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Abstract

Absolute stability is a basic and important problem in the design
of automatic control systems. This paper initiate the study of absolute
stability of impulsive control systems with time delay. Several absolute
stability criteria are established by constructing Lyapunov functionals.
Some examples are also presented to illustrate the main results.
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1 Introduction

The concept of absolute stability arises in the contexts of both automatic
control and the general stability theory. It is a basic and important problem
in the design of automatic control systems. Since 1950, there have appeared
numerous results about absolute stability of control system described by
ordinary differential equations [1]-[4]. On the other hand, in many control
problems, such as optimal control models in economics, circuit networks and
frequency modulated systems, the underlying systems are under the influence
of time delay, and sometimes contain abrupt changes of their states at certain
time moments. These phenomena can be successfully described by impulsive
delay differential equations and so it is very important to study the problem



of absolute stability of impulsive delay control systems. But up to now, there
is very few studies about the problem, especially for nonlinear systems. The
main reason is that it is very difficult and there is little knowledge available
about impulsive functional differential equations. Recently, some papers have
studied impulsive functional differential equations theory, impulsive control
theory and have derived some good results, see [5]-[9], which give us new
motivation to study the absolute stability of impulsive functional control
systems.

In this paper, by constructing Lyapunov functional, the absolute stability
of some nonlinear impulsive delay control systems is studied. Some sufficient
conditions to guarantee the absolute stability for these control systems are
established. These criteria are simple and easy to be checked, they are very
convenient for engineers and technicians to use. Some examples are given to
illustrate the results.

2 Preliminaries

Let R denote the set of real numbers, R™ the space of n-dimensional column
vectors = (z1,++,x,)T with the norm ||z|| = mari<;<n|ri|. Let ||A|| =
Mari<i<n{1<j<m |ai;|} be the norm of a n x m matrix A = (ay;).

Let

I = {tilti<to< -ty —tp1>a>0k=1,2,---};
U = {h:|heC(R,R), h(0)=0, h(6)0 >0,0#0 };
R = {h:|heC(R",R"), h(0)=0, his strictly increasing function};

PC([a, 0], B™™) = {¢:a,b] = R™™[G(tT) = &(t), Vt € [a,b); ¢(17)
exists in R™™ ¥Vt € (a,b] and ¢p(t~) = ¢(t) for all
but at most a finite number of points t € (a,b]};
PC(la,0), R™™) = {¢:[a,00) = RV™Nb> a, |y € PC([a,b], R"*™)};
C, = {h:|h e PC(t —1,t],R")}.

Let |||é¢]|| = supi—r<o<t||@(0)]] denote the norm of functions ¢ € PC([t —
T,t], R"*™), where 7 > 0 is constant.

Consider the following control system



v, = —axi+ f(ry, v, 1 (t—Tn), o i (t — Tin)) + Hi(R(0)),
6/ - Z?:lpzxz_rh(e;% i:1727"'ana t%tka

zi(ty) = X7 dig(te)z;(ty) + dignrn) (8)S (L),

O(te) = oy dinrnyi(te)ws(ty) + digymen (Te)0(t ),

where a;,d;, p;,r and 7;; are constants, f € C(R™ x Cy, R"), f(0,---,0)
and 0 <7,; <7, heUand H € C(R,R) and H(0) = 0.

Without loss of generality, we always assume that ¢ty < t;, where t; is the
initial time of IVP(initial value problem), we also assume that ¢, is the first
instant of I and #,1 — tx > a > 0, « is a constant.

Definition 2.1 The zero solution of ( 2.1) is said to be

(1). stable, if for ¥ty > t,, Ye > 0, there exists a 0 = o(e,ty) > 0 such that
Xz, € PC([to — 7.%0), R"H) |||Xt0||| < o implies || X (t)|| < € for all
t >ty, where X = (z1,- -+, T,,0)7;

(i1). uniformly stable, if the o in (i) is independent of ty;

(711). globally asymptotically stable, if it is stable and all solutions of (2.1)
satisfy limy_,o, X (t) = 0;

(iv). absolutely stable, if for any h € U and any T > 0, it is globally asymp-
totically stable.

3 Main Results

We begin this section by studying the following control system



Tp = i+ 0 a4 0 b (t — 7)) + Hi(h(5)),

o = Z?:lpixi - Th((S), (Z = 17 27 T 7”)7 13 7é tk?
(3.2)

zi(ty) = Yoy dij(te)z;(ty) + dignrn) (8)0 (8 ),

6(tr) = Xjo1dmani(te)zi(ty) + dimgyma) (te)d(Ey),

where H; € C(R,R), h € U, a;,a;j,bij,pi, 7, d;;(t) and 7;; are constants,
0<7y;<7Tand k=1,2,---. Denote X (t) = (z1(t), -, xa(t),(t))".

Theorem 3.1 Assume that there exist constants «; > 0, 5; > 0, i =
1,---,n, g=1,---.n+1 such that

(A1) [H(s)| < auls],

(A2> _ﬁiai + /6n+1|pz| + Z;'lzl /Bj(la/]’t| + |bj’b|> < O, 1 = 1727 S,
iz Bici — Bugar <0,

(A3>- Hzo:1 Ak < 0,

where A\, = maxi<i<n+1){1, E"“ B”d“ Lk ‘} then the system (3.2) is abso-
lutely stable.

Proof: For any fixed 7 > 0 and h € U, define a Lyapunov functional
v(t, Xy) as:

n n t
ol X0) = 3 Billail + 01l [ Jas(s)lds] + Busalél. t# .
j=1 T

i=1
and
U(t + ha Xt+h) — U(tv Xt)
h
where X (t) is the solution of the system (3.2). Then

DYo(t, X;) = limsupy_o , t £t



v(te, Xo) = i Billwi(to)| + iz byl i) r, 12 (8)lds] + B |0(t)]

IA

iy Bl Ndi (b | (8 =+ [dignn) (810 (8]

+ 2211 Bi Z? 1’bw| tk Tij j(s)]ds
+Bna1 =1 |y Bl ()| + |y () () [0 ()]
= Y[ Bildi () ] (8 )] + 25y Bildinsry ()16 (2]

+Zzn:1 ﬁl ’bZ]| tk Tij

z;j(s)|ds

+ 3201 Brttldman); (Ee) |25 (6] + Bnsaldntny ) (Ee) |16 (E)]

IN

;L [ nH 6Z|dw<tk)|]|x](tkz )‘ + Zm—l 5z’d2(n+1 (tk)H(s(tk )|)

+Z? 1 Bi Z;L 1 |b”| tk Tij

zj(s)|ds
n n 7 dz — n Blldz n t )I
= YrE %jtk”mm ()] + [t ey (1))

+Zzn:1 62 |b1]| tk Tij

j(S)|d$,

From the condition (As), we have

n+1 Zdzn " n+1 zdzt
[ZM]S)"“ ZMS)"“ j=1,n

i=1 Bt i=1 J

and

tr t];

[ lailds= [ Jag)lds, i j=1,m

te—Tij tlzfﬁ‘j
Thus

v(te, Xo) < e[ Bilwi(t)] 4 Buaalo(ty)]

n n 1%
FXL B bl [ )l (39)
= /\kv(t,;,Xt;).
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Furthermore
DFo(t, X;) < X Bl —aalwi| + X5 |ag]|z;]
+ 2050 [bijl |z (€ = 7i)| + [Hi(R(5))]
+ 225 [bijl 5] — (¢ — 735) (1}

+ 2?21 ﬂnJrl‘pixi' - 5n+17”’h(5)|

IN

iy Bl —ailwi| + 5 (lags| + bi]) |2

FHi(h(0))[} + X5y Busalpizs| — Buyar|h(6)]

IN

+(Z?:1 ﬁiai - Bn+1r)|h((5)‘, t % tk

From the condition (A,), it follows that

—Biai + Buralpsl + Y Bi(lagi| + [bji]) <0, i=1,2,---

=1

and

> Bic; = Brgar < 0.
i=1

Then, there exists a 3 > 0 such that

—Bia; + Bnia|ps| + Zﬁj(|ajz’| + bul) < =B, i=1,2,---

J=1

and

Zﬁiai — Bopar < —P.
i=1

Therefore, we have

n

D (t, X,) < ~B(Y || + h(@))), t # .

i=1

st —Biai + Bugalpil + Xy Bilag| + |bjil) il

(3.4)



Integrating both sides of (3.4) from t;_; to t € [tg_1,tx), we obtain

o6, X0) < vlte X ) =B [ (S ais)|+ (G))ds, 1€ [ty 1.t

tk—1 i=1
(3.5)
and

oty X,) < vltir, Xo, ) /3/ S Jmi(s)] + [(0(s))ds. (3.6)

klil

By the condition (Aj) we have Ay > 1. Thus, it is clear from (3.3), (3.5)
and (3.6) that, for t € [tg, tgt1),

v(t, Xe) < wlte, Xo) = B fy (Siy i(s)| + [1(0(s))])ds
< Moty X ) = B S (i i(s)] + [R(0(s)) ) ds
< Mfvti-n, Xoy) = B (S |wi(s)] + [R(0(s))])ds]
=B J (Ziy [zi(s)] + [h(d(s)) ) ds

Mt (-1, Xoy) = B i (Si [wi(s)] + [R(0(s))])ds

IN

=B i, (Zisy lzi(s)] + [R(d(s))])ds
= Mv(te-1, Xoey) = B fi_ (Siy [wi(s)] + [1(5(s))])ds.

Since A\p > 0, we have

vt Xo ) < Aeav(ton X )

1

< Nea[v(tiez, Xo ) = B L) (S0 J2i(s)] + [A(8()) ) ds]
= Aeo10(tho2, Ko ) = M1 B Jo = (S0 [2a(s)| + [R(6(s))])ds

< Mer0(toa, Xo ) = B LS (S0 |2a(s)] + [A(3(s)))ds.

Thus, for t € [ty, tgs1),



v(t, X)) < Me[Mecrv(teea Xoy ) = B L (S0 [2i(s)] + [1(3(s))])ds]
— Ji (0 ai(s)] 4 1h(6(s))])ds
= MeAeo10(tp—2, Xy ) — i ftt::gl(Z:‘L:1 [zi(s)] + |h(0(s))])ds

— iy (i ()] + [h(3(s))ds

IN

MMkt Koy ) = B I (07 ()] + [1(5(s)) ) s
— Jo, (Ziis [2a(s)| + [R(0(s))])ds

< NeNemrv(ti—z, X ) = BJ (0 ()] + [R(3(s))])ds.
Repeating this augument gives

v(t, Xe) < Ihoy Av(to, Xe) = B fio (Ziiy [2a(s)] + [R(0(s))])ds

< H§:1 )\iv(thto)
< I MfSi Billaa(to)| + 5=y byl fir o, [25(5)|ds] + Baia]d(t0) [}
< TI M Billll X ]+ 5y 106 11X e [17] + Bra |11 X4, |11}

=TI A0 Bill + 25 [bigl7] 4 B M1 Xo -

(3.7)
This inequality implies that the system (3.2) is stable.

It remains to show that all solutions of the system (3.2) is such that
Assume that it is not true. Then, there exists a solution X (¢) such that
limsup;o0|| X (¢)]| > 0. This, in turn, implies that there exists a sequence
{T,,} and 8 > 0 such that lim, T, = 00 as m — oo and || X (T,,)|| > 20.
Suppose that T, € [tg,,,tk,,+1). Then either || X()|| > B, t € [tk,,, tk,+1)
or there exist two points S, Sy € [tk,.,tk,+1) such that || X (s,)|| = 5,
| X (Sm)|| = 26 and || X (¢)|| > B, t € [Sm,Sm]. Here, we assume, without
loss of generality, that s,, < S,,. Consider the second case. We first show

that there exists an number M > 0 such that S,, — s,, > %
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Since || X (S]] = 26 and || X (sm)|| = 8

= [[X(Sm)] = [[X (sl < [[X(Sm) = X ()|

(3.8)
= || J3m X (s)ds|| < [ || f(X,)]|ds,
where
f(Xy) = (—ar + 7o argay + X5 bijas(t — 1) + Hi(h(9)), -+,
—ApTp + Z?:l AnjTj + Z;‘L:I bnjz; (t— Tna') + H,n(h(9)),
S pix — rh(0))T.
(3.9)

From [];2; Ay < oo, it follows that there exists an M > 0 such that
[T32, Ax < M. By (3.7) and the definition of v(¢, X;) and || X||, we have

v(t, Xe) =30 Billwil + iy [bigl s, |25(5)lds] + Baga]d]

> it Bilwi ()] + Bnia|0(2)]

> min<j<n{ B HIX @], t # b,
and
ot X,) < ﬁ (te) < Multe, Xi)s € [tms tms)-
Thus, for t € [t,,, tm+1),7we have
mini<j<n {8 HIX ()] < v(t, Xo) < Mo(to, Xy)- (3.10)

It yields that || X (¢)|| and v(¢, X}) are bounded since Mv(ty, Xy,) is a constan.
Furthermore, from i € U, (A;) and (3.9), it follows that || f(X})|| is bounded,
which implies that there exists an M > 0 and an M > 0, such that || X (¢)[| <
M, v(t) < M and ||f(X;)|| < M. In addition, from (3.8)

Sm —~
< [ A lds < M(S = sn).

SO

B/M < (S — Sm)-



In summary, there are points S, < Sy, Sm, Sm € [k, tk,+1) such that
X (8)]] > B, t € [Sms S| and 8/M < Sp, — S < tg,, — tg,_,. Furthermore,
it is easy to see that, if || X(¢)|] > S, then there exists 5 > 0 such that
S @] + |h(8)| > B since he U .

Following we show that v(ts,,, zy,, ) < 0 for m large enough.

Since A\, > 1 and Hijzl A < M, it follows that lim;_, Hizl A, exists.
Thus, from the Cauchy criterion, there exists an N > 0, such that for any
km > ki > N, 0 < TI5mp A — TTioy, A < 1. Therefore

1> T A — T, M
= Hil:kl Ak [ngkl—i—l A — 1]

km
> Hk:kzl-‘rl A — 1.

Thus we have 1 < Hi’;klﬂ A < 2 for all k,, > k; > N. Now let us fix k;

and let m —1[ > % Then, from (3.3), (3.5) and (3.6), we can conduct the

following estimation

10



’U(tk

m)

thm) < )‘kmv(tl;m> Xt;m)

< Ak (1, Xy, 1) < M A1y, 1, Xy )
<
< szkm,l)-&-l Akv(t1;<m,1>+1v Xt;(m_l)H
S szk’<m,1)+l Ak [’U(tk(mfl) ) th(mfl) )
— 1 m_1)*1 n
Bl (i wi(s)] + [R(0)])ds]
S Hl]zzk(m_l)‘Fl )\k I:/U<tk(m71) ? th(mfl) )
Sk
L (S o)+ R(E)])d]
S szk’“n,l)-ﬁ—l )\k [’U(tk(mfl) Y th(mfl) ) - Bﬁ(sk’(mfl) - sk‘(,m,l))]
S Hizk(m_l)‘Fl )\k [U (tk(m—l) Y th(mfl) ) - %]
m k’m BB,
< Hg:k(mfl)—‘rl )\k’U(t/ﬁ(mil),th(m_l)) - Hk;:k<m,1)+1 )\k%
(3.11)

Similarly, we get

k K(m—
(m—1) _ (m—1) w
) S Hk:k(m72)+1 )\kv(tk(mfz) ) th(m—Q)) Hk:k(m,2)+l Ak Ay )

v(tk(mfn ) X M

t(m—1)

k(1) ka+n) y BAB
U(tk(l+1)ath(l+1)> < Tty A0ty X ) — Thilg b Al
(3.12)

11



Subsititute (3.12) into (3.11), we get

0 S U(tkm, thm>

Em —1 17km BBB
< U(tku thl) Hk:klﬂ Ak — Z;'n:l Hk:ijrl )‘kﬁ

<20 — (m—1)%2 <,

This contradiction implies that lim;_|| X (¢)]| = 0. So the system (3.2) is
globally asymptotically stable for any 7 > 0 and h € U which implies that
the system (3.2) is absolutely stable. The proof is complete.

As a special case, when b;; = 0,4, = 1,---,n, the system (3.2) becomes
;= —awi+ X agry + Hi(h(3)),
5/ = Z?:lpzxz_rh(é)’ 'L.:1,2,"',’I’L7 t%tlﬁ
(3.13)

zi(ty) = Yoy dig(te)z;(ty) + dignrny (8)0(ty),

0(tr) = Xy dmy)i(t)ri(ty) + dimgrymen) (Er)0(Ey ),

where a;,d;, p;, 7, d;;(t;) and 7;; are constants, 0 < 7,; < 7, 7 > 0, H; €
C(R,R) and h € U. We can get more refined result:

Theorem 3.2 Assume that there exist constants M > 0, o; > 0, 5; > 0,
1=1,---.n, j=1,---,n+ 1 such that

(B1). [Hi(s)| < ais],

<B2> _51'04' + ﬁn+1|pz‘ + Z?:l ﬁ]‘aﬂ| < 0’ 7 = 1’ 2, ceen,
Yoy By — Bryar <0,

(By). TI{y e < M < oo, YI<m, m=1,2,--,

where A\, = Mar 1 <i<(n41) Z;Lill W Then the system ( 3.13) is absolutely

stable.
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Proof: For any fixed 7 > 0 and h € U, define a Lyapunov function v(t)
as:

o) = o(X () = 3 Gl + Sl 1 £

where X (t) = (x(t), -+, x,(t),d(t))T is the solution of system (3.13). Then
the simple computation yields, as in the proof of Theorem 3.1, that

(1)
o(ty) < MoltD), k=1,2,--, (3.14)

(2). there exists a 3 > 0 such that

n

Do(t) < =B zs(®)l +[5(E)1], ¢ # b, (3.15)
(3). k
v(t) < [[Aiv(to), t € [tr, trar)- (3.16)

(3.16) in turn, implies that the system (3.13) is stable. Next we need to prove
that all solutions of the system (3.13) satisfy

limy—yeo X (£) = 0. (3.17)

If (3.17) is not ture, then there exists a solution X (¢) such that limsup;_, || X (¢)||
> 0, using a similar method as that given for the proof of Theorem 3.1, we
conclude that

(1). there exist constants A/ > 0 and M > 0 such that || X(t)|| < M,
v(t) < M and ||f(X(2))|] < M, where

f(X(t)) = (_alxl + Z?:I ajrj + Hl(h(é))v T
—QAp Ty + Z?:l QpjTj + Hn(h<5))’ Zqil:l bix; — Th<5))T7

(2). there exists a constant § > 0 and sequences {s,,} and {S,,}, such that
Sm < Smy Sm, Sm € [tk tk,+1), and
B
||X(t>|’ Z ﬁy te [Smasm) and Sm — Sm Z ﬁ?

13



(3). there exists a B > 0 such that when | X ()| > B,

n

>l + (0] = 5.

i=1

For sequence {k,,}, we claim that

km
limsup,,— oo H A > 0. (3.18)
k=k1

In fact, if limsupm oo [T}, A = 0, then condition (Bs) implies that
limiy o0 [They A = 0, and (3.16) implies lim; o || X (¢)|| = 0 which contra-
dicts with limsup,_,  [|X(¢)|| > 0. So, (3.18) is true.

Without loss of generality, assume that [im,, Hizkl A = L (other-
wise, we can choose the subsequence). It follows from the Cauchy criterion
that there exists a N > 0, such that for any k,, > k; > N, H’,zl:kl A > L)/2,

0 < | TTfme, Ak — TTis, M| < L/3. Therefore
L/3 > Tz, Ak — H?:kl Ak|
k m
= Hkl:kl )‘k‘ H’lz:kl-H Ak — 1‘
> L/2| T2 A — 1.
Thus, —2/3 < [I}™,+1 A — 1 < 2/3 and hence 1/3 < [}y . A < 5/3 for
all k,, > k; > N. The rest of the proof is similar to that given for Theorem
3.1 and we omit it. The proof is complete.
Remark: One of the differences between Theorem 3.1 and Theorem 3.2
is that in Theorem 3.1, A\ is not less than 1 no matter how small the value
|d;;(tx)| is. But in Theorem 3.2, A\, may be less than 1 which yields a larger

domain for Ay since it only requires [];"; Ak < M < oo, | <m=1,2,---.
The following examples illustrate the difference.
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Example 3.1 Consider the system
¥ = 2z+uxt-2)+h(d),

& = iz —2n(), t#1,2,---,
(3.19)

(k) = (& —Dazk) + (G + Cs(k),

2
Using the symbols of Theorem 3.1, we have a; = 2, a1 =0, b;p =1, oy =
Nk
Lopr =34, r=2 du(k) = §, di(k) = 5, dn(k) = 5 — 1, das(k) =
_1\k _1\k
P % Let us take 81 = B = 1. Then —B1a1+PBop1+51(|arr|+|b11]) =

2
—% <0, frag — fGor = =1 <0 and

B 1+ E, k=242,
Al_2’“_{1, k=3,5--,204+1,--- °

Thus, Ty e < oo. 1t follows from Theorem 3.1 that system (3.19) is
absolutely stable.

Example 3.2 Consider the system

¥ = =2x+z(t)+ h(d),
& = iz —2n00), t#1,2,---,
(3.20)
w(k) = —52(k7) + g0(k7),
S(k) = (209" — Dyp(k) + Lo(k).

Using the symbols of Theorem 3.2, we have a; = 2, a;; = 1, bj; =0, oy =
k
Lp= %, r=2, du(k) = —%, dia(k) = 3, don (k) = 2007 — %, daa (k) =

2k+1"
1
k2 -
Let us take Bl = 52 = 1. Then _ﬁlal + 52171 + 61|CL11| = —% < 0,

brag — Bor = —1 < 0 and

4 2 k=242,
3’ k — %7 k:5’,2l+17

Thus, T, Me < 6 < oo which implies that the system (3.20) is absolutely
stable.

)\1:
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Now we turn to study the following nonlinear system :

O = Y pxi—rh(d), t#t,

xl(tk) = Z?:l d’l](tk)xjalz) + di(n+1) (tk)5(tl;)7 1= 17 27 N,

0(tk) = X1 dmrn;(te)z;(ty) + dmsny s (E:)0 (8 ),
(3.21)
where a;, d;, p;, r, d;j(ty) and 7;; are constants, 0 < 7,; < 7, T > 0,

fij,gij € C/(R, R), fZ](O) = 923(0) = O, Hl € C(R, R) and h € U.

Theorem 3.3 Assume that there exist constants m;;, M;; > 0, o; >
07 Za]: 1,2,"',”, ﬂz >O7 1= 1,,71—1—1 such that

(2). —Biai + Brapi + X5y Bi(myi + My) < 0,i=1,2,---,n,
> Bic — Bugar <0,
(3). [Hi(s)| < auls],

(4) Hzo:1 )\k’ < oo,

where A = mazy<icinen {1, D) 2400

Then the system ( 3.21) is absolutely stable.

Proof: Let
o(t) = o(t, Xo) = 3_ Billesl + > My /i () ds] + Busaldl, ¢ # t,

i=1 j=1 =i

where X () = (z1(t),- -+, 2,(t),5(¢))T is the solution of the system (3.21).
Then

v(t) =Y Bilwi| + Burald].
i=1

16

;= e+ Y fi(x) + X0 gij(x(t — 7)) + Hi(h(5)), i =1,2,- -
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Using a similar method as that given in the proof of Theorem 3.1, we can
derive that v(tg) < Mov(ty ) for k=1,2,--- and

Dy < YL Bi{—ailw] + X5 [ fij(z5)]
+ 2251 1945 (2 (E — 735))| + [Hi(h(3))]
+ 250 Migllas] — [ (8 — 735) ]}

+ 301 Bug1|piws| — Brgar|h(6)]

< X Bl —aslm| + X mugl)
+ 351 Mijlai(t — 75)] + il h(0)]
+ 35 Myl — [ = 735)[1}
+ 31 Buga|piwi| — Buyar|h(d)]
< Y B{—ailw] + X0 (miy + M)l
+ai|h(0)|} + X7y Basa|pis] — Burar|h(9)]
< YA -Biai + Bapapi + Xy Bi(myi + M) ]

+(Z?:1 Biai - /Bn+lr)|h(5>|7 t 3& U

Using a similar method as that given in the proof of in Theorem 3.1, we can
show that

lim x;(t) =0, lim §(¢t) = 0.

t—00 t—o00

Thus, the system (3.21) is absolutely stable. The proof is complete.
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Example 3.3 Consider the system

' = —4r+ (1 —cosx) +In(1 + 2%(t — 2)) + sinh/2h(6)),
5 = x—2n(s), t£1,2,--
(3.22)
o(k) = gra(k) + HE(),
0(k) = (53— )z(k7) + (3 + 52)d(k7),

o

Using the symbols of Theorem 3.3, we have f(x) =1 — cosx, g(z(t — 2)
In(1+2%(t—2)), H(s) = sin/2s, a =4, p1 =1, r =2, di1(k) = 4,
S (k) = § = s dao(k) = § + 5. 50 |f'(@)| < T =m, |g(a)] < 1=
M, |H(s)| <V2s| .

Let us take fy = Po = 1. Then —fra + fop + fi(m + M) = —1 < 0,
Bray — Por =v/2 — 2 < 0 and

3 L4, k=242l
o = k .
2 1, k=3,5-20+1,

A=

So, TIiZ, Ak < 0o which implies that the system (3.22) is absolutely stable.

Using a similar method, we can establish absolutely stable criteria for the
following highly nonlinear system

rh = —aiwi+gi(xy, w1 (E—Tin), 0 n(E— i) + Hi(h(0)),
o = Z?lejxj—h(a), i=1,---,n, t+t,

zi(ty) = Yoy di(te)z(ty) + digerny () o (L),

o(tr) = Xioidmin;(t)Ti(ty) + dmsymen (tr)o(ty), 5

where g; € ', ¢;(0,---,0) =0, H; € C(R,R), i,j =1,2,---,nand h € U.

Theorem 3.4 Assume that there exist constants o;,m;;, M;; > 0,1, =
1,2,---,nand §; >0,i=1,2,---,(n+ 1) such that

18



(1). |8g’ (1,5 &ny Gy ooy G| < g,
|8g‘(§1,"'7§mC1,"',Cn)| < My,
[Hi(s)| < auls],

(2). =Biai + Pniapi + 35—y Bi(myi + Myi) <0, =1,2,---,n
Ylim1 Bici — Baa <0,

(3). TIi2, Ak < o0,

where A\, = maxi<i<(nt1){1, Z"H 'B”d“ I} k=1,2,-
Then system ( 3.23) is absolutely stable

Using the idea presented in this paper, we can study absolute stability
for the nonlinear system

z; = —0;T; +§]i($17 s 7xnaxl(t - Til), e 7xn(t - Tm)) + Hi<h<0))7

)

zi(ty) = Yoy di(te)z(ty) + digerny () o (L),

o(te) = Xjo1dman;(te)z;(ty) + dirnymrn) (Ee)o(ty),
(3.24)
where ¢;,G € C', ¢;(0,---,0) =0, G(0,---,0) =0, H; € C(R,R),0< 7;; <
T,OSTjST,(i,jzl,Q, ,)anthU.

Theorem 3.5 Assume that there exist constants o;, m;;, M;;,cj,¢; > 0,1,5 =
L,2,---,nand 3; >0,i=1,2,---,(n+ 1) such that

(1) 1585 6 G Gl S gy 526 6 G Gl < My,

| (517"'75117C17"'7<n)|Scj7 | (517"'7§H7C17"'7C7L)|Sgijv
’Hl( )|§al‘8|7 Z?j:17ana

Yoy Bic — B <0,
(3) HZ; )\k? < 00,

19

o = Gz, xp,x(t—1), xn(t—T0)) —h(o), i=1,---n, t#1,



where \, = maxlgg(nﬂ){l,zgjll ﬁj‘dgi(tk)l}, k = 1,2,---. Then system
(1 3.24) is absolutely stable.

Proof: Let
v(t) = olt, Xy) = X0, Billwi| + X, M, ftt,m

w;(s)|ds]

+B1 251 G Jir, 125(8)|ds + Burald], t # b,

where X (t) = (21(t), -+, 2,(t),0(t))T is the solution of the system (3.24).
Then

v(t) > Zﬁz|$z| + Brt1d].
i=1
Using a similar method as that given in the proof of Theorem 3.1, we can
derive that v(ty) < Agv(ty ) for k=1,2,--- and
Do < ¥ Bi{—ailwi| + [gi(we, - wn, w1 (t = ), oo 2t — 7)) + [ Hi(R(5))]

+ 25 Mijllas| =l (8= 7)1} 4 Bur oy &l ()] — [ (8 — 7))

+5n+1‘G('x17 sy Ty xl(t - 7_1)7 e 7$n<t - Tn))‘ - ﬁn+1|h’(5)‘

< Y Bl —ailw] + 01 miglag| 4+ 05 Migla(t — 1) 4 aulh(6)]
+ 2521 Mijl|wj| — 2 (t — 7)1} + Bugr Zj=y Gl | — 25t — 735) ]
+Bnt1 2j[egl@s] + &l (t — 75)[] = Bagar|h(9)]

< Y Bl —ailw] + 01 (i + M) |l
+ai|h(0)[} + iy Brailei + Glzi| — Busa|R(9)]

< Y-8 + Buralei + &) + 7o Bi(myi + Mji) il

+(Xiy Bia; = Bugar)|h(0)], t # t.

Using a similar method as that given in the proof of in Theorem 3.1, we can
show that

lim z;(t) =0, lim 6(¢) = 0.

t—o0 t—o0

Thus, the system (3.24) is absolutely stable. The proof is complete.
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