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Linear Block Precoding for OFDM Systems Based on
Maximization of Mean Cutoff Rate
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Abstract—A new linear block precoding technique is proposed
to improve the performance of orthogonal frequency division
multiplexing (OFDM) communication systems. The design of our
precoder is based on the maximization of the mean cutoff rate
and requires only the knowledge of the average relative channel
multipath powers and delays at the transmitter. Simulation results
show an improved performance of the proposed precoder relative
to other known linear block precoding techniques.

Index Terms—Cutoff rate, linear block precoding, orthogonal
frequency division multiplexing (OFDM) communications.

I. INTRODUCTION

ORTHOGONAL frequency division multiplexing (OFDM)
is a promising multiuser communication scheme which

enables to mitigate multiple-access interference (MAI) by
means of providing each user with a nonintersecting fraction of
subcarriers [1]. Due to the inverse fast Fourier transform (IFFT)
at the transmitter and the fast Fourier transform (FFT) at the
receiver, the frequency selective fading channel is converted
by OFDM into parallel flat fading channels [2]. This greatly
facilitates the equalizer design at the receiver.

However, a well known disadvantage of the OFDM scheme
is that, at each subcarrier, the channel may be subject to a
deep fading. This makes a reliable detection of the informa-
tion-bearing symbols at this particular subcarrier very difficult
and, as a result, the overall performance of the system may
degrade substantially. Thus, the transceiver optimization is
required.

A general transceiver optimization framework is discussed in
[3]. In application to OFDM systems, a popular recent approach
to improve the performance of OFDM systems in fading envi-
ronments is to use linear block precoding at the transmitter [4].
For example, the minimum mean square error (MMSE) and the
minimum bit error rate (MBER) precoders for zero-forcing (ZF)
equalization have been proposed in [4] and [5], respectively, and
the MBER precoder for MMSE equalization has been studied in
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[6]. Another efficient precoding technique based on the channel
capacity maximization has been proposed in [7].

Unfortunately, the application of precoders [4]–[7] may be
limited by the fact that they require the full channel knowledge
at the transmitter. To avoid this drawback, another linear pre-
coder has been designed in [8] based on maximization of the di-
versity and coding gains. In contrast to the precoders of [4]–[7],
the technique of [8] requires only the knowledge of the multi-
path channel order at the transmitter.

Another MBER based technique that does not require any
channel information has been proposed in [9]. However, the
class of MBER-optimal channel independent precoders devel-
oped in [9] is limited by the case when the MMSE equaliza-
tion and quadriphase shift keying (QPSK) modulation are used.
Moreover, the performance of MBER precoder with MMSE
equalization can be significantly improved by combining it with
a water-filling procedure [6]. However, in the latter case the full
channel knowledge at the transmitter is required.

In this paper, a new linear precoder is proposed that maxi-
mizes the channel mean cutoff rate and requires the knowledge
of the average relative channel multipath powers and delays at
the transmitter. Our simulations show that the proposed pre-
coder substantially outperforms the approach of [8] and several
other linear precoding techniques in terms of BER.

II. SYSTEM MODEL

For the sake of simplicity and following [4]–[7], let us con-
sider the single-user block transmission system with subcar-
riers. The extension to the multiuser case can be done straight-
forwardly by allocating a different group of subcarriers to each
user [8]. The frequency selective wireless channel between the
transmitter and the user is characterized by the path gains
( ) and the delays ( ), where all path
gains are assumed to be independent (but not necessarily iden-
tically distributed) zero-mean complex Gaussian random vari-
ables.

Employing the cyclic prefix (CP)-based OFDM transmis-
sions, we have the following relationship [4]–[7]:

(1)

where is the block index,
is the 1 vector of the received symbols after the
FFT operation, is the transmitted symbol power,

is the 1
vector of the transmitted symbols without CP,

is the 1 vector of
white complex Gaussian noise with the covariance matrix
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, denotes the statistical expecta-
tion, is the noise power, is the identity matrix,

is the diagonal matrix whose th element
represents the channel impulse response of the th subcarrier1

and is given by [10]

(2)

where is the sampling interval, and .
If linear block precoding is used at the transmitter, then

where
is the 1 vector of the information-bearing symbols, and

is the precoding matrix [4]. Below, we assume that
because in this case, the data rate is not sacrificed [2].

Then, (1) can be written as

(3)

III. PROPOSED LINEAR BLOCK PRECODER

The channel cutoff rate is a lower bound on the Shannon
channel capacity, beyond which the sequential decoding be-
comes impractical [11], [12]. It also specifies an upper bound
on the error rate of the optimal ML decoder and has been fre-
quently used as a practical coding limit because it can be calcu-
lated in a simpler way than the channel capacity [12]. Therefore,
the cutoff rate appears to be a proper criterion for the design of
linear block precoders. Note that it has been previously used as
a performance metric for OFDM systems [13], [14], and as a
design criterion for transmitter optimization in multiple-input
multiple-output (MIMO) channels [15].

We assume that a discrete constellation is used at the trans-
mitter, the full channel knowledge is available at the receiver,
and the maximum likelihood (ML) technique is used to detect
the symbols from the received data . The conditional
probability density function of the received data can be written
as

(4)
where is the th member of the transmit vector constellation,

denotes the Frobenius matrix norm or the Euclidean vector
norm, and the dependence on is omitted in the interest of no-
tational brevity. To simplify the notation further, let us denote

1Note that the frequency domain channel response is often expressed through
the FFT, but in this case the true multipath channel taps need to be converted
to equivalent taps which have delays that are integer multiples of the sampling
period. Therefore, following [10] we use the discrete Fourier transform (DFT)
instead of FFT to calculate the channel impulse response in (2).

as . The mean cutoff rate can be calculated
as [11, p. 361]

(5)

where is the constellation size. Inserting (4) into (5) we ob-
tain the expression for the mean cutoff rate shown in (6) at the
bottom of the page. Using the results of [17], the expectation of
exponential quadratic form in (6) can be written as

(7)

where

(8)

is the th nonzero eigenvalue of the matrix , and
denotes the matrix rank. Substituting (7) in (6), after straight-
forward manipulations we obtain

(9)
It is worth noting that the expression (9) for the mean cutoff

rate is directly related to the expression for the Chernoff bound
on the pairwise error probability (PEP). In particular, the second
term under the logarithm in (9) can be seen as an average of the
Chernoff bounds on PEP for all distinct pairs of symbols. In
other words, the maximization of mean cutoff rate is equivalent
to the minimization of averaged PEP. This observation provides
further motivation to choose the mean cutoff rate as a criterion
for precoder design.

It is well known that the precoder based on PEP minimiza-
tion also provides maximum diversity gain [16]. Therefore, the
maximization of the mean cutoff rate will achieve the maximum
diversity gain under the following condition [16]:

(10)
where is the th row of .

(6)
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To compute the matrix explicitly, let us introduce the
vector . Then, can be rewritten
as

(11)

where stands for the Schur-Hadamard matrix product and
. The th entry of is given by

(12)

where is the average power of the th path relative to the first
path.

Our task now is to design the precoding matrix which max-
imizes in (9) subject to the power constraint .
This problem does not have any analytical solution, but it can
be solved by using either algebraic number-theoretic techniques
or by computer search over compact parameterizations of uni-
tary matrices [8], [16]. In this paper, we obtain through com-
puter search over the unitary2 parameterization expressed via
Givens rotation matrices. For the details of this technique, see,
for example, [16]. Provided that each user occupies a moderate
number of subcarriers (not more than 3 subcarriers per user),
and since the precoding matrices can be designed for each user
independently, we can conclude that the total number of real op-
timization parameters for the particular user is .
If the number of optimization parameters is small, full search is
computationally feasible, and, thus, the design of our precoder
becomes practically feasible as well.

It can be seen from (9)–(12) that only the knowledge of the
average relative channel powers and delays is required at the
transmitter for the design of our linear precoder. Although the
channel state variations can be very fast due to small-scale
fading, the power and multipath delay variations are typically
much slower [1]. Therefore, a low-rate feedback can be used to
convey this information to the transmitter.

IV. SIMULATION RESULTS

In this section, we investigate the performance of the pro-
posed precoder in multipath indoor and outdoor channels. As an
example of a Rayleigh fading outdoor channel, we choose the
ETSI “Vehicular A” channel environment which has been de-
fined for the evaluation of UMTS radio interface proposals [18].
The multipath time delays and the variances of the multipath
gains of the “Vehicular A” channel are shown in Table I. Cor-
respondingly, as an example of a multipath Rayleigh fading in-
door channel we choose the HIPERLAN/2 “Model A” channel,
which represents a typical office environment [19]. The Doppler
frequencies for these two channels are set to be equal to 100 Hz
and 50 Hz, respectively. The multipath time delays and the vari-
ances of the multipath gains of the HIPERLAN/2 “Model A”
channel are shown in Table II.

Throughout the simulations, a multiuser block transmission
system with 64 subcarriers is assumed. All subcarriers are al-

2Note that unitary precoders have the advantage that they do not alter the Eu-
clidian distance between the entries of any block of information-bearing sym-
bols [8].

TABLE I
CHARACTERISTICS OF THE ETSI “VEHICULAR A” CHANNEL ENVIRONMENT

TABLE II
CHARACTERISTICS OF THE HIPERLAN/2 “MODEL A” CHANNEL

ENVIRONMENT

located among the users and interleaved [8] such that the sub-
carriers assigned to the same user are as less correlated to each
other as possible. Each user is provided with
and the BPSK modulation is used.

In our first example, different precoding techniques are com-
pared to each other when no channel coding is used. This en-
ables us to study the net effect of precoding on the performance
of OFDM systems. Six different techniques are compared: the
approach where no precoding is used, the MMSE-ZF precoder
of [4], the MBER-ZF precoder of [5], the MBER-MMSE pre-
coder of [6], the Vandermonde precoder of [8], and the proposed
precoder. The precoders of [4], [5], and [6] are assumed to uti-
lize the full channel knowledge at the transmitter, whereas the
precoder of [8] and the proposed precoder use only the multipath
channel order and the average relative channel powers and de-
lays, respectively. It is also important to stress that without any
precoding, and the detection of each information-bearing
symbol is decoupled from the detection of any other symbols.
Thus, provided that a constant-modulus constellation is used,
the ML and MMSE symbol detectors are equivalent in this case.

Fig. 1 displays the channel mean cutoff rate of the afore-
mentioned precoding schemes versus the signal-to-noise ratio
(SNR) for the ETSI “Vehicular A” channel environment. It can
be seen from this figure that, as expected, the proposed linear
precoder has the highest mean cutoff rate among all the tech-
niques tested.

Fig. 2 compares the BER performances of the same tech-
niques with different symbol detectors for the ETSI “Vehic-
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Fig. 1. Cutoff rate versus SNR. First example with the ETSI “Vehicular A”
channel environment.

Fig. 2. BER versus SNR. First example with the ETSI “Vehicular A” channel
environment.

ular A” channel environment. In this figure, the performances of
the proposed, MBER-MMSE, and Vandermonde precoders are
displayed both in the cases when the ML and MMSE symbol
detectors are used. Additionally, the BER performances of the
MMSE-ZF and MBER-ZF precoders are displayed along with
the BER of the standard approach where no precoding is used.
All results are averaged over 1000 simulation runs.

Fig. 3 shows the channel mean cutoff rate of all aforemen-
tioned precoders versus SNR for the HIPERLAN/2 “Model A”
channel environment. As in the previous case, in this indoor
channel scenario the proposed linear precoder has the highest

.
Finally, the BER performances of all tested precoders are

compared in Fig. 4 in the HIPERLAN/2 “Model A” channel
case.

We can observe that our linear precoder substantially out-
performs all other techniques tested in terms of BER for both
the ETSI “Vehicular A” and HIPERLAN/2 “Model A” channel
environments. Interestingly, this conclusion is true when the

Fig. 3. Cutoff rate versus SNR. First example with the HIPERLAN/2
“Model A” channel environment.

Fig. 4. BER versus SNR. First example with the HIPERLAN/2 “Model A”
channel environment.

ML-based as well as non-ML (MMSE) receivers are used, with
the only exception for the MBER-MMSE precoder. In partic-
ular, the performance of the latter precoder is comparable to the
performance of our precoder used with the MMSE receiver. This
fact demonstrates that although the mean cutoff rate-based pre-
coder has been proposed for the ML-based symbol detector, it
also provides a good performance when applied with the sim-
pler MMSE symbol detector.

In our second example, we consider an OFDM system with
combined channel coding and linear precoding that is similar to
one described in [20]. In this example, a sequence of informa-
tion bits is first encoded by a rate 1/2 convolutional channel code
(CC) with the generator (133, 171) that is similar to one used in
the HIPERLAN/2 standard [19], [20]. The coded bits then pass
through a random interleaver of a size corresponding to 256
OFDM symbols. The bits at the output of are mapped to
the BPSK constellation symbols. After constellation mapping,
successive blocks of symbols

are linearly precoded by the matrix . As a result,
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Fig. 5. BER versus SNR. Second example with the ETSI “Vehicular A”
channel environment.

the precoded block is obtained. The precoded
symbols are interleaved by a second interleaver , which is
needed to decorrelate the subcarrier channel gains. The output
of passes through the OFDM modulator, which includes
serial-to-parallel conversion, IFFT, and CP insertion. The re-
sulting output is serialized for transmission. At the receiver, after
OFDM demodulation3 and deinterleaving , the signal is de-
coded by the ML decoder.

In Figs. 5 and 6, the performances of the following techniques
are compared: our precoder with combined coding-precoding;
Vandermonde precoder with combined coding-precoding;
entirely channel coding based OFDM technique; entirely pre-
coding based OFDM technique; and OFDM technique without
coding-precoding. The comparison is given for both the ETSI
“Vehicular A” channel (Fig. 5) and HIPERLAN/2 “Model A”
channel (Fig. 6).

As can be seen from Figs. 5 and 6, the OFDM system with
combined coding-precoding shows the best performance among
the techniques tested for both the channel environments used.
Moreover, the OFDM system with combined coding–precoding
that uses the proposed precoder outperforms the OFDM system
with combined coding–precoding that uses the Vandermonde
precoder. Note that the Vandermonde precoder has been chosen
because it shows the best performance among other existing
precoders tested in the first example. However, the performance
improvement for combined coding–precoding techniques is
achieved at the price of higher decoding complexity and longer
decoding delay.

V. CONCLUSION

A new linear precoder for block OFDM transmissions has
been proposed. Our precoder is based on the maximization of
the channel mean cutoff rate and requires only the knowledge
of the average relative channel multipath powers and delays at
the transmitter. Simulation results show substantial performance
improvements achieved by the proposed precoding technique

3In this simulation, hard-decision demodulation is used.

Fig. 6. BER versus SNR. Second example with the HIPERLAN/2 “Model A”
channel environment.

relative to the existing linear block precoders. The proposed pre-
coding technique can be readily generalized to the MIMO case.
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