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This paper proposes a reduction technique for the generalised Riccati difference equation
arising in optimal control and optimal filtering. This technique relies on a study on the
generalised discrete algebraic Riccati equation. In particular, an analysis on the eigenstructure
of the corresponding extended symplectic pencil enables to identify a subspace in which all the
solutions of the generalised discrete algebraic Riccati equation are coincident. This subspace
is the key to derive a decomposition technique for the generalised Riccati difference equation.
This decomposition isolates a “nilpotent” part, which converges to a steady-state solution in
a finite number of steps, from another part that can be computed by iterating a reduced-order

generalised Riccati difference equation.
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1. Introduction

Consider the classic finite-horizon Linear Quadratic (LQ) optimal control problem.
In particular, consider the discrete linear time-invariant system governed by the

difference equation
Tip1 = Az + Buy, (1)

where A € R™™ and B € R™ ™  and where, for all ¢ > 0, z; € R™ represents
the state and u; € R™ represents the control input. Let the initial state o € R™
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be given. The problem is to find a sequence of inputs wu, with t =0,1,...,7T — 1,

minimising the cost function

T-1
J(ﬂj‘o, U) =

QS
ST R

X
"l a2k Par. (2)

T T
=0 ut

We assume that the weight matrices Q € R™**", S € R™™ and R € R™*"™ are

such that the Popov matriz 11 is symmetric and positive semidefinite, i.e.,

QS
ST R

o = 11" > 0. (3)

We also assume that P = PT > 0. The set of matrices ¥ = (A, B,II) is often
referred to as Popouv triple, see e.g. [13]. We recall that, for any time ¢, the set U;
of all optimal inputs can be parameterised in terms of an arbitrary m-dimensional

signal vy as Uy = {—K; x; + Gy v;}, where!

K;=(R+ B"X;11 B) (ST + B" X1 A), (4)

Gy =1I,— (R+B"X,,1 B)'(R+B"X,,1B), (5)

in which X; is the solution of the Generalised Riccati Difference Equation
GRDE(X)

X, =A"X; 1 A— (A" X, 1B+ S)(R+B" X1 B/ (B* X, )1 A+ SH +Q  (6)
iterated backwards from t =T — 1 to t = 0 using the terminal condition
Xr =P, (7)
see [14]. The equation characterising the set of optimal state trajectories is
2441 = (A— BKy) zy — BGroy.
The optimal cost is J* = x) X0 zo.

Despite the fact that it has been known for several decades that the gener-
alised discrete Riccati difference equation provides the solution of the classic finite-
horizon LQ problem, this equation has not been studied with the same attention
and thoroughness that has undergone the study of the standard discrete Riccati
difference equation. The purpose of this paper is to attempt to start filling this

gap. In particular, we want to show a reduction technique for this equation that

1The symbol MT denotes the Moore-Penrose pseudo-inverse of matrix M.
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allows to compute its solution by solving a smaller equation with the same recur-
sive structure, with obvious computational advantages. In order to carry out this
task, several ancillary results on the corresponding generalised Riccati equation
are established, which constitute an extension of those valid for standard discrete
algebraic Riccati equations presented in [12] and [2]. In particular, these results
show that the nilpotent part of the closed-loop matrix is independent of the partic-
ular solution of the generalised algebraic Riccati equation. Moreover, we provide a
necessary and sufficient condition expressed in sole terms of the problem data for
the existence of this nilpotent part of the closed-loop matrix. This condition, which
appears to be straightforward for the standard algebraic Riccati equation, becomes
more involved — and interesting — for the case of the generalised Riccati equation.
We then show that every solution of the generalised algebraic Riccati equation
coincides along the largest eigenspace associated with the eigenvalue at the origin
of the closed-loop, and that this subspace can be employed to decompose the gen-
eralised Riccati difference equation into a nilpotent part, whose solution converges
to the zero matrix in a finite number of steps (not greater than n) and a part
which corresponds to a non-singular closed-loop matrix, and is therefore easy to
handle with the standard tools of linear-quadratic optimal control. As a conse-
quence, our analysis permits a generalisation of a long series of results aiming to
the closed form representation of the optimal control, see [5, 6, 9, 17| and, for the
continuous-time counterpart, [4, 7, 8]. Our analysis of the GRDE is based on the
general theory on generalised algebraic Riccati equation presented in [15] and on

some recent developments derived in [10, 11].

2. The Generalised Discrete Algebraic Riccati Equation

We begin this section by recalling two standard linear algebra results that are used
in the derivations throughout the paper.

Pll P12

Lemma 2.1: Consider P = [P1€ Py

} = PT> 0. Then,

(1) ker Piy D ker Pyo;
(2) Piz P), Py = Pro;
(3) Py (I — P),Py) = 0;
(4) P11 — Pi2PhL,Ph > 0.

Pll P12

Lemma 2.2: Consider P = [le Pas

non-singular. Then,

] where P11 and Py are square and Pao is

det P = det Py - det(Py; — P1aPy,' Poy). (8)
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We now introduce the so-called Generalised Discrete Algebraic Riccati Equation
GDARE(Y), defined as

X=A"XA—-(A"XB+S)(R+B"XB)(B" XA+ 5" +Q. (9)
The algebraic equation (9) subject to the constraint
ker(R + B" X B) C ker(A" X B+ S) (10)

is usually referred to as Constrained Generalised Discrete Algebraic Riccati Equa-
tion CGDARE(Y):

{X:ATXA— (ATXB+S)(R+B"XB)(B"X A+ S") +Q (1)

ker(R+ B* X B) C ker(A" X B+ S5)

It is obvious that CGDARE(Y) constitutes a generalisation of the classic Discrete
Riccati Algebraic Equation DARE(X)

X=A"XA-—(A"XB+S)R+B"XB) Y B"XA+S")+Q, (12

in the sense that any solution of DARE(X) is also a solution of CGDARE(Y)
but the wvice-versa is not true in general. Importantly, however, the inertia of
R + B" X B is independent of the particular solution of the CGDARE(Y), [15,
Theorem 2.4]. This implies that a given CGDARE(X) cannot have one solution
X = X7 such that R + BTX B is non-singular and another solution Y = Y for
which R 4+ B'Y B is singular. As such, i) if DARE(X) has a solution, then all
solutions of CGDARE(X) are solutions of DARE(X) and, ii) if X is a solution of
CGDARE(Y) such that R + BT X B is singular, then DARE(X) does not admit

solutions.

To simplify the notation, for any X = X' € R"*"™ we define

def

Rx=R+B"XB

Sx ©ATXB+S
Kx ©(R+B"XB)! (B"X A+ S") = Rl S%
Ax ¥ A-BKx

so that (10) can be written as ker Rx C ker Sx.

3. GDARE and the extended symplectic pencil

In this section we adapt the analysis carried out in [12] for standard discrete alge-
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braic Riccati equations to the case of CGDARE(X). Consider the so-called extended
symplectic pencil N — z M, where

I, O O A O B
ME |0 -4AT0 and N=|Q -1, 8
O —B" O ST O R

This is an extension that may be reduced to the symplectic structure (see [3, 16])
when the matrix R is invertible. We begin by giving a necessary and sufficient
condition for N to be singular. We will also show that, unlike the case in which the
pencil N — z M is regular, the singularity of N is not equivalent to the fact that

the matrix pencil N — z M has a generalised eigenvalue at zero.

Lemma 3.1: Matriz N is singular if and only if at least one of the two matrices
R and A — BR' S is singular.

Proof: First note that IV is singular if and only if such is [ Sf}f i

consider the left null-spaces. Clearly, [vlT vyt ng} N =0, if and only if vo = 0
T, T A B} _

and [vl V3 ] [STR =0.

Now, if R is singular, a non-zero vector wvs exists such v3™ R = 0. Since from

QS

} . To see this fact,

(1) in Lemma 2.1 applied to the Popov matrix [

ST
ker R C ker S holds, we have also [0 ng] [;}r g} = 0. If R is invertible but

A—BR'S" = A— BR™'S" is singular, from (8) in Lemma 2.2 matrix [;T i]

is singular, and therefore so is N. Vice-versa, if both R and A — BR™' ST are

] the subspace inclusion

non-singular, [;‘T g] is non-singular in view of (8) in Lemma 2.2. Thus, N is

invertible. [ |

The following theorem (see [11] for a proof) presents a useful decomposition of
the extended symplectic pencil that parallels the classic one — see e.g. [12] — which

is valid in the case in which the pencil N — z M is regular.

Theorem 3.2: Let X be a symmetric solution of CGDARE(X). Let also Kx
be the associated gain and Ax be the associated closed-loop matriz. Two invertible

matrices Ux and Vx of suitable sizes exist such that

Ax —z1, O B
Ux(N—ZM)VX: O In—ZA;( O . (13)
0] —zBT Ry

From Theorem 3.2 we find that if X is a solution of CGDARE(Y), in view of the
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triangular structure obtained above we have

det(Ax — 2 1,) - det(l,, — z A%) - det Rx
der(V — 1) = = de)vt Ux Fdet Vx = ' (14)

When Rx is non-singular, the dynamics represented by this matrix pencil are
decomposed into a part governed by the generalised eigenstructure of Ax —z I, a
part governed by the finite generalised eigenstructure of I, —z A%, and a part which
corresponds to the dynamics of the eigenvalues at infinity. When X is a solution of
DARE(Y), the generalised eigenvalues® of z N — M are given by the eigenvalues of
Ax, the reciprocal of the non-zero eigenvalues of Ax, and a generalised eigenvalue
at infinity whose algebraic multiplicity is equal to m plus the algebraic multiplicity
of the eigenvalue of Ax at the origin. The matrix pencil I,, —z A% has no generalised
eigenvalues at z = 0. This means that z = 0 is a generalised eigenvalue of the matrix
pencil Ux (N — z M) Vx if and only if it is a generalised eigenvalue of the matrix
pencil Ax — z I,,, because certainly z = 0 cannot cause the rank of I,, — z A to be
smaller than its normal rank and because the normal rank of N — 2z M is 2n + m.
This means that the Kronecker eigenstructure of the eigenvalue at the origin of
Ux (N —z M) Vx coincides with the Jordan eigenstructure of the eigenvalue at the
origin of the closed-loop matrix Ax. Since the generalised eigenvalues of N — z M
do not depend on the particular solution X = X" of CGDARE(Y), the same holds
for the generalised eigenvalues and the Kronecker structure of Ux (N —z M) Vx for
any non-singular Ux and V. Therefore, the nilpotent structure of the closed-loop
matrix Ax — which is the Jordan eigenstructure of the generalised eigenvalue at
the origin of Ax — if any, is independent of the particular solution X = X7 of
CGDARE(Y). Moreover, since

Ax O B
UxNVx=|01, O |, (15)
O O Ry

we see that, when Ry is invertible, IV is singular if and only if Ax is singular.
Since from Lemma 3.1 matrix N is singular if and only if at least one of the two

matrices R and A — B R S" is singular, we also have the following result.

Lemma 3.3: (see e.g. [2]) Let Rx be invertible. Then, Ax is singular if and
only if at least one of the two matrices R and A — B RT S” is singular.

However, when the matrix Ry is singular, it is no longer true that Ax is singular
if and only if R or A — B R" S™ is singular. Indeed, (15) shows that the algebraic

multiplicity of the eigenvalue at the origin of N is equal to the sum of the algebraic

1Recall that a generalised eigenvalue of a matrix pencil N — z M is a value of z € C for which the rank of

the matrix pencil N — z M is lower than its normal rank.
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multiplicities of the eigenvalue at the origin of Ax and Rx. Therefore, the fact
that N is singular does not necessarily imply that Ax is singular. Indeed, Lemma

3.3 can be generalised to the case where Rx is possibly singular as follows.

Proposition 3.4:  The closed-loop matriz Ax is singular if and only if rank R <
rank Rx or A — BR'S7 is singular.

Proof: Given a square matrix Z, let us denote by u(Z) the algebraic multiplicity
of its eigenvalue at the origin. Then, we know from (15) that u(N) = ({S‘L}F i]) =
w(Ax) + p(Rx). Consider a basis in the input space that isolates the invertible

part of R. In other words, in this basis R is written as R = [}él 8] where R is

invertible, while B = {Bl B2] and S = [Sl O} are partitioned accordingly. It

follows that p ({;T g]) :,u(R)+,u<[Sf;f;i]>. As such,

>—M(RX)=M<

First, we show that if rank R < rank Ry, then Ax is singular. Since rank R <
rank Rx, then obviously u(R) > u(Rx), so that (16) gives pu(Ax) > 0.
Let now A— B R' ST be singular, and let rank R = rank R . From (16) we find that

pu(Ax) =M<[§T§i]>. However, A— BRT ST = A~ B, R;*S{. If A— BR' S" is

A B
STR

A By

Ay) =
p(Ax) M( SlTRl

) + n(R) — p(Rx).  (16)

A B
singular, there exists a non-zero vector k such that | kT —kT B Rl_l} [ST Rl] =0.
1 1
A B,

Hence, p ([SIT R1D > 0, and therefore also u(Ax) > 0.

To prove that the converse is true, it suffices to show that if A — B RT ST is non-
singular and rank R = rank Rx, then Ax is non-singular. To this end, we observe
that rank R = rank Ry is equivalent to u(R) = pu(Rx) because R and Rx are
symmetric. Thus, in view of (16), it suffices to show that if A — B RT ST is non-

;T QD = 0. Indeed, assume that A—B RT ST = A— B, Rl_l gt
A By

o7 R1:| = (. Then, since
Ry is invertible we get v} = —vf By Ry " and v] (A— By Ry ST) = 0. Hence, v; = 0

since A — By R ! ST is non-singular, and therefore also ve = 0. [ ]

singular, then p ([

is non-singular, and take a vector [+ oI | such that [+T o] ] [

Remark 1: We recall that u(Rx) is invariant for any symmetric solution X of
CGDARE(Y), [15]. Hence, as a direct consequence of (16), we have that u(Ax)
is the same for any symmetric solution X of CGDARE(Y). This means, in par-
ticular, that the closed-loop matrix corresponding to a given symmetric solution
of CGDARE(Y) is singular if and only if the closed-loop matrix corresponding to
any other symmetric solution of CGDARE(Y) is singular. In the next section we
show that a stronger result holds: when present, the zero eigenvalue has the same
Jordan structure for any pair Ax and Ay of closed-loop matrices corresponding to

any pair X, Y of symmetric solutions of CGDARE(X). Moreover, the generalised
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eigenspaces corresponding to the zero eigenvalue of Ax and Ay coincide. The re-
striction of Ax and Ay to this generalised eigenspace also coincide. Finally, X and

Y coincide along this generalised eigenspace.

4. The subspace where all solutions coincide

Given a solution X = X' of CGDARE(X), we denote by U the generalised
eigenspace corresponding to the eigenvalue at the origin of Ax, i.e., U o ker(Ax)™,
where (Ax)™ denotes the n-th power of Ax. Notice that, in principle, U could
depend on the particular solution X. In this section, and in particular in The-
orem 4.4, we want to prove not only that U does not depend on the particular
solution X, but also that all solutions of CGDARE(X) are coincident along U.
In other words, given two solutions X = X' and Y = Y' of CGDARE(X), we
show that ker(Ax)" = ker(Ay)" and, given a basis matrix! U of the subspace
U = ker(Ax)" = ker(Ay)", the change of coordinate matrix T'= [U U, ] yields

X11 X2
X1y Xoo

X11 X2
Xiy Yoo

T XT= . (17)

] and T7'YT=

We begin by presenting a first simple result.

Lemma 4.1: Two symmetric solutions X andY of CGDARE(X) are coincident
along the subspace U if and only if U C ker(X —Y).

Proof: Suppose X and Y are coincident along the subspace U, and are already
written in the basis defined by 7" in (17). In this basis U can be written as U =
im [é} If (17) holds, then we can write X —Y = [O O}. Then, (X —Y)U =

[8 ?] [é} = {0}. Vice-versa, if (X —Y)U = {0} and WZ vtfrite X-Y= [ii i: },
we find that [ii :j [é] = {0} implies Aj; =0 and A3 = 0. [ |

We now present two results that will be useful to prove Theorem 4.4. Let X =
X1 e R™ ™, Similarly to [12], we define the function

def

DX)EX-A"XA+(A"XB+S)(R+B"XB)(B"XA+5") Q. (18)
If in particular X = X7 is a solution of GDARE(X), then D(X) = 0. Recall that
we have defined Ry = R+ B"X B, Sx = AT XB+ S and Ry = R+ B'Y B,
Sy £ATY B+ 8.

1Given a subspace S, a basis matrix S of S is such that im S = S and ker S = {0}.
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Lemma 4.2: Let X = XT e R"™ and Y =Y T € R™™"™ be such that (10) holds,

i.e.,
ker Rx C ker Sx (19)

ker Ry C ker Sy-. (20)

Let Ax = A — BKx with Kx = R\, St and Ay = A — B Ky with Ky = R, SL.
Moreover, let us define the difference A Yx-v. Then,

D(X) - D(Y)=A - AL A Ay + AL ABRY BTA Ay. (21)

The proof can be found in [1, p.382].
The following lemma is the counterpart of Lemma 2.2 in [12] where the standard
DARE was considered.

Lemma 4.3: Let X = XT e R"" and Y = YT € R"™™™ be such that (19-20)
hold. Let A = X —Y . Then,

D(X)-DY)=A— A} A Ax. (22)
Proof: First, notice that
ALAB =[A" — (A"Y B+ S) Rl B'JA B.

We now show that ker Ry C ker(A} A B). To this end, let Px be a basis of the
null-space of Rx. Hence, (R + B*XB)Px = 0. Then,

ALABPy = (AT— (ATYBJFS)R;BT) (X —Y)B Py
—A"XBPx—(A"YB+S)R, B"X BPx — A"Y B Px
+(A"Y B+ S)Rl B"Y B Py
+(A"Y B+ S)Rl, RPx — (A"Y B+ S) Rl R Px
— A" XBPx+(A"YB+S)Rl, Ry Px — A"Y BPx

:ATXBP)(—I-SyP)(—ATYBPX:(ATXB—I—S)PX,

which is zero since ker Ry C ker Sx in view of (19) in Lemma 4.2. Now we want

to prove that
TA(Ay — Ax) = AL ABRY BT A Ay. (23)
Consider the term

ALA(Ay — Ax) = ALA B (R Sx — RL.Sy). (24)
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Since RT Ry is an orthogonal projection that projects onto im RY = im Ry, we
have ker Rx = im(I,, — R} wRx). Since as we have shown ker Ry C ker(Aj A B),
from ker Ry = im(I,, — R} Rx) we also have Ay, A B (I, — R&RX) = 0, which
means that A7 A BR};( Rx = A} A B. We use this fact on (24) to get
AVA(Ay —Ax)=ALABRL[(B" XA+ S) — Rx RL(B'Y A + 9)]

—AVABRY[(B'XA+S—B"Y A+B"Y A)—Rx R} (B"Y A+S)]
—ALYABRY[B'A A+ (I, — Rx RL)(B"Y A+ S)]. (25)

Since Ry = R+ B"X B— B'Y B+ B'Y B = Ry + B" A B, eq. (25) becomes

ALA(Ay — Ax) = ALABRY[B'A A+ (I,, — Ry Rl, — BTABRL)(B"Y A + )]
— ALABRIB"A(A—BRL)(B"YA+S) = ABR\B"A Ay,
since from Lemma 2.1 (I,,, — Ry R! V) (B'Y A+ S) =0 from ker Ry C ker(A"Y B+

S). Eq. (23) follows by recalling that Ay = A — BR{, Sy . Plugging (23) into (21)
yields

D(X)—-D(Y)=A— Ay AAy + A A(Ay — Ax) = A — Ay AAx.

|
Now we are ready to prove the main result of this section. This result extends
the analysis of Proposition 2.1 in [12] to solutions of CGDARE(X).

Theorem 4.4: LetU = ker(Ax)" denote the generalised eigenspace correspond-
ing to the eigenvalue at the origin of Ax. Then

(1) All solutions of CGDARE(X) are coincident along U, i.e., given two solu-
tions X andY of CGDARE(X),

(X~ Y)U = {0};

(2) U does not depend on the solution X of CGDARE(X), i.e., given two so-
lutions X and Y of CGDARE(X), there holds

ker(Ax)" = ker(Ay)".

Proof: Let us prove (1). Consider a non-singular 7' € R"*". Define the new

quintuple
ALYTAT, BET'B, Q¥T'QT, SET'S, RYR.

It is straightforward to see that X satisfies GDARE(X) with respect to

def

(A,B,Q,R,S) if and only if X = TTX T satisfies GDARE(Y) with respect to
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(A, B,Q,R,S ), which for the sake of simplicity is denoted by D, so that @(X ) =0.
The closed-loop matrix in the new basis is related to the closed-loop matrix in the

original basis by
Ay =A-BR+B'XB)(B'XA+8") =T AxT.

Moreover, if U = ker(Ag)", then U = T~1U since (A¢)"U = 0 is equivalent to
T-YAx)"TU =T~ (Ax)"U = 0. We choose an orthogonal change of coordinate

matrix T as T'= [U U], where U is a basis matrix of ¢. In this new basis

Ag =Tl AxT = U UC}TAX v o]

UTA)(U*
UCTA)(U*

UTAX U *
O UrAxU,

)

where the zero in the bottom left corner is due to the fact that the rows of U} Ax
are orthogonal to the columns of U. Moreover, the submatrix Ny & yTA x U is
def

T Ay U,
is non-singular. Let X be a solution of CGDARE(X) in this new basis, and let it

be partitioned as
.| X X
5 ~1T1 Y12 ’
Xig X2

where X1 is v x v, with v = dim#. Consider another solution ¥ of CGDARE(Y),
5}11 5}12
r o

nilpotent with the same nilpotency index! of Ax. Notice also that Hy

partitioned as Y = [ ] .Let A< X —Y be partitioned in the same way. Since

X and Y are both solutions of CGDARE(Y), we get D(X) = D(Y) = 0. Thus, in

view of Lemma 4.3, there holds
A—ApAAg =0. (26)
If A is partitioned as A = [A;  Ag] where A; has v columns, eq. (26) becomes

NQ*

(A2, ] - AL (A 4] O i

- [Al — ALAL N *] —0,

from which we get A; = 21;5/ A1 Ny. Thus,

Ay =ALA No = (AL)PAy NG = ... = (AL)"Ay (No)™,

IWith a slight abuse of nomenclature, we use the term nilpotency index of a matrix M to refer to the
smallest integer v for which ker(M)¥ = ker(M)**+1!, which is defined also when M is not nilpotent.
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which is equal to zero since (Ny)™ is the zero matrix. Hence, A; = 0. Thus, we

AU = [0 *] (im [é]) — {0}

Since A is symmetric, we get

have also

}711 }712
Y, Yoo

Xll XlQ
Xy Xoo

)

o o
O X — Yoy

which leads to Xll = ?Vn and Xlg == }712.

Let us prove (2). Since ker Ry coincides with ker Rx by virtue of [10, Theorem

4.3], we find
Ay — Ay = B(R!. 8% — RL, S%)
= BRL(SY — Ry R, 8%). (27)
Plugging
Sy =B"YA+S"=B"AA+S"+B"XA=B"AA+S% (28)
and
Ry=R+B'"YB-B"XB+B'"XB=Rx+B"AB (29)

into (27) yields

Ax — Ay = BRI, (B"AA— B" ABRI S%)
— BRI, B"A Ax.
This means that the identity
Ax — Ay = BRILBTA Ax
O O

holds. By partitioning A = [O :}, we find that also B R;DBT A= [O :], so that

Ay = Ay — BRLB"A Ax

O
O

N() *
O Hx

N() *
O Hx

NO *
O Hy

Thus, ker(Ay )™ D ker(Ax)". If we interchange the role of X and Y, we obtain the

opposite inclusion ker(Ay )™ C ker(Ax)". Notice, in passing, that this also implies
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that Hy is non-singular. [ |

5. The Generalised Riccati Difference Equation

Consider the GRDE(X) along with the terminal condition X7 = P = P* > 0. Let

us define
RX)EA"XA-(A"XB+S)(R+B'XB)(B"'X A+ 5"+ Q.

With this definition, GRDE(X) can be written as X; = R(X¢+1). Moreover,
GDARE(X) can be written as

D(X) = X — R(X) =0.

We have the following important result.

Theorem 5.1: Let X, = X be a solution of CGDARE(X). Let v be the index of
nilpotency of Ax,. Moreover, let Xy be a solution of (6-7) and define Ay Y X~ X,
Then, for T > v, we have Ap_, U = {0}.

Proof: Since X, = X/ is a solution of CGDARE(X), we have D(X,) = 0. This
is equivalent to saying that X, = R(X,). From the definition of A; we get in
particular Ar = X7 — X,. With these definitions in mind, we find

A = R(Xt41) — R(Xo) = Xir1 — D(Xig1) — Xo
= Apy1 — D(Xi41) = A1 — D(Xp41) + D(Xo)
= App1 — [D(Xi41) — D(Xo)]. (30)

However, we know from (21) that

D(Xi41) — D(Xo)
= A1 — Ax_ [Ar1 — App1 B(R+ B" X1 B) B Aq]Ax (31)

which, once plugged into (30), gives

Ap= A1 — Apr + A% [Arp1 + At B(R+ B' X441 B) BT A Ax,

= A%, [In — App1 B(R+ B"X;11B) BT A1 Ax, = Fip1 Av Ax,, (32)
where

Fip &A% — A% A1 B(R+ B"X,1B)!B".
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It follows that we can write

Ar_y =FrArAx,,

Ar_o=Fr 1 Ar_ 1 Ax, = Fr_1 Fr Ar (Ax,)?,

(33)
T
Ar_, = < 11 E) Ar (Ax,)T. (34)
i=T—7+1
This shows that for 7 > v we have ker Ap_, D ker(Ax,)". [ |

Now we show that the result given in Theorem 5.1 can be used to obtain a
reduction for the generalised discrete-time Riccati difference equation. Consider
the same basis induced by the change of coordinates used in Theorem 4.4, so that
the first ¥ components of this basis span the subspace U = ker(Ax)"™. The closed-

loop matrix in this basis can be written as

where Ny is nilpotent and Z is non-singular. Hence, (Ax, )" = [8 Z*"}’ where we
recall that v is the nilpotency index of Ax_ . By writing (34) in this basis, for 7 > v
we find
* x[|O *% O * O O
AT—T = = = s
* *| |O Z7 O * O *

where the last equality follows from the fact that Ap_. is symmetric.

Now, let us rewrite the Riccati difference equation (32) as

A =A% A Ax, — A Ap1 B(R+ B" X1 B) BT Ay Ax, . (35)
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O O . .
For t <T — v, we get A; = [ 0w, }, and the previous equation becomes
O Ol |NyO||O O Ny *
O \I’t * ZT 0] \I/t-i-l O Z
NI O||O O O O N,
— |7 B(R+ B "X,.1 B)IB" 0 *
* ZT O \I’t+1 O \Ijt—l—l 0 Z
|0 O
02", Z
T
O O B B O O
- N r+[Br By (Ava+x0) | ) [B1 B .
O Z" W, 1||B> By OV 17
XO,]] XO,12
By partitioning X, as X, = |:XT " ], we get
ool o o ] o o |« * 0 0
O v, _O 7 Wy Z_ oz* Wiig || * Bo (R()-I-BQT Wy BQ)T BQT OV, 1 Z
o o 1 Jo 0
|1 O Z W0 Z | OZ" Wy, 1 By (Ry+ By Wy 1 Bo) By U,y Z ’

where Ry & R + Bj X, 99 By. Therefore, U, satisfies the reduced homogeneous

Riccati difference equation
U, =Z"V 1 Z 7"y By (Ry+ By Uy y1 Bo)' By Uy Z. (36)
The associated generalised discrete Riccati algebraic equation is
U—Z"0Z+Z"UBy(Ry+ Bi ¥ By) By W Z=0. (37)

Being homogeneous, this equation admits the solution W = 0. This fact has two

important consequences:

e The closed-loop matrix associated with this solution is clearly Z, which is non-
singular. On the other hand, we know that the nilpotent part of the closed-loop
matrix is independent of the particular solution of CGDARE(X) considered. This
means that all solutions of (37) have a closed-loop matrix that is non-singular;

e Given a solution ¥ of (37), the null-space of Ry + B3 ¥ By coincides with the
null-space of Ry, since the null-space of Ry + By ¥ By does not depend on the

particular solution of (37) and we know that the zero matrix is a solution of (37).

As a result of this discussion, it turns out that given a reference solution X, of
CGDARE(Y), the solution of GDRE(X) with terminal condition X7 = P can be

computed backward as follows:
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(1) For the first v steps, i.e., from t = T to t = T — v, X; is computed by
iterating the GDRE(X) starting from the terminal condition X = P;
(2) In the basis that isolates the nilpotent part of Ax, we have

AT—l/ =

O \PT—I/

From ¢t = T—v—1to ¢t = 0, the solution of GDRE(X) can be found iterating
the reduced order GDRE in (36) starting from the terminal condition Wp_,,.

Remark 1: The advantage of using the reduced-order generalised difference Ric-
cati algebraic equation (36) consists in the fact that the closed-loop matrix of
any solution of the associated generalised discrete Riccati algebraic equation is
non-singular. Hence, when the reduced-order pencil given by the Popov triple
(Z, Bs, [8 Igo D is regular, the solution of the reduced-order generalised difference
Riccati algebraic equation (36) can also be computed in closed-form, using the re-
sults in [6]. Indeed, consider a solution ¥ of (37) with its non-singular closed-loop
matrix Ay and let Y be the corresponding solution of the closed-loop Hermitian

Stein equation
AgY Ay =Y + By (Ry+ By U By) ' Bj = 0. (38)

The set of solutions of the extended symplectic difference equation for the reduced

system is parameterised in terms of K, Ky € R(—¥)x(n—v)

as
=N Loy Y AL
A= U | (Ap) K1+ |[(BY — I, )AL | (Ap)T 1Ky, 0<t<T,(39)
O —Ky -K,

where K, & Kg Y AL —(Ro+ B3V By)~! B}. The values of the parameter matrices
K7 and K5 can be computed so that the terminal condition satisfies X7 = I, and

Apr = VUp_,,. Such values exist because Ay is non-singular, and are given by

K= Ay) Ty —Y (U —TUp_))
Ko=U —Up_,.

Then, the solution of (36) is given by ¥, = A, Et_l.

6. Concluding remarks

In this paper we have considered the generalised Riccati difference equation with
a terminal condition which arises in finite-horizon LQ optimal control. We have

shown in particular that it is possible to identify and deflate the singular part of
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such equation using the corresponding generalised algebraic Riccati equation. The
two advantages of this technique are the reduction of the dimension of the Riccati
equation at hand as well as the fact that the reduced problem is non-singular, and
can therefore be handled with the standard tools of the finite-horizon LQ theory.
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