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1 Introduction

In the last two decades, various notions of derivatives for set-valued maps have been
proposed and used for the formulation of optimality conditions and duality in set-valued
optimization. With the concept of contingent derivative for a set-valued map (see [1]),
Corley [2] investigated optimality conditions for set-valued optimization problems. But
it turns out that necessary and sufficient optimality conditions do not coincide under
standard assumptions. Jahn and Rauh [3] introduced the contingent epiderivative of a
set-valued map and then obtained unified necessary and sufficient optimality conditions.
The essential differences between the definitions of the contingent derivative and the
contingent epiderivative are that the graph is replaced by the epigraph and the derivative
is single-valued. Subsequently, Chen and Jahn [4] (see also Bednarczuk and Song [5])
introduced the concept of generalized contingent epiderivative in terms of minimizers of
projection of the contingent cone to epigraph of a set-valued map. In general, since the
epigraph of a set-valued map has nicer properties than its graph, it is useful to employ the
epiderivatives in set-valued optimization. As to other concepts of epiderivatives for set-
valued maps and applications to optimality conditions, one can refer to [6-9] and references
therein. Recently, Jahn et al. [10] introduced second-order contingent epiderivative and
generalized contingent epiderivative for set-valued maps and obtained some second-order
optimality conditions based on these concepts. Very recently, Lalitha and Arora [11]
introduced a notion of weak Clarke epiderivative for a set-valued map by using the concept
of Clarke tangent cone and established optimality conditions for a constrained set-valued
optimization problem in terms of weak Clarke epiderivative. On the other hand, various
kinds of differentiable type dual problems for set-valued optimization problems, such
as Mond-Weir type and Wolfe type dual problems have been investigated, for example,

see [12-14] and so on.

To the best of our knowledge, there are only a few papers deal with higher order opti-
mality conditions and duality of set-valued optimization problems by using higher order
derivatives and epiderivatives. Since higher order tangent sets, in general, are not cones
and convex sets, there are some difficulties in studying higher order optimality conditions
and duality for set-valued optimization problems by virtue of the higher order derivatives
or epiderivatives introduced by the higher order tangent sets. Very recently, Li et al. [15]
studied some properties of higher order tangent sets and higher order derivatives intro-

duced in [1] and then obtained higher order necessary and sufficient optimality conditions



for set-valued optimization problems in terms of the higher order derivatives. By using
these higher order derivatives, they [16] also discussed higher order Mond-Weir duality for
a set-valued optimization problem based on weak efficiency. Li and Chen [17] introduced
higher order generalized contingent epiderivative and higher order generalized adjacent
epiderivative of set-valued maps. Higher order Fritz John type necessary and sufficient
optimality conditions for Henig efficient solutions to a constrained set-valued optimization

problem were obtained by employing the higher order generalized epiderivatives.

Motivated by the work reported in [11,15-17], we introduce the concepts of higher
order weak contingent epiderivative and higher order weak adjacent epiderivative for set-
valued maps. Based on higher order weak adjacent (contingent) epiderivatives and Henig
efficiency, we investigate higher order Mond-Weir type duality, higher order Wolfe type
duality and higher order Kuhn-Tucker type optimality conditions to a constrained set-

valued optimization problem (SOP).

The rest of the paper is organized as follows. In Section 2, we recall some basic
definitions and their properties used in the paper. In Section 3, we define the higher
order weak contingent epiderivative and adjacent epiderivative, and discuss the existence
and other useful properties. In Sections 4 and 5, we introduce a higher order Mond-
Weir type dual problem and a higher order Wolfe type dual problem to (SOP) by virtue
of higher order weak adjacent (contingent) epiderivatives and discuss the corresponding
weak duality, strong duality and converse duality properties, respectively. In Section 6,

we establish higher order Kuhn-Tucker type necessary and sufficient optimality conditions

of (SOP).

2 Preliminaries and Higher Order Tangent Sets

Throughout this paper, let X, Y and Z be three real normed spaces, where the spaces Y
and Z are partially ordered by nontrivial pointed closed convex cones C' C Y and D C Z
with nonempty interiors intC' and int D, respectively. Let Y* be the topological dual space
of Y, S be a nonempty subset of X and F: S — 2¥ and G : S — 27 be two given set-
valued maps. The domain, the graph and the epigraph of F' are defined respectively by:
dom(F) ={xz € S| F(x) # 0}, graph(F) = {(z,y) € X XY |z € S, y € F(x)}, epi(F) =
{(z,y) e X xY |z €S, ye F(x)+C}. The map F is said to be C-convex on a convex
set S, if for any z1, 29 € S and A € [0, 1], AF(x1)+ (1 =\)F(x2) C F(Az1+(1—X)za)+C.



It is well known that if F' is C-convex on S, then epi(F') is a convex subset in X x Y.

Let C* be the dual cone of C, defined by C* = {A € Y* | A\(y) > 0, Vy € C'}. Denote
the quasi-interior of C* by C*, i.e., C* = {A € Y* | A(y) > 0, Vy € C\ {0y }}. Let M be a
nonempty set in Y. Denote the closure of M by cl(M) and the interior of M by int(M).
The cone hull of M is defined by cone(M) = {ty | t > 0,y € M}. A nonempty convex
subset B of the convex cone C is called a base of C, if C' = cone(B) and 0y & cl(B). It
follows from Lemma 3.3 of [18] that C* # () if and only if C has a base. Suppose that C
has a base B. Denote

Ce(B) = cone(B +¢U) forall 0<e <9,

where 0 = inf{]|b|| | b € B} and U is the closed unit ball of Y. It follows from [7] that,
d > 0, cl(int C.(B)) is a closed convex pointed cone, and C' \ {0y} C int C.(B) for all
0 < e < 6. Denote

CA(B) ={f € C* | inf{f(b) : be B} >0}.

By the separation theorem, C*(B) # () (see [7]). Obviously, C*(B) C C*.
Lemma 2.1 ([7])

(i) For any e € (0,6), C.(B)*\ {0y-} C C?(B).

(ii) For any f € C2(B), there exists 0 < e < § with f € C.(B)* \ {0y~ }.

Definition 2.1 ([16]) F : X — 2Y is called pseudo-Lipschitzian at (xo,y0) € graph(F),
if there exist M > 0 and neighborhoods V' of xo and W of yo such that F(z1) N W C
F(z2) + M||z1 — 22|| By, V1,29 € V, where By denotes the unit ball of the origin in Y.

Let m be a positive integer, X be a normed space supplied with a distance d and K
be a subset of X. We denote by d(x, K) = inf ek d(z,y) the distance from x to K, where

we set d(z, ) = +00. Now we recall the definitions of the higher order tangent sets.

Definition 2.2 ( [1]) Let x € K C X and vy, -, v—1 be elements of X.

(i) The set
m K—z—hv—-—h" o,
T}({ )(l', Ul) PN 7”Um_1) == L'[;msuph*)0+ v vl hm Y !
K—z—hvy—-—h"lo,
= X | liminfd —
{y € X | lim infd(y, = ) =0}
is called the m™-order contingent set of K at (x,v1,- -+, Upm_1).
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(ii) The set

K—2—hv,—---—h" oy, _
le((m) (l’, Uy, 7Um—1) = Limmfh—>0+ - . hm !
) K—2—hv—-—h" o,
={ye X | lim d(y, = ) =0}
is called the m™-order adjacent set of K at (x,vy,-++,Upm_1).

Remark 2.1 (/1))

(a) The following inclusion relation holds:

b(m m
TK( )(xavla T 7vm71) C T[(( )<$7U17 T 7Um71)
K—z—hvy—-—h™ o,
c el — LY.
h>0 h
(b) Both tangent sets T,((m)(a:, V1, Ume1) and be((m) (x,v1, +,Uym_1) are closed.

From Propositions 3.1 and 3.2 of [15], we have the following results.

Proposition 2.1 If K is convezx, then T%m) (0, V1, "+, Up_1) 1S conver.
Proposition 2.2 If K is a convex subset and vy, vs, -+, 0,1 € K, then
To0m) —pp .- —a) = T e _
K (To,v1 = To, Vo1 — o) = Ty (T, v1 — To,+, Umn—1 — To)

K — o — h(Ul — (L’()> — s — ]’Lm_l<vm_1 — ZL’())
hm

— (U )

h>0

3 Higher Order Weak Epiderivatives

Definition 3.1 Let H C Y and intC # (). An element §j € H is said to be a minimal
point (resp. weakly minimal point) of H if HN (y—C) = {g} (resp. HN (g —intC) =10).
The set of all minimal points (resp. weakly minimal points) of H is denoted by Minc H
(resp. WMing H).

Let X,Y be normed spaces and F' : X — 2Y be a set-valued map. We first recall the
definitions of higher order generalized contingent epiderivative and adjacent epiderivative
introduced by Li and Chen [17].



Definition 3.2 (i) The m'-order generalized contingent epiderivative ng)F(xo, Yo, Uz, V1,
C U1, Ume1) Of B at (x,y0) € graph(F) for vectors (uy,v1), -+, (Upm—1,Vm-1) 1S

the set-valued map from X to'Y defined by

Dém)F(x()? Yo, U1, V1, - * 05 Um—1, Um_l)($)

= M/LnC{y ey ‘ <x7y) € T(m()F)(xoaymulaUl? T 7umflavmfl>}-

ept

(ii) The m™-order generalized adjacent epiderivative Dg(m)F<£L‘0, Yo, Uty V1, -y Upp—15 Upp—1)
of F' at (xg,y0) € graph(F) for vectors (uy,v1),- -+, (Um—1,Vm—1) is the set-valued
map from X to'Y defined by

D;(m)F(x(b Yo, U1, V1, "+ Um—1, Um_l)(x)

. b(m
= MZ”C{?/ ey ‘ ('T7y) e, ( (})7)('%'07?-/07“1"017 e 7um—17Um—1)}'

epi

Now we introduce the following higher order weak contingent and adjacent epideriva-

tives in terms of weak efficiency.

Definition 3.3 (i) The m'*-order weak contingent epiderivative D™ F(zq,yo, u1, v1,
C U1, Ume1) Of Foat (x0,y0) € graph(F) for vectors (uy,v1), -+, (Um—1,Vm—1) 18

the set-valued map from X to'Y defined by

D&m)F(x()? Yo, U1, V1,5 Um—1, ’Um—l)(x)

= WMZ”C{Z/ ey ’ (xay) € T(m()F)(xmyOaulavla to 7umflavmfl)}-

epi

(ii) The m'-order weak adjacent epiderivative D™ F(zg,yo, U1, V1, Um—1,Vm_1) Of
F at (z9,Y0) € graph(F) for vectors (uy,v1),- -, (Um—1,Um—1) is the set-valued map
from X toY defined by

D%m)F(an Yo, U1, V1, "+ 5 Um—1, Um_l)(l')

. b(m
= WMZTLC{y ey ’ (x7y) e, ( (%)(330790,1017?]1, T 7um—lavm—l)}-

ept

Remark that Jahn and Khan [8] have introduced the notion of first-order weak con-

tingent epiderivative of set-valued maps. It is obvious that for all z € X,

D!(Jm)F(ioa Yo, U1, V1, s U1, V1) (2) © DSV (20, 40, U1, 01, -+, U1, V1) ()
and
DZ(W)F(SBO,ZUO,Ul,Ul, T Ume1, Um1) () C D%m)F(-’Bo,melaUla S U1, U1 ) ()

Now we give the following examples to explain various epiderivatives.
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Example 3.1 Let F : R — 2% be a set-valued map given by

F(z) = {(y1,92) € R* | y1 > 2",y > 2}

and C = R%. Let (zo,y0) = (0,(0,0)) € graph(F) and (ui,v1) = (1,(0,0)). Then,
Tepicr) (20, Y0) = R X Ri and Tem (:L’O,yo,ul,vl) = R x (Ry X [1,4+)). Hence, for all
xr € R, we have

DyF (x0,10)(z) = {(0,0)},
Dy F(z0,90)(z) = {(y1,0) | y1 > 0} U{(0,2) | y2 > 0},
DéQ)F(xO,yO,ul,vl)(I) {(0,1)},

)(z) =

D@ F(xo, yo,ur, v1)(x) = {(y1, 1) | y1 > 0} U {(0,92) | y2 > 1}.

Example 3.2 Let F : R — 2% be a set-valued map given by

F(x) = {(y1,52) € R* | (yr — )y2 < 0}

and C = R%. Let (zo,y0) = (0,(1,0)) € graph(F) and (ui,v1) = (1,(0,0)). Then,
Topir) (0, o) = epi(F) — (z0,y0) = R x (R*\intR?) = Te(;)( (0, Yo, w1, v1). Hence, for
all x € R, we have

DyF(x0,y0)(v) = D(Q)F(l"o, Yo, w1, v1)(x) = 0,
W F (0, yo, ur, v1) (@) = {(41,0) | y1 < 0} U{(0,52) [ 2 < 0}.

)
g
g
8
e
<
S
=
I
)
no

Definition 3.4 ( [11,19])

(i) The cone C is called Daniell, if any decreasing sequence in'Y having a lower bound

converges to its infimum.
(ii) A subset H of Y is said to be minorized, if there is ay € Y so that H C {y} + C.

(iii) The weak domination property (resp. domination property) is said to hold for a
subset H of Y if H C WMing H + intC' U {0y } (resp. H C Minc H + C).

Now we give an existence theorem of D™ F and D™ F.
Theorem 3.1 Let C be a closed pointed convex cone and let C' be Daniell.

(i) Suppose that the set Py(z):={y € Y | (x,y) € TPZ(F)(xO,yO,ul,Ul, e U1, Um—1)}
is minorized for every x € domPy. Then D™ F(xg,yo,u1, V1, U1, Vm_1)(T)

exists for all x € domPF,.



.. b(m
(i) Suppose that the set P(z):= {y € Y | (2,y) € T2 (20, 50, w1, 01, t1, 1))
is minorized for every x € domP. Then D™ F(xg,yo,u1,v1, -, Um—1, Vm_1)()

exists for all v € domP.

Proof. It follows from Remark 2.1(b) that the m'-order contingent set (resp. m*-order
adjacent set) is closed. Thus for every € domP, (resp. = € domP), Py(z) (resp. P(z)) is
minorized and closed. From the existence theorem of minimal points (see [19]), Ming Py(x)

(resp. Ming P(7)) is nonempty. Whence, D™ F (resp. D™ F) is well defined. O

Now we give the following crucial proposition.

Proposition 3.1 Let F' be C-convex on a nonempty convez subset E C X. Let (xg,yo) €

graph(F) and (u;,v;) € epi(F), i = 1,---,m — 1. If the set P(x — xzo):= {y € Y |
b(m

(x — o, y) € Te;,-(l)w)(iﬂo,yojw — T0,V1 — Yo, Um—1 — L0, Um—1 — Yo)} fulfills the weak

domination property for all x € E, then for all x € F,

F(UC) — Yo C D%m)F(iUmyo, Uy — To, V1 — Yo, Um—1 — Lo, Um—1 — yo)(x - xo) +C.

Proof. The proof follows on the lines of Proposition 3.1 in [17] by replacing m*-order
generalized adjacent epiderivative by m'"-order weak adjacent epiderivative and domina-

tion property by weak domination property. O

Corollary 3.1 Let F be C-convex on a nonempty convex subset E C X. Let (xo,0) €
graph(F') and (u;,v;) € epi(F), i = 1,---,m — 1. If the set Py(x — x¢):= {y € Y |
(m)

(x — zo,y) € epi(F) (%0, Yo, U1 — T, V1 — Yo, " *» Um—1 — Lo, Vm—1 — Yo)} fulfills the weak

domination property for all x € E, then for all x € F,

F(z) —yo C DI™F (20, Y0, u1 — 0,1 — Yo, * * > Um—1 — L0, Um—1 — Yo) (T — 20) + C.

Proof. Since F' is C-convex and (u;,v;) € epi(F'),i = 1,---,m — 1, by Proposition 2.2,

m b(m
we get that Tépi()p)(%,yo, U — T, V1 — Yo, "+ Um—1 — L0, Um—1 — Yo) = Tezﬁi(})(xo, Yo, U1 —
To, V1 — Yo, Um—1 — L0, Um—1 — Yo)- Thus, it follows from Proposition 3.1 that the
conclusion holds. O

4 Higher Order Mond-Weir Type Duality

In this section, we introduce a higher order Mond-Weir type dual problem for a constrained

set-valued optimization problem by virtue of higher order weak adjacent epiderivatives
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and discuss the weak duality, strong duality and converse duality properties.
Let F: X — 2Y¥ and G : X — 27 be two set-valued maps. Consider the following

constrained set-valued optimization problem (SOP):

min F(x)
st. z€X, G(x)N(=D) #0.

Set A={z € X | Gz)N(-D) # 0} and F(A) = U{F(z) | = € A}. The notation
(F,G)(x) is used to denote F'(x) x G(x).
A point (zg,90) € X XY is called a feasible solution of (SOP) if zy € A and yg € F(xy).

In the sequel, suppose that C has a base B, intD # () and 6 = inf{]|0|| | b € B}.

Definition 4.1 ( [17]) A feasible solution (xo,yo) is called a Henig minimal solution of
(SOP) if for some 0 < e <6, (F(A) —yo) N (—intC:(B)) = 0.

Suppose that (u;,v;) € epi(F), (u;,w;) € epi(G), i = 1,---;m — 1 and (Z,9) €
graph(F'). We introduce a Mond-Weir type dual problem (DSOP) of (SOP) as follows:

max g

st. ADN™MEF(2,§,u1 — 8,01 — §, 0 U1 — &, me1 — §) (@) +

D™ G (&, 5 uy — Ty wy — 2y Uy — By Wy — 2)(2) >0, € X, (1)
u(z) >0, 2)
A€ CA(B), (3)
e D, (4)

where 2 € G(%), and (1) means that A(y) + pu(z) > 0, for all (y,2) € D™ F(%,4,u; —

To01—T, U1 — T, U1 — ) () X D%m)G(:%, ZUup—T, Wy — 2, Uy 1 — Ty Wy — 2) ().

Throughout this paper, we assume that VA € C2(B), u € D*, M) = pu) = +oo.

Hence, (1) holds naturally whenever z & dom[D’™ F (2,9, u1 — 2,01 — -, U1 —
2, 0m—1 — )] Ndom[DX™G (&, 2,u1 — &, w1 — 2,y U1 — By Wiy — 2)].
Let

Hp:={ye F(z)| (2,9, 2, A\, u) satisfies conditions (1) — (4)}.

A point (xq, Yo, 20, Ao, to) satisfying (1)-(4) is called a feasible solution of (DSOP).



Definition 4.2 A feasible solution (xq, Yo, 20, Ao, o) S called a mazimal solution of (DSOP)
if (Hp —yo) N (C'\ {0y}) =0.

Theorem 4.1 (Weak duality) Suppose that F' and G are C-convex and D-convex on X,
respectively. Let (u;,v;) € epi(F), (u;, w;) € epi(G), i =1,--- ,m—1. Assume the feasible
solution (xg,yo) of (SOP) and the feasible solution (Z,y, Z, A\, pu) of (DSOP) satisfying that
the sets Pp(zo—2):={y €Y | (xo—1,y) € Tg;;?})(i, Gy ur— 2, 01—,y Ume1 — T, U1 —
§)} and Po(zg—i):= {2 € Z | (zo—i, 2) € Toly (&, 2, 1=, w1 — 2, oy — &, Wiy 1 —

2)} fulfill the weak domination property. Then A(yo) > 7).

Proof. It follows from Proposition 3.1 that
yo— 9§ € DN F(&,§,u1 — &,00 =, Uy — &, U1 — §) (w0 — ) +C (5)
and
G(xo) — 2 C DX™G(2, 2,uy — &0y — 2, -+ Uy — &, Wiy — 2)(zo —2) + D.  (6)

Since (z0, yo) is a feasible solution of (SOP), G(x¢) N (—D) # (). Take zy € G(x¢) N (—D).
Then, by (2) and (4), we have that

p(z0) — p(2) <0. (7)

It follows from (1), (3), (4), (5) and (6) that A(yo — ) + p(20 — 2) > 0. Therefore, by (7),
we get A(vo) > A(Y). O

Lemma 4.1 Let (zo,y0) € graph(F) and (u;,v; — yo,w;) € X x (=C) x (=D),i =
1---

Y

and for any zy € G(xo) N (=D),

,m — 1. If (zo,v0) is a Henig minimal solution of (SOP), then for some 0 < e < 6

[D%m)(Fa G)(l"o; Yo, 20, U1 — T, V1 — Yo, W1 — 20, "+, Um—-1 — L0y Um—-1 — Yo, Wn—-1 — Zo)(X)
+ C x D+ (Oy, z0)] N —int(C-(B) x D) = 0.

Proof. If ;™ (F,G)(xo, Yo, 20, 1 — L0, V1 = Yo, W1 = 20, "+ U1 — L0, U1 — Yo, Win—1 —
20)(z) = 0 for some z € X, then the result holds trivially. So we suppose x € Q:=

dom[qulgm)(F7 G)(ﬂ?mym 20, U1 — Lo, V1 — Yo, W1 — 20, "+, Um—1 — L0, Um—-1 — Yo, Wm—1 — ZO)]

Then the proof follows on the lines of Theorem 4.1 in [17] by replacing m-order

generalized adjacent epiderivative by m!-order weak adjacent epiderivative. O
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" b(m
Proposition 4.1 Suppose that P(x):= {(y,2) € YXZ | (z,y,2) € Telgi(}’G)(xo,yO, 20, Uy —
Lo, V1 — Yo, W1 — 20, * *  Umn—1 — L0, Um—1 — Yo, Wm—1 — 20) } fulfills the weak domination prop-
erty for allx € X and G+ D is pseudo-Lipschitzian at (o, 29), where xo € X, yo € F(xp)

and zy € G(xg). Then for all x € X,

Dq(m).l (x{ ;yhu - l’o; (% y07 7um_ xO; Um—l yo)(x)

C DZ}(m)(F, G)(-TanO?Zmul — 2o, V1 — Yo, W1 — 20, ",

Um—1 — L0, Um—1 — Yo, Wm—-1 — Zo)(l') + C xD.

Proof. If either D)™ F(-)(z) or D™ G(-)(z) is empty, then the inclusion relation holds
trivially. Suppose that

(y,2) € DX™F(x0,y0,u1 — T0,01 — Yo, * s U1 — L0, V1 — Yo) ()

XD%m)G(%, 20, Uy — L0, W1 — 20, * 5 U1 — L0, Win—1 — 20)(T).
It follows from the definition of the m!*-order weak adjacent epiderivative that

b(m
(z,y) € Te,()i(l):)(xo,ym Uy — To, V1 = Yo, Um—1 — L0, V-1 — Yo)

and

b(m)
(I, 2) € T@pi(G)(Ioa 20, U1 — To, W1 — 20, ", Um—-1 — Lo, Wm—-1 — 20)-

Whence, for any h,, — 0%, there exists (z,,y,) — (z,y) such that

Yo + hn(vr —y0) + - + I (Uit — yo) + hiryn
€ F(wo+ hp(ug — o) + -+ A" N1 — 20) + h2,) + C, (8)

and there exists (Z,, z,) — (z, z) such that

20+ ho(wy — 20) + -« + A (w1 — 20) + "2,
€ G(l’o + hn(ul - IE()) + -+ h?il(umfl — flﬁo) + h?f,ﬁ + D. (9)

By the pseudo-Lipschitzian assumption, there exist M > 0, and neighborhoods W of z
and N of z, such that

(G(Il)—i-D)ﬁWCG(l’g)—FD—'—M”CEl —ill'g”Bz, \V/.I'l,l'g EN, (10)
where B denotes the unit ball of the origin in Z. Naturally, there exists N > 0 satisfying
To + hp(uy — 20) + -+ B U1 — 0) + B2, €N, ¥n > N,
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and

2o+ hn(wl - Zo) + -+ h:f—l(wm_l — Z()) + h’,f%n S W, Vn Z N. (].].)
It follows from (9)-(11) that Vn > N,
zo + hn(wl — Zo) + -+ hm_l(’wm_l — Zo) + hmfn
€ (G(zo + hp(ur — 20) + - + B Nty — o) + R"Z,) + D)NW
C G(LUO + h (Ul — 1’0) hm l(um 1 — Q?o) + hm$n) + D+ hmMHxn — anBZ
Then, there exists z, — z such that for any n > N,

20 + hn(wl — Zo) + -+ h;”_l(wm,l — Zo) =+ h;”zn

(12)
€ G(zg + hp(ur — o) + -+ A" Y upm_1 — ) + h7x,) + D.
It follows from (8) and (12) that
(% Y, Z) € Tf,ﬁﬂﬂ)qa) ($07 Yo, 20, U1 — Lo, V1 — Yo, W1 — 20, "+, Um—1 — L0, Um—1 — Yo, Wm—1 — Zo),

i.e., (y,z) € P(x). Since P(z) fulfills the weak domination property for all z € X, we get
(y,2) € Db (F G)(0, Yo, 20, U1 — Lo, V1 = Yo, W1 — 205", Umn—1 — L0, Um—1 — Yo, Win—1 —
20)(xz) +C x D. O

Theorem 4.2 (Strong duality) Suppose that (zo,yo) is a Henig minimal solution of (SOP)

and the following conditions are satisfied:

(i) F is C-conver on X and G is D-conver on X;

(ii) (ug,vi,w;) € epi(F,G) and (u;,v; — yo,w;) € X x (=C) x (=D),i=1,---,m—1;
(iii) there exists ' € X such that G(z") N (—intD) # 0;

(vi) z0 € G(z9) N (=D) and G + D is pseudo-Lipschitzian at (xg, z0);

(V) P(,I’) = {(ya Z) €eYxZ | (xvya ) € Tlgz(;‘G)(:Ban(J?ZOau1_$0avl_y07w1 —20, ", Um—1—
L0, Um—1 — Yo, Wm—1 — 20)} fulfills the weak domination property for all x € X and

<0Y70Z) € P(OX)7

(iv) the sets Pp(xg — 2):={y €Y | (zo0 — Z,y) € Tez(n())(x Yoy — T,01 — Yy o ooy Uy —
TUmo1 — 9)} and Pg(xg — 2):= {2 € Z | (v — %,2) € Te;(n())(%Z,Ul — Z,wy —
Zo U1 — T, W1 — 2)} fulfill the weak domination property for all z € X,

where y € F(z) and z € G().
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Then, there exist A € C°(B) and p € D* such that (xg, yo, 20, A, jt) is a mazimal solution
of (DSOP).

Proof. Define

M = D%m)(F? G)($0’907207u1 — Zo, V1 — Yo, W1 — 20, """
Um—1 = 20, Vm—1 — Y0, Wim—1 — 20)(X) + C' x D + (Oy, 20).

By the similar proof method for the convexity of M in Theorem 5.1 in [17], just replac-
ing m'-order generalized adjacent epiderivative by m!*-order weak adjacent epiderivative

and domination property by weak domination property, we have that M is a convex set.

By Lemma 4.1, there exists 0 < & < ¢ such that
M N —int(C.(B) x D) = (.

By the separation theorem for convex sets, there exist A € Y* and u € Z*, not both zero

functionals, and a real number v such that
AMy) +u(z) <y < ANG)+p(2), Vy € —intC.(B), z € —intD, (7, 2) € M. (13)
It follows from (y, z) € —int(C.(B) x D) and (13) that
Ay) 4+ p(z) <0, Vy € —intC.(B), z € —intD, (14)
and
0 < A@) +u(3), V(5,5) € M. (15)
Then, by (14), we have A(y) < 0 for all y € —intC.(B), and pu(z) < 0 for all Z € —intD.
Thus, A € C.(B)* and p € D*. By Lemma 2.1(i), A € C2(B) U {0y~ }. Since P(x) fulfills
the weak domination property for all x € X, hence
P(X) C DS™(F,G)(x0,Y0, 20, 1 — To, V1 — Yo, W1 — 20,
Um—1 = T0, Vm—1 — Y0, Wim—1 — 20)(X) + C x D
= M- (Oy,Zo).
It follows from (0y,0z) € P(0x) that (0y,0z) € M — (Oy, 2y), i.e., (Oy,2p) € M. From
(15), we have p(zp) > 0. It follows from 2y € —D and p € D* that u(zp) < 0. Thus,
1(2z0) = 0. Moreover, it follows from (15) that

AMy) + u(z) =20,

13



for all (y7 Z) S qulgm) (F7 G) (LU(], Yo, 20, U1—T0, V1—Yo, W1—Z20, " " *, Um—1—"L0, Um—1—Y0, Wm—-1—
Zo)(X) +C x D.

Now we show that A # Oy+. By Proposition 3.1, for any (v/, 2') € (F,G)(A), we get

(?/7 Z/) - (y07 ZO) S Dz}(m)(F’ G)(-ranOa 20, U1 — Zo, V1 — Yo, W1 — 20, ",

Um—1 — L0y Um—1 — Yo, Wm—1 — ZO)('ZJ - ili'o) +C x D7 v e A

Hence, A(y' —yo) +p(2' — 2z0) > 0. Moreover, \(y' —yo) + p(2") > 0. Suppose that A = Oy-.
Then p # 0z- and hence for all 2’ € G(A), pu(2) > 0. Since the generalized Slater’s
constraint qualification is satisfied, there exists & € X such that G(Z) N (—intD) # 0.
This implies that there exists 2 € G(2) N (—intD). Since Z € —intD and p € D*\{0z«},
it follows that p(2) < 0, which leads to a contradiction.

Consequently, in view of Proposition 4.1, we see that (xo, 3o, 20, A, pt) is a feasible
solution of (DSOP).

Finally, we prove that (xg, 3o, 20, A, pt) is a maximal solution of (DSOP). Suppose that
(20, Yo, 20, A, pt) is not a maximal solution of (DSOP). Then, there exists a feasible solution
(2,9, 2, N, i) such that § —yo € C'\ {Oy}. By N’ € C2(B) C C*, we have

N(G) > XN(yo)- (16)

Since (zg, yo) is a feasible solution of (SOP), by Theorem 4.1, we have that X (yo) > N (9),
which contradicts (16). Thus, the proof is complete. O

Remark 4.1 In [7], Gong et al. introduced the assumption (C): For any & € D*\{0z«},
there exists v € A = {x € X | G(x) N (=D) # 0} such that £(G(x)) N (—intRy) # 0.
This assumption is weaker than the assumption (iii) of Theorem 4.2, which is called the
generalized Slater’s constraint qualification (CQ, in short). It is easy to show that (CQ)
can be weakened to the assumption (C) in Theorem 4.2 and in what follows (e.g., Theorems

5.2 and 6.1), respectively.

Theorem 4.3 (Converse duality) Suppose that there exist xyg € X,yo € F(xg),20 €
G(zo) N (=D), A € C2(B) and u € D* such that (zq,vo, 20, \, 1) is a feasible solution of
(DSOP) and the following conditions are satisfied:

(i) F is C-convex on X and G is D-convex on X ;
(ii) (us,vi,w;) € epi(F,G), i=1,---,m—1;

14



oss b(m
(iii) the sets Pp(z—xo):={y €Y | (x —x0,y) € Te;i(})(xo,yo,ul—xo,vl—yo, e U —

b(m
To, Um—1 — Yo)} and Pg(x —xg):={2 € Z | (x — 20, 2) € Teéi(é)(iﬁ'o, 20, U1 — T, W1 —

20,0y Um—1 — T, W1 — 20) } fulfill the weak domination property for all x € A.

Then, (zo,yo) is a Henig minimal solution of (SOP).

Proof. Suppose that x € A. Then, there exists z € G(x) N (=D). It follows from
Proposition 3.1 that

b(m
2 — 29 € DX™G (20, 20, u1 — To, W1 — 20, * , U1 — To, Wyn—1 — 20) (T — Tg) + D.

By (2), we have that u(zy) > 0. It follows from 2y € G(zo) N (—D) that u(zp) < 0. So
1(z0) = 0, and
iz — z0) = p(z) — p(zo0) = p(z) < 0. (17)

Therefore, it follows from (1) and (17) that
ADPT™ F (0, 4o, 1t — T0,01 — Yoy -~ - 3 1 — 0, Ot — Yo) (¥ — 0) > 0, z € A, (18)
From Proposition 3.1 and (18), we have
A(F(A) = yo) = 0.

Since A € C2(B), by Lemma 2.1(ii), there exists € € (0,6) such that A € C.(B)*\ {Oy-}.

Suppose that the feasible solution (zg,y) is not a Henig minimal solution of (SOP).
Then for ¢, (F(A) — yo) N (—intC.(B)) # (. Whence, there exists 2’ € A and y' € F(2')
such that v/ —yo € —intC.(B). Hence, A(y —yo) < 0, which yields a contradiction. Thus,
(20, Y0) is a Henig minimal solution of (SOP) and this completes the proof. O

5 Higher Order Wolfe Type Duality

In this section, we introduce a higher order Wolfe type dual problem for (SOP) by virtue
of higher order weak adjacent epiderivatives and discuss the weak duality, strong duality
and converse duality properties.

Suppose that (u;,v;) € epi(F), (u;,w;) € epi(G), i = 1,---;m — 1 and (Z,9) €
graph(F), (z,z) € graph(G). We introduce a Wolfe type dual problem (WDSOP) of

15



(SOP) as follows:

max U(Z,y, 2, A\, 1) = XN (9) + 1 (%)

st NDUME(Z,§,u — 3,01 — G, Ut — £, Omey — §)(2) +
[ DXMG(7, 2w — Ewi — 2y Ut — & Wiy — 2)(2) >0, x € X, (19)
X € C2(B), (20)
w* e D*. (21)

A point (g, Yo, 20, Ao, to) satisfying (19)-(21) is called a feasible solution of (WDSOP).

Definition 5.1 A feasible solution (xq, Yo, 20, Ao, o) is called a optimal solution of (WD-
SOP) foOT’ any feasible solution (:L‘7 Y, %, >\a /‘L)7 qj(‘rOu Yo, <0, A07 ,LL()) > \II(I7 Y, =, Aa M)

Theorem 5.1 (Weak duality) Suppose that (zo,vo) is a feasible solution of (SOP) and
(Z,9,2,\", u*) is a feasible solution of (WDSOP), which satisfy the conditions stated in
Theorem 4.1. Then X\*(yo) > V(Z,7, 2, \*, u*).

Proof. By virtue of Proposition 3.1, we have that for any zy € G(zo) N (—D), there exist
Y, € DXMEF(Z,9,u1 — 3,01 =0,y U1 — 2, U1 — ) (10— 2) and z, € D’™G(, 2, u; —
Tyw1—Z, U1 — T, Wy—1 — £) (29— Z) such that (yo—9)—vy, € C and (z0—2)—z, € D,

respectively. Thus,

Ayo —9) 2 M) = =1 (26) Z —p"(20 = 2) 2 1" (2).

Hence, we get that \*(yo) > A\ (9) + p*(2) = U(Z, 9, 2, \*, u¥). O

Theorem 5.2 (Strong duality) Suppose that (o, o), where yo = Oy is a Henig minimal
solution of (SOP) and the conditions in Theorem 4.2 are satisfied. Then, there exist
o € C2(B) and py € D* such that (o, Yo, 20, N, fo) is a optimal solution of (WDSOP).

Proof. From the proof of Theorem 4.2, we see that there exist \g € C*(B) and y € D*
such that (xg, Yo, 20, Ao, tto) is a feasible solution of (WDSOP) and po(z9) = 0. Therefore,

Mo(Yo) = W(xo, Yo, 20, Aos Ho)-

Suppose that (zg, Yo, 20, Ao, fto) i not a optimal solution of (WDSOP). Then, there
exists a feasible solution (2/,3/,2', N, 1) of (WDSOP) such that W(xg, 3o, 20, Ao, to) <
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W'y, 2/, N, u'). Since (xo, o) is a feasible solution of (SOP), by Theorem 5.1, we have
that X (yo) > W(a',y/, 2, N, ). Thus, we get that A\o(yo) < N (vo), i-e., (Ao — X)(%o) < 0.
Since yo = Oy, a contradiction yields. Consequently, (zo, Yo, 20, Ao, fo) is @ optimal solution
of (WDSOP). O

Theorem 5.3 (Converse duality) Suppose that there exist oy € X,yo € F(xp),20 €
G(z0) N (=D), \g € C2(B) and py € D* such that (xg, yo, 20, Ao, Ho) s a feasible solution
of (WDSOP) and ug(z9) > 0. Moreover, suppose the conditions in Theorem 4.3 are
satisfied. Then, (xo,%o) is a Henig minimal solution of (SOP).

Proof. The proof is similar to Theorem 4.3. O

6 Higher Order Kuhn-Tucker Type Optimality Con-

ditions

In this section, we discuss higher order Kuhn-Tucker type necessary and sufficient opti-

mality conditions for (SOP).

Theorem 6.1 (Necessary condition) Suppose that (xo,y0) is a Henig minimal solution
of (SOP) and the conditions (i)-(iii) and (v) of Theorem 4.2 are satisfied. Then, for any
20 € G(20) N (=D), there exist A € C*(B) and p € D* such that

1(z0) =0 and Ay) + p(z) =0, (22)

for all (y,z) € D’™(F,G)(x0,Y0, 20, U1 — T0,V1 — Yo, W1 — 20, Um—1 — T0, V1 —
Yo, Wm—1 — 20)(X).

Furthermore, if G+ D is pseudo-Lipschitzian at (zo, 29), then (22) holds for all (y, z) €
D™ F (20,0, u1 — To, U1 — Yo, * * , Upm—1 — Lo, Um—1 — Y0) (X ) X DA™ G (0, 20, uy — T, Wy —

20,05 U1 — T0s Win—1 — 20)(X).
Proof. In the proof process of Theorem 4.2, we have obtained that (22) holds for all

(yu Z) € leu(m)(F, G)(%, Yo, 20, U1 — Lo, V1 — Yo, W1 — 20, ", Um—-1 — L0, Um—1 — Yo, Wmn—1 —

20)(X) + C x D. Then the conclusion follows readily. O

17



Remark that if the generalized Slater’s constraint qualification is not satisfied in The-
orem 6.1, then A € C*(B)U{0y~}. Thus, we obtain the so-called higher order Fritz John
type necessary optimality conditions for (SOP).

Now we give the following example to illustrate the Kuhn-Tucker type necessary opti-
mality conditions with respect to the m!-order weak contingent epiderivative (see Remark

6.1). Here we only take m = 1,2 yet.

Example 6.1 Suppose that X =Y = Z =R and C = D = Ry. Let F : X — 2V
and G : X — Z be given by F(x) = {y € R | y > 2?} and G(z) = = — 1, re-
spectively. Naturally, F' and G are R,-convex on X, respectively, and the generalized
Slater’s constraint qualification is satisfied. Consider the corresponding constrained set-
valued optimization problem (SOP). We have A ={x € R|x —1 < 0} = (—o0, 1] and
F(A) = Upe(—00,1) F(x) = [0,+00). Let B = {1}. Obviously, B is a base of C' and hence
§d = 1. Let (zo,y0) = (0,0) € graph(F). Since (F(A) — yo) N (—intC.(B)) = O for all
0 <e <4, hence (zo,yo) is a Henig minimal solution of (SOP).

It follows from the definitions of F' and G that
epi(F,G) = {(x,(y,2) e Rx R? |y > 2%,z >z — 1}.
Take zo = —1 € G(xo) N (—Ry). Then, we have
Tepicr, ) (w0, Yo, 20) = { (2, (y.2)) € RX R?* |y > 0,2 >z},
and
D (F, G)(z0,y0,20)(7) = {(y,7) € R* |y >0} U{(0,2) € R* | z > z}, * € R.

It is easy to verify that P(x) = {(y,z) € R* | (2, (y,2)) € Tepicr, ) (%0, Yo, 20)} = {(y,2) €
R%* |y >0,z >z} fulfills the weak domination property for all z € R and (0,0) € P(0).
Then, the conditions of Theorem 6.1 are satisfied for D,(F,G). Take X > 0 and p = 0.
Thus, for any (y, z) € Dy (F,G)(x0, Yo, 20)(z) and v € R, we have

AMy) +u(z) =0 and p(z0) = 0. (23)
Clearly, G + R, is pseudo-Lipschitzian at (o, 29). Moreover,

Dy F (20, y0)(x) = WMinc{y € R |y > 0} = {0},
D,G(xg, 20)(z) = WMinc{z € R| z > x} = {z}.
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Thus, (23) holds for all (y, z) € Dy F(xq,y0)(x) X DWwG(z0,20)(x) and x € R. So that the

1*"-order Kuhn-Tucker type necessary optimality condition holds.
Take uy =0, v1 =0 and w; = —1/2 € —R,. Then, we have
Te(;»)(ﬂg)(xoayoa 20, U1 — To,v1 — Yo, w1 — 20) = {(z, (y,2)) € R x R* |y > 0},

and

D1(112)(F7 G)(x())yOvZOaul — Xo, V1 — Yo, W1 — ZO)(ZL’) = {0} X R, T &€ R.

Cl60/l"ly, P(z)(l‘) - {(y,Z) € R2 | (ZE, (ya Z)) € Te(;’)(F,G)(xmyOazOvul — X9,V1 — Yo, W1 —
20)} = {(y,2) € R* | y > 0} fulfills the weak domination property for all x € R and
(0,0) € PA(0). Hence, the conditions of Theorem 6.1 are satisfied for D (F,G). In

addition,

DS)F(:co,yo,ul — xo, 11 — Yo)(x) = WMinc{y € R |y > 0} = {0},
DOG (g, 29, uy — xo, w1 — 20)(x) = WMingR = (.

Choose X > 0 and . = 0. We have that the 2"-order Kuhn-Tucker type necessary

optimality condition holds.

Theorem 6.2 (Sufficient condition) Suppose that the following conditions are satisfied:

(i) F is C-convex on X and G is D-convex on X ;

(ii) (wo,yo0) € graph(F) and (u;, v, w;) € epi(F,G), i =1,---,m—1;

(iii) there exist zg € G(x9) N (—=D), A € C*(B) and p € D* such that
i(z0) =0 and A(y) + p(z) =0,

fOT all (ya Z) S Dz)(m)(F, G)(x():yO? 20, U1 — T, V1 — Yo, W1 — 20, ", Um—1 — L0, Um—1 —
Yo, Wm—1 — 20)(x — o) and x € A;
. b(m
(iv) P(x—x0):={(y,2) € Y X Z | (x —20,y,2) € Teéi(}yG)(xo,yo, 20, U1 — X0, V1 — Yo, W1 —
20,0y U1 — L0y Um—1 — Yo, Win—1 — 20)} fulfills the weak domination property for
all x € X.

Then, (xo,yo0) is a Henig minimal solution of (SOP).
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Proof. Since A\ € C#(B), by Lemma 2.1(ii), there exists ¢ € (0,0) such that A\ €
Co(B)* \ {Oy+}. Assume that (F(A) — yo) N (—intC.(B)) # 0. Then, there exist 2’ € A
and 3y’ € F(2') such that ' —yy € —intC.(B). Since 2’ € A, there exists 2’ € G(z')N(—D).

By the weak domination property for P(x — o) and Proposition 3.1, we have

(yl — Yo, 7 — Zo) € Dfu(m)(F, G)(%ayo, 20, U1 — To, V1 — Yo, W1 — 20,

“ U1 = T0, Um—1 — Yo, Wm—1 — 20) (2" — x0) + C' x D.
Thus, there exist ¢ € C' and d € D such that
My —yo—2¢) +pu(z' — 2z —d) >0. (24)

Since 3y — yo € —intC.(B), then ¢y — yo — ¢ € —intC.(B) — C = —intC.(B). It follows
from A € C.(B)*\ {Oy+} that A(y' —yo —¢) < 0. Since 2’ € G(z') N (=D), u(z) = 0 and

p € D*, we have u(z' — 29 — d) = u(z") — p(d) < 0. Thus,

My —yo—2¢) +u(z' —2—d) <0,

which contradicts (24). Then, (F(A) —yo) N (—intCe(B)) = (). Thus, the feasible solution

(20, yo) is a Henig minimal solution of (SOP) and the proof is complete. O

Theorem 6.3 (Sufficient condition) Suppose that the following conditions are satisfied:
(i) F is C-conver on X and G is D-conver on X;

(ii) (zo,v0) € graph(F) and (u;,v;,w;) € epi(F,G), i=1,---,m —1;

(iii) there exist zg € G(x9) N (=D), A € C*(B) and pu € D* such that

1(20) =0 and Ay)+ pu(z) >0,

for all (y,z) € DXX™ F (20, Yo, Uy — To, V1 — Yo, * s Um—1 — 0, Um—1 — Yo)(T — Tp) X
Dz,(m)G(ﬂ?o, 20, U1 — T, W1 — 20, ", Um—1 — L0, Wm—1 — Zo)(iC - SUO) and x € A;

. b(m
(iv) the sets Pr(z—z0):={y €Y | (x—20,y) € To(h) (0, Yo, U — T0, V1 — Yo, *, U1 —

ept
b(m
Zo, Um—1 — Yo)} and Pg(x —xg):={z € Z | (x —x¢,2) € Teéi(é)(xo, 20, U1 — Tg, W1 —

20,0y Um—1 — T, W1 — 20) } fulfill the weak domination property for all x € A.

Then, (xo,v0) s a Henig minimal solution of (SOP).
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Proof. The conclusion can be obtained similarly as in the proof of Theorem 4.3. a

Remark 6.1 Because F' and G are C-convex and D-convexr on X, respectively, and

(us,v;) € epi(F), (us,w;) € epi(G), i = 1,---,m — 1, it follows from Proposition 2.2

that the m'"-order contingent set coincides with the m'*-order adjacent set. Thus, if we

use mt"-order weak contingent epiderivative instead of the m™-order weak adjacent epi-

derivative in all theorems of Sections 4-6 , then, the corresponding duality results and

optimality conditions for m'"-order weak contingent epiderivative still hold.
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