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Abstract

The representation theorem is obtained for functionals of non-Markov processes and their
first exit times from bounded domains. These functionals are represented via solutions of back-
ward parabolic Tto equations. As an example of applications, analogs of forward Kolmogorov
equations are derived for conditional probability density functions of Ito processes killed on the
boundary. In addition, a maximum principle and a contraction property are established for
SPDEs in bounded domains.
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1 Introduction

In the present paper, we study representation of integrals of stochastic non-Markov processes and
their first exit times via stochastic partial differential equations. It is a generalization of the
classical Kolmogorov representation for Markov diffusion processes.

Let a region D C R" be given, let T" > 0 be a terminal time, let F; be a filtration, and let
y**(t) be an Ito process adapted to F; and such that y™*(s) =z, z € D, s < T. Further, let 7%
be the first exit time from D x [0,T") for the vector (y™*(t),t), and let ¥ and £ be some functions.
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Our goal is to represent conditional expectations
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as the solutions of boundary value problems for stochastic partial differential equations. This
representation has many important applications. In particular, the representation via solution of a
SPDE helps to establish some regularity properties for p and 7%, since there is certain regularity
for the solutions of SPDEs.

For the representation, we will use backward parabolic Ito equations, i.e., the equations with
Cauchy condition at terminal time ¢ = T. These equations are analogs of Kolmogorov backward
equations for non-Markov processes. We will also consider forward parabolic Ito equations, i.e.,
the equations with Cauchy condition at initial time; they can be regarded as analogs of forward
Kolmogorov equations.

Boundary value problems for forward parabolic Ito equations were intensively studied; see, e.g.,
Alds et al (1999), Bally et al (1994), Chojnowska-Michalik and Goldys (1995), Da Prato and Tubaro
(1996), Gyongy (1998), Kim (2004), Krylov (1999), Maslowski (1995), Pardoux (1993), Rozovskii
(1990), Walsh (1986), Zhou (1992), the author’s papers (1995), (2005), and the bibliography there.
Note that the difference between backward and forward equations is not that important for the
deterministic equations because one can always make a change of time variable and convert a
backward equation to a forward one and opposite. But it cannot be done so easily for stochastic
equations, because the solution needs to be adapted to the driving Brownian motion. Therefore,
backward stochastic partial differential equations with boundary conditions at final time require
special consideration. A possible approach is to consider so-called Ito-Bismut backward equations
when the diffusion term is not given a priori but has to be found. These backward SPDEs were
also widely studied; see, e.g., Pardoux and Peng (1990), Hu and Peng (1991), Dokuchaev (1992),
(2003),(2010), Yong and Zhou (1999), Pardoux and Rascanu (1998), Ma and Yong (1999), Hu et al
(2002), Confortola (2007), and references here. The duality between linear forward and backward
equations was studied by Zhou (1992) for a domain without boundary, and by the author (1992)
for the domains with boundaries. A different type of backward equations was described in Chapter
5 of Rozovskii (1990).

The representation of expectations (1.1) via SPDEs was established before for the following

cases:

e For the classical Markovian setting then y™*(t) is a diffusion Markov processes;

e For the case of non-Markov y®*(¢) in the entire space, i.e., when D = R" i.e., for the problem

without random first exit times.



The known representation theorems for non-Markov processes in D = R was never extended
on the case of domains with boundary. Let us explain why it is non-trivial.

The main difficulty in the implementation of this approach to the non-Markov Ito processes and
the related SPDEs is the following. One needs again a priori certain smoothness for the solution
p(+) of a backward SPDE, to apply Ito-Ventsell formula for the process p(y™*(t,w), t,w). However,
the previously known results about regularity of the solution of the backward SPDE for p were
insufficient for the case of domains with boundary. Therefore, the representation result was never
obtained for this case. Correspondingly, it was unknown if the forward parabolic Ito equation for
the conditional density of a non-Markov process in the entire space can be used for the process
killed on the boundary, given additional Dirichlet boundary value condition on this boundary. As
far as we know, the first attempt to solve it was made in the author’s paper (1992) for a very
special case. In the present paper, we have proved this fact together with representation (1.1) for
some p derived from a backward parabolic Ito equation (Theorems 4.1 and Theorem 6.1).

The present paper uses the additional regularity in the form of the so-called second fundamen-
tal inequality (Theorem 3.4): the solution (p, x) of the backward equation has Lo-integrable second
derivatives for p and the first derivatives for x. This additional regularity of the solutions of the
backward equations appears to be sufficient to obtain the representation theorem. To ensure this
regularity, we required additional Condition 3.5 which is a strengthened version of the standard
coercivity condition (Condition 3.1). We emphasize that, without this new condition, representa-
tion theorem for (1.1) is still not established, and an equation for the probability density function
of the Ito process bein killed on the boundary is still unknown (even if it easy to believe that one
can use the SPDE for the density from the case of entire domain with additional the Dirichlet
condition imposed on the boundary).

As a corollary, we obtained the equation for the conditional probability density function of an
Ito process killed on the boundary of a domain (Theorem 6.1). This is a new result even given
that the corresponding result for entire domain was known for a long time (see, e.g., Theorem
5.3.1 from Rozovskii (1990)). As an additional corollary, we obtained the ”maximum principle”:
the solution of the forward or backward equation in the cylinder D x [0,T] is nonnegative if the
free terms are nonnegative. Further, we proved that the dynamic of the homogeneous equations
is of the contraction type: E [, |u(z,T,w)|dz < E [, |u(x,0,w)|dz for the solutions of the for-
ward equations, and esssup, ,, |p(z,t, w)| < esssup, , [p(z, T, w)| for the solutions of the backward
equations. (Theorems 7.1-7.4).

The paper is organized as follows. In Section two we collect notation and definitions. Sections

three contains some facts about the regularity of SPDEs, including the second fundamental in-



equality for backward equations. In Section four, the main result is presented. The proof of this

result is given in Section five. Sections six and seven contain applications.

2 Definitions

2.1 Spaces and classes of functions.

We a given an open domain D C R" such that either D = R" or D is bounded with C?t% _smooth
boundary 9D for some o > 0; if n = 1, then the condition of smoothness is not required. Let
T > 0 be given, and let Q 2 Dx (0,7).

We are given a standard complete probability space (2, F,P) and a right-continuous filtration
F; of complete o-algebras of events, ¢t > 0; we denote by w the elements of the set Q = {w}. We are
also given a N-dimensional process w(t) = (wi(t), ..., wn(t)) with independent components such
that it is a Wiener process with respect to F;.

We denote by ||| x the norm in a linear normed space X, and (-, -)x denotes the scalar product
in a Hilbert space X.

We denote Euclidean norm in R* as | - |, and G denotes the closure of a region G C R*.

We introduce some spaces of real valued functions.

We denote by W;*(D) the Sobolev space of functions that belong to L,(D) together with first

9 1/2
Lz(D)> .

Let H® £ Ly(D), and let H* éV[(/)'Q1 (D) be the closure in the W} (D)-norm of the set of all
smooth functions u : D — R such that u|sgp = 0. Let H? = W2(D) N H! be the space equipped
with the norm of WZ(D). The spaces H* and W§(D) are called Sobolev spaces; they are Hilbert
spaces, and HF is a closed subspace of W(D), k =0,1,2.

Let H~! be the dual space to H', with the norm || - || -1 such that if u € H° then ||ul| -« is

m derivatives, ¢ > 1. In particular,

”UHWQI(D) = (”U’%Q(D) + Z
i=1

ou
ox

)

the supremum of (u,v)go over all v € H? such that ||v]|z1 < 1. H~* is a Hilbert space.

We denote by ¢, and ¢, the Borel measure and the Lebesgue measure in R¥ respectively, and
we denote by B, the o-algebra of Borel sets in R¥. We denote by B}, the completion of B, with
respect to the measure ¢, or the o-algebra of Lebesgue sets in R”.

We denote by P the completion (with respect to the measure £1 x P) of the o-algebra of subsets

of [0, T] x Q, generated by functions that are progressively measurable with respect to F;.



Let Qs = D x [s,T]. For k = —1,0,1,2, we introduce spaces

A

X¥(s,T) 2 L([s, T] x Q, P,y x Py HY),  ZF £ LX(Q, F, Ps HY),  CM(s,T) = C([s, T); Z1).

The spaces X* and ZF are Hilbert spaces.

Further, we introduce spaces
YFR(s,T) 2 XF(s, T)NC* (s, T), k>0,

with the norm ||ullys (s 7) = lullxr(s ) + lller-1(sm)-
For brevity, we will use the notations X* £ X*(0,T), C* £ ¢*¥(0,T), and Y* £ Y*(0,T).

In addition, we will be using spaces

ZF 2 Ly(, Fr,P;CH(D)), XF=1L1%[0,T] xQ, P, iy x P; C*(D)), k>0,

WEZ L0, T] x P, 6 x P; WHD)), k=0,1,..., 1<p<+oc.

The same notations will be used for the spaces of vector and matrix functions, meaning that all
components belong to the corresponding spaces. In particular, | - HW;; means the sum of all this
norms for all components.

We will write (u,v)go for u € H~ and v € H', meaning the obvious extension of the bilinear

form from u € H® and v € H'. Similarly, we will write (&,7)xo for ¢ € X~ and n € X!

Proposition 2.1 Let & € X°, let a sequence {&,}{2] € L>=([0,T] x Q, 41 x P; C(D)) be such that
all &(-,t,w) are progressively measurable with respect to Fy, and let ||§ — &kl xo — 0. Let t € [0, T
and j € {1,...,N} be given. Then the sequence of integrals fg &(z, 5,w) dwj(s) converges in Z)

as k — 0o, and its limit depends on &, but does not depend on {&}.

Proof follows from completeness of X" and from the equality

B 6l 5,00) — s 5100) 0 s = [ae(] (s, —smms,w))dwj(s))z.

Definition 2.1 For ¢ € X ¢ € [0,7], and j € {1,...,N}, we define fg &(z, 5,w) dw;(s) as the
limit in Z? as k — oo of a sequence fg &k(z, s,w) dw;(s), where the sequence {&} is such as in

Proposition 2.1.

Sometimes we will omit w.

3 Forward and backward SPDEs

In this section, we collect some known fact for SPDEs.



3.1 Forward SPDEs

Let s € [0,T), o€ X1, h; € X° and ® € Z%. Consider the boundary value problem

dyu = (Au+ @) dt + N | [Bu + hildwi(t), t>s,

(3.1)
U‘t:g = (I)v u(x7t7w)‘w€aD =0.
Here u = u(z,t,w), (z,t) € Q, w € Q, and
Av 2 zn: bii(x,t,w) % (z) +Zn:f-(:c 1) 2% () + Mt w)ola) (3.2)
- et 1] s Yy 81‘18333 g 2 » Uy 85[71 ) by ) .
where b;;, f;, z; are the components of b,f, and x. Further,
A dv > .

B2 & (2) i ) + Bl tw)o(a), =1, N, (3.3)

We assume that the functions b(z,t,w) : R" x [0,T] x Q@ — R™", B;(z,t,w) : R"x[0,T] xQ —
R", Bi(z,t,w) : R*"x [0, T]xQ — R, f(x,t,w) : R"x[0,T|xQ — R", \M(z,t,w) : R*x[0, T xQ —
R and ¢(z,t,w) : R" x [0,T] x 2 — R are progressively measurable for any € R"™ with respect
to .Ft.

To proceed further, we assume that Conditions 3.1-3.3 remain in force throughout this paper.

Condition 3.1 The matriz b = b' is symmetric, bounded, and progressively measurable with

respect to F; for all x, and there exists a constant 6 > 0 such that

N
1
y bz, t,w)y — 5 Z ly' Bilz, t,w)|> > 8ly> Yy eR", (x,t) € Dx[0,T], weQ. (3.4)
i=1

Inequality (3.4) is called sometimes a coercivity condition; it means that equation (3.1) is

superparabolic, in terminology of Rozovskii (1990).
Condition 3.2 The functions b(x,t,w) : R" x R x Q@ — R™", f(z,t,w) : R" x R x 2 — R",
Az, t,w) : R" X R x Q — R, are bounded and differentiable in x, and

(i?t%i)i%[‘gfi(w’t’W)’ + ‘gi(x,t,w)‘ + ‘gi(aﬁ,t,w)” < +o0.

Condition 3.3 The functions B;(z,t,w) and B;(x,t,w) are bounded and differentiable in x, and

esssup, ¢, \%’i" (z,t,w)| < +00, esssup, ; , |%(m,t,w)| < 4o00,i=1,...,N.

We introduce the set of parameters
A of
P2 <n D, T, 5, esssup,q[[be. )| + |f(x. )| + O (2,1, )

o))

2 (2, t,w)| +

]

€SSSUPy t.w,i [‘Bi(xataw” + |Bi<xvtvw)’ + ‘%% ($>t7w)’ +




The definition of solution
Definition 3.1 Let h; € X% and ¢ € X 1. We say that equations (3.1) are satisfied for u € Y'! if
u(,t,w) —u(,rw)
t N ot
= / (A'LL(, 87("')) + 80(7 37w)) ds + Z/ [BZ'LL(, 87("')) + hz(7 S, CU)] dwz(‘S) (35)
T i=1 7T
for all r,¢ such that 0 <r <t < T, and this equality is satisfied as an equality in Z, L

Note that the condition on dD is satisfied in the following sense: u(-,t,w) € H! for a.e. t,w.
Further, the value of u(-,¢,w) is continuous in ¢ in Z% and uniquely defined in Z2 given ¢, by
the definitions of the space Y'!. The stochastic integrals with dw; in (3.5) are defined as elements
of Z%. For an arbitrary process v € Y'!, the integral with ds is defined as an element of Z5 L
However, u € Y presented in Definition 3.1 is such that this integral is equal to an element of Z:(}

in the sense of equality in Z, L

Existence and regularity for forward SPDEs

Typically, existence and uniqueness results at different spaces for linear PDEs are based on so-
called prior estimates, when a norm of the solution is estimated via a norm of the free term. For
the second order equations, there are two important estimates based on Lo-norm:

so-called "the first energy inequality” or "the first fundamental inequality”, and ”the second en-
ergy inequality”, or "the second fundamental inequality” (Ladyzhenskaya (1985)). For instance,

consider a boundary value problem for the heat equation

Up = U, + 0, @ = fr+9,
u|t:0 :07U|8D :Oa (.Z',t) € Q =D x [OaT]7 D C R.

Then the first fundamental inequality is the estimate

2, o + 112, gy < const (112, 0 + 912,00

Respectively, the second fundamental inequality is the estimate

Hu;H%g(Q) + ”UH%Q(Q) + HUQH%Q(Q) + ||ngH%2(Q) < const HSDH%Q(Q)-

The second fundamental inequality leads to existence theorem in the class of functions u such

that u”, € La(Q). The first fundamental inequality allows more general free terms but leads to

"
x

existence theorem in the class of functions u with generalized derivatives v/, € H~! only.
An analog of the first and the second fundamental inequality for the forward SPDEs is given

by the following two theorems.



Theorem 3.1 [Rozovskii (1990), Ch. 3.4.1] Assume that Conditions 3.1, 3.2, and 3.3, are satis-
fied. Let ¢ € X7 1(s,T), h; € X%s,T), and ® € Z°. Then problem (3.1) has an unique solution
u in the class Y1(s,T) and the following analog of the first fundamental inequality is satisfied:

N
ully1sm) < ¢ (H(pHXl(s,T) + [|@]l z0 + Z th‘HXO(s,T)> ; (3.6)

=1

where ¢ = ¢(P1) is a constant that depends on Py only.

Theorem 3.2 [Dokuchaev (2005)] Assume that Conditions 3.1, 3.2, and 3.3, are satisfied. In
addition, assume that pi(z,t,w) =0 forx € 0D, i=1,...,N.
Let o € X°, h; € X!, and ® € Z}. Then problem (3.1) has an unique solution u € Y? and the

following analog of the second fundamental inequality is satisfied:
N
ully2 < ¢ (H@on +l@lz+> W’!xl) : (3.7)
i=1
where ¢ = ¢(Py) is a constant that depends on P1 only.
Introduce operators L(s,T) : X (s, T) — Y!(s,T), M;(s,T) : X°(s,T) — Y1(5,T), and

L(s,T): 2% — Y'(s,T), such that

N
u=L(s,T)p+ L(s,T)®+ Y _ M(s,T)hi,
i=1

where u is the solution in Y'!(s,T) of problem (3.1). These operators are linear and continuous; it
follows immediately from Theorem 3.1. We will denote by L, M;, and L, the operators L(0,T),
M;(0,T), and L(0,T), correspondingly.

3.2 Backward SPDEs

Introduce the operators being formally adjoint to the operators A and B;:

L = 0P "~ 0
A'v = ijzzl 78%8%- (bij(l',t,W)U(CL')> — Zz; pr (filz, t,w)v(x)) + Mz, u, t,w) v(x),

* ~ 9
B@'/U - —;axi(ﬁz(x,t,W)’U(«T))+,87,(l',t,W) U(I‘)
Consider the boundary value problem in @

N N
dep + (A*p +Y Bixi+ 5) dt = x; dwi(t),
=1 =1

p’t:T = \Ila p(l’,t,td) |x€8D =0. (38)



The definition of solution

Definition 3.2 We say that equation (3.8) is satisfied for p € Y, £ € X711, U e Z9, x; € XV if

T N
p(',t) =V +/ (A*p('78> + ZBZ*XZ(vs) ) ds — Z/ Xz S dw”L( ) (39)
t i=1

for any t € [0,7]. The equality here is assumed to be an equality in the space Z, L

Existence and regularity for backward SPDEs

For t € [0, T, define operators &; : C([0,T]; Z&) — ZF such that Su = u(-,t).
The following theorem gives an analog of the first fundamental inequality for backward SPDEs.

In addition, this theorem establishes duality between forward and backward equations.

Theorem 3.3 [Dokuchaev (1992,2010)] For any £ € X! and ¥ € ZY., there exists a pair (p, x),
such that p € Y'Y, x = (x1,...,xn), Xi € X* and (5.8) is satisfied. This pair is uniquely defined,
and the following analog of the first fundamental inequality is satisfied:

N
Ipllyr + > llxillxo < e(lléllx—1 + 1%l z0), (3.10)
i=1

where ¢ = ¢(P1) > 0 is a constant that depends on Py only. Furthermore, the following duality
holds between problems (3.8) and (3.1):

p=L¢+ (6rL)" ¥V, xi= Mi{+ (0p M)V,  p(-,0) = L7 + (67L)" ¥

where L* : X1 — X1, M?: X0 — X0, (6rL)* : Z0 — X1, (0rMy)* : Z§ — X°, and (67L)*
Z% — Zg, are the operators that are adjoint to the operators L : X' — X1, M; : X0 — X1,
oM, X1 — Z%, oM, - X0 — Z%, and é7L : 28 — Z%, respectively.

We will need an analog of the second fundamental inequality as well.

Starting from now, we assume that the following addition conditions are satisfied.

Condition 3.4 There exist functions f(:n, t,w): R"xR;4xQ — R", X(x, t,w): R"xR1xQ — R,
and Ei(:n,t,w) :R" xRy x Q — R, such that
esssup<|f(x,t,w)| + Az, t,w)| + \Bi(x,t,wﬂ) < 400,
x,t,w

and

A*p = waxtw 83:18% —i—Zfzxtw 6:@( z) — Mz, t,w) p(z),

i,j=1

dp

Bip = L@ Blatw) + Aietw)p(a)



Clearly, this condition is satisfied if the function b(z,¢,w) : R™ x R x Q — R"™*" is twice differen-
tiable in x, and

0%b
esssup sup

—(x,t,w)| < 400.
w (z,t)eQ &rkamm( )

For an integer M > 0, let ©4(M) denotes the class of all matrix functions b such that all
conditions imposed in Section 3.1 are satisfied, and there exists a set {T;}M, such that 0 = Tp <
T} < --- < Ty =T and that the function b(z, t,w) = b(x,w) does not depend on ¢ for t € [T}, Tj+1).
(it follows from the assumptions that b(z,t,-) is Fr-measurable for all x € D, t € [T;,T;11)).

Let O 2 Upr=00p(M).

Let ©p denotes the class of function b from such that all conditions imposed in Section 3.1 are
satisfied, and there exists and a sequence {b(V} % C @y, such that ||b — b(i)ngo — 0 as i = 4o00.

(Remind that the assumptions on b are such that b € WL ).

Condition 3.5 The matriz b belongs to Oy, and there exists a constant 6, > 0 such that

N L (X 2 N
Sty (Sltera) 263wt
=1 =1 =1

V{y Y, cR", (z,t) € Dx[0,T], we Q. (3.11)

Remark 3.1 If Condition 3.5 holds, then Condition 8.1 holds. If n = 1 and Condition 3.1 holds,
then the estimate in Condition 3.5 also holds. If n > 1, then it can happen that Condition 3.1
holds, but the estimate in Condition 3.5 does not hold. For instance, assume that n =2, N = 2,
B = (1,007, B2 =(0,1)7, b= %(ﬁlﬂf + B2 ) + 0.0115 = 0.5115, where Iy is the unit matriz in
R2?*2. Obviously, Condition 3.1 holds and b € ©y,. On the other hand, Condition 3.5 does not
hold for this b; to see this, it suffices to take y1 = B1 and yo = Bs.

Remark 3.2 Condition 3.5 is satisfied for matrices b € Oy if either n = 1 or there exists Ng €
{1,..., N} such that 3; =0 for i > Ny, and there exists a constant o > 0 such that

N
yTb(.’E,t7W)y - 70|y—r52(x7t7w)|2 > 52|y‘2 vy € an (.T,t) €D x [O7T]7 w e Qa L= 17 '”7NO'
(3.12)
In particular, it is satisfied if Condition 3.1 holds and Ny = 1.

To proceed further, we assume that Conditions 3.4- 3.5 remain in force starting from here and up
to the end of this paper, as well as the previously formulated conditions.

Let P = (Py,d1).

We will be using the following analog of the second fundamental inequality for backward SPDEs.

10



Theorem 3.4 [Dokuchaev (2006)] For any & € X° and V € Z%, there exists a pair (p,x), such
that p € Y2, x = (x1,---,XN)s Xi € X! and (3.8) is satisfied. This pair is uniquely defined, and

p=L"¢+ (0rL)" ¥, x; = M;E+ (0pM;)" 0.

The operators L* : X° — Y2, (67L)* : Zh — Y2, and M} : X° — X!, (62 M,)* : ZL — X1, are
continuous. More precisely, the following analog of the second fundamental inequality holds:

N

Iplly= + ) lxillxr < e(lléllxo + %] 2), (3.13)
i=1

where ¢ > 0 is a constant that depends only on P.

Semi-group property for backward equations

It is known that the dynamic of forward parabolic Ito equation has semi-group property (or

causality property): if u = Ly + Lo®, where ¢ € X1, ® € Z8, then
u’te[@,s} - (LSO + EO(I))’tE[G,s] = L<97 3)90 + £9(67 S)U(-, 9) (314)
We will need a similar property for the backward equations.

Theorem 3.5 (Semi-group property for backward equations) [Dokuchaev (2010)]. Let 0 < 6 <
s<T, and let p = L*¢, x; = M;& where £ € X1 and ¥ € Z%. Then

Plieio,s) = L0, 5)"Eleerp,s) + (0sL(0, 5))"p(, 5), (3.15)
p(,0) = (0sLo(0, 5))"p(, 5) + Lo(8, 5)"E, (3.16)
Xiliepp,s) = Mi(0,8) Eliejo,) + (6:sMi(0,5))"p(,8), k=1,..,N. (3.17)

Some additional regularity
Theorem 3.4 requires that ¥ € Z3. We will need a modification of this theorem that allows ¥ € Z3.

Theorem 3.6 Let the assumptions of Theorem 3.4 be satisfied. Let £ € X° and ¥ € Z%. Let
p=L"¢+ (67L)"V, xi=M§+ (67 M;)" V.

Let € € (0,T) be given. Then
al c
Iplly2(0.0—c) + Y IIxillx10,7—e) < %(llfllxo + 11 z9), (3.18)

=1

where ¢ = ¢(P) > 0 is a constant that depends only on and P.

11



Proof. By Theorem 3.3 and Theorem 3.5, it follows that
N

Iplly20,7—2) + Z Xl x10,7—¢) < er(lléllxo0,7—e) + Ip( T — 5)”2;)7 (3.19)
i=1

where ¢; = ¢;(P) > 0 is a constant that depends only on P. (Note that the same constant ¢ can
be used for all €, since Theorem 3.6 holds for T replaced by T'—e with any € € [0,7)). In addition,

it follows from Theorem 3.4 that

1

T
: co
f Ls)lg < = SR dE < Z(||1€]1%0 + T2 ),
Se[;,n_&T]HP( s)izs < 6/7’5 Il )1z dt < = (€150 + 1111 Z9)

where co = c2(P) > 0 is a constant that depends only on P. This completes the proof. [J

4 The main result: the representation theorem

Let functions 57, QxQ—=R" i=1,..., M, be such that
2b(x,t,w) Zﬂzxtwﬁl(xtw +Zﬁjmtwﬁj(xtw)
=1 7j=1
and EZ has the similar properties as ;. (Note that, by Condition 3.1, 2b > ZZJ\L L BiB).
Let w(t) = (wi(t),...,wpr(t)) be a new Wiener process independent on w(t).

Let (z,s) € D € [0,T] be given. Consider the following Ito equation

dy(t) = dt+z& t) dw; (t +ZBJ t) di; (t),
y(s) =z, 1)
where fé f— ZZI\;I Bzﬁz
Let y(t) = y™*(t) be the solution of (4.1).
Set 7% 2 min {t <T:y"(t) ¢ D}. For t > s, set

’ym’s(t)éexp[—/:)\( dt+2/ BZ ©3(s), s) dw;(s /BZ “5(s), s ]

Theorem 4.1 Let b € X2, f € X2 = XL, i€ X2 and ﬁi € XCQ. Let (p,x1,..-,Xn) be the
solution of (3.8), where functions & : Q x Q2 — R and ¥ : D x Q are such that & is (Bp+1 @ F, By)-
measurable, ¥ is (B, @ F,By)-measurable, ¢ € X° and ¥ € Z3. Then for any s € [0,T),

plo..0) = B DU Oirarny | 7} + 8] [ 0 0 i 7 42)

for a.e. x,w.
Remind that the solution (p, x1, ..., xn) of (3.8) can be represented as

p=L*¢+ (6pL)" ¥, Xi = M:g + (0pM;)* W, i=1,...,N. (4.3)

12



5 Proof of Theorem 4.1

Let us proof first the following lemma.

Lemma 5.1 Theorem 4.1 holds even without Condition 8.1 for the case when & € X9, ¥ € ZSOZ&,
€ X2, p(-,T) € Z°, xi € XL, where (p, X1, ..., Xn) is the solution of (4.8).

c

Proof of Lemma 5.1. Let (x,s) be given, and let y(t) = y™*(t) and ~(t) = v**(t). We have
that

dip =TI (p dt+szdwz)
=1

where

j é ZBXz

Let () £ py(t,w), t,w).
By the Ito-Ventssel formula (see, e.g., Rozovskii (1990), Chapter 1 ),

a(t) = hly(), Dt + Zx@ 1) du (¢ +§j(%) y(t).t) du (1

+Z (%) ), ) i),

where

By (3.11), it can be rewritten as

=&+ M- o Zm Zm

P(t)vy(t), t > s. We have that

A

Let ¢(t)

dry(t) = ~(t) ( Adt+2@ ) duwy ))

Using Ito formula, we derive that

N M
di(t) = =y(0) E@y(e), t,w) + D pa(t) dwi(t) + Y Filt) i (1),
i=1 i=1

13



where p;(+) and f;(-) are some Lo—integrable processes such that u;(t) and j;(t) are independent
from w;(r) — w;(t) and wy(r) — wy(t) for all r > ¢, j, k. It follows that

E{ /(D) (y(D)Lirerey | Fof = pla.s,w) = B{ (py(r™), " w) = pla.s,w)) | K}

T,s

= B{ [ 20cu.e @R,
Then (4.2) follows. This completes the proof of Lemma 5.1. [

Let us continue the proof of Theorem 4.1, and let us assume first that the functions £ and
¥ are bounded. In addition, we assume for the case when D = R"™ that there exists a bounded
domain D C R" such that &(x,t,w) = 0 and ¥(z,w) = 0 for all z ¢ D for all ¢, w.

For functions h € X°, we introduce some transforms h,,, m = 1,2, ...

(a) Let D # R™. In this case, we introduce an orthonormal basis {vi}72, in La(D) consisting

of the eigenfunctions for the eigenvalue problem
Av—v=—-\v, v|sgp=0. (5.1)

Here A is the Laplacian. It is known that v € C?(D) N H? (see, e.g., Theorem II1.3.2
from Ladyzhenskaya and Ural'tseva (1968)). For a function h € X°, we denote by h,, the
function h,, € X° such that h,,(-,t,w) is the projection of h(-,,w) on the subspace of Lo(D)

generated as the span of the functions {v;}}" ;.

(b) Let D = R™. In this case, for a function h € X9, we denote by h,, the function (k) (y, t,w) =
Jrn P(2,t, w)J™ (y—z)dz that is the corresponding Sobolev transform. Here J(z) : R* — R
is the Sobolev kernel: J(z) = 0 if |z| > 1, and J(z) = exp{—|z|/(1 — |z|)} if |z| < 1, and
JM)(z) = k,;m"J(mz), where &, > 0 is such that [g, J™(z)dz = 1.

The transform h,,, has the following properties:
hm € X2 Vh € X,
(hmag)XO = (h7gm)X07 \V/h,g € XO?

lhmllxr < cllbllx1 VA e X7, (5.2)

for a constant ¢ > 0 that does not depend on h. The first two properties are obvious. For the case
when D = R", the last property follows from the known properties of the Sobolev transform. It
suffices to prove the last property for the case when D # R™. Let D # R"™. For any V € HY,

we have that V' =Y, cxvg, where ¢ = (V, vy) go, meaning the convergence of the series in H 0,

14



Hence

m m m
”VmHzHl - (Vm, Vm - AVm)Ho = (Z CkUk, Z CkUk — A Z Ckvk>H0
k=1 k=1 =
m m m m
= (ZCkvk,ZCkkarz)\kak) =Yl (L +2) < VI
k=1 k=1 k=1 k=1

Here )y are the eigenvalues of problem (5.1) that correspond to the eigenfunctions vg. It follows
that (5.2) holds for D # R". Therefore, (5.2) holds.

Let (p, X1, Xn) € Y1 x (XN be such that p = L*¢+ (67L;)* ¥ and x; = M€+ (57 M;)* ¥
By Theorem 3.6, it follows that

(p>X17"'7XN)‘t€[0,T—E) € Y2(07T_6) X (Xl(T_E))N Ve > 0. (53)
. . ok oxi
In particular, it follows that ﬁf{(" t)iejo,r—e) k =0,1,2, and 8?51- rel0T—<) belong to X°(0,7 — ¢).

‘We have that

N N

dipm + [(A*p)m +&m + Z(B:(Xl)m]dt = Z Ximdwi(t)
=1 3

pm(vaaw) = \I’m(:n,w), pm|z€D =0.

It can be rewritten as

dtpm + [A*pm + g(m Z B*sz dt = Z szdwz
pm(.’L’,T,W) = \I]m(l’,OJ), pm’meaD = 0.

Here

N N
£ 2 &+ 0™, ™ 2 (AD)m — A+ D (B Xi)m — Y Bf Xim-

i=1
Let us show that
U, » ¥ in Z% as m — +oo. (5.4)

Clearly, ¥,,(-,w) — ¥(,w) in La(D) a.s. In addition, we have that [[¥p,(-,w)|[z,p) <

||\IJ(-,w)||L2(D). Hence ||¥,,(,w) — \I/(-,w)||L2(D) < 2H\If(,w)||L2(D). By the Lebesgue’s Dominated
Convergence Theorem, it follows that (5.4) holds. Similarly, we obtain that

bm— €& in XY as m — 4oo. (5.5)

Again, we have &,,(-,t,w) — &(-,t,w) in Lo(D) for a.e. (t,w). In addition, we have that
[&m (st )y < NEC W)L,y and |€m (it w) — (5t w)llLypy < 216Gt w)llLyp)- By the

Lebesgue’s Dominated Convergence Theorem again, it follows that (5.5) holds.
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Let us show that
grm 2 e 1M ¢ weaklyin X! as m — +oo. (5.6)
By (5.5), it suffices to show that
7™ -0 weakly in X' asm — 0. (5.7)
First, let us show that there exists a constant ¢ > 0 such that
7™ x-1 < ¥m > 0. (5.8)
By Theorem 3.3, it follows that ||p||x1 < const. Hence ||pm||x1 < const. Hence
| A* P || x—1 < const. (5.9)

Further, let B(X) denote the unit ball in a linear normed space X, i.e., B(X) = {z € X :
lz]|x < 1}. We have that
(A" P)mllx-1 = sup (y,(A"p)m)xo = sup (Ym, A'p)xo < sup [[Aym|lx-1[pllx:
yeB(X1) yeB(XT) yeB(XT)

<cr osup  lymlxrlpllx: <c2 sup  lyllx:llplx: < es. (5.10)
yeB(X1) yEB(X1)

Here ¢, k = 1,2, 3, are some constants that are independent from m.

Similarly, we have that, by Theorem 3.3, ||xi||xo < const. Hence || Xim| xo < const. Hence
| B Ximl| x-1 < const . (5.11)
Further, we have that
IBix)mllx-1 = sup (y,(BiXi)m)xo = sup (ym, Bixi)xo < sup || Biymllxollxillxo

yeB(XT) yeB(XT) yeB(X1)

<c sup  |ymllxtllxillxo <2 sup  [lyllxifxillxo < es. (5.12)
yeB(X1) yeB(X1)

Here ¢, k = 1,2,3, are some constant that are independent from m. Combining (5.9)-(5.12), we
obtain (5.8).

Let ¢ = q(z,t,w) denote any one of the functions p, x;, Op/0xy, 0*p/0x10xy, Oxi/OTk,
kkm=1,...n,1=1,...,N,t <T. Let a denote the coefficient such that aq is presented in the
expressions A*p or B} x;.

For 0 € [0,T), let X'(0) £ {h e X' : h(-,t) =0, tel[d, T}

Let 6 € [0,T] and let h € X'(6). It can be shown similarly to (5.5) that

ahy — (ah)ym =0 in X% as m — 4oo.
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It follows that
((aq)m — agm, h) xo = ((@qQ)m — aqm; k) x0(0,6) = (¢, @l — (@h)im) x0(0,) = 0 as m — oo.
We have that n(™ is a sum of different terms expressed as (aq)m — aqp,. Hence
(™, h)x0(0.6) = (™ k) xo = 0 as m — 400 Vh € X1(6).

Clearly, the set Ugejo ) X' (6) is dense in X'. By (5.8), it follows that (5.7) holds. This completes
the proof of (5.6).

Let s € [0,T) be given.

By (5.5), (5.6), and Theorem 3.3, it follows that

Pm(8) = p(-,8) weaklyin Z9 as m — 0. (5.13)

By Mazur’s Theorem (Theorem 5.1.2 from Yosida (1995)), there exists a sequence of integer num-
bers k = k; — +oco such that there exist sets of real numbers {a;x}%,_; C [0,1] such that
Zk amr = 1 and that

m=1

k
g(k)ézamkg(m)ag in X' as k=k — +oo,

m=1

k
UE 2N 0 Uy, > U in Z as k =k — +oo,

m=1

k
R, s) 2 Z amkDm (- 8) = p(-,8) in Z% as k=k; — +oo. (5.14)
m=1

Here ptb) £ an:l kP -
By Lemma 5.1, it follows that, for all s and for a.e. x,w,

T,s

pm(z,8,w) = E{fyx’s(T)\I/m(yx’S(T))H{TZTI»S} |-7:s} + E{/ST ~E () E (™5 (), t, w) dit ‘ }"S},

and

x,s

ﬁ{k) (z,8,w) = E{,yx,S(T)\I](k) (y-rvs(T))]I{TZTz,s} |]:3} + E{/ AT (8 g(k) (Y™ (1), t,w) dt ‘ ]_—S}’

By the assumptions about the boundedness and the type of measurability of the functions £ : @) x
Q— Rand ¥:DxQ— R, it follows that v**(T)W(y(T))Iyp<se.s) and f;w FE () E(y(t), t,w) dt

are bounded random variables. Let

T,s

P, s.w) £ B{y" (D) (D)Lirzresy | o +B{ / L e, LW | £ (515)
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Clearly, p(-,s) € Z3.

Let us show that, for a given s,
(., s) = p(-,s) weakly in Z% as m — oo. (5.16)

By (5.14), property (5.16) implies that p = p. Therefore, if we prove (5.16) then Theorem 4.1 will
be proved for the case when the functions ¥ and £ are bounded and finitely (in =) supported.

Let us prove (5.16).

Without a loss of generality, we assume that V(z,w) = 0, ¥V, (z,w) = 0, &(x,t,w) = 0,
é\(m)(x,t,w) =0 for all z ¢ D. It follows that U®) (2, w) = 0 and £®)(z,t,w) = 0 for all z ¢ D.
Let p € Z2. We have that

B (5) = B 5), p) | < E/Dp(:v)E{’Yx’S(T)\‘P(’“)(ym’s(T)) = V(" (D)L grsresy | Fs o

T

T,s

j
+B [ B[ 20RO, tw) - 0.t de | 7o
. j

=
=
E
3}
—
=2
8
o
3
“
=
<
8
3
3
=
<
8
o
3
N
IS8
8

Let p € Z? be such that

p=0, / plr,w)dr =1,  p(z,w) =0 (5.17)
D

for all w. Let a € L2(Q, F,P;R"™) be such that a € D a.s., a has the conditional given Fj
probability density function p on D, and a is independent from (w(t) — w(t1),w(t) — w(ty)) for
all t > t; > s. Let y(t) be the solution of Ito equation (4.1) with initial condition y(s) = a, i.e.,
y(t) = y**(t). In addition, let y(¢) = v**(¢). Then

(B (. 8) =B 9)p) ol < En(T) OV (y(T)) — U (y(T))|

T ~
L E / (1) 1E9) (y (1), t,0) — EQu(t), )] .

Let Z0 = Z9 be the space defined similarly to Z0 but with D replaced by R™. Let u = L(s,T)p,
where the operator L(s,T) is defined similarly to £(s,T) but such that D is replaced by R™. If
D = R", then Z0 = Z% and L(s,T) = L(s,T). The conditions of Theorem 5.3.1 from Rozovskii
(1990) are satisfied. By this theorem, it follows that

/n u(z, t,w)o(r,w)dr = E{y(t)d)(y(t),w) |.7'"t} a.s.
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for all t € [s,7T] for any bounded function ¢ € Zy. In fact, the cited theorem from Rozovskii
(1990) states it for non-random ¢, but clearly it is also correct for the case of ¢ € Z? since ¢ is
non-random conditionally given F;. (We can use also Theorem 2.2 from Dokuchaev (1995)). It

follows that

|(§(k)(75) _ﬁ('78)7p)Z%|
T o~
< E/ w(z, T,w)|0H (2, w) — U(z,w)|ds + E/ dt/ u(z, t,w)|EW (z, ¢, w) — &(x, t,w)| dx
R" s B
< lullyrzy (199 = @9 + 1E® = gl ).

By (5.5), it follows that (5.16) holds for all p € Z? such that (5.17) holds. It follows that (5.16)
holds for any p € Z?, since it can be presented as p = c_py — ¢4 p_, where p1 are elements of Z0
such that (5.17) holds for a.e. w, and ¢+ € R are some constants.

This completes the proof of Theorem 4.1 for the case when £ and ¥ are bounded (and finitely
supported in z if D = R").

For case of £ and ¥ of the general type, it suffices to prove theorem only when & > 0 and
W > 0. The proof for £ and ¥ with variable signs follows immediately, if we use the linearity of
(4.3) and (4.2) with respect to (&, ¥) and observe that £ = ()T — (=¢)T and ¥ = (V)T — (—0) T,
where (2) £ max(0, z).

Let us consider ¢ and ¥ such that £ > 0 and ¥ > 0. For M > 0, set
fM(xv t, w) = max(f(:):, t, w)? M)]I{\xEM}a ‘;[IM(xa w) = maX(\II(I'? CU), M)]I{\xEM}

Let pys 2 L*¢p + (60 L)* Uy We have proved that

pr(,5,0) = B{3 (OB (O rsrey |2} + B [T 220 sty 01,0.0) at 7.

for a.e. z,w.
By the Lebesgue’s Dominated Convergence Theorem, it follows that
l€ar — &l x0 + ||[Par — \I/||Z% -0 as m — +oo.

By Theorem 3.3, it follows that ||pas — p|lyr — 0. On the other hand, /(. t,w) — &(x,t,w)
and Vs (z,w) — ¥(z,w) from below for all z,¢,w (and these sequence are non-decreasing in m).

Hence pys converges to the right hand part of (4.2). This completes the proof of Theorem 4.1. [

Remark 5.1 We used Theorem 3.4 to obtain (5.3) via Theorem 3.4
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6 Applications: probability density for the process killed on the
boundary

Let s € [0,T). Let p € Z? be such that p > 0 and [}, p(z,w)dz = 1 for all w. Let a €
Ly (9, F,P;R"™) be a vector such that a € D and it has the conditional (relative to F;) probability
density function p. We assume also that a is independent from (w(t) —w(t1), w(t) —w(t1)) for all

t>1t > s.
Let u = L(s,T)p, i.e., u = u(z,t,w) is the solution of the problem
dyu = Audt + Zf\il Biudw;(t), t>s,
(6.1)
u’t:s =p, u($7t7w)‘w€aD =0.

We assume below that the assumptions of Theorem 4.1 for (b, ﬁ /)\\, Bi, BZ) are satisfied.

Theorem 6.1 Let s € [0,T). Let y(t) = y»*(t) be the solution of Ito equation (4.1) with the

initial condition y(s) = a. Then
/ u(z, T,w)¥(z,w)dr = E{fya’s(T)\Il(ya’S(T))]I{TSTa,s} |fT} a.s. (6.2)
D
for all bounded functions ¥ € Z%.

Note that if D = R™ then this theorem repeats Theorem 5.3.1 from Rozovskii (1990). However,

this result is new for the case when D # R".

Corollary 6.1 If B; = 0 for all i then (6.2) means that u(z,T,w) is the conditional (relative to
Fr) probability density function of the process y(T') = y®»*(T) if this process is killed at 0D and if
it 1s killed inside D with the rate of killing .

Proof of Theorem 6.1. 1t suffices to consider s = 0 only. Let ¥ € Z% and \T/(:r, w) = n(w)\f/(m‘, w),
where 1) € Loo(Q, Fr,P). Let p = (5TL)*\TJ. By Theorem 3.3, it follows that

(u(T), W) 20 = (67Lp,¥) 20 = (p, (67L)* ) 50 = (p,p(+,0)) z0.-
By Theorem 4.1,
(0,p(-,0)) 20 = E /D p(2)y" TV 8 (" (T) s r0yda = By (1)U (y* (1)L paoy
= EnE{y**(T)¥(y**(T)lz>ra0y| Fr}.

Then
E??/Du(x,Tyw)‘I’(w,w)dﬂf = EnE{y**(T)¥(y**(T) L1500} Fe}.

Remind that n € Lo (Q, Fpr, P) is arbitrary. Then the proof follows. O

20



7 Applications: maximum principle and contraction property

Remind that the assumptions of Theorem 4.1 for (b, ]?, /):, Bi, BZ) are satisfied.

Theorem 7.1 (Mazimum principle) Let £ € X° and U € Z9 be such that &(x,t,w) > 0 and
U(z,w) >0 for a.e. x,t,w. Then the solution p of (3.8) is such that p(z,t,w) > 0 for all t for a.e.

t,w.

Proof. Assume that &(x,t,w) > 0 and ¥(z,w) > 0 for all z,¢,w and that these functions have
the same measurability as described in Theorem 4.1. In this case, the proof follows immediately
from Theorem 4.1. Further, let {(z,t,w) > 0 and ¥(z,w) > 0 for a.e. z,t,w. Replace these
function by some equivalent non-negative functions & and ¥’. Since p = L*¢ + (o7 L)* ¥, it follows
that p = L*¢ + (67L)*¥ as an element of Y2, By Theorem 4.1 again, p is nonnegative up to
equivalency. Then the proof follows. [J

Theorem 7.2 (Mazimum principle) Let ¢ € X° and ® € Z)) be given such that p(z,t,w) > 0 and
®(z,w) >0 for a.e. x,t,w. Then the solution u of problem (3.1) is such that u(x,t,w) > 0 for all

t for a.e. x,w.

Proof. 1t suffices to consider ¢ = T only. Let ¥ € Z be an arbitrary function such that ¥ > 0

a.e. We have

(U(',T), \II)Z% = (5TL90 + 5T£©7 \I])Z% = (Spap)Z% + ((1)7]7(7 0))Z%7

where p = (67L)*¥. Then p(z,s,t) > 0 for all s for a.e. z,w, and (u(-,T), \II)Z% > 0. Then the
proof follows. [J

Theorem 7.3 (Contraction property) Under the assumptions of Theorem 4.1, let :\\(:U,t,w) >0
and BZ =0 for alli. Then

esssup |p(z,t,w) < esssup |¥(z,w)| + (T —t)esssup [{(z,t,w)| Vte[0,T].
T,w

€x,w z,t,w
Proof. Note that there are bounded functions ¢ and ¥’ that are equivalent to £ and ¥ and
such that

ess sup [0 (,w) | + (T — ) ess sup [£(w, £, w)| = sup [¥'(z, )] + (T — #) sup |¢/(z, 1, ).
T,w

T ,w x,t,w x,t,w
Since p = L*¢ 4 (0pL)* ¥, it follows that p = L*¢’ + (67L)*¥ as an element of Y?2. It follows
immediately from Theorem 4.1 that
esssup [p(r, £,) < sup | W/ (z,w)| + (T — t) sup |€/(z, )|Vt € [0,T].
T,w T,w z,tw

Then the proof follows. [
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Theorem 7.4 (Contraction property) Let /)\\(:U,t,w) >0 and @ =0 for all i, and let p € X° and
® € 7 be given. Then the following holds for the solution u of problem (3.1):

(a) If p =0, then
E/ u(a:,T,w)|dx§E/ Dz, w)|d.
D D
(b) If & =0, then
1
E/ lu(x, T, w)|dx < E/ lp(z, t,w)|dzdt.
D T Jg
Proof. Let ¥ € Z9 be an arbitrary function. By Theorem 3.3, it follows that

(u(-.T), ) g9 = (7L + 57L, W) 79 = (10,9) 70 + (2,p(-0)) 75,

where p £ (07L)*¥. Then the proof follows from Theorem 7.3. [J

Conclusions

We obtained the representation theorem for non-Markov Ito processes in bounded domains when
the first exit times are involved. This result is not particularly surprising; the similar result
without first exit times for the processes in the entire space was obtained long time ago. However,
the setting with first exit times required to overcome one crucial obstacle: insufficiency of the
known regularity for backward SPDEs in domains with boundaries. Consequently, there is a little
known about first exit times of non-Markov processes. The representation theorem opens some
further opportunities for studying first exit times for non-Markov processes. It is unclear yet if it
is possible to relax the strengthened coercivity required by Condition 3.5. Probably, is some cases,
this condition may be lifted via the estimates from Dokuchaev (2008). To cover more general
models, we suggest to include the case of infinite number of driving Wiener processes and more

general boundary conditions. We leave it for future research.
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