and e; are changed to zero, we

can see that the linear complexity of the sequence composed by e; and ey, is 2" — 1.

If the position of one element from e;, e;, e; and ¢; is changed, then there exist two elements,

of which the position difference remains unchanged as odd, thus L(s) > 2" — 3 .
If two nonzero elements are added to the position outside e;, e, e; and e;, namely an FE;;
with linear complexity 2" —2% is added to sequence s, according to Lemma 2.1.2 in Section

the linear complexity will be 2" — 1, 2" — 2 or 2™ — 3.

Summarizing all above discussions, the proof is completed. ]

The following is an example to illustrate Proposition 3.1.3.
The linear complexity of 11110---0is 2" — 3

The linear complexity of 01010---0 or 10100---0 is 2™ — 2
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The linear complexity of 01100---0 or 10010---0is 2™ — 1

If two additional nonzero elements are added to 11110---0, namely an F;; whose linear
complexity is 2" — 2% is added to it, according to Lemma 2.1.2 in Section the linear

complexity will become 2" — 1, 2" — 2 or 2" — 3.

For instance, suppose that 1110- - - 010- - - 0 is the addition of 11110- - - 0 and 0001- - - 010- - - 0.
We here only consider the case that the position difference of the last two nonzero ele-
ments is 2¢ + 1. According to case 5) of Lemma 3.1.2, j —i = 1,l — k = 2c+ 1, so
k—j=1,1—7=2(c+1).

Noticed that k —i = 2, if | — j = 2¢(2u + 1), according to Lemma 2.1.2 in Section
L(s) =2" —2 when d > 1.

If d =1, since j —i = 1, according to Lemma 3.1.1, L(s) = 2" — 3.

3.2 The Cube Theory and Main Results

Before presenting main results, we first consider a special case.

Lemma 3.2.1 Suppose that s is a binary sequence with period 2" and there are 8 non-
zero elements, thus s can be decomposed into the superposition of F;;, Eii, Eyy, and Ep,.
Suppose that non-zero positions of E;; are ¢ and j,j — 4 = 2a + 1, and non-zero positions
of By are kand I, —k=2b+1,and k —i = 4c+ 2,1l — j = 4d + 2, and non-zero positions
of Ep,, are m and n, non-zero positions of E,, are p and ¢, and m —i¢ =4 +8u,n — j =
4+8v,p—k=4+8w,q—1 =4+ 8y, where a,b,c,d,u,v,w and y are all non-negative

integers, then the linear complexity of s is 2" — 7.

Proof. According to Corollary 3.1.1, L(E; + E; + E + E;) = 2" — 3.

Asm—-n=m-—-i—-(n—j5)—(G—-1i),p—q=p—k—(qg—1)— (Il — k), thus both m —n

and p — ¢ are odd numbers.
Asp—-m=p—k—-—(m—-i)+(k—-1),q—n=qg—1—(n—7) + (I —j), thus both

p —m and ¢ — n are multiples of 2, but not multiples of 4. According to Corollary 3.1.1,
L(E, + E,+E,+ E;) =2"—3.
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Similar to the proof of Lemma 3.1.1, the corresponding polynomial of E; + Ey, + E,, + E,
is given by

2+ aF 4 2™ 4 2P

= (1—x4)[(1+x o i SRR |
ah ’(1+x + 2% +---+a:2“"4)]

= (1—954)[ (fc A SRR iy
A e Ny -+:L‘2“"4)]

= 1—904)[ +$4C+2 (x4+x2'4+---+x2“'4)
a* (2t 4 2%t 4 2P

= (1—x)6[(1—|—x +at 4+ 2t

+($4+$ 44 +x(2u—1)~4)(1 —l—l‘)2
k Z(SL‘ —|—$ '+1‘(2w_1)'4)(1+$)2}

The corresponding polynomial of E; + E; + E,, + E, is given by

ol 4+ 2l 2" 4 2f
= (1 —aY[(1 a2 2
ral I 4ot 2?4 )
= (1 -2)[(1+ 22+ 2t - + 219
ot 2P g 2D ()2
4l P 2@ DY (1 )
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The corresponding polynomial of E; + E; + Ey, + E; + E,, + E,, + E, + E, is given by

ot ol 4 2P 4t ™ 2™ 4 2P 2
= 21 -2){Q+2%+2* -+ 2%
+at + 2?4 DY (1 )2
kit a3t :L,(Qw—l)~4)(1 + )2
a1+ 2?2t 4 42t
Pt adt e GDAY (1 )2
i@t 4 ¥ @D 4 )2}
= 2'(1-2)%{14+277"+ (2 +2" + - +2")
Fat et $(2u—1)-4)(1 + )2
I O (T
+a2 7 (22 4 2t 4 - 4 2t
Pzt ¥ DAY 4 )2
=it 4 ¥ DY 4 )?)
= 2(1-2){l+x+2°+ - +22°
+a?(1+a)(1+ 2t + -+ 2teD)
Pt a1 4
I & I e S S
+27 7 (1 + o) (14 2t + - 4 2207D)
Pttt $(2@—1)-4)(1 + 1)
(@t 4+ 2+ DAY 4 )]

The number of items in (1 + 2 + 22 + - -- 4+ 22?) is odd, thus there is no factor (1 + z) in
(14 x4 224 --- + 2%9). Thus we have

ged((1—2)*" 2’ + 2l +ab + 2l + 2™ 42" 2P +29) = (1 — )7
It is followed by L(s) = 2™ — 7. O

For the convenience of presentation, we introduce some definitions.

Definition 3.2.1 Suppose that the difference of positions (or indexes) of two non-zero

elements of sequence s is (2x + 1)2Y, both x and y are non-negative integers, then the
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Figure 3.2: A graphic illustration of Lemma 3.2.1

distance between the two elements is defined as 2Y.

Definition 3.2.2 Suppose that s is a binary sequence with period 2", and there are 2™
non-zero elements in s, and 0 < 47 < ip < -+ < 4y, < n. If m = 1, then there are 2
non-zero elements in s and the distance (based on Definition 3.2.1 above) between the
two elements is 2, so it is called as a 1-cube. If m = 2, then s has 4 non-zero elements
which form a rectangle, the lengths of 4 sides are 21 and 22 respectively, so it is called
as a 2-cube. In general, s has 2! pairs of non-zero elements, in which there are 2m~!
non-zero elements which form a (m — 1)-cube, the other 2™~! non-zero elements also form
a (m — 1)-cube, and the distance between each pair of elements are all 2i, then the
sequence s is called as an m-cube, and the linear complexity of s is called as the linear

complexity of the cube as well.

Definition 3.2.3 A non-zero element of sequence s is called a vertex. Two vertexes can
form an edge. If the distance between the two elements (vertices) is 2, then the length
of the edge is defined as 2Y.

Now we consider the linear complexity of a cube.

Theorem 3.2.1 Suppose that s is a binary sequence with period 2", and non-zero elements

of s form a m-cube, if lengths of edges are iy,i9, - ,ip (0 < i1 < iy < -+ < iy < N)
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respectively, then L(s) = 27 — (211 4 282 4 ... 4 2im),

Proof. Similar to the proof of Lemma 3.2.1, it is easy to prove Theorem 3.2.1 with

mathematical induction.

Based on the Games-Chan algorithm (Games and Chan| 1983), we give another proof

from different perspective.

In the kth step, 1 < k < n, if and only if one period of the sequence can not be divided
into two equal parts, then the linear complexity should be increased by half period. In
the kth step, the linear complexity can be increased by maximum 2" *.

Suppose that non-zero elements of sequence s form a m-cube, lengths of edges are i1, 42, -+ ,im
(0 <y <idg < -+ < iy < n) respectively. Then in the (n — i,,)th step, one period of the
sequence can be divided into two equal parts, then the linear complexity should not be

increased by 2m.

In the (n — i2)th step, one period of the sequence can be divided into two equal parts,

then the linear complexity should not be increased by 2¢2.

In the (n — i1)th step, one period of the sequence can be divided into two equal parts,

then the linear complexity should not be increased by 2.
Therefore, L(s) = 1+ 142422442771 (201 4202 ... 4 90m) = 20 (201 4 202 4 ... 4 9im),

The proof is complete now. O

There is a 3-cube in Figure L(s) =2"—(1+2+4), and lengths of edges are 1,2 and

4 respectively. Next we give a decomposition result.

Theorem 3.2.2 Suppose that s is a binary sequence with period 2", and L(s) = 2" —
(20t 422 4 ... 4 2m) where 0 < i; < i3 < -+ < 4, < n, then the sequence s can
be decomposed into several disjoint cubes, and only one cube has the linear complexity
2" — (21 4 272 4 ... 4 2'm) other cubes possess distinct linear complexity which are all
less than 27 — (2 422 4 ... 4 2im)_ [f the sequence s consists of only one cube, then the

Hamming weight of s is 2™.
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Proof. The mathematical induction will be applied to the degree d of sV (z). For d < 3,
by Lemma 2.1.3 in Section the theorem is obvious.

We first consider a simple case.

A) Suppose that L(s) = 2" — (2%t 422 4 ... 4 20m 4 2im+1) and the Hamming weight of s
is the minimum, namely L(s) # 2" — (2 4 2% 4 ... 4 2im 4 2im+1) when we remove 2 or

more non-zero elements. Next we prove that s consists of one (m + 1)-cube exactly. Let

SN(I') = (1 — l’zil)(l _ w2i2) . (1 _ .’EQim)(l . $2i77z+1)

[1+ f(2)(1 — )]

Then tV(z) = (1 —22")(1 —22?)--- (1 —22™)[1 + f(z)(1 — z)] corresponds to a sequence
t whose linear complexity is L(t) = 2" — (21 422 ... 4+ 2im). The degree of ¢V (z) is less

than the degree of s™¥(x), so the mathematical induction can be applied.

In the following, we consider two cases. We will prove that the second case is equivalent

to the first case.

1) The Hamming weight of sequence ¢ is 2. By mathematical induction, ¢ is an m-cube.
Since sV (z) = tN(z)(1 — 22™") = tN (@) + 22"tV (2), and 0 < 4y < dg < -+ < iy <

im+1 <M, 50 s is a (m + 1)-cube and its Hamming weight is 271,

2) The Hamming weight of sequence t is 2™ 4+ 2y. By mathematical induction, the se-
quence t can be decomposed into several disjoint cubes, and only one cube has the linear
complexity 2" — (2% + 2% 4 ... 4 2'm). Thus

@) = (1—a2")(1 = a2) - (1= 22" )1 + g(a)(1 — @) + h@)(L — 2)], and ¥ (z) =
(1—22")(1—2%)--- (1 —22™)[1 + g(x)(1 — )], corresponds to an m-cube, its non-zero

elements form a set denoted by A.

oN(z) = (1 —22)(1 — 222) -+ (1 — 22" )h(z)(1 — z) corresponds to several cubes, whose

2y non-zero elements form a set denoted by B.

Assume that b € B,bz2™"" € A, we swap b and bz?™"", namely let b € A,b22™"" € B.
It is easy to show that the linear complexity of the sequence to which u¥(x) corresponds

remains unchanged. The new uV(z) is still an m-cube.
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V(@) = tN(@)(1 - 22™) = N (@) + oV (@) — uN (2)22 ™ — 0N (2)22 " W ()22
corresponds to 2" non-zero elements which form a set denoted by C. v (z)z>™*" corre-

sponds to 2y non-zero elements which form a set denoted by D.
By definition, set A and set C disjoint, set B and set D disjoint.

Suppose that set A and set D intersects. Thus there exists b € B, such that b2 € A,
which contradicts the assumption that b € A,bz2 ™" € B. So set A and set D disjoint.

As set A and set B disjoint, we know that set C and set D disjoint.
We now prove that Set C and B disjoint by contradiction approach.

Suppose that b € B,b = azx? ™ € C,a € A, then az?@™) must be in D, so sequence s
has non-zero elements a and az22™*"). The linear complexity of the sequence with only
2im+l)

non-zero elements a and ax2( is

21’L72,2im+1 <2n7(221+212++21m+2zm+1)

Based on Lemma 2.1.2 in Section if the two non-zero elements are changed to zero,
the linear complexity of s remains unchanged. This contradicts the assumption that the
Hamming weight is the minimum, so A and C form a (m + 1)-cube exactly, and its linear
complexity is 27 — (20 4 272 4 ... 4 2Im 4 Dim1),

By the assumption of Case A), s has the minimum Hamming weight, so s consists of a

(m 4+ 1)-cube exactly.

B) Let sN(iv) = uN(:B) + UN(ac), where the Hamming weight of uN(m) is the minimum,
and
L(u) =" _ (211 4 2i2 NI 2im + 2im+1)'

From Case A), u™¥(x) consists of a (m + 1)-cube exactly.

Let vV (z) = yN(z) + 2V (z), where the Hamming weight of 3™ (x) is minimum, and
L(y) = L(v). By Case A), y"(z) consists of only one cube exactly. By analogy, we can
prove that s consists of several cubes, and only one cube has the linear complexity of
2m — (201 4 202 4 ... 4 2%m 4 2Um+1) other cubes possess distinct linear complexity which
are all less than 27 — (201 + 292 4 ... 4 20m 4 Qim+1),

This completes proof. O
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The following examples can help us understand the proof of Theorem 3.2.2.

M+2) 1 +2)[1+2°(1 +2?)]) =1+z+ 2%+ 2% + 25+ 2% + 22 + 219 corresponds to a
sequence in which there are 8 non-zero elements. It consists of two 2-cubes: (1+2)(1+2?)
and (1 +2)(1+z*)2’.

I+z)1+2)1+2°(1+2?)](1+2*) = 1+a+2?+ 23+ 2% + 27+ 213 4 214 corresponds
to a sequence in which there are also 8 non-zero elements, but only one 3-cube. The linear

complexity is 2" — (1 4+ 2 + 4), and the lengths of edges are 1, 2 and 4 respectively.

Based on Algorithm 3.1.1, we may have a standard cube decomposition for any binary
sequence with period 2™ and L(s) < 2" (Zhou et al., |2015b)).

Algorithm 3.2.1

Input: s is a binary sequence with period 2" and L(s) < 2".
Output: A cube decomposition of sequence s(™.

Step 1. Let s = [Left(s™), Right(s™)].

Step 2. If Left(s™) = Right(s™), then we only consider Left(s™).

Step 3. If Left(s™) # Right(s™), then we consider Left(s"™)@ Right(s"™). In this

case, some nonzero elements of s may be removed.

Step 4. After above operation, we can have one nonzero element. Now by only restoring
the nonzero elements in Right(s(™) removed in Step 2, one can achieve Left(s™) =

Right(s™). In this case, we obtain a cube ¢; with linear complexity L(s(™).

Step 5. With s @ c1, run Step 1 to Step 4. We obtain a cube co with linear complexity
less than L(s™).

Step 6. With these nonzero elements left in s, run Step 1 to Step 5 recursively we will

obtain a series of cubes in the descending order of linear complexity.
Obviously, this is a cube decomposition of sequence s(™. We define it as the standard

cube decomposition of sequence s(™. One can observe that cube decomposition of a

sequence may not be unique in general, but the standard cube decomposition of a
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sequence is unique.

Next we use a sequence {1101 1001 1000 0000} to illustrate the decomposition process.
Note that the sequence can be considered as 1+ z + 2 + 24 + 27 + 28,

As Left # Right, then we consider Left @ Right. Then the cube 1+ 2% is removed.

Recursively, as Left # Right, then we consider Left @ Right. This time the cube 23+ 27
is removed. Only the cube x + 24 is left. So the standard cube decomposition of 1 + = +
w32t + 27 + 2% is {z+ 2, 2P+ 27,1+ 28,

Suppose that the linear complexity of s can reduce when at least k elements of s are
changed. By Lemma 2.1.2 in Section the linear complexity of the binary sequence, in
which elements at exactly those k positions are all nonzero, must be L(s). According to

Theorem 3.2.1 and Theorem 3.2.2, it is easy to achieve the following conclusion.

Corollary 3.2.1 Suppose that s is a binary sequence with period 2", and L(s) = 2" —
(201 422 4 ... 4 2im) where 0 < iy < dg < -+ < iy < N. If kpyiy is the minimum, such

that the kpin-error linear complexity is less than L(s), then kpyi, = 2™.

Corollary 3.2.1 was first proved by [Kurosawa et al. (2000), and later it was proved by
Etzion et al|(2009) with a different approach.

Obviously, previous Proposition 3.1.2 and Proposition 3.1.3 are also corollaries of Theorem
3.2.1 and Theorem 3.2.2.

Now we consider a k-cube, if lengths of edges are 1,2,22,--- | and 2¢~! respectively, and
the linear complexity is 2" — (2% — 1). By Theorem 3.2.1 and Theorem 3.2.2, we can obtain

the following results on stability.

Corollary 3.2.2 Suppose that s is a binary sequence with period 2™ and its Hamming
weight is even, then the maximum stable 2¥=1 ... (2¥ —2) or (2¥ — 1)-error linear com-
plexity of s are all 2" — (28 — 1)(k > 0).

The following is an example to illustrate Corollary 3.2.2.

2k
—_—
Let s be the binary sequence 11---110---0. Its period is 2", and there are only 2F

continuous nonzero elements at the beginning of the sequence. Then it is a k-cube, and
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the 2F=1 ... (2% —2) or (2% — 1)-error linear complexity of s are all 2" — (2¥ — 1).

After at most e(0 < e < 2F — 1) elements of a period in the above sequence are changed,
the linear complexity of all new sequences are not decreased, so the original sequence

possesses stable e-error linear complexity.

According to Lemma 2.1.2 in Section if a sequence whose linear complexity is less
than 2" — (2% — 1) is added to the sequence with linear complexity 2" — (2¥ — 1), then the
linear complexity of the new sequence is still 2" — (2% — 1), and the 281, ... (2 —2) or

(2% — 1)-error linear complexity of the new sequence are all 2" — (2F — 1).
By combining Corollary 3.2.1 and Corollary 3.2.2, we can achieve the following theorem.

Theorem 3.2.3 For 2!-! < k < 2!, there exists a 2"-periodic binary sequence s with
stable k-linear complexity 2" — (2! — 1), such that

Li(s) = max (1)

where t is any 2"™-periodic binary sequence.
Niu et al.| (2013} 2014) gave the following result.

Conjecture 3.2.1 Let L,,(s) the m-error linear complexity of binary sequence with
period 2". Then L,,(s) < 2" —2m + 1.

Theorem 3.2.3 completely answers Conjecture 3.2.1. If m = 2!=1, then there exists a 2"-
periodic binary sequence s such that L,,(s) = 2" — 2/ +1 = 2" — 2m + 1. Otherwise, if
m = 271 4 v, where v > 0, then L,,(s) =2" =2/ +1=2" —2m +2v +1 > 2" — 2m + 1.
In other words, Conjecture 3.2.1 is correct only when m = 2!=! in other cases it is not

correct.

It is reminded that the CELCS (critical error linear complexity spectrum) is studied by
Lauder and Paterson (2003); |[Etzion et al. (2009). The CELCS of a sequence s consists
of the ordered set of points (k, Ly(s)) satisfying Li(s) > Ly (s), for k' > k; these are the
points where a decrease occurs in the k-error linear complexity, and thus are called critical
points. An efficient algorithm for computing the CELCS of a sequence is given by [Lauder
and Paterson (2003]).

Let s be a binary sequence with period 2" and it has only one m-cube. Then s has only
two critical points: (0,1(s)), (2,0).
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In the following, we will study binary sequences with several cubes. By Theorem 3.2.2, if
s is a 2"-periodic binary sequence, then it can be decomposed into several disjoint cubes.

The following examples show that the cube decomposition of a sequence is not unique.

For example, 1 + = + 23 + 2% + 27 + 2% can be decomposed into a 1-cube 1 + z, whose
linear complexity is 2" — 1, and a 2-cube z® 4+ z* + 27 + 28, whose linear complexity is
2" — (14 4).

It can also be decomposed into a l-cube 2® 4 2%, whose linear complexity is 2" — 1, a
1-cube z + 27, whose linear complexity is 2" — 2, and another 1-cube 1+ 2%, whose linear

complexity is 2" — 8.

It can also be decomposed into a l-cube 27 4 28, whose linear complexity is 2" — 1, a
1-cube z + 23, whose linear complexity is 2" — 2, and another 1-cube 1+ z*, whose linear

complexity is 2" — 4.

It can also be decomposed into a l-cube 1 4 3, whose linear complexity is 2" — 1, a
1-cube = + 27, whose linear complexity 2" — 2, and another 1-cube z* + 28, whose linear

complexity is 2" — 4.

In fact, we do not know how many possible ways for such decompositions. However, in
order to achieve the maximal decrease of the linear complexity of the new sequence by
superposing another sequence over the original one, a direct method is, if possible, that
the linear complexity of the first cube is changed to the same as the linear complexity of

the second cube.

As an illustrative example, noting that the linear complexity of 2% + 2 + 27 + 28 is 2" — 5,
thus in order to achieve the maximum decrease of linear complexity, we superpose z'2+xz'3
over 1 +z+z3 422 4+27+28, so that the linear complexity of 1+z+z'2+213 is also 2" — 5.
As a result, the linear complexity of 1 + 2 + 23 + 2* 4+ 27 + 28 + 22 + 213 is reduced to
2" — 6, which can be decomposed into a 2-cube x + 23 + 27 4+ 213, whose linear complexity

is 2" — 6, and another 2-cube 1+ 2* + 28 4+ 2!, whose linear complexity is 2" — 12.
To construct the sequence possessing high stable k-error linear complexity, both the first

cube and the second cube should possess higher linear complexity. Specifically, it is easy

to verify the following.
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Theorem 3.2.4 Suppose that s is a binary sequence with period 2", the linear complexity
of the largest cube of sis L(s) = 2" — (21422 4. . .4-2im) where 0 < iy < ig < - -+ < iy, < 1,
and the linear complexity of the second largest cube of s is 27 — (271 4 272 4 ... 4 271),
where 0 < j; < jo < --- < j; < n. If the largest cube of s is unique, then 2™ + 2! is the
minimum number & for which the second decrease occurs in the k-error linear complexity
of s. Namely,

L(s) > Lam(s) > Lom_ 21(s).

For example, 1+z + 234224+ 27 + 28 has a 1-cube 1+ x, whose linear complexity is 2" — 1.
It also has 1-cube 23 4 2% and 27 + 28, all with linear complexity 2" — 1. So Theorem 3.2.4
can not be applied to this sequence. In fact, L(s) > La(s) > La(s) > 0.

3.3 Summary

A small number of element changes may lead to a sharp decline of linear complexity, so
the concept of stable k-error linear complexity has been introduced in this chapter. By
studying the linear complexity of binary sequences with period 2", especially the linear
complexity may decline when the superposition of two sequences with the same linear
complexity is operated,the cube theory has been proposed to study the k-error linear
complexity. Further, a new approach to constructing the sequence with stable k-error lin-
ear complexity based on the cube theory has been derived. It has been proved that a binary
sequence whose period is 2" can be decomposed into several disjoint cubes. Based on the
Games-Chan algorithm (Games and Chan [1983) a standard cube decomposition of

sequence s(™ has also been proposed.

In future, by using methods similar to that of the binary sequence, we may study a sequence
with period p™ over F),, where p is a prime number. The polynomial 1 — " = (1 —z)P"
over I3,. Thus for a sequence with period p" over Fj, its linear complexity is equal to the
N

degree of factor (1 — ) in s™ ().
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Chapter 4

A Structural Approach for
Determining the CELCS of

2"-periodic Binary Sequences

In this chapter, we propose a structural approach to determining the CELCS (critical
error linear complexity spectrum) (Lauder and Paterson, [2003; Etzion et all, 2009) for
the k-error linear complexity distribution of 2™-periodic binary sequences. To explain the

difference of Chapter [2| and this chapter, we give the following example.

Suppose that s is a 2"-periodic binary sequence. Let N, (L) be the number of 2"-periodic
binary sequences s(™ with linear complexity 2" and the k-error linear complexity L. The
complete counting function Nj(L) is obtained by |Meidl (2005). The complete counting
function N3(L) is derived in Section of Chapter [2| Partial counting function N5(L) is
given in Section [2.6] of Chapter

Let N; (L) be the number of 2"-periodic binary sequences s(™ with linear complexity 2",
the i-error linear complexity as the last descent point and the k-error linear complexity

being L. Then we can have

N5(L) = Nis(L) + Nas(L) + Nss(L) + Y Nijiss5(L)

In this chapter, we mainly focus on N; ;(L) of 2"-periodic binary sequences s with
linear complexity 2" or linear complexity less than 2. In contrast, Chapter [2] mainly
focuses on Ni(L) of 2"-periodic binary sequences s(") with linear complexity 2™ or

linear complexity less than 2".

Another difference is that the proposed structural approach is based on the Cube Theory
of Chapter [3]

Similar to Chapter [2| we will study the k-error linear complexity of 2"-periodic binary

sequences by using the sieve approach and the Games-Chan algorithm (Games and Chan,
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1983)). The structural approach is also based on the proposed framework in Chapter
Let S = {s|L(s) = ¢}, E = {e[Wg(e) = k},S+ E = {s+e€|s € S,e € E}, where s
is a sequence with linear complexity ¢ and e is a sequence with Wy (e) = k. With the
following sieve method, we aim to sieve sequences s+ e with Li(s+e) = ¢ from S+ E. For
given linear complexity ¢, it remains to investigate two cases. One is that s + u € S+ E,
but Lg(s + u) < ¢. This is equivalent to checking if there exists a sequence v such that
L(u+wv) = c. The other is the case that s+u,t+v € S+ E and Li(s+u) = Lg(t+v) =¢
with s # ¢, u # v, but s +u =t +v. It is equivalent to checking if there exists a sequence
v such that L(u+v) = L(s+t) < ¢ and if so, check the number of such sequence v, where
Wg(u) = Wg(v) = k.

Finally in Section first the k-error cube decomposition of 2"-periodic binary sequences
is developed based on the Cube Theory of Chapter [3| Based on the proposed k-error
cube decomposition, and the famous inclusion-exclusion principle, we obtain the complete
characterization of the ith descent point (critical point) of the k-error linear complexity
for i = 2,3, which are the extension of the work by Kurosawa et al. (2000). In fact,
the proposed constructive approach has the potential to be used for constructing 2"-
periodic binary sequences with the given linear complexity and k-error linear complexity
(or CELCS), which is a challenging problem to be deserved for further investigation in

future.

The rest of this chapter is organized as follows. In Section we mainly investigate
2"-periodic binary sequences with given first descent point of l-error linear complexity
and second descent point of 3-error linear complexity. In Section [4.2] we study 2"-periodic
binary sequences with given first descent point of 2-error linear complexity and second
descent point of 4-error linear complexity. In Section 2™-periodic binary sequences
with given first descent point of 1-error linear complexity, second descent point of 3-error
linear complexity and third descent point of 5-error linear complexity are discussed. Finally
in Section [£.4] first the k-error cube decomposition of 2"-periodic binary sequences is
developed based on the Cube Theory of Chapter 8] Second we investigate the formulas
to determine the second descent points and third descent points for the k-error linear

complexity, respectively.
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4.1 2"-periodic binary sequences with given 3-error linear

complexity as the second descent point

Suppose that s is a 2"-periodic binary sequence. We first investigate the relationship
between the first descent point of the k-error linear complexity and the second descent
point of the k-error linear complexity. Second, based on the first descent point and the
second descent point, we obtain the complete counting functions of 2™-periodic binary
sequences with given first descent point of 1-error linear complexity and second descent

point of 3-error linear complexity.

Theorem 4.1.1 Let s be a 2"-periodic binary sequence with linear complexity 2.
Then L3(s™) < Li(s™) if and only if L1(s™) = 2" — (20 +27),0 <i < j < n.

Proof. =

By result from [Kurosawa et al.|(2000) we know that the minimum number k for which the
k-error linear complexity of 2"-periodic binary sequence with linear complexity 2" —(2¢4-27)
is strictly less than 2" — (2¢ 4 27) is 22 = 4. Note that from the sequence with linear
complexity L;(s™) to the sequence with linear complexity L3(s(™), at most 4 elements
have been changed. Thus, if L3(s™) < Li(s(™), then s is obtained by changing one
element of a 2"-periodic binary sequence with linear complexity 2" —(2'+27). So L;(s™) =
2" — (2 4 27).

=
Suppose that Li(s™) = 2" — (2% + 27). Similarly by result from [Kurosawa et al. (2000)

we know that it is possible to change 3 elements of s, so that the new sequence with
linear omplexity less then 2" — (2¢ 4 27). That is L3(s™) < L1(s™).

Next we investigate the distribution of L3(s(™) in the following theorem.

Theorem 4.1.2 Let s be a 2"-periodic binary sequence with linear complexity 2". If
Li(s™) =27 —(20427),0 < i < j < n, then L3(s™) = 27— (201 4272 4. . .4-20m) < 27— (214
27), where 0 < iy < iy < -+ < iy < n,m > 2, 0r Ly(s™) = 27— (21 4272) < 2" — (20 4-27),
where i1 # i, j and io # j.
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Proof. The following proof is based on the framework: S+ E = {t + e[t € S,e € E}.
We only give the following example to illustrate the proof.

Let s be a 2%-periodic binary sequence with linear complexity 2*. If Li(s(¥) = 2% —
(20 + 2), then Ls(s®¥) # 2% — (2 4+ 2%).

We will prove it by contradiction. Suppose that Lz(s®)) = 2% —(2423). Let S = {t|L(t) =
2t — 2+ 29}, E = {e|Wy(e) = 3},S+ E = {t +e|t € S,e € E}, where t is a sequence
with linear complexity 2% — (2 + 23) and e is a sequence with Wy (e) = 3. With the sieve
method, we aim to sieve sequences t + e with L3(t +e) = 2% — (2 + 23) from S + E.

We now investigate the case that ¢t +u € S+ E, but Ls(t +u) < 2* — (2 +23). This is
equivalent to checking if there exists a sequence v € E such that L(u+v) = 2% — (24 23).

For any u € F such that Ly(t +u) = 2* — (1 +2). Such as u = {1110 0000 0000 0000}.
There exists a sequence v € F such that L(u+v) = 24— (2+23). So L3(t+u) < 2*—(2+23).
Here v = {0100 0000 1010 0000}.

This completes the proof. O

We next derive the counting formula of binary sequences with both the given 1-error linear

complexity and the given 3-error linear complexity.
Theorem 4.1.3 Let s(™ be a 2"-periodic binary sequence with linear complexity 2".

1) If Ly(s(M) =27 — (20 4+27),0 < i < j <n,and L3(s™) =27 — (21 422 4... 4 2m) <
2" — (20 4+ 27), where 0 < ip < iy < --- < iy < n,m > 2 or Lz(s™) = 2" — (201 +272) <
2" — (20 +27), where iy # i,j and ia # j. Then the number of 2"-periodic binary sequences
s(™ can be given by

23n7j7i73 > 2L71/(26+j7i0 % 8n7im71)

where i < j is the minimum number for which 27 — (2% +27) < 2" — (201 4282 ... 4 2im)
with a default choice ig = j. Further, if j = 4,, or 2" — (27 +2m) > L3(s™) then € = 0, if
j < im and only 2" — (27 4 2'm) < L3(s(™) then € = 1, if 2" — (2 + 2'm) < L3(s(™) then
€ = 2, where iy, = iy for L = 2" — (241 4 2%2),

2) If L(s™) = 0, then the number of 2"-periodic binary sequences s can be given by
93n—j—i—3
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Proof. 1) Let S = {t|L(t) = L}, E = {e|Wg(e) =3},S+ E = {t+e|t € S,e € E}, where
t is a sequence with linear complexity L = 2" — (21 + 2% 4 ... 4 2im) and e is a sequence
with Wy (e) = 3 and Lyi(e) = 2" — (2¢ + 27). With the sieve method, we aim to sieve
sequences t + e with L3(t +e) = L from S + E.

By Lemma 2.1.6 in Section [2.1] we know that the number of 2"-periodic binary sequences
t with L(t) = L is 2=, Now we will obtain the number of sequences e with Wy (e) = 3
and Li(e) = 2" — (20 + 27).

Suppose that s(*) is a 2/-periodic binary sequence with linear complexity 2° and Wy (s()) =

1, then the number of these s is 2¢.

So the number of 2i+1-periodic binary sequences s(“t1) with linear complexity 2+ —2¢ = 2t
and Wy (s0+D)) = 2 is also 2°.

For j > i, if 2/-periodic binary sequences s\) with linear complexity 27/ —2% and WH(s(j )) =
2, then 2/ — 20 — (271 —21) = 2/=1 1. 27=2 ... 4 2iFl

Based on Algorithm 3.1.1 in Section the number of these s() can be given by
(22)7=i—1 x 2i = 2% —i~2,

For example, suppose that i = 1,j = 3, then there are (22)77~! = 4 sequences of s\/)

correspond to a sequence {1010} of s(+1) | given by
{1010 0000}, {1000 0010}, {0010 1000}, {0000 1010}

So the number of 2/ !-periodic binary sequences sUTD) with linear complexity 27+ — (27 +
2) and Wy (sUtD) = 4 is also 22172,

As u € E such that L;(u) = 2" — (2° + 27). So the number of these u can be given by

22 % (23)n—j—1 % 22j—i—2 — 23n—j—i—3'

We now investigate the case that s +u,t+v € S+ E and L3(s+u) = L3(t +v) = L with
s#t,u#wv, but s+u=1t+wv. It is equivalent to checking if there exists a sequence v
such that L(u+ v) = L(s +t) < L and if so, check the number of such sequence v, where
Wh(u) = Wi (v) = 3. We need to consider the following two cases.

The first case is related to the minimum 7y < j such that 2" — (20 4+ 27) < L = 2" — (2%t +
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22 4 ... 4 2'm) For any u € E, it is easy to show that there exist 2/~ — 1 sequences v,
such that L(u+ v) < L.

(The following example is given to illustrate the above case. Suppose that n = 5,i =
0,7 =4,ip =2, i1 = 0,ip = 1,i3 = 4. So L = 2" — (2 4 2?2 4 213) = 13,

If ) = {1100 0000 0000 0000 1000 0000 0000 0000}. Then

v§5) = {0100 0000 1000 0000 0000 0000 1000 0000},

v§5) = {0100 1000 0000 0000 0000 1000 0000 0000},

v§5) = {0100 0000 0000 1000 0000 0000 0000 1000}.

Thus L(u® + UES)) =2° (23 +2%), L(u® + U§5)) = L(u® + v§5)) =25 —(22+2%).)
The second case is related to 4, < w < n. For i, < w < n, there exist 7 x §w~im~1
sequences v, such that L(u+wv) = 2" — (20 +2%) < Lor L(u+v) =2" — (2/ +2¥) < L or

L(u+v)=2"—2¥ < L.

Note that for any sequence v with 3 nonzero elements, if we double the period of sequence

v, then 23 new sequences will be generated. Therefore there exist
THTX84 7 x g im=2 = gnim=1 _q

sequences v, such that L(u+ v) < L.

(The following example is given to illustrate the above case. Suppose that n = 5,i =

0,j=1,41 =1,99 = 2,13 = 3,

ul® = {1110 0000 0000 0000 0000 0000 0000 0000}. Then
v§5) = {0100 0000 0000 0000 1010 0000 0000 0000},

1)&5) = {1000 0000 0000 0000 0110 0000 0000 0000},

v§5) = {0010 0000 0000 0000 1100 0000 0000 0000},

vf) = {0110 0000 0000 0000 1000 0000 0000 0000},
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vém = {1010 0000 0000 0000 0100 0000 0000 0000},
vé5) = {1100 0000 0000 0000 0010 0000 0000 0000},
v;5) = {0000 0000 0000 0000 1110 0000 0000 0000}.

Thus L(u® + o) = 25 — (2 4+ 24), Lw® + of”) = Lw® + o)) = 25 — (1 + 2%),
L® + o) = L® + o) = Lw® +0o{P) = Lw® 4+ o{P) =25 — 24 )

If j < iy, and only 27 — (27 4+2) < L then the number of v will be increased by 8" ~'m~1,
If 2% — (2¢ + 2¢m) < L then the number of v will be increased by 3 x 87 im~1,

It follows that the number of 2"-periodic binary sequences s with L;(s(™) = 27 —(2/4-27)
and L3(s™) = L can be given by

23n7j7i73 X 2L71/(26+j7i0 X 8n7im71)
where if j = 4,, or 2" — (27 +2') > L then € = 0, if only 2" — (27 + 2'm) < L then € = 1,
if 27 — (20 4 2'm) < L then € = 2.

If j > g, then 27 — (200 4 27) < 27 — (201 £ 202 ... 4 2im) < 2" — (20 + 27), 80 j = . If

€ > 0, then j < i,,. Therefore, 7 — iy and € can not be positive at the same time.

We can use almost the same method to deal with the case of Ly(s(™) = 2" — (201 + 272)

but without the situation of j = is.

2) This is an obvious case. O

To further illustrate Theorem 4.1.3, we give the following two examples, which are verified

by computer program as well.

Example 4.1.1 Suppose that n =4,i =1,j = 3,ig = 2,91 = 0,42 = 1,i3 = 3. Note that
L=2"— (20 202 428)=2% (1 4+2+8)=5,502"— (200 42/) =2 —(4+8) < L. As
j = i3, s0 € = 0. The number of 2*-periodic binary sequences s*) with L;(s®*) = 6 and

L3(s™) = 5 can be given by

23><TL—3—1—3 X 25—1/(21 X 84—3—1) — 28‘

Example 4.1.2 Suppose that n =4,i = 1,7 = 2,i; = 0,43 = 3. Note that L = 2" — (21 +
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202) =24 (1 4+8)=7 Asj<ip, 2" — (20 +22)=4 < Land 2" — (2 +22) =6 < L, so
¢ = 2. The number of 2*-periodic binary sequences s*) with L;(s®*)) = 10 and L3(s®)) = 7
can be given by

23><n727173 % 2771/(22 % 847371) — 210.

4.2 2"-periodic binary sequences with the given 4-error lin-

ear complexity as second descent point

Next we derive the counting formula of 2™-periodic binary sequences with both the given
2-error linear complexity as first descent point and the 4-error linear complexity as second
descent point. To this end, we will use the Cube Theory of of Chapter

It is known by result from Kurosawa et al. (2000) that for a 2"-periodic binary sequence
with linear complexity 2" — (2° 4+ 27),0 < i < j < n, the 4-error linear complexity is
the first descent point. In contrast, with the cube theory we will characterize 2™-periodic

binary sequences with the 4-error linear complexity as second descent point.

Next we use a sequence 1101 1001 1000 0000 to illustrate the standard cube decomposition
(in Section process and its critical points. Note that the sequence can be considered
as 1+ax+ a3+ a2t + 27 + 28,

As Left # Right, then we consider Left @ Right. Then the cube 1+ 2% is removed.

Recursively, as Left # Right, then we consider Left @ Right. This time the cube 23+ 27
is removed. Only cube x + z# is retained. So the standard cube decomposition of 1+ x +
Pzt a4 a8 is {ow+ 2t 23+ 27,1+ 28

In order to achieve the maximal decrease of the linear complexity of a new sequence
generated by superposing another sequence over the original one, according to Lemma
2.1.2 in Section a direct method is, if possible, to use the linear complexity of the first
cube and let it be the same as the linear complexity of the second cube. For the polynomial
1+ 2+ 2%+ 2% + 27 + 28 with the standard decomposition {z + 2%, 23 + 27,1 4+ 28}, in
order to make the linear complexity of x + z* to be the same as 2® + 27, we add z* + 2°
and obtain = + 2°, which has the same linear complexity of 23 4+ 2. Therefore, we have a
conclusion that the critical points (see definition in section of 1 +x+ax34+ 2t +27 +28
are (0,2" —1) = (0,15),(2,2" — (2+4)) = (2,10),(4,2" — (8 +4+1)) = (4,3),(6,0). Here
(4,3) corresponds polynomial 1 + 23 4+ 2% + 27 + 28 + 2 + 212 4 215,
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Theorem 4.2.1 Let s be a 2"-periodic binary sequence with linear complexity less than
2", Then

i). Suppose that ¢; and c2 are in the standard cube decomposition of sequence s(™ and
L(s™) = L(cy). If Ly(s™) < Ly(s™) < L(s™), then ¢; and ¢y are two 1-cubes or ¢ is

a l-cube and cs is a 2-cube;

ii). La(s™) < Lo(s™) < L(s™) if and only if Ly(s™) = 2" — (28 +29),0 < i < j < n,
but Lo(s(™) #£ 2" — (1 + 2);

iif). If L(s(™) = 2" — 2% then ig < i or i < ig < j, where i and j are defined in ii).

Proof. 1). Suppose that s is a 2"-periodic binary sequence with linear complexity
2" — (201 4282 ... 4 2im), By Kurosawa et al. (2000) we know that the minimum number
k for which the k-error linear complexity of 2"-periodic binary sequence s(™ is strictly less

than the linear complexity of s(™) is 2™. So the proof is obvious.

ii). Based on i), here we only need to prove that Lo(s(™) # 2" — (1 +2).

In the case that ¢; and ¢y are two l-cubes. As L(s(™) # 2" — (1 4 2), there exist two
nonzero elements with distance d > 2 in ¢; and co. Suppose that Ly(s(™) = 27 — (2¢ 4 27).
Then 2/ > d > 2. Tt follows that Ly(s™) # 2" — (1 + 2).

In the case that ¢ is a 1-cube and ¢z is a 2-cube. If L(cg) = 2" —(142), then L(¢y) = 2" —1
or 2" — 2. There exist two nonzero elements with distance d > 2 in ¢; and cy. Suppose

that Ly(s™) = 2" — (2¢ 4 27). Then 2/ > d > 2. It follows that La(s™) # 2" — (1 +2).

iii). Based on i) and ii), it is easy to prove iii). O

Next we investigate the distribution of Ly(s(™).

Theorem 4.2.2 Let s be a 2"-periodic binary sequence with linear complexity L(s(™) =
2" — M0 TIf Ly(s™) < Ly(s™) < L(s™) and Lo(s(™) = 2" —(20427),0 < i < j < n, then
Ly(sM) = 27— (201 4202 ... 4 20m) < 27— (204-27), where 0 < i1 < dg < -+ < iy < 1, >
3, or Ly(s™) =27 — (200 4 272 1 258 where {iy,4,43} # {i, 4,90}, {i1,70,i3} # {0,1,2},
or Ly(s™) =27 — (201 4 22) < 2" — (20 4+ 27), where iy # j, i1 # i, ], 70

Proof. The following proof is based on the framework: S+ F = {t +e|t € S,e € E}.
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In the case that Ly(s™) = 27 — (21 4-2%2 4 ... 4 2im) < 2% — (2/ 4-27), the proof is obvious.

In the case that Ly(s(™) = 2" — (201 + 2%2) < 2" — (2 + 27). We only give the following

example to illustrate the proof.

Let s be a 2%-periodic binary sequence with linear complexity less than 2*. If L(s*)) =
24 — 2 and Ly(sW) = 2% — (1 4 22), then Ly(s¥) # 2% — (2 4 22).

Suppose that Ly(s) = 2* — (2 +22). Let S = {t|L(t) = 2* — (2+22)}, E = {e|Wg(e) =
4}, S+ E = {t+elt € S,e € E}, where t is a sequence with linear complexity 2% — (2 + 22)
and e is a sequence with Wy (e) = 4. With the sieve method, we aim to sieve sequences
t+ e with Ly(t +e) =21 — (2 + 22) from S + E.

We now investigate the case that s +u € S + E, but Ly(t + u) < 2* — (2 + 22). This is
equivalent to checking if there exists a sequence v € E such that L(u+v) = 2% — (24 22).

For any u € F such that Lo(t 4+ u) = 2* — (1 +4). Such as u = {1100 0110 0000 0000}.
There exists a sequence v € E such that L(u+v) = 2*—(2+22). So Ly(t+u) < 2*—(2+22).
Here v = {1001 0011 0000 0000} such that La(t + v) = 2* — (1 4 4). Therefore iy # j.

Let L(t) = 2*—(1+23). There exists a sequence v € E such that L(u+v) = 2*—(1+23). So
Ly(t+u) < 24— (1+23). Here v = {0000 0110 1100 0000} such that Lo (t+v) = 24— (1+22).
Therefore i1 # i.

Let L(t) = 2*—(22423). There exists a sequence v € E such that L(u+uv) = 24— (22+23).
So Ly(t +u) < 2* — (22 4 23). Here v = {1000 0010 0100 0100} such that La(t + v) =
24 — (1 + 22). Therefore i1 # j.

Let L(t) = 2*—(2+23). There exists a sequence v € E such that L(u+v) = 24 —(2+23). So
Ly(t+u) < 24— (2+23). Here v = {0100 0100 1000 0010} such that Lo (t+v) = 24— (1+22).
Therefore i1 # ig.

In the case that Ly(s™) = 27 — (211 4 22 4 27). Note that ¢; is a l-cube and ¢; is a
2-cube, L(cy) = Lo(s™) = 2" — (2% 4+ 27). We also use the following example to illustrate
the proof.

Suppose that n = 4,i = 0,7 = 3,i9 = 2, «/¥ = {0100 1000 1100 0000}.

Then there exists v(*) = {1000 0100 0000 1100}, such that L(u® 4v®) = 24— (1+4+22+23).
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Therefore Ly(s(™) # 27 — (20 4 272 + 213) where {iy, 4,43} = {i,%0,7}-

Now we consider the case that Ly(s() = 2" — (20421 +22). As Ly(s) < 2" — (20 4+27) <
2n 200 g0 20 < 20427 < 20421492 Suppose that L(t) = 2" —(2°+2!+22). Foranyu € F
such that Lo(t +u) = 2" — (2°+27). It is easy to prove that L (t +u) < 2" — (20 +2! 4 22).

We just use the following example to illustrate the proof.

Suppose that n = 4,i = 0,7 = 2,ip = 1, u¥ = {0110 1100 0000 0000} and t®*) =
{1111 1111 0000 0000}, then t*) 4+ u™*) = {1001 0011 0000 0000}. So, L4(t™ + u®) = 0.

If t®) = {1111 0011 0000 1100}, then L4t 4 u®) =24 — (20 + 23).

This completes the proof. O

We next derive the counting formula of binary sequences with both the given 2-error linear

complexity and the given 4-error linear complexity.

Theorem 4.2.3 Let 5(") be a 2"-periodic binary sequence with linear complexity L(s™) =
2" — 20,

1) If Ly(s"™) < La(s™) < L(s™) and Lo(s™) = 2" — (20 +27),0 < i < j < n, and
Ly(sM) = 27— (201 4202 ... 4 20m) < 2" (204-27), where 0 < i1 < dg < -+ < iy < 1,0 >
3 or Ly(s™) = 2" — (211 4272 4 253 where {i1, 1,13} # {4,],i0}, {i1,42,i3} # {0,1,2}, or
Ly(s™) = 27 — (21 4 22) < 2" — (2% + 27), where iy # j, i1 # 4,7,4p. Then the number
of 2"-periodic binary sequences s(™ can be given by
(24n7j7i747i0/,y) % 2L71/(26+e % 16“72"”71)

where if 49 > i then v = 2 else 7 = 1; if 2" — (2! + 2% 4 27) > [ then § = 0, if only
2" — (20 4200 4 2J) < L then 6 = 1, if 2" — (2% 4 27) < L then § = 2. Further, if j = i,,
or 2" — (29 4 2im) > [ then € = 0, if j < i,, and only 2" — (2/ 4 2im) < L then € = 1,
if 27 — (20 4 2'm) < L and 2" — (2% + 2m) > [ then e = 2, if 2" — (2! + 2m) > L and
2m — (2% 4 2m) < [, then e = 2, if 27 — (2! +2im) < L and 2" — (2% 4+ 2¢m) < [, then € = 3,
where i,, = i3 for L = 2" — (21 4 22 4 2%) and i,, = iy for L = 2" — (24 4 2%2),

2) If Ly(s™) = 0, then the number of 2"-periodic binary sequences s(™ can be given by
2dn—j—i=4=io / where if i > i then v = 2 else v = 1.

Proof. 1) Let S = {t|L(t) = L}, E = {e|Wg(e) =4},S+ E ={t+e|t € S,e € E}, where

t is a sequence with linear complexity L = 2" — (2t 4+ 22 4 ... 4 2m) m > 2 and e is
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sequence with Wy (e) = 4 and Lo(e) = 2" — (2! + 27). With the sieve method, we aim to
sieve sequences t + e with L4(t +€) = L from S + E.

By Lemma 2.1.6 in Section we know that the number of 2"-periodic binary sequences
t with L(t) = L is 21, Now we will compute the number of sequences e with Wy (e) = 4
and Lo(e) = 2" — (20 + 27).

Suppose that s is a 2i-periodic binary sequence with linear complexity 2° and WH(s(i)) =

1, then the number of these s is 2

So the number of 2i1-periodic binary sequences s(t1) with linear complexity 2it1 —2¢ = 2
and W (s0+1)) = 2 is also 2°.

For j > i, if 27-periodic binary sequences sU) with linear complexity 2/ —2° and Wy (sU)) =
2, then 27 — 2 — (2141 — 20y = 271 4 27=2 4 ... 4 2i+]

Based on Algorithm 3.1.1 in Section the number of these s can be given by
(22)7=i-1 x 2i = 9%—i-2,

So the number of 2/+!-periodic binary sequences sUTD) with linear complexity 2771 — (27 +
2) and Wy (sUtD) =4 is also 227772,

As u € E such that Lo(u) = 2" — (2° + 27). So the number of these u can be given by
95+1

2i0+l x o

2 % (24)n7j71 « 22j7i72 — 24117]?2'7471'0/,)/

where if ¢g > ¢ then v =2 else v = 1.

(The following example is given to illustrate the case of iy > i. Suppose that n = 4,i =
0,7 = 3,ip = 2, u® = {0100 0000 1100 1000}.

Then one obtains v{* = {1100 0000 1100 0000}, or v{*) = {0100 1000 0100 1000}, where
Lo(v}") = La(uf”) = 21 — (14 2%). )

We now investigate the case that s +u,t+v € S+ E and Ly(s +u) = L4(t +v) = L with
s#t,u#wv, but s+u=1t+w. It is equivalent to checking if there exists a sequence v
such that L(u+ v) = L(s +t) < L and if so, check the number of such sequence v, where
W (u) = Wi (v) = 4. We need to consider the following two cases.

The first case is related to ig. For any w € F, there exists one sequence v, such that
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L(u+wv) = 2" — (2! +2% +2/) < L, and there exist two sequences v, such that L(u +v) =
2" — (200 4 27) < L.

(The following example is given to illustrate the above case. Suppose that n = 4,i =
1,7 = 3,ip = 2, u™® = {1000 0010 1010 0000}. Then

vt = {0010 1000 0000 1010},
v{? = {0000 1010 0010 1000},
v{Y = {1010 0000 1000 0010}
Thus L(u® + v?) = 24 — (2422 4+ 23), L® +0{Y) = L@ + (V) = 24 — (22 4 23). )

The second case is related to i, < w < n. For i, < w < n, there exist 15 x 16w ~m—1

sequences v, such that L(u+v) = 2" — (20 +2%) < L or L(u+v) = 2" — (27 +2%) < L or
Lu+v)=2"— (20 +2¥) < Lor L(u+v) =2" —2¥ < L.

Note that for any sequence v with 4 nonzero elements, if we double the period of sequence

v, then 24 new sequences will be generated. Therefore there exist
15+15x16+---+15 x 16n—im—2 — 1gn—im—1 _ 1

sequences v, such that L(u+ v) < L.

(The following example is given to illustrate the above case. Suppose that n = 5,i =

0,7 =2,ig=1,i1 = 1,is = 2,i3 = 3,w = 4,

u® = {1001 1100 0000 0000 0000 0000 0000 0000}. Then
1);5) = {0001 0100 0000 0000 1000 1000 0000 0000}.

Thus L(u® + o{”) = 25 — (22 4 24),

vé‘:’) = {1000 1000 0000 0000 0001 0100 0000 0000},

v§5) = {0000 0000 0000 0000 1001 1100 0000 0000}.

Thus L(u® + 0{”) = Lu® +0{?) = 25 — (24 24).
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vf) = {1001 0000 0000 0000 0000 1100 0000 0000},
vé5) = {0000 1100 0000 0000 1001 0000 0000 0000},
Ué5) = {0001 1000 0000 0000 1000 0100 0000 0000},
v§5) = {1000 0100 0000 0000 0001 1000 0000 0000}.
Thus L(u® + v£5)) = L(u® + vé‘r))) = L(u® + véS)) = L(u® + v§5)) =2 — (14 2%).

%) = {1000 0000 0000 0000 0001 1100 0000 0000}
5
Thus L(u® + () =25 — 24 )

On the other hand, if j < i, and only 2" — (27 4 2im) < L then the number of v will be

increased by 167 im—1,

If 27 — (20 4 2im) < L and 2" — (2% 4 2%m) > L then the number of v will be increased by
3 x 16"l

If 2" — (20 4-2%m) > L and 2" — (2% + 2im) < L then the number of v will be increased by
3x 16" im

If 2" — (20 +2'm) < L and 2™ — (2% + 2'm) < L then the number of v will be increased by
7 x 167 im =L,

It follows that the number of 2"-periodic binary sequences s(™ with L(s(”)) = 2" — 2,
Ly(s™) = 2" — (20 + 27) and Ly(s"™) = L can be given by

(2417,7]'72'7477;0/,)/) X 2L71/(25 X 26 X 16n7im71)

where if 2% — (2! 4+ 2% 4+ 27) > [ then § = 0, if only 2" — (2¢ 4 2% 4 27) < L then § = 1, if
2" — (2% 4+ 27) < L then § = 2; if j = i, or 2% — (27 +2im) > [ then € = 0, if j < i,,, and
only 2" — (27 4 2im) < L then € = 1, if 2" — (2¢ + 2'm) < L and 2" — (2% + 2'm) > [ then
€=2,if 2" — (20 4+ 2m) > [ and 2" — (2% 4 2'm) < L then € = 2, if 2" — (2! 4+ 2'm) < L
and 2" — (2 4 2im) < [ then € = 3.

If § > 0, then 2" — (20 4 290 4+ 27) < 27 — (200 4202 ... 4 20m) < 27 — (20 4 27), 80 j = iy,
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If € > 0, then j < 4,,. Therefore, § and € can not be positive at the same time.

We can use almost the same method to deal with the case of Ly(s(™) = 2" — (201 + 272)

but without the constraint of j = is.

2) This is an obvious case. O

To further illustrate Theorem 4.2.3, we give the following two examples, which are verified

by computer program as well.

Example 4.2.1 Suppose that n = 4,¢i = 1,5 = 3,i9p = 2,91 = 0,99 = 1,i3 = 3. Note
that 49 > i, so v = 2. As L = 2" — (21t + 22 + 28) = 20 — (1 42+ 8) = 5, so
2" — (20 420 +27) =24 — (24 4+8) < L and 2" — (20 +27) = 2¢ — (4 +8) < L.
Thus § = 2. As j = i3, so € = 0. The number of 2%-periodic binary sequences s* with
L(s®W) =12, Ly(s®) = 6 and Ly(s®) = 5 can be given by

(24X7‘L—3—1—4—2/2) X 25—1/(22 X 164_3_1) — 27

Example 4.2.2 Suppose that n = 5,7 = 2,5 = 3,ip = 1,41 = 0,492 = 4. Note that iy < i, so

=1. As L = 2"— (211 42%2) = 25— (1+16) = 15, 50 2" — (204270 4+27) = 25— (44+2+8) > L.
Thus § = 0. As j < ip and 2" — (2! + 22) = 12 < L and 2" — (2% + 222) = 14 < L so
€ = 3. The number of 2°-periodic binary sequences s with L(s(5)) =30, Ly(s®) = 20
and Ly(s®) = 15 can be given by

24><n73727471 % 21571/(23 % 1657471) — 221.

4.3 2"-periodic binary sequences with the given 5-error lin-

ear complexity as third descent point

Suppose that s is a 2"-periodic binary sequence. We first investigate the relationship
among the first descent point, second descent point and third descent point of the k-error
linear complexity. Second, based on the first descent point, second descent point and third
descent point, we obtain the complete counting functions of 2™-periodic binary sequences
with the given l-error, 3-error and 5-error linear complexity as the first, second and third

descent points, respectively (Zhou et al., 2015a)).
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Theorem 4.3.1 Let s be a 2"-periodic binary sequence with linear complexity 2".
Then

i). Suppose that ¢, c2 and c3 are in the standard cube decomposition of sequence s,
Ls(s™) < Ly(s™) < Ly (s™) if and only if ¢; is a O-cube (only one nonzero element), ¢;

and cg are two 1-cubes or ¢ is a 0-cube and ¢y is a 2-cube;

ii). Ly(s™) < L3(s™) < Ly (s™) if and only if L1(s™) = 2" — (20 +27),0 < i < j < n,
Ly(sM) = 2" — (2P 429),0 < p < ¢ <n,j < ¢,p # i, j, or Ly(s™) = 2" — (21427 427),0 <
r<n,r#i,j.

Proof. Based on the cube theory, sequence s has a standard cube decomposition. As

L(s™) = 2", it is obvious that ¢ is a 0-cube.

First, suppose that ¢y and c3 are two 1-cubes. Then L;(s(™) = 2" — (2! 4 27), where
0<i<j<mn,L(cy) =2"—2 and L3(s(™) = 2" — (2P 4-29), where 0 < p < ¢ < n, L(c3) =
2" — 29 or L3(s™) = 2" — (2" 4+ 27 4 29), where 0 < ¢ < n,q # i, j, L(c3) = 2" — 29. Thus
Jj<q.

In the case that L3(s(™) = 2" — (2P +29), we now prove that p # 4,j. Assume that p = i,
and the distance (based on Definition 3.2.1 in Section of nonzero elements p; and py
is 2/, where p; is in ¢; (in the case that p; is in co, the proof is similar), py is in c3. As
the distance of nonzero elements p; and ps is also 2¢, so the distance of nonzero elements
po and py is 271, thus Lz(s(™) = 27 — (27+1 4 29) should be true, which contradicts the
fact that Lz(s(™) = 2" — (2 4 29).

Assume that p = j, similarly one can prove that Ls(s(™) = 2" — (20! 4 29), which is not
true, or one can prove that Lz(s(™) = 2" — (2% + 27 + 29). In this case, it is obvious that

qF#i,].

Second, suppose that cg is a 2-cube and L(cp) = 2" — (2¢ + 27). It is easy to show that
Li(s™) =2" — (204 27) and L3(s™) =27 — (21 + 27 +27),0 < r < n,7 # i, .

Next we investigate the distribution of Ls(s(™).

Theorem 4.3.2 Let s be a 2"-periodic binary sequence with linear complexity 2" and
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Ls(s™) < Ly(s™) < Ly(s™), Li(s™) =27 — (20 427),0<i < j < n.

i), If Ly(s(™) =27 — (22 +29),0 < p < ¢ < n,j < q,p # i,J, then L5(s"™) can be
2M — (20 4202 ... 4 20m) < 2 — (2P 4 29) where 0 < iy < dg < - < iy < My,mM > 3.

For the case of m = 3. If j <pori <p < j, {i1,i2,i3} # {i,p,q}; if i > p, {i1,i2,i3} #
{i,p,q} and {j,p, q}. For the case of m =2, {i;,i2} can not include i, 7, p or gq.

ii). If L3(s(™) =27 — (20427 +27),0 < r < n,7 # i, j, then Ls(s™) should be 2" — (21 +
202 4. 20m) < 2" — (2P 4 29) where 0 < i <ig < - -+ < iy < M,M > 3.

For the case of m = 3, {i1,72,4i3} can not contain {i,j}. For the case of m = 2, {i1,ia2}

can not include i, j or 7.

Proof. The following proof is based on the framework: S+ E = {t + e[t € S,e € E} (see
definition in Chapter .

i). In the case that Ls(s(™) = 2" — (21 4272 4 ... 4 2im) < 2" — (20 4+ 27) m > 3, let 5(")
be a 2"-periodic binary sequence with linear complexity 2", Ly (s(™) = 2" — (2 + 27) and
Lz(s™) =27 — (2P 4 29).

Let S = {t|L(t) = 2" — (211 +22 ... 4 20m)} E = {e|Wg(e) =5},S+ E = {t +e|t €
S,e € B}, where t is a sequence with linear complexity 2" — (2 4 2% 4 ... 4 2m) and e is
a sequence with Wy (e) = 5. With the sieve method, we aim to sieve sequences t + e with
Ls(t +e) = 2" — (21t 4202 4 ... 4 2im) from S + E.

We investigate the case that s +u € S+ E, but Ls(t +u) < 2" — (20 4 22 4 ... 4 20m),
This is equivalent to checking if there exists a sequence v € E such that L(u + v) =
2" — (20t 4 202 4 ... 4 20m) ;> 4. As a 4-cube has 2* = 16 nonzero elements and
W (u) = Wy (v) = 5, thus it is impossible that L(u+v) = 27— (24422 4. ..42im) m > 4.
Therefore, Ls(s™) should be 2% — (21 4272 4 ... 4 20m) < 27 — (2P 4 29).

Second we consider the case that m = 3 and 7 > p.

Let s be a 2"-periodic binary sequence with linear complexity 2". If Ll(s(")) =2" —
(20 +27) and Lz(s™) = 2" — (2P 4 29), then L5(s™) # 2™ — (2P + 2° + 29).

We will prove it by contradiction. Suppose that Ls(s™) = 2% — (2P 4 2" + 29). Let
S = {t|L(t) = 2" — (2P +214+29)}, E = {e|[Wg(e) =5}, S+E = {t+e|t € S,e € E}, where
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t is a sequence with linear complexity 2" — (2P +2?+29) and e is a sequence with Wy (e) = 5.
With the sieve method, we aim to sieve sequences t + e with Ls(t +e) = 2" — (2P 421 4 29)
from S + E.

We now investigate the case that s + u € S + E, but Ls(t + u) < 2" — (2P + 2! + 29).
This is equivalent to checking if there exists a sequence v € E such that L(u + v) =
2" — (2P 4 20 + 29).

For any u € E such that Ly (t +u) = 2" — (20 + 27) and L3(t + u) = 2" — (2P + 29). There
exists a sequence v € E such that Ly (t +v) = 2" — (2! + 27), L3(t +v) = 2" — (2P + 29)
and L(u +v) = 2" — (2P + 20 + 29). So Ls(t +u) < 2% — (2P 4 2° + 29). Therefore
{ir,i2, 05} # {i,p, ¢}

(For example, let v = {1101 0100 1000 0000} with L(t) = 2% — (2° + 2! +23), Ly (t +u) =
24— (242%) and L3(t+u) = 24— (1423). There exists a sequence v = {0010 0100 0111 0000}
such that Li(t +v) = 2% — (2 +22) and L3(t +v) = 22 — (1 +2%). As L(u+v) =
24 — (20421 +23). So Ls(t +u) < 2 — (29 + 21 +23).)

Similarly, let L(t) = 2" — (2P + 2/ 4 29). There exists a sequence v € E such that
Li(t+v) =2" — (20 4+ 29), Ly(t +v) = 2" — (2P + 29) and L(u +v) = 2" — (2P + 27 + 29).
So Ls(t +u) < 2™ — (2P + 27 + 29). Therefore {iy,i2,i3} # {4,p,q}-

In the case that m = 2, {i1,i2} can not include i, j, p or q. Suppose that {i1,i2} comprises
gand L =2" — (2% 4 27). As L = 2" — (2% 4+ 27) < 2™ — (2P 4 29), thus w > p. Note that
if the actual distance of two elements is 2% — 2P, then the distance (see Definition 3.2.1 in

Section of these two elements is 2P. We give the following example to illustrate the

case.

Suppose that n =5,i=2,7=3,p=1,q =4, w = 2,
u®) = {1010 0010 0010 0000 1000 0000 0000 0000}.
Then L = 2" — (2% + 29) = 12. There exists

»(®) = {0010 1010 0010 0000 0000 1000 0000 0000}, such that L(u® 4+ v()) =25 — (22 +
24) = 12. Therefore Ls(s(™) # 2" — (2% + 29),

ii). In the case that m = 3 and r > j, we only give the following example to illustrate the

proof.
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In the case that Lz(s™) = 2" — (2! + 27 4-27). Note that ¢; is a 0-cube and ¢3 is a 2-cube,
L(cz) = Ly(s™) = 27 — (2! + 27). We also use the following example to illustrate the

proof.
Suppose that n = 4,5 =0,j = 1,7 = 2, «* = {1111 1000 0000 0000}.

Then there exists ¥4 = {0000 1000 1111 0000}, such that L(u® +v®) = 24— (1+4+2+23).
Therefore Ls(s(™) # 27 — (20 427 4 2¥) < 2" — (2% + 27 4 27).

Similarly, for the case of m = 2, it is easy to show that {i1,i2} can not include i, j or r.

This completes the proof. O

We next derive the counting formula of binary sequences with the prescribed 1-error
linear complexity, the prescribed 3-error linear complexity and the prescribed 5-error linear

complexity.
Theorem 4.3.3 Let s(™ be a 2"-periodic binary sequence with linear complexity 2".

1) Suppose that Ls(s™) < L3(s™) < Ly(s™) and Ly (s™) = 2" —(214-27),0 < i < j < n,
La(st™) =27 — (22 +29),0<p < q<n,j <qp#i,j, and Ls(s) = 27 — (211 4 22 ¢
coe o 20m) < Lg(s(")), where 0 < i1 < ig < -+ < &y, < n,m > 1. Then the number of

2"_periodic binary sequences s(™ can be given by
§ x 25m7amP=I=i=6 5 9Ll (g s gy x 2€ x 32 Tim Ly

where 0 is defined in (4.1)) of the following proof, §, u and e are defined in the following
proof according to j < p, i <p < jand p <i<j.

If Ls(s™) = 0, then the number of 2"-periodic binary sequences s can be given by

X 25n—q—p—j—i—6
where if j < p then vy =3, if j > p > ¢ then v =2 else v = 1.

2) Suppose that Lz(s™) < L3(s"™) < Li(s) and Ly (s) = 27— (214 27),0 < i < j < n,
L3(s™) = 2" — (20420 427),0 < r < n,r # 1,7, and Ls(s) = 27— (20 422 4.. . 4.2'm) <
Lg(s(”)), where 0 < i1 < i < - < iy < n,m > 1. Then the number of 2"-periodic binary

sequences s can be given by
§ % 25n7r72j7i76 % 2L71/(9 w 2€ % 32n7im71)
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where 0,60 and € are defined in the following proof according to j < r, i < r < j and
r<i<j.

If L5(s(")) =0, then the number of 2"-periodic binary sequences s can be given by

X 257177"72]7176

where if r < i then v =1/2 else v = 1.

Proof. 1) Let S = {t|L(t) = L}, E = {e|Wg(e) =5}, SE ={t+e|t € S,e € E}, where
t is a sequence with linear complexity L = 2" — (20 422 4 ... 4 2m) m > 2 and e is a
sequence with Wy (e) = 5, Li(e) = 2" — (28 +2/) and Ls(e) = 2™ — (2P + 29). With the

sieve method, we aim to sieve sequences t + e with Ls(t + e) = L from S + E.

By Lemma 2.1.6 in Section [2.1, we know that the number of 2"-periodic binary sequences
t with L(t) = L is 2L=1 Now we will compute the number of sequences e with Wrp(e) =5,
Li(e) = 2" — (20 +27) and L3(e) = 2" — (2P +29),j < q.

In the case of i < j < p < ¢. The number of 27+ -periodic binary sequences eUtD) with
linear complexity 2/+! — 2/ = 2J and WH(e(j +1)) = 2 is 2/. First one nonzero element is
added so that L;(eU*1D) = 2741 — (2¢ 4 27). The number of eV becomes 27 x 2777,

Second one 1-cube with linear complexity 2911 — 27 is added so that Lz(eldt) = 201 —
(2P 4 27). Note that for i = 0,5 = 1,p = 2,q = 3, sequence {1110 0100} is from both
{1110 0000} and {1010 0100}. At the same time from sequence {1110 0100}, we have both
{1110 0100 0100 0000} and {1110 0100 0000 0100} with Ls(e(@1)) = 20+1 — (20 4 29). So
the number of e(?*1) becomes 2277 x (23)P~7 x 3 x (24)47P~1 x 23 = 3 x 2%—P—i—i-1,

Finally the number of sequences e(™ with Wy (e™) = 5, Li(e™) = 2" — (2! 4+ 27) and
L(e™) = 2" — (2P 4 29) can be given by

3 x 24q—p—j—i—1 % (25)n—q—1 =3 x 25n—q—p—j—i—6.

In the case of i < p < j < ¢. One 1-cube with linear complexity 2971 — 29 is added so that
Ly(elat)) = 2a+1 (2P 1 29). The number of e(9+1) becomes 2%~ x 2 x 277P x (24)9-7=1 x
23 =2 x 24a—p—j—i-l,

Thus the number of sequences e(™ can be given by

2 % 24q7p7j7i71 « (25)n7q71 — 9% 25n7q7p7j7i76.
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In the case of p < i < j < ¢. One 1-cube with linear complexity 2971 — 29 is added so that
Ls(elat)) = 20+1 _ (2P 4 29), The number of e(?t1) becomes 227 % x 277P x (24)777-1 % 23 =
94q—p—j—i=1

Thus the number of sequences ¢(™ can be given by
24q—p—j—i—1 % (25)n—q—1 _ 25n—q—p—j—i—6‘
In general, the number of these e(™ can be given by
X 25n—q—p—j—i—6
where if j < p then vy =3,if j > p > i then v =2 else 7 = 1.
(The following example is given to illustrate the case of j < p.

Suppose that n =4,i=0,j = 1,p = 2,¢ = 3. From v(*) = {0000 0001 0001 1111}, we can

have the following.

ul® = {0000 0001 0001 1101},

uSY = {0000 0001 0001 1011},

u$Y = {0000 0001 0001 1011}.

From u§4) = {0000 0001 0001 1101}, we can also have the following.

ul? = {0000 1001 0001 0101},

ul®) = {0000 0101 0001 1001},

ul¥) = {0000 1101 0001 0001}. )

We now investigate the case that s +u,t+v € S+ E and Ls(s+u) = Ls(t +v) = L with
s#t,u#v but s+u=1t+v. It is equivalent to checking if there exists a sequence v
such that L(u+v) = L(s +t) < L and if so, check the number of such sequence v, where

Wr(u) = Wi (v) = 5. We need to consider the following two cases.

The first case is related to the minimum 4y < g such that 2" — (2% +29) < L = 2" — (21 +
202 4 ... 4 2im) where ¢ = ip,. If p <1,j, then ig can be i or j.
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For any u € E, it is easy to show that there exist 297 — 1 sequences v, such that
L(u+v) < L.

(The following example is given to illustrate the above case.

Suppose that n = 5,4 = 0,5 = 1,p = 2,q = 4, i1 = 0,i0 = 1,43 = 2,44 = 4. So
L =2" — (20t 4202 4 203 4 2i4) = 9

If 4 = {1000 1110 0000 0000 1000 0000 0000 0000}, then

v®) = {0000 1110 1000 0000 0000 0000 1000 0000}.

Thus L(u® +v0®) =25 — (23 4 24) =8,ip = 3. )

Second we consider the case of i,, < w < n.

Suppose that j < p. For i, < w < n, there exist 31 x 32¥~#»~1 gequences v, such that
L(u+v) = 2"—(294+2%) < L or L(u+v) = 2"—(2P42%) < Lor L(u+v) = 2"—(2/42¥) < L

or L(u+v)=2"— (21 4+2%) < Lor L(u+v) =2"—2% < L.

Note that for any sequence v with 5 nonzero elements, if we double the period of sequence

v, then 2° new sequences will be generated. Therefore there exist
31431 x 324 -+ 31 x 32" m~2 = 3on~im=1 _q

sequences v, such that L(u+ v) < L.

(The following example is given to illustrate the above case.

Suppose that n =5,i=0,7=1,p=2,9q=3,i1 = 1,13 = 2,i3 = 3, w = 4,
u®) = {1011 1000 1000 0000 0000 0000 0000 0000}. Then

vg‘:’) = {0011 1000 0000 0000 1000 0000 1000 0000}.

Thus L(u® + () = 25 — (28 4 24).

v§5) = {0011 0000 1000 0000 1000 1000 0000 0000},

v:(f) = {1011 0000 0000 0000 0000 1000 1000 0000},
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Thus L(u® + 0{”) = Lu®) 4+ () =25 — (22 + 24).

vf) = {0001 1000 1000 0000 1010 0000 0000 0000},

vém = {1001 0000 1000 0000 0010 1000 0000 0000},

vé5) = {1001 1000 0000 0000 0010 0000 1000 0000},

v;5) = {0001 0000 0000 0000 1010 1000 1000 0000}.

Thus L(u® + vf)) = L(u® + vé5)) = L(u® + vé5)) = L(u® + 1)%5)) =2% - (2+2%).
vé‘? = {0011 1000 1000 0000 1000 0000 0000 0000}.

Thus L(u® +o{})) =25 — 24 )

On the other hand, if ¢ < i,, and only 2" — (29 + 2) < L then the number of v will be

increased by 327 m~1,

If 2" — (2P 4 2im) < L and 2" — (27 4 2im) > L then the number of v will be increased by
3 x 32nim=l,

If 27 — (27 +2'm) < L and 2" — (2! 4 2'n) > L then the number of v will be increased by
7 x 320l

If 2% — (2¢ + 2%m) < L then the number of v will be increased by 15 x 32" im~1,

It follows that the number of 2"-periodic binary sequences s with L(s(™) = 2", L;(s() =
2" — (20 +29), L3(s(™) =27 — (2P + 29) and Ls(s™) = L can be given by

§ x 25 amPmI 0 5 9Bl (9 x g x 2¢ x 327
where

if ¢ = i, and there exits i < ¢ then § = 297 else § = 1. (4.1)

For the case of j < p. If L = 2" — (29 +2P 4+ 29) then § = 1, if L = 2" — (2¢ + 2P 4 29)
then 6 = 0 else § = 3; if L > 2" — (20 4+ 2P 4 29) then p = 2 else u = 1; if ¢ < 4,, and only
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2" — (29 +2'm) < L then e = 1, if 2" — (2P +2im) < L and 2" — (27 +2'm) > [ then € = 2,
if 27 — (29 +2'm) < [ and 2" — (2 +2%m) > L then e = 3, if 2" — (20 +2) < L then ¢ = 4.

(The following example is given to illustrate the case of j < p.

: ) ; 4
Suppose that n = 4,i = 0,j = 1,p = 2,q = 3, L = 2* — (2/ + 2P 4 29), ug) =

{1110 1000 1000 0000}.

There exists v{*) = {0100 0010 0010 1010}, such that L(u" + (") = 24 — (29 4 27 4+ 29).
There exists v{") = {0010 0100 0100 1100}, such that L(u{" + v{¥) = 24 — (2i 4 2p 4 29).
For u$") = {1011 1000 1000 0000}.

There exists v{") = {0001 0010 0010 1010}, such that L(u$" + (") = 24 — (27 4 2¢ 4 29).

There exists v{" = {0010 0001 0001 1001}, such that L(u$" + v$?) = 24 — (2¢ 4 2P 4 29),

For u\? = {1101 1000 1000 0000}. Then there exists v{*) = {0001 0100 0100 1100}, such
that L(uéA‘) + vgl)) = 2% — (20 + 2P + 29) < L, but there is no v§4) such that WH(’UYL)) =5

and L(ugl) + v§4)) = L.

So, suppose that L(s®*)) = L. Then Ls(s¥ + ué4)) =L.)

For the case of j > p > i. If L =2" — (27 4 2P 4 29) then § = 1, if L = 2" — (2¢ + 27 + 29)
then 6 = 1/2, if L = 2" — (2 427 +29) then 6 = 0 else § = 2; if L > 2 — (29 -+ 2P 4+ 29) then
p=2else p = 1; if ¢ < i, and only 2" — (29 +2m) < L then € = 1, if 2" — (27 +2m) < L
and 2" — (2P + 2im) > L then € = 2, if 2" — (2P 4+ 2'm) < L and 2" — (2! + 2'm) > L then
€=3,if 2" — (2' + 2'm) < L then € = 4.

(The following example is given to illustrate the case of j > p > 1.

Suppose that n = 4,4 = 0,j = 2,p = 1,¢ = 3, L = 2" — (20 4 27 4+ 29), (¥ =
{1110 0010 1000 0000}.

Then there exists v(¥) = {0100 1000 0010 1010}, such that L(u® +v®)) = 2% — (27 427 4
27) < L, but there is no U§4) such that WH(UYI)) =5 and L(u® + U§4)) =1L.

So, suppose that L(s®) = 2" — (2¢ 427 +29). Then Ls(s 4 u®)) = 2" — (2! + 27 4 29).
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There exists v{ = {0001 0010 0111 0000}, such that L(u® +vY) = 24 — (20 4+ 2P 4 29). )

For the case of j >4 > p. If L =2" — (2 4 2P +29) or L = 2" — (2! + 2P 4 29) then § = 0
else § = 1; if L > 2" — (20 + 2P +29) and L > 2" — (27 + 2P + 29) then p = 4, if only
L > 2" — (27 +2P +29) then pu = 2 else pu = 1; if ¢ < 4y, and only 2" — (29 +2") < L then
€=1,if 2" — (27 4 2'm) < L and 2" — (2° + 2m) > [ then e = 2, if 2" — (20 + 2'm) < L
and 2" — (2P 4 2im) > [, then € = 3, if 2" — (2P 4 2im) < L then € = 4.

(The following example is given to illustrate the case of j > i > p.

Suppose that n = 4,i = 1,j = 2,p = 0,¢ = 3, L = 2" — (2! 4 27 + 29), (¥ =
{1101 0100 1000 0000}.

Then there exists v(*) = {0010 0100 0111 0000}, such that L(u® 4v®) = 24— (20427 429),
There exists v{") = {0001 1000 0100 1100}, such that L(u® + (") = 24 — (27 4 27 4 29).

There is no 064) such that WH(U(()4)) = 5 and L(u® + 064)) = L. So, suppose that
L(sW) =27 — (20 + 279 4 29). Then Ls(s® + u®) =27 — (20 427 4 29). )

2) First we consider the case of i < j < r. Suppose that s@ is a 2-periodic binary

sequence with linear complexity 2 and WH(S(i)) = 1, then the number of these s is 2¢.

So the number of 2/ !-periodic binary sequences s(t1) with linear complexity 2/ —2¢ = 2

and Wy (s0+1)) = 2 is also 2°.

For j > i, if 2/-periodic binary sequences s\/) with linear complexity 27 —2¢ and Wy (s)) =
2, then 27 — 2 — (201 — 20y = 271 4 27=2 4 ... 4 2i+]

Based on Algorithm 3.1.1 in Section the number of these s can be given by
(22)7=i—1 x 2i = 2% —i-2,

So the number of 2/+!-periodic binary sequences sUTD) with linear complexity 2771 — (27 +
2%) and Wy (sUHtD) = 4 is also 227172,

Thus the number of 2" -periodic binary sequences s"t1) with linear complexity 271 —
(2" 427 +27) and Wy (s ) = 8 is (24)r =71 x 227172 = 94r=2j-i=6,

There exist 24 2-cubes with linear complexity 27! — (27 4 2¢) from one 3-cube with linear
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complexity 271 —(274+274+2%). Any pair of one 2-cube with linear complexity 27! —(274-2%)

and one vertex from the 3-cube is come from exactly two different 2-cubes.
(The following example is given to illustrate the above case.

Suppose that n = 4,7 = 0,5 = 1,7 = 3, u¥ = {1111 0000 1111 0000}. Then L(u¥) =
21— (20427 +27).

There exist 2* 2-cubes with linear complexity 2"+!—(274-2%), such as {0111 0000 1000 0000}.
And {1111 0000 1000 0000} is from both {1111 0000 0000 0000} and {0111 0000 1000 0000} .

)

As u € E such that Ly(u) = 2" — (2! +27) and L3(u) = 2" — (2! +27 +27). So the number

of these u can be given by

23 % 22 % (25)71—7"—1 % 247"—2j—i—6 _ 25n—r—2j—i—6.

Secondly, we consider the case of r < 7 < j.

We know that the number of 2™-periodic binary sequences s(") with linear complexity
2" — (27 +2Y) and Wy (s™) = 4 is (24)" 71 x 22172 = 94n=2-i-6,

There exit 22% locations with the distance 2" (Definition 3.2.1 in Section to every
vertex in a 2-cube. Asu € E such that Ly (u) = 2"—(2°+27) and L3(u) = 27— (21 +27 +27).
So the number of these u can be given by

2n

o w 9An—2j—i—6 _ oBn—r—2j—i—T

Thirdly, we consider the case of ¢ < r < j.

We know that the number of 2™-periodic binary sequences s with linear complexity
2" — (27 +2) and Wy (s(™) = 4 is 24216,

There exit % locations with the distance 2" to every two vertices in a 2-cube. Asu € F
such that Ly (u) = 2" — (2¢ +27) and L3(u) = 2" — (2° + 27 + 27). So the number of these

u can be given by
n

T % 9 x 94n—2j—i—6 _ 9n—r—2j—i—6

(The following example is given to illustrate the above case.
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Suppose that n = 4,i = 0,j = 3,7 = 2, v¥ = {1100 0000 1100 0000}. Then L(v¥) =
21 — (20 4 27).

There exist 4 binary sequences u with Ly (u) = 2" —(204-27) and L3(u) = 2" — (20427 4-2"),

such as

{1100 1000 1100 0000},
{1100 0000 1100 1000},
{1100 0100 1100 0000},
{1100 0000 1100 0100}. )

We now investigate the case that s +u,t+v € S+ E and Ls(s+u) = Ls(t +v) = L with

s#t,u#v, but s+u=1t+v. We need to consider the following two cases.

The first case is related to the minimum iy < j such that 2" — (2% 4 2¢ 4 27) < L =
2" — (211 4 2%2 4 ... 4 20m) Suppose that j = 4,, and r < i, ig < i. For any u € E, it is
easy to show that there exist 2/~%~! — 1 sequences v, such that L(u +v) < L.

(The following example is given to illustrate the above case.

Suppose that n = 5,i = 3,5 =4,r = 1,41 = 0,ip = 1,i3 = 3,iy = 4. So L = 2" — (20 +
202 4 283 4 4 2U4) = 5,

If «(®) = {1010 0000 1000 0000 1000 0000 1000 0000}, then
v = {0010 1000 0000 1000 0000 1000 0000 1000}.
Thus L(u® +00) =25 — (22 423 + 24) =4,ip = 2. )

Suppose that j = i,, and i < 1 < j, i < ig < j. For any u € FE, it is easy to show that
there exist 2/7% — 1 sequences v, such that L(u +v) < L.

The second case is related to 7,,, < w < n.

Suppose that j < r. For i,, < w < n, there exist 31 x 32¥~#»~1 sequences v, such that
Llu+v) =2"— (2" +2¥) < Lor Llu+v) = 2" — (20 4+ 2/ +2%) < L or L(u+v) =
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2" — (29 +2%) < Lor L(u+v)=2"— (2" +2¥) < Lor L(u+v) =2"—2¥ < L.

Note that for any sequence v with 5 nonzero elements, if we double the period of sequence

v, then 2° new sequences will be generated. Therefore there exist
314+31 X324+ +31 x 32" im—2 — ggn—im—1 _ 1

sequences v, such that L(u+ v) < L.

(The following example is given to illustrate the above case.
Suppose that n =5, =0,j = 1,r =2,i1 = 1,i0 = 2,i3 = 3,w =4,
u® = {1111 1000 0000 0000 0000 0000 0000 0000}. Then

v§5) = {0111 0000 0000 0000 1000 1000 0000 0000}.

Thus L(u® + o{”) = 25 — (22 4 24),

v§5) = {0000 1000 0000 0000 1111 0000 0000 0000},

vés) = {1000 0000 0000 0000 0111 1000 0000 0000},

Thus L(u® + o{”) = Lu® + o) = 25 — (1424 2%).

vf’) = {0101 1000 0000 0000 1010 0000 0000 0000},

vé5) = {1010 1000 0000 0000 0101 0000 0000 0000},

vé5) = {1101 0000 0000 0000 0010 1000 0000 0000},

’US) = {0010 0000 0000 0000 1101 1000 0000 0000}.

Thus L(u® + Uff))) = L(u® + vé5)) = L(u® + véS)) = L(u® + v§5)) =25 —(2+42%).
vé‘? = {0000 0000 0000 0000 1111 1000 0000 0000}.

Thus L(u® + () =25 — 24 )
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On the other hand, if r < i,, and only 2" — (2" + 2'm) < L then the number of v will be

increased by 3271,

If 27 — (20427 +2im) < [ and 2" — (29 4 2'm) > L then the number of v will be increased
by 3 x 327~ im—1,

If 27 — (27 +2im) < L and 2" — (2! 4 2%n) > L then the number of v will be increased by
7 x 32ntm L

If 2" — (2¢ + 2im) < L then the number of v will be increased by 15 x 32" im~1,

It follows that the number of 2"-periodic binary sequences s with L(s(™) = 2", L;(s() =
2" — (204 27), Ly(s™) =27 — (28 + 27 +27) and Ls(s(™) = L can be given by

§ % 25n7r72j7i76 % 2L71/(9 > 26 % 32n7im71)

For the case of j < 7. § =1,0 = 1. If r < iy, and only 2" — (2" + 2') < L then € = 1, if
2" — (20427 4+ 2'm) < L and 2" — (27 + 2im) > L then € = 2, if 2" — (27 4 2') < L and
2" — (20 4 20m) > L then e = 3, if 2" — (2/ 4 2im) < L then € = 4.

For the case of i <7 < j. 6 = 1. If j = i, and i < g < j then § = 277 else § = 1.
If j < iy and only 27 — (28 + 27 4 20m) < L then € = 1, if 2" — (27 + 2im) < L and
2" — (27 4+ 2'm) > [ then € = 2, if 2" — (2" 4+ 2'm) < [ and 2" — (2! +2%m) > L then e = 3,
if 2% — (2¢ + 2'm) < L then € = 4.

For the case of 7 < i < j. 6 = 1/2. If j = 4, and g < i then § = 27701 else § = 1.
If j < iy and only 27 — (28 + 27 4 20m) < L then € = 1, if 2" — (27 + 2im) < L and
2" — (28 4+ 2im) > [ then e = 2, if 2" — (20 +2im) < L and 2" — (2" +2'm) > L then ¢ = 3,
if 2% — (27 + 2'm) < L then € = 4.

The proof is complete. O

To further illustrate Theorem 4.3.3, we give the following two examples, which are verified

by a computer program as well.
Example 4.3.1 Suppose that n =5, =0, =1,p=2,g=4, 41 =0,i3 = 1,i3 = 2,14 =

4. So L = 2" — (21t 422 4 283 4 214) =9 As j < pand q = ig, 50 0 = 3, ip = 3,
§ =297 = 2 ¢ = 0. The number of 25-periodic binary sequences s®) with L(s(®) = 32,
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L1(s®)) =29, Ly(s®) = 12 and Ls(s(®) = 9 can be given by

(3 X 25><n74727176) X 2971/(2 X 3257471) — 3 X 219‘

Example 4.3.2 Suppose that n =5,i =3, =4,7r= 1,4, =0,io = 1,i3 = 3,94 = 4. So
L=2"— (2142024283 420) =5 Asr <iandj =iy, 8000 =2,0=1/2,0 =271 =2
¢ = 0. The number of 2°-periodic binary sequences s with L(s(®)) = 32, Li(s®) = 8,
L3(s®)) = 6 and Ls(s(®)) = 5 can be given by

(% X 25X7’L—1—8—3—6) X 25—1/(2 X 325—4—1) — 29'

4.4 A constructive approach for computing descent points

of the k-error linear complexity

How many elements have to be changed to decrease the linear complexity? For a 2"-
periodic binary sequence s, Kurosawa et al. (2000) showed that the first descent point
of the k-error linear complexity is reached by k = 2WH(2"—L(S<H)))’ where Wy (a) denotes

the Hamming weight of the binary representation of an integer a.

In this section, first, the k-error cube decomposition of 2™-periodic binary sequences is
developed based on the proposed cube theory. Second we investigate the formula to
determine the second descent points for the k-error linear complexity of 2™"-periodic binary
sequences based on the linear complexity and the first descent points for the k-error linear
complexity. Third we study the formula to determine the third descent points for the k-
error linear complexity based on the linear complexity, the first and second descent points

for the k-error linear complexity.
For clarity of presentation, we first introduce some definitions.

Let k4 denote the ith descent point of the k-error linear complexity, where i > 0. We
define S(a) as the binary representation of an integer a, and Wx(S(a)) denotes the Ham-
ming weight of S(a). We further define L®)(s(™) as the k-error linear complexity of the

ith descent point for a 2"-periodic binary sequence s, and define
S(s™y = 52" — L(s™))

S0 (s = (2" — LO(sM))
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where i > 0 and L(s™) is also denoted as L) (s(™). For a given binary digit rep-
resentation Sp, one can prove easily that there exists only one linear complexity value
Ly = 2"— (201422 4. . .42im) where 0 < iy < iy < -+ < i, < n, such that S; = S(2"—Ly).
In this case, we define

STHSY) = i1, S7(S1) = i,

S>zk(2n - Ll) = S(QikJrl + 2ik+2 4+t 2Zm)

Let S(a) = (z1,22, -+ ,2n) and S(b) = (y1,92, - ,yn). Then define S(a) N S(b) =
(@1y1, T2y2, -+ TpYn), S(a) US(D) = (21 +y1 — T1y1, 2 + Y2 — Tay2, T + Yn — TnYn)-

To obtain our main results, we first present the following lemma.

Lemma 4.4.1 Let s(™ be a 2"-periodic binary sequence. Assume that the second last
decent point of k-error linear complexity of s(™ is (@), LW (s(™)). Then LU (s() is

achieved by a cube ¢\9) exactly.

Proof. Suppose that the last decent point of k-error linear complexity is
(kUHD LG+ (5(M)). Then LU+ (s(") = 0. Assume that the second last decent point of
k-error linear complexity is (kU), LU (s(™)),

By Algorithm 2.2, s has a standard cube decomposition. Let s = ¢; +ca 4 - - - + ¢,
where L(c1) > L(cg) > -+ > L(cp,).

By the definition of k-error linear complexity, the smallest k-error linear complexity greater
than 0 is achieved by a cube ¢\), which can be constructed by ¢,,, some nonzero elements
of ¢1,¢9, -, cp—1 and adding some new nonzero elements to s(") . Other nonzero elements

of ¢1,¢9,- -+, ¢m—1 Will be changed to zero.

Suppose that there are x nonzero elements in ¢,,, the number of nonzero elements of
€1,Co,*+ ,Cm—1 used by ) is y, and the number of nonzero elements of c1,co, -+, cm_1
not used by ¢ is z, where z > y > 0,z > 0. To construct ¢, one has to add a 2"-
periodic binary sequence e§n) to s where eg-n) has x — y 4 z nonzero elements. Note that
the number of nonzero elements in s is z +y+ 2. Sox —y+ 2z < z +y + z. Thus ¢V

has the smallest k-error linear complexity greater than 0. O

It is easy to see that ¢U) is not unique for some 2"-periodic binary sequences. For example,
let s() = {1110 0000}. Then ¢\ can be {1111 0000} or {1110 0001}.
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Based on Lemma 4.4.1, next we present a very fundamental theorem regarding the CELCS,

followed by an important definition called the k-error cube decomposition.
Theorem 4.4.1 Let s be a 2"-periodic binary sequence. Then

i) we have a decomposition s = (0 4¢M 4@ ... 40 where ¢ is a cube with linear
complexity L(c®) = L®)(s(™), the second last decent point of k-error linear complexity
of S(n) is (k(])7L(J)(3(n))) and k(i+1) — WH(C(O) + c(l) + 0(2) + e+ 0(7')),0 S 7 S .7’

ii) we have a decomposition s = O 4 M 4 @ 4o elm) 4 tgf), where ¢ is a
cube with linear complexity L(c®) = L) (s), i is a 2"-periodic binary sequence with
L(m) (S(n)) > L(tg,g')% and k‘(m+1) S WH(C(O) —+ c(l) + 0(2) + ..+ C(m))

Proof. 1) Assume that the second last decent point of k-error linear complexity is

(kW) L) (s()), and LY (s(™) is achieved with a cube ¢V) by adding a 2"-periodic binary
sequence egn) to s, where kU = WH( (n )) Thus e( n) + s = ¢ which implies that
s = e;,”) + W),

By the definition of k-error linear complexity, WH(eg-n)) < Wy (s™).

egn) is also a 2™-periodic binary sequence. Similarly, eg ) _ e( n) +c(3 1) and WH( (n) 1) <
W (e (n)) IfL(c(j_l)) L(c (J)) as s = e( )—|—c(]) ( ) —|—C(] D4¢l) | then adding a 2"-
(m) | +sM) < L(C(J)) This contradicts
) and kU~ WH(eg-Ti)l).

periodic binary sequence e;

the fact that k() = Wy ( g )). Thus L(cV—D) >

_ to s ) in this case L

(e +
((

Finally, based on the above analysis, we have that s = ¢(0 4 ¢ 462 ... 4 c0) | where
L(e®) > L(eW) > L(e?) > -+ > L(eW), LO(sM) = L(c?), and k@ = Wy (™) =
Wi (e® 4+ e 4+ 6@ g cli=D) 0 < i < j+ 1.

ii) In the case of i), we first obtain the last cube ¢, then =1, =2 .. ... .

In this case, we first obtain the cube ¢™), so that L™ (s(M) = L(c™).

Assume that L(m)(s(")) is achieved with a cube ¢ by adding a 2"-periodic binary se-
quence e to s which implies that s(®) = e 4 elm) 4 tgf), where L( %1)) < L(c™).
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By applying the result of i) to 67(77:), we have that s = ¢(© () 4 @) .. 4 elm) 4 tgff),
where L(c®) = L) (s(M), k) = WH(e(n)) =We(cO+c® 4@ . 4c0-D) 0 <i <m.

)

It is obvious that k(™1 < Wy (¢ + ) 4 @) 4 ... 4 (M), O

Next we give some examples in different situations to illustrate Theorem 4.4.1.

Example 4.4.1 In fact, there indeed exists the case that k(™11 < WH(C(O) +cM 463 4
o4 c(m)). Let

0 = {11001100 00000000 00000000 00000000},

¢ = {10101010 10101010 00000000 00000000},

¢ = {11001100 11001100 11001100 11001100},

tg5) = {11111111 11111111 11111111 11111111},

and s®) = 0 4 ) 4 £2) 4 tés). Then L (s0)) = L(c)),0 < i < 2. Tt is easy to verify
that kG =12 < Wi (c® 4 D + ¢2)) = 16. This is the case of ii).

Example 4.4.2 Let

¢ = {11001100 00000000 00000000 00000000},

¢ = {10101010 10101010 00000000 00000000},

¢? = {01100110 01100110 01100110 01100110},

¢®) = {10101010 10101010 10101010 10101010},

and s®) = ¢ 4 M) @) 4 B Then L0 (s4)) = L(c®),0 <i < 3. kB = Wy (c© +
M 4 @) =12, kW = Wi (c® + M + ¢ 4 ¢B3)) = 16. This is the case of i).

Example 4.4.3 We now still use the sequence s*) = {1101 1001 1000 0000} to illustrate
Theorem 4.4.1. Let

¢ = {0100 1000 0000 0000},

¢ = {1001 0001 1000 0000}. Then s® = ¢© 4 Y.

Let

¢(© = {0000 1100 0000 0000},

1) = {0101 0101 0000 0000},

#( = {1000 0000 1000 0000}. Then 5@ = ¢© + 1) 4 ¢V,

Let

¢(® = {0000 0100 0000 1000},
1) = {0100 0100 0001 0001},
¢? = {1001 1001 1001 1001},
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#§% = {0000 0000 0000 0000}. Then s® = ¢© 4+ W 4 @) 4! Tt is easy to verify that
kB = Wy (sW) =6.

One can see for any 2™-periodic binary sequence s thereis m > 0, such that L(m+1) (3(”)) =
0. Then from part one of Theorem 4.4.1, we have that s = ¢(©) 4 () 4 (2 ... 4 (M)

Wi (S (s(M))

where ¢(©) is a cube with linear complexity L(s(™), ¢ is a cube with nonzero

elements and linear complexity L) (s(), 0 < i < m.

We define s(™ = ¢ 4 ¢ 4 @ 4 ... 4 (") a5 the k-error cube decomposition of a
2"_periodic binary sequence s(™. For a 2"-periodic binary sequence s, its k-error cube
decomposition may be not unique and different from its standard cube decomposition,
which is unique. For sequence {1101 1001 1000 0000} used in standard decomposition, its
k-error cube decomposition is different from its standard decomposition and is given as
follows: {0000 0100 0000 1000}, {0100 0100 0001 0001}, {1001 1001 1001 1001}.

From part one of Theorem 4.4.1, one can see that there exists a k-error cube decomposition
for a given 2"-periodic binary sequence. Next we will use part two of Theorem 4.4.1 to

find the second and third descent points.

Theorem 4.4.2 For a 2"-periodic binary sequence s, the second descent point of

the k-error linear complexity is reached by k() = WH(S(™)) | oWr(SD (™M) _ o
oW (S(s()NSW (s(m)))

Proof. i) First we consider the case that L(s(™) = 2", In this case, S(s(") = §(2" —

L(s™)) only contains zero elements. So, we only need prove that k(2) = 204 oW (S (s()) _

2 % 20 = 9Wu(SW (™) _q

From the part two of Theorem 4.4.1, s(® = ¢ 4 ¢ 4+ ¢ where ¢©) is a 0-cube (one

S(1) (5(n>))

nonzero element), ¢ is a cube with 2Wa( nonzero elements and linear complexity

LW (s and L(t™) < LM (s(). ¢ is constructed by adding a 2"-periodic binary

sequence ¢ to s(™. We need to consider the following two cases.

In the case that Wi (c® + M) = Wy () + Wy (cM), from Lemma 2.1.2 in Section
LM (5(M) is achieved by changing ¢(©) to a zero element, and L(?)(s(™) is achieved by
constructing another cube ¢y with linear complexity L(l)(s(”)), and using ¢(¥ as a nonzero

element of cy. Thus k2 = 2Wu(SW (™) _ 1

(For example, u(*) = {1111 1000 0000 0000}. L™ (u)) = 2% — (1 + 2) is achieved by a 2-
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cube {1111 0000 0000 0000}. So L® (u®) is achieved by a 3-cube {1111 1111 0000 0000},
k2 =22 _-1=3)

In the case that Wy (c® + M) < Wy (¢©) + Wi (W), by changing the nonzero elements
of 9 4+ ¢ to zero elements, the new linear complexity L(s(™) will be less than L) (s(™),
Thus k@ = 2Wr(SW (™) _ 1,

ii) Second we consider the case that L(s(™) < 2",

From the part two of Theorem 4.4.1, suppose that s = ¢©) 4+ @) 4 ¢ where ¢
is a cube with 2W#(SG™)) nonzero elements and linear complexity L(s™), and ¢ is a
cube with 2W#(SW ™) nonzero elements and linear complexity LW (s and L(t™) <
LM (s < L(s).

If Wi (9 4+ ¢y = Wi (¢ + Wy (cM), it is obvious that by changing

oW (S(s™)) _ oWr(S(s™)NSMW (stM)) | oWi(SW(s(™)) _ oWi(S(s()NSM(s™)) 1 onsero ele-
ments, one can construct another cube co with linear complexity L(l)(s(”)), and us-
ing oWn (S(st NS (™)) nonzero elements of ¢®. From Lemma 2.1.2 in Section
LW + ¢3) < L(cW) = LM (sM™). Thus the new linear complexity L(s(™) will be less

than LM (s(M).

In the case that W (c(® + ) < W () + Wy (D), by changing

2WH(S(S(R))) — 2WH(S(S(R))QS(1)(S(R))) + 2WH(S(1)(S(H>)) — 2WH(S(S(H))OS(1)(S(H))) nonzero ele-
ments, one can still construct another cube co with linear complexity L(l)(s(”)), and using
Wi (Ss"HNSW (™)) honzero elements of ¢(®). Thus the new linear complexity L(s™) will

be less than LM (). In this case, ¢o may be the same as ¢(1).

So k@) = oWr(S(s™)) 4 oWr(SW(s)) _ o o oW (S(s))nsM (s(M)).
(For example, let ¢® = {0101 0000 0000 1010}, ¢V} = {1010 1010 1010 1010}. Then
¢ 4 ¢ = {1111 1010 1010 0000}, where ¢(® and ¢(!) share 2 nonzero elements {1010}.

So k) =22 423 —2x 2l =8)

This completes the proof. O

In fact, Chang and Wang (2013) proved this result in their Theorem 3 with a much

complicated approach.

Next we investigate the computation of the third descent point for the k-error linear
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complexity based on the linear complexity, the first and second descent points for the
k-error linear complexity. Before present our main result, we first give a result in special

case.

Proposition 4.4.1 For a 2"-periodic binary sequence s(™, let k(! denote the ith descent
point of the k-error linear complexity, i > 0. If S (s(™) 5 §O) (s y W (sM)yy... U
S(i—l)(s(n))7 then k(+D) — oWu(SW(s™)) _ kD i >1.

Proof. As 5@ (s(M) 5 §O)(smM)yu s (sm)y...usED(s(M), by changing 2Wr (5" (<)
— k@ elements of s(”), the linear complexity of 5™ becomes 0 or less than L(i)(s(”))- So
) — oWa (SO (s()) _ 1.(5). 0

For example, let s®) = {1111 1111 1110 0000},n = 4. Then S©(s() = {0000},
SM(sMy = {0011}, S@(s() = {0111}, S (s(M) = {1111}. So SB)(s5(")) 5 SO (s(M) U
S (smy Y §@ ().

As LW (5M) is achieved by a 2-cube {0000 0000 1111 0000}, k(M) = 1, L3 (5(4) is achieved
by a 3-cube {1111 1111 0000 0000}, k) = 3. So k®) = 23 — 3 = 5. By changing k(®)
elements, s() becomes a 4-cube {1111 1111 1111 1111},

As L®)(s™) is achieved by a 4-cube {1111 1111 1111 1111}, k) = 5, thus k(4 = 2* -5 =

11. By changing k¥ elements, the linear complexity of s*) becomes 0.

The above result is for the ith descent point computation in some special cases. Next we
will investigate the third descent point in general. First, we give the the famous principle

of inclusion-exclusion in combinatorics for finite sets Ay, -, A,, which can be stated as

follows.

JAl =D 14— D JAn4 )+ Y JAnAnAl—+ (D" AN N A
i=1 i=1 1<i<j<n 1<i<j<k<n

Based on the principle of inclusion-exclusion, we give the following important theorem on
the third descent point.

Theorem 4.4.3 For a 2"-periodic binary sequence s let k() denote the ith descent

point of the k-error linear complexity, ¢ > 0, and

im(s1\s0s2) = S~{SW (st) \ [SW (s0) 0 (SO (s0) U S (s())]}.
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With the following conditions
(i) WH[S(I)(S(”)) N (5(0)(S(n)) U 5(2)(5(n)))] < WH(S(U(S(”)))

(ii) {SO(s() N S@) (s = §O)(s(M) N §M(5(M)) N §2)(5(n))

(iii)
[im(s1\s0s2) > min{ S~ (S (s() 1 S@) (sM)), §71(SO (s 0 5@ (5()))}
and
(0) n (2) n 1)/ (n
(S>im<31\sosz)(s( )) n S>im(s1\sosz)($( ))) c st )(S ))]}

If (i) and (ii) or (i) and (iii) hold, then
EB) = oWa (SO (st)) 4 oWr (M (stM)) 4 oW (53 (s)

_9x 2WH(S(0>(s<"))ms(1>(s<")))_2 5 2WH(S<0>(3(”>)mS(2>(s(”>))

_9x 2WH(S(1)(5("))05(2)(s("))) +92x 2WH(S(O)(s("))ﬂS(l)(s("))ﬂS(Q)(s(”)))

?

Otherwise, we have
E(3) — oWr (5O (s")) + oWr (S (s(™))) + oWp (P (s(m)))

_9x 2WH(5(0)(3(”))05(1)(5(”))) _9x 2WH(S(0>(S(n))ﬁS(2)(S(n)))

9 5 gWa (SO (sM)NSD (s(D)) Ly s oW (SO (st0)NSM) (stM)NS@ (5(1)))

Proof. The following proof is based on the framework that s = ¢(© 4 (1) 42 4.4
¢ +t§"). For ¢ +¢cM 4@ ... 40 by changing k(Y elements, the linear complexity
of ¢ M ¢ ... 4 ¢ can become 0 (in which case k(1) = Wi (¢ + M) ) 4
o4 D)) or less than L(c®) (where kHD < Wi (cl® 4 D) 4 @) ... 4 0,

In the case that the linear complexity of ¢(® 4 ¢ 4+ ¢2) 4 ... 4 () becomes less than
L(c®), our key approach is try to construct a cube ng)7 so that L(cgl)) = L(¢) and the
linear complexity of ¢(© + ¢ 4 @ ... 4 ng) becomes 0 by changing k(t1) elements,

which implies that ¢(® + ¢ 4+ ¢@) ... 4 ng‘) has exactly k1) nonzero elements.

Therefore, the computation of G equivalent to counting the nonzero elements of
(O o) 4 @ oy )
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In the principle of inclusion-exclusion, if A; N Ay is not empty, then |A; U Ao| = |A1] +
‘A2| — |A1 ﬂA2|.

In the computation of k0*D | if Wi (S(c®) N S(cM)) # 0, then ¢ and ¢V can have
common nonzero clements, the number of nonzero elements of ¢ + ¢ can become
Wi (c©) + W (cW)) — 2 x 2Wa(S(E)NnS(eD))

From Theorem 4.4.1, suppose that s = ¢ 4 1) 4 ¢2) 4t where ¢ is a cube with

2)

linear complexity L(s(™), ¢V is a cube with linear complexity L1 (s(), ¢®?) is a cube

with linear complexity L(®)(s(), and L(t(™) < L®)(s().

By Theorem 4.4.2, k(?) = oWn () 4 oWr () _ 9 y oWu(SE)NSE) - Afger changing
k) nonzero elements, the sequence becomes ¢?) + ¢t where L(t™) < L(c?). Thus
WH(C(O) + C(l)) - QWH(C(O)) + 2WH(C<1)) — 9% QWH(S(C(O))QS(C(I))).

Without loss of generality, we consider the superposition of ¢ and ¢ with the alignment
of first nonzero elements of two cubes. Then ¢@ + ¢! has exactly k() = 2Wr () 4

oWh (V) _ g 5 oWh(S()NS(™) nonzero elements.

(2)

We construct a cube ¢;”” with linear complexity L(Q)(s(”)), and furthermore, we consider
the superposition of ¢(@, ¢(!) and c?) with the alignment of first nonzero elements of three

cubes. Then with an analysis similar to the principle of inclusion-exclusion, we have that
c0) 4 (1) +Cg2) has exactly oW (S(cl)) L oWr(S(cM)) 4 oWr (S(e?)) _g y oWh (S(c?)NS (M) _
% 2WH(S(C(O))F‘IS(6<2))) — 9% QWH(S(C(U)OS(C(Q))) +4x 2WH(S(c(o))ﬂS(c(l))ﬁS(c@))) nonzero ele-

ments.

By adding ¢ + () + c§2) to s = (@ + M 42 4+ we have c§2) +c® 4+ From
Lemma 2.1.2 in Sectionm L(c?) +c@) < LA (M), Thus k®) < WH(C(O)—l—c(l)—i—c(lQ)) =
oWr (S(c) 4 oWr(S(cM)) L oWr(S(c)) _ 9 « oWr(S()NS (M) _ 9 o ogWa(S(©)NS(c?)) _
2 % oW (S(EMNS(®) 4 4 y oW (S(@)NS(M)NS ()

(For example, let

0 = {11000000 11000000 00000000 00000000 00000000 00000000 00000000 00000000},
1 = {10101010 00000000 10101010 00000000 00000000 V0000000 00000000 00000000},
¢? = {11110000 00000000 00000000 00000000 11110000 00000000 V0000000 00000000} .

Then ¢© + ¢ 4+ 2 has exactly oWr (S(c(0)) + oWr (S(cM)) + oWr (S(c)))

9 5 9Wr(SE)NS(M)) _ gy ogWr(SO)NS(E®)) _ o . 9Wr(S(eD)ns(e2))

4 x 2Wr(SENS(ENS(E®)) — 4 4 8 4+ 8 — 2 — 4 — 4+ 4 = 14 nonzero elements.)
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In the case that Wy [S( ( NNSO (s)us@ (st)] < Wi (SM(s0)) and {SO (5N
M) N $@ ()

S®)(sm) = §0)(s(m)) n g1 (s
Or [im(s1\S052) > min{S~ (5(1)(8(”)) S®(s ("))) 5_1(5(0)(5(")) nS@(sM))}
and (S(O-) (5() ns® (s()) ¢ SM(s(™)]}, we try to construct a cube c(_?

>1m(S1\5052) > (S1\S052)
with linear complexity L(c(®), so that ¢(©) + c(l) + 0(2) has less nonzero elements than

C(O) + c(l) + C(2).

As Wr[SW(s() N (SO (s(M) U S (s(M))] < Wi (SM(5(M)), there exist

oW (S()NS(M)NS(E)) 1onzero elements in ¢, so that such nonzero elements will not

be canceled by addition operation with ¢ or ¢(2).

In the case that {S© (s(™) N S(Q)(s(”)) = SO (s sM (M) N 5(2)(3(")) or
lim(s1ys0s2) > min{S~1(SD(s() 1§ (s)), $71(SO(s) 1 S (50))} and
(Sg]i)m<31\sosz)(s(”)) N S(>2i)m(51\5052)( (n ))) c SMW (s}, one can move the first
oW (S()NS()NS(E)) nongero elements in ¢ to the corresponding locations in which
the nonzero elements only appear in ¢(). In this case, 2 x 2Wr(SE)NS(NS(E)) 544i.
tional nonzero elements will be cancelled in ¢(© + (1) + c(_Q{, where c(_2£ is the new cube

with linear complexity L(c(®).

(We follow the above example, let,
0(22 = {01111000 00000000 00000000 00000000 01111000 00000000 00000000 00000000} .

Then ¢© + M) + c(_zi has 44+ 8 +8 — 2 — 2 — 4 = 12 nonzero elements.)

0 1 2 . .
NSNS ponzero elements in ¢ sim-

In other cases, if we move the first 2" (S(
ilarly as above, one can find that nonzero elements will not be reduced after adding

operation of these three sequences.

(For example, let

0 = {10100000 10100000 00000000 00000000 00000000 00000000 00000000 00000000},
M = {11001100 00000000 11001100 00000000 00000000 00000000 00000000 00000000},
¢ = {10101010 00000000 10101010 00000000 10101010 00000000 10101010 00000000} .

Then S(c(?) = {001010}, S(cM) = {010101},5(c?) = {110110}.
Wr[(S(c”) N S( M u(SEeM)ns(@))] =2< WH(S( (1)) = 3 but
S9N S(e®) = {000010} > S(c®) N S (M) N S (@) = {000000}.

As S(c9)NS(c®) = {000010}, S(cM)NS(c?) = {010100}, S(cD)\ [S(cD)N(S(cD)U
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S(c?))] = {000001}, so S~™({000001}) = 1 < S~1({000010}) = 2 < S~1({010100}) = 4.

Assume that

c(_Q% = {01010101 00000000 01010101 00000000 01010101 00000000 01010101 00000000}.
Then ¢© + (1) 4+ c(_QE still has 4 + 8 + 16 — 2 — 8 = 18 nonzero elements.)

This completes the proof. ]

Next we give some examples in different situations to illustrate the effectiveness of Theorem
4.4.3.

Example 4.4.4 Let

0 = {10001000 00000000 00000000 00000000 00000000 00000000 00000000 00000000},
V) = {11000000 11000000 11000000 11000000 00000000 00000000 00000000 00000000},
? = {11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000}.

Then S(c®) = {000100}, S(cM) = {011001},5(c?)) = {110111}.
Wel(S(c@)nS(cM) U (SN S(c@)] =2 < Wi (S(cM)) =3 and
S(c9) N S(e®) = {000100} > S(c®) N S (M) N S (@) = {000000}.

As S(cM) N S(c®) = {010001}, S(cM)\ [S(cD) N (S(cD) U S(c?))] = {001000}, so
im(s1\5082) = S~™({001000}) = 8 > S~1({010001}) = 1. As
S>im(51\3052> (C(O)) N S>im<51\5052) (0(2)) = {000000}, thus this is the case that
[im(s1\S0s2) > min{ S~ (SW (s() N SA(5()), 57O (s(M) 0 S (5(m))}
(0) n (2) n 1 n
and (S>im(s1\sos2>(8( )) N S>im(s1\sos2)(8( ))) c 8¢ )(S( ))]}
We move the first 2W#(SE)NSENNS(®)) honzero elements in ¢ to the location below

the not cancelled nonzero elements in ¢(!). Let,
c(_Ql) ={01111111 10000000 01111111 10000000 01111111 10000000 01111111 10000000}.

It is obvious that (0 +c(+c?) contains exactly 2423425 —2x20—2x 21 —2x224+2x 20 = 30

nonzero elements. So k) = 30.

Example 4.4.5 Let

® = {11001100 00000000 00000000 00000000},
1) = {10101010 10101010 00000000 00000000},
¢? = {11001100 11001100 11001100 11001100}.
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Then S(c(?) = {00101}, S(cM) = {01110},5(c?)) = {11101}.
Wal(S(c@)nS(cM) U (SN S(c@)] =2 < Wy (S(cM)) =3 and
S(c9) N S(e®) = {00101} > S(@) N S(M) N S(?) = {00100}.

As S(cM) N S(c@) = {01100}, S(cM) \ [S(cM) N (S(cD) U S(cP?))] = {00010}, so
im(s1\s052) = S~™({00010}) = 2 > S~1({00101}) = 1. As
S>ip(s1\5052) ()N S>Z~m<51\3052)(c(2)) = {00100} C S(cM)), thus this is the case that
st sos) > min{S~ (S (s0) 1 5@ (50)), §71(50)(50)) 1 5@ (s))} and

(0) n (2) n 1 n
(S>im(31\5052)(5( )) n S>im<s1\sosz)(5( ))) c st )(S( ))]}
We move the first 2/ (SE)NSE)NSE)) 1onzero elements in ¢2) to the location below

the not cancelled nonzero elements in ¢(!). Let,
¢ = {01100110 01100110 01100110 01100110}

It is obvious that ¢(© + (1) + c(fi contains exactly 22 4 23 4 94
—2x 28 —2x22 -2 x 224+ 2x 2! =12 nonzero elements. So k®) = 12.

Example 4.4.6 Let

0 = {11110000 00000000 00000000 00000000 00000000 00000000 00000000 00000000},
D = {11111111 11111111 00000000 00000000 00000000 00000000 00000000 00000000},
2 = {11111111 00000000 11111111 00000000 11111111 00000000 11111111 00000000}.

Then S(c®) = {000011}, S(cM) = {001111},5(c?)) = {110111}.
Wr[(S(cD)nS(cM) U (S(cM)ynS(c@))] =3 < Wi (S(cM)) =4 and
SN S(e@) = 8(cD)nSeM)n S(e?) = {000011}.

So this is the case that S (s() N S (s5(M)) = §0)(s(0)) M (M) N ) (5(n)),

We move the first 2 (SE)NSE)NSE)) 1onzero elements in ¢2) to the location below
the not cancelled nonzero elements in ¢). Let,

0(72% = {00001111 11110000 00001111 11110000 00001111 11110000 00001111 11110000}, It is
obvious that ¢+ +¢?) contains exactly 22+24+25—2x 22— 2x 22— 2x234+2x 2% = 28
nonzero elements. So k() = 28,

For k®), it is easy to verify that Proposition 4.4.1 is the special case of Theorem 4.4.3.
We have tested all 2"-periodic binary sequences (n = 4,5) by a computer program to

verify Theorem 4.4.3.
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4.5 Summary

A new approach to determining the CELCS for the k-error linear complexity distribution
of 2™-periodic binary sequences was developed via the cube theory, the sieve method and
the Games-Chan algorithm. The second descent point distribution of the 3-error linear
complexity, the second descent point distribution of the 4-error linear complexity and the
third descent point distribution of the 5-error linear complexity for 2"-periodic binary

sequences were characterized completely.

The k-error cube decomposition of 2™-periodic binary sequences was also developed based
on the Cube Theory of Chapter [3] As an extension of the work by [Kurosawa et al.
(2000), first we investigated the formula to determine the second descent points for the
k-error linear complexity of 2™-periodic binary sequences based on the linear complexity
and the first descent points for the k-error linear complexity. Second, we studied the
formula to determine the third descent points for the k-error linear complexity based on

the linear complexity, the first and second descent points for the k-error linear complexity.

Let s(™ be a 2"-periodic binary sequence with linear complexity less then 2". Suppose that
¢1, ¢o and c3 are in the standard cube decomposition of sequence s and L(s™) = L(¢;).
Le(s™) < Ly(s"™) < Ly(s™) < L(s™) if and only if ¢; is one 1-cube and ¢ is one 2-cube
or cq, co and cg are three 1-cubes. Similarly, we can compute the number of 2"™-periodic
binary sequences s with given L(s(™), Lo(s(™), Ly(s(™) and Lg(s™). Accordingly,
the solution to the complete counting functions of 2”-periodic binary sequences with the

prescribed 6-error linear complexity can be obtained.

We expect that with the techniques proposed in this chapter, one can obtain other third
and fourth descent point distributions of the k-error linear complexity for 2"-periodic
binary sequences. The expected value of the k-error linear complexity of 2"-periodic
binary sequences could also be investigated based on our results. We will continue this

work in future due to its importance.
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Chapter 5

Construction of 2"*-periodic binary
sequences with prescribed k-error

linear complexity profile

Let N; (L) be the number of 2"-periodic binary sequences 5(™ with linear complexity 2",
the i-error linear complexity as the last descent point and the k-error linear complexity
being L. In Chapter , we mainly focus on N; (L) of 2"-periodic binary sequences ()
with linear complexity 2" or linear complexity less than 2". Usually only partial critical
points of a 2"-periodic binary sequences s are considered. In contrast, all critical points
of a 2"-periodic binary sequences s, which are called the k-error linear complexity
profile of the sequence, are considered in this chapter (Zhou et al., 2016). The k-error
linear complexity profile of a periodic sequence was first defined by [Stamp and Martin
(1993).

Based on the Games-Chan algorithm (Games and Chanl 1983)) and the cube theory of
Chapter [3) we investigate 2"-periodic binary sequences s with the given k-error linear
complexity profile. We first classify 2"-periodic binary sequences with the given k-error
linear complexity profile having descent points 1, 3, 5 and 7 into totally 68 cases, and then
present the counting formula of the periodic sequences for each case by constructing 2"-
periodic binary sequences with prescribed k-error linear complexity profile. In this chapter,
with prescribed linear complexity and k-error linear complexity, we aim to construct all

such 2"-periodic binary sequences. This is a challenging problem with broad applications.

Our approach to constructing a 2™-periodic binary sequence s with the given k-error
linear complexity profile is based on the reverse process of Games-Chan algorithm. First
we construct a sequence consisting of multiple cubes but with a small period. Second we
increase the period of these cubes and add more cubes at the same time. Finally we obtain

the desired sequence. Next we will explain all these steps in detail.

The rest of this chapter is organized as follows. In Section we mainly illustrate how to
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construct the 2™-periodic binary sequences with the given k-error linear complexity profile
of 0= Ly(sM) < Ls(s™) < L3(s™) < Ly(s™) < 2", In Section we partially discuss
how to construct the 2"-periodic binary sequences with the given k-error linear complexity
profile of 0 = Lg(s™) < Lg(s™) < Ly(s™) < Ly(s™) < L(s™) < 27

5.1 The k-error linear complexity profile having descent
points 1, 3, 5 and 7

We first give an example to illustrate our basic approach. Let n = 5, Ly (s(")) =32—(1+4),
L3(s™) = 32 — (24 8), Ls(s™) = 32 — (2 + 8 + 16), L7(s"™) = 0. First construct
e1 = 11001000, Li(e1) =8 — (1+4). Then eo = 11101000 10100000, L3(e2) = 16 — (2 + 8).
Finally e3 = 11101000 10100000 10000000 00000000, Ls(e3) = 32 — (2 + 8 + 16). At the
same time, Lj(e3) =32 — (1 +4), La(ez) = 32 — (2 + 8).

As an m-cube has 2" nonzero elements and L7(s(”) ) = 0, by Algorithm 3.2.1 in Section
the decomposition of 5 does not include an m-cube for m > 2.

By Algorithm 3.2.1 in Section 5™ can be decomposed into one 0-cube ¢; (one nonzero
element) and three 1-cubes cg, ¢3, ¢4, where L(ca2) > L(cg) > L(ca), or one O-cube c;, one
2-cube ¢y and one 1l-cube c3 or one 0-cube c¢q, one 1l-cube ¢y and one 2-cube c3, where
L(c2) > L(c3). This covers all possible cases. We will cope with the three cases separately

in the following theorems.

First consider the case that s can be decomposed into one 0-cube ¢; and three 1-cubes
Cc2,C3,C4, where L(Cg) > L<C3) > L(C4).

Theorem 5.1.1 Let s be a 2"-periodic binary sequence with linear complexity 2" and
L7(s™) =0 < Ls(s™) < L3(s™) < Ly(s™). Suppose that s can be decomposed into
one O-cube ¢; (one nonzero element), and three 1-cubes cg, 3, ¢4 by Algorithm 3.2.1 in
Section we have the following four cases.

i) Suppose that Li(s(™) = 2" — (20 4+ 27),0 < i < j < n, L3(s™) = 2" — (2P +29),0 <
p<q<mnand Ls(s™) = 2" — (2 4 2¥),0 < & < y < n. Then the number of 2"-periodic
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binary sequences s are given by

3 x 5 x 2Tn—y—E—a—p=j—i=9,
2% 5 x 27n—y—x—q—p—j—i—9’
5 % 27n—y—m—q—p—j—i—9,

3 x 4 x 2Ty P4 =i,
32 x 9Tn—y—r—q—p—j—i-9,
3% 2x 27n—y—x—q—p—j—i—9’
3 x 27n—y—m—q—p—j—i—9,

2 x 4 x 2M—y—r—q=p—j—i=9,
2 x 3 x 2"—y=e=q=p—j=i=9,
2 x 2 x 2TymTma—pmiin9,

1<j<p<qg<ar<y
1<p<j<qg<zr<y
p<i<ji<g<z<y
1< j<p<ar<qg<ly
1<j<ax<p<qg<y
1<z <j<p<qg<y
r<i<j<p<qg<y
t<p<j<ax<qg<y
1<p<ar<j<q<y
1<z <p<j<qg<y

2 x 2Tn—y—a—q=p—j—i=9 r<i<p<jy<qg<y
4 x 2T—y=r—q—p=j=i=9 p<L<i<ji<zar<qg<y
3 x 2Tn—y—e—q—p—j—i=9, p<i<r<j<qg<y

2 x 2Tn—y—T—q—p—j—i=9, p<zr<i<j<q<y

r<p<i<ji<q<y

Tn—y—r—q—p— j—i=9
2ny$qul7

ii) Suppose that L;(s(™) = 2" — (20 +29),0 < i < j < n, L3(s™) = 2" — (2P + 29),0 <
p<q<mnand Ly(s™) = 2" — (2* +2Y + 2%),0 < z < y < z < n. Then the number of

2"_periodic binary sequences s(™ can be given by
Ix 2MmLyme—j=i=8 o jcp=a<q=y<z

3 x 27n—2z—y—a¢—j—i—8’ I<p=z<j<qg=y<z

3 % 27n—2z—y—1’—j—i—87 p=r<i<j<g=y<z
9Tn—2-2¢—p—j—i-8 i<j=r<p<qg=y<z

277Aﬁz72q—pfjfif77 1=r<j<p<qg=y<z

3x 2M—2"2—p—i—i9  j_pop<j<q=y<z
3X27n—z—q—p—2j_i_9’ Z:$<j:y<p<q<z
3 % 27n—z—q—p—2j—i—97 ’l = < p < ] - y < q < z

27nfzqupf2j7i797 p<i=x<j=y<q<z

QTn—s—q—2p—j—i-T, i=r<j<p=y<q<z
9Tn—z—q—2p—j—i=8, i<j=s<p=y<qg<z
9Tn—2—q—p=2j—i=9, 1<p=zx<j=y<q<z

iii) Suppose that Ly (s™) = 2" —(204+27),0 < i < j < n, L3(s™) = 2" — (2P 4+-29427),0 <
p<q<r<mnand Ly(s™) = 2" — (2* +2¥),0 < 2 < y < n. Then the number of 2"-
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periodic binary sequences s(™ can be given by

5x 2M—y—z—r=2j—i=9 Gy _p<iji=q<r<ux

oy =2j=i=T, i=p<j=q<z<r

27n—y—az—r—2j—i—8’ i = p<a< ] =q

27n—y—z—r—2j—i—9’ T <= p < ] =q

iv) Suppose that Ly (s(™) = 27 —(204-27),0 < i < j < n, L3(s™) = 2" — (2P +27427),0 <
p<qg<r<nand L5(s(”)) =2"— (2" +2Y+2%),0 <z <y < z < n. Then the number
of 2"-periodic binary sequences s(™ can be given by

{ QMn—2=2r=2j—i=9, t=p<j=q=z<r=y<z

QTn—2—2r=2j—i=8 t=p=z<j=q<r=y<z

Proof. Suppose s can be decomposed into one 0-cube ¢; and three I-cubes cs, ¢3, ¢4,
where L(c2) > L(cg) > L(ca).

Assume that L;(s™) is achieved by a 3-cube. Based on the result by Kurosawa et al.
(2000), the minimum number k for which the k-error linear complexity of a 2"-periodic
binary sequence s is strictly less than the linear complexity L(s) of s is determined by
kin = 2WH (2"=L(s)) For a 3-cube, kmin = 8, which means that to further decrease the
linear complexity of the 3-cube, we have to change 8 elements. So Ls(s(™) = Ls(s™) =
L1(s™). Therefore, we only consider the case that Ls(s™) or L3(s(™) is achieved by a
3-cube.

In summary, we need to cope with the following four cases separately, which correspond

the four cases in the theorem.

A) All Ly(s™), L3(s™), and L;(s™) are achieved by 2-cubes.
B) Only Ls(s(™) is achieved by a 3-cube.

C) Only L3(s™) is achieved by a 3-cube.

D) Both Ls(s(™) and L3(s™) are achieved by 3-cubes.

Now we prove these cases one by one.

i) Assume that s(™ can be decomposed into one O-cube c1, and three 1-cubes co,c3, c4.

Now we will compute the number of sequences e with Wy (e) = 7, Li(e) = 2" — (2! + 27),
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Ls(e) = 2™ — (2P + 29) and Ls(e) = 2™ — (2 + 2Y). As j < q < y, there are 15 possible
cases:

li<j<p<g<zr<yu<p<ji<g<a<ydIp<i<j<qg<z<y,
di<j<p<zr<qg<y,di<j<zr<p<q<y,bi<zr<ji<p<qg<uy,
Tx<i<j<p<qg<ydi<p<j<r<qg<y di<p<zr<ji<qg<uy,
Di<z<p<<yi<g<y,llz<i<p<ji<g<y Rp<i<j<az<q<uy,
Bp<i<zr<ji<g<y, dp<zr<i<ji<g<y, lbhr<p<i<ji<qg<y.

1. Inthecaseof i< j<p<g<z<y.

As the number of 2/-periodic binary sequences eU) with linear complexity 27 and WH(e(j )) =
1 is 27, thus the number of 2/t -periodic binary sequences el*+1) with linear complexity
29+ — 27 = 27 and Wy (elUtD)) = 2 is 27. We use the following nine steps to construct all

the required sequences.

Step 1. one nonzero element is added so that L;(eU+Y)) = 2741 — (2% 4 27), which means
that we can place a nonzero element ps in e+, such that both the distance (based on
Definition 2.1) of p; and p3, and the distance of po and p3 are 2¢, where p; and py are
in €Ut and the distance of p; and ps is 27. The number of such new sequences e +1)

i gjtl i
becomes 27 x %i-‘rl = 22—,

Step 2, we construct e so that Li(e®) = 2P — (2 + 27). The number of such e® is
92j—i x (23)P—i—1 = 93p—j—i-3,

Step 3, we construct e?t1) by adding another nonzero element py so that the distance of
p4 and one nonzero element of py, py or p3 is 2P. There are 3 options. For the convenience
of presentation, suppose that the distance of ps and p; is 2P. Then p; and p3 have 22

options. The number of such ePt1) becomes 23777173 x 3 x 22,

Step 4, we construct e(? so that the distance among p1, pa, p3 and p4 are unchanged. The
number of such e(?) becomes 2377773 x 3 x 22 x (24)97P~1 = 3 x 2%—P—i—i-5,

Step 5, we construct e(?t1) by adding nonzero element ps so that the distance of ps and one
nonzero element of py,py is 29. There are 2 options. For the convenience of presentation,
suppose that the distance of ps and p; is 29. Then po, p3 and ps have 23 options. The

number of such €4t becomes 3 x 244P=i—i=5 « 9 % 23 = 3 x 244—p—j—i-1

Step 6, we construct e() so that the distance among p1, p2, p3, pa and ps are unchanged.

The number of such e(®) becomes 3 x 244-P=7=i=1 5 (25)2—a=1 — 3 x 25v—q—p—j—i—6
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z+1) by adding a nonzero element pg so that the distance of pg and

Step 7, we construct el
one nonzero element of py, pa, p3, pg or ps is 2%. There are 5 options. For the convenience
of presentation, suppose that the distance of pg and p; is 2*. Then po,p3,ps and ps
have 2% options. The number of such e®t1) becomes 3 x 2% P=i—i=6 5 x 24 —

15 x 25%=q—p—j—i=2,

Step 8, we construct e so that the distance among p1, p2, p3, pa, ps and pg are unchanged.
The number of such e¥) becomes 15 x 252=9-P=5=1=2 5 (26)y=2=1 — 15 x Q0y—2—g—p=j=i=8

Step 9, construct e®+1) by adding nonzero element p7 so that the distance of p; and one
nonzero element of pq, pg is 2Y. There are 2 options. For the convenience of presentation,
suppose that the distance of p; and py is 2Y. Then po, p3, pa, ps and pg have 2° options.

The number of such e +1) becomes 15 x 26Y=¢—4=P—j=i=8 5 9 3 95 — 15 x 20Yy—L—¢—p—j—i=2

We now prove that Ly(e®W+D) = 2v+1 — (27 4 27) Ly(eWtV)) = 2v+1 — (2P 4 29) and
Ls(et)) = 2941 — (2% 4 2¥). For the convenience of presentation, we only consider the
case that the distance of ps and pq, the distance of p5s and pp, the distance of pg and pq
and the distance of py and py, are 2P, 29, 2% and 2Y respectively.

By adding a nonzero element ps, so that po,ps, ps and pg form a 2-cube with linear
complexity 2YT! — (2¢ + 27). Hence py,py form a 1-cube with linear complexity 2¥*! — 29,
and ps, pg form a 1-cube with linear complexity 2911 —29. So L (e 1)) = 2v+1 — (27 4 27).

By changing po, ps to zeros, and adding a nonzero element pg, so that p4, ps, pg and pg
form a 2-cube with linear complexity 2Y71 — (2P 4 29). Hence p1,p7 form a l-cube with
linear complexity 241 — 2¥. So Lz(eWt1) = vl _ (2p 4 29),

By changing p2, p3, p4, ps to zeros, and adding a nonzero element pyg, so that p1, pg, py and
p1o form a 2-cube with linear complexity 2¥! — (27 +2¥). So Ls(eWT1)) = 2v+1 — (27 4-2v),

(We give the following example to illustrate the above proof, where the indexes of p1, pa,

D3, P4, P5, D6, D7, P8, P9 and pig are 1,3,2,5,9,17,33,4,13 and 49 respectively.
For sequence {11101000 10000000 10000000 00000000 10000000 00000000 00000000 00000000},
n=061:1=0,7=1,p=2,q=3, z =4,y =5. With 1 bit change, it becomes one 2-cube

and two 1-cubes:
{11111000 10000000 10000000 00000000 10000000 00000000 00000000 00000000} .

With 3 bits change, it becomes one 2-cube and one 1-cube:
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{10001000 10001000 10000000 00000000 10000000 00000000 00000000 00000000} .
With 5 bits change, it becomes a 2-cube:
{10000000 00000000 10000000 00000000 10000000 00000000 10000000 00000000} .)

Finally the number of sequences e(™ with Wg(e(™) = 7, Li(eM™) = 27 — (2! + 27),
L(e) = 27 — (2P 4 29) and Lj(e(™) = 2" — (2% 4 2¥) can be given by

15 x 26y—x—q—p—j—i—2 % (27)n—y—1 —15 x 27n—y—az—q—p—j—i—9.

2. In the case of i < p < j < ¢ < < 7. One l-cube with linear complexity 2¢+! — 24
is added so that Lz(eldt1)) = 24+1 — (2P 4-29). Suppose that there are nonzero elements
p1,p2, p3, pa and ps in e@t) . The distance of p; and py are 2¢, py and p3 are 2P, p; and
pa are 27, py and ps are 29 or p3 and ps are 2. Note that the distance of p; and p3 are 27,
thus the number of e(4t1) of this kind is 2%~ x 297P x (24)777—1 x 23,

Assume that The distance of p; and ps are 2¢, p; and ps are 2P, p; and p4 are 27, p3 and
ps are 29. Thus the number of this kind e(@t1) is 2277 x 277P x (24)977—1 x 23,

So, the number of e(?*1) becomes 2%~% x 2 x 2177 x (24)977~1 x 23 = 2 x 24a—P—i—i-1,
Similarly, the number of sequences e(™ can be given by

2 x 5 x 2007 ampmi—i=2 o (oTyn—y—l — 9 5 5 x 2T YT TP,

3. In the case of p < i < j < ¢ < x < 7. One 1-cube with linear complexity 291 — 29 is
added so that Lg(e(?t1)) = 2¢+1 _ (2P 4 29). The number of ¢4+ becomes 2%~ x 277P x
(24)q—j—1 X 23 — 24q—p—j—i—1‘

The number of sequences e(™ can be given by

% 26y—x—q—p—j—7j—2 % (27)n—y—1 —5x 27n—y—:c—q—p—j—i—9.

4. In the case of i < j < p < x < ¢ < y. One l-cube with linear complexity 2v+! — 2v
is added so that Ls(e®+1)) = 2v+1 — (2% 4 2¥). The number of e+ becomes 3 x
244 P=J ==l 5 4 x 297 x (26)¥7971 x 25 = 3 x 4 x 26y—@—a—p—i=i=2

The number of sequences e(™ can be given by

S e e (L L B L e i
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5. In the case of i < j < x < p < ¢ < y. One l-cube with linear complexity 2¢*1 — 2¥
is added so that Ls(e®t1)) = 2v+1 — (22 4+ 2¥). The number of e+ becomes 3 x
2407 P=I =il 5 3 % 2077 x (20)ymaTL x 25 = 3% x 20y—TmaTpI T2,

The number of sequences e(™ can be given by

32 % 26yfqufp7jfi72 % (27)n7y71 — 32 % 27n7y7:r7q7p7j7i79.

The other 10 cases can obtained similarly. Based on the above results, the numbers of

n)

sequences e(™ can be given as follows.

( .
3 x5 x2My—r=¢p—j=i=9 o jcp<g<r<y
2 x5 x2MYy=e—qp—i—i=9 G op<i<qg<a<y

5 x 2Tn—y=r—q—p—j—i=9, p<i<ji<qg<ax<y
3 x 4 x 2Tn—y—r—q=p—j=i—9, 1<j<p<zx<q<y
32 x 9Tn—y—w—q—p—j=i—9 1<j<r<p<q<y
3% 9 x 27nfyfqufp*j*i*9’ 1<r<ji<p<qg<y
3 x 2M—y—2—q—p—j=i=9 r<i<j<p<gq<y

2 x4 x2Myme=qp—i=i=9 o p<j<r<qg<y
2% 3 x 2 Y—T—ap=i—i=9 o crci<g<y
2x2x2MY=e=q P79 o p<p<ji<qg<y

2 x 2Tn—y—e—q—p—j—i=9, r<i1<p<j<q<y
4 % 2771—3/—06—11—17—j—i—97 p<i<ji<z<qg<y
3 x 2Tn—y—2—q-p—j—i-9 p<i<z<j<qg<y
2 x 2Tn—y=T—q—p—j—i-9 p<r<i<j<q<y
QTn—y—r—q—p=j—i=9 r<p<i<j<qg<y

\

ii) Assume that s(") can be decomposed into one 0-cube ¢1, and three 1-cubes ca, c3, c4,
where L(cy) > L(c3) > L(cq), Li(s™) = 2" — (20 +29),0 < i < j < n, L3(s™) =
2" — (27 429),0 <p<g<mand Ls(s™) =2" — (2 + 2V +2°) 0 <z <y < z < n.
It is easy to prove that L(ca) = 2" — 27, L(c3) = 2" — 29 and L(cy) = 2" — 27 (refer to
Appendix 6) for the proof).

Note that by Algorithm 3.2.1 in Section we have a standard cube decomposition, but

s(™ may have other cube decompositions.

As Ls(s™) = 27 — (2% 4 29 4 2%), thus Ls(s(™) is achieved by a 3-cube é. If ¢ includes 7

nonzero elements of s, then Ls(s™) = Li(s™), which is a contradiction. If ¢ includes
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6 nonzero elements of s(™, then Ls(s(™) = L3(s(™), which is a also contradiction. So ¢

should only include 5 nonzero elements of s(™.

Thus s include a 2-cube (refer to Appendix 4) for the proof).

(For example, Sequence {11100000 10001000 10001000 00000000}, n = 5, can be decom-
posed into one 0-cube c;, and three 1-cubes co,c3,c4. At the same time, the sequence
includes a 2-cube {00000000 10001000 10001000 00000000}.)

Suppose that the 0-cube ¢; includes a nonzero element eq, the 1-cubes ¢y and c3 includes 4
nonzero elements es, e3, e4, €5, and the 1-cube ¢4 includes 2 nonzero elements eg, e7. Thus
¢ should include eg, e7.

If L(c3) = 2" — 29, then L3(s(™) = 27 — (2P 4 29),

According to Appendix 4), we may assume that ej, es, e3 and e7 constitute a 2-cube with

linear complexity 2" — (2% + 2Y).

When we implement Step 2 of Algorithm 3.1.1 in Section [3.1] if the nonzero elements are
canceled in the second time, we assume the removed two nonzero elements are e, e3, then
this is the case that ¢ = y. So j < ¢ = y. As e1,e9,e3 and e7 constitute a 2-cube with
linear complexity 2" — (2% 4 2Y), thus p > x, D(ej,e2) = 2%, D(ej,e7) = 2Y. If p = z, the
possible cases are:

1< j<p=x<q=y<z,

1<p=zx<j<q=y<z,

p=zr<i<ji<qg=y<2z.

If p > z, then without loss of generality we suppose that D(ea,eq) = 2P, so D(e1,eq4) =
D(e1,e2) + D(ez,eq) mod (2P) = 2%. As 2" — (2¢ + 27) is determined by the distance
among eq, €4, €5, so = ¢ or j. The possible cases are:

1<j=x<p<qg=y<z,

1= <j<p<qg=y<z,

t=r<p<j<qg=y<z
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When we implement Step 2 of Algorithm 3.1.1 in Section if the nonzero elements are
canceled in the second time, we assume the two nonzero elements are eq, e5, then this is
the case that i = z,j =y < ¢, but p # z,p # y (refer to Appendix 5) for the proof)

The possible cases are:

t=r<j=y<p<q<z,

1= <p<j=y<qg<z,

p<i=ax<j=y<qg<z.

When we implement Step 2 of Algorithm 3.1.1 in Section if the nonzero elements are
canceled in the second time, we assume the removed two nonzero elements are e3, e4, then
we only need to consider 3 cases as below:

i=r<j<p=y<g

i<j=r<p=y<g,

1<p=zx<j=1y<q.

Other cases are included in previous consideration as illustrated by Appendix 7).

Now consider the caseof i < j<p=zx<qg=y < 2.

Suppose that el is a 2/-periodic binary sequence with linear complexity 2/ and Wx (e(j )) =
1. Then the number of these e\9) is 27. So the number of 2/ -periodic binary sequences
eU*D) with linear complexity 2/t1 — 27 = 27 and Wy (eUt1)) = 2 is also 27. Similarly we
have the following steps to construct the required sequences.

Step 1 one nonzero element is added so that L;(eUt1)) = 2741 — (2! 4 27), which means

that we place a nonzero element ps in eU*Y, such that both the distance of p; and ps,

and the distance of py and ps are 2¢, where p; and py are in e+ and the distance of p;
and ps is 27. The number of new eU*1) becomes 27 x %ZLI =20 x 2971 = 221,

Step 2 we construct e® such that Li(el®)) = 2% — (2/ + 27). The number of such e(®

becomes 2277 x (23)$—j—1 — 93z—j—i-3
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Step 3 we construct e**1) by adding another nonzero element p4 so that the distance of
p4 and one nonzero element of p1, ps or ps is 2%. There are 3 options. For the convenience
of presentation, suppose that the distance of ps and p; is 2°. Then py and p3 have 22

options. The number of @1 becomes 2327773 x 3 x 22,

Step 4 we construct e so that the distance (based on Definition 2.1) among py, pa, p3

and py are unchanged. The number of e® becomes 23*777173 x 3 x 22 x (24)y—*~1 =
3 x 24y—ry=i=s,

Step 5 we construct et by adding two nonzero elements ps, pg so that the distance
of p1 and ps is 2, and the distance of py and pg is 2Y. The number of et becomes
3 x 2W—e=I=i=5 92,

Step 6 we construct e**Y by adding another nonzero element p; so that the distance
of p7 and one nonzero element of p1,ps or pa, pg is 2°. The number of e*t1) becomes
3 x 2WTTITI78 92 % 4 x (25)77Y = 3 x 25Fymei—imL

Finally the number of sequences e(™ with Wg(e™) = 7, Li(e™) = 27 — (2! + 29),
Lz(e™) = 2" — (2P 4 29) and Lj(e(™) = 2" — (2% 4+ 2Y + 2%) can be given by

3 % 25z—y—:v—j—i—1 % (27)71—2—1 =3 x 27n—2z—y—z—j—i—8.

(We just give the following example to illustrate the proof.

For sequence {11100000 00000000 10001000 10001000}, n = 5,4 = 0,5 = 1, p = = =
2,g =y =3, z = 4. With 1 bit change, it becomes one 2-cube and one 2-cube:
{11110000 00000000 10001000 10001000}. With 3 bits change, it becomes one 2-cube:
{00000000 00000000 10001000 10001000} With 5 bits change, it becomes a 3-cube:
{10001000 10001000 10001000 10001000} )

For the case of i < p =2 < j < ¢ =y < z, here we only give the brief construction process

as follows.
eUH1) 1 92771 5 2172 = W) 1 2271 x 29 x (24)y—I~1

— WD) ;2271 5 977 (24Tl 3 x 22 = 3 x 2WTTi2
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— e(+]) 1 g x QW—T—=i=2 9 (25)5Y = 3 x 25r—y—T—j=i-1,

For the case of 1 < j = < p < g =y < z, the brief construction process is as follows.
eP) 1 22171 5 (23)P7I—1 — (P ; 93P=7 =173 5 9 x 92

= (@) 1 23T (2)17PT1 = e(aHD) ; 9dampmy—ind i 9 5 22

— e(2) : 4api—im1 5 (96)2-a-1 — o(=+1) ; 962-20-p—j—i=T 9 y 95 — 962-2q—p—j~i~1,
For the case of i = x < j < p < g =y < z, the brief construction process is as follows.
eWH1) 1 92y=2=2 5 9 % 2WTT x 2 x WP = e(2) : 2WTTIP ¢ (26)z7y~1

s o(241) . 962=2y—z—p—j—6 9 95 _ 962—2y—z—p—j

For the case of i = x < p < j < ¢ =y < 2z, here we only give the brief construction process

as follows.

eUH) 1 92771 5 9 % 2T7P — (@) ; 237 P=i+] 5 (94)a—7—1

Suppose that both the distance of p; and p3, and the distance of py and p3 are 2¢, where
p1 and py are in eUtY and the distance of p; and ps is 2. Then py has 2 options: the
distance of p; and p4 is 2P or the distance of p3 and p4 is 2P.

Add ps, so that the distance of ps and p4 is 27. If the distance of p; and p4 is 2P, add pg,
so that the distance of pg and p3 is 29; otherwise if the distance of p3 and p4 is 2P, add pg,
so that the distance of pg and p; or ps is 2¢. There are totally 3 options.

1) 24a—p=i=i=8 5 3 5 92 == (2) 1 3 x 2MPTITIT2 ¢ (26)27a7L = 3 x 20— 2apmy IS

. e(z+1) 3 x 262—2¢—p—j—i—8 o 9 « 95 _ g y 962—2¢—p—j—i-2

For the case of i = x < j =y < p < g < z, here we only give the brief construction process

as follows.
elP) : 2277172 5 (21Tl = (PH1) : 24P=2—1=6 4 x 23

— e(q) . 9dp—2j—i—1 g (25)q—p—1 — e(q—l—l) - 9dp—2j—i—1 (25)q—p—1 % 9 x 24 — 95¢—p—2j—i—1
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— e(z) . 25q7p72j7i71 % (26)z7q71 —_— e(erl) . 25q7p72j7i71 % (26)zfq71 X 3 % 25 —_
3 x 26z—q—p—2j—z‘—2‘

For the case of i = x < p < j = y < q < z, here we only give the brief construction process

as follows.
e(9) 1 9212 5 9 5 TP x (20)0771 — elat]) ; 954—P—2j—i=6 y 94

= e(®) ;250722 o (96) el — (o)) 262mamp=A=8 (4 4 2) x 25 = 3 x
26z—q—p—2j—i—2'

(The reason to multiply 1x4+42x1 = 6 is similar to thecaseof i =z < p < j < qg=y < 2).

For the case of p < i =2 < j =y < g < z, here we only give the brief construction process

as follows.
e(q) : 22j—i_2 X 2j_p X (25)q_j_1 — e(q-i—l) . 25q—p—2j—i—7 % 24
— o(2) . 95q—p—2j—i=3 (26)2—1-1 — e(z+1) . 962—q—p—2j—i=9 y 4 y 95 — 962—q—p—2j—i—2

For the case of i = x < j < p =1y < q < z, here we only give the brief construction process

as follows.
el@) 1 2207172 5 9 5 UTT x (20)1 YL = (0t D) ; 254725176 5 4 5 94
— e(z) . 25q—2y—j—i % (26)2—(1—1 — e(z-‘,—l) . 262—q—2y—j—i—6 X 2 % 25 _ 26z—q—2y—j—i‘

For the case of i < j =2 < p =1y < g < z, here we give the brief construction process as

follows.
el@) 1 220=3=2 5 oY= 5 (20)07 Y1 = elaH]) ; 25a=2y=J =T 5 4 x 24
— e(z) - 95¢—2y—j—i—1 (26)z—q—1 — e(Z—i—l) c 962—q=2y—j—i—T y 9 y 95 _ 9bz—q—2y—j—i—1

For the case of i < p =12 < j =y < ¢ < z, here we give the brief construction process as

follows.

el) 1 22U=8=2 5 9y=i 5 (25)07 Y1 — elat]) ; 954 2y—a—i=T 4 5 94

166



— e(z) - 95¢—2y—z—i—1 (26)z7q71 — e(erl) . 26z7q72y7:1:7i77 % 95 — 96z—q—2y—x—i—2

In summary, the numbers of sequences e(™ can be given by

3x 2M-Zmyma—jmis8 oo p—p<qg=y<z
3x2Mm—2zy—e—j=i=8 o p—p<j<q=y<z
3x2Mm—2—y—e—j=i-8  p_pci<i<qg=y<z
9Tn—2=2q—p—j—i8, 1<j=r<p<qg=y<z
9Tn—z—2q—p—j—i~T7 i=r<j<p<q=y<z
3x 2M—E2p—i—imY G —gp<cp<j<qg=y<z
Ix2M—2map=2j=i79 g < j=y<p<qg<z
3x2M=2=4=p=2-179 =g <p<j=y<qg<z

QMn=2=q=p=2j—i=9, p<i=z<j=y<q<z
QTn—2—q=2p—j—i-T i=rx<j<p=y<q<z
QTn—2=q=2p—j—i=8, i<j=x<p=y<q<z
97n—2—q=p=2j—i=9, i<p=z<j=y<q<z

iii) Now we consider the case that s(™ can be decomposed into one 0-cube ¢;, and three
1-cubes ¢y, c3, ¢4, L1(s™) = 27— (21 427),0 < i < j < n, Lz(s™) = 2" — (2P +294-27),0 <
p<qg<r<mnand Ls(s™M)=2"— (2 +2¥),0 < z < y < n.

Suppose that the O-cube ¢; includes a nonzero element e, the 1-cube ¢y includes 2 nonzero
elements e, e3, the 1-cube c3 includes 2 nonzero elements ey, e5, and the 1-cube ¢4 includes

2 nonzero elements eg, e7.
As ¢, 3, ¢4 are three 1-cubes and L(ca) > L(c3) > L(ca), so j <r < y.

If Lg(s(”)) is achieved with a 3-cube ¢ by changing eg or ey, and adding two nonzero

elements, then this is the case iv).

So Lg(s(”)) is achieved with a 3-cube ¢ composed of eq,es,e3,e4,e5 and three nonzero
elements. Thus ¢ contains eq, ey and e3. So {i,j} C {p,q,r}. By j < r, we know that
i =p,j = q. Therefore, there are 4 cases: i =p<j=q<r<z<y,i=p<j=q<
r<r<y,it=p<r<j=q<r<y,r<i=p<j=q<r<y.

1. Now consider the caseof i =p<j=¢q¢g<r<z<y.

Step 1 we construct eU+1) with linear complexity 2971 — (2% + 27),
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Suppose that e(® is a 2i-periodic binary sequence with linear complexity 2° and WH(s(i)) =
1. Then the number of these e is 2/. So the number of 2:*!-periodic binary sequences
(1) with linear complexity 27+1 — 20 = 2¢ and Wy (e(+D) = 2 is also 2.

For j > 14, if 27-periodic binary sequences e/) with linear complexity 2/ — 2% and Wy (e(j )) =
2, then 2/ — 20 — (201 — 2¢) = 271 4 272 ... 4 27+l Based on Algorithm 3.1.1 in
Section the number of these eU) can be given by (22)77i1 x 2t = 227==2_ So the
number of 2/ !-periodic binary sequences sU*1) with linear complexity 291 — (27 + 27)
and Wy (sU+D)) = 4 is also 227772,

Step 2 we construct e(”) so that the distance (based on Definition 2.1) among all nonzero

elements p1, pa, p3 or ps are unchanged. The number of e(") becomes 2212 x (2hr—i-1 =

9lr—2j—i—6

Step 3 we construct e(" 1) by adding one nonzero element ps so that the distance of pj
and one nonzero element of p1, po, p3 or ps is 2". There are 4 options. For the convenience
of presentation, suppose that the distance of ps and p; is 2. Then ps, p3 and ps have 23

options. The number of e("t1) becomes 247217176 x 4 x 23 = 4r—2j—i—1

Step 4 we construct e(®) so that the distance among all nonzero elements are unchanged.
24r—2j—i—1 % (25):(;—7“—1 — 2536—1”—2]'—1'—6‘

The number of e(®) becomes
Step 5 we construct e(@*+1) by adding another nonzero element pg so that the distance of pg
and one nonzero element of p1, pa, p3 or pyg is 2%. There are 5 options. For the convenience
of presentation, suppose that the distance of pg and py is 2*. Then ps, p3, p4 and ps have

24 options. The number of @1 becomes 22772176 » 5 x 24 = 5 x 25v—=2j—i=2

Step 6 we construct e®) so that the distance among all nonzero elements are unchanged.

The number of e®) becomes 257~ 7=271=2 x (20)y=2—1 = 9by—w—r-2j—i=8

Step 7 we construct e 1) by adding another nonzero element p; so that the distance of
p7 and one nonzero element of p; or pg is 2Y. There are 2 options. For the convenience of
presentation, suppose that the distance of py and p; is 2*. Then p9, p3, p4, p5 and pg have

25 options. The number of @1 becomes 200—2—7=21=i=8 » 9 » 95 — § x Q0y—w—r=2j~i-2

Finally the number of sequences e(™ with Wy (e™) = 7, Li(e™) = 27 — (2! + 29),
Lz(e™) =27 — (2P 429 4 27) and Lsz(e™) = 2" — (2% + 2¥) can be given by

% 26yf:r;77°72j7i72 % (27)7173,/71 — 5 x 27n7y7:tfr72j7i79.
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(For sequence {10001000 10000000 11110000 00000000}, n = 5,4 = p = 0,57 = ¢ =
1, r = 2,z = 3,y = 4. With 1 bit change, it becomes one 2-cube and one 1-cube:
{10000000 10000000 11110000 00000000} With 3 bits change, it becomes one 3-cube and
one l-cube: {10001111 10000000 11110000 00000000} With 5 bits change, it becomes a
2-cube: {10000000 10000000 10000000 10000000} )

2. In the case of i = p, j = q,q < & < r. Similar to case 1, the number of e"t1) in Step 1
is 247’*2]'77,'71'

In Step 2, one l-cube with linear complexity 2YT! — 2¥ is added so that Ls(e®t1) =
2v+1 — (2% 4 2¥). Note that j < 2 < r, the number of et becomes 247 ~2—i=1 x 2r—=
4 x (20)y=r=1 % 95 = Qby—z—r=2j—i,

Finally the number of sequences can be given by

26y—x—r—2j—i % (27)n—y—1 — 27n—y—x—r—2j—i—7

(For example, with s sequence {00000000 00000001 00000010 00011111}, n =5,i =0, =
1,p=0,g=1,r =3, x =2,y = 4. With 1 bit change, it becomes a 2-cube and a 1-cube:
{00000000 00000001 00000000 00011111}. With 3 bits change, it becomes a 3-cube and
a l-cube: {00000000 00000001 00011110 00011111}. With 5 bits change, it becomes a
2-cube: {00000000 00010001 00000000 00010001}.)

3. In the case of i = p,j = ¢,p < = < ¢. Similar to case 1, one l-cube with linear
complexity 2¢F! — 2V is added so that Ls(e®*1)) = 2u+1 — (27 4 2¥). Note that i < z < 7,
the number of e+ becomes 247217171 x 2% x 2 x (20)y—"—1 x 25 = Qby—w—r=2j—i-1,

Finally the number of sequences can be given by

26y—a:—7’—2j—i—1 % (27)n—y—1 _ 27n—y—a:—7’—2j—i—8

(For sequence {00000000 00000001 00000010 01100111}, n = 5,9 = 0,5 =2, p = 0,q =
2,r =3, x =1,y =4. With 1 bit change, it becomes a 2-cube and a 1-cube:

{00000000 00000001 00000000 01100111}. With 3 bits change, it becomes a 3-cube and
a 1-cube: {00000000 00000001 01100110 01100111}. With 5 bits change, it becomes a
2-cube: {00000000 00000101 00000000 00000101}.)
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Similarly, the numbers of sequences e(™ can be given by

5x 2M—y—z—r=2j—i=9 Gy _p<iji=q<r<ux

QTn—y—w—r=2j=i-T i=p<j=q<z<r
27n—y—z—r—2j—z’—8’ i = p<a< j =q
27n7y7x77"72j7i79’ T <= P <,j =q

iv) Finally we consider the case that s(™ can be decomposed into one 0-cube ¢;, and three
1-cubes ca, ¢3, ¢4, L1(s™) = 27— (20427),0 < i < j < n, L3(s™) = 2" — (2P +214-27),0 <
p<q<r<mnand Ls(s) = 2" — (2" + 2Y + 2%),0 < = < y < n. Suppose that the
0-cube ¢ includes a nonzero element ey, the 1-cube ¢ includes 2 nonzero elements es, e3,
the 1-cube c3 includes 2 nonzero elements ey, e5, and the 1-cube ¢4 includes 2 nonzero

elements eg, e7.
As c9, c3, ¢4 are three 1-cubes and L(cg) > L(c3) > L(cg), 80 j <71 < z.

Note that Lg(s(”)) is achieved with a 3-cube ¢ by changing eg or ey, and adding two
nonzero elements, thus ¢ contains ej, e and e3. So {i,j} C {p,q,r}. By j < r, we know

that i =p,j = q.

Also, eq, €9, €3, ey4, €5 and eg include a 2-cube with linear complexity 2™ — (2% + 2¥) (refer
to Appendix 4) on the proof). Thus {z,y} C {p,q,7}. So, there are three possible cases:
t=p<j=q=ax<r=y<z,i=p=r<j=q<r=y<z,i=p=zx<j=q=9y<

r<z.

Note that y = r (refer to Appendix 8) for the proof), thus the case that i =p=12 < j =
q =1y <r < zis impossible.

Now consider the case of i = p < j = ¢ =1z <r =y < z with the following steps.

Step 1 we construct e*+1 with linear complexity 27+ — (2% 4 27).

Suppose that s is a 2i-periodic binary sequence with linear complexity 2¢ and WH(s(i)) =
1. Then the number of these s is 2/. So the number of 2:*!-periodic binary sequences
50+ with linear complexity 27+1 — 28 = 28 and Wy (s(+D) = 2 is also 2.

For j > 14, if 2J-periodic binary sequences s) with linear complexity 2/ —2% and WH(s(j )) =
2, then 2/ — 20 — (201 — 2¢) = 271 4 272 ... 4 27+l Based on Algorithm 3.1.1 in

Section the number of these sU) can be given by (22)7711 x 2t = 2%27==2_ So the
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number of 2/ !-periodic binary sequences sU*1) with linear complexity 2/+1 — (27 + 27)
and Wy (sUtD)) = 4 is also 227772,

Step 2 we construct e(”) so that the distance (based on Definition 2.1) among all nonzero

elements p1, pa, p3 or ps are unchanged. The number of e(") becomes 22172 x (2hyr—i-1 =
9dr—2j—i—6_

Step 3 we construct e("+1) by adding two nonzero elements ps, pg so that ps, pg and two
nonzero elements of p1, pa, p3 or py constitute a 2-cube with linear complexity 2" +! — (2" +
27). There are 2 options. For the convenience of presentation, suppose that pi,pa, ps

or pg constitute a 2-cube. Then ps, ps have 22 options. The number of e"t1) becomes
247’*2]'77;76 X 2 x 22 — 247’*2]'71'73.

Step 4 we construct e(*) so that the distance among all nonzero elements are unchanged.

The number of e(*) becomes 24721713 x (26)2—r—1 = 962=2r—2j—i—9

Step 5 we construct e*1t1) by adding one nonzero element p7 so that the distance of p; and
one nonzero elements of pi, p2, ps or pg is 2%. There are 4 options. For the convenience of
presentation, suppose that the distance of p; and p7 is 2%.. Then po, p3, p4, p5 and pg have
25 options. The number of e**1) becomes 2657 27=21—=9 4 x 95 = 962 2r—2j—i=2

Finally the number of sequences e(™ with Wg(e™) = 7, Li(e™) = 27 — (2! + 29),
Lz(e™) = 2" — (2P 429 4+ 27) and Ls(e(™) = 2" — (2% + 2¥ 4 27) can be given by

262—27‘—2]'—71—2 % (27)n—z—1 — 27n—z—2r—2j—i—9

(For sequence {11110000 10100000 10000000 00000000}, n = 5,i = p = 0,j = q =
=1 r =y = 3,z = 4. With 1 bit change, it becomes one 2-cube and one 1-
cube: {11110000 10000000 10000000 00000000} With 3 bits change, it becomes one 3-
cube: {11110000 11110000 0000000 00000000} With 5 bits change, it becomes a 3-cube:
{10100000 10100000 10100000 10100000} )

For the case of i = p =2 < j = q < r =y < z, here we only give the brief construction

process as follows.
e(r) : 92012 5 (94yr—i=1 . ((r+1) ; QAr=2j=i=6 5 4 » 92

; e(z) < dr—2j—i—2 o (26),277"71 N e(erl) c 962=2r—2j—i—8 4 95 — 962—2r—2j—i—1
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Based on the above results, the numbers of sequences e(™ can be given by

{ QTn—2=2r=2j—i=9, t=p<j=q=z<r=y<z

QTn—2=2r=2j—i-8 t=p=z<j=q<r=y<z

O]

Now we consider the second case that s can be decomposed into one O-cube ¢; one

2-cube ¢ and one 1-cube c3, where L(ca) > L(c3).

Theorem 5.1.2 Let s be a 2"-periodic binary sequence with linear complexity 2" and
L7(s™) = 0 < Ls(s™) < L3(s™) < Li(s™), and s can be decomposed into one
0O-cube c;, one 2-cube ¢y and one 1-cube c3, where L(cg) > L(cg). In this case, we have

two situations.

i) Suppose that Li(s™) = 2" — (204-27),0 < i < j <n, L3(s™) =27 — (22 +21+27),0 <
p<q<r<mn, Ly(s™) =2" — (2 + 2¥),0 < < y < n, and r < y. Then the number of
2"_periodic binary sequences s(™ can be given by

5x2Mm—y=r=q¢=2j=i-9 4 _pog<j=r<czx
3 X 27”*3/*”3*4*23”'*9, 1=p<qg<x<j=r
QMn—y—r—q—2j=i-8 i=p<z<qg<j=r
QMn—y—r—q=2j—i=9 r<i=p<j=r
5x 2Mm—y—z—p=2j=i=10  y _ g cj—r<g
3x 2T yme 20 o g cp <=7

27n_y—x_p_2j_i_9, pLlxr<i=q<j=r

27n—yw—p=2j=i=10, r<p<i=q<j=r

ii) Suppose that L;(s(™) = 27— (20427),0 < i < j < n, L3(s) = 2" — (2? +29427),0 <
p<q<r<mn, Ls(s™)=2"— (22 +2Y 4+ 2%),0 < < y < z < n. Then the number of
2"_periodic binary sequences s(™ can be given by

( . . . .
2777,72]7272721/78’ L=p=2,)] =41 =Y

l=p=x,]=1,q=Y
L=pJj=q=xTr=Y
i=pj=r=y,q=z
) l=q=Yy,j=nrp==x
\ 27n—3j—i—z—x—10, i = C],j =r=yp=x

Tn—2j—i—z—2y—9
2n J—1—z Y ,
Tn—2j—i—z—2y—9
271 J—1—=z Y ,
Tn—2j—i—z—2z—9
9Tn—=2j—i—z—2x ,

27n72j72i7z7x710

Proof. 1) First we prove that {i,j} C {p,q,r} and j =r < y.
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Suppose that the O-cube ¢q includes a nonzero element ey, the 2-cube ¢ includes 4 nonzero

elements eg, €3, e4, €5, and the 1-cube c3 includes 2 nonzero elements eg, e7.

Based on the result by Kurosawa et al. (2000), the minimum number k for which the
k-error linear complexity of a 2™-periodic binary sequence s is strictly less than the linear
complexity L(s) of s is determined by kpyi, = 2W#E"~L6) . As ¢y is a 2-cube, thus
kmin = 4, which means that in order to decrease the linear complexity of the 2-cube, we
have to change 4 elements. So L1(s(™) = L(cy) = 2" — (2! + 27), is achieved by changing

the nonzero element e;.

Next, we have to add a new 2-cube with linear complexity L(c2). If the new 2-cube does
not include nonzero element eq, then we have to change 5 elements. So the new 2-cube has
to include the nonzero element e;. We have to add 3 nonzero elements. Now 5" becomes
a 3-cube, thus L3(s(™) = 2" — (2 +27 4+ 2%). So {i,j} € {p,q,r}. Based on Algorithm
3.2.1 in Section the cube with longer edge length will be first removed, so u < j.

Similarly, Ls(s™) is achieved by adding a 1-cube with linear complexity L(cs), i.e., we
need to change 4 nonzero elements of s and add one new nonzero element. As Lz(s(™) =
2" — (24 2Y),0 <x <y <n, thus L(cz) =2" — 2Y.

L3(s™) = 2" — (2" 4+ 27 4 2%) > L(c3) is immediately followed by y > r = j.

Now we will compute the number of sequences e(™ with Wy (e) =7, Li(e™) = 2" — (2 +
27), Ls(e(™) = 27 — (2P 4+ 29 4 27) and Ls(e™) = 2" — (2% + 2Y). As ¢ is a 2-cube, so

r = j. Note that j = r < y, there are 8 possible cases:

l.i=p<g<j=r<z;2 i=p<qg<ax<j=nr;3 t=pj=nrp<azx<agqdd
i=p,J =12 <p;

5. 1t =¢q¢< j=r<z;6. 1=¢qj=rqg<zc<nr 7 1t=qj=nrp<z<gq s
i=q,] =71 <p;

We now cope with these cases respectively.
1. Inthecaseof i=p<qg<j=r<uz.
As the number of 27+ -periodic binary sequences e(“1) with linear complexity 2iT1—2¢ = 21

and Wy (el*D) = 2 is 2'. For j > i, we aim to obtain 2/-periodic binary sequences s\/)

with linear complexity 2/ —2¢ and WH(s(j )) = 2 from above 2!T!-periodic binary sequences
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s+ In this case, when the sequence period changes from 2/*! to 27, the increase of
linear complexity is 2/ — 2¢ — (2+1 — 27) = 2/=1 4272 4 ... 4 211 Based on Algorithm
3.1.1 in Section the number of these V) can be given by (22)771~1 x 2 = 22/—1-2,

So the number of 2711-periodic binary sequences et1) with linear complexity 2711 — (27 +
2%) and Wy (eUt1) = 4 is also 227172,

First one nonzero element is added so that Li(e*+1) = 27+t — (28 4-27) and Lz(el V) =
27+ (21 4294.27). Note that i < ¢ < j, the number of e+1) becomes 22712 x2x 21-9 =
93j—q—i~1

Suppose that p1, pa, ps, pa and ps are nonzero elements of e+, Second construct el so

that the distance among p1, p2, p3, p4 and ps are unchanged. The number of e becomes
93j=a=i=1 y (25)r=j~1 = 952-2j—q~i~6

Third construct e(@+1 by adding a nonzero element pg so that the distance of pg and one

nonzero element of @), say py, is 22. The number of e(**1) becomes 2°%~21—1-=6 x 5% 24 —
5 x 25x—2j—q—i—2.

Step 4 we construct e® so that the distance among p1, P2, P3, P4, Ps and pg are unchanged.
The number of e®) becomes 5 x 25727707172 x (26)y=2=1 — 5 x Q0y—2-2j—q=i=8

Step 5 we construct e+1) by adding a nonzero element p7 so that the distance of p7 and
p1 or pg, say pe, is 2Y. Then pi,paps, pa and ps have 2° options. The number of e¥+1)
becomes 5 x 20¥72721—4=1=8 9 » 95 = 5 x 26y —2j—q=i=2

Finally the number of sequences e(™ with Wg(e(™) = 7, Li(e™) = 27 — (2! + 27),
Ly(e() =27 — (2P 4+ 29 4+ 27) and Ls(e(™) = 2" — (2% 4 2Y) can be given by

5 % 26y7:r72j7q7i72 % (27)n7y71 =5 x 27n7y7272j7q7i79.

(For example, with a sequence {00000001 00000000 00000001 00110111}, n =5,i =0, =
2,p=0,q=1,r=2, =3,y =4. With 1 bit change, it becomes a 2-cube and a 1-cube:
{00000001 00000000 00000001 00110011}. With 3 bits change, it becomes a 3-cube and a
1-cube {00000001 00000000 00000001 11111111}. With 5 bits change, it becomes a 2-cube:
{00000001 00000001 00000001 00000001}.)

2. Inthecaseof i=p<g<z<j=r<uy.
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Suppose that e(? is a 2¢-periodic binary sequence with linear complexity 29 and WH(e(‘Y)) =
1. Then the number of these e is 29. So the number of 29+ -periodic binary sequences
(@) with linear complexity 29+1 — 29 = 29 and Wy (el?t1) = 2 is also 29.

Step 1 one nonzero element is added to e(?+1) such that Ly (e(?+D)) = 2¢+1 — (20 4-29). This
implies that we place a nonzero element p3 in e(?t1) | so that both the distance of p; and
ps3, and the distance of py and ps are 2!, where p; and py are in ¢4t and the distance of

p1 and py is 29. The number of new e@t1) becomes 29 x 33111 = 29 x 297F = 2247,

Step 2 we construct e(®) so that Li(e(®)) = 2% — (204-29). The number of such e(®) becomes
22q—i X (23)x—q—1 — 23z—q—i—3'

Step 3 we construct e**+1) by adding another nonzero element p4 so that the distance of
p4 and one nonzero element of p1, ps or ps is 2%. There are 3 options. For the convenience
of presentation, suppose that the distance of ps and p; is 2*. Then ps and p3 have 22

options. The number of such e(**1) becomes 23747173 x 3 x 22,

Step 4 we construct el so that the distance (based on Definition 2.1) among p1, pa, p3

and py are unchanged. The number of such el) becomes 3 x 237—1=i=1 x (24)i—z—1 —

3 x 24j7x7q71l75 )

Step 5 we construct e/t by adding two nonzero elements ps, pg so that p1 (or py), p3, ps
and pg constitute a 2-cube with linear complexity 271 — (2¢ + 27). The number of e+
becomes 3 x 24774775 » 9 x 22,

Step 6 we construct e so that the distance (based on Definition 2.1) among p1, p2, P3, P4, Ps

and pg are unchanged. The number of such e®) becomes 3 x 24 —#=1-1=2  (26)y—i—1 —
3 % 26y72jfzfq7i78‘

Step 7 we construct e¥t1) by adding one nonzero element p; so that the distance of p; (
or pg) and p7 is 2Y. The number of eWtD) becomes 3 x 20y=2—2—q=i=8 9 » 95,

Finally the number of sequences e(™ with Wy (e™) = 7, Li(e(™) = 2" — (20 4 27),
L(e(™) =27 — (2P 4+ 29 4 27) and Ls(e(™) = 2" — (2% 4 2¥) can be given by

3 % 26y—x—2j—q—i—2 % (27)n—y—1 — 3 x 27n—y—:c—2j—q—i—9'

(For sequence {00000000 00010000 00000011 00010111}, n = 5,5 = 0,5 =3, p = 0,q =
1,r=3, x =2,y = 4. With 1 bit change, it becomes a 2-cube and a 1-cube:
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{00000000 00010000 00000011 00010011}. With 3 bits change, it becomes a 3-cube and
a l-cube: {00000000 00010000 00001111 00011111}. With 5 bits change, it becomes a
2-cube: {00000000 00010001 00000000 00010001}.)

Similarly we can obtain results for other cases. In summary, the numbers of sequences

e(™ can be given by

(5% QTn—y—2—q=2j=i=9 i=p<qg<j=r<zx
3 x 2Mn—y—2=q=2j=i=9 1=p<qg<zr<j=r
QTn—y—r—q=2j=i-8 i=p<z<q<j=r

QMn—y—r—q=2j=i=9 r<i=p<j=7r

5 x 2M—y—z—p=2j—i—=10 4 — g<j=r<cx

3 x 2Mm—y—z—p=2j=i=10 < j=r

27”*y*x*p*2j*"*9, pLr<i=q<j=r

27Tn—y-w—p=2j=i-10, r<p<i=q<j=r

ii) Suppose that 5™ can be decomposed into one 0-cube ¢1, one 2-cube ¢y and one 1-
cube ¢3, where L(ca) > L(cs), Li(s™) = 2" — (20 +29),0 < i < j < n, L3(s™) =
2" — (P 420427) 0<p<qg<r<mn, Ls(s™)=2"— (22 +2¢ +25),0<z<y<z<n.

Similar to the analysis of i), we know that {i,j} C {p,q,7}.

As Ls(s™) = 2" — (2% + 2¥ 4+ 2%), thus Ls(s™) is achieved by a 3-cube ¢. If ¢ includes
7 nonzero elements of s, then Ls(s™) = L;(s™), which is a contradiction. If ¢
includes 6 nonzero elements of s, then Ls(s(™) = L3(s(™), which is also a contradiction.

So ¢ should only include 5 nonzero elements of s . Therefore, {p,q} C {x,y,z} or
{p,r} c{z,y, 2} or {q,r} C {z,y,2}

Note that r < z ( refer to Appendix 1) for the proof). Thus there are 3 possible cases:
l.p=z,9q=y. 2. p=z,r=y.3. gq=z,7 =Y.

Note that i = z and j = y can not be true at the same time ( refer to Appendix 2) for the

proof). Thus there are 6 possible cases:
li=p=z,j=q¢r=y,2i=p=2j=r9=Y,3i=q9=Yy,]=1Dp =2,

di=qj=r=yp=x,51=pJj=q=z,r=y,60i=pj=r=y,q=1x.
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We now deal with these cases respectively.
1. Inthecaseof i=p=x,j=¢q,r=1y.

Suppose that s is a 2i-periodic binary sequence with linear complexity 2¢ and WH(s(i)) =
1. Then the number of these s is 2/. So the number of 2:*!-periodic binary sequences
50+ with linear complexity 27+1 — 28 = 2F and Wy (st+D) = 2 is also 2.

For j > i, if 2/-periodic binary sequences s\) with linear complexity 2/ —2¢ and Wy (s\9)) =
2 is obtained from s, then the increase of linear complexity is 27 — 2 — (27t — 2¢) =
=14 2i=2 ... 4 27+ Based on Algorithm 3.1.1 in Section the number of these s()
can be given by (22)7771 x 2¢ = 2%—i=2,

So the number of 27+ -periodic binary sequences s+ with linear complexity 27+ — (27 +
2') and Wy (sUtY) = 4 is also 2% 772,

It is easy to show that the number of 2¥*!-periodic binary sequences s¥*1) with linear
complexity 2¢F1 — (27 4 2¢) and Wi (sWH1)) = 4 is 227772 x (24)yH1-i—1 = o%y=2j-i-2,

Next we discuss how many options to add two nonzero elements to s¥t1) such that
Loy(sWHDy = gutl _ (20 4 9v),

As there exist 22 pairs of nonzero elements with distance 2° in a 2-cube with linear
complexity 2¢71 — (2¢ + 27), we can construct 22 2-cubes with smaller linear complex-
ity 2971 — (20 + 2v).

(For example, we can construct {0011 0011}, {1100 1100}, {1001 1001} and {0110 0110}
from {0000 1111} with i =0,j =1,y = 2.)

Therefore, we can construct the sequences s (not 2-cube anymore) with Lo(s®¥+1)) =
29+t (20 4 29), W, (sHD)) = 6 and containing a 2-cube with linear complexity 2v+! —
(2°4-27). As we can obtain the same s&+1 from 22 distinct 2-cubes with linear complexity
20+l _ (20 4 27), the total number of such sequences sWF1 is 2W=2—1=2 » 92 x 2% =
24=21=1=2 after calculating the overlaps.

(For example, the sequence {0011 1111} is produced by all of the following sequences
{0000 1111}, {0010 1101}, {0001 1110} and {0011 1100}).

Next we construct s*) so that the distance (based on Definition 2.1) among nonzero ele-
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ments of s+1) are unchanged. The number of such 5(*) becomes 24/~27=i=2 x (26)2—y~1 =

962—2y—2j—i—8

Suppose that p1,pa, p3, pa, ps and pg are nonzero elements of %), and py, pe, ps and pg
constitute a 2-cube with linear complexity 2° — (2° 4 2¥). Now we construct s(#1) by
adding nonzero element p; so that the distance of p; and p1, p2, p5 or pg is 2%. There are
4 options. Then other 5 nonzero elements have 2° options. The number of such s+
becomes 267729721718 4 x 25 = 2627 2y—2j—i—1

Finally the number of sequences s™ with Wg(s™) = 7, Li(s() = 27 — (2! + 29),
L3(s™) =27 — (27 427 + 27) and Ls(s"™) = 2" — (2% + 2 4 27) can be given by

262—2y—2j—i—1 % (27)n—z—1 — 27n—z—2y—2j—i—8

(For example, with a sequence {0000 0001 0011 1111}, n = 4,i = 0,5 =1, p = 0,q =
1,r =2, x =0,y = 2,z = 3. With 1 bit change, it becomes a 2-cube and a 1-cube:
{0000 0001 0001 1111}. With 3 bits change, it becomes a 3-cube: {0000 0000 1111 1111}.
With 5 bits change, it becomes a 3-cube: {0011 0011 0011 0011}.)

2. Inthecaseof i=p=x,j=r,q=1y.

The number of sequences 51 with linear complexity 2¥+! — (2! 4-2¥) and Wy (sWH+1) = 4
is 227072,

The number of sequences sU*1) with linear complexity 2741 —(214-2¥) is 22v—i=2x (24)7—¥ =
odj—2y—i-2

Similar to the analysis of case 1, the number of sU+1) becomes 2477212 where Ly (sUT1) =
211 —(20427), Wy (sUHD) = 6 and sUTD) contains a 2-cube ¢ with L(c/) = 27+ — (20 42v).

The number of sequences s(*) with Ly(s(¥)) = 2% — (2! 4+ 27) becomes 249-2v=1=2 x
(26)7==1 = 962-2j~2y—i=8,

While keeping Ly (s*+1)) = 22F1 — (2% 4 27), we have two options to construct s**1) from
a sequence s(*), such that Ls(s(*t1)) = 2241 — (2 42¥ 1 2%). The number of such sequences
(D) becomes 962—20—20—i—8 y 9 s 95 — 965—2j—2y—i—2

Finally the number of sequences s™ with Wy (s™) = 7, Li(s) = 27 — (2! + 29),
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L3(s™) = 2" — (2P 429 + 27) and Ls(s™) = 2" — (2% + 2¥ 4 27) can be given by

26272j72y7i72 % (27)n7271 — 27n7z72y72j7i79

(For sequence {0000 0001 0110 1111}, n=4,i=0,7=2,p=0,g=1,r =2, 2 =0,y =
1,z = 3. With 1 bit change, it becomes a 2-cube and a 1-cube: {0000 0001 0110 0111}.
With 3 bits change, it becomes a 3-cube {0000 0000 1111 1111}. With 5 bits change, it
becomes a 3-cube: {0000 1111 0000 1111}.)

We can obtain results for other cases similarly. Finally, the numbers of sequences e(™ can

be given by
27n—2j—i—z—2y—8’ i = p= $,j =qr=y
9Tn—2j—i—z=2y=9 i=p=xz,j=rq=y
27n72j7i7272y79’ i = p,j =q=x,r=y
277172]'72'7z7296797 i = p,j =r=yq==x
9Tn—2j=2i-z—z-10 i=q=y,j=rp==x
9Tn—3j—i—z—2-10, i=qj=r=yp==x
This completes the proof. O

Finally, we consider the case that s can be decomposed into one 0-cube ¢; one 1-cube

¢y and one 2-cube c3, where L(cg) > L(c3).

Theorem 5.1.3 Let s be a 2"-periodic binary sequence with linear complexity 2" and
L7(s™) = 0 < Ls(s™) < Lz(s™) < Li(s™). Suppose that s can be decomposed
into one 0-cube ¢, one 1-cube ¢y and one 2-cube c3, where L(cg) > L(cg). We have the

following situations.

i) Suppose that L;(s™) =27 — (20 4+27),0 < i < j < n, Ly(s™) =27 — (20421 427),0 <
p<q<r<mn, Ly(s™) =27 — (22 4+ 2Y 4 2?),0 < 2 < y < z < n. Then the number of

2"_periodic binary sequences s(™ can be given by

QIMTHTITREYTS i=p=gj=q<yr=2z

2771—2]—1—22—%—10’ 'L — p < $7j = q = y,T =z

27n—2j—z’—22—y—9’ i = p,j =q=x,r=2

gim=dmimemy= 0 i=p<aj=r=zq=y

2mn=3mimemy=9, i=pj=r=zq=u

_3i—j—p—y—1 . .
pin=dimimrmyml0 . =g <y j=r=zp=2
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ii) Suppose that Li(s(™) =27 —(20427),0<i < j <n, L3(s™)=2"—(22429),0<p <
q<mn, Ls(s™) =27 — (2% + 2 +27),0 < 2 < y < z < n. Then the number of 2"-periodic

binary sequences s can be given by

3 x 27n=24—y—p—j—i=9 p=zr<i<ji<y<qg==z
3 x 27Tn—2q-y—p—j—i=9 1<p=z<i<y<q==z
3 x 2Tn=24—y—p—j—i=9 1<j<p=z<y<qg=z
2Tn—2¢—y—p—j—i=8 p=r<i<y<j<qg=z
9Tn=2q—y—p—j~i-8, i<p=r<y<j<q==z
27n—2q—y—p—j—i—97 p=r<y<i<ji<qg==z

27n—2q—a—p—j—i~10 r<p=y<i<j<qg==z

9Tn—2q—z—p—j=i-10 r<i<p=y<j<qg==z
9Tn=2q—a—p=j~i-9, i<r<p=y<j<qg=2z
97Tn—2q—y—v—j—i=9, i<z<j<p=y<q=z
3 x 27Tn—2q-y—e—j—i-10 i1<j<z<p=y<qg=z
9Tn—2j—i=22—p=9, L= >p,j=Y,q=2z
1=z <p,Jj=Yq=2
p=x,j=Y,q9q==2

J=x,p=y,q==z2

927 i—22—p—9
2771 j—1—22—p ,
n—2j—1—2z—p—9
2 J ,

Tn—2j—i—2z—y—10
9Tn—2j y—10

Proof. Suppose that s can be decomposed by Algorithm 3.2.1 in Section into one
O-cube ¢; (one nonzero element e ), one 1-cube ¢z (two nonzero elements ez, e3) and one 2-
cube c3 (four nonzero elements ey, e5, eg, €7) with linear complexity 2" —(2*+2"), u < v, and
L(c2) > L(cs). Let 24 be the maximum of {D(e;, e;)|1 <i < 3,4 < j < 7}, where D(e;, e;)
denotes the distance of e; and e; based on Definition 2.1. Without loss of generality,
suppose that D(ej,eq) = 2¢. Then one can change e, e3, and add eg, eg, €19, such that
e1, es, e9 and ey constitute a 2-cube ¢4 with linear complexity 2" — (2% 4 2Y), and c3 and
¢4 constitute a 3-cube. So Ls(s™) = 2" — (2% 4+ 2¥ 4 2%), where d € {z,y}. The 3-cube
with linear complexity 2" — (2% 4 2¥ + 2%) must include four nonzero elements ey, e5, €, €7

and one nonzero element of eq, es, e3.

i) Suppose that L;(s™) = 2" — (20 4+27),0 < i < j < n, Ly(s) =27 — (20421 427),0 <
p<q<r<mn, Ls(s™)=2"— (2" 4+ 22 +29) 0<z<y<z<n.

If the distance of one pair of nonzero elements of ey, e, e3 is u or v. Assume D(eq,eq) = 2%.
Then one can change e3, and add eg, eg, so that eq, es,eg and eg constitute a 2-cube ¢4
with linear complexity 2" — (2% +2¥), and ¢3 and ¢, constitute a 3-cube. Thus Ls(s(™) =
2" — (2P + 29 + 27), where u,v € {p,q,7}. As L3(s™) is achieved by a 3-cube containing

c3, thus r = z = v. In this case, there are 6 possible cases as follows.
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li=p=z,)=q<y,r=2,2. 1=p<zx,j=q=yY,7=2,3.1=p,] =q=2,7" = 2,
di=p<zx,j=r=z2,q9=9Y,51=p,j=r=2,q=2,6. 1=q¢q<y,j=r==z,p==x.
We now deal with these cases respectively.
1. Inthecaseof it =p=2x,j=q<y,r =z

It is easy to show that the number of 2T 1-periodic binary sequences s**1) with linear
complexity 271 — (27 4 27) and Wy (s*HD)) = 4 is 227772 x (24)2H1-7-1 = 94:-2j—i=2,

Suppose that the nonzero elements of s¢t1) are py,pe,ps and ps. Next we add two
nonzero elements to s*t1) so that Ly(s*T1) = 221 — (20 4 27). As there exist 22 pairs of
nonzero elements with distance 2° in a 2-cube with linear complexity 2! — (2% 4 27), we
can construct 22 2-cubes with linear complexity 2°T! — (2¢ 4 2%). (For example, we can
construct {0011 0011}, {1100 1100}, {1001 1001} and {0110 0110} from {0000 1111} with
i=0,7=1,2=2.)

Therefore, we can construct the sequences s(**1) (not 2-cube anymore) with Ly(s(**1)) =
2=+ (20 4 2%), W, (s*T1)) = 6 and containing a 2-cube with linear complexity 2°+! —
(204-27). As we can obtain the same s©*1) from 22 distinct 2-cubes with linear complexity

241 — (20 4 27), the total number of such sequences sG*+1 is 24272172 x 22 x L =

24272j=1=2 after calculating the overlaps.

(For example, the sequence {0011 1111} is produced by all of the following sequences
{0000 1111}, {0010 1101}, {0001 1110} and {0011 1100}).

Further we add one nonzero element to s**1) such that Ls(s*+1)) = 25+1 — (20 4-2¥ 4 27).
Suppose that s*t1) now has two more nonzero elements ps and pg. Add one nonzero

element p7 such that the distance D(ps,p7) = 2Y or D(pg,p7) = 2Y. Thus the number of

s(#T1) becomes 245721—1=2 » 9 x 27~y = 95—y~2j—i~1

Finally the number of sequences s with Wy (s™) = 7, Li(s™) = 2" — (20 4 27),
L(s(M) =27 — (2P 4+ 29 4+ 27) and Ls(s(™) = 2" — (2% 4 2¥ 4 27) can be given by

252—y—2j—i—1 % (27)n—z—1 — 27n—2j—7j—2z—y—8'

(For sequence {0000 0011 0001 1111}, n =4,i =0,/ =1,p=0,g=1,r =3, 2 =0,y =
2,z = 3. With 1 bit change, it becomes two 2-cubes: {0000 0011 0011 1111}. With 3 bits
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change, it becomes a 3-cube {0000 1111 0000 1111}. With 5 bits change, it becomes a
3-cube: {0011 0011 0011 0011}.)

2. Inthecaseof i=p<z,j=q=y,r =2z

It is easy to show that the number of 2*T!-periodic binary sequences s**1) with linear
complexity 2571 — (27 4 2) and Wy (s*TD) = 4 is 227172 x (24)H1-7-1 = 94s=2%—i=2,

Suppose that the nonzero elements of s*T1) are py, p2, ps and ps. Next we add two nonzero
elements to s(**Y so that Lo(s(**D) = 21 — (27 4 2%). From a 2-cube with linear
complexity 2°F! — (2¢ + 27), we have two 2-cubes with linear complexity 2°T1 — (27 + 27).

Next we add two nonzero elements to s*t1) so that Ly(st1)) = 2241 — (27 4 22),
Wi (s#tD) = 6 and s+ contains a 2-cube ¢ with L(¢/) = 27+ — (20 4 27).

As we can obtain the same s**1) from 22 distinct 2-cubes with linear complexity 25+1 —
(2 + 27), the total number of such sequences s(**1) is 242727-1=2 x 9 x g = 242723
after calculating the overlaps.

(For example, the sequence {0011 1111} is produced by all of the following sequences
{0000 1111}, {0010 1101}, {0001 1110} and {0011 1100}).

Further add one nonzero element to s**1) so that Ls(s*t1) = 251 — (2% 4 27 4 22),

#+1) now has two more nonzero elements ps and pg. Add one nonzero

Suppose that s
element p7 such that the distance D(ps, p7) = 2% ( at the same time D(pg, p7) = 2*). Thus

the number of st becomes 24#~21—i1=3 y 9z—a — 9bz—z—2j—i-3

Finally the number of these s can be given by

2527172‘7'72‘73 % (27)n7z71 — 27n72j7i72z71710

(For sequence {0001 0001 0011 0111}, n=4,i=0,7=2,p=0,g=2,r=3, z =1,y =
2,z = 3. With 1 bit change, it becomes two 2-cubes: {0001 0001 0111 0111}. With 3 bits
change, it becomes a 3-cube {0011 0011 0011 0011}. With 5 bits change, it becomes a
3-cube: {0101 0101 0101 0101}.)

3. In the case of i = p,j = ¢ = z,r = 2. Note that from a 2-cube with linear complexity
2v+1 — (28 4 27) we can have two 2-cubes with linear complexity 2¥71 — (27 + 2¥). Thus
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the number of these e can be given by

24y—2j—i—2 % 2 % % X 2 % (25)z—y—1 % 22 % 23 % (27)n—z—1 — 27n—2j—i—2z—y—9'

(For sequence {0000 0101 0001 1111}, n=4,i =0,/ =1,p=0,g=1,r=3,z =1,y =
2,z = 3. With 1 bit change, it becomes two 2-cubes: {0000 0101 0101 1111}. With 3 bits
change, it becomes a 3-cube {0000 1111 0000 1111}. With 5 bits change, it becomes a
3-cube: {0101 0101 0101 0101}.)

4. In the case of i = p < x,q = y,j = r = z. The number of these sequences e can be

given by

22j—’i—2 X 2 X 2j—x—l X 2j—y—l X } X 2 X (27)n—j—1 — 27n—3j—i—az—y—10.

(For sequence {0001 0111 0001 0011}, n =4,i=0,j=3,p=0,g=2,r=3,z =1,y =
2,z = 3. With 1 bit change, it becomes two 2-cubes: {0001 0111 0001 0111}. With 3 bits
change, it becomes a 3-cube {0011 0011 0011 0011}. With 5 bits change, it becomes a
3-cube: {0101 0101 0101 0101}.)

5. In the case of i = p,q = x,j = r = z. The number of these e can be given by

22j—i—2 X 2 X 2j—a;—1 X 2j—y—1 X % X 22 X (27)71—]—1 — 27n—3j—i—x—y—9.

(For sequence {0000 0111 0001 0111}, n =4,i=0,j=3,p=0,g=1,r=3,z =1,y =
2,z = 3. With 1 bit change, it becomes two 2-cubes: {0001 0111 0001 0111}. With 3 bits
change, it becomes a 3-cube: {0000 1111 0000 1111}. With 5 bits change, it becomes a
3-cube: {0101 0101 0101 0101}.)

6. In the case of i = ¢ < y,j =1 = 2z,p = x. The number of these e can be given by

22j—i—2 % 2j—x—1 % 2j—y—1 % 1 % 22 % (27)n—j—1 — 27n—3j—i—x—y—10‘

(For sequence {0001 1010 0001 1011}, n=4,i=1,7=3,p=0,q=1,r=3, 2 =0,y =
2,z = 3. With 1 bit change, it becomes two 2-cubes: {0001 1011 0001 1011}. With 3 bits
change, it becomes a 3-cube: {0001 1110 0001 1110}. With 5 bits change, it becomes a
3-cube: {0011 0011 0011 0011}.)

ii) Suppose that L;(s(™) = 2" — (2 427),0 < i < j < n, L3(s™) = 2" — (2P 4+ 29),0 <
p<q<mn, Ls(s™) =2" — (2 + 2V 4+ 2?),0 < 2 < y < z < n. Then the distance among
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nonzero elements of ej, e, e3 (see notations in the beginning of the proof) is neither u
nor v. As L3(s(™) is achieved by c3, so L3(s(™) = 2" — (2P 4 29) = 2" — (2% + 2¥), thus

q=z=n".

If s contains only one 2-cube ¢3, then both i and j are not in {p, ¢}, {p,q} C {z,y, z}.

There are 11 possible cases as follows.

l.p=z<i<j<y 2. i<p=z<j<ydi<j<p=z<ydp=x<i<y<y,
S.i<p=x<y<j,b.p=rx<y<i<j,l.x<p=y<i<j 8 x<i<p=y<]j,
di<z<p=y<j,l0i<z<j<p=y, ll.i<j<z<p=y.

If 5" contains two distinct 2-cubes. There are another 4 possible cases as follows (refer

to Appendix 9) for the proof).
12.i=x>p,)=y,q=2,13. i=x<p,) =y,q =2,

M. p=zj=yq=215 j=xp=yq=2
1. Now consider the case of p =2 < i < j <y < ¢ = z as follows.

Suppose that el is a 2/-periodic binary sequence with linear complexity 2/ and Wx (e(j )) =
1. Then the number of these e\) is 27. So the number of 2/ -periodic binary sequences
eU*D) with linear complexity 2071 — 29 = 27 and Wy (eUTD) = 2 is also 27.

First one nonzero element is added to e+ such that Ly(eU+1) = 2/+1 — (2! 4 27). This
implies that we place a nonzero element p3 in eV so that both the distance of p; and
p3, and the distance of py and p3 are 2¢, where p; and py are in eU*D | and the distance of

p1 and ps is 27. The number of new eU+1) becomes 27 x % =2 x 291 = 2%,

Second construct e¥) so that Li(e®)) = 2¥ — (2¢ 4+ 27). The number of such e becomes
22j—i % (23)y—j—1 — 23y—j—i—3.

Third construct e+ by adding another nonzero element ps so that the distance of ps
and one nonzero element of p1,ps or ps is 2Y. There are 3 options. For the convenience
of presentation, suppose that the distance of ps and p; is 2¥. Then py and p3 have 22
options. The number of such e becomes 23¥~9~1=3 x 3 x 22. Further add a nonzero

element ps so that the distance of ps and ps is 2°. Thus the number of e becomes

184



3 x 23y—i—i=l s oump,
Step 4 we construct e(? so that the distance (based on Definition 2.1) among py, p2, ps, P4

and ps are unchanged. The number of such (9 becomes 3 x 2%—P=i=i=1 x (25)9-vy-1 —
3 x 2547Yy=p=j—i=6,

Step 5 we construct e(?*1) by adding two nonzero elements pg, p7, so that py ( or p1), ps,
pe and p; constitute a 2-cube with linear complexity 2971 — (27 + 29). The number of

el@t1) hecomes 3 x 259-Y—P—i—i=6 5 9 5 93

Finally the number of sequences e(™ with Wg(e(™) = 7, Li(eM™) = 27 — (2! + 27),
L(e™) =27 — (2P 4 29) and Ls(e(™) = 2" — (2% 4 2¥ + 27) can be given by

3 x 25q—y—p—j—i—2 % (27)n—q—1 =3 x 27n—q—y—p—j—i—9

(For sequence {11000000 10101000 11000000 00000000}, n = 5,i = 1,j =2, p = x =
0,y = 3, ¢ = z = 4. With 1 bit change, it becomes one 2-cube and one 2-cube:
{11000000 10101010 11000000 00000000}. With 3 bits change, it becomes one 2-cube:
{11000000 00000000 11000000 00000000} With 5 bits change, it becomes a 3-cube:
{11000000 11000000 11000000 11000000})

2. For the case of i < p =2 < j < y < g = z, here only give the brief construction process.
eW) 1 2271 5 (23—l — ey t]) : 23y—7—i=3 35 22 x 2P

= el®) 1 3 x 2WPITiTl i (25)a7YTL = elatl) ¢ 3 x 2547YTPTI =70 9 23 = 3 x
929q¢—y—p—j—i—2

3. For the case of i < j < p =1z <y < q¢ = 2z, here only give the brief construction process.
eW) 1 22771 5 (23Tl — WH1) 1 23y=7 =073 5 3 92 % VP

— el@ : 3 x 2WPi—iml 5 (25)ay—l — elatD) ¢ 3 250—YP—I—i=6 9 5 93 — 3 x
25¢—y—p—j—i—2

4. For the case of p = < i <y < j < g = z, here only give the brief construction process.

elt1) . 92j—i 9 v 95—y w 9j—p — 94ji—y—p—itl
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— (@) . 9%i—y—p—itl (25)11*]'*1 — elat+1l) . 95q—y—p—j—i—4 y 93 _ 95q—y—p—j—i—1

5. For the case of i < p =2 <y < j < ¢ = z, here only give the brief construction process.
el+1) . 92j—i 9 y 91—y w 9j—p — 94ji—y—p—i+l

— @) ; 24 —y=p—itl  (95)4-T1 — (0] ; 9Ba—y—p—i—i=d 93 — 9Bg—y—p—j—i-1

6. For the case of p =1 < y < i < j < ¢ = 2z, here only give the brief construction process.
elt1) . 92j—i  9j—y s 9i—p — 94j—y—p—i

— (@) . o%i—y—p—i (25)q—j—1 — elat+l) . 95q—y—p—j—i=b y 93 _ 9bq—y—p—j—i-2

7. For the case of x < p =y < i < j < q = 2, here only give the brief construction process.
eli+1) . 92p—z (23)i—p—l w 92 — 93i—z—p—1 _ ,(j+1) . 93i—z—p—1 (24)]'—1'—1 % 2 % 23
s 0) ;94— pimL ¢ (99)0—L —y ((a+)) ; 95a—T—p—j=i=6 » 93 _ 9S4—a—p—j~i=3

8. For the case of x < i < p =1y < j < ¢ = z, here only give the brief construction process.
e(PH1) ;92— o (93 yp—i=1 y 92 — 93p—w—i=1 —y (1) ; 93p—a—i=1 , (94)i=p—1 x 9 x 23
— (0 ; g4—wop—i=l  (95)a—i—1 —y e(at]) ; 9Ba—w—p—j=i=6 93 — 9Sq-w—p—j=i-3,

9. For the case of i < x < p =1y < j < g = z, here only give the brief construction process.
e(pt1) . 92z—i o (23)P=i=1 9 x 92 = 93p—r—i — eli+1) . 93p—z—i (24)7P=1 5 2 % 23
— (0 ; 4 —Tp—i y (25)4-0—1 — e(at]) ; 95— r—p—j—i=5 y 93 — 95¢—w—p—j=i-2,

10. For the case of i < & < j < p =y << ¢ = z, here only give the brief construction

process.
eUHD) ;9201 5 (23)77171 x 2 x 22 = 2397271 — o(ytl) 935 —a—i 5 (24)y=i=1 x 2 x 23

— (@) . ty—j—z—i (25)077-1 — elatl) ; 95a—y—z—j=i=5 y 93 — 9dg—y—a—j—i=2
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11. For the case of i < j < & < p =y < q = z, here only give the brief construction

process.

e@ D)+ 92=1 5 (23) 701 x 3 x 22 = 3 x 2307l — eUHD) + 3 e mim L (2hymal

2 x 23

— el@ 3 x 2WeiTiml o (29)ayl — elatD) ¢ 3w 250y im0 93 = 3 x
25qufzfjfi73.

12. For the case of i = x > p,j = y,q = 2. From a 2-cube with linear complexity
27+ (28 4 27), we have 2/7P x 22 1-cubes with linear complexity 27! — 2P, Thus the

number of these e can be given by

22]'72‘72 % 2jfp % 22 % (25)27]'71 % 23 % (27)n7z71 — 27n72j7i72zfp79'

(For sequence {0000 0011 1010 1011}, n=4,i=1,7=2,p=0,¢g=3, 2 =1,y =2,z = 3.
With 1 bit change, it becomes a 2-cube and a 1-cube: {0000 0001 1010 1011}. With 3
bits change, it becomes a 2-cube {0000 0011 0000 0011}. With 5 bits change, it becomes
a 3-cube: {1010 1010 1010 1010}. )

13. For the case of i = x < p,j = y,q = 2. From a 2-cube with linear complexity
271 (204-27), we have 2/t17P~1 x 2 sequences containing a 1-cube with linear complexity

2J+1 — 2P Thus the number of these e can be given by

22j—i—2 > 2j—p % 22 % (25)z—j—1 % 23 % (27)n—z—1 — 27n—2j—i—2z—p—9'

(For sequence {0000 0011 0110 0111}, n =4,i=0,7=2,p=1,¢=3,2 =0,y =2,2 = 3.
With 1 bit change, it becomes a 2-cube and a 1-cube: {0000 0001 0110 0111}. With 3 bits
change, it becomes two 2-cubes {0010 0111 0010 0111}. With 5 bits change, it becomes a
3-cube: {0011 0011 0011 0011}.)

14. For the case of p = x,j = y,q = z. The number of these e can be given by

22j—i—2 X 2j—p X 22 X (25)Z—j—1 X 23 X (27)71—2—1 — 27n—2j—i—2z—p—9.

(For sequence {0000 0101 0011 0111}, n=4,i=0,7=2,p=1,¢=3,z =1,y =2,2 = 3.
With 1 bit change, it becomes a 2-cube and a 1-cube: {0000 0100 0011 0111}. With 3
bits change, it becomes a 2-cube {0000 0101 0000 0101}. With 5 bits change, it becomes
a 3-cube: {0101 0101 0101 0101}. )
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15. For the case of j = x,p =y, ¢ = z, the number of these e can be given by

24z—2j—i—6 < 4 % 2z—y—1 % % % 23 % (27)n—z—1 — 27n—2j—i—2z—y—10.

(For sequence {0001 0001 0001 1111}, n=4,i=0,j=1,p=2,q=3, x =1,y =2,z = 3.
With 1 bit change, it becomes a 2-cube and a 1-cube: {0001 0001 0000 1111}. With 3
bits change, it becomes a 2-cube {0001 0001 0001 0001}. With 5 bits change, it becomes
a 3-cube: {0101 0101 0101 0101}.)

In summary, the number of 2"-periodic binary sequences s can be given by

3 x 2Tn=2q—y—p—j—i=9 p=zr<i<ji<y<qg==z
3 x 2Tn—24=y—p—j—i=9, i1<p=z<j<y<qg==z
3 x 2Tn—24=y—p—j=i=9, i<j<p=r<y<qg==z
2Tn—2¢—y—p—j—i=8 p=r<i<y<j<qg=z
QTn—2q—y—p—j—i—8 I<p=z<y<j<qg==z
QTn—2q—y—p—j—i—9, p=r<y<i<ji<qg==z

27n—2q—a—p—j—i~10 r<p=y<i<j<qg==z

9Tn—2g—z—p—j—-i-10 r<i<p=y<j<qg==z
9Tn—2q—z—p—j~i-9_ i<r<p=y<j<g=z
2Tn—2¢—y—z—j—i=9 1<r<j<p=y<qg==z
3 x 27n—24—y—z—j=i-10 i<j<r<p=y<qg=z
9Tn—2j—i~22—p=9, 1=T>p,j=Y,q=2z
1=z <p,Jj=Y,q=2
P=2,)=Y,q=2%2

J=x,p=y,q==z2

—92i—i—922—p—9
27n j—1—2z—p ,
m—2j—i—2z—p—9
2 J )
m—2j—i—2z—y—10
2 J Y ,

This completes the proof. O

To verify Theorem 5.1.1, Theorem 5.1.2 and Theorem 5.1.3, we give the complete 2"-
periodic binary sequence distribution with the given k-error linear complexity profile of
0 = L7(s™) < Ls(s™) < L3(s™) < Ly(s™) < L(s™) = 2" for n = 5, which is checked
by a computer program (refer to Appendix 10) for the detail). In general, with higher
linear complexity and k-error linear complexity, the number of the sequences will increases.

However, we noticed some interesting exceptions in the example.
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5.2 The k-error linear complexity profile having descent
points 2, 4, 6 and 8

Based on the Games-Chan algorithm (Games and Chanl 1983) and the cube theory of
Chapter (3| we illustrated a constructive approach for determining the distribution of 2™-
periodic binary sequences with the given k-error linear complexity profile of 0 = L7 (s(™) <
Ls(s™) < L3(s™) < Ly(s™) < L(s™) = 2". Suppose that 0 = Lg(s() < Le(s™) <
Ly(s™) < Ly(s™) < L(s™) < 2", Using this approach, we now discuss some special
cases. In this case, L(s(”)) is variable, so it is much more difficult to have a complete

characterization.

Theorem 5.2.1 Let s be a 2"-periodic binary sequence with linear complexity less
than 2" and 0 = Lg(s™) < Lg(s™) < Ly(s™) < Ly(s™) < L(s™) < 2". Suppose that
s(™ can be decomposed into one 2-cube and two 1-cubes, L(s(")) =27 — 20 (0 <ig<mn,
Lo(sM) =27 — (20 4+20),0<i<j<mn, Ly(sW)=2"— (P +214+2"),0<p<q<r<n
and Lg(e) = 2" — (2 +2Y 4+ 2%),0 < 2 < y < z < n. Then the number of 2"-periodic

binary sequences s(™ can be given by

P90 g = pi=ag <=y =2

W=p,t=2,q=7] =Y, r=2
W=p,1=2,q=Y,] =7 =2
0 =¢1=p=2,] =Y, r=2
98n—z—r=2j=29—p=9 w=pit=x,q<j=y<r<z
28n7z72j72q72p714 ’

28n72z73q7p7i79

;
8n—4j—q—p—i—8
2 J—q—p ,

28n—22—2j—2q—p—10
)

=pi=2,q<j<y=r<z

Proof. As 0 = Lg(s™) < Lg(s™) < Ly(s™) < Ly(s™) < L(s™) < 27, 5™ can be
decomposed into one 2-cube and two 1-cubes or four 1-cubes. Here we only discuss six

special cases of one 2-cube and two 1-cubes.

1. In the case of ig = p,t = z,q < j = y,r = z. It is easy to show that there are
two kinds of sequences s illustrated by the following examples, meeting the condition
of L(s™) = 27 — 200 Ly(s) = 27 — (28 + 27), Ly(s™) = 2" — (2P 4 27 + 27) and
Lg(e) = 2™ — (2% 4+ 2V + 27).

A) {0000 0011 0101 1111}; B) {0000 0101 0011 1111}, where n = 4,ig = 0,i = 1,5 = 2,
p=0,g=1r=3,z=1y=2,2=3.
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We now derive the counting formula of 2™-periodic binary sequences of type A.

As p < ¢ < j, the number of 2/-periodic binary sequences sU) with linear complexity
27 — (294 2P) and Wy (sV)) = 4 is 24 -24-p=6,

From a 2-cube with linear complexity 2/+! — (2P +29), we can have two 2-cubes with linear
complexity 2/+1 — (29 + 27),

Note that we can have 23 sequences, such as {0000 0011 0101 1111}, from the same
sequence {0000 0000 0101 1111}. Furthermore, in the sequence {0000 0011 0101 1111},
all nonzero elements have alternate locations except the first two nonzero elements and

the last two nonzero elements. Thus the number of these s of type A can be given by

24j72q7p76 X 2 % 22 % (26)27]'71 % 23 % 24 % (28)nfzfl — 28n72z72j72q7p710‘

Similarly, we may derive the same counting formula of 2™-periodic binary sequences of

type B. Thus the total number of these s can be given by

28n72272j72q7p79

(For sequence {0000 0011 0101 1111}, n =4,ip=0,i =1, =2, p=0,g=1,r =3, z =
1,y = 2,z = 3. With 2 bits change, it becomes a 2-cube and a 1-cube: {0000 0010 0101 0111}.
With 4 bits change, it becomes a 3-cube: {0000 1111 0000 1111}. With 6 bits change, it
becomes a 3-cube: {0101 0101 0101 0101}.)

2. In the case of igp = p,i = x,q = j = y,r = z. It is easy to show that there are
two kinds of sequences s illustrated by the following examples, meeting the condition
of L(sM) = 27 — 200 [5(s(M) = 27 — (20 4 27), Ly(sM) = 27 — (2P 4 29 + 27) and
Lg(e) = 2™ — (2% + 2V + 27).

A) {0000 0011 0111 0111}; B) {0001 0001 0011 1111}, where n = 4,ip = 0,7 = 1,j = 2,
p=0,g=2,r=3,z=1y=2,2=3.

From a 2-cube with linear complexity 2971 — (2P + 29), we can have 297"1 x 2 2-cubes
with linear complexity 29+1 — (2¢ 4 249).

Thus the number of these s of type A can be given by
22q—p—2 % 2q—7j—1 X 9 % % % (26)z—q—1 % 23 % 24 % (28)71—2—1 — 28n—2z—3q—p—i—10'
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Similarly, we may derive the same counting formula of 2™-periodic binary sequences of

type B. Thus the total number of these s can be given by

28n—22—3q—p—i—9

(For sequence {0000 0011 0111 0111}, n =4,ip =0,i=1,7=2,p=0,g=2,7r =3, 2 =
1,y = 2,z = 3. With 2 bits change, it becomes a 2-cube and a 1-cube: {0000 0010 0101 0111}.
With 4 bits change, it becomes a 3-cube: {0011 0011 0011 0011}. With 6 bits change, it
becomes a 3-cube: {0101 0101 0101 0101}.)

3. In the case of igp = p,i = x,q = y,7 = r = z. It is easy to show that there are
two kinds of sequences s illustrated by the following examples, meeting the condition
of L(s™) = 27 — 20 Ly(sM) = 27 — (20 4 27), Ly(s(™) = 2" — (2P + 29 4+ 27) and
Lg(e) = 2™ — (2% + 2Y + 27).

A) {0000 0111 0011 0111}; B) {0001 0011 1101 0011}, where n = 4,i9 = 0,7 = 1,j = 3,
p=0,g=2,r=3, x=1,y=2,2=3.

The number of these s of type A can be given by

2272 y 9i—i=1 9 1 x 297471 5 93 (28)”_j_1 = 98n—4j—q—p=i=9
2

Similarly, we may derive the same counting formula of 2"™-periodic binary sequences of

type B. Thus the total number of these s can be given by

28n—4j—q—p—i—8

(For sequence {0000 0111 0011 0111}, n = 4,49 = 0,s = 1,5 =3, p = 0,q = 2,r = 3,
x =1,y =2,z =3. With 2 bits change, it becomes two 2-cubes: {0010 0111 0010 0111}.
With 4 bits change, it becomes a 3-cube: {0011 0011 0011 0011}. With 6 bits change, it
becomes a 3-cube: {0101 0101 0101 0101}.)

4. In the case of ig = q,i =p=2x,j = y,7 = 2. As p < ¢ < j, the number of 27-periodic
binary sequences ) with linear complexity 27 — (29 +2P) and Wy (s\9)) = 4 is 24-24-p=6,

From a 2-cube with linear complexity 277! — (2P +29), we can have 22 2-cubes with linear
complexity 2/+! — (27 4-27). Note that we only have 22 sequences, such as

{0000 0110 0011 1111}, not being a 2-cube from the same sequence {0000 0000 0011 1111}.
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Thus the number of these s can be given by

24j—2q—p—6 % 22 % 22 % (26)z—j—1 % 22 % 24 % (28)n—z—1 — 28n—22—2j—2q—p—10‘

(For sequence {0000 0011 0110 1111}, n =4,ip=1,i =0,7=2,p=0,g=1,r =3, z =
0,y = 2,z = 3. With 2 bits change, it becomes a 2-cube and a 1-cube: {0000 0001 0110 0111}.
With 4 bits change, it becomes a 3-cube: {0000 1111 0000 1111}. With 6 bits change, it
can become a 3-cube: {0011 0011 0011 0011}.)

5. In the case of ig = p,i =2,q < j =y <7 < 2. As p < ¢ < j, the number of 2/-periodic
binary sequences s) with linear complexity 2/ — (294 2P) and Wy (s\9)) = 4 is 2%-24-P=6,

From a 2-cube with linear complexity 2/*1 — (27 + 29), we have 22 2-cubes with linear
complexity 2/+! — (27 4 27). Note that we can have 23 sequences, such as

{00000000 00000001 00010000 00111111} and {00000000 00010000 00001000 00111111},
from the same sequence

{00000000 00000000 00000000 00111111}. Thus the number of these s can be given by

24j—2q—p—6 % 22 % 22 % (26)7"—]'—1 % 23 % 25 % (27)2—7‘—1 % 26 % (28)n—z—1 — 28n—z—'r—2j—2q—p—9‘

(For sequence {00000000 00000001 00000100 00111111}, n = 5,ip = 0, = 1,5 = 2,
p=0,gq=1r=3 =0,y =2,z =4. With 2 bits change, it becomes one 2-cube and
two 1-cubes: {00000000 00000001 00000100 10101111}. With 4 bits change, it becomes
a 3-cube: {00000000 00000000 00001111 00001111}. With 6 bits change, it becomes a
3-cube: {00000000 00110011 00000000 00110011}.)

6. In the case of ig = p,i =2, < j <y =1 < 2. As p < q < j, the number of 2/F1-
periodic binary sequences s+ with linear complexity 27+ —(294-2P) and Wy (sU+D) = 4
is 247724-p=2,

From a 2-cube with linear complexity 2712 — (2P +29), we have two 2-cubes with linear com-
plexity 2772 —(294-2(j+1)). Note that we can have 2/~ (+1) x 25+1=(+1) gequences, such as
{00000000 00000001 10000101 00001111} and {00000000 00000001 00000101 00101111},
from the same sequence {00000000 00000001 00000101 00001111}, where p =0, = 1,7 =
2,z = 4. Thus the number of these s(™ can be given by

94i=24—P=2 9 92y 9i—(P+1) y 9 +2-(j+1) (27)z—j—2 2% 90 % (28)n—z—1 _ 98n—2-2j-2¢—2p-14

(For sequence {00000000 00000100 10000101 00001111}, n = 5,ip = 0,i = 1,5 = 2,
p=0,gq=1r=3, =1y =3,z =4. With 2 bits change, it becomes one 2-cube and
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two 1l-cubes: {00000000 00000100 10100001 00001111}. With 4 bits change, it becomes
a 3-cube: {00000000 00000000 00001111 00001111}. With 6 bits change, it becomes a
3-cube: {00000101 00000101 00000101 00000101}.)

This completes the proof. O

5.3 Summary

The k-error linear complexity profile of a periodic sequence was first defined by [Stamp
and Martin| (1993). Based on the Games-Chan algorithm (Games and Chan, 1983)) and
the cube theory, a constructive approach has been presented to construct 2™-periodic
sequences with the given k-error linear complexity profile. Consequently, the complete
counting formula of 2™-periodic binary sequences has been derived with the given k-error
linear complexity profile having descent points 1, 3, 5 and 7. The k-error linear complexity
profile having descent points 2, 4, 6 and 8 has been also partially discussed. The proposed
constructive approach can be used to construct 2"-periodic binary sequences with the

given linear complexity and k-error linear complexity.

We observed from the illustrative example in Appendix 10) that there are more sequences
for large linear complexity and k-error linear complexity. However, there are some excep-
tions in the example. In fact, it is meaningful to investigate when the number of sequences
can be achieved the maximum for some linear complexity and k-error linear complexity

distribution. This would be our future research topic.

In future, we may further investigate the 2™-periodic binary sequences with the k-error

linear complexity profile of 5 or more descent points.
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Chapter 6

Conclusions and Future Directions

The linear complexity and the k-error linear complexity of a sequence have been used
as important security measures for key stream sequence strength in linear feedback shift
register design. To further the study of the k-error linear complexity distribution for 2"-
periodic binary sequences, we began by proposing a framework in Chapter [2] as follows.
Let S = {s|L(s) = ¢}, E = {e|Wph(e) < w},S+ E = {s+e|s € S,e € E}, where s is
a sequence with linear complexity ¢, e is an error sequence with Wy (e) < w. We aimed
to sieve sequences s + e with Li(s +e) = ¢ from S + E. This is the first fundamental
contribution of this thesis. By a divide and conquer method of combinatorics, we
investigated sequences with linear complexity 2", and sequences with linear complexity
less than 2", separately. With our approach, the issue to study k-error linear complexity
distribution for 2™-periodic binary sequences becomes a combinatorial problem of these

subsequences.

With our framework in Chapter [2] along with the sieve method, for & = 2,3, 4, the com-
plete counting functions on the k-error linear complexity of 2™"-periodic binary sequences
with both linear complexity 2" and linear complexity less than 2™ are characterized.
We also obtained some partial results about the 5-error linear complexity of 2"-periodic
binary sequences. The first descent point (critical point) distribution of the k-error lin-
ear complexity for 2™-periodic binary sequences was characterized completely in Chapter
We obtained the complete counting functions on the 2"-error linear complexity of
2"-periodic binary sequences with linear complexity 2" — (2% 4 272 4 ... 4 2im) where
0<ig <ig < v <y, <M.

To address a sequence from different perspectives, we presented a new tool called the
Cube Theory in Chapter 3| It is proved that a binary sequence with period 2" can be
decomposed into some disjoint cubes. Based on the Games-Chan Algorithm, we proposed
a standard cube decomposition for any binary sequence with period 2”. This is the
second fundamental contribution of this thesis. With such cube decomposition theory, we
are capable to construct sequences with the maximum stable k-error linear complexity.
It was also proved that the maximum k-error linear complexity is 2" — (2! — 1) over all

2"_periodic binary sequences, where 271 < k < 2 and I < n.
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We then diverted our attention to the CELCS (critical error linear complexity spectrum)
in Chapter By the cube theory, a new approach to determining the CELCS for the
k-error linear complexity distribution of 2"-periodic binary sequences is developed via the
sieve method and the Games-Chan algorithm. The second descent point distribution
of the 3-error linear complexity, the second descent point distribution of the 4-error linear
complexity and the third descent point distribution of the 5-error linear complexity for
2"-periodic binary sequences were characterized completely. The k-error cube decompo-
sition of 2™-periodic binary sequences was also developed based on the Cube Theory
of Chapter As an extension of the work by Kurosawa et al.| (2000), we derided the
formulas to determine the second descent points and third descent points for the k-error

linear complexity, respectively. This is the third important contribution of this thesis.

To conclude the thesis, we investigated k-error linear complexity profile in Chapter
Based on the Games-Chan algorithm and cube theory, a constructive approach was pre-
sented to construct 2"-periodic sequences with the given k-error linear complex-
ity profile. Consequently, the complete counting formula of 2-periodic binary sequences
was derived with the given k-error linear complexity profile having descent points 1, 3,
5 and 7. The k-error linear complexity profile having descent points 2, 4, 6 and 8 was
also partially discussed. The proposed constructive approach can be used to construct 2"-
periodic binary sequences with the given linear complexity and k-error linear complexity.

This is the fourth important contribution of this thesis.

6.1 Future Study

With all of our proposed approaches and techniques, the study in this thesis opens many
directions for periodic sequences with arbitrary period or periods of other forms. Despite
all the significant achievements of this thesis, extensions to p™-periodic sequences over F),
can also be considered. As a matter of fact, we have obtained some results for p™-periodic
sequences over [},, where p is a prime number. However, due to the time limit, we did
not cover them here. Specifically, we still have the following possible problems to study

in near future.

e With our Unified Approach in Chapter |2 the issue to study k-error linear com-
plexity distribution for 2"-periodic binary sequences becomes a combinatorial prob-
lem of these subsequences. For k& > 5, it is extremely complicated to calculate all
the possible combinations of these subsequences. To develop some new techniques

to address k-error linear complexity distribution for large k is a challenging future
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work.

To cope with a sequence from different perspectives, we present a new tool called
the Cube Theory in Chapter It is proved that a binary sequence with period
2" can be decomposed into some disjoint cubes. We could further study how to
construct sequences consisting of more than one cube and possessing both high
linear complexity and k-error linear complexity. By using methods similar to that
of the binary sequence, we may also study a sequence with period p™ over Fj,, where

p is a prime number.

A new approach to determining the CELCS for the k-error linear complexity distri-
bution of 2"-periodic binary sequences was developed based on the cube theory in
Chapter 4 Let s be a 2"-periodic binary sequence with linear complexity less then
2™, Suppose that c1, co and c3 are in the standard cube decomposition of sequence
st and L(s™) = L(c1). Le(s™) < Ly(s™) < La(s™) < L(s™) if and only if
c1 is one l-cube and cs is one 2-cube or c¢1, ¢o and cs3 are three 1-cubes. Similarly,
we can compute the number of 2-periodic binary sequences s with given L(s(")),
Ly(s™), Ly(s™) and Lg(s™). Accordingly, the solution to the complete counting
functions of 2™-periodic binary sequences with the prescribed 6-error linear complex-
ity can be obtained. We expect that with the techniques proposed in Chapter 4] one
can obtain other third and fourth descent point distributions of the k-error linear

complexity for 2"-periodic binary sequences.

In Chapter |5, based on the Games-Chan algorithm (Games and Chan, |1983)) and
the cube theory, a constructive approach has been presented to construct 2"-periodic
sequences with the given k-error linear complexity profile. In future, we may inves-
tigate completely the k-error linear complexity profile having descent points 2, 4,
6 and 8. Furthermore, we also can consider the 2™-periodic binary sequences with
the k-error linear complexity profile of 5 or more descent points. Lastly, we believe
that the proposed constructive approach can be used to construct 2"-periodic binary

sequences with the given linear complexity and k-error linear complexity.
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Appendix A

Appendix for Chapter 5

In this appendix, we present some assertions once used in the proof of main results or
some corollaries of the main results in Chapter 5. Of course, some of them have their own

independent interests.

One can observe that every sequence s has a unique standard cube decomposition by
Algorithm 3.2.1 in Section but sequence s may has other cube decompositions as

well.

1). Let s be a 2"-periodic binary sequence with linear complexity 2" and Ly (s™) =
0 < Ls(s"™) < L3(s™) < L1(s(™). Suppose that s can be decomposed into one 0-cube
c1, one 2-cube ¢y and one 1-cube c3 by Algorithm 3.2.1 in Section with L(cg) > L(es),
Li(s™M) =27 —(20420),0<i<j<mn, L3y(sW)=2"— (2429 4+2"),0<p < q <7 <n,
Ls(s™M)=2" — (2 +2¢ 4 2%),0<z <y < z<n. Then r < z.

Proof. As Lz(s"™) = 2" — (2% 4 2¥ 4 27), thus Ls(s("™) is achieved by a 3-cube & If &
includes 7 nonzero elements of s, then Ls(s(™) = L;(s(™), which is a contradiction. If ¢
includes 6 nonzero elements of s(, then Ls(s(™) = L3(s(™), which is also a contradiction.
So ¢ should only include 5 nonzero elements of s). Therefore, an edge length (based on

Definition 2.3) is the distance (based on Definition 2.1) between two nonzero elements of
5. Thus L(c3) = 2" — 2%.

Suppose that L3(s(™) is achieved by a 3-cube ¢. So ¢ should include 6 nonzero elements

of s,

Let T' = {nonzero element ele € ¢ and e € ¢}. So the number of nonzero elements in T is
at least 4.

If the 4 nonzero elements in T does not constitute a 2-cube, then there are 3 distinct

distance (based on Definition 2.1) among these nonzero elements in 7. As a 3-cube only

has 3 distinct edge length, thus ¢ and ¢ have same edge length, which is followed by
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Ls(s™) = L3(s™). Therefore, the 4 nonzero elements in T' does constitute a 2-cube.

If r = z, then there are 2 nonzero elements pi,ps with distance z. As the 4 nonzero
elements in T' does constitute a 2-cube, so there are also other 2 nonzero elements ps, ps

with distance z, which contradicts the fact that c3 is 1-cube.

This completes the proof. O

2). Let s be a 2"-periodic binary sequence with linear complexity 2" and L7(s(")) =
0 < Ls(s™) < L3(s™) < Ly (s(™). Suppose that s can be decomposed into one 0-cube
c1, one 2-cube ¢ and one 1-cube c3 by Algorithm 3.2.1 in Section [3.2] with L(cz) > L(cs),
Li(sM) =27 —(20427),0<i<j<mn, L3y(s™W)=2"— (2P 429427),0<p < q <7 <n,
Ls(st™)=2" — (22 42V +2%),0<z <y < z <n. Then i =z and j = y can not be true

at the same time.

Proof. As Ls(s™) = 2" — (2% + 2V 4 2%), thus Ls(s\"™) is achieved by a 3-cube é. If ¢
includes 7 nonzero elements of s, then Ls(s(™) = L;(s(™), which is a contradiction. If ¢
includes 6 nonzero elements of 50, then Ls(s™) = L3(s™), which is also a contradiction.

So ¢ should only include 5 nonzero elements of (™.

In this case, we will prove the assertion by contradiction. Suppose that ¢ =z and j =y

are true at same time.

Suppose that the O-cube ¢q includes a nonzero element ey, the 2-cube ¢ includes 4 nonzero
elements es, €3, e4, €5, and the 1-cube c3 includes 2 nonzero elements eg, e7. Thus ¢ should
include eg, e7.

We will cope with the following 2 cases separately.

A) Suppose that ¢ also includes e, e3, e4.

Based on Algorithm 3.1.1 in Section when the period of s becomes 2!, with
Left(s*tD) @ Right(s*t1), eg, e7 will be removed, but ey, e3, 4 will be remained. Oth-
erwise, suppose that two nonzero elements of es, e3, e4 are removed. Then c3 must be a

2-cube, which is a contradiction.

Thus, ez, e3,e4 and e7 constitute a 2-cube with linear complexity 2% — (2% + 2Y) = 2% —
(28 + 27) ( refer to Appendix 3) for the proof).
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Suppose the distance of eg, es is 2¥. Then the distance of e4 and e7 is also 2Y.

As e3, €3, e4, e5 constitute a 2-cube with linear complexity 27 — (2% + 2Y) = 2% — (2! + 27),

thus the distance of e4 and es is also 2Y. So the distance of e5 and ey is 2v*1.

Now we construct a 2-cube ¢ with linear complexity 2" — (2¢*! 4 27) and eg, e, €5, by
adding a new nonzero element eg, and changing e, ez, e3,eq. As 2" — (21 4+ 27) <
2" — (2% 4-2¥ + 2%), thus Lz(s™) = 2" — (2¢*1 4 2%), which is a contradiction. Therefore,

1 = x and j = y can not be true at the same time in this case.
B) Suppose that ¢ also includes eq, eg, e3.

Based on Algorithm 3.1.1 in Section when the period of s becomes 2!, with
Left(s*tD) @ Right(s**1), es, e7 will be removed, but ey, es, e3 will remain. Otherwise,
suppose that two nonzero elements of ej, es, e are removed. Then c3 must be a 2-cube,

which is a contradiction.

As i = x and j = y, the distance among eq, es, e3 must be 2* and 2Y. In fact, e1,es, e3
and e; constitute a 2-cube with linear complexity 2% — (2% + 2¥) = 2% — (2¢ +27) ( refer to
Appendix 3) for the proof).

Suppose the distance of e, es is 2¥. Then the distance of eg and e7 is 2Y.

As eg, e3, €4, 5 constitute a 2-cube with linear complexity 22 — (2% + 2Y) = 27 — (2! 4 27),
thus we can suppose that the distance of e3 and e5 is 2Y. So the distance of e5 and e7 is
2¢+L,

Now we construct a 2-cube ¢ with linear complexity 2" — (2¢7! + 27) and eg, e7, €5, by
adding a new nonzero element eg, and changing e, ez, e3,e4. As 2" — (2V7!1 +27) <
2" — (2% 4 2¥ + 2%), thus Ls(s"™) = 2" — (2¢*1 4+ 2%), which is a contradiction. Therefore,

1 = x and j =y can not be true at the same time in this case.

In conclusion, the assertion is true in general. ]

3). Let ¢ be a 3-cube with linear complexity 2" — (2* + 2V +2*), 0 <z <y < z < n.
Suppose that ¢ incudes nonzero elements of ¢; ;,1 <¢ <2, 1 <j<4ande;,1<j<4
constitute a 2-cube with linear complexity 2" — (2 +2Y). Then ¢;; ;,1 < j < 4 constitute

a 2-cube with linear complexity 2" — (2% 4 2¥), where ¢; is 1 or 2.

199



Proof. From Definition 2.2, we know that ep;,1 < j < 4 constitute a 2-cube with linear
complexity 2™ — (2% + 2Y).

Let D(ej, e;) denote the distance of e; and e;. We only need to prove that D(eq j,,e1,5,) =
D(eyjy,e25,) for 1 <1 <4,1<jp <4

As D(€1,j17617j2)’D(617j27 62,]'2)7 where D(elevesz) =2%or 2V, D(€1,j27 627j2) = 2%, thus

D(e1j,,e2,5,) = (D(e1y,e1,,) + D(e1y,e24,)) mod (D(e1j,,e2,)) = D(ej,e1,5,)

O]

4). Assume that s can be decomposed into one 0-cube ¢;, and three 1-cubes ¢s, ¢3, ca
by Algorithm 3.2.1 in Section [3.2] with L; (s) = 2" — (20 4-29),0 < i < j < n, L3(s™) =
2" — (22 4+29),0<p < qg<nand Ls(s") =2" — (2 + 2 +2?),0 <z < y < z < n. Then

n)

s(" includes a 2-cube.

Proof. As Lz(s"™) = 2" — (2% 4 2¥ 4 27), thus Ls(s("™) is achieved by a 3-cube & If &
includes 7 nonzero elements of s, then Ls(s(™) = L;(s(™), which is a contradiction. If ¢

includes 6 nonzero elements of s(, then Ls(s(™) = L3(s(™), which is also a contradiction.

So ¢ should only include 5 nonzero elements of (™).

Suppose that the 0-cube ¢; includes a nonzero element eq, the 1-cubes ¢y and c3 includes 4
nonzero elements es, €3, €4, e5 and the 1-cube ¢4 includes 2 nonzero elements eg, e7. Thus

¢ should include eg, e7.

Suppose that ¢ also includes eq, e, e3.

Based on Algorithm 3.1.1 in Section when the period of s becomes 2!, with
Left(s®t)) @ Right(s*11), eg, e7 will be removed, but ey, es, e3 will be remained. Oth-

erwise, suppose that two nonzero elements of e, es, e3 are removed. Then ¢4 must be a

2-cube, which is a contradiction.

Thus e, e2, e3 and eg constitute a 2-cube with linear complexity 2" — (2% + 2Y) ( refer to
Appendix 3) for the proof). O

5). Assume that s can be decomposed into one 0-cube c;, and three 1-cubes ¢, c3, ¢y
by Algorithm 3.2.1 in Section Li(s™M) =27 — (20 +27),0 <i < j <n, L3(s) =
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2" — (20420 0<p<qg<mnand Ls(s™M)=2"— (22 4+ +2?) 0 <z <y <z < n.

Suppose that the 0-cube c; includes a nonzero element eq, the 1-cube ¢y includes 2 nonzero
elements e, eg, the 1-cube c3 includes 2 nonzero elements ey, e5, and the 1-cube ¢4 includes
2 nonzero elements eg, e7. Assume that e, es, e3 and ey constitute a 2-cube with linear
complexity 2™ — (2 +2Y). Then i =xz,j =y < ¢, but p # z and p # y.

Proof. Based on Algorithm 3.1.1 in Section when the period of s becomes 2511,
with
Left(s*tD) @ Right(s*t1), eg, e7 will be removed, but ey, ez, e3 will be remained.

Suppose that L(cz) = 2" — 27, When the period of s becomes 2911, ey, e5 will be

removed, so the distance among e, es, e3 are 28 = 27,27 = 2¥ and j < q.

Let D(e;, e;) denote the distance of e; and e; based on Definition 2.1. Suppose D(eq, e2) =
D(ey,e3) =27, D(eg, e3) = 2Y, where z < y.

We will prove p # y by contradiction.

Suppose that p = y. Then there exits a nonzero element e in {e1, e2, e3}, so that D(e,e4) =
2Y,

If D(eg,eq) =29, then D(es, eq) > 2Y*L. So p >y + 1. The 2-cube with linear complexity
2" — (2P + 2%) is achieved by changing ej,e2, and adding es, so that es,eq,e5 and eg

constitute a 2-cube with linear complexity 2™ — (2P 4 29).

If D(e1,eq) = 2Y, then D(eq,e3) = 2%. Thus ey, eq,e3 and ey constitute a 2-cube with
linear complexity 2" — (2% + 2¥). So by adding three new nonzero elements, eq, e, €3, €4
and e5 can constitute a 3-cube with linear complexity 2™ — (2% +2Y +29), which contradicts
to Lz(s™) = 2n — (2¢ 4 29).

Thus we can conclude that p # y.

Similarly, we can prove that p # z. O

6). Assume that s can be decomposed into one 0-cube ¢;, and three 1-cubes ¢s, ¢3, ca
by Algorithm 3.2.1 in Section with Ly (s(™) =27 —(204-27),0 < i < j <n, L3(s") =
2" — (22 4+29),0<p < qg<mnand Ls(s) =2" — (2 + 2 +2?),0 <z < y < z < n. Then
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L(cg) = 2" — 27, L(cg) = 2™ — 29 and L(cy) = 2" — 2.

Proof. Suppose that the 0-cube ¢; includes a nonzero element eq, the 1-cube ¢ includes
2 nonzero elements eo, ez, the 1-cube c3 includes 2 nonzero elements ey, e5, and the 1-cube

¢4 includes 2 nonzero elements eg, e7.

Based on the result by Kurosawa et al| (2000, the minimum number k for which the
k-error linear complexity of a 2™-periodic binary sequence s is strictly less than the linear
complexity L(s) of s is determined by ki, = oWu(2"=L(s)) " For a 1-cube ¢3, kmin = 2,
which means that to further decrease the linear complexity of the 1-cube, we have to
change 2 elements. So the Ll(s(”)) is achieved by a 2-cube, which is composed of ey, es, e3
and a new nonzero element eg. From Algorithm 3.2.1 in Section the distance of
eq, €3 is greater than both the distance of eq, eo and the distance of ey, e3. As Ll(s(”)) =
2" — (20 4+ 27),0 < i < j < n, thus the distance of eg,e3 is 27, which is followed by
L(cg) =2 — 27,

Let 2¢ be the maximum of {D(es,e5)|1 <i < 3,4 <j <5}, where D(e;,e;) denotes the
distance of e; and e; based on Definition 2.1. Without loss of generality, suppose that
D(ey,eq) = 2¢. Then Lg(s(”)) is achieved by a 2-cube, which is composed of eq, ey, e
and a new nonzero element eg. From Algorithm 3.2.1 in Section the distance of
e4, €5 is greater than both the distance of e, e4 and the distance of ey, e5. As Lg(s(”)) =
2" — (2P 4 29),0 < p < ¢ < n, thus the distance of e4,e5 is 29, which is followed by
L(cz) =2" —29.

Suppose that L(cy) = 2" — 27, As Ly(s(™) = 2" — (2% 4 2V 4+ 2%) < L(cy), thus z > 2.

Refer to Appendix 4), we know that Ls(s(™) is achieved by a 3-cube ¢ and ¢ should include

5 nonzero elements of s, thus z < z/. Therefore, z = 2. ]

7). Assume that s(™ can be decomposed into one 0-cube ¢;, and three 1-cubes ¢z, c3, ca
by Algorithm 3.2.1 in Section Li(s™) =27 —(204-27),0 < i < j < n, with L3(s™) =
2" — (22 4+29),0<p<qg<mnand Ly(sW) =2" - (2 4+ 22 +2°) 0<z <y < z < n.
Further suppose that the 0-cube ¢; includes a nonzero element ey, the 1-cubes co and c3
includes 4 nonzero elements es, e3, e4, €5, and the 1-cube ¢4 includes 2 nonzero elements
€6, e7. Based on Appendix 4), we can assume that e, e2,e3 and e7 constitute a 2-cube
with linear complexity 2" — (2% + 2¥). Now by Algorithm 3.2.1 in Section if the
second removed two nonzero elements are es, eq, then we only need to consider 3 cases:

t=r<j<p=y<qgi<j=z<p=y<qgandi<p=zx<j=y <q. Other cases
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are covered by the case in which the removed two nonzero elements in the second time at

Step 2 of Algorithm 3.2.1 in Section [3.2] are ey, e5.

Proof. There are two cases: D(e3,e7) = 2% or 2Y.

A) Suppose that D(es,e7) = 2%. Note that that ej,es, e3 and ey constitute a 2-cube with
linear complexity 2" — (2% 4 2¥). Without loss of generality, suppose that D(es,e;) = 2Y.
Then D(eq,ez) = 2%, D(ea,e7) = 2Y and D(es, e3) = 2%

Refer to Appendix 6), Lg(s(”)) is determined by e, e, €3, €4, €5.

If D(es,es5) < 2Y, then D(eq,e5) = D(eq,e3) + D(es,e5) = 27 + D(es,e5) mod (29) =
D(es,e5) < 2¥. Thus Lz(s™) = 2" — (2¥ +29). So p = y.

Ll(s(”)) is determined by ej,es,e5. So i = x or j = x. There are two cases: i = < j <
p=y<gqgi<j=x<p=y<g.

If D(es,e5) = 2P > 2Y  then D(es,e7) = D(es,e3) + D(es,e7) = 2P 4 2% = 2% mod (2P),
D(es,e1) = D(es,e3) + D(es,e1) = 2P +2Y = 2Y mod (2P), D(es,e2) = D(es,e3) +
D(es,eq) = 2P + 2% = 2% mod (2P).

Thus ej, e9,e5 and ey constitute a 2-cube with linear complexity 2 — (2% 4 2¥). This is
the case that : =z < j = y < p < q¢ < 2z, which is already covered by the case that the

second removed two nonzero elements are ey, e5.
B) Suppose that D(es,e7) = 2Y.

Without loss of generality, suppose that D(es,e1) = 2*. Then D(ej,e2) = 2Y, D(ea,e7) =
2% and D(es,e9) = 2°

Refer to Appendix 6), Lz(s™) is determined by e1, e, e3, e, e5.

If D(es,e5) < 2%, then D(eq,e5) = D(eyq,e3) + D(es,e5) = 27 + D(es,e5) mod (29) =
D(es,es) < 2%. Thus L3(s(™) = 2" — (2% 4 29). So p = z.

Ll(s(”)) is determined by eq,es,e5. So j=y. Thusi<p=z<j=y <gq.

If 2% < D(es,e5) = 2P < 2Y, then D(ey, e5) = D(eq,e3) + D(es, e5) =29+ 2P mod (29)
2, D(eg,e5) = D(eg,e3) + D(es, es5) = 2 +2P mod (2P) = 2%, Thus L3(s() = 2" — (2P +
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29),

Ll(s(”)) is determined by e1,ea,e5. As D(ej,ea) =2Y,s0i=2x,j=y. Thusi =z <p<
J =1y < q < z, which is already covered by the case that the second removed two nonzero

elements are ey, es5.

If D(es,e5) = 2P > 2Y, then D(es,e7) = D(es,e3) + D(es,er) = 2P + 2Y = 2Y mod (2P),
D(es,e1) = D(es,e3) + D(eg,e1) = 2P + 2% = 2% mod (2P), D(es,e2) = Dles,e3) +
D(e3,e2) = 2P 4+ 2% = 2% mod (2P).

Thus ej, e, e5 and ey constitute a 2-cube with linear complexity 2" — (2% 4 2¥). This is
the case that i =z < j = y < p < ¢ < 2z, which is already covered by the case that the

second removed two nonzero elements are ey, e5. O

8). Assume that s(™ can be decomposed into one 0-cube ¢;, and three 1-cubes ¢, c3, ca
by Algorithm 3.2.1 in Section with Ly (s(™) =27 —(204-27),0 < i < j <n, L3(s") =
2" — (P 421427),0<p<qg<r<mnand Ly(s™M)=2" — (2 + 2+ 25) 0<z <y < n.
Then y = .

Proof. Tt is obvious that L(cy) = 2" — 27, L(c3) = 2" — 2", L(cy) = 2™ — 27,

Suppose that the 0-cube c¢; includes a nonzero element e;, the 1-cubes ¢y and c3 includes

4 nonzero elements es, e3, 4, e5 and the 1-cube ¢4 includes 2 nonzero elements eg, e7.

Note that L3(s(™) = 2" — (2P 427 4 27) is achieved with a 3-cube ¢ by changing eg or e7,

and adding two new nonzero elements.

Thus there are at least two pairs of nonzero elements in e, es, €3, e4, €5 and eg, so that

distance of each pair of nonzero elements is 2".

Without loss of generality, suppose that D(e4,e5) = 2" and D(ej,eq) = 2". As c3 is a
1-cube, thus one nonzero element in ey, eq, e5 and eg and e; must constitute a 1-cube ¢4

with linear complexity 2" — 27.
Suppose that D(eq,e1) = 2P. Then we can construct a 3-cube ¢ with linear complexity

2™ — (2P + 2" + 27) by changing ey and e3, and adding three new nonzero elements. As
2" — (2P 427 4 2%) > 2" — (2T 4 2V +2%), s0 r < y.
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Note that e, e2, e3 and eg constitute a 2-cube with linear complexity 2" — (2% +2¥) ( refer

to Appendix 3) for the proof), thus y < r. Soy =r. O

9). Suppose that s(") can be decomposed into one 0-cube ¢; with one nonzero element
e1, one l-cube co with two nonzero elements es, e3) and one 2-cube c3 with four nonzero
elements ey, €5, €g, e7. Also s(™ has linear complexity 2" — (2" +2"),u < v from Algorithm
3.2.11in Section with L(ca) > L(cs3). Further assume that Ly (s™) = 2" — (204-27),0 <
i <j<mn, L3(s™) =27 — (2P +29),0 < p < g <n, Ly(s™) =27 — (2° + 2V 4 2%),0 <
z <y<z<n. If s contains two distinct 2-cubes, then there are only 4 possible cases
as follows: 1. i=x>p,j=y,q=2,2. i=zc<p,j=y,¢q=2,3. p=2,j =Yy,q = 2, 4
J=T,p=Y,q=2

Proof. Assume that Ly(s™) = 2" —(204-27),0 <i < j < n, L3(s(™) = 27 — (2P +29),0 <
p<q<mn, Ly(s™) =2" — (2 + 29+ 2%),0 <z < y < z < n. We know that the
distance among nonzero elements ey, e, e3 is neither u nor v. L3(s(")) is achieved by c3,
so Lz(s™) =27 — (2P 4 29) = 2" — (2% 4 2Y), thus ¢ = z = v.

Assume that the 2-cube ¢4 is different from 2-cube ¢3. From Algorithm 3.2.1 in Section
L(cs) < L(e3). Thus Li(s™) is achieved by a 2-cube containing nonzero elements

e1,e2,e3, and 2°,27 are the distance among nonzero elements ey, ea, 3.

Let S; be the intersection of the nonzero elements of c3 and the nonzero elements of c;.
If S; contains two nonzero elements eg, eg, then the distance of eg,eg is u or v. It means

that the distance of two nonzero elements of eq, e, eg is u or v, which is a contradiction.

So S; contains only one nonzero elements eg. Thus eq, e2, e3 and eg constitute the 2-cube

¢4 with linear complexity 2" — (2¢ + 27).

If Ls(s(™) is achieved by a 3-cube containing ¢4, then {i, j} C {z,y,2}. Thus z = i,y = j.
So we have the following cases. 1. i=x>p,j=y,q=2,2. i=x <p,j =Yy,q = 2.

If Ls(s(™) is achieved by a 3-cube containing c3, then {p, ¢} C {z,y, 2z} and 2 or y must be
max{i,j} = j. So we have the cases of 3. p=2x,j=y,q=2,4. j=z,p=y,q= 2. O

10). The complete 2"-periodic binary sequence distribution with the given k-error linear
complexity profile of 0 = L7(s™) < Ls(s™) < Lz(s™) < Ly(s™) < L(s™) = 2" for
n =>5.
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Table 1. The sequence distribution for n =5

Ly Ls Ly Number of sequences Ly Ls Ls Number of sequences
12 10 6 128 23 14 7 2048
12 11 7 256 23 14 10 8192
14 6 4 128 23 14 11 8192
14 10 4 256 23 19 4 2048
14 13 7 512 23 19 11 4096
14 13 11 1024 23 19 14 16384
15 7 4 256 23 19 18 8192
15 7 6 512 23 21 6 4096
15 11 4 512 23 21 12 24576
15 11 10 1024 23 21 13 16384
15 13 6 1024 23 21 18 16384
15 13 10 2048 26 8 4 512
20 14 4 512 26 8 7 2048
20 14 13 2048 26 10 4 1024
20 15 4 1024 26 10 6 2048
20 15 13 4096 26 15 7 12288
20 18 6 512 26 15 10 8192
20 18 10 1024 26 18 4 2048
20 18 15 4096 26 18 6 4096
20 19 7 1024 26 18 15 16384
20 19 11 2048 26 23 7 24576
20 19 14 8192 26 23 10 16384
22 6 4 256 26 23 11 16384
22 12 4 512 26 23 13 32768
22 12 6 512 26 23 18 32768
22 12 11 2048 26 25 8 40960
22 15 6 2048 26 25 11 16384
22 15 11 8192 26 25 13 32768
22 18 4 1024 26 25 19 32768
22 18 10 2048 26 25 21 65536
22 18 15 8192 27 8 4 1024
22 21 7 2048 27 8 6 4096
22 21 12 12288 27 11 4 2048
22 21 13 8192 27 11 7 4096
22 21 19 8192 27 11 10 4096
23 7 4 512 27 14 6 12288
23 7 6 1024 27 14 7 12288
23 12 4 1024 27 14 10 8192
23 12 7 1024 27 14 11 8192
23 12 10 4096 27 19 4 4096
23 14 6 2048 27 19 7 8192
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Ly Lz Ls Number of sequences
27 19 14 32768
27 19 18 16384
27 22 6 24576
27 22 7 24576
27 22 10 16384
27 22 11 49152
27 22 13 65536
27 22 18 32768
27 22 19 32768
27 25 8 81920
27 25 10 32768
27 25 13 65536
27 25 18 65536
27 25 21 131072
29 8 4 6144
29 8 6 4096
29 12 4 12288
29 12 6 8192
29 12 7 16384
29 12 10 8192
29 13 6 8192
29 13 7 16384
29 13 10 16384
29 13 11 32768
29 20 4 24576
29 20 6 16384
29 20 7 32768
29 20 10 32768
29 20 11 65536
29 20 13 98304
29 20 18 32768
29 21 6 16384
29 21 7 32768
29 21 12 131072
29 21 18 65536
29 21 19 131072
29 25 8 163840
29 25 10 65536
29 25 11 131072
29 25 18 131072
29 25 19 262144

Here are some illustrative examples of computation.

207



For n = 5,L1(s™) =12 = 32 — (4 4+ 16), L3(s(™) = 10 = 32 — (2 + 4 + 16), L5(s™) =
6=32—(2+8+16). Weknow that j =r=2=4,i=q=2,p=x =1,y = 3, which is
the case of i = ¢ < y,j = r = z,p = z. From Theorem 5.1.3 i)., the number of sequences
8(n) is 9Tn—3j—i—z—y—10 _ 97 _ 128.

For n = 5,L1(s™) = 26 = 32 — (2 +4), L3(s™) = 8 = 32 — (8 4 16), Ls(s™) = 4 =
32 — (4+ 8+ 16). We know that j =2 = 2,p =y = 3,q = z = 4,i = 1, which is the
case of j = x,p = y,q = z. From Theorem 5.1.3 ii)., the number of sequences s g
27n72j7i72z7y710 — 29 = 512.

For n =5,L1(s™) =29=232— (1+2), L3(s") =25 =32 — (1+2+4), Ls(s") =19 =
32— (14+4+8). Weknow that i =p=2=0,j =¢q=1,r =y =2,z = 3, which is the
caseof i=p=a<j=¢q<r=y <z From Theorem 5.1.1 iv)., the number of sequences
s(n) i 2Tn—2=2r=2j=i=8 _ 918 — 962144,
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