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Abstract: This paper deals with higher-order optimality conditions of set-valued op-
timization problems. By virtue of the higher-order derivatives introduced in Ref. 1,
higher-order necessary and sufficient optimality conditions are obtained for a set-valued
optimization problem whose constraint condition is determined by a fixed set. Higher-
order Fritz John type necessary and sufficient optimality conditions are also obtained for a
set-valued optimization problem whose constraint condition is determined by a set-valued
map.

th th

Keywords: The m"“-order adjacent set, the m"“-order adjacent derivative, set-valued

map, the mt_order optimality condition.



1 Introduction

The study of vector optimization problems is very important since many optimization
problems encountered in economics, engineering and other fields involve vector-valued
maps (or set-valued maps) as constraints and objectives (see Refs. 2-3). First-order Fritz-
John type necessary and sufficient optimality conditions of vector optimization problems
with vector-valued maps have been extensively studied in the literature. See, for example,

Refs. 4-7.

There has been a growing interest in second-order optimality conditions of vector
optimization problems with vector-valued maps. In Ref. 8, Aghezzaf and Hachimi inves-
tigated second-order necessary and sufficient optimality conditions for vector optimization
problems by virtue of second-order tangent sets. In Ref. 9, Jiménez and Novo obtained
second-order Lagrange-Fritz John type optimality conditions by means of the generalized
Motzkin alternative theorem. In Ref. 10, Jiménez and Novo studied second-order nec-
essary and sufficient optimality conditions for a point to be an efficient element of a set
with respect to a cone in a normed space by using common second-order tangent sets and
asymptotic second-order cones. They also discussed second-order Lagrange-Fritz John
type necessary conditions by virtue of the directional metric regularity condition and a

second-order constraint qualification condition.

Recently, there are many optimality conditions to be obtained for vector optimization

problems of set-valued maps (i.e., set-valued optimization problems). In Ref. 11, Luc



studied necessary and sufficient conditions for both unconstrained and constrained vec-
tor optimization problems with objectives being set-valued maps in terms of contingent
derivatives. In Ref. 12, Corley investigated first-order Fritz John necessary and sufficient
conditions for general set-valued optimization problems by virtue of tangent derivative
and contingent derivative. In Ref. 13, Li et al discussed necessary and sufficient opti-
mality conditions for a general nonconvex set-valued optimization problem with the aid
of the Gerstewitz’s nonconvex separation functional. In Ref. 14, Jahn and Khan inves-
tigated the Fritz John type necessary optimality conditions of local proper minimizers,
local weak minimizers and local strong minimizers for general set-valued optimization
problems by using the generalized contingent epiderivative. They also obtained sufficient
optimality conditions of local weak minimizers and local minimizers for quasi-convex set-
valued optimization problems. In Refs. 15-16, Crespi et al. and Khan et al. obtained
some optimization conditions to a set-valued optimization by using lower and upper Dini
derivatives of set-valued maps, respectively. In Ref. 17, Jahn et al. investigated second-
order necessary optimality conditions and sufficient optimality conditions in set-valued
optimization by using two kinds of second-order epiderivatives for set-valued maps.

In Ref. 1, Aubin and Frankowska defined mt_order tangent sets and then introduced
mt order derivatives, where m is a positive integer. Since higher-order tangent sets,
in general, are not cones and convex sets, there are some difficulties in studying higher-
order optimality conditions for general set-valued optimization problems by virtue of the

higher-order derivatives introduced by the higher-order tangent sets. Until now, there are



no study yet for higher-order optimality conditions for set-valued optimization problems
in terms of the higher-order derivatives. Motivated by the work reported in Refs. 1,
12 and 17, we investigate higher-order optimality conditions for general set-valued opti-
mization problems. We discuss some properties of higher-order derivatives for S-concave
set-valued maps. Then, we obtain the higher-order Fritz John type necessary and suffi-
cient optimality conditions of set-valued optimization problems whose objective map and

constraint map are S-concave.

The rest of the paper is organized as follows. In Section 2, we introduce two kinds of

th

set-valued optimization models. In Section 3, we recall the m""-order contingent set and

the mt-order adjacent set. Then, we discuss their properties and equivalent relations.

th th

In Section 4, we recall the m"*-order contingent derivative and the m"“-order adjacent

derivative of a set-valued map introduced in Ref. 1. Then, we discuss their properties

th

when the set-valued map is S-concave. In Section 5, we investigate a m""*-order necessary
and sufficient optimality condition for a set-valued optimization problem whose constraint
condition is determined by a fixed set. In Section 6, we obtain a mt_order Fritz John

type necessary and sufficient optimality conditions of a set-valued optimization problem

whose constraint condition is determined by a set-valued map.



2 Set-Valued Optimization Problems and Preliminar-
ies

Throughout this paper, let X, Y and Z be three real normed spaces, let S CY and D C Z
be pointed and convex cones with intS # () and intD # (), and let A and E be subsets in

X,F:X —2"and G: X — 2%. The domain of F': X — 2" is given by
Dom(F) ={z € X | F(x) # 0}.

Denote

F(A)=J F(z) and G (U) = {z | G(z) (U # 0}.

€A
Definition 2.1. Let F': X — 2Y be a set-valued map. F\(-) is said to be S-concave

on X if, for any z1,29 € X and A € (0,1),

AF(x1) + (1 = N F(x2) C F(Azy + (1 — N)xg) — S.

Definition 2.2. Let F : X — 2¥ be a set-valued map. F(-) is said to be locally

Lipschitz at zy € X, if there exist M > 0 and a neighborhood W of z( such that
F(.ﬁEl) C F(&?Q) + MHxl — .ﬁEQHB,VJﬁl,.’BQ S W,

where B denotes the unit ball of the origin in Y.

Now we introduce the (weak) maximal points of a set in real normed space Y and two

set-valued optimization problems to be studied in this paper.



Definition 2.3. Let BCY.

(i) yo € B is said to be a maximal point of B if

B\lyo + 5] = {vo}-

By maxg B we denote the set of all maximal points of B.

(i) yo € B is said to be a weak maximal point of B if

B(lyo + intS] = {0}.
By max;j, ;o B we denote the set of all weak maximal points of B.

In this paper, consider the following optimization problem:

max F(x), (1)

i.e., to find all zy € A for which there exists a yo € F'(x¢) such that yo € maxg F'(A) (or
Yo € maxjptg F'(A) if weak maximal solutions are desired). We also consider a special

case of (1):

ey F

st.  G(x)(\D #0, (2)

i.e., to find all zgo € ENG~ (D) for which there exists a yo € F(x) such that y, €
maxg F(ENG™(D))(or yo € maxjytg F(ENG™(D)) if weak maximal solutions are de-

sired).

Any xq solving (1) or (2) is called a (weak) maximal solution for the problem at yq.
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3 Higher-Order Tangent Sets

th

In this section, we shall recall the definitions of the m"“-order contingent set and the

mth_order adjacent set in Ref. 1. Then, we shall discuss their properties. Let X be a

normed space supplied with a distance d and K be a subset of X. We denote by

d(xz, K) = inf d(z,y)

yeK

the distance from  to K, where we set d(x, () = +o0.

Definition 3.1. Let x belong to a subset K of a normed space X and vy, -+, v,_1

be elements of X. We say that the subset

T[({m)(% V1, V) = h}?i?)ljp K —x— hvy —hm R T
— e X fmjara, SIS ey gy
is the m*order contingent set of K at (z,vq, -, Up_1).
Definition 3.2. Let x belong to a subset K of a normed space X and vy, -+, v,,_1

be elements of X. We say that the subset

m—1
b(m) . . . K—x—hvy—---—=h" v
T cee Upe1) = 1 f
K (T,01, Ume) im in o
K—z—hvy—---—h" 0, 4
= X | lim d =0
{y e X[ lim d(y, = ) =0}
is the m™-order adjacent set of K at (x,vy, -+, Upn_1).
Proposition 3.1. If K is a convex subset and vy, ---,v,,,_1 € K, then
b(m m
TK( )($0,U1 —T0," U1 — ) = T;(< )(3307211 — T, U1 — T0)

8



hm

h>0

:cI(U K—xo—h(vl—$o)—---—hm1(vm_1—xg))'

Proof. We note that

b(m m
TK( )(95077)1 — X,y Um—1 — Zg) C Tz(( )(iUo,U1 — X0, Um—1 — Z0)
K—xzy—h(v; —x9) — - — " Yvyy —x
call 0 (01 0) . (V-1 0) ‘
h>0 h
So we only need to prove that for any ug € cl (Uh>0 Kﬂo*h(”“xo)*h';;hm_l(”7”*17:”0)),
b(m
Uy € T}(( )(an U1 — Xy yUn—1 — xO)'

Let € > 0 be fixed. Then, there exist y € K and 3 > 0 such that

y — a9 — Bvy — x0) — -+ — 7 01 — o)

Bm

Uy — S EB,

where B is the unit ball of the origin. Let h € (0, 1), where 0 < p < S and p+ > +---+
pmt 4 pm/gm < 1. Set

y—x0— F(v1 —x0) — - — B (U1 — xo).

6m

u =
Then,

zo+ h(vy —20) + -+ + B vy — x0) + Au =

pm M\ met, b
ot Sl an) +0 = ()=o) 1= B =20 )

From h € (0, ) and the definition of u, we have

h
=) < RBP4+ h4-+ AL

m m—1
h+h(1—<h> )+---+hm—1(1—ﬁ

g g

G e VAR



It follows from y, zg, vy, -+, v,m_1 € K, the convexity of K and (3) that

zo+ h(vy — 20) + -+ + B vy — x0) + h"u € K.

Thus, ug € T%m) (20, v1 — X, "+, Vm—1 — To) and the proof is complete. O
Proposition 3.2. If K is convex, then T;’((m) (€0, V1, "+, Up_1) IS cOnVex.
Proof. If T;((m) (o, v1, "+, Upm_1) = 0, the result holds naturally. Then, we assume
that there are uy, uy € T[b((m)(xo, U1, -, Um—1) and A € (0,1). It follows from the definition

of the mtM-order adjacent subset that, for any h, — 07, there exist sequences {w!} and

{w?} such that

and
To+ vy + - F A o F AT € K,
To+ hpvr + -+ hnm’lfvm,l + h;”wfl c K.
From the convexity of K, we have

T+ hpvy + -+ A o AT Aw)l + (1 - Nw?) € K.

Thus, Auj + (1 — Nug € T;(m) (o, V1, ,Um_1) and the proof is complete. O
By Propositions 3.1 and 3.2, we have that the following corollary holds:

Corollary 3.1. If K is a convex subset and vy, -+, v,,_1 € K, then sets Tl((m) (20, v1 —

K —zo—h(v1—20) =~k (0p_1—
Zo,**, Um_1 — Zo) and cl (Uh>0 zo=h(v1=20) i (Vm—1 xO)) are convex.

10



Now we recall a result of the page 172 in Ref. 1 as follows.

Proposition 3.3. For any A > 0, we have

TI((m) (ZE, )\Uh T, )\m_lvm—l) = )\mTI({m) (Z‘, V1, 7Um—1)7
Tf((m) (z, g, -+, A" lupy) = )\mT%m)(:c, Uiyt Ue)-

4 Higher-Order Derivatives for Set-Valued Maps

th

In this section, we shall recall the definitions of the m""-order contingent derivative and

th

the m"*-order adjacent derivative for set-valued maps in Ref. 1. Then, we shall investigate

their properties under the condition that the set-valued map is S-concave.

Definition 4.1. Let X,Y be normed spaces and F : X — 2Y be a set-valued

th

map. The m"-order contingent derivative D™ F(x,y, uy,v1, -+, Upm_1,VUm_1) of F at

(z,y) € Graph(F) for vectors (uy,v1), -, (Um—1,Vm—1) is the set-valued map from X to

Y defined by
Graph(D(m)F(x, Y, U, U1, U1, V1))
=7 (2, Y, u1, 01,y U1, Un—1)
Graph(F) y Yy W1, U1, y Um—1yVYm—-1),
ie.,
Um € D(m)F(:L‘7yau17U17"'7um—17vm—1)(um) ~
(Um, Um) € T((inr)aph(F)(x’ Y,U1,V1, ", Um—1, Um—l)a

11



where Graph(H) denotes the graph of the set-valued map H, i.e., Graph(H) = {(z,y) |

y € H(x),x € Dom(H)}.

Definition 4.2. Let X,Y be normed spaces and F : X — 2¥ be a set-valued map.
The mP-order adjacent derivative D°U™ F(z,y, w1, v1, -+, Un—1,Um_1) of F at (z,9) €
Graph(F) for vectors (uy,v1),- -, (Um—1, Um—1) is the set-valued map from X to Y defined

by

Graph(Db(m)F(x, Y, U, V1, U1, V1))

b(m
- (r;ph(F)(:E’y’ul’vl"”7um717vm71)'

m b(m
Naturally, T((}r)aph(F) (27, Y, U1, V1500 Um—1, Um71> or Tél‘é)lph(F)

(T,y,u1,01, -+ U1,
Um—1) may be empty. From the necessary conditions that the mt_order contingent and
adjacent sets are not empty (see Section 4.7 in Ref. 1), we have that if the domain of
the m* order contingent (adjacent) derivative of F' at (z,y) € Graph(F') for vectors

(u1,v1),+, (Um—1,Vm—1) is not empty, then necessaryly,

1 m—1
(uly Ul) S Té}iaph(F) (SL’, y)u ) (umflu Umfl) € T((}rap)h(F) (l’, Y, U1, vy, Um—2, Umf2)

b b(m—1
<(U1, Ul) S TG(ri)aph(F)(x’ y)a Tty (um—b Um—l) S TG(I'apil(F)(x’ Y,uy, Uy, Um—2, Um—2)> .

th

For some basic calculus for the m"“-order derivative, see Section 5.6 in Ref. 1.

Remark 4.1. If F'is a single-valued map which is 3t order continuously differentiable

around a point zy € X, then we have

9, if v, £ VF ,
Db(Q)F(xmF(xo),ul,?h)(uz) = i, # (o) (1)

VF({L‘())(UQ) + %VQF(ZEQ)(Ul, ul), if V1 = VF(I())(Ul),

12



and
D*®) F (g, F(x0), u1, 1, U, v2) (us) =
0, if vy # VF(x0)(u)
or vy # VF(20)(uz) + 5V F(20) (w1, wr),
Y F (20 (us) + V2F (x0) (uy, up)

+4; V3F (o) (ur, uy, uq), if v; = VF(x0)(uq) and

Vg = VF(I‘O)(lQ) + %sz(fL’o)(ul, u1)7
where V" F'(zy), (m = 1,2, 3) denotes the mtorder derivative of F at .

Remark 4.2. Jahn et al. (Ref. 17) introduced the following second-order contingent
set:
Téraph(}?)(x’y’ul’vl) = {(w,2) e X xY | H{(wpn,2,)} C X XY with
(Wn, 2n) — (w,2) and A, > 0,Vn, with A\, — 07 so that

)\2
(,y) + Anlur, v1) + ?"(wn, zp) € Graph(F)},

and the second-order contingent derivative:

D2F(z,y,u1,v0)(w) ={z €Y | (w,2) € Téraph(F)(x,y,ul,vl)}.

Hth

It follows from Proposition 3.3 and the definition of the -order contingent set that

T 2
Téraph(p) (z,y,u1,01) = Té‘rlaph(F) (2,9, V2u1, V201).
Then, we have

D?F(z,y,u1,v1)(w) = DA F(z,y,vV2uy, V20, (w). (4)

13



So, the 2th_order contingent derivative introduced in this paper is different from the
second-order contingent derivative introduced in Ref. 17. However, they have that the
equivalent relation (4) holds. Obviously, the 9th_order contingent derivative introduced in
this paper is also different from second-order epiderivative and generalized second-order

epiderivative introduced in Ref. 17.

As Ref. 12, we also define the S-directed mth_order contingent derivative D(Sm)F (x,y,
UL, U1,y U1, Um—1) Of F at (x,y) for vectors (u1,v1), -, (Um—1,Vm—1) to be the mthe

order contingent derivative of the set-valued map

Flz)—S={y—s|yeF(x),se S}

at (z,y) for vectors (uy,v1), -, (Um—1,Vm-1). The S-directed m*order adjacent deriva-
tive at (x,y) for vectors (uq,v1), -, (Um—1,Vm—1) is analogously defined to be leg(m)F
(x,y,u1,v1, ", Um_1,Vm_1). By Proposition 3.1, we have the following result.

Proposition 4.1. Let F' be S-concave on convex set A C Dom(F), (zg,yo) €

Graph(F) and let uy, -+, upm_1 € Aand vy € F(uy) = S, -+, 01 € F(ty,—1) —S. Then

qum)F($0, Yo, U1 — o, V1 — Yo, """ Um—1 — Lo, Um—1 — yo)(x)
= Diq(m)F(l‘o’yo, Ur — To, V1 — Yo, Um—-1 — Lo, Up—1 — yO)(I)7 for all x € A.

Theorem 4.1. Let F' be S-concave on convex set A C Dom(F). Then, for all

2’ 2" € Aand any y' € F(2),

F") -4 C ng)F(x', viouy — v =y U — 2 v — ) (2" — 2,

14



where uy, -+, Up_1 € Aand vy € F(uy) — S, , 01 € F(Up_1) — 5.

Proof. Let 2,2 € Aand ¢ € F(2'),y” € F(z"). For A" € (0,1) and A" — 0,Vm,

we have
x' + )\2?(116” —2)=(1- Af)x' + AZZZx” €A,
o AN Uy — ) = (1= A" Ay, € A,
and
Y ) = (- S e P A -0 - 8

Y AN v =) = (1= A"y A € (' + A Yy — 2)) = S.

Then,
m—1 2\
'’ + (U1 — ') + Q—Z(x” — ') € A,
and
m—1 m m—1 m
v =g =)+ 55 (V" =) € Pl + =5 (um—y —a') + 55 (2" —a)) = 5.
So, we have the following result:
v, a4 &(ul —a) 4+ E(um_l —a')+ —?(x” —2)e A
2 om—1 om ’
and
de An Am—l A
Un :f y/ 4 ?(Ul o y/) 4+ 4 2m_1 (Umfl _ y/> + 27m(y// o y/) c F(xn) . S
Thus,

(Tn, Yn) € Graph(F — 9),

15



and

up —x vy —y g (U1 — 2 U — Y
n ) — / AN /\n .. )\m /\m
<(x ,Yn) — (2, 9) ( 5 TS > " T R — "

— 2%@7// o x’,y” o y/).

It follows readily that

1 o 1
27m($” - Zlfl, y// - y/) € TG(I'(;ph(F—S) <(I/7 y/)7 5(“1 - 'I,a U1 — y/)7 )
1
gm—1 (um—l - l’/, Um—1 — y,)> .

Hence, from Proposition 3.3, we obtain

b(m
(x" — 513'/, y// — y/) € Téré)lph(F—S) ((xla yl)a (ul - $/> U1 — y/)a T (umfl - xla Um—1 — Z/)) ’

and
y' =y € Dbs(m)F(x’, vouy — v =y U — 2 v — ) (2" — 2.
The proof of the result is complete. O

From Proposition 4.1 and Theorem 4.1, we have the following corollary.

Corollary 4.1. Let F be S-concave on convex set A C Dom(F'). Then, for all

7', 2" € Aand any i € F(2'),
F(x//) - y/ C ng)F(x/7 y/7 Uy — xla U1 — y/7 oy Um—1 — 'Ij? Um—1 — y/)(lﬂ - .T,),

where uy, -+, U1 € Aand vy € F(uy) — S, -+, 01 € F(Uup_1) — S.

16



5 Optimality Conditions for Problem (1)

In this section, higher-order necessary and sufficient optimality conditions for problem (1)

are investigated. The notation F is used to denote the restriction of F' to A.
Theorem 5.1. If z is a weak maximal solution for (1) at o, then, for any (u;,v;) €
XxSi=1,---m-—1,
D™ Ey(x0, Yo, U1, V1, - -+, U1, Um—1)(Z) ﬂintS =0, forallze A,

and so

Db(m)FA(%,yOv UL, V1, U1, V1) () ﬂintS =0, forallze A.

Proof. Naturally, we only need to prove the first conclusion. Assume that the result
does not hold. Then, there exist some & € A and y € D(m)F(xo,yo,ul,vl, Ce U1,
Um—1)(Z) such that

g € intS. (5)
Hence, there exist h,, — 07, (z,,,y,) € Graph(F') and {z,} C A such that

T, Yn) — (20, — hp(ug,v —-~~—h;”_1um_,vm_ o
( y) ( 0 yO) ( 1h:n) ( 1 1) —>(x,y)

So, it follows from (5) that when n is large enough, we have

Yn — Yo — hnvl - hz_lvm
hy

—L ¢ intS,

and then
Yn — Yo — hnvl — h:?_lvm_l € intS.

17



Since S is a convex cone and vy, -+, Um_1 € S,
-1
hnU1+"'+h:Ln Um—1 € S.

Hence,

Yn — Yo € IntS,
which contradicts that xy is a weak maximal solution. O
Theorem 5.2. Let F' be S-concave on the convex set A C Dom(F) and let uy,-- -,
Up—1 € Aand vy € F(uy) — S, -+, 01 € Fty,—1) — S. If
Dg(m)F(%o,yo; Ul — Lo, V1 — Yo, * * 5 Um—1 — Loy Um—1 — Yo)(T — o) ﬂ S ={0},Vz € A,
then z is a maximal solution for (1) at yo. If
ng(m)F(xo, Yo, U1 — T, U1 — Yo, ** *» Um—1 — L0, Um—1 — Yo) (T — To) ﬂintS =0,
then z is a weak maximal solution for (1) at yq.
Proof. It follows from Theorem 4.1 that for all z € A,
[F(z) =] (S
- Sng‘(m)F(%, Yo, Ut — T0, V1 — Y05+ * U1 — L0; Um—1 — Y0) (& — xo) = {0} (6)

Thus, z( is a maximal solution for (1) at yy. Using the cone intS instead of S in (6), we

similarly prove that the other conclusion holds. O

Now we give an example, which is similar to Example 3 in Ref. 18, to show a minimizer
of the problem (1) which fails to satisfy the first-order assumption in Theorem 5.2, but

satisfies the second-order one.

18



Example 5.1. Suppose that X = R*> A=R2) Y =Rand S=R;. Let F: X - Y

be a real-valued function with

F(z) =
llz|| if 22 <O.
Naturally, F'(x) is S-concave on the convex set A. Consider the following real optimization

problem.

heg )

Assume that xo = (0,0) and yo = F'(xg) = 0. Then, x, is a global maximal solution of F'

on A. Choosing 7 = (1,0) € A, we have
D% F (20, 90) (T — 20) = (—00, 1].

So,
DF (0, 90)(T — x0) (R = [0,1] # {0},
i.e., the first-order assumption in Theorem 5.2 is not satisfied. However, if we take u =
(0,1) and v = F(u) = —1, then, for any z = (x1,z5) € A, we have
D?Q)F(:Uo, Yo, U, V) (x — x0) = (—00, —x3).
Since x9 > 0,
DbS(Q)F(xO,yO,u,v)(x —x0)[)S =0 or {0},Vz € A.

Hence, the second-order assumption in Theorem 5.2 is satisfied and, from Theorem 5.2,

Zo 1s a maximal solution of F' on A.

19



6 Optimality Conditions for Problem (2)

Let Y* denote the dual space of Y, and let
ST={AeY*|Ay) >0, forallye SCY}

denote the nonnegative dual cone of S. A € ST is called to be definite positive if A(y) > 0,
for all y € intS, and strictly positive if A(y) > 0, for all y € S\{0}. The notation
(F,G)(x) is used to denote F'(x) x G(z). In this section, necessary and sufficient optimality

conditions are established for problem (2).

Theorem 6.1. Let F' and G be S-concave and D-concave on the convex set FE,
respectively. Let (u;,v;,w;) € X x S x D, i=1,---,m — 1. Suppose that z is a (weak)
maximal solution for (2) at yg. Then, for any zy € G(z9)N D, there exist A € ST and

p € DT, but not both zero functionals, such that

1(z0) =0, (7)
Ay) + u(z) <0, (8)
for all
(y,2) € DI;(:%(FE, G ) (7o, Yo, 20, U1, V1, W1, **, Upn—1, U1, Win—1)(T),
and
x € Dom{Di*(:%(FE? G )0, Yo, 20, U1, V1, W1, Un—1, U1, Wn—1)]-
Proof. Let zy € G(zo) N D and
Q = Dom[ D) (Fg, Gg)(@o, Yo, 20, U1, V1, W1, , U1, V1, Wy 1))
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Define

b(m
B = U DS(XJ%(FE, GE) (o, Yo, 20, U1, V1, W1, =+, Umn—1, V1, Win—1) () + (0, 20).
e

It follows from the convexity of Graph(Fr — S,Gg — D) and Proposition 3.2 that

Tb(m)

Graph(FEfs,GEfD)((xo’ Yo, Zo), (Ul, U1, wl)u ) (Um—la Um—1, wm—l))

is a convex set. Therefore, by similar proof method for the convexity of B in Theorem

5.1 in Ref. 12, we have that B is a convex set.

Now we prove that

B(\(intS x intD) = 0. (9)

Assume that the result does not hold. Then, there exist (z, 9, 2) and z € €2 such that

(g7 2) S DZ(TZ))(FE7 GE)(x07 Yo, 20, U1, V1, W1, ", Um—1, Um—1, wm—l)(i)a (10)
and
(9,2 + 29) € intS x intD. (11)

It follows from (10) and the definition of the mtorder adjacent derivative that for any

sequence {h,} with h, — 0%, there exists {(z,, Yn, 2,)} With
r, €E, y, € F(r,)—S, 2z, €G(x,)— D

such that

ny Yny, #n) = ) ; _hn 5 5 _"'_hmil m—1y Vm—1, Wm— A A A
(Zn, Yn, 2n) — (0, Yo, 20) (uy Ulh;ljl) w (U1, U1, W 1)_>(x7y7z)‘

n

(12)
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From (11) and (12), there exists N > 0 such that h, < 1 and

(yTU Zn) - (3/07 ZO) - hTL(Ul? wl) - h';n_lcvmfla wmfl)
hy

+ (0, 20) € intS x intD,

for n > N. Thus, we have

Yn — Yo — hpvy — -+ - — hnmflvm_l € intS, for n > N,
and
Zn — 20 — hpwy — -+ — hT‘lwm_l + h'zp € intD, for n > N.
Since zg, w1, -, Wy_1 € D and vy, -+, 0,,_1 € 5,
(1 —h™Mz20 + hpwy + -+ B w, 4 € D,
and

hn’Ul + -+ hnm_l’l}m_l - S

Thus, z, € intD and y, — yo € intS. Since z, € G(z,) — D and y, € F(z,) — S, there

exist z, € G(x,),d, € D,y, € F(z,) and s, € S such that
Zn = Zn — d,, and y, = Yp — Sp, for n > N.

Naturally, z, € G(z,)ND and g, — yo € intS, which contradicts that xy is a (weak)
maximal point at yo. Thus, (9) holds. It follows from a standard separation theorem
of convex sets and similar proof method of Theorem 5.1 in Ref. 12 that there exist

A € Stand p € DT, not both zero functionals, such that

N(ZO) =0,
Ay) + p(z) <0,
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for all

b(m
(3/7 Z) S DS(X£(FE7 GE)(SCO, Yo, 20, U1, V1, W1, * ** Ump—1, Umflvwmfl)(x%
and
b(m
S Dom[DS(X})(FE, GEg) (o, Yo, 20, U1, V1, W1, - -+, Um—1, V1, Win—1)].
Thus, the proof is complete. O

th

Now we give an example to illustrate the necessary optimality conditions for m"*-order

adjacent derivative, where we only take m = 1.2.

Example 6.1. Suppose that X =Y =Z =R, E=[-1,1]C X and S=D =R,.

Let F : E — 2Y be a set-valued map with
Flz)={yeR|-1<y< —a"},
and G : E — Z be a real-valued function with
G(zr) = -2z + 1.

Naturally, F' and G are two R, -concave functions on the convex set [—1, 1], respectively.

Consider the following constrained set-valued optimization problem (CSVOP):

max F(x)

st. z€FE,Gx) (D #0.

We have

ENG (D) = [—1,;], and F(E(G~(D)) = [~1,0].
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Let (xg,40) = (0,0) € Graph(F). Since (F(ENG (D)) — yo)NintR = 0, (xg,y0) is
a weak efficient maximal solution of (CSVOP). So, the conditions of Theorem 6.1 are

satisfied at (xg,yo). It follow from the definitions of ' and G that
Graph(F — S,G — D) = {(z, (y,2) e RxR? |y < —2*,2< 22 +1,-1<x <1}
Take any zg € G(z9) N\Ry. Since G(zg) = 1, we have zy = 1. Then,

Téraph(F_&G_D)(xO,ymZO) - {(.ZU, (y7z)) € R x R2 | Y S 07 z S 217}’

and

Dig,p(F. G) (w0, 40, 20)(w) = {(y,2) € R* | y < 0,2 < 2a}.

Take A > 0 and p = 0. Thus, for any (y, z) € D%, (0, %0, 20)(7) and z € R, we have
A(y) + p(z) < 0 and p(z) =0,

which shows that the 1*-order necessary optimality condition of Theorem 6.1 holds.
Take u; = —1/4, v; =0 € S and w; = 1/2 € D. Then, the conditions of Theorem 6.1

are satisfied at (g, yo) for vector (uy, vy, w;). Naturally, we have

b(2
TG(»I‘)aph(Ffs,GfD)(xO’y()’ZO’uhvl’WI) - {(l'7 (yv Z)) €R x R2 | Yy S O7Z S 21‘}7

and

Dg(i)D(F7 G>($0>y07 207u17/01721)(x) = D,bS’XD(F> G)(l‘oayO?ZO)(x)

= {(y,2) €eR* |y <0,z <2z}
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Simultaneously, take A > 0 and p = 0. We have that the 2th_order necessary optimality

condition of Theorem 6.1 holds.
Remark 6.1. From the properties of higher-order contingent and adjacent sets (see
the page 172 of Ref. 1), we deduce
b(m
Dom[DS(X£(FE7 GE)<x0a Yo, 20, U1, V1, W1, ", Um—1) Um—1, wm—l)] 7& @

if and only if

ol
(Uj, vy, wj) S Téjl")aph(FE—S,GE—D)«wO’ Yo, 20), (U1, v1,w1), - -, (Uj—l, Vj—1, wj—1)),

for j = 1,---,m — 1. Furthermore, by Proposition 3.1, if Graph(Fg — S,Gg — D) is a

convex set, then we have

Graph(FE — S, GE - D) - ($anO; ZO))

b pa—
TGl”aph(FEfS,G’Efp) (0, Yo, 20) = cl (U -

h>0

Thus, if F' and G are S-concave and D-concave on X, respectively, then
b(m
Dom[DS(x%(FEa GE)<:U07 Yo, 20, U1, V1, W1,y *** Um—1, Um—1, wmfl)] 7& @

if and only if

h

(ulavbwl) € cl (U Graph(FE _ S’ GE — D) - (5’?072/0;20)) :

h>0

and

b(i
(ujv Uj) wj) S Téjl')aph(FE—S,GE—D)<<x0’ Yo, ZO)a (ula Uy, w1)7 Ty (U]’_l, Uj—l) wj—l))7

fory=2,--- . m—1.
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Note that the following equation may not hold:

b(m
Ds(xj)j(FE,GE)(xoayO,ZO,UbUl,wl,'"7Um—17vm—17wm—1)(x)
b(m
IDS( )FE(ﬂioyyO,Ul,Ula‘";Umfhvmq)(ﬂ?)
b(m
><DD( )GE(x(]?ZOaulawlf"7um717wm71)<x>- (13)

Indeed, when F and G are S-concave and D-concave, respectively, (13) may also not hold.

The following example explains the case.

Example 6.2. Suppose E = [0,+0),S = D = [0,400),m = 1, G(x) = Jz, x €

(—00, +00) and

0, z€(—o0,0].

Then, F' and G are R*-concave on E. We have
D% F5(0,0)(0) =R and D},Gg(0,0)(0) = R,
namely,
D% F5(0,0)(0) x DG g(0,0)(0) = R (14)
However,

b .| VE (—00,0],z € (—o0,+00) or
DSXD(FE7 GE)(O7070)<0) - (yu Z) eER (15)
y € (=00, +00), 2 € (—00,0].

It follows from (14) and (15)) that

DgFE(O,O)(O) X DI;DGE(O?O)(O) 7é DbeD<FEa GE)(0>070)(O>
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Now we give the following proposition for explaining that (13) holds when F' or G is

locally Lipschitz.

Proposition 6.1. If either F' or G is locally Lipschitz at g, then,

b(m
D,S‘(XI)D(FEyGE)($anO7ZO>u17U17w17'"7um—1yvm—1>wm—1)($)
b(m
:DS( )FE(x07y0au17U17'";um—lavm—l)(x)
b(m
><DD( )GE(xo,ZmUbwl,"'7Um—17wm—1)($)- (16)

Proof. Naturally, we only need to prove

b(m

Ds( )FE(x07yOau17U17"'7um—luvm—1)(5€)
XD%m)GE(Io,Zo,thh'"7Um—17wm—1)(I)
b(m

C DY (Fi, G) (%0, Yo, 20, U1, V1, W1, - - U1, U1y W1 ) (). (17)

Without loss of generality, suppose that G is locally Lipschitz at xy and

b(m
(y,2) € Ds( )FE($o7yo,U1,Uu'";Um—lyvm—1)($)

XD%W)GE(JIO, 20, UL, W1, * s Upp—1, Wi —1) ().
Then, for any h,, — 0%, there exist (z,,y,) — (z,y) and x,, € E such that
Yo+ hpvr + -+ -+ h;"_lvm,l + hty, € F(xg+ hpuy + -+ + hnm_lum,l + hytz,) — S. (18)
Similarly, for any h,, — 01, there exist (Z,, z,) — (z, z) and T, € F such that

20+ hpwy + -+ A wy oy + B2, € Gzo + houy + -+ B g+ RE,) — DL (19)
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It follows from locally Lipschitz continuity of G that there exist a constant M > 0 and a

neighborhood W of x4 such that
G(r1) C G(x) + M||xy — x5||B, V1,29 € W. (20)
Naturally, there exists N > 0 satisfying
To + hptty + -+ W g+ W, 7o + hpug + -+ R g, 4+ BTE, € W, Vn > N.
It follows from (20) that
G(xo + houy + -+ A"y, + ATE,)
C G(xg + hpuy + -+ + ™ Y1 + A 2,) + K M||Z, — 2,||B, Yn > N, (21)
From (19) and (21), there exists 2z, — z such that for any n > N,
20+ hpwi 4+ A" w72, € G(ag + By + -+ R g,y + R 72y,) — D, (22)

It follows from (18) and (22) that

(y, Z) € DE(T);(FB GE)(IO, Yo, 20, U1, V1, W1, "+ * 5 Um—1, Um—1, wm—1)(I),

and (16) holds. 0
From Theorem 6.1 and Proposition 6.1, we have the following result.

Theorem 6.2. Let F' and G be S-concave and D-concave on the convex set F,
respectively and either F' or G be locally Lipschtiz at zo. Let (u;, v, w;) € X X Sx D, i =

1,--+,m — 1. Suppose that zy is a (weak) maximal solution for (2) at yo. Then, for any
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20 € G(x0) N D, there exist A € ST and p € DT, but not both zero functionals, such that

11(z0) = 0,

AMy) +pu(z) <0,

for all
ye Dbs(m)FE(ﬂan Yo, UL, V1, * 5 U1, Um—1) (),
2 € DN G (o, 20, U, Wy« U1, W1 ) ()
and = € Dom[Dg(:%(FE, GE) (o, Yo, 20, U1, V1, W1, * U1, Umn—1, Win—1)]-

Theorem 6.3. Let F' and G be S-concave and D-concave respectively on the con-
vex set £ C Dom(F) NDom(G), and let A = ENG~ (D). Suppose that there ex-
ist zo,u1, -, Um1 € Ayyo € F(xo),v1 € F(ug) — S, ,Um_1 € Flup_1) — S, 20 €

G(zo) N D,wy € G(u1) N D, -+, Wim—1 € G(um-1) N D, strictly (definite) positive A € ST,

and p € (le)(m)(zo,wl — 20, * "+, Wm_1 — %)) " such that
Ay) + u(z) <0, (23)
for all
(y,2) € Dg(m)FA(SUo; Yo, Ut — Lo, V1 = Yo, * 5 Um—1 — T0, Vm—1 — Yo) (T — To)
x D™ G 4 (20, 20, Uy — To, W1 — 20, "+, Um—1 — o, W1 — 20) (T — Tp),

and x € A. Then, x, is a (weak) maximal solution for (2) at yo.

Proof. Suppose that
Ha(z) = Ga(z)() D, V.
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Now we prove that H, is a D-concave function on A. In fact, suppose that zi,2, €
Dom(Ha), 21 € Ha(x1),20 € Hy(zz) and § € (0,1). It follows readily that z; €
Ga(z1),20 € Ga(za) and z1,29 € D. From the concavity of G4 and the convexity of
D, we have
Bz1 4+ (1 — B)zg € Ga(Bx1 + (1 — B)xy) — D, (24)
and
Bz1+ (1 —B)z € D. (25)

It follows from (24) that there exist z € G4(Bz1 + (1 — B)z2) and d € D such that

Il
I
|
S8
—
[\~
D
—

Bz1+ (1 — B)z

By (25) and (26), we obtain

Thus, we have

Bz + (1= B)z € (Ga(Bry + (1 - B)22) (D) — D,

and H, is D-concave. Naturally, Graph(H4 — D) C Graph(G4 — D). It follows from

Table 4.7 in Ref. 1 that

b
D™ H a0, 20, q — 0, Wy — 20, -+, U1 — oy Wyn—1 — 20) (& — o)
b
C DN G (o, 20, Uy — To, Wi — 20, U1 — To, W1 — 20)(x — o),  (27)

for all z € A. From the definition of the set-valued map H 4, we have

b(m)
Dp HA($O> 20, U1 — Lo, W1 — 20, "+, Um—1 — L0, Wim—1 — Zo)(ﬂf - SBO)
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b
- Tp(m)(Zo,w1 — 20, Wm—1 — 20)-

By Theorem 4.1, we get

Db[gm)HA(xo, 20, U1 — T0, W1 = 20, * 5 U1 — Lo, Wim—1 — 20)(T — 29) # 0,Vz € A
So,
b(m
/L(D[g )HA(:L'O, 20, U1 — T, W1 — 20, ** , Um—1 — L0, Wyn—1 — 20) (T — Tg)) > 0. (28)

It follows from (23), (27) and (28) that

A(DE™ Fa (o, Yo, ur — L0, 01— Yo, s U1 — L0, U1 — Yo) (T — 20)) < 0,
for any = € A. Thus, by the definition of A and Theorem 5.2, we have that x, is a (weak)
maximal solution for (2) at ypo. O

From the proof of Theorem 6.3, we have that the following corollary holds.

Corollary 6.1. Let F' and G be S-concave and D-concave respectively on the con-
vex set £ C Dom(F) NDom(G), and let A = ENG~ (D). Suppose that there exist
To, U1, U1 € A, yo € F(20),v1 € F(ur), -, 0m—1 € F(um—1),20 € G(20) N D, wy €

Gu )N D, wy—1 € G(uy_1) N D, strictly (definite) positive A € ST, and u € (le)(m)(zo,

Wy — 20, , Wm_1 — 20)) T such that
Ay) +p(z) <0, (29)
for all
(y,2) € Dbs(m)FA(xovyo,Ul — L0, V1 = Yo, Um—1 — T0, Um—1 — Y0) (T — To)
x D'S™ H 4 (20, 20, U1 — T0, W1 — 20, * + , U1 — Tos W1 — 20)(T — o),
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and z € A. Then, z, is a (weak) maximal solution for (2) at yo, where Hq : A — 2P with

HA(I) = GA(ZE) mD,\V/ZE € A.

Remark 6.2. If we use the m

th

-order contingent derivatives for F)y and G4 (F4 and

H ) instead of their mt_order adjacent derivatives in Theorem 6.3 (Corollary 6.1), then,

the result of Theorem 6.3 (Corollary 6.1) also holds.
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