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Abstract

A constructive method is developed to design inverse optimal controllers
for a class of linear distributed parameter systems (DPSs). Inverse optimality
guarantees that the cost functional to be minimized is meaningful in the sense
that the symmetric and positive definite weighting kernel matrix on the states
is chosen after the control design instead of being specified at the start of the
control design. Inverse optimal design enables that the Riccati nonlinear
partial differential equation (PDE) can be simplified to a Bernoulli PDE,
which can be solved analytically. The control design is based on a new Green
matrix formula, a new unique and bounded solution of a linear PDE, and an
analytical solution of a Bernoulli PDE. Both distributed and finite control
problems are addressed. An example is given.

Keywords: Distributed parameter systems, Inverse optimal control, Bernoulli
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1 Introduction

Optimal control of DPSs, i.e., systems governed by PDEs, has been under devel-
opment since 1960s [3], [19], [18], [17], [14], [12], [2], [4], [11], and can be roughly
classified into two main approaches.

In the first approach referred to as the modal control one, the PDEs are dis-
cretized to obtain lumped-parameter systems described in terms of modal coordi-
nates, i.e., systems of ordinary differential equations (ODESs), to which the classical
control design methods [1], [8], [10] can be applied. The modal control approach,
see [15], [16], [6], can only control a certain number of modes of a distributed pa-
rameter system, and has difficulty in computing appropriate gain matrices.
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The second approach applies semigroup theory to represent PDEs as ODEs in
Hilbert spaces. From here the classical optimal control results are extended into
infinite-dimensional systems [18], [4], [12] [2]. This approach eventually results in
operator Riccati equations, which have similarities to the results presented here.
The operator Riccati equations, which are equivalent to Riccati nonlinear PDEs in
the Euclidean space, are nonlinear and are to be solved backward in time.

Difficulties arisen in solving the Riccati nonlinear PDEs and two-point-boundary
value (TPBV) problems, which are resulted from the classical design of optimal
controllers for DPSs, motivate the approach of designing inverse optimal controllers.
The difference between the direct and the inverse optimal control problems is that
the former designs a controller that minimizes a given cost functional, while the latter
seeks a controller that minimizes a “meaningful” cost functional, which is a part of
the solution of the Bernoulli PDE. The proposed inverse optimal control design in
this paper utilizes the recent inverse optimal filter design for linear DPSs proposed
by the author [5], and is related to the development of inverse optimal controllers for
systems governed by nonlinear ODEs in [13], [9]. The inverse approach in [13], [9]
uses a control Lyapunov function, which is a solution of Hamilton-Jacobi-Bellman
with a meaningful cost, for systems governed by nonlinear ODEs obtained by solving
a stabilization problem.

The rest of the paper is organized as follows. The control problem is formulated
in Section 2. Section 3 contains preliminary results including a matrix Green’s
formula, a formula for differentiation of a generalized inverse matrix, a derivation of
the unique and bounded solution of a linear PDE, and an analytical solution of a
Bernoulli nonlinear PDE in terms of the system Green function. In Section 4, the
calculus of variations approach is used to derive the inverse optimal controllers. The
distributed and finite control designs are presented in Sections 4 and 5, respectively.
An example is given Section 6. Proofs are given in Appendices A and B.

Notations: For a symmetric and positive definite matrix A(x,y), the notation
AT (x,y) denotes its generalized inverse such that [, A(xz,y) A (y,x')dy = Io(x—
x') with I being the identity matrix, and é(x — «’) being the Dirac delta function
of (x —a’). For two vectors a and b of the same size, the notation < a, b > denotes
their inner product. For a matrix operator A,, the notation A} denotes its adjoint.

2 Problem formulation

Let D be a open bounded set in Euclidean n-space E™ with piecewise smooth bound-
ary S, and let ¢ denote time defined on an interval T' = [ty, ;| with t; > t,. In this
paper, we consider the following class of linear DPSs:

@D _ g x(@.t) + Bl tugla. ), Ve D
x(xz,to) = xo(x), VYaeD, (1)

/6€X<£7t) = Bb(€7t>ub(£7t>7 V£ € S,
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defined for t € T', where @ = col(x1, ...,x,) € D is the n-dimensional spatial coor-
dinate vector; x(x,t) = col(xi(x,t),..., x»(x,t)) is the r-dimensional vector state;
B,(x,t) and By(&,t) are r x k and r x [ matrix functions, respectively; uq(x,t) € Uy
is the k-dimensional vector control input distributed over the interior; u,(€,t) € U,
is the [-dimensional vector control input distributed over the boundary. We assume
that the permissible control spaces U; and U, are open, and make the following
assumption on the operators A, and B¢, and the matrices Bqy(x,t) and By(&,1).

Assumption 2.1

1. The matrixz operators Ay and B¢ are given by

Agle] = Z Ayi(, t)ai[a.i. +Y " Bi(w,1) gg] + C(x,t)o],
i,j=1 ve i=1 ¢ (2)

el = 3 A6.05° + Fl.0l)

where the A;;(x,t), Bi(z,t), C(x,t), and F(§,t) are r x r matrices, and

Aj(€.1) =) Ay(€ 1) cos(ng, z,), (3)

i=1

with ng being the outward normal to the boundary S at the point & € S,
and (ng,x;) being the angle between the outward normal mg and the x;-azis.
Furthermore, the matriz A;;(x,t) is symmetric, i.e., A;j(x,t) = Aj(x,1).

2. There exist symmetric and positive definite matrices Rq(x,y,t) and Ry(&,~,t)
such that the matrices

Ry(z,y,t) = By(x, t)R} (x,y,1)B; (y,1),
Ry(&,7,t) = By(&, t) R (&,7,1) By (v.1),

are bounded and symmetric and positive definite.

(4)

3. Let Ay and B¢ be the adjoint operators of Ay and B, i.e.,

. 5)
Bilel = Y- A€.05 5~ K(€.0ls) + F(E.0)e)

ij=1

with
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There exists a matriz operator Ly such that the system

0Z(x,y,t . .
02290 _ gaynA, - (A Z(y.1)

Z(z,y,t0) = Zo(z,y), (7)

1s exponentially stable at the origin, where
Al o] = Aj[o] + Lyle]. (8)

Moreover, the matriz Q(x,y,t) defined by
Q(x,y,t) = Lo P(x,y,t) + P(x,y,t)L,, (9)

15 symmetric and positive definite for a symmetric and positive definite matrix
P(xz,y,t).

In this paper, we consider the following control objective

Control Objective 2.2 Design admissible control pair ug € Uy and u, € Uy so
as to minimize the following cost functional:

t
J= [ Ldt+ 1y, (10)

where

L =%f,32<x(w, t), Q(z,y.t)x(y,t))dzdy +%£2<ud(a:,t), Ry(z,y,t)uq(y, t))dzdy
+ %fs@ <ub(£7 t)7 Rb(£7 Y, t)“b('y, t)>dS§dS.y,

Jy Z%fm(x(fv,tf), Qs(z,y)x(y,t))dxdy

(11)
with dSg being the surface element of S at the point §; Q(x,y,t) and Qs(x,y) are

symmetric and nonnegative definite matrices; and Rgq(x,y,t) and Ry(&,~,t) are
symmetric positive definite matrices defined in Assumption 2.1.

3 Preliminaries

This section presents important preliminary results to be used in the control design.
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3.1 Matrix Green’s Formula

Lemma 3.1 Consider the matriz differential operators A, and Be defined in (2),
and their adjoint operators A}, and B¢ defined in (5). Then

o [{Aar(@,0), M@, 1)) = (y(@.1), AsA(@.1)) | dw =

S5 [{Bere.n, M&. 1) — (&0, BeAE 1)) dse,
(12)

where dx = dxidxs...dx, and dSe is the surface element of S at the point §.

Proof. See Proof of Lemma 3.1 in [5].

3.2 Time derivative of the generalized inverse of a matrix

Lemma 3.2 Let A" (x,y,t) denote the generalized inverse of a matriz A(x,y,t),
1.€,

[ A@ Y HA (Y, y. t)dy = I5(z' — y). (13)
The time derivative of the generalized inverse of A*(x,y,t) is given by
0A™ (x,y,t) 0A(x Yy 1)
— = —fD2A+(:13,zc’,t)TA+(y’,y,t)dw’dy’. (14)

Proof. See Proof of Lemma 3.2 in [5].

3.3 Existence and uniqueness of the bounded solution of a
linear partial differential equation

Lemma 3.3 Consider the following matriz linear PDE:

N t
INE D) _ f Ny, 1) + Niw.y.) A} + Rlz.y.1)

N<$7y7t0) = ND(w7y)7
ﬂﬁN(€7y)t):07 EGS,ZIGD,
where the operators A, and B¢ are defined in (2); R(x,y,t) € L'(L>(D x D);0, 00)

and No(x,y) € L>®(D x D) are bounded matrices. Then there exists a unique
bounded solution N (x,y,t) of (15) and N(x,y,t) is given by

(15)

N(zy,t) = | .Gz, t;x' to)) No(2', 4 )G (y, t; y', to)d'dy'+
fioszG(wa t—T1+tg;a to)R(&, Y, 7)G (y,t — 7+ to; Y, to)da'dy'dr,
(16)
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where the Green function G(x,t;x’ ty) being satisfied

el
@ BTN _ 4, Gt 1),

G(z, tg;x' ty) = IH(x — '),
BeG (&, t;x' ty) = 0.

(17)

Proof. Proof of this lemma follows the same lines as in Proof of Lemma 3.3 in [5].
Hence, it is omitted here.

3.4 Analytical solution of Bernoulli nonlinear PDE

Lemma 3.4 Consider the following Bernoulli nonlinear PDE

OP(x,y,t)

o =—-A:LP(x,y,t)+ fDQP(a:,:n’,t)Rd(a:’,a:”,t)P(az”,y,t)dm’dm”

- P(m7y7t)[A;;]T + fsQP(m7£’t)Rb(Ev77t)P<77y7t)dS§dS’77 (18)
P(z,y,ty) = Pr(z,y); (z,y) €D,
BeP (& y,t)=0; £€SyeD

where Rd(m,g_/,t), Ry (&,7,t) and Py(x,y) are symmetric and positive definite ma-
trices, and Al is defined in (8). Then, there exists a unique bounded solution
P(x,y,t) of (18), and P(x,y,t) is given by

P(xz,y,t) = P(x,y,t), t = —t,
P(w,y.1) = [ ,.Gla.ta,~t) [P} (' y/) + Mla' .y D)] GT(y, Ey/, )y’
(19)
where
M(x,y,t) :f:ffDQGT(n,T; T, —tf)l__ld(n, a,7)G(a, Ty, —tr)dndodr+

£ = (20)
7 _
f—tf IS2GT(£7 T, X, —tf)Rb(€> Y, T)G<’Y, T, Y, —tf)dSn dS,y dr

with ﬁd(n,a,t_) = Ry(n, a,t), ﬁb(ﬁ,'y,t_) = Ry(&,7,t), and the Green function
G(z,t;x',1') being satisfied

(21)

Proof. See Appendix A.
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4 Inverse Optimal Control Design

4.1 Derivation of control inputs u,(x,t) and u,(&,t)

Since the control objective is to minimize the cost functional (10) subject to the
constraints (1), we introduce the Lagrange multiplier A(w, ¢) with w € D or w € S,
and construct the following extended functional

Ly =L+ [ (A(=,1), —W

S oME 1), —Bex(&.£) + By(€, Dus(€, 1) )dSe

+ Azx(z,t) + By(z, t)ug(z, t)>dw+ (22)

to remove the constraints (1). Therefore, the problem of minimizing the cost func-
tional (10) subject to the constraints (1) is equivalent to the one of minimizing:

Jo= [ Lt + gy (23)

without any constraints. Deriving and setting the weak variation 9.J;, see Appendix
B, with respect to x(x,t), A(x, t), uq(x,t) and u,(€, t) to zero result in the following
necessary conditions referred to as the set of Euler-Lagrange equations:

Ox(x,t)
ot

x(x, to) = Xo(x),
,3£X(€ t) = Bb(ﬁvt)’u’b(éa t)?

L) AoA@.t) ~ [, Q. . )x(y. )y 2
BeA(§,t) =0,

Az, tp) = [ Qs y)x(y. ty)dy,

ug(x,t) = — [ Ry (z,y,t)B] (y,)A(y, t)dy,

uy(€,t) = — [ Ry (€7, 1) B (7. t)A(v,1)dS,,.

= A:cX(wvt) + Bd(wat)ud<w7t)a

It is noted that the whole system (24) is not of two initial-value problems but
constitutes a single, TPBV problem in T'.

4.2 Solution of Euler-Lagrange equations

In this subsection, we will derive the solution of the set of Euler-Lagrange equations
(24). As such, we introduce the following coordinate transformation

Az, t) = [ Pz, y.t)x(y.t)dy, (25)
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where P(x,y,t) is symmetric and positive semidefinite to be determined so that
A(z, t) satisfies the third, fourth and fifth equations of (24). As such, we first
choose the boundary and terminal conditions for P(x,y,t) as:

BeP(&,y,t)=0, yeD, €S8,

P(z,y,t;) = Qf(z,y). (26)

It is seen from (26) that A(x,y,t) satisfies the boundary and terminal conditions
specified by the fourth and fifth equations of (24). Next, we determine P(x,y, 1)
so that A(z, t) satisfies the third equation of (24). Differentiating both sides of (25)
with respect to ¢ along the solutions of the first equation of (24) results in

OA(z, 1) _/6P(a:,y,t)
o Jp Ot

Xl 0y -+ [ Pla.y.) [Ax(y.) + Baly. thualy.0)] dy
(27)

Comparing (27) with the third equation of (24) and using (25) give

/8P(w,y,t)

5t x(y. t)dy = —[ ALP(z,y,t)x(y, t)dy — [, P(z,y.t) Ayx(y. t)dy
D

+ [ P(z,y,t)Ba(y, hyua(y. t)dy — [, Q(z,y,t)x(y,t)dy.
(28)

Taking the inner product (28) with x/(x,t) then integrating over D yield
OP(x,y,t X
D
Lx(@.t), P(z,y.t) Ayx(y. t))dzdy + | {x(x,t), P(z,y,t) Ba(y, t)ua(y,t))dzdy

— [ax(@. 1), Qz,y,0)x(y,1))dady.
(29)

Applying Lemma 3.1 to the second integral term in the right hand side of (29) gives

Lo{x(@,t), Pz, y,t) Ayx(y, 1) )dedy = [, (x(z.t), [P(z,y,t)[A;] ]| x(y. 1) )dzdy

+ Jo Ji(x(@, 1), P(a, &, 1)Bex (€, 1)) daedSe,
(30)

where we have used the boundary condition (26) with a note that P(§, x,t) =
PT(x, ¢, t) since P(x,y,t) is symmetric. Substituting (30) into (29) with Bex(z,t) =
By, (&, t)up(€,t), see the third equation of (1), and substituting A(x,t) in (25) into
the expressions of the control inputs ug(x,t) and wuy(x,t) defined in the last two
equations of (24), which are then substituted into the last two integral terms in the
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right hand side of (29), results in

/DZ<x(w,t)7 Wx(y,t»dwdy = — [ {x(®@,1), AL P (2, y,t)x(y, 1) )daxdy—

Je{x(@, 1), [P(z,y,1)[A;] | x(y. 1) )dzdy — [, (x(z.1), Q(z,y.)x(y,1))dedy+
fD2 x(x,t), [ DzP(a:,w’,t)Rd(x’,zc”,t)P(:c",y,t)d:c'dw”]x(y,t)>d:cdy+
(1)

(
Joo (X (@.8), [ [ P2, &, 1) Ry (&, 7. £) P, 5, )dSedSy | x (y, 1) ) dady.
(31)

Since x(x,t) is the nontrivial solution of (24), the equation (31) is equivalent to

OP(xz,y,t i} )
—(aty ) __ ALP(z,y,t) — P(z,y,t)[A)]" — Q(z,y.t)+
sz(ma m/a t)Rd(w,7 33”, t)P(CBH, Y, t)daz'daz”—|— (32)

which is a Riccati nonlinear PDE. Since solving the above Riccati nonlinear PDE is
extremely difficult in general, we propose a special choice of the matrix Q(x,y,t)
to simplify the Riccati nonlinear PDE (32) to a Bernoulli nonlinear PDE, of which
an analytical solution can be found. As such, we choose the matrix Q(x,y,t) as

Q(z,y,t)=L,P(x,y,t) + P(zx, y,t)LZ, (33)
where L, is defined in Lemma 3.4. Substituting (33) into (32) results in

OP(x,y,t)

5t =— A, P(x,y,t)+ |, Pz 2 t)Ry(a, 2" t) P(x", y, t)da'da”

(34)
— P(x,y,1)[A;]" + | P(x, & t)Ry(&, 7, 1) P(v,y, t)dSedS,,

where the matrix operator A% is defined in (8). It is now seen that (34) is a Bernoulli
nonlinear PDE. The unique and bounded solution P(x,y,t) of (34) is given in (19).
The control inputs ug(x,y,t) and uy(&,t) are found by substituting A(x,t) given
in (25) into the last two equations of (24), i.e.,

ug(z,t) = — [ Ry (x,y,t)B] (y, ) P(y,y, t)x(y',t)dydy’,

(35)
w(§,1) = —[ [ RS (&7, OB (v, )P (v, o/, )x(y, t)dy'dS,.

The control design has been completed. The closed loop system consisting of sub-
stituting the control inputs wg(x,t) and w,(&,t) in (35) into (1) and P(x,y,t)
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generated by (34) with the boundary and terminal conditions in (26) is

an:’t) = Azx(z,t) fDQRd (x,y,t)P(x,y t)x(y' t)dydy', VYax e D,
x(x,to) = xo(®), VaeD,

Bex(&.t) = = [ [ Ro(€ 7. )P(v. 0 t)x(y' )dy'dS,, VEES,

% =—-A:P(x,y,t)+ fDQP(ac,w’,t)Rd(zc’,w”,t)P(ac”,y,t)dw’dw” (36)

— Pz, y )[A;)" + [ P2, & t)Ry(€,7, ) P(v,y,)dSedS,,
BeP(&,y,t)=0, yeD,§€S,
P(z,y.ly) = Qs(x, y).

4.3 Lyapunov stability analysis

In this subsection, we analyze stability of the closed loop system (36) using the Lya-
punov direct method [7] by considering the following Lyapunov functional candidate

V= [L(x(=.t), P(z,y,t)x(y.t))dzdy, (37)

where P(x,y,t) is the solution of the fourth equation of (36). Differentiating both
sides of (37) with respect to ¢ along the solutions of (36) yields

dv = | (Aax (. 1), P(z,y, )X (y, 1)) dedy+] , (x(x.1), P(z,y,t) Ayx(y, 1)) dzdy

— [ po{x(@.t), (AL P(z,y,t) + Pz, y,1)[A;]") x(y. 1) )dzdy

— Joo{x(@, 1), Ka(z, y,t)x(y, 1) )dzdy + [ ,{(x(x,1), Ky(®,y,t)x(y,t))dzdy,
(38)

where Kg4(x,y,t) and Ky(x,y,t) are given by
Kd(:zz,y,t) = | 2Pz, @' t)Ry(x', ", t) P(x", y, t)de'd”,
fSQ "B S t Rb(€ s ) (’y,y,t)dS£dS.y.

Now applying Lemma 3.1 to the first three integral terms in the right hand side of
(37) with a note that A7 is defined in (8) and B;P(§,y,t) = 0 yields

(39)

av

E = - \[D2<X(w7 t)? (Q($7 Y, t) + Kd(wa Yy, t>Kb(a:7 Y, t))X(y7 t)>dwdya (40)
where the positive definite matrix Q(x,y,t) is defined in (Q.equation.assumption).
Since the matrices Q(x,y,t), Kq(x,y,t), and Kp(x,y,t) are symmetric and posi-
tive definite, from (37) and (40) we conclude that x(x,t) is exponentially stable in

Ly norm at the origin.
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5 Finite number of controls

We assume that there are M, controllers at fixed points 1, ..., s, of the domain
D and M, controllers at fixed points &, ..., §uy, of the boundary S. Thus, by setting

By(x, t)uy(x,t) ZBd x;, Oug(x;, ) I16(x — x;),
(41)

By(&. t)uy(€,1) = ZBb & Duy(&,1)I5(€ — &),

in the distributed parameter systems (1), we see that the distributed parameter
systems (1) are written as follows:

My

Ox(x,1)
5 Axx(z,t) + ; B(x;, t)uy(x;, t)I6(x — x;), Vax e D,
x(x, tg) = Xo( ), YaxeD, (42)

Bex(&.1) = ZBb (&, uy(&, ) IS(E — &), YEES.

Moreover, by setting

fD2 <ud(m, t), Ry(x,y,t)uq(y, t)>dacdy :fDQZ [<ud(:ci, t), Ri(x, y;, t)wa(y;, t)>}

ij=1
X Ié(x — x;)I0(y — y;)dxdy
Mb

Joo (ua(€, 1), Ru(&, v, ) un (v, 1) )dSudSy = [, > [(ub(&, t), Ry (&, vy: ) us (s, t)>]

4,j=1

x I6(& — &)I6(y — 7;)dSzdS,

(43)
in the cost functional L defined in (11), the cost functional L is rewritten as
1
L =§sz<X(w,t), Q(x,y,t)x(y,t))dedy+
fD2 Z (i, 0), Ra(@s, g5, (. ) | 16(@ — ) 16(y — yi)dady + (44)

i,7=1

%fsz Z [<ub(€i7t); Rb(ﬁi;'}'jat)ub('ﬁat»}I5(£ — &) IL6(y — 7i)dSzdS,.

4,j=1
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Now we can use the same procedure in the previous section to obtain the following
control expressions

Z Ry(z;, x;, t)uq(z;, 1) ZBT i, AN, 1), Az, 1) :fDP(:cl-,:c,t)x(:c,t)dw,

1]1

ZRba,sj, Jus(€;.t) ZBb (&L ONEL 1), A& t) = [P (&, )x(x, t)da.

. (45)

Therefore, it is sufficient that we choose

ZRd(wi,mj,t)ud(zcj,t) = —Bg(wi,t)LP(mi,w,t)x(w,t)dm,
n (46)
ZRb<€i7€j7t)ub(£jvt> = —Bz)T(fiat)J;)P(fiy$>t)X($>t)dw-

Then we can write (46) as

Mg
ug(x;,t) = — ZR;l(:ci,a:j,t)Bg(a:j,t)fDP(wj,w,t)x(w,t)dw,

j=1

- (47)
w(&,t) = = > RN (&€, 0B (&,1) [, P&, . t)x(x, t)dw.

j=1

To find the differential equation for P(x,y,t), we carry out the same analysis as
from (32) to (34) to obtain

8P(m7y7t) oo "
e = A:LP(x,y,t —1—”21Paca: ) Ry(x), 1) P(z!, y,t)
" (48)
- P(a:7y7t)[A;}T + Z P<w7£i7t)Rb(€i7Ej)t)P(éﬁy>t)7
ij=1
where
Rd(mia Zj, t) - Bd(wia t)RJl(.’,CZ, iBj,t)Bg(wj, t) (49)

Ry(&.€5.1) = By(&i )R, (&, &5, 1) By (&5,
The boundary and terminal conditions for P(x,y,t) are the same as in (26). The
analytical solution of (48) is the same as (19) except for M (x,y,t) given by

w y7t_) f Z GT 77z77' €T, —t )R (nz7a]7 )G<a]77—7y7 _tf)+

z]l

(50)
_ My _
ft—tf Z GT(€i7 T, _tf>Rb(€i7 Yis T)G(PYJH Y, _tf>-

4,j=1
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The closed loop system consisting of substituting the control inputs w4(x;,t) and
up(&;,t) in (47) into (1) and P(x,y,t) generated by (48) with the boundary and
terminal conditions in (26) is

ox(z,t) o
X\, = Azx(x,t) ZRd x;, x;,t) fP (xj, o, t)x(a,t)do, V& € D,
ot =

x(x,to) = xo(x ), Ve e D,

Bex(&,1) Z Ry(&,&;,1) [ P(&), o t)x(a, t)da, VEES,

2,j=1

OP(x,y,t) (51)

o = —-A:P(x,y,t)+ Z P(z,x;, t)Ry(x;, x] t)P(x], y,t)

i,7=1

M,
— P(z,y.0)[A,]" + Y P(z,&. ) Ry(&.€,, ) P&, y,1),

ij=1

BeP(&,y,t)=0, yeD, €S,
P(z,y,tf) = Qs(x,y).

5.1 Lyapunov stability analysis

In this subsection, we analyze stability of the closed loop system (51) using the Lya-
punov direct method [7] by considering the following Lyapunov functional candidate

V= fD2<x(w, t), P(z,y, t)x(y7t)>dwdy, (52)

where the symmetric and positive definite matrix P(x,y,t) is the solution of the
fourth equation of the closed loop system (51). Differentiating both sides of (52)
with respect to ¢ along the solutions of (51) yields

Z—sz;wax(w,t) P(z,y, t)x(y,t))dxdy+ [, (x(x,1), Pz, y,t) Ayx(y, 1)) ddy
— Jpo{x(®. 1), (AsP(z,y.t) + P(x,y,1)[A;] ) x(y, 1)) dedy
- jj‘j2<X(a’7t) Kd iI) y, y7t)>dwdy +£2<X(wvt)>Kb(wvyvt)X(y7t)>dwdy
(z,1), (Q

L[D?<X mat ) (B 'Y, )+ Kd(w>y>t)Kb<:B>yat))x<yat)>dwdya
(53)

where Ky4(x,y,t) and Kp(z, y, t) are given by

a(x,y,t) Z P(z,z/,t)R (w;,w;’,t)P(:c;',y,t)
z;Jbl (54)
Ky(z,y,t) = Y P(x,& ) Ry(&.&.1) P&,y 1).

4,j=1
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Since the matrices Q(x,y,t), Kq(x,y,t), and Ky(x,y,t) are symmetric and pos-
itive definite, from (37) and (53) we can see that V' is positive definite functional
of x(x,t), € € D and that % < 0. Therefore, V' is not increasing for all t € T.
Moreover, from (37) and (53) we conclude that x(x, ) is exponentially stable in Lo
norm at the origin. It is noted that exponential stability in this case is not as strong
as in the case of distributed control as analyzed in Subsection 4.3 unless My; — oo
and M, — oo. This can be seen from the fact that the solution P(x,y,t) of the
fourth equation of (51) is given in (19) with the matrix M (x,y, ) defined in (50)
which is not strictly positive definite in the sense that at © # x;, i = 1, ..., My and
£ #£E&, i =1,.., M, the matrix M(x,y,t) might be zero. This is not surprising
since a finite number of controls is considered in this case.

Remark 5.1 From the optimal control design in the previous section and the
observer design in this section, we observe the followings:

1. The equation (34) and the equation (50) in [5] for the case of spatial continuous
control inputs and spatial continuous measurements are of the same form.

2. The equation of (48) and the equation (60) in [5] for the case of finite control
inputs and discrete measurements are also of the same form.

The above observation allows us to make an important remark about duality between
the optimal control design and the optimal observer design: Solving the optimal
control design problem is equivalent to solving the optimal observer design problem.
This can be more clearly seen by looking at mappings: t — —t and A, — A}, and
B¢ — B¢ from the optimal control design to the optimal observer design.

6 An example

Since the most difficult task of the proposed control design in the previous sections
is to choose the operator L, so that the matrix Q(z,y,t) determined by (9) is
positive definite, we present an example to illustrate on how to choose this operator.
As such, we consider the following one-dimensional heat equation:

Ox(z,t) 9?x(z,t)

5 =9 g, +ex(z,t) +ug(x,t), x€(0,1),
x(,to) = xo(), (53)
ox(z,t)|  _ ox(z,t)|  _

Or le=o us(0, ), Or  la=1 u(1,?)

9]
0zx2

where a and c are constants. From (55), we have A,[e] = A*[e] = a5 +c[e]. Thus,

we choose the operator L,[e] as

L.[e] = (—a — a)aa—q[;] + (¢ —c)[o] (56)
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where a and ¢ are positive constants satisfying

a+a>0,¢—c>0. (57)
According to (8), we have the operator A* given by
2
Atle] = — 6)8:1[62] + le]. (58)

Thus, we have z(z,y, t)-system, see (7), given by
0z(z,,y,t) _ _0*x,t) _&(z,1)

pr =07 +a o7 2¢z(x,y,t), x€(0,1),
z(z,y,to) = 20(z,y), (59)
0z(z,y,t) _0 0z(x,,y,t) _0

Ox =0 ’ ox z=1 '

By Lemma 3.3, the unique solution of (59) is

z(x,y,1) / / (z, ;2 to)zo (', ¥ )G (y, ;Y to)da' dyf (60)

where the Green function G(z,t;2',19) is the solution of

OG (x, t; 2", 1) 0?G(z,t; 2, 1)

T =a 2 — Gz, t; 2’ ty),
G(z,t0; 2", tg) = d(x — '), (61)
OG (x,t; 2 o) 0G(z,t; 2, o)
kel A A LT B A L LA )

ox =0 ox a=1

A calculation shows that the solution of (61) is

Gz, t; 2 tg) = e <700) 4 22 (w2 a+0)(t=t0) cos(nra) cos(nwa'), (62)

n=1

which exponentially converges to zero as t tends to infinity. This in turn implies from
(60) that the Green function G(x,t; 2, tg) exponentially converges to zero. Next, we
show that the matrix Q(z,y,t) defined in (9) with L, given by (56) is symmetric
and positive definite. As such, the matrix Q(z,y,t) is given y

O*P(x,y,t) O*P(x,y,t)
o @ a>8—y2

where P(z,y,t) is given in (19) with the Green function G(x,t;2’,t') being the
solution of the following system

Q(ZL‘, Y, t) = _(C_L + (I) - 2(5 - C)P(ZL’, yvt)v (63>

OG(z, ;2 t')  _0*G(x, t;a! V)  _ o
T s g @ k),

G(x,t'; 2/ t") = 0(x — 1), (64)
8G(:c,t;x’,t’) -0 aG(LC,t;CC,,t,) =0

ox =0 ’ ox a=1
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A calculation shows that the solution of (64) is

Gz, t; 2 1) = 1) 42 Z e A=) cos(nra) cos(nwa’). (65)

n=1

Substituting G(z,t;2’,t") given in (65) into P(z,y,t) given in (19), then into (63)
shows that the matrix Q(z,y,t) is symmetric and positive definite as the constants
a and ¢ were chosen such that the conditions (57) hold.

7 Conclusions

In this paper, we used the calculus of variation approach to propose a constructive
method to design inverse optimal controllers for a class of linear distributed param-
eter systems. The most shining point of the paper is the introduction of inverse
optimality concept that relaxes difficulties in solving the Riccati nonlinear PDEs.
Both spatial continuous and discrete control inputs were addressed. The proposed
control design in this paper can be used for solving other control and filter design
problems for DPSs.

A Proof of Lemma 3.4

To prove Lemma 3.4, we first verify that P(x,y,t) given in (19) satisfies the Riccati
nonlinear PDE (18). Then, we prove that the solution P(x,y,t) given in (19) is
unique and bounded.

A.1 Verification of the solution P(x,y,1)

We proceed by proving that P(x,y,t) satisfies the terminal condition, i.e., the
second equation in (18), that P(x,y,t) satisfies the boundary condition i.e., the
third equation in (18), and that P(x,y,t) satisfies the first equation (18).

First, to prove that P(x,y,t) satisfies the terminal condition in (18), from (20)
and (21), we have

Mz, y, —t;) =0,

) , (66)
G(x,—tp; ', —ty) = Io(x — ).
Substituting (66) into the third equation of (19) at ¢ = —t; yields

P(@,y,—ty) =, I0(x — )P’y ) I6(y — y)da'dy’ = Py(w,y).  (67)

From the first two equations of (19), we have P(z,y,t;) = P(xz,y,—t;). Hence
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Second, to prove that P(x,y,t) satisfies the boundary condition in (18), from
the third equation of (19), we have

BiP (& y,0)= [ B:G (& t:x, —t;) [P} (' y )+ M(2' y/ 1) G (y, by, —t)dz'dyf
=0
(68)

where we have used the third equation of (21). On the other hand, from the first

equation of (19) we have BEP(S,y, —t) = BEP(S,y,t). Hence sz(ﬁ,y,t) =0
Third, to prove that P(x,y,t) satisfies the first equation of (18), we differenti-
ating both sides of the third equation of (19) with respect to ¢ to obtain

OP(x,y,t) B
ot N
+ jJ;QG(w, t;x', —ty) [P]f(a:', y')+ M(x',y )] +[AZG(y, ty, —tp)] dx'dy’ + Q

= A, P(x,y.1) + P(z,y,1)[A;]" +Q,

|2 ARG (x G x', —ty) [P (2, y")+M (2, y', 1)] GT(y, by, —ty)dx' dy’

(69)
where we have used the first equation of (21), and
_ O\P; (', y') + M(x t
Q= [ .Gz t;x, —tf) P/ (2. 4) 5 @y 0 G (y.t;y, —ty)da'dy'.
(70)
Applying Lemma 3.2 to (70) arrives at
_ M(x" uy". I
Q=- 4G(.’B,t;aj/,—tf) [PJr(w, CU/,)+M($/ x” E)]—Fa (w Y 7_>

— X
ot (71)
[P (y",y) + M(y" . D)) GT(y. tiy, —t)da'dy'da" dy"
Using the expression of M (a:, y,t) defined in (20) gives

8M /I’ ",t _ = —
(CB Yy 3 :jj‘DQGvT(,,77 tx, _tf)Rd(frh o, f)G(a, t;y, —tf)d’l’] da+

o _ (72)
G'(& b, —t7) Ry(€,7, )G (. Ty, —t7)dSe dS,,

which is substituted into (71) and using the third equation of (18), we have

Q=- sz(wvnut_)ﬁd<77;a,ap(a,y,{)dn do (73)
— J Pz, & DRy (&, 7. DP(v,y.1)dSe dS,.
Substituting (73) into (69) yields
P o= _ = _

P (fg%y, ) _ A Ple.y.i) [ P(@,n,B)Ra(n, o, D P (e, y, D)dn dov -

+ P(z,y 0)[A)" — [ Pz, & ) Ry(&, v, 1) P(v,y,1)dS, dS,.

Since P(x,y,t) = P(x,y,t) and t = —, see the first two equations of (19), the
equation (74) is equivalent to the first equation of (18).
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A.2 Proof of uniqueness of P(x,y,1)

Since P(x,y,t) = P(x,y,t) and P(z,y,t;)=Ps(x,y) is symmetric and positive
definite, P(x,y,t;) is symmetric and positive definite. On the other hand, it is
seen from (74) that a trivial solution is P(x,y,t) = 0 for all (x,y) € D x D and
t > —ts. Moreover, since P(x,y,t ) is symmetric and positive definite, we focus on
a non-zero solution of (74). As such, we let P*(x,y,t) be the generalized inverse
of P(x,y,t). An application of Lemma 3.2 results in differentiation of P*(x,y,1)
with respect to ¢ along the solutions of (74):

8P+($7’y,7€) D A* D D
= P2 DAL Py DPH (Y y, )dz'dy'—

Jo P (2 )P’y B[ A" PT(y y, t)da'dy' +
Pt (x,a H)P(x', n,{)Ra(n, o, [) P, 9/, ) P (yf, y, f)da' dy'dn doe-+
oS Ptz 2 D) P2 € DR, (€7, D) P(v,y . D) P (v, y,T)dz'dy'dS, dS,
=— Pt (z,y,1)A; — [AL]" P (x,y,1) + Ry(x,y.1) + Ry(x, y, 7).
(75)

An application of Lemma 3.3 to (75) shows that there exists a unique solution
P*(x,y,t), which is given in the third equation of (19). Finally, boundedness of the
unique solution P (x,y,1) is bounded follows from the item 3) in Assumption 2.1
and (75) since Ry(x,y,t) + Ry(x,y,t) = Ry(x,y,t) + Ry(x, y,t), which is bounded
by the item 2) of Assumption 2.1. Uniqueness and boundedness of Pt (x,y,?)
imply those of P(x,y,t) or P(x,y,t) since Pt (x,y,t) is the generalized inverse of
P(x,y,t) and P(x,y,t) = P(x,y,t). O

B Derivation of (24)

Let us introduce an Euler or weak variation dx(x,t) = co(x,t), where o(x,t) is an
arbitrary twice continuously differentiable function. The necessary conditions for
the cost functional J; to be minimized are found by setting the weak variation §.J;
of the functional J; to be equal to zero. Now assuming that the end points ¢y and
ts are not fixed so as when the parameter € varies so do the end points t; and ty,
ie., to =to(e) and t; = ty(e). As such, the weak variation §.J; is given by

0 (tr(e)
0.1 = {& I (E)let] o .
dt dt e)| OL
= |:L1 ‘t:tf ‘Cfié(f:):| - |:L1 ‘t:to Colie):| + fi;((g)) |:a_61:| dt + 6Jf7
e—0 e—0 e—0

where we have used Leibnitz’s differentiation rule. On the other hand, a calculation

shows that
dto(&)
B |:L1|t:t0 de ]

[ L, dtéiﬂ

- L15t|:£,

e—0 e—0
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/to@ | . // (e~ 1 sy @) ot
! /< e 2 >dSg - UD< eyl >dw] i
y [/D<6<ax<5ailt>/at>"5"(“3’“>d"”] |

57;
50 = [ (=22 Sx(a.t;) Vda.
; /D<6x<m,tf> x(® f)> v

We calculate 6L, as follows:
dSe

_ [ oLy 6L,
5[/1 —/ E Eﬁodm—l—/g .
_fD<f Qlz. y.t)x(y,t)dy. e(,t >dac + fD<}‘ (x,t) AmQ(aS,t)>da:
— [ (Be(&,1), ME.1))dSe

From Lemma 3.1, we have

ty

o (77)

)
to

(78)

fD<)‘($vt)’AwQ(w t) dm _f ,359 £,1), A&, 1) >dS§ =
[ (A (=, 1), o(x, 1) )de fs<65 (&), 0(&,1))dS;

where A} and B are given in (5). Substituting (79) into (78) results in

(79)

Ly :fD<fDQ(m7yvt)X(y7t)dy Q €T, t >d£l§+

80
[ (AN .0, oo 0t —f (BAE D e Se

Thus, we have

0L,

ox(x,t)
5L,

ox(&,1)

Since g(z,t) is arbitrary and g(x,ty) = 0 and o(x,tr) = 0, setting 6.J; = 0 gives

= A\, 1) + [, Q(z,y,)x(y, 1)dy,
(81)

= —BA(E D).

5L, 5L, o O
ox(x,1) _5[5(%(%%)/(‘%)] S ax(Et)

[ sts a7, L e ey 0 ]

ty
_|_
to
5.

+ ox(x,ty) Ydx = 0.
Gt ot o

ty

to

(82)
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From the expressions of Ly and Jy, see (23) and (11), and to, tf and x(x, to) are fixed
for our current problem, the equations in (82) with the use of (81) are equivalent to

% = A\ — [,Q(z. y,t)x(y, t)dy,

BIA(E, 1) =0, (83)
Xz, ty) = [, Qr(z,y)Xx(y.ts)dy.

Similarly, we can derive the weak variation §.J; with respect to A(x,t), uq(x,t) and
up(€,t) to obtain

0L, 9 0Ly B ox(x,t)
5A(.’E, t) B a {5(8)\(m,t)/at):| =0 ot - AmX(w7t> + Bd(mvt)ud(w7t>v
5;5(275) =0 = Bex(§,1) = By(&: hun (€, 1),
et [6<aud(<5il t)/fﬁ)} 0 = walw,t) = [, R} (2,y,t)BY (y. ) Ay, t)dy,

(SLl 8 (SLl
Suy(€,t) Ot {5(8ub(£,t) /ot)

} 0 = wy(&,t) =— (R (&7, )B] (v, H)A(7, t)dS,,
(84)

where R} (z,y,t) and R} (€,~,t) are the generalized inverses of Ry(x,y,t) and
R, (&,7,1t), respectively. The equations (83) and (84) together with the initial con-
dition x(x,to) in (1) result in the set of Euler-Lagrange equations (24).
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