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Global Inverse Optimal Stabilization of Stochastic
Nonholonomic Systems

K.D. Do

Abstract

Optimality has not been addressed in existing works on control of (stochastic) nonholonomic systems. This paper
presents a design of optimal controllers with respect to a meaningful cost function to globally asymptotically stabilize
(in probability) nonholonomic systems affine in stochastic disturbances. The design is based on the Lyapunov direct
method, the backstepping technique, and the inverse optimal control design. A class of Lyapunov functions, which
are not required to be as nonlinearly strong as quadratic or quartic, is proposed for the control design. Thus, these
Lyapunov functions can be applied to design of controllers for underactuated (stochastic) mechanical systems, which
are usually required Lyapunov functions of a nonlinearly weak form. The proposed control design is illustrated on
a kinematic cart, of which wheel velocities are perturbed by stochastic noise.

Index Terms

Stochastic nonholonomic systems, global stabilization, inverse optimal.

I. INTRODUCTION

This paper presents a design of optimal controllers with respect to a meaningful cost function for global
asymptotic stabilization in probability of the following stochastic nonholonomic system

dzo = ugdt + @} (z0)dw,
dl’i = ZEZ‘+1U0dt + QOZT(ZL'(), Ug, :Ez)dw, 1 S 1 S n—1 (1)
dz, = uydt + @2 (20, ug, T)dw,

where v and u; are controls, xo and * = col(zy,...,z,) are system states, ; = col(zq,...,z;), w is
an independent r-dimensional standard Wiener process, and ¢q(e) and ¢;(e) are r-vector valued smooth
functions satisfying the following assumption:

Assumption 1.1: The vector valued smooth functions o (z0), @i(Zo, uo, Z;), and @, (xg, ug, &) vanish
at the origin.

The above assumption implies that the origin is the equilibrium point of the system (1) and is imposed
to guarantee controllability of the x-subsystem, i.e., the last two equations of (1), in the limit when o — 0
as t — oo. For clarity, the system (1) does not include nonlinear deterministic functions and unknown
noise covariance. Including these terms does not add contributions but increases complexity of presentation
because if there are deterministic functions (either containing unknown parameters or not) and/or unknown
noise covariance, it is rather straightforward to combine the control Y
design proposed in this paper together with techniques in [1]
and [2] to deal with these functions containing both linear and
nonlinear appearance of unknown parameters and noise covariance. y @

Let us consider the following kinematic cart that motivates the _ P
study of the stochastic nonholonomic system (1).
Example 1.1: The kinematic cart, see Fig. 1, is described by
[3] X X
P cos(¢) cos(9)
| _ S| sin(¢) sin(¢) i Fig. 1: Cart parameters and coordi-
j| = ; D, @
q‘b “ 4 2 nates
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where (x,y) and ¢ denote the position and orientation of the cart, s is the diameter of the actuated wheel,
b is the width, F, is the middle point between the two actuated wheels, and 1, and v, are the angular
velocities of the actuated wheels. We now suppose that the angular velocities 1, and v, are subject to some
stochastic disturbances, and are assumed to be expressed as [4]:

Vi:Di(x7y7¢)+CO(x7y7¢)w7 1= 1727 (3)

where v;(z,y,¢), i = 1,2 are viewed as controls, (y(z,y, ¢) is a function of (z,y, ¢) and vanishes at the
origin, and w is a standard Wiener process. The following coordinate changes

xg 0 0 1 T

zp | = | sin(¢) —cos(¢) O ||y |,

To cos(¢) sin(¢p) 0O o) 4)
S _ S, _ _

Uy = %(Vl — VQ), Uy = Z(Vl + Vg) -+ T1Ug
transform the kinematic cart (2) together with (3) to

d(EO = Uodt,
dl'l = Uo.%’gdt, (5)

dze = uydt + %Cﬂ(ﬂ?o, x1, Ta)dw,

which is a special form of the stochastic nonholonomic system (1). We will continue this example in
Subsections III-C, IV-B, and V-C.

When dw/dt is an either known or unknown constant vector, the system (1) becomes deterministic.
By Brockett’s condition [5], deterministic nonholonomic systems cannot be stabilized at the origin by
any static continuous state feedback though they are open loop controllable. To overcome this obstacle,
researchers have developed novel approaches to design asymptotic/exponential stabilizers, see for example
[61, [71, [8], [9], [10], [1], [11] on the discontinuous time-invariant approach, and [12], [13], [14], [15] on
the time-varying approach.

Systems frequently contaminated by stochastic noise in practice plus development in control and stability
analysis of stochastic nonlinear systems [16], [17], [18] motivate us to consider the problem of controlling
stochastic nonholonomic systems. In comparison with deterministic systems, stochastic nonholonomic
systems have received much less attention. This is mainly due to appearance of Hessian terms in the
infinitesimal generator of a Lyapunov function if the powerful Lyapunov direct method is used for control
design. The Hessian terms cause difficulties in design of control inputs to ensure that the infinitesimal
generator negative definite. Moreover, nonholonomic constraints, especially the zy-subsystem, i.e., the first
equation of (1), create an obstacle in control design. By assuming that the x(-subsystem is deterministic,
there are several works on design of asymptotic stabilizers in probability for stochastic nonholonomic
systems, see [19] where unknown noise covariance is considered, and [20] where nonlinear appearance of
unknown parameters is treated. These works are based on the input-to-state scaling proposed in [1], and
the control design techniques for high order nonholonomic systems in power chained form in [21] and
nonlinear systems with nonlinear appearance of unknown parameters in [2]. When the x(-subsystem is
also stochastic, there are some results available in [22] where the results are incorrect, and in [23] where
the xy-subsystem is linear.

The controllers in all of the above works on both deterministic and stochastic nonholonomic systems
are not optimal in the sense that no meaningful cost function is resulted from their control designs. The
aforementioned issues motivate contributions of this paper on design of optimal control inputs g and wuy
with respect to a meaningful cost function to globally asymptotically stabilize the system (1) at the origin
in probability. In particular, this paper addresses the following control objective:

Control Objective 1.1: Design the control inputs uy = wo(zg) and u; = w;(xg, x) such that they
guarantee global asymptotic stability in probability of the equilibrium 2y = 0 and « = 0 and minimize a



meaningful cost functional of the form
s@) = 5{ [ (i) + olR aya) )it ©
to
where 4 = col(ug,u;), T = col(xg, x), [(e) is a positive definite radially unbounded function, o(e) is a

class K., function such that its derivative with respect to e is also a class K., function, and R(e) is a
matrix-valued function satisfying R(e) = R (e) > 0.

II. PRELIMINARIES
A. Legendre-Fenchel transform

Lemma 2.1: (Krstic and Li [24]) Let {o(x) denote the Legendre-Fenchel transform defined by
to(x) = x(0") " (x) = (") (X)), (7

where o : R — R is a class K, function whose derivative o*(x) = d(;(x) is also a class K, function, and

(6*)~1(x) denotes the inverse function of o*(). The Legendre-Fenchel transform (o () has the following
properties

1) lo(x fo ds;
2) %0( ) 0(><)
3) lo(x) is a class Ko function;

4) Llo(o*(x)) = xo*(x) — o(x)-

B. Young’s inequality
For (x,y) € R?, the following Young inequality holds [25]'
< |x|” -yl (8)
qe?

where ¢ is a positive constant, and the constants p > 1 and ¢ > 1 satisfy (p —1)(¢ —1) = 1.

C. Solution of a linear time-varying stochastic system

Lemma 2.2: Consider the scalar linear time-varying stochastic system

dr = (a(t)z + b(t))dt + 2 Y ;(t)dw;, )

i=1
where a(t), b(t) and ¢;(t) are real-valued Borel measurable bounded functions for ¢ > t, and w;(t) is a
standard Wiener process. Assume that the system (9) has a unique solution. Then this solution is given by

() = o(t) <x(to) + /t: %b(s)ds). (10)

Qﬁ(t):exp[/t:(( Zc )ds%—ch )dw; (s )1 (11)

Proof. See Appendix A.

where

D. Nonlinear stochastic systems

Consider the nonlinear stochastic system
de = f(x)dt + G(x)dw, (12)

where € R" is the state; and f : R” — R™ and G : R" — R"*" are measurable on the given probability
space (€2, F,P) with respect to the fixed r-dimensional independent standard Wiener process w and the
independent initial condition x at ¢, > 0 over this probability space. Moreover, f(x) and G(x) are locally
Lipschitz and satisfy f(0) =0 and G(0) =



1) Stochastic differentiation and infinite generator: Consider the nonlinear stochastic system (12) and
let y : R" — R. Then the stochastic differentiation of y(x(t)) is given by [26]:
1 0%y

dy(x) = g—idw + §Tr (GT(:B)@G(:BO dt, (13)

where Tr (o) denotes the trace operator of e.
For the nonlinear stochastic system (12), the infinite generator £V (x) of a C? function V() is defined as

oV 1 0’V

LV (x) = %f(w) + §Tr (GT(m)wG(wO (14)
2) Stability in probability:
Definition 2.1: (Karatzas and Shreve [26]) The vector-valued function x(t) is called a strong solution

of the nonlinear stochastic system (12) if it satisfies
1) x is adapted to the filtration (G;), where G{° := max(G(w(s)), G(x(ty)) for all t; < s < t and G,
is the completion of ﬂs>t G' with P-null set [26];

2) x is a continuous process;
3) P(x(ty) = xo) = 1;
4) P(ftto(Hf(m(s))H + |G (x(s))||*)ds < oo) = 1 holds for all ¢ > t, > 0;
5) with probability one, we have

x(t) :w(to)—i-/t f(w(s))ds+/t G(x(s))dw(s), (15)

for all ¢t > t5 > 0.
Definition 2.2: (Khasminskii [18], Krstic and Deng [17]) The equilibrium x = 0 of the system (12) is
« globally stable in probability if for all € > 0 there exists a class I function o(-) such that

Pillz@)l < olllz(o)l)} =21 —€, Vi =t =0, Va(to) € R"\{0}, (16)

« globally asymptotically stable in probability if for all ¢ > 0 there exists a class KL function f(,-)
such that

Plllz®)| < Bzt t —to)} > 1—e, Vit >to >0, Va(ty) € R"\{0}. (17)

Theorem 2.1: (Krstic and Deng [17]) Suppose that there exist a C? function V' (x), class K., functions
o1 and o9, and a class /C function o3 such that
or(llzll) < V() < oa(]]),
oV (x) 1 r,  O0?V(x)
LV (@) = = fla) + 5Tr{(; (@)

where ¢, is a positive constant. Then there exists a unique strong solution of the system (12) for each
x(tp) € R". Moreover, if £y = 0 then the equilibrium = 0 is globally asymptotically stable in probability,
and the solution x(t) satisfies P{lim; ., o3(||x(t)||) =0} =1, V x(t,) € R™.

3) Inverse optimal stabilizer in probability: Consider the nonlinear stochastic system

dx = f(z)dt + G1(x)dw + G2(x)udt, (19)

(18)

G(x)} < ~os(|l@]) + =,

where x € R" is the state, u € R is the control input, w is an r-dimensional independent standard
Wiener process, f : R” — R” and G; : R" — R™" are locally Lipschitz and satisfy f(0) = 0 and
G1(0) =0, and G5 : R — R™™,

Theorem 2.2: (Krstic and Deng [17]) Consider the control law

(| Le,V Ry )

°(x(t)) = —Ry; (La,V :
wlalt) = =Ry (LeV) = s

(20)




where V() is a Lyapunov function candidate, o is a class Ko, function whose derivative o* is also a class
K« function, Le,V = G, is a vector-valued function of @(t), and R,(x) is a matrix-valued function of
x(t) such that Ry(x) = RI(x) > 0. If the control law (20) globally asymptotically stabilizes the system
(19) in probability at the origin with respect to V' (x), then the control law

(| La, VR,
u*(z(t)) = _§R51<LG2V)T(U )HL(H ;R1/22H H)
G2 2

2
also globally asymptotically stabilizes the system (19) in probability at the origin, and minimizes the cost

functional - 5
J(u) :E{/ {l(w)+620(—||R§/2u||)}dt}, (22)
0 B

U(x(t) = 26|l (||La, VR, ?||) — LyV — lTr{GTaQVGHH +B(8 —2)lo (|| La, VR, |

, B=2 1)

where

5 L 9m2 ), (23)

with LyV = 9 f.
Remark 2.1: Since (o (e) is also a class K, function of e and Ry(x) = RL(x) > 0, the matrix

M,(z) = R, :
2w) = By ILe,V R,

(24)

satisfies Mo (x) = M (x) > 0. Therefore, Theorem 2.2 suggests a search for a control u®, which globally
asymptotically stabilizes the system (19) in probability, and has the form

u®(z(t)) = —M(x)(La,V)", (25)

where M (x) = M™(x) > 0. This control is referred to as an inverse pre-optimal control law.

III. CONTROL DESIGN: 2(-SUBSYSTEM

To design the control ug that globally asymptotically stabilizes the x(-subsystem in probability at the
origin, we consider the following Lyapunov function candidate

2k

Vo(ao) = 70(%)’ (26)

. . 22k . 22k . 22k
where k > 2 is an integer, and vo(%-) is a class Ko function of 2. The class Ko function 7o (%)

possesses the following properties for all o € R
0< ’Y(/) < agp,

27
Dolwo) = A2t + (2K — 1) > 0, &7
where v, = 070/ 8(%), vy = 0%/ 8(%)2, and aq is a positive constant. It should not be confusing

between the notation ' here and * used in Theorem 2.2, as such 7§ = dv/dxg = 7{)8(%) J0xg = haakL.

Remark 3.1:

1) Different choice of the class K., function 7, in (26) allows different strength of nonlinearity of
the Lyapunov function candidate V|, i.e., V, can be either nonlinearly weak or nonlinearly strong.
Nonlinearly weak Lyapunov function candidates have a potential application in control of under-
actuated stochastic mechanical systems as these systems usually require Lyapunov functions of a
nonlinearly weak form even in deterministic cases [27], [28], [29]. Examples of () are yy(e) = @
and yo(e) = /1 + e — 1. Indeed, a quartic form proposed in [30], [31] is of a special case of (26).

2) The condition k£ > 2 eases the calculation of the upper-bound of the Hessian term of the infinitesimal
generator LVy(xo) in the control design later.



From (26) and the first equation of (1), applying the formula (14) results in LV;(z) as

oV, 1 9%V,
LVi(wo) = 5 2o + §Tr<900($0)%%0903($0)>

_ 1 _ _
= Mo + 5 (76(2k — D2 + 5625 ) epolao)| (28)
_ 1 _
=078 o + 5 80(w0)z " lepowo) I
where Ag(z¢) is defined in (27). Assumption 1.1 on ¢y(zo) implies from the mean-value theorem that
there exists a smooth vector function ¢go(xy) such that

SOO(CCO) = CCOSDOO(CCO)- (29)
Substituting (29) into the last equation of (28) results in
LVy(zo) = 7635(2)k_1(uo + Topo (o)), (30)
where 1
po(xo) = 2—,A0(5€0)HS000(I0)H2> (31
Yo

which has no problem with +{ in the denominator since Properties of 7, in (27) ensure that 7} > 0 for
all zy € R. Since zg = 0 is the equilibrium point of the xy-subsystem, the control uy(t) is expected to be
zero for all ¢t > ¢y > 0 if x¢(tp) = 0. However, ug(t) = 0 for all ¢ > ¢y > 0 results in uncontrollability
of the x-subsystem. Our goal is to achieve lim; .., ug(t) = 0 and globally asymptotically stabilizes the
xo-subsystem simultaneously. Therefore, we consider two cases x¢(to) # 0 and x (o) = 0.

A. Design of inverse pre-optimal control u

1) Case xy(ty) # 0: Motivated by Remark 2.1, the control g, which is a modified type of Sontag’s
formula [32], is designed from (30) as follows

uy = — (k:o + 1/ co + pE(xo) >x0 = J5(x), (32)
where ¢y and kj are positive constants. The constant k( is chosen such that
2k — 1 -
ko > oF E%ﬁlaék‘1 + 2¢, (33)

with € being a strictly positive constant. This choice of k; is to be used in stability analysis of the x-
subsystem in the next sections. Substituting (32) into (30) results in

LVo(x0)| 32 = —028" <k‘0 + 4/ co + p§(wo) — po(ﬂfo)> < —kovhag". (34)

It will be shown in Theorem 3.1 and Theorem 5.1 that the inverse pre-optimal control u§ given by (32)
achieves global asymptotic stabilization of the x(-subsystem and can be amended to achieve optimality.

2) Case xy(ty) = 0: The control uf is designed such that it first drives the state () of the z,-subsystem
away from zero but still keeps this subsystem well-defined then forces the state z,(¢) asymptotically
converge to zero. As such, the procedure to design the control u( as follows:

Procedure 3.1:

1) If [95(xo)| < do with ¥g(z) being defined in (32) and §, being a small positive constant (theoretically

dp can be chosen to be zero), then the control u is chosen as

Uy = — (ko + 1/ co + pi(zo) >370 =+ Mo, (35)

where 7, is a positive constant and satisfies 7y > do.



2) If |95 (x0)| > do, the control uf is switched from (35) to

uy = —(k‘o + 1/ co+ p3(xo) >x0. (36)

The above control design procedure is interpreted as follows. At the initial time to, x¢(fp) = 0, the
control ug given by (35) drives the state x(¢) away from zero. Since 7y > g, we have u§ > 19 — do > 0.
Having driven the state zo(t) away from zero, the control u is switched to (36) to forces the state x¢(¢)
to asymptotically converge to zero in probability. Let ¢ denote the time when v is switched from (35)
to (36). With the above control design procedure, the infinitesimal generator (30) can be written as

£Va(@o)l(ss) = ~24a3* (ko + /o + 3(@0) — po(w0) ) + %jad Mo, for L <z,

(37)
LVo(20)]36) = —vpx 2k <k0 ++/co + paxg) — po(xo)), elsewhere.
Applying Young’s inequality (8) to the term ;22" 5, yields
1
Yorg o < e1(70) F g’ + earp” (38)
where ok _ 1 ]
— 2k
= 2%—1 = —. 39
€1 2k € ) €2 2l{f€2k ( )
Substituting (38) into (37) with a note that v < ao, see (27), yields
LVo(x0)|(35 < — (k:o — 5@?)763:3’“ + gk, for t <t (40)

LVo(20)]36) < —koryha2k, elsewhere.

B. Design of inverse optimal control uy

1) Case xy(ty) # 0: Applying Theorem 2.2 to the first equation of (1) results in the inverse optimal
control ug as follows
(o) (| Ro 003

-1/2_, 2k-1
‘Ro Yoo |

where 5y > 2, Ry(xo) is a positive definite function of z, oy is a class K, function, ojj(e) = %, and the
notation (o) ! (e) denotes the inverse function of 0. The class K., function o is chosen by the designer.
We now determine Ry(z(). By Theorem 2.2, the control w, which stabilizes the first equation of (1),

should be of the form (20), i.e.,

x 50 —1_ 7 2k—1
uo—_?Ro 0%o

: (41)

loyg (’381/276353k_1 D

|Ro |

(42)

o —1_7 2k—1
ug = — Ry 7%

The positive definite function Ry(zy) is to be determined so that the control u given in (32) is the same
with the one given in (42). As such, comparing (42) with (32) results in the fact that Ry(z) needs to
satisfy the following equation

(o (‘RS V2t D
“1/2_, 2h-1]2
|Ro Yoo ’

for all 7o € R. The equation (43) is equivalent to EUO(‘Rgl/QIy(’)x(Q)’“_l ) = 2z (ko + /o + p3(z0) ),
which gives

Ry yagt = (k?o + 1/ co + p§ (o) )130 (43)

2

1 2k—1
Ro(wo) = oo™ | , (44)

(o) (a3 (o + Vo + PR(x0) ) )




where the notation (o) ~'(e) denotes the inverse function of foy(e). The function Ry(zo) given by (44)
is continuous away from the origin and positive definite for all zy, € R. Substituting Ry(zo) given in (44)
into (41) yields an explicit expression of the optimal control uj, see Appendix B, as

R—l/ 2_ s, 2k-1

*\—1
* 8 00 ((00) < Y0%o
uy = == | (ko + /o + piwo) ) + Ry 'ypadh 2 ~1/2_, 2k-1
‘Ro “YoTo |

)> zo = g(xg).  (45)

2

Substituting (45) into (30) yields

5 : i GO )
0 05—
LVo(0) sy =—025" <k0 +14/c +P3($0)>—PO(1‘0) t5 o V0T T =T
/601{/‘0
S -t g,

(46)

where we have used the fact that 3, > 2 and k£ > 2.

2) Case x(to) = 0: Similarly to the design of the inverse pre-optimal control ug in Procedure 3.1, the
inverse optimal control u, is chosen as in the following procedure.

Procedure 3.2:

o If |U5(x0)| < 09 with Jf(xo) being defined in (45), the inverse optimal control wg is chosen as
R—l/ 2 1, .2k—1

*\—1
* B 0'0((0' ) < YoLo
wp = —2 (ko + 1/ co + p3(w0) ) + Ry 'ypwg" 2 |R 1/2 2= 1‘

>) ro+mo.  (47)

2

o If |U§(x0)| > do, the inverse optimal control uf is switched from (47) to

- ‘R—1/27/x2k 1‘
)) +R01 / 2k 2 ( RE/Q 2k 01‘0 >> Zp. (48)

. b
Uy = —30 (k)o + Co +p(2)(x0

Let ¢7 denote the time when u is switched from (47) to (48). With the above control design procedure
and the use of the same techniques in derivation of (40) and (46) , we can write (30) as

CVolo)ln < — (Ko — erad " )ogadt + et for 1<ty )

LVy(x0)|as) < —kovpxd®, elsewhere.

We now present the first result on stability and convergence of the z(-subsystem. This result is crucial
for the input-to-state scaling and the design of the control u; in the next sections.

Theorem 3.1: Under Assumption 1.1, for any initial value z((t) € R, the following results hold:

1) With the inverse pre-optimal control uf given by (32) for the case z(ty) # 0 or in Procedure 3.1 for
the case x(tg) = 0, the solution z(t) of the xy-subsystem exists uniquely and asymptotically converges
to zero in probability. Moreover, the control u does not cross zero and asymptotically converges to zero
in probability.

2) Under an additional condition on o(e) that oj(e) is a class IC, function of e, the inverse optimal
control uf given by (41) for the case x(ty) # 0 or in Procedure 3.2 for the case xy(ty) = 0 guarantees
existence, uniqueness and global asymptotic convergence to zero in probability of the solution z((t) of
the xo-subsystem. In addition, the control u; does not cross zero and asymptotically converges to zero in
probability. Moreover, the following cost functional is minimized:



where t§ = max(to,t%) and

_ 1 _
lo(w0) =260 (oo (78" By ) = 5 Ba(0) lpo ) 1)) | + Bo(Bo — 2)on (|5 "By ), (5D

with Ag(zo) being given by (27).
Proof. See Appendix C.

C. Example 1.1 (cont’d)

We now continue Example 1.1. For illustration, we take s = 1 and (o(zg, x1,72) = a3 + 23 + 23. It
is seen that the cart kinematic system (5) is of the form of (1) with po(z9) = 0, p1(z, 1) = 0, and
©o(wo, T1,2) = 23 + 23 + 2. Here, we apply the control design in this section to design the control uy,
i.e, the first equation of (5) is considered. The 111ustrat10n on the design of the control u; will be presented
in subsections IV-B and V-C. As such, let o¢(x) = X and o(x) = x. We then have

X oy — 3 _ 4 \3/4
700 = X (03) 7100 =X too(x) = S (o) 00 = (5%) )
7(/) =1, 76/ =0, Ag =2k =1, poo(z0) =0, po(wo) = 0.

With the above expressions, the function Ry(zy) is calculated from (44) as follows
2

k—1 k—2
‘xo ‘ ‘560 |

Ro(l'o) = 3/4 = . (53)

(o)) | (i ve)”

For the case zo(ty) # 0, the inverse optimal control v, is calculated from (45) with Ro(x) in (53) as
follows:
* 260

For the case zo(ty) = 0, the inverse optimal control uj; is calculated from Procedure 3.2 as follows:
If [9§(x0)| < do with U§(zo) being defined in (54), we have

.2
Uy = 50 (l{o + \/_)1’0 + Mo (55)
If |9(z0)| > o, the inverse optimal control v is switched from (55) to
2
uy = =22 (hy /2w o (56)

IV. INPUT-TO-STATE SCALING

Having designed the inverse pre-optimal control v or the inverse optimal control u(, possessing properties
in Theorem 3.1, the remaining obstacle is the appearance of wu, (or ug or ug) as a factor of each z;,
1=1,...,n—1, see (1). Since u, (or ug or u;) asymptotically converges to zero in probability, the control
u; needs to be designed such that z;, 7 = 1,...,n — 1 converges to zero faster than u, (or ug or ug) to
avoid loss of controllability for the x-subsystem. This is done by 1) introducing the input-to-state scaling
[1] and 2) designing the control u; to globally asymptotically stabilize the scaled system in probability. In
the rest of the paper, we consider the inverse optimal control ug since it is more efficient than the inverse
pre-optimal control .
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A. Input-to-state scaling for system (1)

We introduce the following input-to-state scaling transformation
=t =1, (57)
(ug)™
Applying the stochastic differentiation formula (13) and using (1) result in
do = ug(xo)dt + g (w)dw,
dZZ' = (ZZ'+1 +fi<l’0,zl‘)>dt+¢Z<$0,2i)dw, 1= 1,...,n— 1, (58)
dz, = urdt + ¢l (g, z)dw,
where we have also rewritten dz, for convenience, the optimal control u(x) is given in (45) for the case
xo(to) # 0 and in Procedure 3.2 for the case xy(ty) = 0, Z; = col(z1, ..., 2;), z = col(zy, ..., z,), and the

functions ¢o(xo), fi(xo, 2:), ¢i(xo, Z;), and ¢, (xg, z) are given by
2

0z (Ouf 1 0%u}, 9 1 0%z auo
o) = g Gusan) + 5 5 Rlenleol) + 552 | S eputoo)
_ 0z; 0z; Ou i (59)
¢i($072i) - 8xlcpl(‘r07u07wz) a Oz o ( ) = 1,...,TL 17

¢0<x0) = 900<x0)7 ¢n(x07z) - Qon<x0’u07m)'

B. Example 1.1 (cont’d)

We now continue Example 1.1 to illustrate the input-to-state scaling developed in this section. Applying
the input-to-state scaling (57) results in

T
21 = —, 2 = T2,
Ug
*2 2 821 auO * (60)
do(z0) =0, ¢1(z0,21) = 0, ¢a(wo, 21, 22) = g + U2} + 23, fi1(70,21) = 8 7 ug (o).
Zo

V. CONTROL DESIGN: £-SUBSYSTEM
A. Case xy(ty) #0

1) Design of the stabilizing control u, and inverse pre-optimal control uj: Define
€ = % — ai*l(x()a zifl)a 1= 17 —n N, (61)

where «;_1(xo, Z;_1) is referred to as the virtual control of z;, and oy = 0. Applying the stochastic
differentiation formula (13) to (61) and using (58) give

d@i = (€i+1 + Oél'(l'o, Zi) + Qi(l'o, 21)>dt + )\iT(.Z’(), Zl-)dw, 1= 1, ey — 1,

(62)
de, = (u1 + Q, (o, ))dt+ A (20, 2)dw,
where
_ 80éi, T ,Zi, % 182041', X ,ZZ-,
(o, 2) = filwo, 2:) — 1((%"0 Y s o) - 5 13(1;3 1oy o)
0
8204@ (%0, Zic1) |1 _ iila@ifl(l‘oyzpl) _
- ; 2007, @, (0, Zp) Po(20) —]Z:; 9z, (zj+1 + fi(z0, Z5))
(63)

1 Za (o798 anzl 1)¢Z(1’0’2p)¢q(1‘072q)7

p_ e 02,07,

Oa;—1(xg, Zi—1)

Ai(zo, Zi) = ¢i(xo, Zi) — 0z

¢0(9€0) -

¢j($0, zj)a
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for i = 1,...,n with f,(x¢,2) = 0. Since ¢(0) = 0 and ¢;(0,0) = 0 (due to uj(0) = 0) thanks to
Assumption 1.1, we have
)\i(l'o, Zl) = Qfo)\io(l'o, ZZ) + Z €j>\ij(l'0, Z,L), = 1, N, (64)

j=1

where Ajo(e), and A;j(e) are smooth functions of their arguments. We now design the virtual controls
a;(xg, Z;) and the actual control u;(xg, z) simultaneously by considering the Lyapunov function candidate

n o2k
Vile) = Zlv <%> (65)
where e = col(ey, ..., €,), and 7;(e) is a class Iy, of e that has the same properties as y(e) defined in
27), i.e.,
0 <7 <a
Auled) = A+ {2k 1) >0, o

for all ¢; € R, v/ = 8%/8(%), vl = 82%/8(%) , and a; is a positive constant. Using (62), the
infinitesimal generator £V (e) can be calculated as

ovy
3en

+ 2 ZTI‘( (20, Z;) aa‘gl)\ (a:o,zl)>

—'7;1 ik 1<u1 + Q ZL‘(), > + Z'yl 2k 1<O~/z x07z1> + Q; (l’o,zl))

n—1
LVi(e) = (u1 + Q (o, Z)) + Z % (€i+1 + o, (0, Zi) + Q4 (o, 20)

(67)

n 27/ 2k— 1€z+1 + 3 Zl Ai(ei)e?kdn)\i(xo, Z’)H%

where A;(e;) is defined in (66). We now find the upper bounds of the last two terms in the right hand
side of (67). Applying conditions (27) and (66) on v and ~;, and the Young inequality yields

Z’Y/ 2k— 161+1 < Z%b 62k; (68)

where b; is a positive constant. Using (64), conditions (27) and (66) on ~(, and 7/, and the Young inequality,
it can be shown that

i1

1 _ _ .

§Ai<€i>e§k 21 Xi(wo, 20)[1” < enionoms” + Zﬁzﬂj 3 + @i(w, &)yiel", i =1,...n, (69)
=1

where €1;; with ¢ = 1,..,n and j = 0, ..i — 1 are nonnegative constants, and ®;(z, éi)%efk withe=1,....n
is a smooth function of zy and €; = col(ey, ..., €;). It is noted that the function ®;(z, €;) also depends on
the constants €;;;. Summing the left and right hand sides of (69) yields

n n—1

1 _ _

2 Z Ai(e)er" 2| Ailmo, 2)[I° < erorpas” + Z envies” + Z% (0, &1)e;™, (70)
i=1 i=1

where

n n
€10 = E €10, €15 = E €15i- (71)
i=1

j=it+1
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We choose the constants €1;0 with 2 = 1, ..., n such that € is strictly less than e defined in (33). Substituting
(68) and (70) into (67) yields

LVi(e <va 5 g+ Qs (0, @0)e) + e (w4 Qo+ a0, €)en) + erfa,  (72)

where
qi(ﬂfo, éz) = bz + €14 + (I)i(Io, éi); 1= ]_, e — 1
qn(an éz) = bn + q)n(x[b én)
-Design of the inverse pre-optimal control uS: Since f;(0,0) = 0, ¢¢(0) = 0 and ¢;(0,0) = 0 (due
to u$(0) = 0) a;—1(xo, Z;—1) Will be designed such that «;_;(0,0) = 0 thanks to Assumption 1.1, we have

(73)

Qi(,fo, 21) = $OQi0(I0, ZZ) -+ Z €jQij($0, 22), 1= 1, 1y (74)
j=1
where ;o(zo, Z;) and €;;(zo, Z;) are smooth functions of z, and Z;. Using (74), conditions (27) and (66)
on 7}, and 7/, and the Young inequality, it can be shown that
i—1
Yie2F 0 < evonprat + Zemﬂ] e 4+ Wi(wo, €)viel", i=1,...,n, (75)
7j=1
where €e5;; with j = 0,..4 — 1 are nonnegative constants, and V;(x, €;)v.e f’“ is a smooth function of zy and
€, = col(ey, ..., ;). It is noted that the function ¥;(x¢, &;) also depends on the constants €o;;. Summing
the left and right hand sides of (75) yields

> eI < eyt + Z 27i€5" + Z% (o, €:)e;", (76)

where €59 = D> " | €20 and €g; = Z;L:Z 1 €25i- We choose the constants €;y with ¢ = 1,....n such that ey
is strictly less than e deﬁned in (33). Substituting (68) and (76) into (72) yields

L‘/l < 27/ Qk 1 az +pz<x07 el)el) + ’Y;L 121k l(ul +pn(x07 e>6n) + (610 + 620)76'T?)k7 (77)

where
p(ﬂ:o, ) —q@($0761)+€2z+\1’ (.CU(], )7 1= 1,..,71—1, (78)
pn<m07 en) - Qn<m07 en) + \Ijn(xm en)-
From (77), we choose
Oé;):—<kz+ cz—l—pf(xo,él))ez, z:l,,n—l
(79)

_<kn+ Cn +p%(l‘07e))en7

where we have used the notations a5 and u{ instead of a; and u; to emphasize that of and uj are the
inverse pre-optimal virtual and actual controls, and ¢; and k;, ¢ = 1, ..., n are positive constants.

Remark 5.1: From (72), Theorem 2.1 suggests that one would design the following control u; to
asymptotically stabilize (62) in probability as u; = —kye, — Q, — (20, €)e, with a; = —k;e; — Q; —
¢i(xo,€)e;, i =1,..,n—1, where k;, i = 1,...n, are positive constants. The above stabilizing control
uy given cancels the term (€2, + ¢,(zo, €)e,) while the inverse pre-optimal control u§ in (79) dominates
the term p,(x¢, €)e,. This domination is necessary to make it possible to amend the inverse pre-optimal
control so that optimality can be achieved as shown in Theorem 5.1.

The design of the inverse pre-optimal control uS for the case z((to) # 0 has been completed. Substituting
u$ given by (79) into (77) yields

LVi(€)|79) < — Zk‘z%' 7+ (10 + €20) 705" (80)
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2) Design of the inverse optimal control uj: Applying Theorem 2.2 to (62) results in

1/2_r 2k—1
o= 51R1/2k101 (‘Rl Tnr )
1 1 Tnn 1/2_, ok—1
‘Rl ’}/nen

5 (81)

where 81 > 2, oy is a class Ko function, o} (e) = 21, the notation (o7)'(e) denotes the inverse function
of o7, and since uj is scalar, R;(e) is sought to be a positive definite function of e. The class K, function
o, is chosen by the designer. We now determine R;(zo, €). By Theorem 2.2, the control u{, which stabilizes
(62), should be of the form (20), i.e.,

1/2_, o2k—1
17 o2k— L bo |R1 Tn€n )

—Ri e, - (82)
1 |R 1/2,yn€2k 1

The positive definite function R; (o, €) is to be determined so that the inverse pre-optimal control u$ given
in (79) is the same with the one given in (82). As such, comparing (82) with (79) results in the fact that
Ri(zg, €) needs to satisfy the following equation

60’1<|R_1/2’y/ 2k— 1’)

1 I Qk 1
R ‘R—l/2 /€2k—1
1 711 n

TLTL

= (kn + /14 p2(20, €) )ep (83)

Using the same technique in Subsection III-B1 to solve (83) for R;(zo,e), we find

) 2k—1 2

e
[(601)—1(%6%"7 (ky + \/cn + P2 (0, €)))

which is continuous away from the origin and positive definite for all o € R and e € R". Again, using
technique in Subsection III-B1 we can write the inverse optimal control uj from (81) as

(i) 1))
‘R 1/2 / 2I~c 1‘

R1 (xo, e) =

(84)

en + P2 (20, €) + Ryl 227 en- (85)

* —_— —_— —_—
Ul_

Substituting (85) and «; given by (79) into (77) yields
Ehitelles < - [Z ket + 2 =5 et |+ (en + ex) e’ (86)

where we have used the fact that 8; > 2 and k > 2.

B. Case xy(ty) =0

Since the control wj, is given in Procedure 3.2, the design of the stabilizing control w4, the inverse pre-
optimal control uS, and the optimal control w7 is slightly different from the design for the case x( () # 0
when ¢ < t¥. We only present the differences. When ¢ < t*, we have from Procedure 3.2 that u(0) = 7,
see (47). As a result, we cannot write \;(zo, Z;) and €;(z¢, Z;) as in (64) and (74), respectively, under
Assumption 1.1 in general (an example is the case when the function ¢; (o, ug, ;) contains a polynomial
function of ug). This means that we cannot obtain the bounds in (69) and (75) (or (70) and (76)). As such,
we need to re-examine equations (64) and (74), and thus the inequalities (69) and (75).

1) If t <t Using uj(0) = ny and Assumption 1.1, we can write A;(zo, Z;) and €;(zo, Z;) as

Ai(wo, Z;) = oXio(T0, Zi +Ze] (0, Zi) + Tio(wo, Zi),
(87)

%

Qi(wo, i) = 2oQio(wo, Z) + Z €jQz‘j($0> Z;) + Oio(z0, Zi),

=1



14

where 5\1»0(1‘0, Zz), Xij (ZL‘Q, Zz), ’T_'Z‘()(ZL‘(), Zz), Qig(l‘o, 22)» Qij (ZEQ, Zz), and éio(l‘g, 22) are smooth functions of
xo and Z;. It is noted that T;o(xg, Z;) and ©y(x¢, Z;) depend on the constant 7. Using the first equation
of (87), conditions (27) and (66) on 7{, and 7/, and the Young inequality, it can be shown that
i-1
1 _ _
§A¢(€i)€§k 2|’)\¢($0,Zi)\|2 < €1i076$%k + Z%J’YJ €+ D i(o, ez)% €+ Dy, i =1,...,m, (88)
j=1
where Cﬁi(xo, e;) are smooth functions of =, and €;, and d,, are nonnegative constants depending on the
constant 7). Similarly, using the second equation of (87), conditions (27) and (66) on 7(, and ~;, and the
Young inequality, it can be shown that
i—1
YeF 1 < evinora” + Z €2ij'7;‘e§k + Wy (o, 8)yjel" + Wy, i =1,. (39)
j=1
where \E(xo, €;) is a smooth function of z, and €;, and U, is a nonnegative constant depending on the
constant 7. Summing the left and right hand sides of (88) and (89) yields

n n—1
, ) ) _
5 D Aed B N(wo, B < et + 3 eanfed +Z% z0:&)ei” + Bo,
— i=1 (90)
10 < ol + 5l + 3o )+ o
- = =1

where &y = Y1  ®;o and ¥y = 7 W, Substituting (68) and the first inequality of (90) into (67)
yields
—1
LVi(e Z e a; + Qs + G0, &)er) + Vpe2 T (un + Ly + G0, €)€) + ez + By, O1)

where
Gi(xo,€) = b; + e + D, (0,€;), i=1,..,n—1,

92
Gn(70, €,) = by + @y (10, €,). 92)

with b; being defined just below (68). From (91), one would design a stabilizing control u; as u; =
—knen —Qy — Gu(xo, €)e, with o = —kie; — Q; — q;(xo, €;)e;, 1 =1,...,n— 1. However, this stabilizing
control cannot be amended to become an (inverse) optimal control as noted in Remark 5.1.

-Design of the inverse pre-optimal control u{: Substituting the second inequality of (90) into (91)
yields

LVi(e) < Z’Y’ PN i+ pilwo, €)eq) +ynel ™ (ur + Pu(wo, €)en) + (€10 + €20)7025 +Po + o,  (93)

where
Di(xo, €) = Gi(xo, &) + 622-_+ Ui(x, &), i=1,...,n—1, o4)
Pn(T0, 8n) = Gn(T0, €n) + Vi (20, €5).
From (93), we choose
af = —(ki +1/ci +ﬁ?(xo,éi)>ei, i=1,...n—1
95)

= = (ko + Veu + P10 €) )en
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Substituting (95) into (93) yields
LVi(e)|s) < — Z kivie 1% (€10 + @o)%ﬁxﬁk + @ + Wy (96)

-Design of the inverse optimal control uj: Using the inverse pre-optimal control u§ and the same
technique in Subsection V-A2, we find

Ry 7
u; en + P2 (w0, €) + Ry e 22 ally ’R_f/t; o= ) e, 97)
where )
Ri(zg,€) = o™ . (98)
(boy) = (Ve (y + \/cn + D2 (w0, €)))

Substituting (97) and «; given by (95) into (93) yields
£Vile)lon < = {Z kivies” + ok e 2+ (€10 + €20) 075" + o + Wo. (99)

2) If t > t%: The stabilizing control u,, the inverse pre-optimal control u{, and the optimal control u]
are the same as those for the case z((to) # 0.

Note that all the virtual controls o and the controls u{ and uj are discontinuous at ¢ = ¢%. Due to strong
nonlinear functions ¢; in (1), if one applies a control input ] = constant or u] = constant for ¢ty <t < ¢*
as proposed in [13], [7], the solution of the x-subsystem may blow up before the control uj is switched.

We now present the second result in the following theorem.

Theorem 5.1: Under Assumption 1.1, for any initial values z((tg) € R and z;(to) € R withi=1,...,n
the following results hold:

1) Case x¢(to) # 0 or case zo(ty) = 0 when ¢ > ¢¥: With the inverse optimal control v given by (45) or
(48), the inverse pre-optimal control u{ given by (79), ensures that the solution x(t) = col(z(t), ..., z,(t))
of the x-subsystem exists uniquely and asymptotically converges to zero in probability.

Under an additional condition on the class K, function o, that o7 is also a class K, function, the inverse
optimal control u] given by (85) guarantees existence, uniqueness, and global asymptotic convergence to
zero in probability of the solution x(t). Moreover, the following cost functional is minimized:

Jl(ul):E{ /: [ll(xo, )—l—Blal(B ‘RI/Q )]dt}, (100)

where ¢ = max(to,t%) and
/ 1 / -
ll('rOa ) 251 |:€O—l ’ 2k 1R 1/2’) 2An(€n)HCPn(.T0, e)HQ)] +Bl(ﬁl -2 gal }7 2k 1R1 1/2})a (101)

with A, (e,) being given by (66).

2) Case z((tp) = 0 when t < t*: With the inverse optimal control v given by (47), the inverse pre-
optimal control u$ given by (95) or the inverse optimal control u] given by (97) guarantees existence and
uniqueness of the solution x(t) of the x-subsystem.

Proof. See Appendix D.
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C. Example 1.1 (cont’d)
We continue Example 1.1 to illustrate the control design developed in this section. From (61), we have

€1 =z, €y = 29 — Oél(l'(), Zl). (102)
Applying (62) results in the error dynamics
d61 = (62 + Oél(l’(), Zl) + Ql(l'o, Zl))dt + )\1([[‘07 zl)dw,

103
d62 = (U,l —{—QQ(Io,Zl,ZQ))dt—F)\Q(xo,Zl,ZQ)dw, ( )
where from (63) we have
Q1(370721) = f1(900,21), )\1(900,21) =0,
day oas (104)
Qo (0, 21, 22) = —8—1%(900) - 1 (22 + f1), Aa(®o, 21, 22) = Pa(w0, 21, 22),
X0 821

with uj(zo) being given in (54) for the case z((to) # 0, and (55) and (56) for the case zy(ty) = 0, and
fi(zo, z1) and ¢o(xo, 21, 22) being given in (60).

1) Design of the virtual control of: Applying (64) and (74) to (104) with ¢;(xg, z1) and fi(zo, 21)
being given in (60), and pg(xg) = 0 and ¢;(xg, 1) = 0, see Subsection III-C, results in the following
factors of A\ (zo,21) and (g, 21):

1 oug

ug 0xg

(105)

We choose 71 (x) = x and v2(x) = x. This choice gives 7; =7, =1,/ =+4 =0, and A} = Ay = 2k—1.
Calculating the following bounds according to (68), (69) and (75) using (105) results in

2k — 1 26—t 1
1 ok € ; U2 QkE%k’ 106
€110 = 0, ®1(20,21) =0, €210 =0, Vi(z0,21) = 1, (106)
€11 = €121, €21 = €221.
With (106), we calculate ¢ (g, e;) and pi(xg, e1) from (73) and (78), respectively, as follows:
q1(wo, e1) = by + €11 + @1, pr(wo,e1) = q1 + €21 + V1. (107)
The inverse pre-optimal virtual control af is designed based on (79) as follows:
af(wo, e1) = —<k‘1 + /1 + pi(xo, e1) )el- (108)

2) Design of the control u$ and u}: Applying (64) and (74) to (104) with ¢;(z0, 21), ¢2(T0, 21, 22), and
f1(o, z1) being given in (60), and and g (z¢) = 0, ©1(zg, z1) = 0, and ps(xg, ug, T1, T2) = x5 + 27 + 23,
see Subsection III-C, and of being given in (108) results in the following factors of A(zo, 21, 22) and
QQ(ZE(), 21, ZQ)C

*2 o2 o
Aao(To, 21, 22) = X, Ao1(To, 21, 22) = Uy er + ajrer, Aaa(To, 21, 22) = €2 + 207, €1,

AT Oaj Do (109)
Qoo(xo, 21, 22) = 0, Qo1(xg, 21,22) = _Wnuo(%) _ 6_Z1 B 6217
0 1 .

where af,(zo,e1) = — (k1 + /1 + p3 (w0, €1) ). With (109), we calculate the following bounds as in (69)
and (75) to obtain

1 1 k=17 3Mg\wi1/ 25 25\ 34
k—€,87 6121=k—€,5> Py(x0, €1, €2) = 3 <€o—> <)\§0 + Ag1 )“‘7)\32:

(afy + 1), Qoa(w0, 21, 22) =

€120 = 5
(110)

0 s = a0
€ = € = — Lo, €1,€2) = € - .
220 , €221 le(Q)k ) 2 40, €1, €2 2 0621 22
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With (110), we calculate g2(xg, €1, €2) and po(xo, €1, e2) from (73) and (78), respectively, as follows:
@2(wo, €1, €2) = by + Py, pa(wo, €1, €2) = g2 + Vs (I11)

The inverse pre-optimal control u{ is obtained from (79) as follows:

ui == (ko + \Jer + Blavs en,e2) e (112)

Now we choose oi(x) = X;. Thus, we have of(x) = X% (o7)7'(x) = X'/ loi(x) = 2x*/?, and
(bo) M (x) = (%X)3/4- The function R;(zo, e, e2) is obtained from (84) as

2|

Rl(x(b €1, 62) -

. . 3/2° (113)
(g <k2 + \/Cz + p3(wo, €1, €2) ))
Therefore, the inverse optimal control u] is obtained from (85) as follows:
* 251
Uy = —?(k‘z+ \/02 +p§($07€1,62>>62- (114)
The above controls u$ and uj are for both cases zo(ty) # 0 and zo(ty) = 0 because A;(0,0) = 0,
A2(0,0,0) =0, ©2,(0,0) = 0, and 25(0,0,0) = 0 regardless u; given by (54) or (55) or (56).
0.4 2 0.4 2
S 02 *9 o\‘/, So2 9 0\‘/,
0 -2 0 -2
0 0.5 1 1.5 2 0 0.5 1 1.5 2 0 0.5 1 15 2 0 0.5 1 1.5 2
Time [s] Time [s] Time [s] Time [s]
1 5 1 5
E: 0.5 \A é\] 0 Vk g 0.5 \\ g 0 W%
0 -5 0 -5
0 0.5 1 15 2 0 0.5 1 15 2 0 0.5 1 1.5 2 0 0.5 1 1.5 2
Time [s] Time [s] Time [s] Time [s]
200 200
*5 07/‘—”"/‘*%‘ e — 5 OM
-200 : : : : -200 : : : :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
Time [3] Time [3]
(a) Results with the proposed optimal control u] (b) Results with a stabilizing control wuy

Fig. 2: Simulation results with the proposed optimal control u] and a stabilizing control u;.

In simulations, we choose ¢ =1, k=2, kg =2, k1 =1, ks = 2, 5y = 2, and 31 = 2. It is checked that
ko satisfies the condition (33). We only provide simulation results for the case z((tg) = 0 since the results
for the case x((ty) # 0 are a part of those for the case z((ty) = 0 for ¢ > t¥. Figure 2a presents the results
with the initial conditions (z((0), z1(0), 22(0)) = (0, 0.5, 1), where the switching parameters are chosen as
0o = 1 and 79 = 1.2. For a comparison, we also provide simulation results in Fig. 2b with the following
stabilizing control u; obtained from Remark 5.1:

u; = —koey — qoes — Q2627 (115)

where ¢, and {2, are given (111) and (104), respectively. It is observed from Figs. 2a and 2b that although
convergence of the states zy, z1, and xo to zero is similar for both controls u] given in (114) and
uy given in (115), the difference is in the control effort. The magnitude of the stabilizing control wu,
(sup;s¢ |u1(t)| = 190.8) is more than double of the inverse optimal control u] (sup,~, |uj(t)| = 82.72).
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This is a desired property of an inverse optimal control over a stabilizing one. Basically, the third term
inside the square bracket in (85) or (97) multiplied by ——en cancels destabilizing terms in e,-dynamics
when it is necessary otherwise strengthens stability. A stablhzer obtained from Remark 5.1 or (115) always
cancels the destabilizing terms, see [33] (Sections 3.3-3.5) for more discussion on advantages of an inverse
optimal control over a stabilizer for deterministic systems.

Since the first two equations of (5) do not contain noise, the states x((t) and x(t) are not affected by
noise while the state x5(t) contains attenuating noise since the function ¢s(xg, z1,x5) vanishes when its
arguments do. Also, all the controls and states are discontinuous when J(xo) = do (at ¢t ~ 0.446s).

VI. CONTROL DESIGN SUMMARIZATION

xo-subsystem [Choose function o (z3" /2k), see (26)]

zo(to) # 0 | e Inverse optimal control ug:
=1 (| gp=1/2. 2k—1
* /80 2 1 7 2k— 200 (UO) 0 ToTo *
uy == | (ko +y/co + pi(z0) ) + Ry 705 YT 2o = 93 (z0), (116)
. ’Ro YoZo ’
where ko is chosen such that ko > % Leziot a02" '+ 2, see (33) with € being a strlc2tly positive constant, and
2k—1
Ro(0) = hoae””| , (117
(¢0) =" (v6a3* (Ko + /o + pE(a0) ) )
with po(zo) = ﬁAo (x0)|lpo0(z0)]|?, see (31), and oo (o) being calculated from o (o) = Towoo(xo), see (29).
Xo (to) =0

o If |95 (z0)| < do, i.e., t < ¢5, with §p being a small positive constant and 77{) > o, inverse ortlmal control ug:

1/2_ 1 2k—1
0((00) ! ’Ro YoTo
ug_*@ (ko + Co+P(2)(-’E0))+R71 a2

Zo + 1o- (118)
—1/2

‘Ro / T 01c 1‘
o If |95 (z0)| > do, Le., t > t5: ug is the same as in (116).

a-subsystem [Choose functions +; (e* /2k), see (65)]

e Input-to-state scaling (z;, fi(zo, 2i), ¢i(zo, Zi), Pn(z0, 2)), see (57) and (59):

Tq
Zi = , 1=1,...n,
(ug)n=*
9z (Ou) . 1%y 1 9% ||oud 2
i z) = 52 (G (ao) + 5 G R nConl*) + 5 sz | Gesontao) o
_ 0z; . _ 0z; Oug .
@i(xo0,Z:) = %%(ﬂﬁoyumwi) + s 87;)900(&”0)7 i=1,..,n-1,
$o(x0) = po(20), Gn(x0,2) = Pn(wo, us, x).
e Virtual errors e; and functions ;(zo, Z;) and A;(xo, Z;), see (61) and (63):
€; :zi—ai_l(xo,zi_l), 1= 1,...,77,
_ Oaii—1(xo, Zi—1) « 10%ai—1(xo, Zi—1) 2 — Oai—1(zo, Zi—1)
Qi(zo, 2:) = fi(T0,28) — —— (57— — - —_—
(w0, Zi) = fi(zo,2i) 0 up(zo) = 5 92 [0 (o)l pz:; 92007,
i—1 i—1
_ ;-1\ T ,fi_ _ 1 82051'_ X ,fi_ _ _
X ¢y (0, Zp)o(z0) :%Wjﬂ + fi(@0, %)) — 5 Z%ﬁbz(xo,zp)%(%,zq),
= % b=tq=1 0%
i-1
_ _ Oai—1(xo, Zi— Oai—1(xo, Zi— _
Ai(wo, Zi) = ¢i(wo, Zi) — %%(IO) - ; %dy(xo,z]‘).
(120)
e Constants b;, see (68):
n—1 n
> o vie e <) ibiel. (121)
i=1 im1
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zo(to) # 0 | e Constants €14 and functions ®;(xo, €;), see (70):
1 n n—1
5 Z Al(el)e?k_QHAl (.Z'O, 21)” < 610’YOQZ’O + Z 6117261 + Z 'VZ m07 el)ezk7 (122)
i=1 =1 i=1
where A;(e;) = vi'e2" + ~(2k — 1), see (66).
e Functions ¢;(zo, €;), see (73):
qi(x0,€;) = by + €15 + Pi(x0,8&), i=1,...,n—1 (123)
Qn(l’m éz) =bn, + ©n(m07 én)
e Constants €2o and functions ¥; (o, €;), see (76):
n n—1
viel" T < ea00a” + Y earviel” + Z% (wo, &i)e;" (124)
i=1 =1 =1
e Functions p;(zo, €;), see (78), and «;(xo, €;), see (79):
pi(wo, &) = gi(zo, &) + €2i + Vi(wo0,&), i =1,..,n— 1,
Pn(Z0, €n) = qn (20, n) + ¥n(z0,&n), (125)
ai(wo, &) = —(ki +4/ci +p12(1'07éi))6i, i=1,.,n—1.
e Inverse optimal control uj, see (85):
o R—1/2 / 2k 1
S cn + p2(20,€) + Ry "ypert? 1o |R_1(/|2 12 ) en, (126)
’Ynen
where R1(zo, e), see (84), is
2k—1 2
e
Ri(zo,€) = [ . (127)
(bo1)~t (’yge%’“ (kn + v/¢n + P2 (o, e)))
2o(to) = 0 | e Constants €1, €26, ®g, and ¥, and functions P; (zo,€;) and \ili(xo, &;), see (90):
t <t
1< _ _
5 Z A’L(e’b)efk 2”)\1'(ZE(), E’L)H < 610’7/0370 + Z 6127161 + Z’W xO, 61) ZQk + @07
n' i=1 i=1 (128)
Z A 2k 1Q < 620’7/O:B0 + Z 6227161 + Z’Vt ZE(),G»L) z2k + \I/U'
=1 =1 i=1
e Functions g;(zo, €;), see (129):
Gi(xo0,€;) = by + €15 + 'i:'i(l’o, &), i=1,.,n—1, (129)
Gn (0, &n) = by, + ®y (20, €n).
e Function p;(xo, &;), see (94), and (o, €;), see (95):
Pi(z0, &) = Gi(wo, &) + €2; + Vi(wo, &), i =1,...,n—1,
Pn(T0,&n) = Gn(T0,€n) + Vn (w0, &n), (130)
ai(ibo,éi) Z—(ki-i- ci—&—;ﬁ?(m’o,éi))ei, t=1,...n—1.
e Inverse optimal control u7, see (97):
* —1 —1/2 2k—1
ut o1 R, %en
= ﬂl k +\/cﬂ +pn Zo, € +R11 :1, ik 2 ( ’R 1/|2 / 2k 1 )):|€n7 (131)
where Ri(zo,e), see (98), is:
i
Ri (w0, €) = i . (132)
(for)~t (’Yﬁe%k (kn + cn + pa(zo, e)))
zo(to) = 0 | e Same as the case xo(to) # O by treating t5 as to.
t>t;

TABLE I: Summarization of the inverse optimal control design
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The proposed inverse optimal control design is summarized in Table 1. From this table, it is seen
that a nonexpert in stochastic theory can apply the proposed control design to the stochastic nonholonomic
system (1) since it just requires several fundamental calculations such as partial differentiations and inverse
functions. As such, one should start with the zy-subsystem by designing the inverse optimal control u, as
in (116) for the case xo(ty) # 0 or as in (118) for the case xy(ty) = 0. For the x-subsystem, one should
follow the following steps for the case z(ty) # 0: 1) Perform input-to-state scaling to obtain the state z;
and functions (f;(zo, z;), ¢i(z0, Zi), Pn(z0,2)) as in (119); 2) Calculate the virtual errors e; and functions
Q;(xg, Z;) and X;(xg, Z;) as in (120). Note that this step requires n sub-steps; 3) Calculate the constants b;
as in (121), €1, and functions ®;(z¢, €;) as in (122), then construct the functions ¢;(zo, €;) as in (123); 4)
Calculate the constants €5, and functions V;(zy, €;) as in (76), then construct the functions p;(xo, €;) and
a;(xg, €;) as in (125); 5) Calculate the inverse optimal control u] as in (126). The above steps should be
almost the same as for the case zo(ty) = 0 as shown in Table I.

VII. CONCLUSIONS

A design of global asymptotic and optimal stabilizers with respect to a meaningful cost function for
stochastic nonholonomic systems has been proposed. Both of the xy- and x-subsystems are affine in
stochastic disturbances. A class of fairly general Lyapunov functions was developed for the control design.
By proposing modified Sontag’s formula, the control design is less tedious than those proposed for strict
feedback systems in [17]. Since the Lyapunov functions are not restricted to quadratic or quartic forms,
future work is to utilize the control design techniques in this paper to improve control performance of
those in [34], [35], [36] proposed for underactuated surface ships and underwater vehicles by 1) addressing
system both state-dependent and state-independent stochastic disturbances, and 2) considering optimality.

ACKNOWLEDGMENTS

The author would like to express his sincere gratitude to the Editor-in-Chief, the Associate Editor, and
the reviewers for their helpful comments.

APPENDIX A
PROOF OF LEMMA 2.2

From (11), we have

d(t) = a(t)p(t)dt + Y ci(t)p(t)dw;. (133)
i=1
Define £(t) = x(to) + fti ﬁb(s)ds, which yields d¢(t) = ﬁb(t)dt. Let z(t) = ¢(t)&(t). Applying

stochastic differentiation formula (13) gives

dz(t) = do(t)E(t) + o(t)dE(t) + do(t)dE(t) = (a(t)x + b(t))dt + Z ¢i(t)dw;, (134)

i=1

which verifies (9). [J

APPENDIX B
EXPLICIT DERIVATION OF uj,

We use the Legendre-Fenchel transform to rewrite the optimal control wug as follows. Multiplying the

numerator and denominator of the right hand side of (41) by !Ra Y 27(@8’“’1 then using the Legendre-
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Fenchel transform (7) and (43), we have

* _@Rflﬁ}//kafl (UO) (

Uy = o 1o Yoo

—-1/2
R//2k1

1/2
)‘R / R

p)
~1/2 _
‘Ro / 76%

Bo -1/ ok-1 £UO<‘R 1/276x3k 1) ‘70<(‘76>_1< YoTo ))

= —?Rg 0Lo T2, eal? + S el (135)
i ‘Ro Y0%o ‘RO Yors
-1 —1/2_, 2k-1
_ B0R1/2k1 (/€0+\/Co+p0xo) ( 0) (RO “oTo ))
=R, ’
Ry 'yt ‘R51/270x3’“ 1]?
which can be written as (45). U
APPENDIX C

PROOF OF THEOREM 3.1
A. Part 1

With the inverse pre-optimal control uj, we prove in this part existence, uniqueness and asymptotic
convergence of the solution x((t) to zero in probability, and nonzero crossing of the control w.

1) Case x((ty) # 0: The inequality (34) implies from Theorem 2.1 that the solution xy(t) of the z(-
subsystem exists and is unique, and asymptotically converge to zero in probability. Now substituting the
control ug given by (32) into the first equation of (1) and using (29) give

drg = — (ko + 1/ co + pi(zo) )%dt + zopgo(z0)dw. (136)

Since we have already proved that the solution z((t) of (136) exists and is unique, po(xo(t)) and ¢go(xo(t))
can be viewed as functions of ¢. This in turn implies that the system (136) can be regarded as a time-
varying linear stochastic differential equation, whose solution exists and is unique. Therefore, applying
Lemma 2.2 to (136) results in

l‘o(t) = $0(t0)690(t), (137)

where
() = [ (= (ko 1+ o) + o)) + Fllomala )7 s + faalsliuo(s) (139

The equation (137) shows that z((t) does not cross zero. Thus from (32), u$(t) does not cross zero.

2) Case x((tg) = 0: The inequality (40) implies from Theorem 2.1 that the solution z((t) of of the
xo-subsystem exists and is unique for both cases ¢t < t¢ and t > . We now show that x,(t?) is actually
non-zero. Substituting the control 1 given by (35) into the first equation of (1) and using (29) give

d(L’O = |: — <k’0 + Cco + p%(l‘o) >ZL’0 + 770} dt + $0@§0($0)dw, for ¢ S t<s> (139)

Since we have already proved that xo(t) of (139) exists and is unique, po(zo(t)) and go(xo(t)) can be
considered as functions of ¢, i.e., the system (139) can be viewed as a time-varying linear stochastic
differential equation, whose solution exists and is unique. Hence, applying Lemma 2.2 to (139) results in

t t
zo(t) = (a:o(to) -+ / eQO(s)nods> eo®) — (/ eQO(s)ngds> e™®  fort <1, (140)
to to

where we have used the fact that the case x((fp) = 0 is being considered. The equation (140) shows
that z () is non-zero. Proof of asymptotic convergence of z((t) to zero in probability and that non-zero
crossing of ug(t) is the same as for the case (ty) # 0 by viewing ¢ as the initial time.
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B. Part 2

Since LVj(xzq) satisfies (46) for the case To(tg) # 0 and (49) for the case z((ty) = 0, the term

2 . . .
Ryhe2 1oy ((o7) (| Ry 22k /]R1 12,1 ¢26-11% s nonnegative and continuous away from the
origin, and 5y > 2, proof of existence, uniqueness and asymptotic convergence of the solution z,(t) to
zero in probability, and nonzero crossing of the control u; and its asymptotic convergence to zero in

probability follows the proof in Subsection C-A. Optimality follows directly from Theorem 2.2. []

APPENDIX D
PROOF OF THEOREM 5.1

We use the following Lyapunov function candidate
V(wo,e) = V(o) + Vi(e), (141)
where Vj(zo) and V;(e) are given by (26) and (65), respectively, for proof of Theorem 5.1.

A. Case xy(to) # 0 and case x((to) = 0 when t > t*

1) Case of inverse optimal control ug, stabilizing control uy, and inverse pre-optimal control uj:
The inverse optimal control w;, and inverse pre-optimal control u§ are given in (45) or (48), and (79),
respectively. The corresponding infinitesimal generators LV((x0)|us) or LV(20)|(s), and LVi(e)] 79y are
given by (46) or the second inequality of (49) and (80), respectively. Therefore, the infinitesimal generators
LV (10, €)]((4s) or (a8)) and LV (2o, €)|((5) or (48)),(79) satisfy

k,‘ n
LV (o, e)|((45) or (48)) < — (% - 610)7695(2)k Z k?z%, zzk,
(142)

p
LV (0, €)]((45) or (45)),(79) < — (% — (€10 + €20) |y Z kel

Since kg is chosen as in (33), €19+ €9 is strictly less than 2¢ and 5y > 2, (% —(—:10) and (% — (610+620))
are positive constants. Therefore, Theorem 2.1 implies that the solution x(¢) of the x-subsystem exists
and is unique, and asymptotically converges to zero in probability.

2) Case of inverse optimal controls ug and uj: The inverse optimal controls u; and u] are given in
(45) or (48) and (85), respectively. The corresponding infinitesimal generators E%(mo)\(45) or LV (950)|(48)
and LV;(e)]|ss) are given by (46) or the second inequality of (49) and (86), respectively. Therefore, the
infinitesimal generator LV (2o, €)((45) or (48)),(s5) Satisfies

k n
LV (20, €)((45) or (48)),(85) < — (% — (€10 + €20 )70% [Z kivie?r + Bl e (143)

Since (% — (€10 +€20)) is a positive constant as shown above, Theorem 2.1 implies that the solution x(t)
of the x-subsystem exists and is unique, and asymptotically converge to zero in probability. Optimality

follows directly from Theorem 2.2 with a note that Lg,V (e) = +/,e2*~1

B. Case xy(ty) =0 when t < t*

The inverse optimal control v, inverse pre-optimal control «7, and inverse optimal control u] are given in
(47), (95), and (97), respectively. The corresponding infinitesimal generators LV (2o)|(a7), LV1(e)|(95), and
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LV;(e) |(97) are given by the first inequality of (49), (96), and (99), respectively. Therefore, the infinitesimal
generators LV (zg, €)|ur)), LV (20, €)|ur),95), and LV (z, €) a7y (o7) satisfy

1 i -
LV (xo, €)|ury) < — (%kﬁ —e1a5" " — 610> Yozg" — Z kiviel® + eamg” + o,

B T _ _
LV (0, €)](ar)(05) < = (Eoko —e1a;" " — (€10 + € )”Yoxo Z kivie?® + eang’ + o + Wo.

f T 5 . _
LV (0, €)|ur), 01y <— <?Ok‘o —e1a5" " — (€10 + 620))76% Zkz%/ g Cmr 2k eon2 4 B+

(144)

Since kq is chosen as in (33), €19 and €y are positive constants such that e, + €9 is strictly less than 2e,
1 1

Bo > 2, and £, and &, are defined in (39), (%ko —ecaft — 610) and (%ko —e1a3"t — (€10 + 620)) are
larger than a positive constant. Therefore, Theorem 2.1 implies that the solution x(¢) of the x-subsystem
exists and is unique. [
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