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Abstract At the beginning of the 21st century, a technological change took place

in geodetic astronomy by the development of Digital Zenith Camera Systems

(DZCS). Such instruments provide vertical deflection data at an angular accuracy

level of 0′′.1 and better. Recently, DZCS have been employed for the astrogeodetic

collection of dense sets of vertical deflection data in several test areas in Germany

with high-resolution digital terrain model (DTM) data (10−50 m resolution) avail-
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able. These considerable advancements motivate a new analysis of the method of

astronomical-topographic levelling, which uses DTM data for the interpolation

between the astrogeodetic stations. We present and analyse a least-squares col-

location technique that uses DTM data for the accurate interpolation of vertical

deflection data. The combination of both data sets allows a precise determina-

tion of the gravity field along profiles, even in regions with a rugged topography.

The accuracy of the method is studied with particular attention on the density of

astrogeodetic stations. The error propagation rule of astronomical levelling is em-

pirically derived. It accounts for the signal omission that increases with the station

spacing. In a test area located in the German Alps, the method was successfully

applied to the determination of a quasigeoid profile of 23 km length. For a sta-

tion spacing from a few 100 m to about 2 km, the accuracy of the quasigeoid was

found to be about 1 − 2 mm, which corresponds to a relative accuracy of about

0.05−0.1 ppm. Application examples are given, such as the local and regional val-

idation of gravity field models computed from gravimetric data and the economic

gravity field determination in geodetically less covered regions.

Keywords Astronomical levelling · vertical deflection · Digital Zenith Camera

system (DZCS) · Digital Terrain Model (DTM) · least-squares collocation (LSC)

1 Introduction

The method of astronomical levelling provides quasigeoid or geoid differences

between two or more stations by the integration of vertical deflections along a

connecting path (e.g., Torge 2001; Bomford 1980). Vertical deflections are ob-

tained by means of astrogeodetic observations at stations where the geodetic co-
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ordinates are known. Introduced by Helmert (1884), astronomical levelling was

applied for gravity field determination at local and regional scales over several

decades – from Galle (1914) in the Harz Mountains in Germany to the European

geoid by Levallois and Monge (1978) – until gravimetric methods evolved and

became a standard. In many regions, large gravity data sets became available and

enabled a precise gravimetric gravity field determination, applying Stokes’s for-

mula (e.g., Torge 2001).

Precise astronomical levelling basically requires a dense set of vertical de-

flections with sufficient spatial resolution along a profile, so that the shape of

the gravity field is represented properly and the deflection data may be interpo-

lated reliably. In the past, the determination of vertical deflections in a dense ar-

rangement by means of astrogeodetic techniques was costly and time-consuming.

Therefore, vertical deflections were often only available at widely spaced stations

(e.g. 10− 50 km).

In many cases, linearly interpolated vertical deflections between distant astro-

geodetic stations do not sufficiently represent the actual gravity field, particularly

not in mountainous regions (e.g., Bosch and Wolf 1974). In order to keep the in-

terpolation error between adjacent stations small – despite a large spacing – the

theory of astronomical levelling has been extended to astrogravimetric levelling

and astronomical-topographic levelling. Astrogravimetric levelling utilises gravi-

metric measurements for the interpolation of vertical deflections (e.g., Molodenski

et al. 1962, Campbell 1971).

The method of astronomical-topographic levelling uses topographic reduc-

tions of vertical deflections for the interpolation between astrogeodetic stations. It
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accounts for the fact that in mountainous areas a large part of the vertical deflec-

tion signal is caused by topographic masses (e.g., Forsberg and Tscherning 1981).

Helmert (1901) already pointed out that a simple and smoothed behaviour of ver-

tical deflections may be expected by removing the gravitational attraction of the

topography from the observations, aiming at a more reliable interpolation. First

studies on the computation of topographic vertical deflections, necessary for such

topographic reductions, were performed by Niethammer (1932), Meier (1956)

and Kobold (1957) for Switzerland’s classical astronomical levelling profiles. The

topographic reductions were computed from local terrain data decomposed into

radial-symmetric sectors.

The use of topographic deflections, computed from gridded digital terrain

model (DTM) data for reducing observed vertical deflections, was investigated by

Heitz (1968) for the gravity field determination in Germany and by Elmiger (1969)

for Switzerland. Elmiger used polynomials for the interpolation of the smoothed

data, whereas Heitz applied the more sophisticated interpolation approach of least-

squares collocation (LSC). In sequence, several studies on the use of topographic

data for smoothing and prediction of vertical deflections were published, e.g. by

Bosch and Wolf (1974), Boedecker (1976), Gurtner (1978), Forsberg and Tsch-

erning (1981), Moritz (1983), Bürki (1989) and Marti (1997).

In these publications, the spacing between observed vertical deflection stations

is mostly on the order of 10 km (or even more). Furthermore, the vertical deflection

data available for the listed studies was determined partly by visual observations

with classical astrogeodetic instruments (e.g. Kern DKM3A, astrolabe), and partly

with photographic (analogue) zenith cameras, developed between 1970 − 1980.
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The accuracy of the vertical deflection data was generally assumed to be about

0′′.3− 0′′.5 (cf. Heitz 1968, Elmiger 1969, Bürki 1989, Marti 1997).

In recent years, a significant technological change took place in geodetic

astronomy by the development of Digital Zenith Camera Systems (DZCS) in

Hanover and Zurich (e.g. Bürki et al. 2004, Hirt 2004, Hirt and Bürki 2002). These

new measurement systems provide vertical deflections accurate to 0′′.08−0′′.1 (e.g.,

Hirt and Seeber 2005, Hirt et al. 2006), requiring relatively short observation and

processing times of a total of about 20 min per station. These significant improve-

ments with respect to the analogue era of geodetic astronomy recently led to an

extended application of DZCS for astrogeodetic gravity field studies. New astro-

geodetic data sets became available with a high spatial resolution (50 m to several

100 m) in several test areas in Northern Germany and Bavaria (e.g. Hirt 2004, Hirt

and Seeber 2005, Hirt et al. 2006).

Considering the research on astronomical-topographic levelling carried out in

the last century, there are three essential reasons for a reconsideration of how to

combine astronomical deflections with DTM data. The first reason is the signifi-

cant improvement of the accuracy of the DZCS vertical deflection data by a factor

of five. The second reason refers to the much higher spatial resolution of the new

vertical deflection data sets (about two orders of magnitude). The third reason is

related to the increased accuracy and spatial resolution of present DTM data sets,

provided e.g. by national or state survey authorities (e.g., 10− 50 m resolution) or

available from the Shuttle Radar Topography Mission (SRTM, 90 m resolution).

The objective of this work on astronomical-topographic levelling is the eco-

nomical combination of the new high-precision astrogeodetic DZCS vertical de-
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flection data sets and DTM data on a local scale, allowing us to determine the

gravity field along lines and profiles at an accuracy level of about 0.1 ppm (1 mm

over 10 km) and better. The combination approach conceptually follows the one

proposed by Heitz (1968). The test area used in this study is an alpine valley

(elevation 800− 1000 m), located in the Bavarian Alps. The available vertical de-

flection data set of about 100 stations has already been successfully used for the

validation of different gravimetric gravity field models (cf. Hirt et al. 2006).

This paper is organised as follows: Sect. 2 briefly reviews the theory of astro-

nomical levelling. The test area, the astrogeodetic data set and DTMs used for this

study are described in Sect. 3. The computation of topographic vertical deflections

from the DTM data is treated in Sect. 4. The combination of observed and com-

puted deflections by a remove-restore technique and the interpolation using LSC is

dealt with in Sect. 5. The results of the astrogeodetic quasigeoid computation are

given in Sect. 6. An accuracy analysis is presented in Sect. 7, with particular focus

on the density of astrogeodetic stations required to attain a certain level of accu-

racy. Concluding remarks and some application examples for the high-precision

astronomical-topographic levelling approach are given in Sect. 8.

2 Theory of astronomical levelling

The relatively simple theory of astronomical levelling is described, e.g., in

Helmert (1884, 1901), Heiskanen and Moritz (1967), Bomford (1980) and Torge

(2001). The method requires observations of astronomical latitude Φ and longi-
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tude Λ as well as the geodetic (ellipsoidal) coordinates latitude ϕ and longitude λ

at a number of stations along the path. Vertical deflections

ξ = Φ− ϕ (1)

η = (Λ− λ) cos ϕ (2)

are the measure for the inclination of the equipotential surface with respect to the

ellipsoid at the Earth’s surface. They are also known as surface vertical deflections

or Helmert deflections (e.g., Torge 2001, Jekeli 1999).

The integration of vertical deflections (ξ, η) along the path gives the difference

of the geoid undulation

∆NAB = −
∫ B

A

εds− EO
AB (3)

or quasigeoid undulation

∆ζAB = −
∫ B

A

εds− EN
AB , (4)

respectively, between stations A and B.

ε = ξ cosα + η sin α (5)

is the vertical deflection component along the azimuth α, and ds refers to the sta-

tion spacing. The product εds expresses the height difference of the equipotential

surface between the adjacent stations. Evaluating the integral in Eqs. (3) and (4)

presupposes a dense coverage of vertical deflections so that the interpolation be-

tween adjacent stations i and i + 1 may be done linearly:

ε =
εi + εi+1

2
. (6)

The orthometric correction EO
AB accounts for the curvature of the plumbline,

reducing the integrated deflections to the geoid. Analogously, the normal correc-
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tion EN
AB is applied in order to compute the quasigeoid undulations between A

and B (Heiskanen and Moritz 1967, Torge 2001):

EO
AB =

∫ B

A

g − γ45
0

γ45
0

dn +
gA − γ45

0

γ45
0

HA − gB − γ45
0

γ45
0

HB ,

(7)

EN
AB =

∫ B

A

g − γ45
0

γ45
0

dn +
γA − γ45

0

γ45
0

HA − γB − γ45
0

γ45
0

HB .

(8)

The computation of the normal correction EN
AB requires the knowledge of the

surface gravity g along the profile, which may be obtained from gravity databases.

The height differences dn between adjacent stations as well as the heights above

mean sea level (MSL) of the first station HA and last station HB and may be

easily derived from DTM data. Comparisons between computations of the normal

correction EN
AB from heights derived from different DTM data sets (Sect. 3.3)

showed an influence below 0.1 mm in our test area. Therefore, heights taken from

the DTM data are accurate enough for the computation of EN
AB .

For the mean normal gravities γA, γB at the profile’s first and last station, the

vertical gradient and the normal gravity is computed using the rigorous formulae

of the normal gravity field (cf. Torge 2001, p. 106 and 112). γ45
0 is an arbitrary

constant value, but usually the normal gravity at latitude ϕ = 45◦ is used. The

computation of the orthometric correction EO
AB , as opposed to the normal correc-

tion EN
AB , requires density hypotheses in order to obtain the mean gravity gA, gB

along the plumbline (cf. Torge 2001, p. 82, Tenzer et al. 2005).

The computations performed in this work are restricted to the normal correc-

tion, and thus refer to the quasigeoid domain. Hirt et al. (2006) showed that for

the Bavarian test area, the normal correction EN
AB may be computed accurate to
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0.1 − 0.15 mm. These numbers mainly reflect the errors of surface gravity pre-

dicted from gravity databases (about 1 mgal prediction accuracy in our case). As a

consequence, in areas with good gravity data coverage the accuracy of the normal

correction is insignificant to the error budget of astronomical-topographic level-

ling (Sect. 7). The corrections E0
AB and EN

AB are not treated further in this study.

3 Test area and data sets

3.1 Test area

The Technical University of Munich established a gravity field research test area

with an extent of about 20 km by 20 km in the Estergebirge mountains in the

Alps south of Munich. Since 1994, a large number of precise observations of var-

ious gravity field quantities (such as gravity, geometric levelling and GPS height

measurements) were carried out. The project aims at a precise analysis and mod-

elling of the contribution of mountain topography to the gravity field and at the

investigation of consequences for geodetic purposes (Flury 2002).

A large and dense gravity data set was used to study short-wavelength signal

characteristics (Flury 2006). Precision levelling is available up to the summits and

was used to study height accuracies and differences between various height sys-

tem definitions (Flury 2002). Along the levelling lines, numerous GPS/levelling

stations allow a comparison with quasi/geoid models (Flury et al. 2006). Astro-

nomical coordinates were observed for 35 stations with various techniques at an

accuracy level of about 0′′.5 before the new astrogeodetic measurement campaign

in 2005.
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3.2 Astrogeodetic vertical deflections

The TZK2-D DZCS, developed at the University of Hanover from 2001−2003, is

the sensor used in this study. This new astrogeodetic observation system was ap-

plied for the collection of vertical deflection data at 103 new stations. The stations

are along a profile oriented in a near North-South direction (Fig. 1). The profile

length is about 23.3 km and the average station spacing is approximately 230 m.

The collection of the vertical deflection data was completed during a total

observation period of four weeks in the northern autumn 2005. The observed

data sets were processed using the Hanover astrogeodetic processing software

AURIGA (Hirt 2004). The celestial reference was provided by the new high-

precision UCAC (U.S. Naval Observatory CCD Astrograph Catalogue, Zacharias

et al. 2004) and Tycho-2 (Høg et al. 2000) star catalogues. The campaign and

processing statistics are given in Table 1.

Table 1 near here

During the campaign, 38 stations were observed twice on different nights. The

standard deviation obtained from the residuals is found to be 0′′.082 both for ξ

and η. This accuracy estimate agrees well with values from other astrogeodetic

measurement campaigns with the same instrument (cf. Hirt and Seeber 2005, Hirt

2006). The distribution of the TZK2-D stations and the acquired (ξ, η) data is

shown in Fig. 1 in the context of the local topography.

Fig. 1 near here
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3.3 Digital Terrain Model data

For the area around the profile, two high resolution DTM grids from the Bay-

erisches Landesamt für Vermessung und Geoinformation (LVG, Bavarian State

Geodetic Survey) were used, a new 10 m grid (about 1 m vertical accuracy) and

a 12 year old 50 m grid (2− 3 m vertical accuracy). Both height grids were com-

pared at identical grid points. Differences were found to be below ±10 m in most

cases, with a mean value of 0.27 m and a root mean square (RMS) of 2.8 m. These

values indicate a good quality of both models.

The southernmost part of the profile is at 1 km distance from the border be-

tween Germany and Austria, where the high resolution LVG DTM grids end. Be-

yond this area, the USGS global 30′′ DTM data set gtopo30 was used. A 600 m

westward shift of the gtopo30 DTM data was detected and corrected for. For

further studies, the gtopo30 model may be replaced by the global DTM of the

GLOBE (NOAA Global Land One-kilometer Base Elevation Digital Elevation

Model) project, which has the same grid resolution and seems to have a slightly

better quality in our area. The global SRTM DTM has not been used so far as it

has gaps in our test area.

4 Computation of topographic deflections from DTM data

Topographic deflections (ξ, η)top are the contributions of topographic masses

(above the geoid) to the surface vertical deflections. They are determined from

DTM data. For an accurate combination with astrogeodetic deflections (Sect. 5)

it is important to select a sufficient DTM grid resolution, a sufficient DTM extent

and a representation of the DTM grid elements by adequate bodies.
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In particular, the short-scale components of the topographic deflections, orig-

inating from the innermost zone around each computation point, must be com-

puted as accurately as possible (e.g., Marti 1997). With increasing distance from

the computation point, the DTM resolution can be reduced and the accuracy re-

quirements can be relaxed.

Table near here

Table 2 shows the grid resolution of the used DTM grids for each distance

zone. According to Marti (1997), errors of the total topographic deflection should

be well below 0′′.1 with the selected grid mesh widths. A representation of each

grid mesh by a right rectangular prism (cuboid) was used. The horizontal com-

ponents of the attraction of a cuboid are obtained by (Mader 1951, Tsoulis 1999,

Nagy et al. 2000, 2002, Tsoulis 2001)

Vx = Gρ
∣∣∣
∣∣∣
∣∣∣y arsinh z√

x2+y2
+ z arsinh y√

x2+z2−

−x arctan yz

x
√

x2+y2+z2

∣∣∣
x2

x1

∣∣∣
y2

y1

∣∣∣
z2

z1

Vy = Gρ
∣∣∣
∣∣∣
∣∣∣z arsinh x√

y2+z2
+ x arsinh z√

x2+y2
−

−y arctan xz

y
√

x2+y2+z2

∣∣∣
x2

x1

∣∣∣
y2

y1

∣∣∣
z2

z1

(9)

with the gravitational constant G, topographic mass-density ρ, and the coordinates

with respect to the computation point xi, yi, zi of the prism faces (Nagy et al.

2000).

A standard rock density of 2670 kg/m3 was used. Differences between this

standard value and the true rock density are taken into account by the observed

surface vertical deflections in the remove-restore procedure, cf. Sect. 5. The total
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topographic attractions (Vx, Vy)top are obtained by summation over all grid el-

ements. From the horizontal components of topographic attraction, topographic

deflections

ξtop =
V top

y

γ
and ηtop =

V top
x

γ
(10)

are obtained. For the normal gravity γ, a mean value of the area is sufficient.

The (ξ, η)top contribution of innermost zone 1 (Table 2) was computed using a

10 m and 50 m DTM resolution. The statistics of the differences are given in Table

3. The RMS of about 0′′.02 is well below the errors of astrogeodetic observations

(about 0′′.08), while the extrema can be significant with respect to the astrogeodetic

accuracy. Hence, for the combination with astrogeodetic deflections a 50 m grid

in general is sufficient, but a 10 m grid can lead to improvements in some cases

(see Fig. 2).

As a third alternative, the zone 1 contributions have been computed using poly-

hedra (Petrović 1996, Tsoulis 2001). In this approach, the innermost zone terrain

surface is represented by inclined triangles. The triangular mesh grid includes the

computation point itself (cf. Tsoulis 2001). This provides, in general, a better ap-

proximation of reality, compared to flat cuboid tops. Table 3 gives the statistics of

differences of a polyhedra solution with respect to the 10 m cuboid solution. The

RMS is smaller than that of the differences between 50 m and 10 m cuboids. Only

in a few cases, the differences still exceed the astrogeodetic observation accuracy.

Thus, when no 10 m grid is available, a polyhedra representation based on a 50 m

grid can provide very good results (cf. Fig. 2).

Fig. 2 near here
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Somewhat larger differences are obtained when grids from the older and newer

LVG DTM models are used (cf. Sect. 3.3) which typically differ by only a few

metres. The statistics are also given in Table 3. This indicates that a DTM with

an accuracy of a few metres should be used for precise astronomical-topographic

levelling.

Table 3 near here

In the area crossed by the astrogeodetic profile, some considerable density

anomalies of up to 700 kg/m3 exist, such as low-density quaternary valley sedi-

ments. Information on density and geometry of such anomalous bodies is available

from refraction seismics, geo-electric observations and gravimetry (Flury 2002).

Models of these bodies could be integrated in the remove-restore procedure.

This was not done here since our astronomical observations are densely spaced

enough to recover the effects of density anomalies well. If, however, larger dis-

tances between observation stations are used, density anomalies can introduce

considerable interpolation errors, cf. Sect. 7. Also, the long-wavelength gravity

field structures are well recovered by the astrogeodetic observation data, therefore

no reduction of an isostatic compensation model or a global gravity field model

was applied.

A dense set of 1021 topographic deflections (ξ, η)top was computed compris-

ing the 103 observation sites and nine intermediate stations for each profile section

between adjacent observation sites. Thereby a dense station spacing of about 23 m

was obtained. The geodetic coordinates (ϕ, λ) of the intermediate stations were

linearly interpolated between the observation sites. The corresponding heights H
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above MSL were interpolated from the DTM in order to obtain a profile integra-

tion path which follows the actual topographic surface as close as possible.

5 Combination of astrogeodetic and topographic deflections by LSC

The aim of astronomical-topographic levelling is to obtain very densely sampled,

quasi-continuous surface vertical deflections between the astrogedeodetic stations.

This requires interpolation, which should be carried out without significant loss of

accuracy. A classical remove-restore approach is applied: Topographic deflections

(from Sect. 4) are removed from the astrogeodetic vertical deflection observations.

The smooth residual signal is interpolated in intermediate stations. Finally, topo-

graphic deflections are restored in these intermediate stations in exactly the same

way used for the remove step, leading to a dense set of surface vertical deflections.

5.1 Removal of the topography

The input data used for the combination is the set of 103 stations with astro-

geodetic vertical deflections (ξ, η)obs and the set of 1021 topographic deflections

(ξ, η)top. Both data sets are shown in Fig. 3 (a) as a function of the profile dis-

tance. The observed (ξ, η)obs and topographic deflections (ξ, η)top are strongly

correlated. This shows the sensitivity of vertical deflections to the attraction of the

topographic masses.

Figure 3 (b) demonstrates that the topographic reduction of the astrogeodetic

deflections (ξ, η)obs – in the manner ”observed - computed” – leads to a much

smoother data set

(∆ξ, ∆η) = (ξ, η)obs − (ξ, η)top. (11)
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The same (∆ξ, ∆η) data is also depicted in Fig. 3 (c), however at a larger vertical

scale for a better view of the details. The apparent features may be subdivided into

three categories:

1. Systematic offsets, in particular in the ∆ξ component (about 10′′), may result

from isostatic compensation, from topographic masses beyond the DTM area con-

sidered, and from any other long-wavelength features that have not been reduced

from the observation data.

2. Wave-like structures, which appear in the (∆ξ, ∆η) data, can be attributed

to density anomalies in the local topography with respect to the density of the

topography introduced in Eq. (9). The presence of such signals with wavelengths

of a few kilometres underlines the importance of sufficiently dense observations of

vertical deflections for astronomical-topographic levelling. Comparable to gravity

anomalies, reduced vertical deflections (∆ξ, ∆η) carry essential information of

residual gravity field features. From the geophysical point of view, these wave-

like structures provide interesting information on the density distribution. They

may be used for a check or a refinement of density models.

3. High-frequency structures may reflect very small-scale density anomalies,

random errors of the astrogeodetic observations and uncertainties attributable to

the DTM data. A further reason for the appearance of small peak-like structures

may be a change in azimuth of the profile. This is seen in Fig. 3 (c), for component

∆ξ, at km 2− 4, and for component ∆η, at km 14− 17. Here, the profile sections

change direction (cf. Fig. 1). In Sect. 5.2.3, the role of these peaks is discussed

further.
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5.2 Interpolation using LSC

The smooth (∆ξ, ∆η) data set is suited for the interpolation applying the standard

technique of LSC and prediction (cf. Moritz 1980). The general form of the LSC

observation equation reads:

l = Ax + s + n (12)

where l is the vector containing the reduced vertical deflection set ∆ξ

lT = [∆ξ1,∆ξ2, ..., ∆ξ103] (13)

and for ∆η,

lT = [∆η1,∆η2, ...,∆η103], (14)

respectively.

Both deflection components are processed separately. The parameter vector

x consists of the corresponding profile distances ranging from 0 km to about 23

km. The product Ax expresses the deterministic part, and s is the signal vector

containing the correlated wave-like structures. The uncorrelated astronomical ob-

servation errors as well as errors from the DTM are represented by the noise vector

n. The stochastic properties are described by the signal covariance matrix C and

the noise covariance matrix D. For the noise covariance matrix D, uncorrelated

noise of 0′′.1 is introduced for the a priori standard deviation σn, accounting for

random errors of the astrogeodetic observations and DTM data.

5.2.1 Covariance function

Fig. 4 near here
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For the design of the signal covariance matrix C, information on the autocor-

relation between adjacent stations is used, which is provided by the covariance

function cov(l, l′). The empirical autocorrelation function computed from the ∆ξ

and ∆η data series is shown in Fig. 4. Due to the relative small number of deflec-

tions, seen from the statistical point of view, the empirical functions are considered

to provide rather vague information on the correlation. The correlation length (the

lag with correlation ρ of 0.5) is found to be 1600 m for ∆ξ and 2400 m for ∆η,

respectively.

An exponential model was introduced as the analytical covariance function

cov(l, l′) = σ2
s exp−0.5adist(l,l′) (15)

where σs is the a priori standard deviation of the signal, set to 0′′.5, and a is the

correlation length. Other analytical covariance functions (e.g., linear or Gaussian)

as well as different correlation lengths were tested. They showed however just a

minor influence on the LSC results.

The described LSC approach decomposes the (∆ξ,∆η) deflection data into

the filtered component

lfil = Ax + s (16)

and the residual noise vector n

n = l− lfil, (17)

which is depicted in Fig. 3 (d). For the subset of 918 intermediate stations, the LSC

method provides predicted values (∆ξ, ∆η)prd, which are shown in Fig. 3 (c).
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5.2.2 RMS computed from the noise vector

The noise vector contains the errors from the astrogeodetic observations, the DTM

data and model errors (e.g., peaks due to azimuth changes). The RMS values of the

(∆ξ, ∆η) deflection data, as obtained from the noise vector, are listed in Table 4

with respect to the three different DTM data sets used for the computation of the

topographic deflections. They are found to be on the 0′′.08− 0′′.09 level.

Table 4 near here

This very low noise is an independent confirmation of the estimated accuracy

of observation of 0′′.082 obtained from repeated observations (Sect. 3.2). More-

over, these accuracy numbers indicate that the three DTM data sets are almost

equally suited for the reduction of topographic deflections and that the contribu-

tion of errors due to the applied reduction is small.

5.2.3 Changes in azimuth of the profile

The LSC treats the reduced deflections ∆ξ and ∆η separately in a one-

dimensional way as a function of the profile distance. This is mathematically

correct if all profile stations are arranged in a straight line. Unfortunately, this

condition cannot be strictly met in most cases, particularly not in mountainous

areas. Changes in the azimuth of the profile may lead to noise-like peaks in the

deflection data, as mentioned in Sect. 5.1 and visible in Fig. 5.

In a rigorous approach, the reduced deflections ∆ξ and ∆η must be treated

in two dimensions, as functions both of latitude ϕ and longitude λ, e.g., by us-

ing a two-dimensional LSC approach. This would, however, require a more areal

coverage of the input data and may therefore not work in our case.
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Another solution is to introduce a smaller correlation length in Eq. (15) so that

the peaks are not filtered in the LSC process. A comparison of test data sets, com-

puted from different correlation lengths ranging from 500 m to 1600 m showed an

influence of the quasigeoid computation of a few 0.1 mm. Therefore, the problem

of the misalignment of the stations with respect to a straight line plays a minor

role in this study.

5.3 Restoration of topography

Finally, the topographic effect (ξ, η)top is restored both at the observed stations

and at the predicted intermediate stations so that a dense data set of predicted

(surface) deflections

(ξ, η)prd = (∆ξ, ∆η)prd + (ξ, η)top, (18)

is obtained with a sampling about every 23 m (Fig. 3 e). A detailed view of the

interpolated surface deflections is given in Fig. 5, which shows a smooth behaviour

of the predicted data at very short scales.

Fig. 5 near here

When only a 46 m sampling is used instead of the full 23 m sampling, signal

features of at most 0′′.1 amplitude are missed, typically at places where the profile

runs across breaklines of the topography. We conclude that the chosen 23 m sam-

pling is dense enough to represent the variability of surface deflections along our

profile, even in sections with rough topography. This quasi-continuous represen-

tation allows a rigorous evaluation of the path integral of Eqs. (4) to (6) along the

path on the actual surface of topography.
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6 The astrogeodetic quasigeoid profile

The 103 astrogeodetic vertical deflections (ξ, η)obs, were combined with the to-

pographic deflections (ξ, η)top, following the procedure described in Sect. 5. The

resulting 1021 predicted deflections (ξ, η)prd were then integrated along the path,

as described in Sect. 2, and the normal correction (Eq. 8) was added (cf. Hirt et al.

2006). The astrogeodetic quasigeoid profile is shown in Fig. 6.

Fig. 6 near here

A strong trend in southern direction of about 1.3 m over a distance of 23 km is

visible, reflecting the gravitational attraction of the masses of the central Alps. The

fine structure of the astrogeodetic profile – a wave-like feature – becomes visible

by a simple trend reduction (bottom part of Fig. 6). Here again, small sharp peaks

result from azimuth changes discussed above and must not be interpreted as fine

structure of the gravity field.

7 Accuracy analysis

7.1 Remarks on the methodology

Before analysing the accuracy of astronomical-topographic levelling in more de-

tail, the general methodology is introduced. The station density and, hence, the

spacing between the astrogeodetic stations is considered to be the most important

parameter in astronomical-topographic levelling. Due to the improved accuracy of

astronomical observations, this applies in our case for very short distances (several

100 m).
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For an economical application to gravity field determination, it is necessary to

know the minimum number of astrogeodetic stations for attaining a certain level of

accuracy over a given profile length. Therefore, it is crucial to analyse the accuracy

of the gravity field prediction between adjacent stations as a function of the station

spacing and, in particular, the prediction of local structures using DTM data.

It is a fortunate situation to have a high-resolution vertical deflection data set

with 103 stations on a profile length of about 23 km for this analysis. This data set

consists of many more stations than typically required for reliable astrogeodetic

modelling of the local gravity field. Therefore, the data set is well-suited to be

decomposed into various subsets, consisting of e.g. 10 or 20 stations, in order to

simulate various station densities.

By comparing the quasigeoid profiles computed from the subsets with the ref-

erence solution, it is possible to study the attainable accuracy as a function of

the station spacing. The reference solution denotes the astrogeodetic quasigeoid

computed from the full deflection data set (103 observed stations). The compar-

ison between the subsets and the reference solution provides empirical accuracy

estimates for predicted vertical deflections and for the gravity field determination.

The prediction accuracy may be easily quantified by comparing the predicted

values (ξ, η)prd against the corresponding values (ξ, η)obs, which were not used

for the prediction. The prediction error (δξ, δη) then reads:

δξ = ξobs − ξprd (19)

δη = ηobs − ηprd. (20)

The set of (δξ, δη) differences may be used for the computation of statistical quan-

tities, e.g., RMS values. This analysis method is applied in Sect. 7.2.
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The second method (Sect. 7.3) is the comparison of astrogeodetic quasigeoid

profiles computed from different subsets of observed vertical deflections. Such a

solution is stored in a vector

∆ζ = [∆ζ2,∆ζ3, ..., ∆ζn], (21)

which contains the quasigeoid heights for the profile stations 2...n with respect

to the first station. Differences δ∆ζ of the profiles may be computed either by

comparing a subset solution ∆ζsubset with a reference solution ∆ζref

δ∆ζ = ∆ζsubset −∆ζref (22)

or with respect to another, independent subset:

δ∆ζ = ∆ζsubset1 −∆ζsubset2. (23)

Differences δ∆ζ of the profiles are characterised by their minimal, maximum

and mean values, as well as by the RMS. Despite the fact that the subsets and the

reference solution are not disjoint, reasonable accuracy estimates are obtained.

This is because reference solutions computed from those stations not contained in

the subset are almost identical with the reference solution computed from the full

data set of 103 stations.

Formation of subsets In order to analyse the role of the station spacing in

astronomical-topographic levelling, subsets are formed in such a way that only

every second, third or fourth station of the full data set is considered. Thereby

station densities of 460 m, 690 m, and 920 m, respectively, are simulated. In order

to increase the statistical reliability of the results, for each spacing class, subsets

are formed by an additional shift of one or more stations before averaging the

resulting statistics. The formation of the subsets is demonstrated in Table 5. The
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maximum station spacing is about 8 km, corresponding to about one third of the

total profile length.

Table 5 near here

Example Figure 7 (a) shows the 21 astrogeodetic vertical deflections ξobs the sub-

set 5 0 (Table 5) consists of. Following the combination approach described in

Sect. 5, the observations are reduced with the set of topographic deflections ξtop

(Fig. 7 b). Vertical deflections at intermediate points are predicted (Fig. 7 b), and

eventually the topographic effect is restored (Fig. 7 c).

In turn, the complete data set of predicted deflections (ξ, η)prd may be used for

a quasigeoid computation to be compared with the reference solution (Eq. 22). In

addition, the prediction results ξprd may be compared with the astrogeodetic ξobs

values (Fig. 7 d, Eqs. 19 and 20) in order to assess the accuracy of the prediction.

Fig. 7 near here

7.2 Prediction accuracy

The first analysis focuses on the accuracy of predicted vertical deflections

(ξ, η)prd. All subsets without shifts (subsets 2 0 to 35 0, cf. Table 5) were used for

the prediction of deflections, applying the remove-restore procedure. The results

were compared against those astrogeodetic observations not used for the predic-

tion, serving as independent information. T

The statistics computed from the differences (Eqs. 19 and 20) are given in

Table 6 for selected spacing classes up to 8050 m. The RMS prediction error for

subsets 2 0 to 35 0 is shown in Fig. 8. The RMS values include astrogeodetic
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observation errors (Sect. 3.2) and small errors due to changes of the azimuth of

the profile (Sect. 5.2.3), but mainly the omission error discussed below.

Table 6 near here

Fig. 8 near here

It is seen that a station spacing up to 1 km allows us to predict deflections

at the 0′′.2 accuracy level. For distances up to 2 km, the prediction accuracy is

0′′.3 − 0′′.5. A further enlargement of the spacing to about 5 − 8 km significantly

degrades the accuracy up to about 3′′, although the contribution of the topography

was rigorously taken into account by the remove-restore procedure.

The decrease of the prediction accuracy reflects the omission of the fine struc-

ture of the gravity field. Fine signals as seen in Fig. 7 (b) – which are related to

density anomalies not considered in the remove-restore procedure – are not suffi-

ciently sampled by a spacing of several kilometres. For such spacings, prediction

using topographic deflections (ξ, η)top does not allow any more a full reconstruc-

tion of the gravity field between observed deflections (ξ, η)obs.

For spacings beyond 4 km, the omission error for ξ is larger than for η, which

is because some major density anomalies are in the east-west direction across the

profile. The omission error does not only depend on the sampling of the signal,

but also on local signal variability. In mountains, the signal variability tends to

be larger than in flat terrain, even if the contribution of topography has been re-

moved, cf. Flury (2006). Consequently, a smaller omission error can be expected

for profiles in flat terrain.

The RMS values of 0′′.11 and 0′′.12 for ξ and η obtained for subset 2 0 with

the shortest spacing reflect the errors of the observed deflections, of azimuthal
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changes (Sect. 5.2.3) and already contain a small omission error. These values are

in good agreement with the accuracy of the observations discussed in Sects. 3.2

and 5.2.

7.3 Accuracy of the quasigeoid profiles

7.3.1 Accuracy assessment for the reference profile

Due to the dense station spacing of 460 m, the subsets 2 0 and 2 1 are appropriate

to estimate the accuracy of the reference quasigeoid profile in good approxima-

tion. As both subsets are disjoint, they may be used for the computation of two

independent quasigeoid profiles. The difference between the two profiles δ∆ζ

(Eq. 23) is depicted in Fig. 9 and the related statistics are given in Table 7.

Fig. 9 near here

Table 7 near here

The maximum difference between both profiles is about 1.5 mm and the RMS

computed from the differences is about 0.9 mm. The RMS value accounts for the

statistical uncertainties contained in both independent data sets. Therefore, the re-

lated standard deviation of the single profiles is assumed to improve with
√

2 to the

level of 0.6 mm. These numbers demonstrate that the accuracy of astronomical-

topographic levelling is at the millimetre level and better for a station spacing of a

few 100 m and for the profile length of 23 km.

7.3.2 Remove-restore procedure compared with simple linear interpolation

The following comparison shows the significant accuracy advantage of the de-

scribed remove-restore LSC technique over an interpolation of surface deflections
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without DTM data, as used in simple astronomical levelling. Applying the LSC

technique with topographic reductions, 35 different astrogeodetic quasigeoid pro-

files were computed for the spacing classes 230 m to 8050 m (reference profile and

subsets 2 0 to 35 0). The procedure was repeated, using a simple linear interpola-

tion between the observed deflections without any topographic information. These

two sets of quasigeoid profiles were compared to the reference profile (Eq. 22).

Table 8 lists the maximum differences as well as the RMS for both techniques

as a function of the station spacing. For most of the spacing classes, the com-

parison reveals an accuracy advantage of LSC with DTM data over the linear

interpolation by about one order of magnitude. Already reaching 1 mm for the

230 m resolution, the RMS deteriorates to about 1 − 2 cm for a spacing of about

1 km when the topography is neglected. A spacing of several kilometres further

degrades the accuracy of simple astronomical levelling to the decimetre level. The

error of astronomical-topographic levelling is found to be at the millimetre level,

though also increasing with station spacing due to the increasing omission error,

cf. Sect. 7.2.

Table 8 near here

7.3.3 Role of different DTM data

The role of the DTM resolution for astronomical-topographic levelling was stud-

ied as follows. The complete range of the observed deflection subsets (Table 5)

was combined with the topographic deflections (ξ, η)top computed from a variable

innermost zone (50 m cuboids, 50 m polyhedra and 10 m cuboids), but constant

outer zones (cf. Table 2). For each of the three topographic deflection data sets,
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630 different quasigeoid profiles were computed from subsets 2 0 to 35 34 as well

as from the full deflection data set.

The RMS values were computed from the differences δ∆ζ of the profiles,

obtained by the comparison with the reference profile (Eq. 22). Eventually, the

RMS values for each spacing class were averaged, separately for the three DTM

data sets. Figure 10 shows that the three curves coincide almost perfectly. The

differences between the curves are on the order of 0.2 mm. Hence, in practice the

RMS values for a given spacing are independent of the DTM data used.

Figure 10 near here

A detailed result of this comparison is given in Fig. 11. It shows the compari-

son of the three quasigeoid profiles, which were computed from the three topogra-

phic data sets and the full (ξ, η)obs data set. The differences are about 0.1−0.2 mm,

as such insignificant.

Fig. 11 near here

The approach used for the computation of topographic deflections (ξ, η)top

(cuboids or polyhedra) plays a minor role when the high-resolution 50 m DTM

data is used. Besides, no significant differences were found between the results

obtained from 50 m DTM data and 10 m DTM data. These results implicitly in-

clude the influence of the different vertical accuracies of the DTM data. Moreover,

it was shown in Sect. 4 that the vertical accuracy of the DTM has an influence on

topographic deflections similar to that of the differences between the variants of

DTM resolution.

The general conclusion is that the a DTM with a spatial resolution of about

50 m and related vertical accuracy of about 2 − 3 m is completely sufficient for
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high-precision astronomical-topographic levelling. With respect to the current ac-

curacy level of the astrogeodetic data, a higher spatial resolution of the DTM data

does not significantly increase the method’s accuracy.

7.4 Error propagation of astronomical-topographic levelling

In Sects. 7.2 and 7.3, it was shown how the errors of astronomical-topographic

levelling due to the gravity field omission error increase with the spacing between

the observation stations. As the astrogeodetic quasigeoid is determined by integra-

tion over the profile path (cf. Eq. 4), the quasigeoid errors accumulate along the

path (visible in Fig. 9), in analogy to the error propagation in geometric levelling.

Thus, the accuracy of a quasigeoid difference between two points depends on the

observation station spacing and the overall distance between the two points. The

statistical results presented in Sect. 7.3 refer to the specific profile length of 23 km.

It is useful to derive a more universal empirical rule for the error propagation in

astronomical-topographic levelling. Such a rule should provide information on the

relative accuracy attainable over arbitrary profile lengths, e.g. 10 km or 100 km, as

a function of the station spacing. A transformation of the accumulated RMS values

from the given 23 km profile length to precise accuracy estimates for arbitrary

profile lengths seems to be rather difficult.

Therefore, the 629 astrogeodetic quasigeoid profiles computed from the subset

range 2 0, 2 1, ... 35 33, 35 34 were analysed in the following way: Within each of

the quasigeoid profiles, all possible profile sections with a length of approximately
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10 km were extracted and compared against the corresponding profile sections of

the reference profile, yielding residual errors

ε∆ζ = ∆ζsubset
j −∆ζref

j − (∆ζsubset
i −∆ζref

i ) (24)

where the indices i and j refer to those station pairs with a spacing of 10 km.

The set of residuals ε∆ζ obtained from each of these comparisons were used

for the computation of the formal standard deviation:

σ =

√√√√ 1
n

n∑
1

ε2
∆ζ (25)

with n total number of extracted profile sections. Finally, the results of each spac-

ing class (460 m: two values, 690 m: three values of the standard deviation, etc.)

were averaged in order to increase the statistical reliability.

The computed standard deviation σ for the profile length of 10 km is shown as

function of the station spacing in Fig. 12. The method of astronomical-topographic

levelling may provide astrogeodetic quasigeoid profiles at an accuracy level of

about 0.5 mm, when the spacing of the astrogeodetic stations is about 500−700 m.

This estimation is in good agreement with the assessment given Sect. 7.3 (0.6 mm

over 23 km). Up to a station spacing of about 1 km, the accuracy is found to be

better than 1 mm. With such a spacing, the astrogeodetic quasigeoid profiles still

contain almost the full gravity field signal.

Fig. 12 near here

A slight loss of accuracy occurs for station spacings between 1.5 km and 2 km,

where an accuracy level of 1−2 mm over 10 km distance is attained. Consequently,

the very fine structure of the gravity field is not completely reconstructed by the

combination with DTM data. For station spacings increasing from 2 km to about

8 km, the accuracy degrades – in good approximation – linearly to about 15 mm,
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reflecting the increasing omission error. Obviously a significant part of the fine

structure of the real gravity field is not recovered any more by such large station

spacings.

Applying the general propagation law of variances, the standard deviations for

each station spacing may now be scaled to other profile lengths l, e.g. 100 km, by

multiplying with the factor

f =

√
l[km]

10[km]
. (26)

Some accuracy estimates, interpolated from the standard deviations shown in

Fig. 12, are listed in Table 9, as well as the scaled values for different profile

lengths, ranging from 10 km to 400 km. The impact of omitted gravity field struc-

tures due to the station spacing is covered by the given values. Table 9 allows

us to estimate the accuracy of quasigeoid height differences ∆ζ determined with

astronomical-topographic levelling. For example, a profile length of about 60 km

length may be determined at the 1 cm accuracy level when the spacing of the

astrogeodetic stations is 3 km.

Table 9 near here

Table 9 shows the advantages and drawbacks of astronomical-topographic lev-

elling. It can provide quasigeoid accuracies at the millimetre level over short dis-

tances with a limited number of observations. Over several hundred kilometres, an

accuracy better than the centimetre level is still achievable. However, due to ac-

cumulation of errors, this would require not only a considerable expense in terms

of observations (station spacings of 2 km or less), but also a detailed analysis of

remaining systematic errors possibly contained in the data.
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It should be noted that the results here implicitly refer to an accuracy level of

observed deflection data (ξ, η)obs of 0′′.08 − 0′′.1. Therefore, the practical use of

Table 9, e.g., for planning other gravity field studies, presupposes astrogeodetic

data of comparable accuracy as well as DTM data with a similar resolution and

vertical accuracy. On the other hand, it should be recalled that our results refer to

astronomical-topographic levelling in mountains where the gravity field variability

tends to be higher. In flat terrain, in general somewhat better accuracies can be

expected.

Role of systematic errors As the method of astronomical levelling is based on

integration, even small systematic errors quickly degrade the attainable accuracy.

The UCAC star catalogue is known to contain systematic position errors of about

0′′.01, whereas the Tycho-2 catalogue is considered to be practically free of sys-

tematic error sources (Zacharias et al. 2000). In order to control the processing of

the DZCS observations, both the UCAC and the Tycho-2 catalogue were applied.

A second reason for using UCAC is related to the fact that Tycho-2 did not

provide enough reference stars for the processing of all astrogeodetic observations.

The definitive vertical deflection data (ξ, η)obs used in this study was computed as

the average of the solutions obtained from both catalogues. Hence it is reasonable

to assume a remaining systematic error ∆ε of about 0′′.005.

As a rule of thumb, a systematic error of 1′′ causes an offset ∆∆ζ in the com-

puted quasigeoid of 5 mm over a profile length of 1 km (= 5 ppm). Hence, the

propagation of systematic errors ∆ε over arbitrary profile distances d is estimated

as follows:

∆∆ζ = 5 mm
∆ε

1′′
d[km]
1[km]

. (27)
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The systematic error ∆ε of about 0′′.005, attributable to the star catalogue,

is therefore estimated to cause an quasigeoid offset ∆∆ζ of 0.25 mm and 2.5 mm

over distances of 10 km and 100 km, respectively. A comparison with the accuracy

numbers given in Table 9 shows that systematic errors play an important role in

the error budget of astronomical-topographic levelling with station spacings from

a few 100 m to about 2 km.

Another known error source with systematic behaviour is the effect of anoma-

lous refraction, which may affect the astrogeodetic observations. The characteris-

tics of anomalous refraction (e.g., amplitudes and fluctuation) were studied in the

time-domain at one selected station outside the working area (cf. Hirt 2006). This

study found that anomalous refraction usually may reach amplitudes from 0′′.05

up to about 0′′.2 at frequencies of some hours.

The spatial behaviour (e.g., correlation of astrogeodetic observations at ad-

jacent stations), however, is still unknown and cannot be quantified. As the as-

trogeodetic data used for this study was acquired in different weather situations

during an observation period of four weeks, and at stations with heterogeneous

environmental conditions, it seams reasonable to assume that systematic errors

due to anomalous refraction plays no significant role for this study. This assump-

tion is corroborated by the differences obtained from 38 repeated observations

performed in different nights (Sect. 3.2), which show no significant systematics

and follow a normal distribution.
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8 Conclusions and applications

The method of astronomical-topographic levelling was investigated with focus

on the combination of high-precision astrogeodetic with topographic vertical de-

flections computed from DTM data. The attainable accuracy of local quasigeoid

profiles was analysed. The use of topographic data for the interpolation of astro-

geodetic vertical deflections keeps the interpolation error small and thus reduces

the number of astrogeodetic measurements needed.

The general conclusion of this study is that astronomical-topographic levelling

provides information on the geometry of the local gravity field (e.g., quasigeoid

or equipotential surfaces) at an accuracy level of 0.05 − 0.1 ppm when the as-

trogeodetic stations are densely arranged (several 100 m up to 2 km). For station

spacings of 3− 6 km and profile lengths of several 10 km, the accuracy of quasi-

geoid profiles is around 0.2− 0.5 ppm. Due to the Alpine environment of the test

area (e.g., surrounding rugged topography and mass-density variations) the results

are assumed to be representative – at least not too optimistic – for most other areas.

Depending on the application and desired accuracy, the derived error prop-

agation rule of astronomical levelling may assist in deciding on the appropriate

station spacing. For station spacings from a few 100 m to about 1 km, gaps be-

tween the astrogeodetic stations are almost adequately bridged by the topographic

deflections. For a larger station spacing of several kilometres however, the signal

omission error rules the attainable accuracy level, as the gravity field’s fine struc-

ture is not completely accounted for. Small systematic error sources are found to

dominate the error budget only when the astrogeodetic stations are densely spaced.
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The remarkable accuracy of astronomical-topographic levelling is attributed

both to the unprecedented accuracy of the astrogeodetic observations of about

0′′.08− 0′′.01, and to the improved efficiency achieved by DZCS, as well as to the

high-resolution DTM data sets used in the combination.

The use of different DTM sets with spatial resolutions of 10 m and 50 m and

vertical accuracies of about 1− 3 m revealed no significant impact on the results.

Therefore a DTM resolution of about 50 m and a vertical accuracy of about 3 m is

considered to be sufficient for astronomical-topographic levelling. The investiga-

tion of astronomical-topographic levelling using DTM data with somewhat lower

spatial resolution, such as the 90 m SRTM data, remains as a future task.

Applications Due to its very low noise level, the technique of astronomical-

topographic levelling is well-suited for the local and regional validation of gravity

field models derived from other observables, e.g., gravity, GPS/levelling or satel-

lite data. Such a validation project is currently ongoing in Germany from the Harz

mountains to the Bavarian Alps (cf. GOCE GRAND 2005). The local validation

of gravimetric gravity field models and GPS/levelling by means of astrogeodetic-

topographic levelling was already performed with success by Hirt et al. (2006)

and Flury et al. (2006).

A further interesting application field is the calibration and validation of

INS/GPS vector gravimetric measurement systems. Currently, minor use is be-

ing made of the vertical deflections as obtained by those systems (Jekeli and

Li 2006). A dense set of precise predicted vertical deflections, provided by

astronomical-topographic levelling, may help to obtain a proper accuracy assess-

ment of INS/GPS systems for 3D-vector gravimetry.
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Another possible application is the efficient local gravity field determination

along profiles in geodetically less developed regions, e.g., for hydraulic engi-

neering projects in South America or Africa. Here, the decided advantage of the

astronomical-topographic levelling technique is that, apart from the DTM data, no

gravity field observations are required outside the working area – other than in the

gravimetric method.

For example, a quasigeoid profile of 100 km length is assumed to consist of

50 astrogeodetic stations. Using a DZCS, the required vertical deflection data may

be observed in 3 − 5 clear nights. The combination with topographic deflections,

computed e.g. from available SRTM terrain data, is expected to provide an accu-

racy of the quasigeoid on the centimetre level. Hence, astronomical-topographic

levelling may be an economic and accurate technique for gravity field surveys in

such areas.
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Table 1 Statistics of the astrogeodetic measurement campaign 2005 in the Bavarian Alps. A

single observation refers to vertical deflection values computed from one pair of digital star

images acquired with the DZCS. On average, each single solution relies on 90 reference stars

and each station on about 4200 reference stars.

Number of stations 103

Double occupations (in different nights) 38

Number of stations per night 5− 17

Single observations (total) 6700

Single observations (per station) 48

Processed UCAC stars (total) 589000

Processed UCAC stars (per station) 4180
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Table 2 DTM resolution used for the distance zones around each computation point.

zone outer limit mesh width method

1 200 m 10 m / 50 m cuboids / polyhedra

2 5 km∗ 50 m cuboids

3 10 km∗ 200 m cuboids

4 80 km 1 km cuboids

5 150 km 4 km cuboids

6 350 km 16 km cuboids

∗less for the southernmost part of the profile due to the limited LVG data

Table 3 Near-zone contribution: differences of topographic deflections (in arc seconds) using

various methods, DTM resolutions and DTM versions for innermost zone 1

methods / grids mean max min RMS

50 m cuboids η 0.001 0.148 -0.124 0.024

- 10 m cuboids ξ 0.001 0.122 -0.070 0.018

50 m polyhedra η 0.000 0.176 -0.079 0.019

- 10 m cuboids ξ 0.000 0.086 -0.081 0.012

new - old DTM, η 0.006 0.160 -0.070 0.026

50 m polyhedra for both ξ 0.000 0.082 -0.152 0.019

Table 4 RMS of the (∆ξ, ∆η) deflection data computed from the noise vector n

DTM data set RMS∆ξ [′′] RMS∆η [′′]

50 m cuboids 0.085 0.082

50 m polyhedra 0.086 0.078

10 m cuboids 0.081 0.079
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Fig. 1 Vertical deflections, collected with the TZK2-D DZCS in the Bavarian Alps. Located in

the Isar valley, the astrogeodetic profile starts at the lake Walchensee and ends near the German-

Austrian border. The left panel shows the original vertical deflection data as observed. The set

contains a strong trend in southern direction due to the attraction of the Central Alps. Detrending

the vertical deflections removes the impact of the Central Alps and makes the gravitational

attraction of the local topography clearly visible (right panel). The obtained field of vertical

deflections shows the direction variations of the local gravity vector from station to station. GK

= Gauss-Krüger coordinate system.
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Table 5 Formation of 629 different subsets

name of set station count spacing [m] shift

reference 103 230 0

subset 2 0 51 460 0

subset 2 1 51 460 1

subset 3 0 34 690 0

subset 3 1 34 690 1

subset 3 2 34 690 2

subset 4 0 25 920 0

subset 4 1 25 920 1

subset 4 2 25 920 2

subset 4 3 25 920 3

subset 5 0 21 1150 0

... ... ... ...

subset 35 0 3 8050 0

... ... ... ...

subset 35 34 3 8050 49
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Table 6 Statistics for the predicted deflections ξ and η as a function of the spacing between

stations with observed deflection data. #stat dep is the number of stations with known deflection

data used in the prediction. #stat ind refers to the number of independent stations used for the

computation of the statistics.

Description of subset Component ξ Component η

subset spacing #stat #stat min max mean RMS min max mean RMS

no. [m] dep ind [′′] [′′] [′′] [′′] [′′] [′′] [′′] [′′]

2 0 460 51 51 −0.25 0.30 0.00 0.11 −0.39 0.27 −0.01 0.12

3 0 690 34 68 −0.36 0.34 −0.02 0.17 −0.29 0.24 −0.00 0.15

4 0 920 25 75 −0.28 0.34 0.02 0.19 −0.43 0.31 0.02 0.21

5 0 1150 20 80 −0.32 0.31 −0.06 0.26 −0.24 0.30 0.16 0.25

6 0 1380 17 85 −0.32 0.30 −0.06 0.26 −0.42 0.25 0.03 0.27

8 0 1840 12 84 −0.32 0.30 −0.02 0.35 −0.36 0.35 0.23 0.35

10 0 2300 10 90 −0.51 0.33 −0.36 0.47 −0.39 0.35 0.04 0.38

17 0 3910 6 96 −0.74 0.58 −1.28 1.15 −0.37 0.41 0.45 0.69

26 0 5980 3 75 −0.88 1.01 4.95 2.67 −0.54 0.27 −3.12 1.13

35 0 8050 2 68 −0.77 0.57 −1.49 2.00 −0.57 0.27 −3.62 1.33

Table 7 Statistics of the comparison between the two independent subsets 2 0 and 2 1

spacing min max mean RMS std. dev.

[m] [mm] [mm] [mm] [mm] [mm]

460 −1.50 0.11 −0.82 0.91 0.6
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Table 8 Comparison between LSC (use of the 50 m DTM data) and linear interpolation (without

DTM data). The spacing between observed vertical deflection stations ranges from 230 m to

2300 m. The RMS is accumulated over the complete profile length of 23 km. The maximum

differences refer to the total profile length.

Levelling approach: astron.-topograph. astronomical

Interpolation technique: LSC linear

Use of DTM data: yes no

spacing max diff RMS max diff RMS

[m] [mm] [mm] [mm] [mm]

230 0.00 0.00 1.26 1.01

460 0.78 0.44 21.99 3.58

690 0.83 0.34 24.65 3.52

920 0.76 0.26 30.12 17.96

1150 0.93 0.42 39.89 24.06

1380 1.18 0.45 22.31 6.54

1610 4.28 2.68 39.21 22.58

1840 2.81 0.68 22.13 13.11

2070 2.46 1.22 78.44 45.98

2300 3.73 1.46 96.47 56.16
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Table 9 Accuracy of astronomical-topographic levelling as a function of the station spacing. spa

= spacing of the stations and len = length of the profile. The table shows the attainable accuracy

in [mm] for a quasigeoid height difference over some profile lengths given in the first column.

The station spacing is listed in the first row. Note that the impact of systematic errors is not

included.

spa. [km] 0.5 0.75 1 2 3 4 5 6

len. [km]

10 0.4 0.6 0.8 1.6 4.1 6.4 8.0 11.0

20 0.6 0.8 1.1 2.3 5.8 9.1 11.3 15.6

30 0.7 1.0 1.4 2.8 7.1 11.1 13.9 19.1

40 0.8 1.2 1.6 3.2 8.2 12.8 16.0 22.0

50 0.9 1.3 1.8 3.6 9.2 14.3 17.9 24.6

75 1.1 1.6 2.2 4.4 11.2 17.5 21.9 30.1

100 1.3 1.9 2.5 5.1 13.0 20.2 25.3 34.8

200 1.8 2.7 3.6 7.2 18.3 28.6 35.8 49.2

300 2.2 3.3 4.4 8.8 22.5 35.1 43.8 60.2

400 2.5 3.8 5.1 10.1 25.9 40.5 50.6 69.6
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Fig. 2 Topographic deflection component ξ computed from different DTM data and geometric

bodies in the innermost zone 1. Note that the topographic deflections computed from 50 m

polyhedra and 10 m cuboids coincide well and show a smoother behaviour than those derived

from 50 m cuboids.
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Fig. 3 Combination approach for the interpolation. The left column shows the results for ξ and

the right column for η, both as a function of the profile distance. (a): observed and topographic

deflections. (b): topographically reduced deflections, on the same scale as used in (a). (c): topo-

graphically reduced deflections, on a larger vertical scale. Filtered and predicted reduced vertical

deflections are shown. (d): residual noise vector n, showing the differences between topographi-

cally reduced and filtered deflections. (e): dense data sets of predicted surface deflections shown

together with the astrogeodetic observations. Note that the striking peak-like structures, espe-

cially apparent in (a) and (e) as well as partly in (c), originate from azimuth changes between

adjacent profile sections (cf. Fig. 1).
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Fig. 5 Predicted surface vertical deflection ξprd in the profile range 0 − 5 km. Note that the

peaks, e.g., at 0.3 km, 1.7 km and 2.1 km, originate from azimuthal changes of the profile (cf.

Fig. 1, station arrangement at Lake Walchensee).

Fig. 6 Top: Astrogeodetic quasigeoid profile in the Bavarian Alps, computed from 103 astro-

geodetic observations and DTM data. Bottom: Detrended profile (difference between the quasi-

geoid profile and a regression line) reveals the fine structure
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Fig. 7 Use of a vertical deflection (ξ, η)obs subset for prediction of (ξ, η)prd data. (a): observed

and topographic deflections. (b): topographically reduced deflections. (c): predicted surface de-

flections shown together with the astrogeodetic observations used in the prediction (open circle)

and independent observations (full circle) (d): Prediction error δξ, computed with respect to the

independent observations.
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different DTM data sets
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as a function of the station spacing


