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ABSTRACT. In this paper, we consider an optimal investment-consumption
problem subject to a closed convex constraint. In the problem, a constraint is
imposed on both the investment and the consumption strategy, rather than just
on the investment. The existence of solution is established by using the Mar-
tingale technique and convex duality. In addition to investment, our technique
embeds also the consumption into a family of fictitious markets. However, with
the addition of consumption, it leads to nonreflexive dual spaces. This difficulty
is overcome by employing the so-called technique of “relaxation-projection” to
establish the existence of solution to the problem. Furthermore, if the solution
to the dual problem is obtained, then the solution to the primal problem can
be found by using the characterization of the solution. An illustrative example
is given with a dynamic risk constraint to demonstrate the method.

1. Introduction. The continuous-time consumption-portfolio optimization prob-
lem was pioneered by Merton [18, 19], where the dynamic programming approach
is used. The solution of a nonlinear partial differential equation is constructed, and
it is then verified that the solution is the value function for the original optimiza-
tion problem. Cox and Huang [4, 5], Karatzas et al.[12] and Pliska [21] developed
an alternative approach, which is known as the Martingale approach, to solve the
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continuous-time optimization problem. A clear advantage of the Martingale ap-
proach over the dynamic programming approach is that it gives rise to only linear
partial differential equations, rather than the nonlinear partial differential equation
when the dynamic programming approach is used. Another major advantage is
that it is not required to assume that the wealth should be governed by Markovian
dynamics. This assumption is needed when the dynamic programming approach is
used.

The Martingale method was initially applied to optimal investment/consumption
problems under the assumption of a complete market !, meaning that the family
of Martingale measures is a singleton. With the help of the Girsanov Theorem (see
Theorem 5.2.12 in [1]), the original probability measure can be transformed into an
equivalent Martingale measure under which all the stock prices discounted by the
bond rate become martingales. Its proof is based on the fact that every martingale
relative to a Brownian filtration can be represented by a stochastic integral with
respect to the underlying Brownian motion. However, difficulties arise in the case
of incomplete markets. Fortunately, the notion of equivalent Martingale introduced
by Harrison and Kreps [8], Harrison and Pliska [9] and Ross [22] has opened up the
possibility of solving such problems by convexr — duality methods. A distinctive
feature of this approach is that it relates the original stochastic optimal control
problem (the primal problem) to a “dual” problem such that a solution to the pri-
mal problem induces a solution to the dual problem (and vice versa). This duality
dated back to Bismut [2], and it has since been exploited by many researchers, such
as in [10, 11, 13], and more recently by Kramkov and Schachermayer [14]. They
related the marginal utility from the terminal wealth of the optimal portfolio to the
density of the Martingale measure, using powerful convexr — duality techniques. In
particular, the minimal conditions on the agent’s utility function and the financial
market model are discussed by Kramkov and Schachermayer [14]. Since then, sto-
chastic duality theory has become very successful as a method for solving portfolio
selection problems. A common theme of all these papers is to take the original
problem, which involves a maximization over a class of policies, and restate it in
the form of the dual problem, which involves a minimization over the constructed
measures. The dual problem is easier to solve than the primal problem. The con-
vexity properties of the primal problem are critical in establishing the connection
between this problem and the corresponding dual problem. Based on this connec-
tion, the solution to the primal problem can be constructed by using the solution
to the dual problem.

The works mentioned above dealt with the application of the Martingale ap-
proach and convex duality to problems in which there are no portfolio constraints,
that is, at every instant the investor can freely distribute the wealth among all of
the assets. In reality, there are many situations where the portfolios are restricted
in some way. For example, the holding of the money-market account should never
be below some fixed value (see Karatzas et al. [13]), or there is a convex constraint
with the strategy (see Cvitanic and Karatzas [7]). Their solution method involves a

ncomplete markets in correspond to a setting which the investor has full information about
many aspects of the the market, but various exogenously constraints (taxation, transaction costs,
bad credit rating, legislature etc.) prevent him/her from choosing the portfolio outside a given
constraint set. In fact, even without government-imposed portfolio constraints, financial markets
will typically not offer tradable assets corresponding to certain sources of uncertainty (weather
conditions, non-listed companies, etc.) The financial agent will still observe many of these sources,
as their uncertainty evolves, but will typically not be able to trade in all of them.
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completion of the incomplete market. This is called a fictitious completion, since
the market is completed with fictitious stocks. The fictitious stocks are carefully
chosen so that the optimal portfolio has no constraint on the investment of these
fictitious stocks. The optimal portfolio process in the fictitious market will then
provide a potential solution to the original, incomplete market. The optimal solu-
tion to the original incomplete market is then the optimal portfolio process which
minimizes the expected utility of the terminal wealth.

In the literature, if the portfolio constraint is imposed on the investment strategy
alone, exact solutions can be constructed [3, 17] in some special cases. For more
general situations, Pirvu [20], Liu et al.[16] and Yiu [23, 24] considered the optimal
portfolio problem with risk constraint, which is imposed on the whole investment-
consumption portfolio rather than just on the investment strategy. Under the as-
sumption that there is a smooth solution to the associated HJB equation, numer-
ical methods are developed. However, no result on the existence of solution was
reported. Motivated by this, we aim to use the Martingale approach and convex
duality to investigate the existence of the optimal investment and consumption
strategy with constraint imposed on the whole investment-consumption portfolio.
This is different from [7] who considered mainly constraints on investment. In [7],
the investment is embedded into a family of fictitious markets without constraint,
where the family of fictitious markets are characterized by the elements in a con-
vex subspace of a Hilbert space. Then the problem is transformed into solving
the minimization problem in this subspace. In this paper, our method embed not
only investment but also consumption into the fictitious market. In particular, we
construct a mapping for the consumption from the original market to the fictitious
market. However, if we simply consider the dual objective function with the sub-
space of the Hilbert Space, the dual objective function does not satisfy the coercive
condition due to the embedding of the consumption, yet the coercive condition is
needed in establishing the existence of the solutions to the dual problem. In view
of this, we consider the parameter set characterizing the fictitious markets in L.
Although the L' space leads to a non reflexive dual space to work with, we can
make use of the so-called technique of “relaxation-projection” [15] to tackle it.

The rest of the paper is organized as follows. In Section 2, we present the
model and formulation of the optimal portfolio problem. The original constrained
problem is embedded into a family of markets without constraint, which is the
primal problem. In Section 3, we investigate the properties of the fictitious market
so that the optimal strategy will coincide with that in the original market. If such
a market exists, then we deal with this problem by using the Martingale approach.
The dual optimal problem, which aims to find such a market, is investigated in
Section 4. Then, the existence of the optimal investment-consumption strategy is
established via solving this dual problem. Finally, some discussions and an example
with an investment-consumption constraint are given in Section 5. For logarithmic
utility function, we derive the optimal solution from both primal and dual problems.

2. Model and problem. Suppose that an agent is allowed to invest its surplus in
a financial market consisting of a risk-free asset (bond) and d risky assets (stocks).
Specifically, the price process of the risk-free asset is given by

dP°(t) = rP°(t)dt, r>0,

and the price processes of the risky assets evolve according to the system of the
stochastic differential equations given below,
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d
dP,(t) = Pi(t)(pi()dt + Y oy ()dW5(1)),  pi>r,  i=1---.d,

j=1

where W (t) = (W1 (t), ..., Wy(t)) T is a standard Brownian motion on the probability
space (Q,F,P), pu(t) = (u1(t), -+ ,pa(t))" are the appreciation rates for the risky
assets, and the volatility matrix o(t) = {0, ;(t)}1<i j<a is invertible. Throughout
the paper, the supperscript “T” denotes the transpose of a vector or a matrix. Let
{Fi}i>0 be the P-augmentation of the filtration o (W (s),0 < s < t).

Let w(t) = (m1(t), ma(t),...,ma(t)) T denote the proportional risky investments
and let ¢(t) denote the consumption with a proportional rate. Besides the trading
strategy, we regard consumption as proportion of wealth, rather than the dollar
amounts, so as to avoid the situation of bankruptcy. A strategy (w(t),c(t)) is
called admissible if (w(t), c(t)) is F; progressively measurable.

Let X™¢(t) denote the wealth process corresponding to (m(t),c(t)). It evolves
according to

Lot = T (Ou(t) —r(O)1)= c®)dit+ 7T (D)o (H)dW (1)
= (r—c(t))dt + " (t)o(t)dWo(t), (2.1)
X(0) = z,
where 1 = (1,1,...,1) T, Wy(t) = W(t) + fg o7 1(s)(u(s) — r(s)1)ds.
d

In practice, there often exist constraints on the strategy, such as the constraint
on no short selling, the constraint on no borrowing, the risk constraint on (7 (-), c(+))
(see [23, 16]). Suppose that the strategy (m(-), c(+)) is confined to a convex set B at
time ¢, denoted by

A, = {admissible (7, ¢), (7(t),c(t)) € B}.

Let Ui () : (0,00) = R and Us(-) : (0,00) = R be both strictly increasing, concave
functions satisfying

Ui(04) =00,  Uy(04) = oo,
Ui (oo) =0, Us(oo) =0, (2.2)

where “’ ” denotes the derivative of a function. Furthermore, it is assumed that
Ui(z) and Uj(x) are non-decreasing on Ry = (0,00), and that for any « € (0,1),
there exists a 8 € (1,00) such that

aUl(x) > Ul(Bx), i =1,2, Vz €(0,00), (2.3)
which are, respectively, equivalent to
Ii(ay) < BL(y), i = 1,2, Vy €(0,00), (2.4)
where for each “i=1,2", the function I; : Ry — R, denotes the inverse of U/(-).
This assumption is for later use. Moreover, we suppose that U;(-) and Us(+) satisfy
(2.4) with the same constants.

Define the utility function

T
J(a,me) = E /O Uy () X™(0))dt + Us(X™(T)),  (m¢) € Ay. (2.5)
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The objective is to maximize the utility function, yielding

V(z) = sup J(z,m,c). (2.6)
(m,c)EAL

This problem is the initial problem we consider in this work. Without constraint,
the Martingale approach is a widely used approach to this optimal control problem.
The key idea is to construct the optimal strategy with Martingale representation.
Here, when the strategy is constrained within certain convex set, the technique we
use is to embed the strategy into a set of fictitious markets and then construct a new
utility function without constraint in this market. We will show that the optimal
strategy in a certain class of fictitious markets is optimal to the original one.

2.1. The embedding (primal) problem. Let v := () = (v1(t),...,74(t)) " €
R? and 7 := F(t) = (y1(t), .-y Ya(t), Yar1(t)) T € R4HL be Fi-progressively measur-
able process. The 1-norm and 2-norm of v, and (t),(t) are defined as follows:

T d+1 d+1

B [ bl 5@ = X o, 1)

15
T d d
bl = B[Sl 15Ol = X . 28)

T d . d )
B [ S hofat, el = (S hobE @)

V2 =
Denote
5(3)=6(F | B) :==sup(=b-7) := sup —(7' v+ cvar1),
beB (m,c)EB
B={3: 6(7) <oo}, 7FecR¥HL (2.10)

It is assumed that 6(:|B) is continuous on B and bounded below on R+ by .
Define

H = {7: |7l < oo, F(t) is progressively measurable with respect to F;},
C = {FeH:mnlt) < 1Li(tw)e B, ac. on [0,T)x 9},
T
D — {Fec: E/ SG())dt < oo}, (2.11)
0

We introduce a set of fictitious markets M7, 5 € H, below. In the market M7, the
dynamics of risk free and risky assets evolve as follows:

APy (t) = (r(t) + 6(3(1)) Py (t)dt,
AP (t) = P () (ps(t) + 6(F (1)) + (1)) dt + S0y o (£)dW (L)),

To continue, we need the following notations.

For each 7 € H and F; progressively measurable (m,c), let X7°°() denote the
wealth in M7, corresponding to (7, c). Now we construct a project from X;:’c in
M7 to X" T4 in the original market. That is, the strategy (,c) in M7 is cor-
responding to (7, 7—"——) in the original market, or equivalently, the strategy (, c)
in the original market is corresponding to (7, (1 — v441)c) in M7,
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In the market M7, corresponding to (,c¢) in the original market, the dynamics
of X2°(t) evolves according to

dXZ°(t)

X (r(t) = c(t)dt + (8(3(8)) + 7" ()7 (1) + Yarrc(t))dt
+7 T () (t)dWy(t). (2.12)
Let
Rs(t) = expl= [ [r(s)+ 3Gi(s)lds),
= = ex 21 t ~(s)||3ds
M) ol [ 0s()iwis) [ 105(6)13as)
= exp{-G(O)}, (2.13)
Hy(t) = Ry(H)Ms(t), (2.14)
where
05(t) = o= () (u(t) — r(t)1) + o~ (£)Y(t). (2.15)
Then, applying Ito Lemma leads to
HXTC( / H (5)e(s) X2 (s)ds
= x+/ H;;(s)(wT(s)a(s)—0;(5))dW(s). (2.16)
0
Now we define a new utility function in M7,
T
Ji(x,m0) = E / U (e(t) X2 U 774%(8))dt + Up (X2 U 7749%(T)) (2.17)
0
and let
Vz(xz) = sup Jy(z,m,c). (2.18)

(T{',C)
Remark 1. (a) If (n(t),c(t)) € Ay, by comparing (2.1) with (2.12), we have

Xme(t) < XD UTTe(g), (2.19)
Thus, it follows from (2.18) that
V(z) < Vz(z). (2.20)

(b) Suppose that the following conditions are satisfied.

(i) (w(t),c(t)) € A,, and

(i) 6(3(2)) + () (t) + Yar1(t)e(t) = 0.
Then, it follows from (2.12) that X%T’(FWH)C is equal to X™¢ in the initial market.
Thus,

J5(z,m(t),c(t)) = J(z,7(t),c(t)) < V(x). (2.21)

(c) In particular, if V5(x) = J5(z,7(t),c(t)) and (7 (t),c(t)) are such that the con-
ditions stated in (b) are satisfied, then

V(xz) > V5(x), (2.22)
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which, together with (2.20), leads to
V(x) = V5(x). (2.23)

By this remark, the problem with constraint can be reduced to the optimal
control problem (2.18) if there exists a ¥ € H such that the conditions specified in
(b) of Remark 1 are satisfied.

In the following section, we will investigate the conditions specified in (b) of
Remark 1.

3. The optimal portfolio in a fictitious market. In Lemma 3.1, we shall show
that the conditions specified in (b) of Remark 1 are satisfied. Lemma 3.3 verifies
the validity of the conditions specified in (c¢) (equivalently, Problem (2.18)). The
main results are given in Theorem 3.4.

Lemma 3.1. For any (C(t),€), where C(t) > 0 and £ > 0 a.e., if there exists a
A € D such that for any ¥ € H,

IN

T
Blm@e+ [ m00 - uo)C]

T
E {HX(T)f + /0 H;(t)(1 - /\d_H(t))C'(t)dt} =z, (3.1)
then there exists (w,c) € A, such that
XTUT) =€, c(t)X™4(t) = C(t), (3-2)
and
S(N(E)) + ()7 (t) + Mg (t)e(t) = 0. (3.3)

The proof is given in Appendix.

The next lemma is needed in the proof of Lemma 3.3.

Lemma 3.2. For any (C(t),£)(C(t) > 0,& > 0 a.e.) and the fictitious market M7,
there exists a F; progressively measurable (75, c5) and X™ % (t) such that

(X™E(T), c() X (1)) = (€, C (1))
Proof. Denote

1 T
Xol) = g El| HeCE@s + BT (3.4
and
T
Molt) = BL[ 5 (5)C()ds + Hr(T)EI
— H(0Xs () + / H(5)C(s)ds. (3.5)
0

Obviously, My(t) is a F;-Martingale. From the Martingale representation theory,
we have

My(t) = z+4E /O V" (5)dW (s), (3.6)
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where 1)*(s) is F; progressively measurable and satisfying EfOT lv*(s)]|3ds < oo.
As X5(0) = z and X5(T) = &, it follows from (3.5), (3.6) and (2.16) that

X5(T) = &
Wi(s) = Hs(s)(o(s)m(s) = 05(s)) " (3.7)
Let 7 that satisfies (3.7) be referred as 7.
Define
at) = 5(2) (35)

which makes sense as, from (3.4), X5(¢) > 0, t € [0,77], holds a.e in the market M.
The construction above shows that X;(t) is corresponding to (my,c,), namely,
X5(t) = X™ (t). O

Sometimes we also write J5(z,7,¢) as Jy(x, C(t),€) if (m,¢) is the strategy corre-
sponding to (C(t),£) in the market M5.

Lemma 3.3. Denote

Cz(t) = L((1—7a+1()yzH5(1)),
E(T) = Ly Hs(T)), (3.9)
where y5 > 0 satisfies

E[ / L (1 = Y () B3 (0)95) (1 = Yar (0) Hs ()t + Lo(Hs (T)ys) Hs (T) | = .

Then,

o [T GO
V:;(:E)—E‘/O Ul(m

Proof. From Lemma 3.2, there exists a (7%(t), c%(t)) € Ay such that
(1) = &(T).

Thus, for any F;-progressively measurable (7(t), ¢7(t)),

)t + Us(€2(T)). (3.10)

,C.

A 2

(X577 = C5(t) and X5

T c 7k ek

B [ Ui KT O)dt + Uale™ (D))

Ya+1(t)
T O c
> B / (1 = s () H () (— ) O xme(ty)de

L—qapa(t)  T—van(t) 7
+ys Hs (8)(E5(T) — X3(T))]

. c(t)XI(t)
2ys(e =B | (= yan O 5075

> 0. (3.11)

dt + Hs(T)XZ“(T))

Therefore,

T O
V5(x) < E/o Ul(l_i

)i &) (3.12)
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By the construction of (7%(t), c%(t)), we have

*

V5(x) = J5(z, 73, ﬁ) (3.13)

We now present the following theorem.

Theorem 3.4. Suppose there exists a X\ € D such that

T
E [Hﬁ(T)% (1) + / Hs(1)(1 - wdH(t))o;(t)dt]

IN

T
E [H;(T)f;(T) + [ 00 = a0 (t)dt]
— 2. VYFeD. (3.14)

Then, V(x) = Vx(x). Furthermore, C’;’{(t) and §§(t) are the optimal consumption
and the final wealth, respectively.

Proof. From Lemma 3.1, (75(?), c5(t)) € A, satisfies (3.3), thus X£ﬂ§’6§)(t) is in

the initial market. It follows from Lemma 3.3 that
Vi) = Jylami0).¢)
cx(t
@ J(z, w5 (1), 1_)‘;;“
< V(z). (3.15)
Together with (2.20), we have V;(z) = V(x). Thus, it can be seen from (3.15) that
(wi(t), %) is the optimal strategy. O

The main idea of Theorem 3.4 can be further explained as follows. Find a class
of X and construct the solution in the market M*. Then, we verify that it is also
optimal in the initial market. However, it is difficult to show the existence of such an

X and M*. The difficulty is simplified through the duality method to be presented
in the following section.

4. The dual problem. In this section, we introduce the dual problem with the
market M7, We first show the existence of the optimal strategy. Then, the con-
nection of the value function and the optimal solution between the primal and its
dual problem will be established.

For ¢ = 1,2, the conjugate function U;(y)(y > 0) of U;(z) is defined by

Uily) = maxUi(z) —ay = Ui(I(y)) — yI(y)-

Clearly,
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Observe that ﬁl(y),z =1, 2, are strictly convex and decreasing in their domain.
Denote

D = {7eD: E/OT I (1= yaa (8)) H5 (0)y) (1 — yas1(t)) H (t)dt
+15(t, H5(t)y)H5(t) < 0o,V y € (0,+00)}. (4.1)
Suppose that Uy(-) and Us(-) satisfy (2.2) with the same constants o and 3, it
follows from [13] that
{7eD} & {7eD; E/OT I (1= ya41(8)) Hy (0)y) (1 — va+1(t)) Hs (t)dt
+1y(t, Hy(t)y)Hs(t) < oo, Iy € (0,400)}.

Let the function J(y,7) : H — R U oo be defined by

E[IOT Ui(y(1 = yas1 (1)) exp{— fy (r(s) + 8(3(s)))ds — ¢, (6)})dt

J(y,7) = ~ ~ ~
@) +Balyesp{= [ (r(0) + 8GOt - (D)), T
0, otherwise.
The dual problem is defined by
Viy) = inf J(y. 7). (4.2)

By duality, the optimal control problem is reduced to solving the optimal control
problem with the parameter 7(¢,w) defined on the subset of L!([0,T] x F). The
main results of this work are presented in the following as a theorem.

Theorem 4.1. (1) There exists a Xy € D, such that

V(y) = vlgf) J(y,7) = J(y, Ay). (4.3)

(2) The value function V(x) and the dual value function V(y) form a conjugate
pair; namely,

U(z) = inf V(y) + =y,
V(y) = supU(x) — xy. (4.4)

(8) For any given z, suppose that there exist y, and ny satisfying, respectively,

Vi(ge) = Ulz) = 2ya,

V(ys) T(Yzs M),

then,

E /O (1= Aypara () Hy, (OL((1 = Ay, a1 (8)Hy, ()ya)dt
+H3, (D12((1 = Ay a1 (D)5, (T)ys) = 2, (4.5)

Y

where Ny, q11(t) is the d + 1 element of A, (t).

(4) (C*(8), X*(T)) = (L (g Hy, (D(1-Ay, a51(0), Ta (o Hs, (T)(1-Ay, .a01(T)))
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are, respectively, the optimal consumption and the final wealth process in the primal
problem.

The proof will be given in following subsection.

Remark 2. Define 0 = (0,---,0)". From Cvitanic and Karatzas [7], it follows
——
d+1

that J(y,0) < oo for any y > 0, and hence (4.3) is well defined.

Remark 3. From Theorem 4.1, we see that the optimal control problem is to seek
a A €D and y, € R, such that

where ¥, satisfies

E[ | 0 MO = Ay s O3 0)a

+H;(T) (1 = Ay, a+1(0)y H5(T)) | = .

4.1. The proof of Theorem 4.1.

4.1.1. The proof of part (1) of Theorem j.1. As the dual space is not reflexive, the
problem is often solved by using the so-called technique of “relaxation-projection”
[15]. We adopt some technical notations and a lemma given in [6] as follows:
F: U(UOStST F).
Pr : The Lebesgue measure on [0,T].
Pr, x P: The unique measure on the measurable space (T'x Q, B[0, T x F) satisfying
the property (Pr x P)(A x B) = Pr(A) x P(B) for all A € B[0,T],B € F.
L*: The class of Py, x P-null sets in B([0,T]) x Fr.
M: The o-field generated by the F;- progressively measurable processes.
M* =og(MJL*): The smallest o-field containing M and L*.
LY (P x P) = LY([0,T] x Q, M*,Pr, x P): The set of M*-measurable integrable
processes.

The following lemma was excerpted from [6].

Lemma 4.2. (i) M* = {A € B[0,T]| x F :3 B € M such that A A B € L*},
where the symbol A A B denotes the symmetric difference of A and B, i.e., A A
B=(A\ B)U(B\A).

(#i) Suppose that X: [0,T] x & — R is (B[0,T] x F )-measurable. Then, X is M*-
measurable if and only if there exists a progressive process Y such that X =Y,

Pr x P a.e. on[0,T] x Q.

Denote

Cc = {7:7is M* measurable, 3(t) € B
and v4+1(t) <1 (Pr X P) —a.e. on [0,T] x Q};
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Cc = {7:7is M* measurable, F(t) € B
and Yg4+1(t) <1 (Pr x P) —a.e. on [0,T] x Q};

D. = WGC:E/(S ))dt < oo}

D. = {7€D.: E/o T (1 = ya1 (8)) Hs ()y) (1 — vaga (8)) Hs(t)dt
+I>(H5(T)y)H5(T) < 00. ¥V y € (0,+00)}. (4.6)

Remark 4. From the notations and Lemma 4.2, for any process 71 (t) € D., there
exists a progressive measurable process jyg(t) €D suc}} that 1 = 42 P x P a.e. on
[0,T] x Q. Thus, we will look for 7 in D, instead of D.

Now we consider the function J(y,7) defined by (4.2) with a larger domain M*,

- Elfy Uiy (1—7d+1 )exp{ fy (=7 (s) = 8(Fe(s)))ds — G5(6)})dt
J(y,7) = +0a(yexpd f, (—r(t) — 5(3(1)))dt CW( DI, 16 Ce,
00, otherwise.

and the dual problem of (2.18) is

Ve(y) == inf J(y,7). (4.7)

The next two lemmas will be needed in the proof of Theorem 4.1.

Lemma 4.3. (Ezcerpted from Theorem 1 in [15]) Let F : L*(S, 3, u) — RU+o00 be
a convex function, where (S,%, 1) is a measure space with p-finite and nonnegative
and X complete. If F is lower semicontinuous in the topology of convergence in
measure, then it attains a minimum on any convex set K € L'(u) that is closed
and norm-bounded.

Lemma 4.4. Suppose there exists (0,...,04,kqr1) € B, where (kgy1 € Ry), and
Ui(o0) = o0, i=1,2. Then,

lim  J(y,3) = o0, ¥V y € (0,00). (4.8)

17111 =00

Proof. By the convexity of 5}(), i = 1,2, it follows from the application of Jensen’s
inequality that
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v

Ty, ) E[ / 01 (y(1 = vasa (1)) exp] / 5 yds — & ()}t
Oy exp] / H)dt - (T >}>]

Y

T _ ¢
/ 0 (y exp(E{In(1 — 74 (1)) — / 55 (s)ds + ¢, (1)) dt
0 0
1O (yexp(E / — G
T _ ¢

- / 0 (y exp(E{In(1 — yap1 () - E / (65(5)

0 0

+1||0<s> o (s)4(s) B)ds}) e

T

+ Dalyexp( E{/ Dt + - / 10(s) + 0 ()1(s)[2)d})). (4.9)

Before showing lim5 ), o0 J(y, ) = 00, let us first show the validity of the following
relation

/ 05(t)dt + E/ 16() L)y (t)||3dt = (4.10)
H’vlh—wo
Indeed, by the assumptions of the theorem, we have

05(t) > kav1|var1(t)| — kat1- (4.11)

Since

/5 dH—E/|w + oL ()0 |2t
> / (Kd+11vat1(t)] — kav1)dt + E/ [6(t) + o (s)y(t)l|5dt, (4.12)

0
it suffices to prove

T T
. 1 -
tim [ kb @+ 5B 100 o 01013 =00, (413
ll—o00 Jo 2" ),
By
T
il =l + B [ bl (1.14)
0
we have
171 = oo, (4.15)

which implies that at least one of the following two statements is valid:
(1) [7lln = oo; (4.16)

or

T
(id) EA|%MMM%m. (4.17)
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If EfoT [va+1(t)|dt — oo, it follows from (4.11) that (4.10) holds. On the other
hand, if ||y]|1 — oo, then ||v|l2 = oo, and hence

10+ y|l2 = oco. (4.18)

Therefore, (4.10) holds. Us(04) = oo together with (4.9) gives (4.8). O

Before we begin with the proof of Theorem 4.1, we need the following lemma.

Lemma 4.5. Denote

Ky = {:ya J(yaﬁ/) S J(y7 0)7’? € é6}'

Then, there exists a Xy € Ky such that

V(y) = J(y.5) = inf J(y.7). (4.19)

Proof. The proof is proceeded in two steps:

1. We first show that .J (y,7) : Cc = R U oo is convex and lower-semicontinuous.
The lower-semicontinuity is, for any 4 and 4 € M*, with lim, o [|3"—%|1 =
0,

J(7) < liminf J(3"). (4.20)

n—oo

By the arguments similar to Cvitanic and Karatzas [7], the lower-semicontinuo-

uty can be obtained. Thus, we only need to verify the convexity of J(y, 7).
Rewrite

(1 —7at1(1)) exp{*/o (r(s) +6(3(s)))ds — G (1)}

as
t

exp{— ; (r(s) +0(3(s)))ds — G5(t) + In(1 — vat1(8))}-
Since Uy (exp(-)) and Us(exp(-)) are convex and decreasing, the conclusion
follows readily from the convexity of §(%(¢)), ¢5(t) and —In(1 — ya41(2)).

2. Now we show that K, is norm bounded, convex and closed in the topology of
convergence in measure. In fact, the convexity of K, is clear by virtue of the
convexity of J(y,7). Closure follows from Fatou’s lemma and the fact that
any sequence converging in measure has a subsequence converging a.e. By
Lemma 4.4, it follows from (4.8) that there exists a constant M such that if
I5]l1 > M, then J(y,7) > J(y,0) + 1, where 0 is defined by Remark 2. Now,
following an argument similar to that given for showing the closure, we can
show that the norm is bounded by D + 1.

Now, by Lemma 4.4 and Lemma 4.3, we conclude that there exists a Xu € K, such
that Ve(y) = J(y, Ay). O

Proof of Part (1) of Theorem 4.1.

Proof. By Lemma 4.5, it suffices to show that Xy € D.. In deed, let A\, 441 be the
d + 1 element of Ay, then
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J(y, Ay)
T _ t -
> [ iy Bn - Ayana(0) - [ 1(s) + 5(3()
0 0
1 _
+5116(s) + 07 (s)Ay () [5)ds) }) dt
T
~ ~ 1 _
+U2(yexp{—E/o [(r(®) + 3Ny (8) + S10(8) + o~ () Ay () 131t}
T ~
> / Ur(yexp Eln(l — Ay q4+1(t)))dt +
0
_ T
Dalyexp(E [ ~(r(t) + 50, (0))d0). (a.21)
0
Since U;(04) = 0o, we have
Ay,d+1(t,w) <1 Pr x P ae, on[0,T] x Q. (4.22)
Thus, Xy € C. and Uy(0,4) = oo, meaning that
J(y,\y) =00, if X, € M*\ D.. (4.23)
Therefore, Xy € D.. Now, by Theorem 12.3 in [12], we have Xy € D.. Thus, the
validity of Part (1) of the theorem follows readily from Remark 4. O

4.1.2. The proof of part (2) of Theorem j.1. To prove Part (2), we need the following
proposition.

Proposition 1. Assume that there exists y > 0 satisfying

T
B| [0 Maa 05, (OB~ Ayana 0Dy, (O)dt + i, (D, (7)]

and
Viy) = J(y, N, (4.24)
or equivalently, for any 5 € H,
B| [ 00 = Ay )t (0)a + Gatotts, (1)
< B| [ 00—+ D)) @2s)

If there exist (CY(t),&Y(T)) such that
(C(1),€1(T)) = (1 (y(L = Ayt (0)Hy, (1)), Loy H, (7)),
then there exist
(7 (1), V(1)) € A,
and X;:y’cy (t) such that

(P ()X (1), XT(T) = (C¥(1), €(T)),
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and
I3, () + Ay (t) + Ay,a41(t)c?(t) = 0.

The proof is given in Appendix.

Now let us return to the proof of Part (2) of the theorem.

Proof. Note that
T
Tz, e,m) = E{ /0 U2 (e(t) X™<)]dt + Ug(X”’C(T))}

< J(y,7) + yE{ /0 (1= a2 (8)) Hs (R)ye(t) X™(t)dt + Hﬁ(T)yX”’C(T)}

< JwA) +oy—yE / XTBE0) + 7(0)(E) + e(t)var (D)t
< j(yﬁ) + 2. (4.26)
Thus,
V(z) < V(y)+ xy. (4.27)

By part (1) of the theorem, there exists a A, € D such that

Viy) = J(y, Ay)-
Let
(CY(0),€1(T)) = (L (1 = Ayars () H, (), (1 = Ayasa (T) Hy, (T)y))- (4.28)
Then, by Proposition 1, there exists a (7%(t),c¥(t)) € A, with
()X (), X™(T)) = (C¥(1), £4(T))
such that
(5}?/ (t) + )\yﬂ'y(t) + )\y,d+1cy(t) =0,
D i N (VD Gt ()} (4.29)

Ay

Then, (7¥(t),c¥(t)) ensures the two sides of (4.26) are equal. Thus,

IN/(y) = Jy,\y) =J(z, 7, ¢) —ay
< Sgp[V(w) — xyl. (4.30)

Together with (4.27), the proof of Part (2) of the theorem is finished. As a by-
product, the proof of Part (4) of the theorem has already been included in the
proof for Part (2). To be more specific, from (4.30), we have

J(w, 7%, ) = V(y) + zy.
By this, together with the fact that J(z, 7, ¢¥) < V(z) < V(y) + 2y, we obtain

Viz) = J(z, 7, cY).
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4.1.3. The proof of part (3) of Theorem 4.1.

Proof. Denote

fo(y) =V (y) + 2y, (4.31)
and M = T&y. Then, EH5(t) < eM. Applying Jensen’s inequality, we obtain

Ty > Aiﬂmu—ammm®mm+@@MWﬂw
> /T Ur (ye™ EIn(1 — Agy1(2)))dt + Us(yeM). (4.32)

As Us(00) = oo implies U (0) = oo, we have

f2(01) = lim J(y,7) = . (4.33)

y—0

From (4.33), the fact that
fa(00) = o0, (4.34)

and Remark 2, it follows that f,(y) attains its infimum in (0, c0).
Denote

ye = argmin, V(y) + zy, (4.35)
and
9(2) = Yoz + J (Yoz, Xyz) (4.36)
Then,
infg(z) = nf{y,ez+ T (Y=, Ay, )}
= inf{yz+J(y, M)}
> yer + V()
= Yo+ J(Yas M) (4.37)
the last equality follows from Theorem 4.1(1). Thus,
irzlfg(z) = g(1). (4.38)

Follow an argument similar to that given for the proof of Lemma 12.3 in Cvitanic
and Karatzas [7], and use (2.4), (4.8) and the assumption that Uj(-) and Us(:)
satisfy (2.4) with the same constants, we can show that g(y) is well defined and
differentiable everywhere in its domain. Furthermore, ¢’(1) = 0, that is

LYz

T
= (B [ B A0, 000~ A a1, (0
0

x

R, (s, (1))
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Hence,

T
= E/O L= Ay ap (D) H5 (0)ya)(1 = Ay, a1 (D) Hy | (D)dt
+ L(Hy, (Ty.)Hy, (T).

5. Example and discussions.

5.1. Relative value at risk (RVaR) constraint example. We consider a case
when (c(t),7(t)) are constrained by a convex set K. Here, the dynamic risk con-
straint is imposed as a portfolio constraint. Here, r(t), u(t) and o(t) are assumed
to be constants. They are written, respectively, as r, u and . Assume that all the
parameters are constants.

Given an arbitrary but fixed time ¢, (7(s), c(s)) are approximated as constants
from ¢ to t + At. Then, conditioned on time ¢,

t+At
Xeinr = /1t X(t)exp(((r+n" () (1 —r1)— c(t))dt+ 7" (t)odWo(t)))
= X(H)exp(((r+m " (t)(n —r1) = e(t)) At
+m T (o (Wo(t + At) — Wy(t))). (5.1)

For a given confidence level k, the dynamic relative value at risk (RVaR) is defined
by

P( < RVaR) = k. (5.2)

X(t) — X(t + At)
X(0)

Thus,
RVaR =1 —exp((r +n(t)(u —rl) — c(t))At + &7 (1 — k)\/Atr T ()27 (t)). (5.3)

Suppose that the maximal risk is constrained to be less or equal to a level R, that

is,

1 — exp((r + (u — r1)(t) — c(t))At + 31 (1 — k)y/Atn T (OEn(t)) < R, (5.4)

where R is a given constant.
We consider the logarithmic utility function with primal embedding problem and
the dual problem. Here, we assume that

Ui(z) = Us(z) = log x. (5.5)

Let k be larger than 0.5. Then, this constraint set B is a convex closed set with
respect to (m,c¢). (-, B) is bounded below by 0. Thus the condition of Lemma 4.4
is satisfied.
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5.1.1. The dual problem. We have

1

I = 7,

1(y) Y
U(y) = inf(logz —zy) =—logy — 1. (5.6)

From Theorem 4.1 (3), the problem is to look for a (), y5) such that
T
B| [0 A ) Hy (0t + G015 (7))
0

= B[ [ (1= a0 Hs Ou)dt -+ T (7))
2l 0

_ T 1 1
= u%fE[/O log TEE D) An dt + log m -1+ T)} (5.7)

and
T
E{/ (1= Aq1 () H5 ()1 (1 = At (8))yz Hx (1)) dt
0
+H3(T)12((1 = A1 (1)yz H5(T)) | = = (5.8)
It follows from (5.8) that

T+1

Substituting (5.9) into (5.7) gives

T
1 1 1
A = argmin~_ F / log—— 4+ log——)dt + 1o } 5.10
gminse { BT T e T ) Y

v v

It follows from the expression of Hz(t) that

X = argmingep | [ (~log(1 () + [ GG + 5100

+%’y(t)||§)(T—t+ 1))dt.

Then, it is sufficient to consider the static optimization given below:

M) = argmingep el Tor(L = () + GG) + 5100
FIAOBIT 1+ 1),

From the expression of (3.4), we have

(0% 0) = LD
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and -
HX(T)X%T’C(T) +/0 Hy (t)e(t) X5 (t)dt = .

Thus, the optimal strategy = can be obtained from

om— 05 =0,
where 0 = (0,---,0)". The optimal consumption is
——
d
Ct) = h(ys(1—Adqa(t))H (1))
1
oy (U= Xy (1) Hy (1)
x
(T H ) = Aaa () Hy g
X5(t)

a1 +T —8)°

In other words,
1

(1= QXg1()A+T—1t)

c(t) =

5.1.2. The primal problem. For the logarithmic utility function, the optimal strat-
egy can be solved from the primal problem with Theorem 3.4.
Consider the primal problem (3.14). Then, by Theorem 3.4, we have

T+1

y}::T’

and hence the primal problem is reduced to
T
A=arg sup £ [ [log(1 —~441(t)) + log H5(t)]dt + log H5(T), (5.11)
3eB 0
which is equivalent to (5.10).

5.2. Discussions on the consumption function. In [7], when the consumption
C(t),t € [0,T) is included, an additional no-bankruptcy constraint is required.
Here, we relax the bankruptcy constraint by using ¢(t) being proportional to the
wealth. As a result, the wealth dynamics (2.1) shows that X (¢),t € [0, T, is strictly
positive whenever the initial wealth is strictly positive. Thus, the no-bankruptcy
constraint become redundant in our setting. Indeed, any proportional strategy
c(t) gives rise to a monetary amount equal to C(t) = ¢(t)X(¢t). On the other
hand, from Section 10 in [7] and Theorem 9.1, we learn that the no-bankruptcy
constraint implies the optimal wealth X*(¢) > 0,t € [0,7]. Therefore, for any
admissible strategy with a strictly positive wealth process X (t), we can recast the
consumption function into a proportional consumption strategy defined by c(t) =
%. Consequently, the optimal consumption function in [7] can be represented
fully by a proportional consumption strategy proposed here.

Moreover, when there is no constraint on ¢(t), we have, from the notation of 6(%),

B = {37eB: §7) <o}
= {7€B: §(7) <o0,7441 =0} (5.12)
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Thus, §(7) = () and our model reduces to the case in [7]. Therefore, this work
serves as an extension.

6. Concluding remarks. In this paper, we have studied the optimal investment-
consumption problem with a closed convex constraint on both investment and con-
sumption. The initial problem is first embedded into a family of fictitious markets
parameterized by 4 and the unconstrained optimal investment-consumption strate-
gies are sought. A specific market has been identified such that the optimal strategy
under this market coincides with the optimal strategy to the original constrained
problem. We have proven the existence of such a market using the theory of dual-
ity. Furthermore, we have demonstrated by using the logarithmic utility function
how to construct the optimal strategy from the solution to the dual problem. In
addition, we have relaxed the no-bankruptcy constraint by using a consumption
function being proportional to the wealth. As a future extension, it is of interest to
study other utility functions and include further stochastic processes in the model.

7. Appendix. Proof of Lemma 3.1.

Proof. For an arbitrary but fixed ¥ € H, let

Ny —5(\(s)), 3=0,
07(A(s)) = { 5(7(s) — X(S))a otherwise.

where 0 = (0,---,0)". Denote

N——

d+1

M) = N +e@t) —AB)Licr,, 0<e<ep,
L) = [ 87(\(s))ds,

where

i _ 1, ift<7, (UJ),
t<Tn = 0, otherwise,

for any w € Q.
Define a sequence of stopping times

t
Tn =T Ninf{t € [0,T7; / 16(s) + o7 A(s)[3ds > n;
0
t
o / lo=t(v(s) — A(s))|3ds > n;
0

or / X2 (5)R2(s) o~ (1(5) = A(s)) + (L7 (s) + N7(s) 0" (s)(s)|ds > s
or [NT(8)] > s or |LT(8)] > n; or hyar1 — Aasa| > m

1
or A\gp1 > 1——=; or A\gy1 < —n}, (A.2)
n
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for n € N.

Denote ¢,, = % Thus,

Hyy )

t N\ T - N
= eXp{—/O (0(7(s) +e(3(t) = A?)) — 6(3(s))ds — N7 (t A 7p)

2 [tATn . 9
_5/0 lo ™ (s)(v(s) — A(s))II3ds)}

tN\ T
~ ~ 3 —
> exp{—e(L7(t A7) + Nt ATn) — 5/ lo™" (v(s) = A(s))l13ds}
0
> e, (A.3)
Similarly,
ng,n(t) < e Ot/\T" 5(A(s))ds+en
H;(t)

eLX(t/\Tn)+an. (A4)

Let Ac pn,d+1(t) be the d + 1 element of Ac ,,(¢). Then,

¢ HX” (1)
_)\en 1
/H 0 rpey - L= mr) s
673671
< sup 5T + / Hy(OCW)((1 — Mg (1))d]
+sup e 200 / H (6)C(0) Mg (£) — 7asn ()t
<

5+/ H;()C(£)(1 — Mgy (£))dt

/H~ ) (Aa1(t) — vag1(t))dt],

where

1— —3en
K,, = max{sup i supe ZNO) t2eny, (A.6)
¢ €
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By Fatou’s lemma, we have

() — 2(Acn)

lim sup
e—0 €
. ¢ H)ﬂ (T)
= Ehrgljélp[HX(T)g(l—T(T)
) H; ()
/ H3 (0= (1A~ n(t))dt]
En 1() A 1() H~(t)
/ HN d+ d+ H~/\ ( )dt
< EBH:(T)E(L (1) + N7(r)) / H(6)C() (1 — Asr ()L (E A7)
ENT(EA )+ / H ()0 (s (1) — Ay () Lons, dt
0
Tn C
= [ B OX 0 00 = A0)+ 7k Gana(6) = A ()
+dL7(t A Tp).
(A7)

The last equality of the above equation follows from

: 3 n(t) = A(t)

hlilj(l)lp/ Hy( 780 H)\E,n(t))dt
_ ] ent) = A1) 5., O

/ Hy( hr;ljgpc - (1) dt

me(t)
- / 5 (0) i sup (1) (s () — Aara (D)5~ — 1+ Lo e
H(t)
= H~ - A li HXE’"(t) 1]dt
= ’Yd+1 d+1())€1§6[ Hx(t) - ]
/H~ Y (Va1 (t) = Aar1(t))le<r, dt
= / Hy()C() (a1 (8) — Mg (D) Lor, . (A8)

and
E[H~(T)§(L:Y(Tn) + N:Y(Tn))]
T
+/ Hz (t)e(t) X5(t) (1 = Aapr () (LT (E A Ty) + N7 (¢ A T,))dt
= E/ H; () X5(t (y(t) = A(t))dt + dL7 (t)], (A.9)

with X™¢(T') = &, the proof of (A.9) is similar to that gives for Step 3 of Theorem
9.1 in Karatzas and et al. [13].
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Then,
lim sup —x()\) _ m(/\g’n)
e—0 €
< EH;(T)EL (EAT) + NT(EATn))
/ Hy( X5() (1 — Agqa(t ))(L:*(t/\Tn)—kN:*(t/\Tn))dt
/ H(8)e(t) X5 (1) (s (8) — A () Lin,

= E/O [Hx(t)Xx(t)[w(t)(v(t) D) + e(t) (ragr (£) — Aaga ())]dt + ALY ()],

where ¢(t) = )2(2). Now, by using the same procedure as that gives for Step 3 in
A

the proof of Theorem 9.1 given in Cvitanic and Karatzas [7], it follows that for any
p € H, we have

5(p(t)) + m(t)p(t) + para(t)c(t) = 0, (A.10)
and (7(t),c(t)) € A,. Meanwhile, ¥ = 0 leads to

o5 + T(E)A(E) + A1 (t)e(t) < 0. (A.11)
From (A.10) and (A.11), X (1 At1)e “(t) is equal to X™¢(¢) in the initial market. [
Proof of Proposition 1.

Proof. Let 4 be replaced by S\Em in the statement and assume that e, = -~ and

2n
0 <e<e,. Then,

lim sup — E{ [T 1((L = Acpnaa (1) Hs | (D)y)

e—0 €

~0((1- A%dﬂ(t))H;y (Ow)ldt + Da(U5™ (5, (T)y)
Oy (U (H, (T)y))}

T
< mow LB B0 Aeman )5 (0 Nyt ),
(U= ) ()t BTy Hy (0)((1— Ayt (0)Hy, (6
—(1- As,n,d-‘rl(t))Hﬂgm ()]
T
< limsup yE[/ Li(y(1 = e ag (8)e > Hy ) Qe (1) dt
e—0 0

+15 (T, yefanj\ (T)Qe,n(T))]
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— limsupyE| / L(y(1 = Ayasr () Hy, (0)Qen(t)dt + Lo(T, yHy, (T)Qen(T))]

e—0

= ] / ' Hy, (H)CM(1)(1 = Ayar () (L o7 (E A ) + N2en (£ A7) )dit

0
T -
+ [ H (OO0 Oeaa®) = s (O)hens,
0

HH, (D) (T)(Le (1) + N (7).
(A.12)
Here, ~
ENT) = D(yHy, (7)),
CM1) = (1 = Ayarn) B, ),

(= Aearr () H;_ (1) = (1= Ayasa (), (2)

Qn(t) = -
The second inequality follows from Fatou’s lemma, as it is bounded above by
T
Q" = KnyE{/O I (ye ™ (1 — Ay as1(t) — eo)Hg\y)(l — /\y,d+1(t))H;\y (t)dt
+1(T, ye_3"H;\y (T)):| . (A.13)
Here,
' " 1 oent [T 5 n(s))d
K" = max{limsup ————, ¢“*"TJo 2 Ae,nls)jds} (A.14)
0<e<en €

The remaining part follows in a similar way as that given for the proof of Lemma
3.1, showing that there exists a (7¥(t), c¥(t)) € A, satisfying

33, () + Ay ()Y (t) + Ay,a41(t)c?(t) = 0.
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