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Abstract

This paper presents a smoothing projected Newton-type method for solving the semi-infinite
programming (SIP) problem. We first reformulate the KKT system of the SIP problem into
a system of constrained nonsmooth equations. Then we solve this system by a smoothing
projected Newton-type algorithm. At each iteration only a system of linear equations needs
to be solved. The feasibility is ensured via the aggregated constraint under some conditions.
Global and local superlinear convergence of this method is established under some standard
assumptions. Preliminary numerical results are reported.
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1 Introduction

We consider the following semi-infinite programming (SIP) problem:
min{f(z): z € X}, (1.1)

where X = {z € R" : g(z,v) <0, Vv eV}, f: R" - Rand g : R" Xx R™ — R are twice
continuously differentiable functions. In this paper, we assume that V' is a nonempty compact box
with

V={veR": a<v<b},
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where a € R™, b € R™, and a < b. Here the inequality a < b means that a; < b; for all
1=1,2,....,m.

The SIP problem arises from various applications such as approximation theory, optimal con-
trol, eigenvalue computation, mechanical stress of materials, and statistical design. The main
difficulty for solving the SIP problem is that it has infinite constraints. Many methods have been
proposed for the SIP problem. We refer readers to [8, 9, 15, 16, 23] for details.

Let

V(z)={veV: g(z,v) =0}

It is well-known [22] that if « is a local minimizer of the SIP problem (1.1), and if the extended
Mangasarian-Fromovitz constraint qualification (EMFCQ) holds at z, i.e., there exists a vector
d € R" such that

V.g(z,v)'d <0

for all v € V(x), then there are p positive numbers u; such that
p .
Vi) + Y uiVag(r, ') =0,
i=1

where v' € V(x) for i = 1,--- ,p and p < n. Hence, the KKT system of the SIP problem (1.1) is

as follows: )
V@) + > uiVeg(a,v') =0,
i=1

g(z,v) <0, Yvev,
u; > 0, g(az,vi):O, i=1,---,p.

(1.2)

In the KKT system (1.2), z is called a stationary point of the SIP problem, and u = (u1,--- ,u,) €
RP and v* for i = 1,--- , p are called its Lagrange multiplier and attainers, respectively.

The KKT system (1.2) can be analyzed further. By the definition of V(x) and the second
constrained condition of (1.2), v* € V(z) (i = 1,---,p) imply that v* (i = 1,---,p) are global

minimizers of the following minimization problem:

min —g(z,v)

st. veW (1.3)
The KKT system of (1.3) can be written as
(v — )T (=Vyg(z,v)) >0, Vo' €V,
and it can be reformulated as a system of nonsmooth equations as follows (see [2, 5] for details):

¢(x,v) = 0. (1.4)



Here, ¢(x,v) is defined as
¢(x’v) ::Uip(avbvarvvg(:Eav))? (15)

where the function P is the mid-function defined for all j =1,--- ,m, as

as, if w; < aj,
(P(a,b,w)); = wj, ifaj <w; <bj,

bj if bj < wj.

Thus, if a constraint qualification for (1.3) holds, then the KKT system of the SIP problem (1.1)

can be reformulated as follows:

P
Vi(x)+ Zuivzg(w,vi) =0,
i=1

g(xz,v) <0, YoveV, (1.6)
u; >0, g(z,v)=0, (i=1,---,p)
(Z)(x’vi):() (Z:L 7p)7

because the system (1.4) is a first order necessary condition for v, i = 1,2,--- ,p to be local
solutions of (1.3).

Based on (1.6), a semismooth Newton method and a smoothing Newton method were presented
in [21] and [10] respectively. The advantage of these two methods proposed in [21, 10] is that in
every iteration only a system of linear equations needs to be solved. Moreover, these methods
enjoy global and locally superlinear convergence. However, these two methods cannot ensure
the feasibility of (1.1), because some previous information was replaced by (1.4), and the second
constrained condition in (1.6) was removed. Quite recently, another iterative method for solving
the KKT system of (1.1) was proposed in [29], in which the feasibility issue was considered.
However, the method in [29] does not have locally superlinear convergence property.

Let

Gz) = /V lg(z, 0))dv, (L.7)

where [z]+ = max{0,z}. The function G(x) was proposed in [25]. Then (1.6) is equivalent to

Vf(ﬂl’) + E?:l ulvmg(x7 Ui) = 07

G(z) <0, (18)
u; >0, g(z,v)=0, (i=1,---,p) '
d(x,v)=0 (i=1,---,p).

It is not difficult to show that G(z) is nonsmooth but semismooth [18].
In this paper, we present a new method for solving the SIP problem by using a smoothing

projected Newton-type algorithm. At each iteration only a system of linear equations needs to



be solved. The feasibility is ensured via the aggregated constraint G(z) < 0. Global and local
superlinear convergence of this method is established under some standard assumptions. Some
drawbacks of existing methods are overcome.

The rest of this paper is organized as follows. In Section 2, we study the properties of the
smoothings of the functions G(z) and ¢(x,v) in (1.8). In Section 3, a smoothing projected Newton-
type algorithm is presented to solve (1.8). This smoothing algorithm is an extension of the method
for solving unconstrained nonsmooth equations presented in [19]. It can also be viewed as a
smoothing version of the method proposed in [24]. In Section 4 we establish the global and local
superlinear convergence of the new method. In Section 5, we give our numerical results, which
show that our new method performs well. Some comments are made in the last section.

Some words about the notation. For a smooth (continuously differentiable) function ® : R —
R™, we denote the Jacobian of ® at x € R™ by ®'(z), which is an m x n matrix. We denote the
transposed Jacobian as V®(x). For a function f : R" x R"™ — R we denote V, f(x,y) the gradient
of f at (x,%y) with respect to z and V2, f(x,y), Viyf(x,y) and ngf(:n,y) denote, respectively,
the n x n, n x m and m x m Hessian matrices of f at (z,y). For a nonsmooth function G(z),
OG(x) means the generalized Jacobian in the sense of Clarke [3]. If M € R M = (m;;), is any

given matrix and I,J C {1,2,--- ,t} are two subsets, then Mj; stands for the |I| x |J| submatrix
with elements m;;, i € I, je J. If [ ={1,2,--- ,t} or J ={1,2,--- ,t}, then My is simplified
as M.; or M., respectively. || - || denotes the Euclidean norm. If ¢ is a small quantity, O(9)

and o(0) mean the same order and higher order small quantity respectively. Iy (-) represents the

orthogonal projection on a set W.

2 Some Preliminaries

In this section, we review some results on semismoothness and give some properties on smoothing
approximation functions of the integral function G(z) defined in (1.7) and ¢(z,v) defined in (1.5).
These results and properties will be used later.

Semismoothness was originally introduced by Mifflin [13] for functionals. In [20], Qi and Sun
extended the definition of semismooth functions to H : R — R™. H is said to be semismooth at
x € R" if

lim ){Qh/}

QEOH (z+th’
h! —h,t]0

exists for any h € R™. Semismoothness can also be defined equivalently as follows [12]:

Definition 2.1 Let H : R™ — R"™ be a locally Lipschitz function. We say that H is semismooth
at x if
(i) H is directionally differentiable at x; and



(i) for any h — 0 and Q € OH (z + h),
H(z +h) — H(z) — Qh = o(||hl]).

H is said to be strongly semismooth at x if H is semismooth at x and for any Q € 0H(x + h)
and h — 0,
H(z + h) — H(z) — Qh = O(|[n][*).

Here, o(]|h]|) stands for a vector function of h, satisfying

. o([[r]])
lim
h—0 Hh”

:0’

while O(||h||?) stands for a vector function of h, satisfying
lO(IAI*)] < M|lR|?

for all h satisfying ||h|| < 4, and some M > 0 and 6 > 0. A function H is said to be a (strongly)
semismooth function if it is (strongly) semismooth everywhere on R".

In [17], Qi defined the B-subdifferential of a locally Lipschitz function H : R™ — R™ at a point
xr € R™

r*—T

OpH (x) = {Q ERV"| Q= lim H'(2%), H is differentiable at z* for all k:} :
It is seen that
OH (x) = conv OpH ().

The concept of the B-subdifferential will be used in the design of our algorithm. A locally Lipschitz
function H is said to be BD-regular at « € R"™ if all ) € 0pH (z) are nonsingular [17].

Lemma 2.1 [17] Suppose that H : R™ — R™ is locally Lipschitz continuous and H is BD-regular
at x € R™. Then there exist a neighborhood N(x) of x and a constant C such that for anyy € N(x)
and Q € OpH(y), Q is nonsingular and ||Q~!|| < C.

Lemma 2.2 [1}] Suppose that H : R™ — R™ is locally Lipschitz continuous and H is BD-regular
at a solution x* of H(x) = 0. If H is semismooth at x*, then there exist a neighborhood N(x*) of
x* and a constant C such that for any x € N(x*),

|H (2)]| = Cl|x = 27].

Define G : R x R* — R by



where g : R X R™ x R™ — R is defined by

g,0,1) = YEEIP I 4 glo) o)

The function g is the Chen-Harker-Kanzow-Smale smoothing function of [g(x, v)];. Other smooth-
ing functions of [g(z,v)]+ can be found in [19]. It is obvious that for any ¢ # 0, G(¢,z) is smooth

with respect to variable x and
V.G(t,x) = / Vag(t, z,v)dv. (2.2)
1%

We now study the semismoothness of G(t,z). To this end, We first consider a general case.
Let f(z,v) : R" x V. — R be continuous with respect to v € V for each fixed z € R", and be
locally Lipschitz with respect to x uniformly in v € V| i.e., there exist a neighborhood N of 0 and

a positive constant C' such that
If@+ hyv) = f@, )| < ClBl, ¥ heNveV.

Let
F(w):/vf(x,v)dv.

Obviously, I' : R — R is locally Lipschitz continuous.

Proposition 2.1 Suppose that O, f(x,v), viewed as a joint mapping of x and v, is upper semi-

continuous, i.e., for every neighborhood N of 0, f(x,v), there exists 6 > 0 such that
Oxf(z',v") C N, for all 2’ € Ni(z,6),v" € Na(v,6),

where
Ni(z,0) = {2 : Hx' —z|| <6}

and

Na(v,8) ={v': |[v/ —v|| <6} nW.

Then T is semismooth at T if f(-,v) is semismooth at T for every v € V.

Proof. It follows from Proposition 1 in [18] that I' is directionally differentiable at z. On the
other hand, by Theorem 2.7.2 in [3], we obtain

JoI'(x) C/Vagcf(a:,v)dv. (2.3)

This means that for any @ € 9I'(z), there exists a measurable mapping v — @, from V to R"
with @Q, € 0, f(z,v) a.e. such that for every h € R",

Qh = /V Quhdv.

6



Take any h € R™ and @ € 9I'(z + h). We have

(34 h) — (@) — O h:/ (F(T+ h,v) — F(Z,0) — Quh) do,

\%4

where @, € 0, f(Z + h,v), which implies
Tz +h)-T(z) - Qh| < / |f(Z+ h,v) = f(Z,v) — Quh|dv. (2.4)
1%

To prove I' is semismooth, it suffices to show that

lim IT(z+h)—T(Z) —Q h _

0. (2.5)
h—0 I[A]]

Since f(-,v) is semismooth at Z for every fixed v € V', we have

lim |f('i‘ + h,’U) B f(j>v) B th’
h—0 172

=0, for all @, € O, f(T + h,v). (2.6)

If there exist a neighborhood N of 0 and C' > 0 such that

‘f(‘% + h7 U) B f(a?,v) - th|
172l

<cC, (2.7)

forall h € N, Q, € 0, f(T + h,v) and v € V, then by the dominated convergence theorem, (2.5)
follows from (2.6).

Now we prove (2.7). Since f is locally Lipschitz continuous at Z uniformly in v € V, there
exist a neighborhood N of 0 and C(z) > 0 such that

‘f(f—i-h,ﬁff)b”— f(E,U)| < C(:Z‘), VYheN, veV. (2.8)

On the other hand, the upper semicontinuity 0, f(z,v) implies that for any v € V' and neighbor-
hood N (v) of 0, f(Z,v), there exist d, > 0 such that

O f(Z + h,v') C N(v), for all h € N1(0,d,),v" € Na(v,6,).

Obviously,
V C UvEVN2(U76v)'

By the compactness of V', there exist a finite number of neighborhoods, say NQ(U]‘,(SU].), j =
1,2,--- ,m such that
V C U;-nleQ(’Uj,(svj).

Let § = min{dy,,--- ,6,,, . Then we have

Uwev Oz f(Z + h,v") C UJL N (vj), for all h € N1(0,6).



It is well known that every 0, f(Z,v;) is compact, j = 1,2,--- ,m. Consequently, U;-”Zlazf(:i,vj)
is compact and UYL, N(v;) can be taken a bounded set. Hence, Uy ey 0y f(Z + h, v') is bounded,
which together with (2.8) implies (2.7) holds. We obtain the desired result and complete the proof
of the theorem. m

Now we give some properties of the function G.

Proposition 2.2 The function G has the following properties:
(i) It is twice continuously differentiable for any t # 0.
(ii) There exists a constant C' > 0 such that for any x € R"

|G(t,z) — G(z)| < Clt].
(iii) The function G is semismooth.

Proof. It is obvious that (i) holds. The proof of (ii) is similar to that of Theorem 2.1 [11], so we
omit it. Now we prove that (iii) holds.

By (i), we only need to show that (iii) holds on z = (0, z). Since the composition of semismooth
functions is a semismooth function [6], g(t, z,v) is semismooth with respect to (¢, z) for any fixed
v € V. To prove the semismoothness of G(t,z), by Proposition 2.1, we only need to show that
O(t,2)9(t, x,v) is upper semicontinuous with respect to (f,x,v) and g(t,z,v) is locally Lipschitz

with respect to (¢, z) uniformly in v € V. By direct computation, we have

{5 <\/g24-t%74t2 <1+ W) (Vzg)T>}, ift+£0

By 3(t, z,0) = ¢ (0, (Vag)")}, ift=0, g(z,v) >0 (2.9)
{(0,0)}, ift=0, g(z,v) <0
{0 u(Veg)T) [ A2+ (2u—1)2 <1}, ift =0, g(z,v) =0,

where g and V,g express the corresponding values of functions at point (z,v). From (2.9), it is
easy to verify 0, ;)g(t,r,v) is upper semicontinuous with respect to (¢,z,v) on R x R" x V.
Now we verify that g(t,z,v) is locally Lipschitz with respect to (¢,x) uniformly in v € V. Let
z = (t,z). For z close to zZ. There are two cases: (a) t # 0 and (b) ¢t = 0.
Case (a). By the Mean-Value theorem, there exists a point Z in the open segment connecting
z and Z such that
3(2,0) - §(2,0) = V.g(5,0)7 (= - 2).

By (2.9), it is easy to know that there exists C' > 0 such that
9(z,0) = g(z,0)| < Cllz =2, Vv eV, (2.10)

since g is continuously differentiable and V' is compact.



Case (b). We have

[g(z, v)]+ = [9(z, v)]+]
2]g(z,v) — g(z,v)|
IVa2g (2, )| llz — |

ar
—
n
<
~—
QI
—~
R
<
=
I

IA A

= IVag(@, vl ||z — ],

where Z is in the open segment connecting  and Z, the first inequality comes from the fact that
|lal+ — [b]+] < 2]a — b|. By this and the condition that g is continuously differentiable and V' is
compact, there exists C' > 0 such that (2.10) holds. The proof is complete. m

Define ¢ : R* — R by

QO(t, ¢, d? w) =

c+/(c—w)?+4t2  d—+/(d—w)?+ 4t?
2 + 2 ’

which is the Chen-Harker-Kanzow-Smale smoothing function for mid(c,d,w). For a,b,v € R™,
we define ¢ : R x R™ x R® — R™ by

(¢(t, x?”))i =U; — (P(tv ai, b;, v + (va(l',v))i), (2'11)

where i = 1,--- ,m. It is clear that ¢ is smooth for ¢ # 0.
From Theorem 3 in [19], Lemma 2.3 and Theorem 3.3 in [7], it is easy to prove the following

results for ¢.

Proposition 2.3 The function ¢ defined in (2.11) has the following properties:

(i) 1t is twice continuously differentiable for t # 0.

(i) It is semismooth. Furthermore, if g is twice Lipschitz continuously differentiable, it is strongly
semismooth.

(iii) There exists a constant C' > 0 such that for any (z,v) € R"™™ and t € R,

Héf_)(t,ﬂ%v) - ¢($7U)|| < C|t|

3 A Smoothing Projected Newton-Type Algorithm

Let
v =(v'0% . 50)
Define
p .
F(z,u,v) = V(@) + Y uiVag(z,v'), (3.1)
=1
g(z,vh) ¢(z,v') o(t, z,v"h)
g(z,v) = : , d(z,v) = : , otz v) = :
g(x, vP) d(x, vP) o(t, z,vP)



By introducing a slack variable y € R and relaxing u; > 0 as u; > 0, (1.8) can be written as the

following system of nonsmooth equations with bounded constraints:

H(z) =0,

(3.2)
u>0, y>0,

where z = (z,u,v,y) € R" x RP x R™ x R, and

F(z,u,v)
g(z,v)
G(z) +y

~

¢(z,v)

H(z)=

Clearly, if z = (z,u,v,y) € R™ x RP x R™P x R is a solution of (3.2), then we may get a solution
of (1.8) by dropping those v’ in v satisfying u; = 0.

Denote w = (t,2) = (t,z,u,v,y) € R x R" x RP x R™P x R. Motivated by the smoothing
method in [19] for a system of unconstrained nonsmooth equations and the method in [24] for
a system of constrained nonsmooth equations, in this section we present a smoothing projected

Newton-type method for solving (3.2). We define the following system of constrained equations:

w0430 (3.3)
where
F(x,u,v)
B t _ B g(x,v)
2(t2) = ( At 2) ) I T
o(t,z,v)

It is obvious that if (¢, z) is a solution of (3.3) then z is a solution to (3.2). By Propositions 2.2

and 2.3, we have the following proposition.
Proposition 3.1 ® is smooth at (t,z) with t # 0 and semismooth at (0, z).

Let
W= {’U): (tﬂUaUaV,?/)i UZ O,ZJZO},

and
Z ={(z,u,v,y) E R"" X RP X R™ X R: u>0,y >0}

Define a merit function of (3.3) by

() = o)

10



Then solving (3.3) is equivalent to finding a global solution of the following minimization problem:

st. u>0,y>0. (3.4)
And w is a stationary point of (3.4) if it satisfies
lde(1)]| = 0. (3.5)

Here,

dol1) =y (w =79 (w) ~w =TT, (3.6)

where v > 0 is a constant, ITyy(+) is an orthogonal projection operator onto W.

Let a € (0,1) be a constant. For a sequence {w*}2° . we define

fo = B(w’) = amin{L, ||dg(1)|*},

and
Br—1, if amin{1, ||d]é(1)||2} > Gr_1
amin{l, ||d%(1)[?}, otherwise.

B = Bw*) = (3.7)

Now we state our smoothing projected Newton-type algorithm for solving (3.4).
Algorithm 3.1

Step 0. (Initialization)

Choose constants 1,p,0 € (0,1), pr > 0, po > 2 and o > 0,t > 0 with at < 1. Let
= (£,0,0,0,0), to = t and w° = (g, 2%, u® v°,4°) with u? >0 (i =1,--- ,p); y° > 0. Set
0.

w
k-

Step 1. (Stoping Test)
Let

th @) n¥(w") } , (3.8)

]" I7 I7 Y )

[tr + VeH (wh) H(w)|" [V (wF)]| [V (wk)]|2
where VH (w") is the first row of VH (w*). Compute d%(1) by (3.6). If ||d%(1)| = 0, stop.
Otherwise, compute () by (3.7).

Ve = min{

Step 2. (Compute Search Direction)
Compute d’é by
db, = VU (wP) + Brw. (3.9)

Compute d’fv by solving the following linear system:
O (wh) + &' (wh)dy, = Brw. (3.10)

11



If (3.10) has no solution or
VUt < p

then let dﬁv = d’(“;.

Step 3. (Line Search)

Let my be the smallest nonnegative integer m satisfying
U(wh +d*((p)™) < U(w*) + oV (w*) T dg((p)™),
where for any A € [0, 1],
d*(N) = T (NG + (1 =75 (V) dR (M)

Here
d& () == Ty (w” 4+ AdE) — w¥,  d& (N = Ty (wF + %)

7*(A) is a solution of the following minimization problem:

i3 S110(b) + @ () rdl () + (1 - ) (V)]

Let A = (p)™ and wF*! = w? + d¥(\p).

Step 4. Set k:=k + 1 and go to Step 1.

(3.11)

(3.12)

—w”, (3.13)

Remark. (a) Algorithm 3.1 is a smoothing version of the algorithm proposed in [24]. In

[24], it is required that the merit function ¥ must be smooth. In this paper, we do not need this

requirement.

(b) Similar to Lemma 3.1 [24], we have the following result about 7*(\).
7*(A) = max{0, min{1, 7(\)}},

where 7(A) is defined as

0, if & (w)[dE(\) —

TN =9 _[e@h) + ¥ @ df (V)" e ( F)lde () — di (V)]
1 (w*)[dg; (A) = di (M]]I>

, otherwise.

The following projection properties are used in our analysis (see [1] ).

(3.14)

% (N)] =0,

Lemma 3.1 The projection operator Iy (-) with any convex set W C R™ satisfies

(i) for any w e W,
My (w') — w') [y (w') —w] <0 for all w' € R™;

12



(i)

[y (') — Ty (w”)]| < [l — ]| for all o/, € R

(i1i) Given w,d € R"™, the function ¢ defined by
CA) = |y (w + Ad) —wl|/A, A >0
18 MON-increasing.
From the definition of 3, the following proposition is obvious.

Proposition 3.2 {§i} defined in (3.7) has the following properties:
(i) {Bx} is non-increasing sequence;
(ii) For all k, By satisfies

B < amin{L, [|ld&(1)]*}.

Proposition 3.3 Suppose that w* = (t*, 2F) € W with t* > 0 is not a stationary point of (3.4).
Then for any A € (0,1], it holds that

VU (wF)TdE(\) < —%(1 —at)||d&(1)]? < 0. (3.15)

Proof. In this proof, for simplicity, we drop the superscript k. For any w = (¢,z) € W with ¢ > 0,
suppose that w is not a stationary point of (3.4). Then

t+ ViH(w) H(w)> _ <Vt\11(w)>7

VI (w) = Vo (w)®(w) = < V. H (w) H(w) V¥ (w)

where V,H (w) is the first row of VH (w) and V,H (w) is the submatrix of VH (w) obtained by
just removing the first row of VH (w). Obviously, dg(\) can be written as

2o (e (=Mt + VeH (w) H(w)) + AB(w)i
e = ((50) = (e st o)

Then we have

(t + VeH (w)H(w))" [-My(t + VeH (w)H(w)) + AB(w)E ]
= My ||t + VeH (w)H (w)||* + At + Ve H (w) H(w)) T B(w)E

< —ju AV + ju AV (w)]|Bw)E
A A o
<=2 =V ) + 51 = 79wl aF) [de(D)]

A A=
= —§|| — Vel (w)|* + at;!ldc(l)HQ, (3.16)

13



where the second inequality comes from Proposition (3.2) (ii) and the fact that 3(w) < alldg(1)]],
the last inequality is due to || — vV, ¥ (w)|| < ||dg(1)] (see (3.6)). Thus,
V. U (w) [Tz(z — MV ¥ (w)) — 2]

= 3 le = MV w) T (e = 2 T ¥(w) ~ 2

= ;y[ﬂz(z — MV T (w)) — (2 = MV 8 (w)]T[z(z — MYV ¥ (w)) — 2|
- )}Vllﬂz(z (W) — 2
< —;,yrmz(z — VLT (w)) — 2
< —f;HHZ(Z VLT (w) — 2], (3.17)

where the first and second inequalities come from Lemma 3.1 (i) and (iii), respectively. It follows
from (3.16) and (3.17) that
VU (w)Tdg(N) (3.18)
= (t+ Vi H(w)H(w)T [-My(t + Vi H (w)H(w)) + A8(w)t] + V. ¥ (w)  [Tz(2 — MV, ¥ (w)) — 2]
A D
s -7 [l = 7Ve¥ ()| + M (z = V¥ (w)) — 2[P] + Oéfglldc;(l)ll2

- _§(1 —ad)|lde(1)]2 < 0. (3.19)

The proof is complete. m

Now we have the following conclusion which shows that Algorithm 3.1 is well-defined.

Theorem 3.1 Suppose that w* = (t*,2¥) € W with t* > 0 is not a stationary point of (3.4).
Then there exists a constant X' € (0,1] such that for any X € (0, )], d*(\) is a descent direction
of U(w") at w* and

U(w* + d*(\)) < T(w*) + o VT (W) TdE(N). (3.20)

Proof. By using Proposition 3.3, the conclusion can be proved in a similar way to the proof of
Theorem 3.1 in [24] so we omit it. m
4 Convergence Analysis

In this section we analyze the global and local convergence of Algorithm 3.1 in the previous section.
The following proposition is a key result which shows that Algorithm 3.1 can keep t* > 0 at each

iteration.
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Proposition 4.1 For each k, k =0,1,---, w* = (t*, 2¥) satisfies

th > Byt (4.1)
Furthermore, if w* is not a stationary point of (3.4), then

t* > 0. (4.2)

Proof. We prove this proposition by induction. From the choices of t° and 3y in Algorithm 3.1,
it is obvious that (4.1) holds. Suppose that for any integer I, w' = (#, 2!) satisfies (4.1). Now we
prove that w!™! = (1, 21+1) satisfies (4.1) as well. We denote

@(Amt)
(@(N)-)

where )\; is the accepted step-length at [-th iteration. It follows from Algorithm 3.1 that

F) = 7 (a5 () + (1 — 7 () d () = (

d\)e = TNt + VieH (w)H(w)) + Sw)E ] + (1= 75 ()M [t + B(w")E ]
= A ) + Vi H (w)H(w)) — (1= 75 ()t + NiB(wh)E
> T () = (1= )N+ NB(whE
= Nt + N B,

where the inequality comes from the definition of 7; (see (3.8)). Then we have

=B hE = '+ (d (W) — Bw'TE
> ( M)t 4 N B(wh)E — Bw!ThE
> (1= Mt + NBwhE — plwh)i
= 1=\t =1 = XN)BhHE >0, (4.3)

where the second inequality is due to the monotonicity property of 3(w') in Proposition 3.2, and
the last inequality comes from that ¢\ > B(w')f. Therefore, (4.1) holds for any nonnegative integer
k. Furthermore, from (4.1) and that w” is not a stationary point of (3.4), (4.2) holds. We complete
the proof. m

Theorem 4.1 Let {w*} C W be a sequence generated by Algorithm 3.1. Then any accumulation
point of {w*} is a stationary point of (3.4).

Proof. Proposition 4.1 shows that if our algorithm does not stop at a stationary point of (3.4),
then t* > 0 for any k. This means that ® and ¥ are continuously differentiable at w*. Hence, by
using a similar way to the proof of Theorem 4.1 [24], we can prove the theorem holds. Here we

omit the detailed proof. m
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The following proposition shows that the stationary point of (3.4) is a feasible point of the

original SIP problem under some conditions. Let
Ji(z,0) ={i | vi+ (Vog(z,v))i <a;}, Jo(z,v)={i | a; <v;i+ (Vyg(z,v)); < b}

J3(z,v) ={i | b <+ (Vyg(z,v))i},
and
Ja(z,v) ={i | v+ (Vog(@,v)); = a; or v; + (Vug(a,v)); = bi}.

Proposition 4.2 Let {w*} be a sequence generated by by Algorithm 3.1 and w* = limge g {w*}
with t* = 0 be a stationary point of (3.4), where K C {1,2,---}. Suppose that there exists a
sub-vector vI°* of v* such that w* satisfies the following conditions:

(i) g(a*, v0%) = 0;

(ii) V2,9(a*,07") = 0

(iii) The function g(z*,-) is concave at v7o*;

(iv) The set Jy(z*,v70*) is empty and (szog(x*,vjo*))Jgo*Jgo* is nonsingular, where Jgo* =
Jo(x*, vI0%).

Then x* is a feasible point of the original SIP problem (1.1).

Proof. Since w* is a stationary point of (3.4) and the projected operator only works on the

variables u and y, it is not difficult to see that

lim V(taw) ¥ (w") = 0. (4.4)
For any w” with t* > 0,
VU (wh) = Vo (w®)®(w"), (4.5)
where
[ 1 Otxn 0 - 0 VG Vi o Vigh ]
Onx1 vka va:g’f T v:cgg va_'k vxﬁglf Tt Vxéf;];
0 vIgk 0 0 0 Oixm - Oixm
0 Vigk 0 0 0 O1scm -+ Oixm
v@ wk — . . . . . . . .
(") 0 Vigk o - 0 0 Oixm -+ Oixm
Omx1 ¥V, (Vaegh) Vg -0 Opxi Vi df oo Omxm
k k L k . .
Omx1 upvvp (ngp) 0 vagp 0;zf)><1 Omxm va¢p
L 0 01><n 0 0 1 01><m 01><m 1
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and F¥F = F(aF uF vF), GF = G(tF,2F), (B;C = ¢(tF, zF, vI*) and g;? = g(zF,v7%) for any j =
1,2,---,p. Consequently, from (4.4) and (4.5), we have

Flc
limgex Vo ‘I/(wk) = limgex <u§0 Vo (Vzgfo): Vo g;'ﬂo: Vyio $§0> gé‘co
¥l
F* (4.6)
- (u;o Vio (vﬂcg;o)’ Vaio g;o’ Q;o> g;o
] ;
- ;0 }k'o = 0’

where the third equality comes from the assumed conditions (i) and (ii). Here F* = F(z*,u*,v*),
g;o = g(a*, vio%), _jo = ¢(t*, z*,v70*) and Q;‘g € Oyio Q_S;O On the other hand, it is easy to know
that

I 0 0
*T * *
Q, =| “Us —U3 —Ux |,
0 0 I3
where Us;, j = 1,---,3, are the sub-matrices of the V2g(z*,v70*), which are determined by the

rows with the index k € Ja(z*,v70*) and the columns with the index [ € J;(x*,v70*); I; and I3
are the identity matrices with |Jf°*| and \J§°*| order, respectively. Moreover, by the assumed

conditions (iv), it is obvious that @7, is nonsingular and hence 45;0 =0, that is
$(0, z*, v70*) = 0. (4.7)
This implies
(v — 7o) (=V,g(z*,v70*) >0, VwveV,

which shows that v79* is a KKT point of the minimization problem (1.3) with = z*. Conse-

quently, by the standard sufficient optimality theorem, we have that for any v € V,
gla*,v) < g(a*,v7") = 0,

because g(z*,-) is concave at v/°*. This shows that z* is a feasible point of (1.1). The proof is
complete. m

For the general case that g(x,-) is not concave, we have the following result.

Proposition 4.3 Let {w"} be a sequence generated by Algorithm 3.1 and w* = limpe g {w*} with
t* = 0 be a stationary point of (3.4), where K C {1,2,---}. Suppose that w* satisfies the following

conditions:

1
)0 </ v < oo
(0< | Ta@ o)
tk:
(ii) limge g >1;

th + Vi H(wk)H (wk) — 7
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(iii) For every j =1,2,--- ,p, the set Ji(w*,v*) s empty;
(iv) For every j =1,2,--- ,p, (0, z*,v7*) = 0.
Then x* is a feasible point of the original SIP problem (1.1).

Proof. It is obvious that G(z*) > 0. Now we prove that G(z*) = 0. From the definition of the
stationary point, we have

0
y>0 = a—\I’(w*) =0,
. 5/ . . (4.8)
* = = — > 0.
Y 2y (w*) >
This implies
y =0, (4.9)
because
oV (w*)

By =Gt z")+y* >0

whenever y* > 0, which contradicts to (4.8). Moreover, for any w* with t* > 0,

Vtgg(tkv xka vjk)

i 1 1
= 2t - Y
Jk i\ k)2 ' i\ k)2
(b1 —v] — (Vugkh) + 4(t*) (al —vy — (vak)1> + 4(t") (4.10)
T
1 7 1
’ 4 . 2 . ‘ 2
\/(bm - U%g - (vvgi)m> + 4(tk)2 \/(am - U#LC - (vvgi)m) + 4(tk)2
and ]
VG (tF, 2%) = 2tk/ dv, (4.11)
v V/(g(ak, v))2 + 4(tF)?
where gi = g(2%,v7%) for any j = 1,2,--- , p. Consequently, we obtain

i th th
TR e H (W H (wb)

p
th+ (Vi) 8 + ViGE (GF 4 o)

i=1

1 )
14+ 2G(z" / ——dv
SRy e
where gEf = ¢(tk, 2%, vI*), G* = G(t*,2%), and the last equality comes from (4.9), (4.10), (4.11)
and the assumed conditions (iii) and (iv). Therefore, by the assumed conditions (i) and (ii), we

have



which shows that z* is a feasible point of (1.1). We complete the proof. m

In addition, it is worth mentioning that Algorithm 3.1 has been mainly concerned with finding
a stationary point of (3.4), which is not necessarily a solution of (3.2). If the accumulation point
of the sequence generated by Algorithm 3.1 is not a solution of (3.2), we may use the Lagrangian
globalization (LG) method presented in [27] to deal with it. In other words, we solve the system
of equations (3.2) via two phases. Phase-I is to solve (3.4) by Algorithm 3.1 in which the global
optimal solutions with the zero objective function value correspond to the solutions of the original
constrained equations (3.2). If the point obtained in this phase, say w*, is a stationary point of
(3.4), but not a solution of (3.2), then we go to Phase-II in which we use a projected approach to
find a better feasible point @ such that ||®(w)|| < ||®(w)]||, where w is the point obtained in Phase
I. For some details, see [27].

In the rest of this section, we analyze the local convergence of Algorithm 3.1. We make the
following standard assumption:

(A1) Let w* = (t*,2*) = (0, 2*) be an accumulation point of the sequence {w*} generated by
Algorithm 3.1. Suppose limyex w* = w* for some subset K C {1,2,---}, w* is a solution of the
system of equations (3.3) and ® is BD-regular at w*.

BD-regularity can be satisfied without special difficulty.

Let G(z,v) be the set of (d,&1,C1, -+ ,€p, (p) € R x RUJ2(@ o)+ Ja(@ o)) . RUT2(20P) [+ Ja(z,0P)])
satisfying that for any j=1,---,p,

dTng(-'E, UJ) =0

and
(vf(vzg('xv Uj)))jjjgd + (V%Ug(x,vj))Jngfj + (ngg(xvvj))JgJZCj =0,

where Jg = Ja(x,v7) and JZ = Jy(x,v7). In order to give a sufficient condition of BD-regularity,
we make the following assumptions.

(A2) Forall j=1,---,p, u; > 0.

(A3) The vectors {Vmg(x,fuj),j =1,--- ,p} are linearly independent.

(A4) For all (d,€1, 1, &,,G) € Gz, v\ {0},

P P
d'VIF(z,u,v)d — Z ujff(vgvg(m, vj))Jgjgﬁj — Z uJC]T(V?)vg(a:, Uj»JZJZCj
j=1 j=1

P
-2 Z ujng(Vivg(a:, UJ))ZJng > 0.
j=1
Remark. Suppose that (i) the matrix V,F(x,u,v) is positive definite; (ii) for every j =

1,2,...,p, the set JZ is empty; and (iii) the matrix (V2,g(x, vj))Jij is negative definite whenever
) 272
JJ # 0. Then the assumption (A4) holds automatically.
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Theorem 4.2 Suppose that w* = (t*,2*) = (t*, 2, u*, v*,y*) is a solution of (3.3) and satisfies
(A2)-(A4). Then ® is BD-regular at w*.

Proof. For the sake of simplicity, we prove the conclusion for p = 1. The proof of the conclusion

for the general case with p > 1 is similar. Without loss of generality, we assume

Ji = Ji(x*0*) ={1,2,-- - k1 }, Jy = Jo(a*,v*) ={k1 + 1, - ka},
JEJ: = J3($*,’U*) = {kz + 17 . k3}7 JZ = J4(;U*7fu*) = {kS + 17 .. .m}’

where 1 < k1 < ko < k3 < m. It is obvious that w* = (t*,z*) to be a solution of (3.3) implies
t* = 0. Moreover, we have, by ¢(0,z*,v*) = 0, that

v* — mid(a, b,v" + Vyg(z*,v")) =0, (4.12)

which combines with the definition of the mid function to yield

(Vyg(z*,0")); =0 (4.13)
for i € J3 U Jj. Consequently, by direct computation, we obtain that for any @ € dp®(w*),
1 01><n 0 01><m1 O1><mg 01><m3 01><m4 0
0n><1 A B u*01 U*CQ U*Cg U*C4 0n><1
0 BT 0 D1 01%ms D3 01xmy 0
Q _ Fl F2 0 01><m1 Olez Ol><’m3 01><m4 1 , (414)
Hl 0m1 Xn 0m1><1 Iml Xm1 0m1 Xmo 0m1 Xms 0m1 XMy 0m1><1
Hy —CI 0m,x1 —Uxn —Us2 —Uss —Uszy Omsx1
H3 Omg Xn 0mg><l Om3 Xm1 Omg Xma Im3><m3 Omg X1y 0mg><1
| Hy —VCT Opyx1 VU —VUi —VUss Al — VUi Opyx |

where mi = kl: mo = k‘Q — ]{,‘1, ms = k3 — kQ, my =m — k3 and
AZVZF(I‘*,U*7U*)’ B:ng(l'*,v*)’
;= (VvT(vxg(fU*,U*))).J; forany j=1,---,4,
Uij = (ngg(ﬂv*,v*))ﬁj; forany 1 =2,4;5=1,---,4,

Fy € 8:G(0,2*), Fy € 0,G(0,2%); Hj, j = 1,---,4, are the sub-vectors of H € 9;$(0,z*,v*)
with the index k € J7, respectively; Iy is the identity matrix with my4 order; V = (I4 — A) and
A =diag(A1, -+, Amy) with A\; € [0,1] for i =1,--- ;my.

From the structure of @), we assume that, without loss of generality, A\; € (0,1) for i =

1,--- ,my. Moreover, it is easy to see that the non-singularity of Q) is the same as the matrix
A B u*Cy u*Cly
Q . BT 0 01 X1mo 01 XMma4
CT Omyx1 Un Uy

VOT Opyx1 VUi —ALi+VUy
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Suppose that

dq
~| d
ol 7 | =o (4.15)
3
¢
where d; € R", d2 € R, £ € R™2 and ¢ € R™. Then (4.15) implies
Ady + Bds + U*Cgf + U*C4§ =0, (4.16)
BTd, =0, (4.17)
ngl + U€ + Uy =0 (4.18)
and
VOTdy + VU — (AIy — VU)C = 0. (4.19)

Multiplication (4.16) with df yields
d¥ Ady + dI Bdy 4 u*d? Co¢ 4+ u*dl C4¢ =0,
which, together with (4.17), (4.18) and (4.19), shows
di Ady — u* MUt — u*(TUSE — uw* (T UuC + w* T (AV N —w €T U ¢ = 0.

It is obvious that Uzﬂ = Uyy. Hence, from u* > 0 and the fact that the matrix AV~! =
diag (A1/(1 = A1), -+, A, /(1 = Apy,)) is positive definite, we have

dIVTF (%, u*,v")dy — weT (V2,g(x%, v*)) s 55

—u*CT(V3,g(a*,v) s30; ¢ — 20T (V3,9(a*,v7) ] 42 € < 0.

On the other hand, by (4.17) and (4.18), it follows that (d1,£,() € G(x*,v*). Thus, by (4.20)
and the assumption (A4), we have that (d1,&,{) = 0. Consequently, from (4.16) and (A2), we
obtain that do = 0. Hence (di,d2,&, () = 0, which shows that @ is nonsingular. Therefore, ® is
BD-regular at z*. This completes the proof. m

From the BD-regularity condition and semismoothness of function ®, we have the following

lemma by using Lemmas 2.1 and 2.2.

Lemma 4.1 There exist positive constants k and € such that for every w” satisfying |[w*—w*|| < e,

(i) ®'(w*) is nonsingular and satisfies
12" (w®)]| < &.

(it)
(k)] = V2U(w*)s = O(|lwk — w|).

21



Lemma 4.2 For all k € K sufficiently large,
(1)
Bwh) = O(¥(wh)) = O([Jw* — w*||*);

(i1) and for any X\ € (0, 1]
wh + Adk = (1 — Mwk + M + Mo(T(w)?2). (4.21)

Proof. From the definition of 3(w*), the choice of vz, the projection property and Lemma 4.1,

for wk sufficiently close to w*,
7! an *
Bw*) < alldgI* < o[ VE)|* < an®(w®) = = @(wh)|* = Oflw® — w||?).
This shows (i) holds. It follows from (i) and Lemma 4.1 that
wh AR = WP+ A (WP T =@ (") + B(w)w)
= w’ = A (W) P(w") — @(w") — @ (wF)(w" —w")]
“Awk — w*) + A (w*) 7B (w")w

= (1= XNw* + X w* 4+ do(||w* — w*||) + XO(T(w))
= (1-Nw"+ "+ Ao(\IJ(wk)%),

where the third equality is due to the semismoothness of ® and (i). (ii) is proved. The proof is

complete m

Lemma 4.3 For k € K large enough,

a5 () = =MW" — w*) + Ao(T(wh)?) (4.22)

and
VU (wh)TdR (\) < —pA¥(w”), (4.23)

where p is any constant in (0,2).
Proof. From Lemma 4.2 and the property of a projector, we obtain that

Czlf\z()\) = Hw(wk + /\d’f\;) "
= Tw[(1 — Nw® + dw* + Ao(¥(w)?)] — wh
= Hw[1 - Nw* + '] — wk
{1 = N+ dw® + Mo(W(wh) )] — T [(1 — Ak 4+ ha]}
= AWk —w*) + Ao(T(wh)?),
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where the last equality comes from (1 — A\)w* + Aw* € W and the projection property (see Lemma
3.1 (ii)). It follows from (4.22) that

VU () Td(N) = —A(wh)Td (wk)(w® — w*) + Xo(T(wh))
= 22U (w®) + A0 ()T [®(wF) — ®(w*) — &' (wF) (w® — w*)] + Ao(¥(wF))
< —pA(wh),

where the last inequality comes from the semismoothness of ® and Lemma 4.1. We complete the

proof. m

Lemma 4.4 We have that for k € K large enough,

(i)
T (A)k < o(1), (4.24)
where T*(\)y, is defined as in (3.14).
(ii)
d*(\) = —A(w® — w*) + do(¥(w)2). (4.25)
(iii)
VU (W) TdF(N) = =200 (wF) 4+ Xo(T(wh)). (4.26)

Proof. By using Lemma 4.3, this lemma can be proved in a similar way to the proof of Theorem
3.2 [24]. We omit the detailed proof. m
Now we prove that the convergence rate of Algorithm 3.1 is locally superlinear under the

BD-regularity condition.

Theorem 4.3 Suppose that {w*} is a sequence generalized by Algorithm 3.1 and w* is a point

satisfying (A1). Then the whole sequence {w*} converges to w* superlinearly.
Proof. From Lemma 4.4 we have that for sufficiently large k € K,
i + (1) — | = o(W(wh)E) = ofl|B(wH)]) = o u* — w]), (4.27)
and
Wk 1) = et )

_ %H@mugku))—@(wﬂu?
= O(|Jw* + d*(1) — w*||?)
_ o(\II(wk)), (4.28)
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where the last equality is due to (4.27). Thus,

~VI(h)Tdg(1) < [V (h)l|dg )l

IV (w*) [Ty (w* = 3V (wF) + Blw)d) — w||
IV @ (@) [l VT (w*) || + O(2 (w*))]
NP (w”) + o(¥(wh)),

(4.29)

IN A

where the second inequality is due to the property of B(w*) and the projection property, and the
last inequality comes from the choice of ;. It follows (4.28) and (4.29) that

\I/(wk) + UV\II(wk)TcZ’é(l) >(1- Jn)\Il(wk) + o(q/(wk)) > o(ﬁl(wk)) = \Il(wk + czk(l)), (4.30)

which implies
wk+1 — ,wk + Jk(l),

for k sufficiently large. Moreover, from (4.27) we conclude that w” converges to w* superlinearly.

We complete the proof. m

5 Preliminary Numerical Results

In this section, we report our preliminary numerical test results. We implemented Algorithm 3.1
in MATLAB and the numerical experiments were done by using a Pentium III 733MHz computer
with 256 MB of RAM. We compared Algorithm 3.1 with fseminf that is a solver for SIP based on
an implementation of the discretization SQP method in MATLAB toolbox. We tested 12 problems
which we call problems 1-12. Problems 1-3 and 7 are from [28]. Problem 4 comes from [26] with
a revised region. Problem 5 is a problem modified from [29], and Problem 6 is from [4]. Problems
8-12 are some problems in which the dimension of the parameter v is 2.

Throughout the computational experiments, we use ||d5(1)|| < 107 as the stopping criterion
for Algorithm 3.1. The values of G(t,z) and VG(t, ) were computed by using the function quad
in MATLAB when V is an interval in R and the function dblquad when V is a box set in R?. The

parameters used in the algorithm are specified as follows:
n=0.9, p=05, 0 =0.001, «a=0.5, t=0.9, py =1.0e — 10, py = 2.1.

The starting point u° and y° for all problems are set t° = £, u% = 0.05e, y° = 0.5, where e is the

vector of ones. For the solver fseminf, we use all the default values.
Problem 1.
f(z) = 1.21exp(x1) + exp(z2), g(z,v) = v —exp(z1 + 22),
V =[-10,1],p = 1, (xo,v9) = (1,1,1).
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Problem 2.
fx)=a2? + 23+ 22, g(z,v) = 1 + zoexp(x3v) + exp(2v) — 2sin(4v),

V =10,1],p =1, (z0,v0) = (1,1,1,1).

Problem 3.
15 1 2 2 22 2 2
f(z) = gfﬁ + 5% + 3, g(w,v) = (1 —27v")" — 210" — 25 + T2,
V= [_17 1],]9 = 17 (.CC(],’UQ) = (_17 _1a 1)
Problem 4.
fl@) = af + (v2 = 3)%,  g(z,v) = 22 — 2+ @15in(v/z2 — 0.5),
V= [07 10],]9 = 17 (gjOaUO) = (17 _L 1)
Problem 5.

1 n .
flx) = §xT:c, g(x,v) =3+ 4.5sin(4.77(v — 1.23)/8) — inv’_l,
1=1

V =[0,1],n =10,p = 1, (x0,v9) = (0,0,---,0,1).
Problem 6.
f(z) = (1 — 2z9 + 522 — 25 — 13)% + (21 — 14xy + 23 + 25 — 29)2,

g(l‘,’l)) = .’L‘% =+ 21‘2?}2 + exp(xl + 1‘2) - exp(v),V = [07 1]7p =1, ((L‘(),’U()) = (17 -1, 1)

Problem 7.
fx) = af + 25 + a3,

g(z,v) = z1(v1 +v3 + 1) + 22 (v1v2 — v3) + 23(V102 + V5 + v2) + 1,
V =10,1] x [0,1],p = 1, (zg,v0) = (1,1,1,1,0).
Problem 8.
f(x) =23 + 25+ 23, g(x,v) =21 + zoexp(x3v1) + exp(2v2) — 2sin(4v1),
V =[0,1] x [0,1],p = 2, (zo,v0) = (—1,—1,-1,0,1,1,0).
Problem 9.
f@)=ai+a3+23, g(z,v) =21 + 22 exp(2301) — €xp(2102) + sin(4vy),

V =10,1] x [0,1],p = 2, (z0, v0) = (0.2, -0.2,-0.2,0,1,1,0).
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Problem 10.
fl@)=ai/3+ a1 /2423, g(z,v) = (1 —2fv])® — 2105 — 25 + 2o.

V =10,2] x [0,2],p = 2, (zg,v9) = (—0.2,-0.2,1,0,0,1).

Problem 11.
flx) = 0.5(1‘% + SU% + x% + 33421), g(xz,v) = sin(vivg) — X1 — TV — T3V — T4V Ve,

V =1[0,1] x [0,1],p = 1, (z0,v0) = (—0.5,—0.5, —0.5,—0.5,0, 1).

Problem 12.
f(x) = 0.5(z] + 25 + 2F + af + 3 + 7),

g(z,v) = exp(v% + v%) — (z1 + vy + x30V2 + x4v% + x50109 + xgv%),
V =100,1] x [0,1],p =1, (zo, v0) = (=2, —2 — 2, 2, -2, -2, 1,1).

In all above test problems, the values of p are estimated by using the following adaptive
strategy. First, we let p = 1 and use Algorithm 3.1 to solve a test problem. If this test problem
can be solved within 30 iterations, then we let p = 1 be the number of attainers at the solution.
Otherwise, we let p = 2 and use Algorithm 3.1 to solve this test problem again. If this test problem
can be solved within 30 iterations, then we let p = 2 be the number of attainers. If this fails again,
then we let p = 3 and then do the above procedure until we find a number p (p < n) which is the
estimated number of attainers. It is interesting that we get p = 1 for 9 of 12 test problems and p
= 2 for other three test problems by the above method.

The test results are summarized in Tables 1 and 2. In Table 1, df,(1) is the value of the function
dc(1) defined in (3.6) at the k-th iteration. In Table 2, n.it represents the number of the total
iterations; cpu is the total cost time in seconds for solving the SIP problem:; \Il(wk) denote the
value of the merit function W(w) of (3.3) at the final iteration; f(x*) is the value of the objective
function in the SIP problem at the final iteration; and G(z*) is the value of the function G(z) of
(1.7) at the final iteration.

The results reported in Tables 1 and 2 show that Algorithm 3.1 performs well for these test
problems. From Table 1, we can see that Algorithm 3.1 indeed has superlinear convergence
property. From Table 2, we can see that Algorithm 3.1 uses less CPU time than fseminf for
9 test problems and fseminf uses less CPU time than Algorithm 3.1 for other 3 test problems.
Moreover, it appears from Table 2 that Algorithm 3.1 indeed can ensure the feasibility of the test
problems.

The numerical tests reported in the paper are very preliminary. Further experience with testing
and with actual applications will be necessary and we leave it as our future research topic. In

addition, we notice that for problems 1-7, 11 and 12, when p > 2, these test problems cannot be
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solved by Algorithm 3.1 within 30 iterations. For problems 8-10, when p = 1, these three test
problems cannot be solved by Algorithm 3.1 within 30 iterations. This means that it is important
to choose a suitable number p when we use Algorithm 3.1 to solve the SIP problem. When the
size of the SIP problem and the number p are large, the above method to determine the number
p may be expensive in computation. As future work, we will work on how to find a good way to

determine a suitable number p in the KKT system of the SIP problem.

Problem k& di, (1) Problem & di, (1)

1 4 0.0053 2 7 0.0141
5  2.5166e-5 8  4.9812e-4
6 3.6233e-10 9  4.5572e-7
3 5 0.0036 4 7 2.0688e-6
6 9.671e-5 8  1.2389e-6
7T 3.8475e-9 9  4.2285e-7
5 2 0.0027 6 3 6.3414e4
3 3.5370e-5 4 3.2046e-5
4 1.3002e-10 o5 1.2032e-8
7 ) 0.0228 8 5  3.7704e-5
6  7.3722e-4 6 1.0023e-6
7T 4.1271e-7 7 2.7485e-10
9 8 0.0075 10 7 9.0029e-4
9  4.0859e-5 8  2.2744e-6
10 7.8563e-8 9 1.6448e-9
11 6 0.0086 12 3 9.5606e-4
7 0.0016 4 1.3685e-7
8  7.8146e-7 5 2.4486e-15

Table 1: The last three iterates generated by Algorithm 3.1 for Problems 1-12.
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Algorithm 3.1 fseminf
Problem || n.it | cpu U (wk) f(zF) G(z%) n.it | cpu f(zh) G (x%)
1 6 0.09 | 9.1606e-19 2.2 0 16 | 0.53 | 2.1989 4.2815e-7
2 9 0.17 | 7.4361e-11 | 5.3347 0 23 | 0.42 5.3307 1.1142e-5
3 7 0.13 | 2.3462¢-14 | 0.1945 0 4 |0.12 0.1945 3.6407e-12
4 9 0.31 | 7.1952e-9 1 4.7985e-6 || 10 | 0.66 1 9.0699e-9
5 4 0.30 | 4.0342e-19 | 0.0657 0 2 10.42 0.0656 1.7460e-7
6 5 0.11 | 2.0507e-11 | 97.1589 | 1.3039e-9 8 | 0.17 | 97.1589 | 7.4551e-14
7 7 4.81 | 1.0514e-13 1 0 7 | 491 1 0
8 7 | 14.22 | 1.2988e-16 | 27.4166 0 6 | 533 | 27.3065 6.1921e-8
9 10 | 2.72 | 1.3677e-13 0 0 3 | 2.98 | 3.1516e-5 0
10 9 1.48 | 2.6635e-13 | 0.382 | 5.8388e-7 || 15 | 2.66 0.382 0
11 2.28 | 1.3049e-11 | 0.0885 0 1 12.00 0.0885 1.8080e-21
12 0.73 | 3.7729e-29 | 4.5498 0 1 |3.38 4.5498 0

Table 2: Test results for Algorithm 3.1 and fseminf

6 Final Remarks

In this paper we have presented a smoothing projected Newton-type algorithm for solving the KK'T
system of the SIP problem. First, we reformulate the infinite constraints of the SIP problem to a
constraint by using an integral function. Then, the KKT system of the SIP problem is written as
a system of constrained nonsmooth equations, and solved by a smoothing projected Newton-type
method. Under some standard assumptions, we prove the global and local superlinear convergence
properties of this method. Compared with the existing methods such as discretization methods,
exchange methods and local reduction methods, our method only needs to solve a system of linear
equations at each iteration. Compared with the methods proposed in [21, 10], our method can
ensure the feasibility of (1.1). As future work, one problem is to find a good way to determine a
suitable number p in the KKT system of the SIP problem. Another problem is to find conditions

of quadratic convergence of our method.
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