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Abstract

In this paper, we aim to study robust exponential stabilization for a large-scale uncertain impulsive system with coupling
time-delays. Furthermore, we also provide an estimation of the rate of convergence of exponential stabilization. By utilizing the
Lyapunov method and Razumikhin technique, we shall design the feedback hybrid controllers in terms of linear matrix inequalities
under which the robust exponential stability is achieved for a closed-loop large-scale uncertain impulsive system with coupling
time-delays. Moreover, we shall also use the results obtained to design impulsive controllers for a large-scale uncertain continuous
system under which the closed-loop continuous system achieves robust and exponential stability. To illustrate our results, one
example is solved.
© 2007 Elsevier Ltd. All rights reserved.

Keywords: Large-scale uncertain impulsive system; Robust exponential stabilization; Decay rate; Lyapunov function; Linear matrix inequality
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1. Introduction

It is recognized that the theory of impulsive systems provides a natural framework for the mathematical modelling
of many real world phenomena. Significant progress has been achieved in the theory of impulsive systems in recent
years. For example, see [1-5,24-29] and references therein.

From the literature, we note that the stability property of a practical engineering system may be affected by
various factors. The main factors are: (i) uncertainties and (ii) time-delays. In order to deal with these undesirable
factors, the robust stability theory has become a promising research topic for impulsive systems. Uncertainties often
occur due to modelling mismatches, measurement errors, approximations and channel noises, etc. On the other
hand, time-delays occur commonly in practical engineering systems due to the congestion of the network traffic
and the fact that the switching and spreading speed of the hardware and circuit implementation is finite. Moreover,
time-delays presented in many real systems are difficult to know a priori and are time varying. Recently, some
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robust stability results for impulsive hybrid systems with uncertainty or with time-delays have been established in
[6-12,28-33]. Moreover, robust stability and stabilization of uncertain continuous systems have also been extensively
studied, see [19-23] and references therein. However, the corresponding theory for large-scale impulsive systems with
uncertainties and time-delays has not been fully developed. To our knowledge, no investigation has been carried out
for large-scale nonlinear impulsive systems with uncertainties and time-delays.

In this paper we aim to study the robust exponential stability of a large-scale uncertain impulsive system with
coupling time-delays. Based on these stability results, we can design feedback controllers by which the corresponding
closed-loop large-scale uncertain impulsive system with time-delays is robust and exponentially stable. By utilizing
the ideas developed in [9-12] and the Razumikhin-type stability results established for functional differential
equations [7], we shall derive several criteria, under each of which robust exponential stabilization is achieved for
a closed-loop large-scale uncertain impulsive system with coupling time-delays. These controllers are expressed in
terms of Linear Matrix Inequalities (LMIs). Thus, the solutions of the LMIs give rise to impulsive controllers for a
large-scale uncertain continuous system under which the closed-loop continuous system is robust and exponentially
stable.

The organization of this paper is as follows. In Section 2, we state the formulation of the problem and give some
preliminaries. In Section 3, robust exponential stability criteria are established. These criteria can be easily used for
the design of a feedback controller. For illustration, some representative examples are given in Section 4. Section 5
concludes the paper.

2. Preliminaries and problem formulation

Let R" denote the n-dimensional Euclidean space. Let Ry = [0, +00), N = {0,1,2,...,} and || - || stands for
the Euclidean norm in R". Let I be the identity matrix. The matrix M > (>, <, <) 0 means that M is a symmetric
positive definite (positive-semidefinite, negative definite, negative-semidefinite) matrix. Denote Amax (-) (Amin(+)) as
the maximum (minimum) eigenvalue of the matrix (-).

Consider a large-scale uncertain impulsive system consisting of N impulsive subsystems with linear coupling
time-delays:

N
5i(1) = Aixi (1) + fi(t, xi (D) + ) Bijxj(t — 1) + uei (1), 1 € (k. trs1],
j=1

Axi(t) = (Cig — Dxi(t) +uai(t), t=tn,keN,i=12 ..., N; (1

where x; = (i1, Xi2, ..., Xin)' € R", represents the state vector of the ith subsystem; Ax;(f) = x(t,:L) — x(t);
fi + R+ x R — R" is a smooth nonlinear vector function with f;(¢,0) = 0; A;, Cix € R™" are the interval
matrices with A; € N[A;1, A;2] and Cj; € N[Cikl,cikz], where N[X, Y] = {(x,'j) € R™" . ujj < Xxij =< v,‘j}
for X = (uij)nxn and Y = (v;j)nxn: Bij € R™™" are the coupling coefficient matrices with B;; € NI[Bij,, Bij,1;
(uci, ug;) are the control inputs with u.;(t) € U, € R", ug; € Ug C R". Here, we assume that u.; (-) and ugy; (-) are
restricted to the class of admissible inputs consisting of measurable functions (u.; (¢), ug;(t)) € U = (U., Uy) for all
t > 0, where the constraint set U is given with (0, 0) € U; 7;(-) is the coupling time-delay function which represents
the delay of the signal transmitted from the jth subsystem to ith subsystem; and the sequence of impulsive instances
{te} satisfies 0 <1ty <11 < tp < ---, with limy_, o fx = 00.

Remark 2.1. In (1), the controllers u.; and {ug4; (#¢), k € N} are said to be the continuous controller and the impulsive
controller, respectively. The combined controller (u;, ug;) is said to be the hybrid controller. If Cix, = Cix, = 1
and u.; = 0, then (1) can be regarded as an uncertain continuous large-scale system being controlled by impulsive
controllers {ug; (t;), k € N}.

By [9], one can rewrite the system (1) as:

. ofi(t.d) &
xi = (Ajo + AA)x; + “an N + Z(Bijo + ABij)xj(t — () +uci, te (t, tkp1l,
1 ]:1

Axi = (Cixg — I + ACi)x;(t) +ugi, t=t,keN,i=12...,N, (2)
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where f;(t,x;) — fi(t,0) = %;}di)xi,di =0;x;,0 < 6; < 1,and A; = Ajo + AA;, Bjj = Bij, + ABij, Cix =
Cik() + ACi.
Again by [9], it follows that for any X € N[X1, X2], X can be formulated as:

X=Xo+AX =Xo+ EXF, 3)

where Xo = 3(X1 + X2), H = (X2 — X1) = (hij)nxn

n n
E-ET =diag{zh1j,...,2hnj},
Jj=1 J=1
n n
FT-F:diag{Zhﬂ,...,Zh}‘n} R
= =

Ye X ={(YeR" X =diaglel.....em) & < 1iij=1,2,....n}.

Definition 2.1. The large-scale uncertain impulsive system (1) is said to be robustly exponentially stable with decay
rate o by feedback controllers (u.;, ugi) = (K¢ixi, Kgixi), if, for any initial condition ¢ € C[[f9 — T, t0], R™ 1, and
every A; € N[A;1, Aiz], Bij € N[Bij,, Bij,], Cix € N[Cix,, Ci,], and time-delays 7;(r) with —7 < 7;(¢) < 0, the
trivial solution x = 0 of the closed-loop system (1) is exponentially stable, in the sense that there exist two positive
numbers o > 0, K > 0, such that

lx@Il < Kll¢plle™", >0, 4)
where x(1) = (x[(®),x} (@), ..., x5 @)Y, and for s € [ty — 7,%]: x(s) = ¢(s) = (P (), ....,o56NT €
R™ ¢i(s) € R", and lp]1> = 31 i 112 g |l = SUP; 7 <<, {11 (1]}

The main objective of this paper is to design feedback controllers (uc, ugi) = (Keixi, Kgixi) or impulsive
controllers {ug;(tx) = Kgixi(tx),k € N} under which the corresponding closed-loop system (1) is robust and

exponentially stable.

Assumption 1. There exist nonnegative constants r; > 0,7, j = 1,2,..., N, such thatforallt € R;,0 < 6; < 1
and x; € R",
af; (1, d;
HM‘gn, i=1,2,...,N. (5)
0x;

Assumption 2. Assume that
[AA; AB;; ACiy|=EX[Fa, Fj Fy], i.j=12...,NkeN, (6)
where E, Fy,, F;, F;, are known matrices and 2 € X*.
Lemma 2.1 ([//3]). Let E € R”X"z, Fe R andY € R"™" a symmetric matrix. Then, for any X € X%,
Y+ESF+F'SE" <0 )

holds if and only if there exists a positive constant € > 0 such that
Y+€eEE"+e 'FT'F <0. (8)
Lemma 2.2 ([16]). Let E € R™" and F € R"*". Then, for any X € X* and any positive constant & > 0,

EXF+ F'YET <¢EET+&¢7'FTF. 9)
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Lemma 2.3 ([12] (Halanay Lemma)). Let m € C[R, Ry] be a scalar positive function such that

Dm(t) < —aim(t) + aym(t), 1> to, (10)
where ay > ap > 0 and m(t) = sup,_, -, {m(s)}. Then, there exists a constant & > 0 such that for all t > 1,

m(1) < m(t)e” 1), (1D
where a > 0 satisfying a — a; + ae®* = 0.

3. Robust exponential stabilization

In this section, we establish some robust exponential stability criteria for the large-scale uncertain impulsive
systems with coupling time-delays. These robust exponential stability criteria will be shown to be expressed as LMIs.
Then, we can design the robust exponentially stable feedback controllers through solving these LMIs.

Theorem 3.1. Let (uci, ugi) = (Kcixi, Kgixi) and Assumptions 1 and 2 be satisfied. Assume that there exist positive

definite matrices P; € R"*" and constants y, > 0,€;; > 0,&; >0, 0; <0, Bix > 0,i,j=1,2,..., N, k € N, such
that the following conditions are satisfied:
(i) there exist some positive constants v;i > 0, u; > 0,i =1,2,..., N, such that
vil <P <wl, i=12...,N; (12)
(i) fori =1,2,..., N, the following matrix inequalities hold:
Ui (Aj) —o; P PiBi, --- PiBin, PE F;;Fi
B;EOP,' —6i11 s 0 0 Fl-r[l‘
: : : : : - | <o, (13)
B, P, 0 - —enl 0 F!
iNog*t iN iN
ETP, 0 - 0 —&'r 0
FAi Fl s FiN 0 —8,‘1

where A,-O = Ajo + K.i, ¥; (Aio) = P,%L'o + AiTOP,- + 2r; /“f—;Pi, and «a;, €;j satisfy

| N
- ' v [ 14
(iii) fori = 1,2, ..., N, k € N, the following matrix inequalities hold:
6;5{0 P; éik0~_ Bir P; C~‘iTk0 PE Fi}f
E*PiCity —y ' 0 <0, (15)
Fi 0 —wlETE|+y I

where Ciy, = Cik, + Kai;
(iv) there exists a positive constant § > 1 such that

76 < kiglg{tkﬂ -t} (16)
and
M £ sup{B, e’7} < 7, (17)
keN

where B = maxi<;<n{Bki}, and o satisfies equation
o+a+be’t =0, (18)

where a = maxlf,gN{oz,-} < O, and b = maxlEiEN{vii Z;\lzl Gj,'}.
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Then, the closed-loop large-scale uncertain impulsive system (2) is robustly exponentially stable with decay rate
1 lnM
2o =57k

Proof. Let the Lyapunov function be defined by

N
V(t) =D x] (1) Pixi(t). (19)

i=1

Let Ai = A; + K.;. Fort € [#, t;x41), taking the time Dini derivative of V (¢) along (2) gives

N
DtV =) {Zx (t)P; (A xi (1) + # i)+ ZB,Jx, (t —7j (r)))} (20)
i=1 ! j=I1
By condition (i) and Assumption 1, we get
270 D ) < T ‘ P )H
X 1

_ T D v T afit, d)" 3fi(l,di) ‘
=2 X (t) P x; (t)\/ () ax; o x; (1)

< 2rl‘/M Ty Pixi(r) < 2rl\/:xT<r>Px, (t). 1)
mm(P) Vi

It follows from (20) and (21) that, for ¢ € [#, tx+1),

N N
~ ~ /vL
DYV < [x,T |:P,~Ai + AT P+ 21 /v—;Pi]xi + Y 2x] (6) P Bijx(t — rj(t))}

i=1 j=1
x; (1) T (w(A;) PBy --- PiBiy x; (1)
i x1(t — n(r)) BYP, —enl - 0 xi(t — 7 (1))
i=1 ) . .
xn(t — TN(f)) Bl P; 0 coo —ginI) \xn( —1TN (1)
N N
+ ) D eix] (=T (0)x(t — Tj (1)) (22)
i=1 j=1

where WZ(AI) = P,'A~,' + A‘}‘Pi + 2r; /l:—iiPi.
Let A;o = Aio + K. By (6), then

W;(A;) P;Bi --- P;Bin Ui (Aio) P;Biiy -+ PiBin,
BLYP —enl -+ 0 BM\,Pi —enl - 0
: : : : X : . :
BiNPi 0 —éiNI BiNOPi 0 —6,‘1\/1
PEXFs + Fy STETP, PESFy --- PEXFy
FISTETp, o .- 0
+ . ) . .

FNETETP, 0 o 0
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~ T\ T T
W§A10) P;Bi1, --- PiBin, PE Fy, Fy, PE\"
e T T
_ Bjy, Pi 6.111 0 n 0 5 F n F 5T 0
BzTN() P; 0 <o —eind 0 Firl;\, Firl;v 0

By Lemma 2.1, it follows that

Ui(A;)) —a;P; PiBii --- PBiy
Bl P —enl -~ 0
) ) . ) <0
BzTN P; 0 - —enT
holds if and only if there exists a positive constant ¢; > 0 such that
~ T T\ T
v (Aon) a; Pi  P;Bj, P;iBin, P.E\ (PE\" Fy, Fy,
B, P; —eiil - 0 0 0 FT FT
o ) el . N I B i <o.
BITNOPi 0 e 6Nl 0 0 Firl;v Fij;v

By the Schur Complementary Theorem [14], it follows that, fori = 1,2, ..., N, (25) is equivalent to

(Wi (Aio) —a; P,  P;Bi, PiBin, PE F},.

Bj\ P -l - 0 0 F
; : : ; ; . | <o.
BITNOPi 0 —6,‘1\71 0 Firl;v
ETP, 0o - 0 —g'r o0
FAA Fil F,'N 0 —81'1

l

For t € [t, tx+1), we see that, by condition (ii), (26) implies that

Za,x Px,—I—ZZe,jx (t — 7;(1))x;(t — T; (1))

i=1 j=

max {a,}Zx Pixi + Lr;‘iXN[ Ze,,]Zx (t = (1)) Prxi (1 = 5 (1))

i=1

DTV ()

A

IA

1<i< 1<i<N

< max {al} V + max { Zeﬂ}.\_/(t).

(23)

(24)

(25)

(26)

27)

Hence, by Lemma 2.3 and condition (ii), it follows that, for ¢ € [#, fx+1), there exists a constant o > 0 such that

V(t) < V(g)e o),

where V (1) = Sup, _r <5<, 1V ()}, and o > 0 satisfies (13).

(28)

Let C’,-k = Cir + K4; and éiko = Cix, + Kgi. When t = 1;, we can use Lemma 2.2 to show that, for some positive

constants y; > 0,k € N,

N
Vg =) x () Pixi (i) = Zx tO(Cikg + EXFy) " Pi(Ciry + E X Fi)1xi ()

i=1 i=1

N
=Y X OICH, PiCity + Fiy T E PiCity + Cli PEXF;, + Fj X ET PLEXF Ixi (1)
i=1
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=

FeNCT, PiCiky + i Ch PREETPiCity + v ' FiL Fy, + QU ETE|)Fyl Fi Jxi (1)

FENCT, PiCiky + i Cl PEEETP City + Wl ETE | + v DFI Fy dxi (). (29)

N
> ox
i=l
N
> ox
i=l

By the Schur Complementary Theorem, it holds that, fori = 1,2, ..., N,

Clo PiCiky + WCii, PEET PiCity + i | ETE||l + v ) FL Fy — B Pi < 0 (30)
is equivalent to the following matrix inequalities:
Cle, PiCiky — BuiPi Cl PiE Fl
ETP;Ci, —y 0 <0. 31
F; 0 —QulETE|+y N1
Hence, by condition (iii), we obtain

N N
V(t) < Y Buxt GO Pxi () < B Y xT GO Pixi () = BV (1), (32)

i=1 i=1

where By = maxi<;<n{Bi}, k € N.
In the following, we shall show, by induction, that

V() < uMg)2e™ ) e [y, 1),k €N, (33)

where 1 = max<;<ny{u;}.
When k = 1, since for all ¢ € [ty — 7, 9],

ki DI = i DIl < lIgill = sup g (DI,

th—T=<t=Il

we get
N
V(6) < max (mac(PD}- Y I @OIF < - 912, 1 € [t — 7. 10,
I<i<N =

where [|¢]|> = Y0 111>

Hence, we have

Vo) < - gl (34)
By (28) and (34), we get
V() < V(i) ™ < - llg)Pe ™70 = MOp - g7, 1€ 1o, ). (35)

Thus, (33) holds for k = 1.
Now assume (33) holds for k < m, m > 1. Then, we shall show that (33) holds for k = m + 1.
By (32) and (17) and the induction assumption, we have
V(tm) < BV (ty) < i M™ @] 7e™7 =0 < ™ || ||Pe= =10, (36)
Hence, by condition (iv) and (36), it follows that, for k = m + 1, ¢ € [t;, ti+1),
V(@6) < V() -e ¢ = max_ (V(n)}-e 70

Im—T=<t=Ilm

=max{ sup {V(©)}, V(ty)je o0

tn—T<t<tpy
max{pM™ | p||2e 7 in=T=10) 1 g™ || || 2e 0 Um—10) g =0 (1=tm)
= max{Mm_'e‘”, M’"}M||¢||2e—0(tm—to)e—a(t—zm)
wM™ |0, (37)
Therefore, by the induction principle, we see that (33) holds for all k € N.

A

IA
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Finally, we shall show that
X = e B s = 1o,
Xl < Kllglle™ ™, 1> (38)

where, o = %{a — hg—rM} >0,K = /5, and v = min;<; <y {v;}.

_ o InM
Since 81 < infren{ti —tk—_1}, wehave k—1 < %,whlch implies M~ < e i (t—1=10) Thus, fort € [fy_1, fx),
we get
V(1)

Iz 1 —o(— Iz —(o—MMy
lx()]? < —= < ;||¢||2Mk lemo =) < ;||¢||2e (0="5)1=10) (39)

Hence, (38) holds, which implies that system (2) is robustly exponentially stable with decay rate %{a — 1‘:32” }. The
proof is complete. [

Remark 3.1. Theorem 3.1 presents the robust exponential stability criteria. However, these criteria cannot be used
to design the feedback control gain matrices K.;, Kg;,i = 1,2, ..., N. The following corollary aims to address this
problem.

Corollary 3.1. Let Assumptions 1 and 2 be satisfied. Assume that, for given u; > Oand v; > 0,i = 1,2,..., N,
conditions (1) and (iv) of Theorem 3.1 are satisfied, while conditions (ii)—(iii) are replaced by the following conditions
(11*)—(1ii*):

(ii*) there exist matrices Y.; € R"™", such that, fori = 1,2, ..., N, the following LMIs hold:

(Ui(Aio) + Y5+ Yoi —ciPi PiBjng -+ PiBing  PE  Fy )
Bjy, P —eil -0 0 Fl
: : . : <0, (40)
Bly P 0 - —enl 0 Fiy
ETP, 0 - 0 —'1 0
\ Fa; Fi -+ Fin 0 —Eil)

where U; (A,’o) = PiANio + A?OPi + 2r; /ﬁ—;Pi and «a;, €;j satisfy (14);

(iii*) there exist matrices Yg; € R"™", such that, fori = 1,2, ..., N, the following LMIs hold:
Clio PiCiko + Y;City + CixYai — BiPi Cjy PIE + Y E F} YL
Tp Ty . -1
E PCi, + E Yy Ve 1 . 0 B 0 <0 (A1)
F; 0 —(WllE Ell+y, ) 0
Yaui 0 0 —P;
Then, the large-scale uncertain impulsive system (2) with the controllers (uci,ug;) = (Pl._chixi, Pl._leix,-),
i=1,2,..., N, is robustly exponentially stable with decay rate %{o — 113311\/1 1

Proof. Let K.; = Pl._lYCi, K4 = Pi_lei, i =1,2,..., N. Then, by Theorem 3.1 and the Schur Complementary
Theorem, the conditions of the theorem follows readily. [

Remark 3.2. It is interesting to discuss two special cases: (i) u,; = 0 and (ii) ug; = 0. That is to say, only the
continuous controllers u.; or only the impulsive controllers u ; are used to robustly and exponentially stabilize system
(2). Inthe case of ug; = 0,1i.e., Kz; = 0, Theorem 3.1 and Corollary 3.1 can be used to design the continuous feedback
controllers u,; = K¢xj,i = 1,2,..., N, to robustly and exponentially stabilize the system. But when u.; = 0,
ie., Y, = 0or K. = 0, it is noted that the condition for o; < 0 in Theorem 3.1 and Corollary 3.1 is not satisfied. In
fact, when u,; = 0, i.e., K,; = 0, and matrix A; is not a stable matrix, then «; > 0. In the following, we will use the
Razumikhin technique (see [15]) and Theorem 3.1 in [7] to solve this problem.
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Theorem 3.2. Letu.,; = 0, ug; = Kgix; and Assumptions 1 and 2 be satisfied. Assume that there exist positive definite

matrices P; € R™", and constants yy > 0,€;; > 0,&; >0,0; >0,0 < Bix <1,i,j=1,2,...,N, k € N, such
that
(i) there exist some positive constants v; > 0, u; > 0,i = 1,2, ..., N, such that
vl <P <wl, i=12,...,N; (42)

(i) fork e N,i =1,2,..., N, the following matrix inequalities hold:

U;(Aio) —@&; P P;Bj, --- PiBin, PE Fj
Bj\ P —einl - 0 0 Fi
: : : : : - | <o, (43)
B;rNOPi 0 s —EiNI 0 FiT;V
ETPi 0 e 0 —8;11 0
FA. F,' s F,'N 0 —8,‘1

l

where ¥;(Ajo) = P;Ajo + A;FOPZ' + 2r; /l:—;Pi,‘
@ii) fori =1,2,..., N,k € N, the following matrix inequalities hold:

é;l;co P; CNwiko~_ Bik P; é;l];() P E Fi}:
ETP;Ciy, —vi ' 0 <0, )
Fi 0 —wlETEl+y DI

where Ciy, = Cik, + Kais
(iv) there exists a positive constant o with o > p such that

ﬂk < e—U(ka—fk)’ (45)
where B = maxi<i<n{Bki}, p = p1 + p2, p1 = maxi<i<n{d:},
and py = max15i5N{vi[ Zyzl €ji}.
Then, the closed-loop large-scale uncertain impulsive system (2) is robustly exponentially stable with decay rate
2o = p).
Proof. Let the Lyapunov function be defined by

N

V() =Y x (O Pixi(1).

i=1

Then, by an argument similar to that used in the proof of Theorem 3.1, it follows from condition (i) that, for
t € [tg, tr+1),

N N N
DTV = D aixIPixi+ ) > €x] (t — 7;(0)x;(t — Tj (1))

i=1 i=1 j=1

N N N
N 1
< max (&) ) xf P+ max v ejit >l (= n(0) Pt = 7 (0))
Isi=sN- o I R G
2 PV +pV (i —T(), 46)

where p| = maxi<;<n{®;}, p» = maxj<j<y {vil Zﬁil éji}-
Thus, by Theorem 3.1 in [7],if V(t 4+5) < V (¢) for any —7 < s < 0, then

DYV (@) < (p1+ p2)V () £ pV (1), (47)
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which implies that
V() < V(g)e’ "™t et tir1), k €N, (48)

where p = p; 4+ p2 > 0.
Let Cix, = Cix, + Ky;i. By condition (iii), it follows from an argument similar to that used in the proof of
Theorem 3.1, that

N N
V(t) < Y Bux] GO Pixi(t)) < B D x] () Pixi () = BV (1), (49)
i=1 i=1
where Br = maxi<;<n{Pki}, k € N.
From (48) and (49), we obtain
V() < BV (el = v el B e [ty k €N, (50)
which implies that
V() < V(t](_)ep(fk+1_tk)+lnﬂk < V(tk_)e_(ff_[?)(lk+l_tk) < ... < V(tg)e @ P ri=to) (51)

Thus, for any ¢ € [t, tx+1), kK € N, we obtain
V(1) < V(e P, (52)

which implies that, for any initial condition x(s) = ¢ (s), s € [—7, 0],

lx(®) < \/g [ plle 1), (53)

Hence, by (53) and Theorem 3.1 in [7], system (2) with the impulsive controllers uy; = Kg;jx;,i =1,2,..., N, is
robustly exponentially stable with decay rate %(a — p). The proof is complete. [

Corollary 3.2. Let u.; = 0 and Assumptions 1 and 2 be satisfied. Assume that, for given u; > 0 and v; > 0,
i =1,2,..., N, conditions (i)—(@ii) and (iv) of Theorem 3.2 are satisfied, while condition (iii) is replaced by the
following (iii*):

@iii*) fori = 1,2,..., N,k € N, the following LMIs hold:

Cio PiCikg +T Y Cik, + (;ikoYd,- — BixP; Cj PE T YLE FY Y
E P Cix, + E Yy - 1 . 0 B 0 <0 (54)
F; 0 —(WllE"Ell+y. )T 0
Yai 0 0 —P;
Then, the large-scale uncertain system (2) with the impulsive controllers ug; = Pi_le,'x,', i =1,2,...,N, is
robustly exponentially stable with decay rate %(a - p).
Proof. The conclusion follows as a direct consequence of Theorem 3.2 with K;; = Pl._1 Yyj,i=1,2,...,N. O

Remark 3.3. In system (1), if Cjy, = Cix, = I and u.; = 0, then (1) can be regarded as an uncertain continuous large-
scale system which is subjected to the impulsive controllers {ug; (), k € N}. In this case, Cjx = I and Corollary 3.2
can be used to design the feedback impulsive controllers {Ky;x; (fx), k € N} under which the closed-loop continuous
uncertain system is robustly exponentially stable with decay rate %(a - p).

4. Examples and simulations

In this section, one representative example is given for illustration. Here, the numerical simulation procedure is
coded and executed in the MATLAB environment.
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Example 4.1. Let the chaotic Colpitts’ oscillator [17] be used as a subsystem in the large-scale uncertain system with
coupling time-delays. A single Colpitts’ oscillator is in the form of

Vi =ay
y2=—0(y1+vyy2+y3) (55)
¥3 = B2 + a1y +azy}),

where «, 8, 0, ay, y,az € R. It is known that when the parameters « =24, 8 =22, 0 =1,y =0.252,a; = 1 and
az = —0.2, system (55) is chaotic.

Let y = (y1, y2, y3)1. Then, the matrix form of the Colpitts’ oscillator is described as:

y = Aoy +¢(y) (56)
0 o 0 0
where A() = (—a —yo —a> and (p(y) = ( 0 )
ap B 0 a3ﬂy?
Suppose that the large-scale uncertain system with coupling time-delays is given by

N

)&,‘:Axi+(p(xi)+ZBinj(t—Tj(f)), i=1,2,...,N, (57)
j=l1

where x; = (xi1, xj2, x;3) T, the matrix A € N[A, A2], where

—0.5 a—05 —0.5 0.5 a—+0.5 0.5
Al=|-0-05 —yo—-05 —0-05 and Ap=|-0+4+05 —yoc+05 —c+05],
ap—05 B—-05 —0.5 ap+05 B+05 0.5

while the coupling term matrices are in the form of

05 05 0 -1.0 -03 0 05 —-02 0
Bi=10 05 02], Biiy1 = 0 025 -—-0.1], Biito=|1 0 =075 -0.1],
0 0 =05 0 0 1.0 0 0 -0.5

and By—1,N+1 = BN-1,1, BN—1,N+2 = NN—1,2, BN .N+1 = Bn1, and By y+2 = Bna.
In the following, we will design impulsive controller uy; (#;) = Kg;x; (t;) with which the system

N
xXi = Ax; +o(x;) + ZBinj(l —7j(1), t€ (t, tky1l,

=1
Axi(t) = u;(t) = Kgi(x;(t) = y(t)), t=t,keN,i=12,...,N, (58)

is robustly and exponentially stable.
From [18,19], it follows that

H dp(d;)

0x;

'55.28, i=1,2,...,N. (59)

To apply Corollary 3.2, we choose ¢;; = 1,¢; = 1,v; = 1, u; = 2,Y,; = 0. Then, by using the LMI Tool
Box within the MATLAB environment to solve the LMIs (54), for i = 1,2,...,10, we obtain @; = 6, Bz =
0.01, maxgen{tx+1 — tx} = 0.2878, and

1.5437 0.3646 0.1371 —1.5328 —0.3546 —0.1330
P, =10.3646 1.4298 0.1290 ], Ygi = | —0.3546 —1.4215 —-0.1264 ] . (60)
0.1371 0.1290 1.1520 —0.1330 —-0.1264 —1.1502

Now, we may design the required impulsive controller ug; (tr) = Kgix;(tx) as follows:
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Fig. 1. The first elements of states, x;1(t), k =1,2,...,10.
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Fig. 2. The second elements of states, xz>(#), k = 1,2, ..., 10.

to =0, —tx—1 = 0.2, k € N, and the impulsive control gain matrices K;; are:

—0.9944 0.0053  0.0022
Kai =P 'Yg = | 00022 —0.9957 0.0011 |, i=1,2,...,10. (61)
0.0022  0.0011 —0.9988

Thus, p1 = 6, pp = 10. Therefore, by setting ¢ = 23, we obtain

o>p=p+p2, and B =< e oWt —i) ke N, (62)

Hence, by Corollary 3.2, the impulsive controller u4; (tx) = Kg;x;(t;) designed above can achieve robust exponential
stabilization for this large-scale uncertain system and its decay rate is %{0 — p} =3.5.

In the simulations, we choose #;+1 — #x = 0.2,k € N, and set, without loss of generality, the initial conditions
x;i(t) = cj, whenever t < 0, wherec;,i =1,2,..., N, are constants. Forany A € N[A, Az], weset A = A1+ R3x3,
where the matrix R3x3 = (rij)3x3 is @ 3 x 3 random matrix in which 0 < r;; < I. In Figs. 1-3 we let 7;(¢) = 0.1,
and we see that the large-scale uncertain system can be robustly exponentially stabilized by the controller given by
(61). In Figs. 4-6 we use different time-delays: 7;() = %, j=1,2,...,10, then we can see that the large-scale
uncertain system can still be robustly exponentially stabilized by the same controller given by (61).
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Fig. 5. The second elements of states, xz»(¢), k = 1,2, ..., 10.
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1 0.5 - 15 2 25 3

Fig. 6. The third elements of states, x;3(¢),k =1, 2, ..., 10.

5. Conclusions

The coupling of subsystems seriously affects the dynamical behaviors such as the stability of a large-scale
system. Since coupling time-delay and uncertainty often occur in a practical large-scale system, it is important to
investigate their effect on the stability of a large-scale system. In this paper, the robust exponential stabilization
problem for a large-scale uncertain impulsive system with coupling time-delays has been studied by employing hybrid
feedback control techniques and an impulsive control method. The controller so designed is robust with respect to
the uncertainties in the subsystem parameters and the coupling time-delays. By using the methods of the Lyapunov
function and Razumikhin technique as well as Linear Matrix Inequalities (LMIs), some simple and effective criteria
for achieving robust exponential stabilization have been derived, with fast convergence rates. The decay rates are also
obtained to estimate the convergence rate. These conditions are expressed in terms of LMIs. Finally, one relevant
example, for impulsive controllers, has been considered and solved so as to illustrate the results obtained in the paper.
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