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Abstract In this paper, we are concerned with the 3D compressible Hall-magnetohydrodynamic
system in the whole space. We prove the global existence and temporal decay rates of the
solutions to the system when the initial data are close to a stable equilibrium state by using

a pure energy method.
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1 Introduction and main results

In this paper, we consider the following 3D compressible Hall-magnetohydrodynamic

equations [1]:
Op + div(pu) = 0,

O¢(pu) + div(pu ® u) — pAu — (A + p)Vdivu + Vp = (V x B) x B,

((VXB) xB) (1.1)

B -V x (ux B)4+vV x(VxB)+V x =0,

divB = 0,

where p(t,x), u(t,z), B(t,z) denote, respectively, the density, velocity, and magnetic field.
p = p(p) is pressure satisfying p/(p) > 0 and for all p > 0. The Lamé coefficients p and A
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satisfy the physical conditions
w>0, 2u 43X >0, (1.2)

which ensures that the operator —uA — (A4 p)Vdiv is a strongly elliptic operator and v > 0
is the magnetic diffusivity acting as a magnetic diffusion coefficient of the magnetic field. In
this paper, we are concerned with the Cauchy problem of the system (1.1) in RT x R? subject
to the initial data

(p,u, B)|t=o = (po, uo, Bo)- (1.3)

In many current physics problems, Hall-MHD is required. The first systematic study
of Hall-MHD is due to Lighthill [25] followed by Campos [3]. The Hall-lMHD is indeed
needed for such problems as magnetic reconnection in space plasmas [19, 22|, star formation
[2], and neutron stars [27]. A physical review on these questions can be found in [26].
Mathematical derivations of Hall-MHD equations from either two-fluids or kinetic models
can be found in [1] and in this paper, the first existence result of global weak solutions
is given. Comparing with the usual MHD equations, the Hall-MHD equations have the
Hall term V x (W), which plays an important role in magnetic reconnection. When
p = const, system (1.1) becomes the incompressible Hall-MHD system, which has received
many studies, see [1, 4, 5, 6, 13, 14, 17, 36, 37, 38]. When divu = 0, system (1.1) becomes
the density-dependent Hall-MHD system, which has been investigated by many authors, and
for more details, see [12, 18].

When the Hall effect term V x (W) is neglected, system (1.1) reduces to the well-
known MHD system. The blow-up criterion, issues of well-posedness and dynamical behaviors
of the solution to the MHD system are rather complicated to investigate because of the strong
coupling and interplay interaction between the fluid motion and the magnetic field. In spite of
these, important progress has been achieved in recent years on the mathematical analysis of
these topics for the MHD system. For incompressible MHD equations, many problems have
been investigated including the blow-up criterion, the uniqueness of weak solutions and the
well-posedness of the smooth solutions, and for more details, see [7, 8, 9, 10, 15, 16, 21, 39, 40]
and the references therein. On the other hand, there are also many results regarding the global
existence of the solutions and the decay of the smooth solutions to the compressible MHD
equations, see [23, 24, 28, 35]. It is well known that the study for optimal decay rates of
the solutions to the fluid dynamics equations is interesting in mathematical analysis. Indeed,
the decay rates of the solutions are very important topic in the study of the fluid dynamics

equations for the purpose of scientific computation. There are many fruitful results on the



optimal decay rates of the solutions close to a constant state for all sorts of fluid dynamics
equations, and for details see for example [11, 28, 29, 30, 32]. On the study of decay rates
for compressible MHD equations, Umeda, Kawashima and Shizuta [28] studied the global
existence and time decay rates of smooth solutions to the linearized 3D compressible MHD
equations. Recently, the global existence and optimal decay estimates of smooth solutions to
the 3D compressible MHD system were obtained in [24] when the initial data are close to an
equilibrium state and belong to H?(R3) N L}(R2). Tan and Wang [35] obtained the optimal
decay rates of the 3D compressible MHD system by pure energy method. However, to the
best of our knowledge, very few results have been established on the dynamics of the global
solutions to the 3D compressible Hall-MHD system, especially on the temporal decay of the
solutions. Very recently, Fan et al. [13] first obtained the global existence and the optimal
decay rates for the 3D compressible Hall-MHD equations (1.1) where the initial data are close
to an equilibrium state and belong to H3(R3) N L'(R3). In these known results mentioned
above (See, [13, 24, 28]), L'(R2) integrability plays an important role in the proof of the
optimal decay rates based on the spectral analysis of the semigroup. In general, for evolution
equations in which L?(R3) based norms can be propagated by the solution, it is common to
make a bounded assumption on the L!(R2) norm of the initial data and combine this with
L?(R3) type estimates in order to obtain large time decay estimates. Unfortunately, it is
often the case that propagating bounds on L!(R?) norms is difficult along the time evolution.
This can cause severe difficulties in applications because one could improve existing theories
by showing that an L'(R32) type norm is small or bounded after a finite but large time 7' > 0,
and then applying the aforementioned decay theory. A nature question is what may happen
about the temporal decay rates of the global solutions to the 3D compressible Hall-MHD
equations (1.1) if the initial data belong to an L?*(R2) based spaces. The goal of this paper
is to give a answer to the questions mentioned above. Our main ideas are based on a pure
energy method recently developed by Guo and Wang. Compared with the known results of
the optimal decay rates for the compressible Navier-Stokes equations [20], the main difficulties
are much more complicate nonlinear terms and the Hall effect term in the system (1.1).

Now we state our main results as follows:

Theorem 1.1 Assume that (po — 1,ug, Bo) € HY for an integer N > 3. Then there exists a

constant dy > 0 such that if
[(po — 1, u0, Bo)ll s < o, (1.4)

then the Cauchy problem (1.1)-(1.3) admits a unique global solution (p(t),u(t), B(t)) satisfy-



ing that for allt > 0,

t
lp(t) = 1w + + 1 (w, B) ()7~ + /0 Vo) s + IV (u, BY () dr

< C (lpo — U3 + Il (w0, Bo)ll3w) -

(1.5)
Theorem 1.2 Under all the assumptions of Theorem 1.1, moreover, if (po—1,ug, By) € H—s
for some s € 10,3/2), then for all t > 0,

lp(8) = 1%, + | (u, BY()[[F-. < Co, (1.6)
and

(£+s)

1
IV () | =t + [V (u, B) ()| yv—e < CCZ(1+8)" 2 for —s<{<N-1.  (L7)

Remark 1.3 Note that LP — H~° with s = 3(% —3) €1[0,2). Then by Theorem 1.1, we
have the following LP — L? type of the temporal decay rates. Under the assumptions of the
Theorem 1.1, if we replace H—s assumption by po — 1,ug, Bo € LP for some p € (1,2], then

the following decay result holds
0 0 1 _§(1_1)+£
Vo) gv—e + ||V (u, B) ()| e SCCOQ(l-l-t) 2\p2)72 for —s< < N-—-1. (1.8)

Remark 1.4 Notice that we only assume that the H3 norm of initial data is small, which

the higher order Sobolev norm can be arbitrarily large.

Remark 1.5 Compared with the known result [13, 24], our results only need the conditions
that the initial data are close to a constant equilibrium state in H3 framework and remove
LY(R3) integrability. Furthermore, we also obtain temporal decay rates for the higher-order

spatial derivatives of the solutions.

Remark 1.6 Compared with the known result [24, 35], our result need deal with much more

(VXB)xB)_

complicated Hall effect term V X ( -

Notaions. We denote by LP, W™P the usual Lebesgue and Sobolev spaces on R? and H™ =
W2 with norms ||-||ze, ||+ ||wm.» and ||-||gm respectively. For the sake of conciseness, we do
not distinguish functional space when scalar-valued or vector-valued functions are involved.
We denote V = 9, = (01,0s,03), where 0; = 0., V; = 0; and put d.f = VIf = V(VI7Lf).
We assume C' be a positive generic constant throughout this paper that may vary at different

places.



2 Preliminaries and Lemmas

Before we present the energy estimates method, we recall the following useful Lemmas
which we will use extensively in this paper.

First, we will review the Sobolev interpolation of the Gagliardo-Nirenberg inequality.

Lemma 2.1 [33] Let 0 < m,a < {,p > 1, then we have
IV Flle S IV A1V F G2 (2.1)
where 0 < 0 <1 and « satisfy

b5 (- 5)a-ne (-9

Lemma 2.2 [35] Assume that ||p|lzr <1 andp > 1. Let g(p) be a smooth function of p with

bounded derivatives, then we have for any integer m > 1
IV™(g(p))le < CIIV™p| Lo

Lemma 2.3 [31] Let m > 1 be an integer and define the commutator
V™, flg =V"(fg) = fV"g.

Then we have

V™, flglle < CUVFlle [V gllzee + [V fllzes lgllzes),

where p,pa2,ps € (1,+00) and

1 1 1 1 1

p P1 D2 b3 P4

In order to establish the negative Sobolev estimates, we should review the following useful
Lemmas related to the negative Sobolev norms. Here, we first introduce some necessary

definitions.

Definition 2.4 The operator A®,s € R by
N f) = [ IR e (2.3

where f is the Fourier transform of f.



Definition 2.5 The homogeneous Sobolev space H® of all f for which || fll gs is finite, where

1F s == IA° Fll 2 = (11EJ F 2

We will use the non-positive index s. For convenience, we will change the index to be “—s”
p ) g

with s > 0. We will employ the following special Sobolev interpolation:

Lemma 2.6 [20] Let s > 0 and ¢ > 0, then we have

01 A —s 1
IV flle < IV ISP IAT f1192, where 6 = TTi+s (2.4)
Lemma 2.7 [3/] Let 0 < s<3, 1<p<qg<oo, 1/qg+ s/3=1/p, then we have
A Fllza < Ol fllLe. (2.5)

3 Reformulation of the Original System (1.1)

In this section, we first reformulate the original system (1.1) into a different form. For

the magnetic field B, we have the following identities:
V(IBI*) =2(B-V)B+2(V x B) x B,
V x (V x B) =VdivB — AB,
and
V x (u x B) = u(divB) — B(divu) + B-Vu —u- VB = —B(divu) + B - Vu —u - VB,

for divB = 0.
Without loss of generality, we will assume that p = 1, and denote that ¢ = p — 1. Then,
in term of the new variables (¢, u, B), system (1.1)-(1.3) becomes
( O;c + divu = f,
ou— Au+Ve=g,
OB —vAB = h, (3.1)
divB =0,

\ (C7 u, B)|t=0 = (COa Uug, BO)a

where

f=—cdivu —u - Ve,
1
g=—u-Vu— Li(c)Au+ Ly(c)Ve — L(c) <§V]B|2 - B- VB),

h=—B(divu) + B-Vu—u- VB~V x (Lg(c)(v x B) x B),
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in which

A= pA+ AN+ p)Vdiv, Li(c) =

1+e¢

4 Energy estimates

As a classical argument, the global existence of solutions will be obtained by combining the
local existence result with a priori estimates. Since the local strong solutions can be proven
by [13], global solutions will follow in a standard continuity argument after we establish a

priori estimate (1.5). We assume that that
1o — L, Bl < 0 < 1, (4.1)

which is equivalent to

I(c,u, B)||gs <0 < 1. (4.2)

Here g ~ 0 is small enough. This, together with Sobolev’s inequalities, implies in particular
that
[(c,u, B)||1ee < C6. (4.3)

Furthermore, we have
1L1(c)l, [La(e)] < Cle|,  |Li ()], [La(e)l, | La(e)], [Ls(e)] < C. (4.4)

Lemma 4.1 Under the priori assumption (4.2), then for k=0,1,--- N — 1, we have

1d
§£IIV’“(C7U’B)II%2 +C|V* (u, B)[72 < C8||[V** (e, u, B) |72 (4.5)
Proof. Applying V* to the first three equations of (3.1) and multiplying them by V¥¢,V¥u,
V¥ B respectively, and then integrating them over R3, we get
1d
2dt
= (VEf,VFe) + (VFg, VFu) + (VFR, VFB) (4.6)

IV¥(c,u, B)||72 + pl|VF )2 + (4 M) | VEdivu| 72 + v|| VB[,

EII+IQ+I37

where (-,-) denotes the inner-product in L?(R®). We first bound the second term and the
third term in left-hand side of (4.6) as follows

plIVE e + (n+ N[VEival 7. > C| [V |7, (4.7)

since the constraint (1.2).



Then, we shall estimate each term in the right-hand side of (4.6) term by term. The key
point is that we will carefully interpolate the spatial derivatives between the higher-order
derivatives and the lower-order ones to bound these nonlinear terms in the right-hand side of
(4.6).

Firstly, we should consider one special situation when £ = 0. By Hoélder’s inequality,

Young’s inequality together with Sobolev’s inequality, we obtain

I < lellgsllull sl Vell Lz + llell s I Vull 2|l s

(4.8)
< Cs(|Vell72 + || Vul72).
Similarly, for Is, we have
I < lullpsllull s [[Vul 2 + (L1 (c)Au, u)| + [(La(c) Ve, u)| + [(La(c) (B - VB), u)|
P(c+1)
< 2 _c _c R SV
< CO|| Va2 + | (V=) Vuu) | + | (= Vo, V) + [(( ira ~UVe )
1
—(B-VB
+‘<1—|—c( v )’“>‘ (4.9)

< OOl V|22 + C||Vel| o[Vl 2 ]l o + Cllell = [ Vull72 + Cliell s [l s [ Vell 2
+ ClBl sV B[ 2]l s
< Co(IIVellze + [IVullZz + 1V BIIZ:).
For I3, integrating by parts, and then employing Holder’s inequality, Young’s inequality

together with Sobolev’s inequality, we get
I < ‘<(—U-VB — divuB — V x (Ls(c)(V x B) x B)),B>‘

< lull oIV Bllz2 [ Bls + 1Bl o [ Vull 2 Blls + |{ (La(e)(¥ x B) x B),V x B))| o)

< C(IIUI!LGIIVB\IL2\|B|!L3 + Bl s IVul g2 1Bl s + ||VBHL2HB”L°°HVBHL2)
< Co(IIVullze + IVBIZ2)-

Hence, putting (4.8)-(4.10) into (4.6), which immediately yields (4.5) for k£ = 0.
When k£ > 1, we estimate these nonlinear terms by the right-hand side of (4.6) as follows.

First, we bound the term I; by Holder’s inequality and Leibniz’s formula,

L= | —V¥ecdivu)VFieds — | VF(u-Ve)VFinda
R3 R3

= —VFdiv(cu)VFedz = VF L div(cu) VFHedz
R3 R3
< Y GV |2 [ VEF el
0<I<k
<C DY VieVE |2 VEe| e
0<I<k

(4.11)



Ifo<i< [g], using Holder’s inequality, Young’s inequality and Lemma 2.1, we obtain

L<C S Vel gl VTl o VF el 2
0<I<k
< OV b F[VF | 5, [ ull [ VA o [+ e o (4.12)
< C(IVFe|32 + [ VE  ull3,),
where « is defined by
I 1 y/a 1 l k+1  1\!
373" (3‘22(1—k)+(§—2)k

ﬁazl—me {0,%}, since 0<I1< [g]

If [%] + 1 <l <k, by Holder’s inequality, Young’s inequality and Lemma 2.1, we conclude
that
L<C Y VeIV ull o Vel 2

0<I<k
-5 &= yn 1- 4 4.13
< Cllellsa T [ TEH | ET Vo T [l 5 [T (4.13)
< Co(IIV*He)a + IVF )| 72),
where « is defined by
k—1 1_<a 1)l+1 (k‘+1 1)(1 l+1)
3 3 \3 2/k+1 3 2 k+1
k+1 1 k
- 7,1}, i H 1<I<k
— 2(l—|—1)€[2 since 5 +1<1<
Combining (4.12) with (4.13), we obtain
L < CS([|[VFHe)2s + [V alf2,). (4.14)

Next, we bound the terms Is and I3. By integrating by parts and Holder’s inequality, we

have

—V¥w-VB)V*Bde = | V¥ Y(u VB)V*"'Bdz
R3 R3

<V (u- VB) |2 |VFBlla < Y Chy V'V B o[V B2
0<i<k—1

<C > |VuVFIB| | VF B ..
0<I<k—1

Ifo<i< [k—gl], by Holder’s inequality and Lemma 2.1, we get
IV uV B 2 [ V1B g2 < [V ull sl V7 Bl o[V B 2
1—L 1 L 1—L
< |Vull 2 IV | L VB IV B 2 VB

< OO(IIVF |22 + IVHH B 2),

9



where « is defined by

3= G- D0 (52D
:>0z:1—2(kk_l)€<0,;], since 0<I[< [%]

If [%] +1 <1< k-1, by Holder’s inequality and Lemma 2.1, we have

IV uV* B 2|V B 2 < (19| 16 IV* B 13 [ VB 2
1— L L L 1-L
<l e TV | VOB E VR B o F [ VET B 2

< CS(|VH ull7, + [IVFHB]7.),

where « is defined by
o= Gogen G )0 0)
:>04:2Z—:_11) € <%,1}, since [%}+1§l§k—l.

Combining the above estimates, we conclude that

~V¥(u-VB)V*Bdz < C5(|V*ul32 + |V B3,). (4.15)
R3
Similarly, we have
—V*(u - Vu)VFude < C5||VF a2, (4.16)
R3
(4.17)

—~V¥(divuB)V*Bdx < C5(||VF |3, + [ VFH B 32).
R3
By doing the approximation to simplify the presentations, we have

/ —V*(Li(e)(pAu + (A + p)Vdivu)) VFudr ~ / VA (L (6)V20) Vi L uda
R3 s

< VL@V 2V ulle < ) CLog IV Lu(@) V| g2 V94 e
0<I<k—1

<C D VLUV | o[V 2
0<I<k—1
In order to bound the above term, we shall discuss it in the following cases:
i) For [ = 0, since |Li(c)| < C|c|, by Hoder’s inequality and Sobolev’s inequality, we have
1L () VP ul| 2 [ VE a2 < (| La (€)oo ||Vl 2 [ VE | 2

< COllellzoe IVl g2V ] e

< C3||V 7.

10



ii) For [ = 1, since |L(c)| < C, by Hoder’s inequality and Sobolev’s inequality, we obtain
IV (&) V| 2 [V 2 < [ Ly () VeV ul 2| VFH 2
<L) Vell s [V ull o[ VF a2
<3|z [ Vell o V5 ]| 2 [ V5 ] 2
< OOV a2,
i) For2<l<k-1If2<1< [%], by Hoder’s inequality, Young’s inequality, Lemma 2.1
and Lemma 2.2, we get
IV L () V| 2| V7 | 2
< IV (@)= [V | 2| V9 | 2
< IV el 2 IVH el Lo Tul 1l o
< CO(IVFe|Za + IVF 1 22),
where « is defined by
l a 1 l E+1 1\
§=(§‘§@f@)+0§*‘ﬁ%

:>a:1+2(kk_l)6 <g,2], since 2<1[< [g}

If [%] +1 <1< k-1, by Hoder’s inequality, Young’s inequality, Lemma 2.1 and Lemma 2.2,

we have
IV Ly (e)VF | 2] [ V9 ]
<V Ly () 2 IV | oo [ V9 | 2
L5 G T ey, (| ok, | okt
< CO|Vell 2 * IVl 5 IVOull 5 IVl F IV |2
< CS(IV* el 7z + [VF 1l 72),

where « is defined by

S G- DE e (- D01

k
= a=1+ ,2}, since [§}+1§l§k—1.

>
m
~
N W

21— 1)

Thus,

X . k
/RS —VF (L1 () (uAu + (A + p)Vdive)) VEudz (4.18)

< CS(IVFH )7 + [V u)|7,).

11



Next, by integrating by parts and Hoder’s inequality, we obtain

/—Vk(Lg(c)Vc)Vkuvdx:/ V= (Ly(e)Ve) VFH uda
R3 R3

< IVE Lo Vo)l 2 IV ullpe < Y Chy IV La(e) VA el 2]V
0<I<k—1

<C Y VL)V el 2|V ) e

0<I<k—1

Similar to the estimate (4.15), we get
/ —V*(La(c)Ve) VFudz < CS(|VF |2 + [ VEH u|32). (4.19)
R3
Next, we bound the term [z —V¥(L3(c)(3V|B|? — B - VB))V*u as follows.

/ ~V*(Ls(c)(B - VB))VFudx = / VY (L3(c)B - VB)V* udz
R3 R3

< Y GV VB VB) || VF |2

0<I<k—-1

<C > V'LV N B VB[ VF e
0<i<k—-1

We shall discuss it in the following cases:

Ifo<i< [g], by Holder’s inequality, Lemma 2.1 and Lemma 2.3, we obtain
IV Lo(@ V1B - VB) 12 < [V La(c) | 15| VE2 (B - VB)|ps
< CIVells VB - VB))| 2
< OVl * V5|, (1B - V5V Bl 2 + V4, BIV B 12)
< CIVoel b [Vl 5, (1Bl + [V Bl o) V51 B 1o
< CIIV@el7 * IV el &, [V B 5 VLB,
< CO(IVH*ell g + V5B 12),
where « is defined by
P G-De-H -
:>a:1—7)€ [0,%}, since 0<[< [g]

If 5] +1 <1< k-1, we have
IV' Ls(c) V¥ (B - VB)|| 12 = |V (L3()Ve) VI (B - VB)|| 2
> OV Ly(e) VeV (B VB) |1

0<m<I-1

<C Y IVLy(0VImeVHB VB e
0<m<l—-1

12



For m =0, from Lemma 2.1 and Lemma 2.3, we get
IL3(e)V!eVE Y (B - VB)| 12 < C|[V'e|| 15|V "H(B - VB)| s
< CO(IV* ) 2 + IVFH B 2).
For 1 <m <[ —1, from Lemma 2.1 and Lemma 2.2, we obtain
V™ Ly (c) VeV =Y (B - VB)|| 1>
< OV Ly(e) || Vel b [VE (B - VB) |12

< OVl Vel 1o [VETTHB - VB) | 2

m-‘,—l 'm-‘,—l l-m—1 l-m—1

1——12 2 1——— 2 2
<OVl IV el LT ORIV el V(B VB

1
< OOV el 12 (I1B - V' Bl + [[[VF' 7, BIVB|2)
1
<GSV el 5t (VMBI 2 + IV 1Bl 2)
1 i 1 -1
< OOV el 2 (IV2BIl 2" + VOBl 2 ) IV B, *
< C5([VEH el 2 + [[VFHIB 2),

where « is defined by

oGt (D))

:>a:2—$e(0,1}, since [g]ﬂngk—L

Thus

[~V @B - VB) Phuds < C5 (19 el + 94 ul + [ V51 BI)

Finally, we bound the term [p; —V*(V x (L3(c)((V x B) x B))V¥Bdz as follows
/ —V*(V x (L3(c)((V x B) x B))V*Bdz
R3

— / ~V*(Ls(c)(V x B) x B)V**'Bdx
R3

< Y. CGlV'Ls()V* (B - VB)| 12| V¥ Bl 2
0<i<k

<C Y |V'Ly(0) V(B - VB)|| ]| V* B 2.
0<i<k

We shall discuss it in the following cases.

13
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fo<i< [g], by Holder’s inequality, Lemma 2.1, Lemma 2.2 and Lemma 2.3, we get
IV'Ls(c)V* (B - VB)| 2 < [V Ly(e)l| 1= [IV* /(B - VB)|| 2
< C|V'e| = |V H(B - VB)| 2
< 7l IVl (1B - 9V Bllga + [V, BIV B 12)
< C||V%||;%HV’““eH%Z(HBHLm +[[VB| ) V¥ B 2
< 7l IVl L IV Bl IV Bl
< Co([V** el 2 + [V*HB] 2),
where « is defined by
l a 1 l E+1 1\
3 (3‘5)(“%)*(%‘5)%

€ {1,%}, since 0<I[< [g]

If [%] + 1 <1 <k, by Holder’s inequality, Lemma 2.1 and Lemma 2.3, we obtain
IV Ly() V(B - VB)| 2
< |V La()l 1o IVF(B - VB) I
< CIVellyo VB - VB)| s
< CIVell S IVF2e| £, (1B - V¥ B s + [V, BIVB] 1)
< CIVell 2 F IVl & (1Bl o IV B o + IV Bl 1o | V5 Bl o)
< CIVell 2 IVl &, (1Bl o | Vo B IVF+ B 1 *
T IVBIsIIVBIE IV B 1 )
< O5(|IVFe| 2 + [[VFT B 12),
where « is defined by
S RGO
:>a:1+§6 [2,3), since [g} +1<I<k.

Thus,
/RS —V*(V x (L3(c)((V x B) x B))V*B < Cs(|[V* |3 + |[VFHB|3.). (4.21)
From (4.15)-(4.21), we have
I + I < O8I+ elZa + [VF+ a2 + V5 B.). (422)
Combining (4.6), (4.7) and (4.14) with (4.22), which immediately yields (4.5).
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Lemma 4.2 Under the priori assumption (4.2), then for k=0,1,--- N — 1, we have

Ld

S IV (6w, B) 32 + CIVS2(, B3 < Co (19" (e,u, B3 + V942w, B)2).

(4.23)

Proof. Applying V**! to the first three equations of (3.1) and multiplying them by V¥*!c,

VFktly, VETLB respectively, and then integrating them over R3, we get

1d .

§£HVH1(07 u, B) |72 + pl VFPull7z + (n+ )|V diva| 7. + vV B2

— <vk+1f’ vk+lc> + <vk+lgjvk+lu> + <vk+1h7vk+lB> (424)
= IIl —+ IIQ —+ 113

We first bound the second term and the third term in left-hand side of (4.24) as follows
IV 2ull7e 4+ (u+ N [VH dival 72 > OVl 7, (4.25)

due to the condition (1.2).
We shall estimate each term in the right-hand side of (4.24). First, we bound the term

11; as follows,

I =— | VF(u.-Ve)VFieds — VA (edivu) Vi edz
R3 R3 (4.26)
= IIll + II12.

Integrating by parts and using Holder’s inequality, Young’s inequality and Lemma 2.3, we
get
I, = —/ [VFHL ) - VeV eds — / w- VeV edr
R3 R3
< C(IVull L V¥ el g2 + Vel o< [Vl 2) [ V7 el 2
1
- / u- V|V e2de
2 Jrs
< C(IVull e V¥ el g2 + Vel o< [Vl 2) [ V7 el | 2
1
—i—/ divu|V* 2 da
2 Jgrs

< O5([V* el e + IIVF | Z2).
I = —/ [Vkﬂ,c]divuvkﬂcdx—/ c- VVF Iy indy
R3 R3
< C(IVellp IVl g2 + 1Vl e [V el 12) [V el 2
+ el Vel 21 VE 2l 2

< CO(IIVFFellze + [IVE  ull 2o + V9 2u22).
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Combining the above estimates with (4.26), we conclude that
IL < (VR el 2y + | VF ) 2s + VT 2u)2,). (4.27)

Next, we shall bound the term Ils. Integrating by parts and using Hoélder’s inequality,

Young’s inequality and Lemma 2.3, we have
IIy = / VR (4 - V)V ude
R3

= —/ (VAL ) - VuVFEF uda —/ w- VALV Ly da
R3 R3
< C(IIVull oo [V | g2 + 1Vl oo [ V5 ] 12 ) [ V9 2
1
— / w- V|VF | 2de
2 R3
< C(IIVull oo V5 | g2 + 1Vl oo [ V5 ] £2) [ V9 ] 2
1
—I—/ divu| V* |2 da
2 Jgrs
< C3|[ V" 7.
Employing the approximation to simplify the presentations, Holder’s inequality and Leib-

niz’sformula, we have

1122 ~ / vk+1(L1(C)v2u)vk+1ud:p — Vk(Ll(C)VQU)Vk+2udm
R3 RS
< VR (&) V20) | 2|V 2 g2 < D7 CHIVILy () VE 20 2| V920 2
0<i<k

<C Y IVIL(0) VF | 2]V e
0<i<k

To bound the above term, we divide it into the following three cases:
i) For [ =0, since |L1(c)| < C|c|, by Hoder’s and Sobolev’s inequalities, we have
L1 (e) V20| 2 [V* 20l 2 < ([ La(e) | oo | V20| 2 [VF 20| 2
< Cllellze [ V**2ul| 22
< 8| VF2ul 25
ii) For | = 1, since |L}(c)| < C, we obtain
IV Ly (&) VF 2] 2 [ V2| 2 < [IL) () VRV o 2 [ V420 2
< Ly () Vell s IV al o [ V42 2
< Ly ()l Vel 231V 2ul| 2|V 2| 2

< C6||VH 2l 3.
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iii) For2 <1<k If2<i< [%], by Hoéder’s inequality, Young’s inequality, Lemma 2.1 and
Lemma 2.2, we get

IV La(e) V20| 2] | V9 2| 2

<V LA (@) V20| 2| V7 20| 2

S okl R LA k2 R ok2
(0%
SOOIV 2 IV el T IVull e BT IVET R 5 [V |

< Co([|[V*H |72 + [V**2ull?2),
where « is defined by

1 (g })kz—l+1 (k:+1 1)(1_k3—7l+1>

3 3 2) k+1 3 2 k+1
3(k+1) /3 _ k
== « 20k — 1+ 1) S (2,3), since 2<[< [2}

If [g] + 1 <1 <k, by Hoder’s inequality, Young’s inequality, Lemma 2.1 and Lemma 2.2, we

have
IV Ly () V20 12] [ V920
< IV L1 ()| 2 [ VP20 poo [ VF 20| 2
-5 Okt 5 o (| ok42, 1 k42
< C|Vell 2 * IVFell 5 IVl 5 [[VE 2l F IV |2
< CS(IVFHe| s + IVE2u)3,),

where « is defined by

bt (2 il (BB B

k
— a = —1—26(;3}, since [§}+1§l§k.

2(l-1)
Thus,

Iy < CS(| V¥ |72 + (IVF2ull72).

Next, we bound the term [Il>3. Integrating by parts and employing Hoder’s inequality and
Leibniz’s formula, we conclude that
Il = / —VH(Ly(e)Ve) Vi ude = [ VF(La(c)Ve) VFH2uda
R3 R3

< IVH(La(@) VOl 2V Pull 2 < ) 7 GV La(e) VF el 2 VF 2] 2
0<I<k

<C Y V'LV el 2 V2 .
0<i<k

In order to obtain the estimate of the above term, we shall deal with it in the following cases:
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i) For [ = 0, since |La(c)| < Clc|, by Hoder’s inequality , Sobolev’s inequality and Young’s
inequality, we have
1L2(e) Vel 12 [ VE2ul 2 < (L1 (0) oo [V el 2 [ VFF 20 2
< Cllef oo [IV* el 2 VFF 2]l 2
< Co(IVM el + IVF2ull?,).
ii) For | = 1, since |Ly(c)| < C, we obtain
IVLa(e) Vel 2| VF2ull 12 < (| Lo (e) VeV e| 12| V¥4 2ul| 2
< | La(e) Vel sl VEel| o]V ul 2
< Lo (@)l 2o Vel sl V5 el 2 V20 2
< Co(|IVHelge + [V 2ullZ2).
iii) For2 <[ <k If2<I1< [g], by Hoéder’s inequality and Young’s inequality, Lemma 2.1
and Lemma 2.2, we get
IV La(e) V* e 12|V 2| 2
< IV La(0) | oo [ VE el 12|V 2

1A L5t k1 T k2
2 C Vel B IVET el 5 IVl e

k-l
< OVl 5 [[VFe]
< Co(|VHHelf72 + [V**2ull72),

where « is defined by

- G- - D65

b E(%,Q], since 2§l§[§]

=1
— +2(k:—l)

If [g] + 1 <1 <k, by Héder’s inequality and Young’s inequality, Lemma 2.1 and Lemma 2.2,

we have
IV Ly () VF 1 e 12| V20 2
<V Lo ()| 2 IV e oe [ V92| 2
-5 k1 5 (TR E
S COIVellp ® IVF el 5 [Vl 5 IVF el e * IV ul e
< C5(IV** el fz + V42l 22),
where « is defined by
k—Il+1 (g_})l—1+(kz+1 _1)(1_l—1>
3 - \3 2/ k 3 2 k

:>a:2(lk_1)+1€(3,2}, since [§}+1§l§k.
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Thus,
Iz < CS(IVFHe||7 + [V 2u))32).

For the term I1s4, we have

1124:/ —Vk+1(L3(c)(B-VB))vk+1ud$:/ VF(Ls(¢)B - VB)VF2udz
R3 R3

< Y CGlV'Ls()V* (B - VB)| 12| V¥ 2u| 2
0<i<k

<C Y V'LV (B - VBl 2| VF Pl 2

0<i<k
Using Holder’s inequality, Lemma 2.1 and Lemma 2.3, we obtain
IV Ly() V(B - VB)| 2
< IV L5 (@)ll s IV*(B - VB)|I 15
< CI[Vel| VB - VB)| s
< CIVeli [V el £, (1B - VEH1B | s + [V, BIV B 1)
< CIIVella IV ellE, (1Bl o V5 Bll o + [V Bl ol V< Bl o)
< CIVelb IV el £, (1B 1o | V2B [ VF 2B 1
+ VB VB V5B L )
< CO(IV** el + [VEH1B] 2 + [ VF2 B 12),

which implies that
g < C§(|IV5 el 7 + IV 2ul 72 + VP2 BI[72 + [ VFH1 B 22). (4.28)
From the above estimates, we have
I < C5(|[V* el 2o + IV 2o + IV 222 + IV B T2 + [VFF2BII.). (4.29)

Finally, we bound the term IT3. Here, we first deal with the term [, —VhkH (VX (Ls(c)((V x
B) x B))VF*1Bdxz. We shall discuss it in the following cases:
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fo<i< [%], using Holder’s inequality, Lemma 2.1, Lemma 2.2 and Lemma 2.3, we

obtain
/ —V*(V x (L3(e)((V x B) x B))V*"' Bdx
R3
— / ~V*(Ls(c)(V x B) x B)V*2Bdx
R3

< Y Gl V'iLs()V (B - VB)| 12 VF2B 12

0<I<k

<0 3 IVLs(e)| < [VEHYB - VB)| 12
0<i<k+1

<C D V= VB - VB2 VF B 1
0<I<k+1

< CIVoe| b [V 5, (1B - V5V B o + (VA BIV B 12) V2B 2
< OVl IVl 5 (1Bl + [V Bl o) V52 B 1o [ V52 B 1o

< OVl F IV el| V2B V2B 5 * [ VF 2B

< C5(|VF*Hell7z + IVFF2B|122),

where « is defined by

= G-2)0-0)+ (5 -2

k
+

1 k+1
2 "2k

3
€ [1,§>, since 0<I[< [T]

_— =

If [%] +1 <1< k+1, from Hélder’s inequality, Lemma 2.1, Lemma 2.2 and Lemma 2.3,

we get

VRV x (Ls(c)((V x B) x B))V*™ Bda
RS

= [ —V*(L3(c)(V x B) x B)V*"?Bdx
R3
< Y Gl V(B - VBV Ly (o) 12| VF2 B 12

0<i<k

<C Y IV | V(B - VB)| 12 VFY2 B 12
0<i<k+1
1

L 1—-L
< OVl iz IV el 2 " (1B - VBl 2 + (IIV', BIVB| 12) [ V2B .2

!

L 1—-L_

< CIVeell gz IV el " (1Bl e IV Bll 2 + IV B sl V' Bl 16) [V* 2 Bl 12
L 1—-L

< OIVeel 2 IVF el 2 " (1Bl + IV Bllps) VB 2| VF2 B 2

1 1—-L 1——L L
< OVl IV el 2 T (IBllzee + IV Bl ) IV Bl 2 IV B IV B 2

< Co([VEelze + IV BIIZ:),
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where « is defined by

k_?l)ﬂ_;:@_bkL (kﬂ %)( k+1>
:>04:3(k2j;1)€[2,3], since [%}Slﬁk—i—l

The estimates of the others in II3 are similar to the argument of the term Iy, we omit it.

Thus,
I < CS(|[V* el + IVl 2 + VF2ullZ2 + [VF B F: + [VF2B7:). (4.30)

In light of (4.24),(4.25), (4.27), (4.29) and (4.30), we deduce (4.33) for 0 < k < N — 1.

In the following lemma we give the dissipation on c.

Lemma 4.3 Under the priori assumption (4.2), then for k=0,1,--- ,N — 1, we have

d
7 | VFuV*edr + O||VF )2, < C(||Vk+1(u, B)|12, + [|[VF 2 (u, B)|[3.). (4.31)
R

Proof. Applying V* to the second equation of the system (3.1) and multiplying it by V*+lc,

and then integrating it over R3, we obtain that
IVH+1e)2,
= (=VFu, VFLe) — (VF Au, VL) 4+ (Vg VEFLe) (4.32)
=11L+ 111+ I115.

Notice that the first term I11; in the right-hand side of (4.32) involves the time derivative;

thus, by the first equation in the system (3.1) and integrating by parts for both the t— and

x— variables, we conclude that

I = (—VF*u, Vile) = — [ VFu, V- leda
R3
= —% VEuVFEFedr — deivuvkctdx
p R R (4.33)
= —— VEuVF L edr + VEdivu vk (divu + div(cu))dx
dt Jrs R3
d

= —— [ VFuVFledz 4 | VFu| 2, +/ VEdivuVFdiv(cu)dz.
dt R3 R3

By similar argument for the proof of the estimate (4.14), we bound the last term of the right
side of (4.33) as follows

VEdivuVFdiv(cu)dz < ||VF(cu)|| 2| VF 2| 2
R3

<C Z [V eVE | 12 || VF 20| 12 (4.34)
0<I<k+1
< CS(IVF ellZa + [V )32 + (IVF2ull72).
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Combining the above estimates with (4.33)-(4.34), we have
I, < —% g VFuV*edr + C|VF |2, + O || VR 2|2, + C8||VF e|2,.  (4.35)
By integrating by parts, Holder’s inequality and Cauchy’s inequality, we have
111, < Ce|VF |2, 4+ C||VF 2ul2,. (4.36)
Finally, similar to the estimate of the term Is, we have

11T < CS(IVFHe|| 2 + [V )72 + [VFH B2 + | VF P2 BI[7,). (4.37)

Putting the estimates (4.35), (4.36) and (4.37) into (4.32), we conclude (4.31) since § and ¢

are small.

5 Negative Sobolev estimates

In this section, we will derive the evolution of the negative Sobolev norms of the solution.

Lemma 5.1 For s € (0,1/2], we have

d -5 |2 —s,.12 —s |2 —s 2
0t oo (|A e+ A %u|* + |AT°B| )dx—l—C'HVA (u, B)||72 (5.1)
< OI(Ve,Vu, VB) |3 (IA el e + A" ull g2 + |AT5B]| 12);
and for s € (1/2,3/2), we have
d
pn (IA=%c]> + |[A™*uf> + |[A"°BJ*) dz 4+ C|[VA™*(u, B) |72
R3
s—1/2 5/2—s —s —s —Ss
< Cll(e.u, B3 Ve, Vu, VB) 57 (IA~¢ 2 + 1A~ ull 2 + |A™B]2)  5-2)

+ CIVBIL IV BILE IV Bl l|A* B 2.
Proof. Applying A~* to the first three equations of (3.1), and multiplying the resulting by
A~%c, A"%u, A~% B respectively, summing up and then integrating over R? by parts, we obtain
1d
2dt Jps
= /R3 (A fA™%c— A™*gA™*u+ A"°hA™*B) dx.

(JA™%c|® + |A™u> + |A*B|?) dz + / (4 v)|[VA™(u, B) ] + (u + A)|divA5u|?) dz
R3

(5.3)

Due to the condition (1.2), we first obtain the second term in left-hand side of (5.3) as follows

/ (WIVA™ 2 + (1 + V|divA™uP) de > C|[VA=u|%. (5.4)
R3
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In order to estimate the nonlinear terms in the right-hand side of (5.3), we shall use the
estimate (2.5) of Riesz potential in Lemma 2.7. This forces us to require that s € (0,3/2]. If
s € (0,1/2], then 1/2+s/3 < 1 and 3/s > 6. Then using the estimate (2.5) and the Sobolev

interpolation of Lemma 2.1, together with Holder’s inequality and Young’s inequality, we get

— [ A ¥(cdivu) A" Pcdr < C||A™%(edivu) || 2||A™%¢|| 12

RS
< Cledivall g A7l < Clellgan [Vulliz A~
1/2— 1/2+ _
< |Vl Y22 Y2 a2 |A el 2

< O(IVellzp + [Vullz2) [A7 ¢l 2.

—/ A™*(L3(c)(B - VB)A *udz < C||A™*(Ls(c)(B - VB)| 2 || A~ %ul| 12
R3
<C|Ls(e)r=lB-VB| _ 1 [[A %c||f2

L1/2+s/3
< C||B| 3+ | VB| 12| A~ ul| 2 (5.6)
1/2— 1/2 _
< CIVB| LS IV2B|L IV B 2 A5l
< C(|VBI2p + [IVull22) [|A~5¢]| 12

Similarly, we can bound the remaining terms by

- [ A7 VoA eds < C(IVul + Vel Al (5.7
= ) A% (u-Vu) - A uds < O VullZ |A™ul 12, (5.8)

. A (Li(e)VPu) A S udr < C(||Vel| 7 + V2l 72) | A 5ul| g2, (5.9)
_ /R& A~ (La()Ve) - A*udz < C|[Vel2l|A~*ul 12, (5.10)
-/, A™h-A*Bdx < O(|VB|3: + || Vull3) |[A™B|| 2. (5.11)

Hence, plugging the estimates (5.5)-(5.11) into (5.3), we deduce (5.1).
For s € (1/2,3/2), we shall estimate the right hand side of (5.3) in a different way.
Since s € (1/2,3/2), we have that 1/2+ s/3 < 1 and 2 < 3/s < 6. Then using Sobolev’s

interpolation, we have

—/ A% (edivu) A" Pcdx < Cle||pa/s | Vul 2| A5 12
R3

(5.12)
s—1/2 3/2—s —s
< Cllellgz " IVell5 1V ull g2 lA5¢] 12,
= [ AT VA eds < Clull IVl Vel [A e, (5.13)
—s —s s—1/2 3/2—s —s
- / AT (La(0)(B-VB)) - A*ude < C|IB|I3 VBV B 12| A ull 45.14)
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—/3A‘5(u-Vu) ASude < Cllulls5 2 1Vul 25|Vl 2| A5 ul| 2, (5.15)
R
- /R AT (L VP)A ude < Ol Vel VP ul 2 A ull e, (5.16)
- /R AT (La(0)Ve) - A uda < Cllell 2 Vellh Vel 2 A e (5.17)
[ Ah A Bde < Cluli Va2V B A Bl
R
+CIB5a IV B [Vl g2 A Bl e
+C|IBI5. P IV B3E VBl 2| A~ Bl e (5.18)
+C|| B3 A IVBIL V2Bl 2| A Bl 2
+CIVBI5 V2B VB 2| A~ Bl 12

Hence, plutting the estimates (5.12)-(5.18) into (5.3), we conclude (5.2).

6 The proof of Theorems 1.1 and 1.2

In this section, we shall combine all the energy estimates that we have derived in the
previous two sections to prove Theorems 1.1 and 1.2.

The proof of Theorem 1.1 In order to prove (1.5), we need to close the energy
estimates at each [ — th level in weak sense. Let N >3 and 0 <! <m —1with1 <m < N.
Summing up the estimates (4.5) for from k& = [ to m — 1, and then adding the estimate (4.23)
for k = m — 1, by changing the index and since ¢ is sufficiently small, we obtain

d
p7 > (IV¥elfe + IVFullF + IVFBlT2) +Co Y [V, B3

<Cyd Y VFelie.

L+1<k<m
Summing up the estimates (4.31) for from k& = £ to m — 1, we have

d > /Vku VWhedr+Cy Y [ VEel2s

I<k<m (+1<k<m (6 2)

<Ci Y IV B
24+1<k<m+1
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Multiplying (6.2) by 2C26/Cs5, adding it with (6.1), since § > 0 is small, we deduce that there

exists a constant C5 > 0 such that for 0 </ <m — 1,

d
{ S (Il + [l + [VFBI2.)

dt
<k<m
+2C20/C5 Y / Vku-vvkcdx} (6.3)
t<k<m—1"R?
+o( Y IR+ Y IV B <o.
1+1<k<m L+1<k<m+1
Define
g =Y (Vi +IV*ulf: + [V*BIIZ.)
<k<m
+2C56/Cs Y /Vku-vvkcdm.
R3

(<k<m—1
Since 4 is so small that £"(t) can be equivalent to ||V c(t)(|,. o+ Viu(t)||2 o+ VEB()]|% -

Then, we may write (6.3) as that for 0 < ¢ <m — 1,

d
&) + IV e fmer + IV 0 e + IV BO e < 0. (6.4)

Now, let [ =0 and m = 3 in (6.4), and then integrating the equation directly in time, we get
lp(t) = g + lu(@)lI3s + 1 B@OIF < CEF < Cllpo — L + luollfya + 1Bollfa).  (6.5)

By a standard continuity argument, this closes the priori estimates (4.2) if we assume that
llpo — 1| g3 + ||woll g3 + || Boll s < ¢ is sufficiently small. This in turn allows us to take [ =0
and m = N in (6.4) to get

lo(8) = LlFpa + lul®) iy + 1BE)IF~ +/0 IV () 1 + IV (. B) ()1

< C(llpo = Uz + luoll s + | Boll)-

(6.6)

This proves (1.5). This completes the proof of the Theorem 1.1

The proof of Theorem 1.2 Now we turn to prove (1.6)-(1.7). However, we are not able
to prove them for all s € [0,3/2) at this moment. We shall first prove them for s € [0,1/2].
We define £_4(t) to be the expression under the time derivative in the estimates (5.1)—(5.2)
of Lemma 5.1 , which is equivalent to |[A™*c(t)]|2, + |[A™5u(t)[|2, + [[A"*B(t)||3.. Then,
integrating in time (5.1) , by (1.5), we obtain that for s € (0,1/2],

E_u(t) < E_4(0) + C /0 19, B)(7) |20 VE () dr
< Co(1+ sup (7)),

0<r<t
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which implies that

A= e(®)]I72 + IA™*u(@®)]72 + IAT*B(@)lI72 < Co for s € 0,1/2]. (6.8)
From Lemma 2.6 we have
VAL f] 2 > C||A‘Sf||L”S IIV‘fllle”% for 6=1,...,N —1. (6.9)
y (6.8) and (6.9), we obtain
IV el 22 + 9l + IV BIZ 2 Co (IVel3e + 1V ul2: + HVEBH%Q)HZL - (6.10)
This together with (1.5) implies in particular that for £ =1,..., N — 1,
IV el e + IV ullfyims + IV Bl v
L (6.11)
> Co (IIV s + 19wl + IV Bl—e) 7
In view of (6.11) and (6.4), we deduce the following time differential inequality
%%VJFCO(&!%V)Hﬁ <0 for¢=1,...,N 1. (6.12)
Solving this inequality directly gives, together with (6.6),
ENW) < Co(1 41" fore=1,...,N —1. (6.13)
Consequently, we obtain that for s € [0,1/2],
IV ) 13—+ IV ) Fpn—e + IV B 3yn—e < Co(148)~“F) for £=1,...,N—1. (6.14)

Thus, by (6.14), (1.5) and the interpolation, we deduce (1.7) for s € [0,1/2].

For s € (1/2,3/2), noticing that c,ug, By € H~'/? since H* N L?> ¢ H™* for any
"€ [0, s], we then deduce (1.6) and (1.7) with s = 1/2 and the following decay result holds:

1
19 e(6) g+ 19 () e + 9B e < Col1 4 1) for — 2 <r< N1,

Therefore, for s € (1/2,3/2), from (6.15) and (5.2), we have
E-u(t) < +C/ (e B2 2V (e B2 E () dr
+C / (IVBI 219 B ) Ve dr
< CO+CO/ (14 7)"T4=5/2) dr sup /E_s(7)

0 0<r<t

t
+ C’o/ (14 7)"O/4=5/2) dr sup /E_4(7)
0

0<r<t
< (Cy (1 + sup \/5_5(7')) .

0<r<t

26

(6.15)

(6.16)



This implies (1.6) for s € (1/2,3/2), that is,

A= c®)][72 + A u(®)]Z2 + AT B(®)|72 < Co for s € (1/2,3/2). (6.17)

Repeat the similar argument (6.9)-(6.14), we can prove (1.7) for s € (1/2,3/2). This com-

pletes the proof of the Theorem 1.2.

[1]

References

M. Acheritogaray, P. Degond, A. Frouvelle and J. Liu, Kinetic formulation and global
existence for the Hall-magneto-hydrodynamic system, Kinet. Relat. Models 4 (2011),
901-918.

S. Balbus and C. Terquem, Linear analysis of the Hall effect in protostellar disks, As-
trophys. J. 552 (2001), 235-247.

L. C. Campos, On hydromagnetic waves in atmospheres with application to the sun,

Theor. Comput. Fluid Dyn. 10 (1998), 37-70.

D. Chae, M. Schonbek, On the temporal decay for the Hall-magnetohydrodynamic equa-
tions, J. Differential Equations 255 (2013), 3971-3982.

D. Chae, P. Degond, J.-G. Liu, Well-posedness for Hall-magnetohydrodynamics, Ann.
Inst. H. Poincar Anal. Non Linaire 31 (2014), 555-565.

D. Chae, S. Weng, Singularity formation for the incompressible Hall-MHD equations
without resistivity, 19 December 2013. arXiv:1312.5519v1 [math. AP].

Q. Chen, C. Miao and Z. Zhang, On the regularity criterion of weak solution for the 3D
viscous Magneto-hydrodynamics equations, Commun. Math. Phys. 284 (2008), 919-930.

Q. Chen, C. Miao and Z. Zhang, On the well-posedness for the Ideal MHD equations in
the Triebel-Lizorkin spaces, Arch. Rational Mech. Anal. 195 (2010), 561-578.

Q. Chen, C. Miao and Z. Zhang, The Beale-Kato-Majda criterion to the 3D Magneto-
hydrodynamics equations, Commun. Math. Phys. 275 (2007), 861-872.

Q. Chen, C. Miao and Z. Zhang, FExistence theorem and blow-up criterion of strong

solutions to the two-fluid MHD equation in R3, J. Diff. Equations, 239 (2007), 251-271.

27



[11]

[13]

[14]

[16]

[19]

[20]

R. Duan, S. Ukai, T. Yang and H. Zhao, Optimal convergence rates for the compress-
ible Navier-Stokes equations with potential forces, Math. Models Methods Appl. Sci. 17
(2007), 737-758.

J. Fan, A. Alsaedi, Y. Fukumoto, T. Hayat and Y. Zhou, A reqularity criterion for the
density-dependent Hall-magnetohydrodynamics, Z. Anal. Anwend. 34 (2015), 277-284.

J. Fan, A. Alsaedi, T. Hayat, G. Nakamurad and Y. Zhou, On strong solutions to the
compressible Hall-magnetohydrodynamic system, Nonl. Anal.(RWA) 22 (2015), 423-434.

J. Fan, Y. Fukumoto, G. Nakamura and Y. Zhou, Regularity criteri-
a for the incompressible Hall-MHD system, Z. Angew. Math. Mech. (2014)
http://dx.doi.org/10.1002/zamm.201400102. in press, published online 25 Septem-
ber 2014.

J. Fan, X. Jia, G. Nakamura, Y. Zhou, On well-posedness and blow up criteria for the
magnetohydrodynamics with the Hall and ion-slip effects, 7. Angew. Math. Phys. 66
(2015), 1695-1706.

J. Fan, S. Jiang, G. Nakamura and Y. Zhou, Logarithmically improved regularity criteria

for the Navier-Stokes and MHD equations, J. Math. Fluid Mech. 13 (2011), 557-571.

J. Fan and T. Ozawa, Regularity criteria for Hall-magnetohydrodynamics and the space-

time monopole equation in Lorenz gauge, Contemp. Math. 612 (2014), 81-89.

J. Fan and T. Ogawa, Regularity criteria for the density-dependent Hall-
magnetohydrodynamics, Appl. Math. Lett. 36 (2014), 14-18.

T. Forbes, Magnetic reconnection in solar flares, Geophys. Astrophys. Fluid Dyn. 62
(1991), 15-36.

Y. Guo and Y. Wang, Decay of dissipative equations and negative Sobolev spaces, Comm.

Partial Differential. Equations. 37 (2012), 2156-2208.

C. He and Z. Xin, On the regularity of weak solutions to the magnetohydrodynamic
equations, J. Diff. Equations, 213 (2005), 235-254.

H. Homann and R. Grauer, Bifurcation analysis of magnetic reconnection in Hall-MHD

systems, Phys. D 208 (2005), 59-72.

28



[23]

[24]

[25]

[26]

[30]

[33]

[34]

[35]

S. Kawashima, Smooth global solutions for two-dimensional equations of electromagneto-

fluid dynamics, Japan J. Appl. Math. 1 (1984), 207-222.

F. Li and H. Yu, Optimal decay rate of classical solutions to the compressible magneto-

hydrodynamic equations, Proc. Roy. Soc. Edinburgh Sect. A 141 (2011), 109-126.

M. Lighthill, Studies on magneto-hydrodynamic waves and other anisotropic wave mo-

tions, Philos. Trans. R. Soc. Lond. Ser. A 252 (1960), 397-430.

J. Polygiannakis and X. Moussas, 4 review of magneto-vorticity induction in Hall-MHD
plasmas, PlasmaPhys. Control. Fusion 43 (2001), 195-221.

D. Shalybkov and V. Urpin, The Hall effect and the decay of magneticfields, Astron.
Astrophys. (1997), 685-690.

T. Umeda, S. Kawashima and Y. Shizuta, On the decay of solutions to the linearized
equations of electromagnetofluid dynamics, Japan J. Appl. Math. 1 (1984), 435-457.

T. Kobayashi, Some estimates of solutions for the equations of motion of compressible
viscous fluid in the three-dimensional exterior domain, J. Diff. Equations, 184 (2002),

987-619.

T. Kobayashi and Y. Shibata, Decay estimates of solutions for the equations of motion
of compressible viscous and heat-conductive gases in an exterior domain in R3, Comm.

Math. Phys. 200 (1999), 621-659.

A. Majda and A. Bertozzi, Vorticity and incompressible flow, Cambridge University
Press, Cambridge, 2002.

A. Matsumura and T. Nishida, The initial value problems for the equations of motion of

viscous and heat-conductive gases, J. Math. Kyoto Univ. 20 (1980), 67-104.

L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm. Sup. Pisa, 13
(1959), 115-162.

E. Stein, Singular integrals and differentiability properties of functions, Princeton Uni-

versity Press, 1970.

Z. Tan and H. Wang, Optimal decay rates of the compressible magnetohydrodynamic
equations, Nonl.Anal. (RWA) 14 (2013), 188-201.

29



[36] R. Wan and Y. Zhou, On global existence, energy decay and blow-up criteria for the
Hall-MHD system, J. Diff. Equations, 259 (2015), 5982-6008.

[37] R. Wan and Y. Zhou, Global well-posedness, BKM blow-up criteria and zero h limit for
the 3D incompressible Hall-MHD equations, Submitted (2015).

[38] R. Wan and Y. Zhou, Low regularity well-posedness for the 3D generalized Hall-MHD
system, Submitted (2015).

[39] Y. Zhou, Remarks on regularities for the 3D MHD equations, Discrete Contin. Dyn.
Syst. 12 (2005), no. 5, 881-886.

[40] Y. Zhou, Regularity criteria for the 3D MHD equations in terms of the pressure, Internat.
J. Non-Linear Mech. 41 (2006), 1174-1180.

30



