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Abstract

One of the important scientific research focuses worldwide has been on the study
of behavior of materials at micro and nano-scales. Continuing theoretical and
technological development in this area has led to the development of many
biological and engineering devices and systems which involve fluid flow through
micro-channels, referred to microflows. Typical examples include fuel cells, drug

delivery systems and energy conversion devices.

As the functional characteristics of micro-systems depend, to a large degree, on
the behavior of fluid flow in the micro-channels, it is extremely important to study
microflows. In recent years, many investigations were carried out to study various
flow problems of Newtonian and non-Newtonian fluids under the steady state
condition. However exact solutions to many flow problems of Newtonian fluids in
micro-channels under the unsteady condition have not been developed and
investigated. Hence, in this project, we study the unsteady flow of incompressible
Newtonian fluids through rectangular and elliptic micro-channels with boundary

slip.

For the unsteady flow through micro-channels of rectangular cross-section, the
governing equations are constructed and formulated in the rectangular coordinate
system. Then by using Fourier series expansion and separation of variables, the
governing partial differential equation for the velocity field is successfully
reduced to two simpler families of boundary value problems which are then
solved analytically. From the derived exact solution of the velocity field, the
transient flow rate and the stress field in the fluid are subsequently derived. An

investigation is then conducted to study the behaviour of microflows in



rectangular channels. Various interesting results, showing the influence of
boundary slip and cross-section geometry (width to depth ratio) on the flow

behaviour and efficiency, have been obtained and presented in the thesis.

For the unsteady flow through micro-channels of elliptic cross section, the
complete set of governing equations, including the partial differential equation
and the boundary conditions, are formulated in elliptic cylindrical coordinates.
Then by using Fourier series expansion and separation of variables, the partial
differential equation for the velocity field is successfully reduced to two families
of Mathieu type equations which are then solved analytically subject to the
symmetric condition and the slip boundary condition. Exact solutions for the
transient flow rate and the stress field in the fluid are then derived subsequently.
The solutions are expressed in terms of the Mathieu functions and the modified
Mathieu functions, which are in series form and are determined by computing
their characteristic numbers and the coefficients of the series. A numerical
investigation is then conducted to demonstrate the flow behavior of fluids in

elliptic micro-channels.
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Chapter 1

Introduction

1.1 Background

Fluid flow in micro-channels has emerged as an important research area. This has
been motivated by its various applications such as medical and biomedical use,
computer chips, and chemical separation. The advent of Micro-Electro-
Mechanical Systems (MEMS) has opened up a new research area where non-
continuum behaviour is important. MEMS are one of the major advancements of
industrial technologies in the past decades. Micron-size mechanical and
biochemical devices become more familiar both in commercial applications and in
scientific research. Micro-channels are the fundamental part of microfluidic
systems. In addition to connecting different devices, micro-channels have also
been used in biochemical reaction chambers, physical particle separation, inkjet
print heads, infrared detectors, diode lasers, miniature gas chromatographs, or as

well as heat exchangers for cooling computer chips [13].



Many investigations have been carried out to study various flow problems of
Newtonian and non-Newtonian fluids in micro-channels with Navier slip
boundary conditions over the recent years [7, 9, 10, 16, 17, 27, 33, 34, 35, 36].
Some attempts have also been made to emerge alternative formulae for the
determination of the slip length [4, 30, 35]. Although exact and numerical
solutions to various flow problems of Newtonian fluids under the no-slip
assumption have been obtained [2, 3, 24, 39], very few exact solutions for the slip
case are available. Recently, some steady state slip solutions for the flows through

a pipe, a channel and an annulus have been derived [4, 20, 27, 35].

Advancement from the research community in sciences at microscale and
nanoscale led to the development of many biological and engineering devices and
systems [12]. Most of these devices and systems involve fluid flow through
micro-channels, referred to as microflows [1, 5, 11, 12]. Typical examples
include fuel cell devices, drug delivery systems [32], biological sensing and
energy conversion devices [15]. As the behaviour of fluid flow in these systems
determines the functional characteristics of the systems, the study of microflows
is attracting more and more attention from the science and engineering
communities in order to derive a better understanding of the mechanism of

microflows and develop better models [19].



To describe the slip characteristics of fluids on the solid surface, Navier
introduced a more general boundary condition. This condition attracts significant
attention of the science and engineering communities for the study of flows in
micro-scale. Recent advancement in the manufacture of micro devices enable
experimental investigation of fluid flows in micro-scale, and many experimental
results have provided evidence to support the Navier slip condition [22, 23, 31].
Some attempts have also been made to use nanotechnologies for the surface
treatment of micro-channels so as to achieve large slip for maximizing the

transport efficiency of fluids through micro-channels.

Many experimental results were shown to support the no-slip boundary
conditions. However, it has been established that the interaction of fluids with the
solid surface of micro-channels is very different from that in large systems, due to
the large ratio of surface area with volume for the microsystems. The flow of
fluids in microsystems is granular and slip can occur [2, 24, 31, 35, 36 ]. Hence,
the no-slip condition is not acceptable for fluid flows in micro-channels although

it is applicable to fluid flow in large systems [35]

There are many analytical results for the steady state flow of Newtonian fluid.
Duan and Muzychka [36, 37] examined the solution for slip flows through
rectangular ducts and elliptical ducts. The velocity distribution satisfies the slip

boundary condition at the walls.



Duan and Muzychka [36] investigated slip flows in elliptic micro-channels. An
analytical solution of Poiseuille number was obtained using the method of
separation of variables in elliptic cylindrical coordinates. A simple model was
developed for predicting the Poiseuille number for the slip flow in elliptic micro-
channels. They also investigated the slip flow in non-circular micro-channels. A
simple model was developed for predicting the friction factor Reynolds product

for the slip flow in noncircular micro-channels.

Wu et al. [35] examined transient flows of Newtonian fluids through microtubes,
and B. Wiwatanapataphee et al. [4] studied transient flows through micro-annuals
with slip boundary. They assumed that the fluid flow is driven by the pressure
field with a pressure gradient which can be expressed by a Fourier series but their
work is limited to the cases where the pressure gradient varies with time only.
Based on the solutions, they analysed the influence of the slip parameter on the

velocity and the flow rate as well as the stress field in the fluid.

1.2 Objectives

Although a significant advancement in the study of velocity profile of slip flows
in rectangular and elliptical micro-channels have been made, there are still many

problems which require further investigation.

This research mainly studies the exact solutions for the unsteady flows in

rectangular and elliptical micro-channels with slip boundary. The main objective



of this research is develop and investigate the analytical solutions for fluid flows
in rectangular micro-channels and elliptical micro-channels with slip boundary.

The specific objectives are as follows.

(1) Construct a complete set of equations for fluid flows in micro-channels of
rectangular cross-section with slip boundary. This includes construction of the

governing field equation and the slip boundary conditions.

(2) Derive analytical solutions for the slip flows in rectangular micro-channels,

including exact solution for the velocity field, the flow rate and the stress field.

(3) Investigate the velocity profile and the behaviour of fluid flows in micro-

channels of rectangular cross-section as well as the influence of slip parameter.

(4) Formulate the governing equations for unsteady slip flows in elliptic micro-
channels, including transforming the governing partial differential equations and

boundary conditions to elliptic cylindrical coordinates.

(5) Develop analytical solutions for unsteady slip flows in micro-channels of

elliptic cross-section.

(6) Investigate the flow behaviour of fluids in elliptic micro-channels and

investigate the influence of the slip parameter on the flow behaviour.

1.3 Outline of the Thesis

This thesis develops various theoretical results for transient flows of Newtonian
fluids through micro-channels with slip boundary conditions. The thesis is

organized as follows:

Chapter 1 introduces the background of the research, and presents the objectives

of the research.



Chapter 2 reviews previous research results relevant to the field of study,
including review of fundamental field equations, boundary conditions, methods of

solutions, and some relevant solutions.

Chapter 3 develops analytical solutions for the unsteady slip flow in rectangular
micro-channels, including the exact solutions for the velocity field, the flow rate
and the stress field. Flow behaviour for two special cases, corresponding to
constant and wave form pressure gradient respectively, are investigated. The

influence of the slip parameter on the flow behaviour is also investigated.

Chapter 4 develops analytical solutions for the unsteady slip flow in elliptical
micro-channels. The work is restricted to investigation for wave form pressure

gradient only as the result for constant pressure gradient has been found earlier.

Chapter 5 concludes the research project and discuss some problems for further
research.



Chapter 2
Literature Review

2.1 An Overview

Fluid dynamics are concerned with the motion of liquids and gases. At macros-
copic studies, fluids and gases are assumed to be continuous in structure. All the
variables are considered to be continuous functions of the spatial coordinates and
time. The equations governing the fluid flow include the continuity equations and
the Navier-Stokes equations. They can be used to model the movement of air in
the atmosphere, ocean currents, water flow in pipes, and many other fluid flow

phenomena.

The general equations for fluid flows are time-dependent and consist of a
continuity equation for conservation of mass, three conservation of momentum
equations and a conservation of energy equation. Usually, these equations, in real
world applications, cannot be solved in a closed form. However, in some special

cases, the equations can be simplified and analytical solutions may be obtained.

Over the past decades, various studies have been carried out to investigate steady
and unsteady flows through micro-channels under slip or no-slip boundary
conditions. Wu et al. [35] considered the transient flow of an incompressible
Newtonian fluid through a circular micro-tube with the z-axis being in the axial

direction. They formulated the field equations governing the flow including the



continuity equation and the Navier—Stokes equations, then derived an exact
solution for the transient velocity field, the flow rate and the stress field by using

Fourier series expansion.

A method similar to that in [35] is then applied to derive an exact solution for the
transient flow of a Newtonian fluid through a micro-annulu with a slip boundary
involving two parameters respectively for the inner surface and the outer surface.
Analytical results are derived for the transient flow in a circular annual of inner
radius a and outer radius R with the z-axis being in the axial direction. However
the results are limited to the fully developed flow and to the case in which the slip

length does not change along the flow direction.

Duan and Muzychka [36] studied the steady slip flow in elliptic micro-channels.
They examined the momentum equations and considered the various force
balances between the friction and pressure forces for a long micro-channel by
using the method of scale analysis. In the elliptic cross-section, they compare the
scale between friction and inertial forces. The solution has been found by using
the method of separation of variables and the method of Fourier expansion in

elliptic cylindrical coordinates.

In [52], Ebert and Sparrow analysed the velocity and pressure drop characteristics
of the moderately rarefied gas flow in rectangular and annular ducts. The density
level is such that a velocity slip may occur on the duct walls. In general, it is
found that the effect of slip is to flatten the velocity distribution for a continuum
flow; furthermore, the axial pressure gradient is diminished under the slip flow
condition. The effect of compressibility on the axial pressure drop was also
investigated. It was found that compressibility increases the pressure drop
primarily through an increase in viscous shear rather than through an increase in

momentum flux.



Duan and Muzychka [37] studied the slip flow in non-circular micro-channels.
They examined the solution for steady slip flow in rectangular ducts. The solution
for rectangular ducts was derived by using the method of eigenfunction
expansions and following Ebert and Sparrow [52]. A simple model was developed
for predicting the friction factor Reynolds product for slip flows in non-circular
micro-channels. This developed model may be used to predict mass flow rate and
pressure distribution of slip flows and could be extended to the early transition

regime by employing the second order slip boundary conditions.

In this chapter, we will give a comprehensive review on the fundamental theories
for fluid dynamics, the basic methods for the solution of fluid dynamics problems
and some analytical results relevant to this project. In section 2.2, the fundamental
field equations are presented. In section 2.3, two types of boundary conditions are
given, including the no-slip boundary condition and the slip boundary condition.
In section 2.4, some methods for finding exact solutions under no-slip boundary
conditions are reviewed. In section 2.5, some methods for finding exact solutions
under slip boundary conditions are given. In section 2.6, a brief introduction of

numerical studies in the field is given.

2.2 Fundamental Field Equation

The basic variables in continuum mechanics include velocity vector v, density p,

deformation rate d, and stress tensoro . These variables are related by a set of
equations derived from the principles of continuum mechanics, including the
continuity equation, the stress equations of motion, the geometric equations, and

the constitutive equations.



2.2.1 Stress Equations of Motion

To determine the stress field, one needs to construct a set of differential equations

with stress components as unknown functions [107].

»w
Ty +7dy oo

XX

y
dy
X
dx
X O,
o)
o
yx
ny

Figure 2.1: Free body diagram showing the forces acting on a differential element

Consider a differential element as shown in figure 2.1. Assume that the material is

continuous and the stresses are continuous in space, then the stress acting in the

surfaces of the differential element (to a first order approximation) are as shown in

figure 2.1.

From Newton’s second law, the stress and acceleration of the differential element

must satisfy:

10



d ( 5Gdjd 0% gy \dx— o dx-+ pXdxd
-0 +| o +—dx +lo, +—— x—o dx+ x
wdY T y =" 'y x P y @1
= pdxdya,
aayy Gaxy
o, + > dy |dx—o, dx+| o, + " dx |dy—o,dy = pdxdya,, 2.2)
Dv ov Ov
where ¢ =—=—+v—.
Dt ot ox
After simplification, we have
oo,
00, +—=+pX =pa,
Ox oy
) (2.3)
oo,, N oo, oy
> = pa
ox oy pr=pa,
Using index notation, we can write the above equations as
oo,
=+ pX, = pa,, (2.4)
ox .

J

where i, j =1, 2 for two dimensional problems. For three dimensional problems,

equations (2.5) are still applicable with i, j= 1, 2, 3, which can be written in

unbridged form by
oo
00, +—=+ do, +pX =pa,_,
Ox oy oz
oo, Jdo, Jdo, v 2.5)
-~ + +——+pY=pa,, .
ox oy 0z p=Pa
0
ao—xz + O-yz + Gzz +pZ:pa29
ox oy
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2.2.2 Geometric Equations

When an object is subject to external forces, stresses will develop within the
material of the object. The stresses will cause the material to deform including
change in size and shape of the object. To measure the deformation, we consider a
differential element of material within a continuum as shown in figure 2.2. In
general, under the action of an applied force system, the element will be displaced

and deformed as shown in figure 2.2 [107].

0] X
u , + ou dx
B ’ 0x
l«<—>
\ ov
v, +—dx

) dp 4 o

Bl

Figure 2.2: Diagram for the derivation of strain-displacement relations

Suppose the displacement of the point 4, located initially at (x,y) is (u,,v,) with

uA Zu(xayat) ) VA ZV(X,)’J)- (26)

12



From the continuum assumption, the displacement of point B is (u,,v,) and its

first order Taylor approximation is

uB :u(x+dxay>t)=M(x,y,t)+a—udx:uA +a_udx,
0ox ox

v
v, =v, +—dx,
B A ax
and the displacement of point D is (u,,v,) with

u, =u(x,y+dy,t) :u(x,y,l‘)+a_udy =u, +a—udy,
oy oy

ov
v, =V, +a—dy.
As df is small, the stretch of the line AB is
A(dx)=u, —u, =a—udx .
ox

Remark:

df and d@ are small change of angles in x and y direction respectively.

Definition Normal Strain in the x- direction

2.7)

2.8)

(2.9)

The change in the length of AB divided by its original length, representing the

change in length for per unit length in the x-direction, is known as normal strain in

the x-direction and can be determined by

au . .
* dx Ox

13

(2.10)



Similarly, the normal strain in the y- direction measures the change in length for

per unit length in the y-direction and can be determined by

_ v

=% 2.11)

&
»w

The change of shape can be measured by the change of angle from the original

right angle at point 4, that is,

=dO+dpf=—+—=2¢_, 2.12
Yy s o o (2.12)

which is called the angular or shear strain.

The strain displacement relation (2.10) — (2.12) are called geometric equations and

can be expressed in index notation by

ou,
gl,. =l£%+i} (2.13)
2\ ox; oOx

Note that the above equations are also applicable to the 3-dimensional case for

which i, j=1, 2, 3.

2.2.3 Continuity Equation

Based on the mass conservation principle, namely mass cannot be created or

destroyed, one has another fundamental equation, namely the continuity equation.

Consider a closed surface S, fixed in space, enclosing a fixed volume Q2. Let dS be
a differential surface element (on S) with area dS and an outward unit normal
vector N, and let the velocity of the fluid on the element be v, then the velocity

component in the outward normal direction is v, =V . n.

14



In a unit time, the fluid originally on the surface element dS will move a distance
dl = v . n and thus the volume of the fluid flowing out of Q through dS per unit

time 1S
dQ=pv,dS=pv.nds. (2.14)

Integrating dQ over the entire surface leads to a total mass efflux

0=|[pv.nas. (2.15)

As material can be neither created nor destroyed, the mass efflux out of Q can
only be achieved at the expense of a decrease in density within Q. The rate of

decrease of mass within (2 due to the change in density is given by

[[fim 2L a2 =[] S 216

From (2.15) and (2.16), by equating the mass rate of flow out of Q2 and the rate of

decrease of mass within Q2 , we have

—ma—de:”pv.ndS. (2.17)
N
Using the divergence theorem, we have from (2.17) that
op ..
m L 1 div(pv) |dQ=0. (2.18)
o Lot

Finally, since € may be chosen arbitrarily, by assuming the integrand is

continuous, we derive

aa—’to+div(pv) =0, (2.19)

15



which is the equation of conservation of mass expressed in differential form. The
equation above is also known as the equation of mass balance or equation of

continuity.

For incompressible materials, dp/0f=0 and thus the continuity equation

becomes
divv=0. (2.20)
In the x,y,z coordinate, the continuity equation is

Mo g 2.21)
ox 0oy Oz

In the cylindrical polar coordinate (r, 0, z) , the continuity equation is

ror r o oz

2.2.4 Constitutive Equations

Fluids are classified into Newtonian fluids and non-Newtonian fluids. A
Newtonian fluid is a viscous fluid for which the shear stress is linearly
proportional to the rate of deformation. For an isotropic, Newtonian fluid, the

stress-strain relationship is specified by the equations

G, =~ P&, + Ad S, +2ud, (2.23)

[/

where dﬁ:%(vi’j+vj’i) is the rate of deformation tensor and v=(v,v,,v,)

denotes the velocity vector, uis the coefficient of viscosity, and p is the fluid

pressure.

16



For incompressible fluids, d,, =0 and thus

o, =-pd, +2ud, (2.24)

U’

which, in the rectangular xyz coordinate system, can be written as

ou ov ow
o,=—p+t2u—,0, =—p+2u—,0, =—p+2u—,

ox 7 oy 0z
(2.25)

For non-Newtonian fluids, the viscosity ux is not a constant. Various non-

Newtonian models have been proposed including the Carreau model, the
Walburn-Scneck model, the Power Law model, the Casson model and the

generalised power law model.

For the Carreau model [108], the effective viscosity is

nfl)/Z

2l
=g+ (=) 1+ (A7) ]

where [108],
Hy =0.56P, p1, =0.0345P, 4 =3.313s, and n=0.3568.

For the Walburn-Schneck model [108], the effective viscosity is
P CleczH |:ec (rPMalH ):|(7})—C3H ’

where [108],

C, =0.00797, C, =0.0608, C, = 0.00499,

C,=14.585/ g, H = 40% and TPMA =25.9gI"".
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(n-1

For the Power Law model [108], the effective viscosity is u = y, ( 7?) ) where

[108], 1, =0.035, and n=0.6.

For the Casson model [108], the effective viscosity is
2 A e o
IL[ = |:(77 J2 ) + 2 Ty J J2 N

where |7|=2y/J,,7, =0.1(0.625H) ,n=n,(1-H) ", 5, =0.012 and H=0.37

For the Generalised Power Law model [108], the effective viscosity is

(n-1)

b

p=Aly

A(7)=p, +Ayexp{—[l+%]exp(ﬁﬂ,
n(y)=n, —Anexp{—(l+@jexp(ﬁ]],

and 1, =0.035,n, =1.0,Au=0.25, An=0.45,a=50,b=3,c=50,and d =4.

where

2.2.5 Navier Stokes Equations for Incompressible Newtonian
Fluids

Substituting the constitutive equations (2.24 ) into the stress equations of motion

(2.4), we obtain

Dy, op o, oy,
—=pX,——0, +u| ——+ . 2.26
Ppe P e A ( Ox;0x,  Ox,0x, (2.26)

J
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Using the continuity equation (2.20), we have

Dv,
Dy _y 1% £y, (2.27)
Dt pox, p

which are the so called Navier-Stokes equations for incompressible Newtonian

fluids.

The Navier- Stokes equations, written out in unbridged form, are

&: X_la_p_i_ﬁvzu,

Dt pox p
Dv_y 1o kg, (2.28)
Dt poy p

ﬂ:z_la_p_i_ﬁvzw'
Dt poz p

In the rectangular coordinate (x, y, z) system, (2.28) becomes

(va ov, ov, va] op (62\/V o%v, v,
Yol +v +v v —* |= + X

+ + + ,  (2.29
a ey e ]pg" (2.29)

ox*> oy oz

0 ov op , %
— v, —2+y, —+y, —= |=——+ S —+— |+ , (2.30
r ’ ] ,u( o’ oy o ] pgy. (230)

ov ov ov ﬁv] op (82\} v, 0%
+v v, —= |=——+ +

ox> oy’ 8222 J G

In the cylindrical polar coordinate (r,@,z) system, the Navier Stokes equations

are
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o "or rod ‘oz r

_6_p+ i[li(w )j_{_iazv"_{_ﬁ_i% +
o Mo var )T e T a0 |TPE

(6\1, ov, v, 0v, ov, véj
P +v, L+ —L4y L -5 =

a "o rod & r
1, g(la( 9)j+1azvg+azvg+2av,

ro0 Nara ) Pee & ?a_e}pgg’

ot "or rofd “oz)

_8_p+/{l£(r§vzj+iazvz o,

+—= |+ pg..
Oz ror\ or ) r*o6* 822} PE:

(sz ov, v, 0v, ﬁvz]
o +y —24+-L 4y =

2.3 Boundary conditions

(2.32)

(2.33)

(2.34)

Two different types of boundary conditions have been used in fluid mechanics,

namely the no-slip and slip boundary conditions. The no-slip boundary condition

in fluid mechanics states that the velocity of a liquid at the solid wall equals the

velocity of the wall (Koplik and Banavar, 1998). In other words, the fluid at a

solid surface has no relative velocity to it (Zhu and Granick, 2002). When a

viscous fluid flows over a solid surface, there is no relative motion between the

fluid and the solid on the interface (Richardson, 1973).

The slip and the no-slip boundary conditions can be explained physically here. In

[72], the authors consider gas molecules as they strike and reflect from a solid

wall. If the wall is perfectly smooth, the particles reflect at exactly the same angle

6 as light rays from a mirror would. This is termed as specular reflection. The
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molecules conserve their tangential momentum and thus exert no shear on the
wall; i.e., perfect slip flow at the wall. Specular reflection is unrealistic on a
molecular scale, where even the most highly polished wall appears rough. It is
more probable that the impinging particles view the wall as extremely rough and
reflect at some random angle uncorrelated with their entry angle. This is termed as
diffuse reflection. Equilibrium across a plane y adjacent to the wall requires that
the lack of reflected tangential momentum be balanced by a finite slip velocity

u, to provide the shear transmitted to the wall. For perfectly diffuse reflection, this

balance leads to the expression
u,~ (ﬂj (2.35)

where A denotes the mean free path of the gas and the subscript w stands for wall.
If we assume that only a fraction f of the molecules are reflected diffusely, the slip

velocity becomes (Kennard ,1938)

uwz(z—q,i(ﬂj . (2.36)
f dy ),

The slip is not important at high Reynold numbers and possibly at low Reynold
numbers. At high Reynolds numbers, the flow near the wall is turbulent where the

no-slip happens, i.e.,u, = 0. On the other hand, it is possible to have significant

slip at high Mach numbers and low Reynolds numbers, where the boundary layer

is laminar [72].

Under normal situation, the no-slip condition provides a realistic restriction on
solutions of the Navier-Stokes equation, except for rarefied gases. Under certain
low density condition, it is still possible to presume these as continua with
Newtonian properties but a slip condition has to be assumed. Confidence in the

relevance of this boundary condition stems from both direct experimental
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evidence and the success achieved by theories which incorporate this assumption

[87].

Let us inquire the origin of the no-slip condition. Kinetic theory and thermo-
dynamic arguments can be called upon to give an explanation of the no-slip
condition for the gas, where the molecules of gas are required to remain chemical-
ly adsorbed onto a solid surface for a sufficiently long time to attain a thermal
equilibrium. A similar explanation in molecular terms is possible for liquids. It
can be stated that intermolecular forces between the liquid and a solid wall cause a

ligament in the no-slip condition [87].

An alternative explanation of the origin of the no-slip condition relies on the fact
that all solid surfaces are, in practice, rough on microscopic scale (Pearson &
Petrie, 1968). They consider the boundary conditions which are applied at solid
surface in the observation of a polymer melt does, which show a slip velocity,
while a no-slip condition seems to be relevant for moderate values of the shear
rate at the solid boundary. Richardson (1973) elaborated the original physical
ideas of Pearson & Petrie (1968) and the flow of an incompressible Newtonian

fluid over a particular family of models for a rough wall was examined in detail.

The no slip boundary condition has been used over the last decades, that is, the
fluid velocity relative to the solid is assumed to be zero on the fluid solid interface
[58]. However, evidence of slip of a fluid on a solid surface has been reported
[57]. Recent experiments in micrometer scale and molecular dynamic simulations
have shown that the flow of fluids in microsystem is granular and slip can occur
on the fluid-solid interface [53, 54, 59, 63, 65]. Therefore for the study of
microflows, it is important to take into account the boundary slip of fluids on the

fluid solid interfaces.

On the other hand, the no-slip condition is not acceptable for fluid flows in micro-
channels under certain conditions such as those investigated in [61, 62] . Many

experimental results have provided evidence to support the Navier slip boundary
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condition [55, 57, 64], namely the fluid velocity tangential to the solid surface,
relative to the solid surface, is proportional to the shear stress on the fluid-solid
surface. The proportionality is called the slip length [56, 64]. Some attempts have
also been made to derive alternative formula for the determination of the slip
length [4, 60]. In this condition, we have the linear slip boundary conditions and

the nonlinear slip boundary conditions.

In [35], to completely define the problem, the authors use the linear Navier slip
boundary condition. That is, on the solid-fluid interface » = R, the axial fluid
velocity, relative to the solid surface, is proportional to the shear stress on the

interface. Assume that the rigid micro-tube moves with an axial velocityv,(¢),

then the Navier slip condition can be written as

o (R,t)

u(R,1)—v (1) =1 (2.37)

where u is the fluid viscosity, R is radial outer surface and ¢ is the so-called slip
length, the negative sign on the right-hand side of the above equation is to reflect
that the shear stress on the interface is always in the opposite direction of the axial
fluid velocity, as any tangential momentum of a fluid particle relative to the solid
surface will always be restricted by a resistance force acting on the opposite
direction of the relative movement; o,_(R,¢) is the shear stress on the interface
between the fluid and the wall of the micro-tube. For ¢/ = 0, the above condition
reduces to the no-slip boundary condition, while for ¢—oo, the above equation

gives a surface traction condition for a perfectly smooth surface, i.e. o_(R,7)=0.

For the problem considered in [35], the authors assume that the micro-tube is
fixed spatially, i.e. v,(¢) = 0. Thus by noting that o_(R,t) = ,ug—u , it results
r

ou(R,t)

u(R1) ===

(2.38)
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In [4], with slightly different boundary conditions, by adding inner surface with
radius a, the Navier slip boundary conditions are written in the form of

ou(a,t) Ou(R,1)
a b

u(a,t) ==+, , u(R,f) =0, (2.39)

where (,and (,denote the slip parameters of the inner surface and the outer

surface, respectively. It is assumed that the slip parameters do not change along

the flow.

Wiwatanapataphe et al. [4] have given argument concerning the signs for the
terms on the right-hand sides of the above equation, while in the other literature,
all the four possible cases are considered and the physically feasible cases are

determined based on the solution derived.

In [37], the authors examined the solution for the steady slip flow in a rectangular
duct. With similar reason, the velocity distribution must satisfy the linear slip
boundary condition on the wall. The local slip velocity is proportional to the local

velocity gradient normal to the wall. Due to symmetry, the boundary conditions

are
uz—lz_—aa—u on y=b0<x<a,
o Oy
uz—lz_—aa—u on x=a,0<y<b,
; o Ox (2.40)
_u:() on y=0,0<x<a,
oy
ou
—=0on x=0,0<y<b,
ox

where A is the molecular mean free path. The constant ¢ denotes the tangential
momentum accommodation coefficient, which is usually between 0.87 and 1
(Rohsenow , 1961). The most usual conditions correspond to ¢ = 1; therefore, ¢
may be assumed to have a value of unity. The same procedure is valid even if

6 # 1 by defining a modified Knudsen number as
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Kn* = K”(z‘f’%, (2.41)

where Kn is an original Knudsen number. This boundary condition will be used in
conjunction with finding analytical solution of transient slip flows in rectangular

micro-channels, which will be described in chapter 3.

In [36], the local slip velocity is proportional to the local velocity gradient normal
to the wall. In elliptic cylindrical coordinates, the boundary conditions, for a one

quarter basic cell, are

La—”zo ony =0,
Jg, ov
La_u:() Onl//:%,
Je, oy
242
—1 8_u=0 onn =0, ( )
Je, on
2-0

g =g =c (cosh2 n—cos’ 1//) ,

where Ais the molecular mean free path, and the constant o denotes the
tangential momentum accommodation coefficient which has values typically
being between 0.87 and 1. Although the nature of the tangential momentum
accommodation coefficients is still an active research problem, almost all
evidence indicates that for most gas-solid interactions the coefficients are

approximately 1. The same procedure is valid even if o #1, defining a modified

Knudsen number as Kn = Kn(2—0)/ .

The parameter 7, is related to the major and minor axes through
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1-b/a

n, = €n—2 . (2.43)
J1-(b/a)
The half focal length of ellipses c is defined by
c=—2 b (2.44)

~ cosh 7, ~ sinh M

This boundary condition will be utilized in conjunction with finding analytical
solutions for the transient slip flow in elliptical micro-channels, which will be

described in chapter 4.

In [20] the standard no-slip boundary condition is replaced by the nonlinear
Navier boundary condition, where the slip velocity is assumed to be proportional
to the tangential viscous stress and the degree of slip is measured by a non-
constant slip length. For an incompressible Newtonian fluid the viscous portion of

the stress tensor is given by S =2ud where u is the viscosity and d is the rate of

deformation tensor. On a solid surface, the tangential component of the velocity is

assumed to satisfy the Navier boundary condition
v =20d (2.45)

where (" is the slip length with the same sign as d, since it is always assumed that
the tangential component of the velocity Vv* is positive in the direction of flow.

For the nonlinear Navier boundary condition, it is assumed that the slip length

¢"depends on the tangential viscous stress on the solid surface through the

following relation
r=a'(1-28d) ", (2.46)
where

ﬂ* = [chritical ]_1 . (247)
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In some critical (maximum) shear rate with the same sign as d, the value is such

that the inverse square root does not become negative. It should be noted here that
when 8" =0 we have/ =, thatis " corresponds to the constant slip length of

the boundary condition.

As an example, consider the steady flow of an incompressible Newtonian fluid
through an infinite pipe with radius R along the z-direction. The nonlinear Navier

boundary condition for the case where o >0 and £ >0 on the inner surface of

the pipe is

rzl,vZ:—o{l+ﬂ T— (2.48)

*

where a:% and f=4upB /AR .

2.4 Existing Exact Solutions for No-Slip Boundary Conditions

Not every non-linear partial differential equation can be solved analytically. Some
of them are difficult to solve. In the case that the equation cannot be solved
analytically, there are methods available to solve the problem numerically. On the
other hand, a direct search for exact solutions is now much more viable. In this
section, we will introduce some popular methods which have been employed to
derive exact solutions for Navier-Stokes equations and review some previous

results.
The fundamental governing equations for fluid mechanics are the Navier-Stokes

equations. This inherently nonlinear set of partial differential equations has no

general solution, and only a small number of exact solutions have been found.
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Exact solutions of Navier-Stokes equations are very important. As pointed out in

[46], the following are two reasons:

1. The solutions represent fundamental fluid dynamic flows. Hence, due to the
uniform validity of exact solutions, the basic phenomena described by the
Navier- Stokes equations can be more closely studied.

2. The exact solutions can be used for checking the accuracies of approximate
methods, such as numerical, asymptotic, or empirical. The complete numerical
integration of the Navier-Stokes equations can be made more feasible due to
current advancement in computer technology. However, the accuracy of the

results can only be convinced through a rigorous error analysis.

Now, let us define an exact solution of the Navier-Stokes equations. Let g(x, 7) be
the velocity vector, a function of space x and time ¢ Let p(x, ¢) be the pressure.

The density p and the kinematic viscosity v are constants. Conservative body
forces may be absorbed into the pressure term. Although o can be eliminated by

taking the curl of the Navier-Stokes Equations, the constant v (or, in non-
dimensional form, the Reynolds number) is a basic parameter. An exact solution
is defined as the functions satisfying the Navier-Stokes equations and the
continuity equation for all x, #. Obviously, all closed-form solutions of these

equations are exact solutions.

Direct numerical solutions of the partial differential equations are not exact
solutions, no matter how accurate, because the value of v has to be assigned for
each solution. On the other hand, similarity solutions, where o is implicit in the
similarity transforms, and where universal curves can be obtained once and for all,
are exact solutions. The definition of infinite-series solutions obtained from
expansion or separation of variables is excluded from this discussion. The reason

is that the series could not be exact unless summed to infinity. The degenerate
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potential-flow solutions, although satisfying the Navier-Stokes equations, are also

not an exact solution (Wang, 1991).

The existing exact solutions have been published in a wide variety of journals.
Most of the exact solutions are obtained by a variety of methods and address
specific fluid-dynamic problems. In some cases, it is difficult for a researcher in
fluid mechanics to know, for a certain problem, whether an exact solution exists
or not. A notable example is the oblique stagnation flow on a plate, which was

solved independently three times within a span of 47 years [Wang, 1991].

Generally, after the fluid dynamic model is simplified by some assumptions, the
equations can be solved subject to some boundary conditions. For flows in micro-
channels, many methods have been applied such as the direct methods, the Fourier
Series Solution methods, the Variation methods, the Laplace Transform

Technique and the Series Solution method.

2.4.1 Laplace Transform Technique

In [79], Das and Arakeri give a procedure to obtain analytical solutions for the
unsteady laminar flow in an infinitely long pipe with circular cross section, and in
an infinitely long two dimensional channel, created by an arbitrary but given

volume flow rate.

The governing equation in [79] is derived by the assumption that the flow is
incompressible and bidirectional in an infinitely long circular pipe with zero swirl,
re,, v,=0, v =0 andv, =u=u(r,t). The condition of incompressibility implies

that any pressure change is felt instantaneously everywhere. After substituting
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these into the Navier Stokes equation (2.32), the governing equation of motion in

the x-direction is

(2.49)

Coox ? v or

ou_10P o o’u 10u
ot p Ox '

The boundary condition is no-slip boundary condition and initial condition is also
needed for the wvelocity, u(r,0), which depends on the problem under
consideration. The solution of these equations is possible if the pressure, as a
function of time, is known. In this case, however, the pressure is unknown and is
determined indirectly by the volume rate, which is given. The velocity is related

to the volume rate by

j27zru(r,t)dr =u, 7R’ =0(), (2.50)

where u, is the velocity averaged over the cross section; it can be considered as

the velocity of a piston which would give the flow rate Q.

Additional conditions required areZ—P =0, as required by the radial momentum
r
equation in the absence of any body force. The boundary conditions are

ou(0.1) _

I

u(R,t)=0 and 0. (2.51)
The analytical solution of equation (2.49) is found in [79] by using the Laplace

transform technique.

The Laplace transform of Eqs.(2.49), (2.50) and (2.51) are shown to be

d’u(r,s) +l du(r,s) s

_ldP(xs) 1
dr’ roodr v

u(r,0), (2.52)
v

u(r,s)
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it(R,s)=0 , (2.53)

daul_y (2.54)
dl" r=0
g
[2rriadr =i, ()2 R* , (2.55)
0

where 7 and P are Laplace transform of # and P, i.e.,
i(r,s) = j: eu(r,t)dt, P(r,s)= j: e P(r,t)dt . (2.56)

The equation (2.52) is a second order inhomogeneous ordinary differential

equation with solution of the form

1(r,s) = Cy(p.r) + CK,y(p.r) +4, (2.57)

where ¢, is the particular solution, p=+/s/v, [, and K, are modified Bessel

functions of the first and second kind respectively, C, and C, are arbitrary

constants. By using boundary conditions (2.53) and (2.55), the authors of [79]

eventually obtained

i(r,s)=1,(s).G(r,s), (2.58)

[ 1,(BNs)=1,(4s) |

{%(B@—“ff}

of u,(¢). The velocity solution is then obtained using convolution theorem

where G(r,s) =

and u (s) comes from Laplace transform

u(r,t) = i :::O i, (5).G(r,s)e"ds . (2.59)
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As examples, the solutions for various cases have been investigated, including the
trapezoidal piston motion, constant acceleration case, impulsively started flow,
impulsively blocked fully developed flow, oscillatory flow and flow in a two

dimensional channel [79] .

2.4.2 Direct Solution

In [97], the pressure drop of the fully developed laminar flow in smooth arbitrary
cross-section channels is studied. Consider the fully developed steady state,
laminar flow in a channel with boundary I', constant cross sectional 4 and
constant perimeter P. The flow is assumed to be incompressible and have constant
properties. Moreover, body force such as gravity, centrifugal, coriolis, and
electromagnetic do not exist. Also the rear faction and surface effects are assumed
to be negligible and the fluid is considered to be a continuum. For such a flow, the
Navier Stokes equations reduces to the Poison’s equation with the source term

representing the pressure gradient along the length of the duct, namely

Vzw:ld—p with w=0 on I", (2.60)

U dz
where w and z are the fluid velocity and the flow direction respectively. The
boundary condition for the velocity is the no-slip condition on the wall. Since w

does not vary with z, it follows from the z-momentum equation that the gradient

Z—p must only be a constant. Equation (2.60) has been solved subject to no-slip
'z

condition for various cases of cross-sections [41, 72]. To examine the exact
solutions, Bahrami et al. [97] compare the value of the Reynolds number Fanning

friction factor product /' Re ;; between the approximate model and the exact
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solution for selected cross sections, where f is the Fanning friction factor and

Re  is the Reynolds number, defined by

272'\/;(1+€2)
\/EE( 1—82)‘

fRe, = (2.61)

/2

where 0<¢&<1 and E(x)= J. V1-x?sin’ tdt .
0

A compact approximate model is proposed that predicts the pressure drop of the
fully developed, laminar flow in channels of arbitrary cross section, i.e., arbitrary
in area, perimeter, and polar moment of inertia. The proposed model is compared
with analytical and numerical solutions for several shapes. Except for the
equilateral triangular channel (with 14% difference), the present model
successfully predicts the pressure drop for a wide variety of shapes with a
maximum difference in the order 8%. Moreover, a compact model is developed

using a mapping approach, which predicts the f Re i for isosceles triangular
channels with a maximum difference of less than 3.5%. Comparison of fRe

for elliptical and rectangular micro-channels shows good agreement.

The proposed model is also validated with either experimental data or exact
analytical solutions for rectangular, trapezoidal, triangular (isosceles), square, and
circular cross sections collected by several researchers and shows good agreement

[97].

2.4.3 Fourier Series Solution

In [98] the author conducted a theoretical and numerical study of the fully

developed forced convection in various rectangular ducts. Each duct is filled with
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porous materials and the Brinkman model describes the laminar fluid flow inside

this fully saturated porous passage.

Modelling fluid flow in porous heterogeneous materials with more than one
typical pore size (e.g., concrete, micro porous rocks and fractured materials)
presents a challenge because it is difficult to simultaneously resolve all the
microstructural features of the porous medium that are at different length scales.
One possible approach is to divide the porous medium into two regions: the larger
pores and homogeneous regions of smaller pores. In the larger pores, the Stokes'

equation for incompressible flow is applicable.

Regions with the smaller pores are treated as a permeable medium and the flow is
described by Darcy's law. The two boundary conditions to be satisfied on the
pore/ permeable medium interface are continuity of the fluid velocity and the
shear stress. Darcy's law alone is not sufficient to satisfy these boundary
conditions. The Brinkman equation is a generalization of Darcy's law that
facilitates the matching of boundary conditions on the interface between the larger

pores and the permeable medium.

For a steady and hydrodynamically fully developed flow passing through an

impermeable rectangular channel, the Brinkman momentum equation is

2 2
P i - (2.62)
oy- oz K ox

with a constant pressure gradient @ = _8_p , the effective viscosity is g, , the fluid
X

viscosity is x, and the permeability is K.
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The formulation of velocity distribution begins by selecting a functional relation

in the form of Fourier series

0

_:iZamn cos(8,7)cos(,Z). (2.63)

=l m=1
The boundary conditions are

=0ony=+land Z=+b =+b/a,

0u/dy =0 on y =0and

ou/dz =0 onz=0.
The value of a,,is found by applying the orthogonality condition [98, 75].

4

The average velocity isU = — I judzdy Zz
a}OZO n1"11(bﬂ7m)2(ﬂ,12+7/,i+

MDa j

K .
where M =*#¢ and Da = — 1s the Darcy number.
Y7 a

2.4.4 Infinite Series Form

n [75], Chakraborty discussed the methods for the analysis of flow through
micro-channels. One of the methods is the infinite series solution method. The
flow problem within a straight micro-channel of arbitrary cross section is
analyzed. Based on exact analytical solutions for the flow profile for some simple
geometries of channel section, a number of problems with relative more

complicated geometries are solved either exactly or approximately in [75].

35



Consider incompressible flow within a straight micro-channel of uniform cross
section. Following the Navier-Stokes equation (2.29), the steady flow velocity

u(y,z) along the axial direction is governed by the equation

o'u O°u) dp
—t— =, 2.64
”(@2 &{]cﬁ (269
dp . . .
where d_p is the constant pressure gradient along the x- axis. The y and z axes
x

are orthogonal to the x- axis and the x-y-z axes form a right handed co-ordinate

system. The no-slip boundary condition on the boundary is given by
u(2.2)=0 on p(,2)=0 or S =0on ¢(7.2) =0,
s

where s is the length measured along the boundary represented by ¢@(y,z)=0.

The boundary curve is assumed to be rectifiable.

The solution in infinite series form is found by exploiting the analogy between the
flow problem and the problem of vibration of a taut membrane where the equation
of motion of the free transverse vibration of a membrane having uniform unit
tension in all sides and unit thickness and material density is given by

2 2 2
i;—(g;+ggi=o, (2.65)

where w is the transverse deflection of any point within the membrane. The

deflection vanishes on the boundary.

The normal modes possess orthogonal property and form a complete set in the
sense that any function f{y,z) satisfying the boundary conditions can be expressed

in terms of the normal modes as

F0n2) =S a W, (3.2). (2.66)

n=1
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The constants @, can be obtained by using the orthogonality relation [75, 98],

while the fluid flow profile can be obtained in two steps. In the first step, the eigen
modes for the given cross section are calculated using the membrane analogy. In
the second step, the true flow profile is calculated as summation of the normal

modes whose contribution is obtained from the flow equation.

As an example, consider a rectangular channel with dimensions of 2a and 2b
along the y and z axes, respectively. Taking the origin at the center of cross

section, the normal modes of the rectangular can be easily shown as W (y,z)

and the corresponding natural frequency is @, . The flow profile in the

mn

rectangular channel can be written as u(y,z) = z a, W, (»,z).
m,n=1

Substituting this equation into equation (2.64) and finding the unknown constants

using orthogonality relation, we have

16 1 dp m n
_ Sy (4
@ (2m+1)(2n+1)7r2a)i’n (,u dxj( ) ( ) ’

W, (y,z)=cos om ] 7y cos 2nt] nz, (2.67)
2a 2b

om+1Y (2n+1Y
a)mn= + T
2a 2b

2.4.5 Variational Method

As shown in [75], solving a given flow problem in term of an infinite series may
not be possible if the channel cross section is very complicated. In that case,

approximate solutions are to be sought. A variational formulation of the flow
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problem is given in [75] that can be used to obtain approximate flow profile for

any channels, namely the velocity profile is obtained by minimizing the functional

J[u] = gﬁﬁj{ l[a’;j (Z‘TP (ZZ]}M (2.68)

where u(y,z) is a function that satisfies the essential boundary condition. The
functional attains the optimal value when the equation (2.64) is satisfied. As an

example, consider the problem of flow through a channel of elliptical cross

2

+—2—1—O. Let the trial
b

section whose boundary is given bye(y,z)=

2 2

function be u(y,z)=m [y—z + Z—Z - IJ . The unknown quantity m can be obtained if
a

2 2 2 2
Jlu] = | {2ym (z—+z7]+m‘;—f;[y—+2—2—1ﬂ dydz (2.69)

is minimized with respect to m. Hence the flow profile becomes
a’b’ ldp\y* Z2°
u(y,z)=———~| —— || 5=+—-1 2.70
(2) 2(a2+b2) wdc )\a® b’ (2.70)
In this case, the result obtained by the approximate method is also exact because

the trial function satisfies the boundary condition as well as the governing

equation.

2.5 Existing Exact Solutions for Slip Boundary Conditions

The governing field equations for the flow of incompressible Newtonian fluids
consist of the incompressible continuity equation, the Navier-Stokes equations,
and a set of boundary conditions. Some methods have been utilized to solve the

Navier- Stokes equation supplemented by slip boundary conditions, including the
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Fourier Series Expansion method, the Direct Solution method and the Integral

Transform Technique.

2.5.1 Fourier Series Expansion

Wu et al. [35] considered the transient flow of an incompressible Newtonian fluid
through a circular micro-tube with the z-axis being in the axial direction. They
formulate the field equation by assuming that the flow is axial symmetric so that
there is no swirling flow in the channel and the velocity components in the radial

and transverse directions vanish, namely v. =0 , v, =0.

Substituting the above into the continuity equation yields

o _

0, 2.71
% (2.71)

which gives rise to u=u(r,6). Because the flow is horizontal, g =0. By

substituting these into equation (2.34), which u =v_ yields

H @+la_” _ou_10p (2.72)
plorr ror) ot poz '

The authors then consider the fluid flow driven by the pressure field with a
pressure gradient g (¢) in the form of the Fourier series, namely

Z_l; =q(t)=a,+ i[an cos(nat)+b, sin(nat)]. (2.73)

n=1

As a wide range of functions can be expressed in terms of Fourier series, the
assumption of the form of pressure gradient above will not lose generality.
However, it is noted that their work is limited to the cases where the pressure

gradient varies with time only.
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Flow of fluids driven by non-constant pressure gradient occurs in many natural
and industrial processes. A typical example is the pulsatile blood flow through
arteries in which the pressure gradient driving the flow of blood is in pulsatile
form [3]. Various methods can also be used to generate pulsatile flows, such as

those by using reciprocating pistons, servo valves or air pulsation [66, 67].

For convenient in deriving analytical solutions of the field equations, the complex
number is used to express (2.73) by exponential functions, namely
9% inot
——Re Zc e (2.74)
n=0

where

=a,—bji, ¢"" =cos(nwt)+isin(nwt). (2.75)

Exact solutions for the velocity field and stress field have been derived. The
authors also show that boundary slip on the flow behaviour is qualitatively
different for different types of pressure fields driving the flow. For pressure fields
with a constant pressure gradient, the boundary slip does not alter the interior
material deformation and stress field. But for pressure fields with a wave form
pressure gradient, the boundary slip is found to cause the change of interior
material deformation and consequently the velocity profile and stress field. The

asymptotic expressions for the exact solutions are also derived through a
parameter £ which is identified to dominate the behaviour of the flow driven by

the wave form pressure gradient, establishing an explicit formulae for the critical

slip parameter leading to the maximum transient flow rate.
Wiwatanapataphe et al. [4] considered the transient flow of an incompressible

Newtonian liquid through a circular annual of inner radius a and outer radius R

with the z-axis being in the axial direction. The field equations governing the flow
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include the continuity equation and the Navier—Stokes equations where u
satisfying equation (2.72), derived by similar ways, but supplemented by different
boundary conditions. Their analysis is limited to the fully developed flow and to

the case that the slip length does not change along the flow direction.

The analytical solutions in [4] show that the influences of boundary slip on the
flow behaviour are qualitatively different for different types of pressure fields
driving the flow. For pressure fields with a constant pressure gradient, the flow
rate increases with the increase of the slip parameter ¢ almost linearly when £ is
large; while, for pressure fields with a wave form pressure gradient within a
certain frequency range, as the slip parameter / increases, the amplitude of the
flow rate increases first and then approaches a constant value when ¢becomes
sufficiently large. The authors also found that to achieve a given flow rate, one

could have different designs.

Duan and Muzychka [36] studied the steady slip flow in elliptic micro-channels.
They examined the momentum equations and considered the various force
balances between the friction and pressure forces for a long micro-channel by
using the method of scale analysis. In the elliptic cross-section, they compare the

scale between friction and inertial forces to obtain

yazu il

72 D2

ag e L _p (2.76)
pu ou  pU”  D,Re,

ox L

The starting point of the analysis is the law of conservation of momentum.
When L' > 1, the continuum flow momentum equation reduces to the form
o’'u 0’ 1 4
_ZJF_Z’:__P , (2.77)

ox~ O0y° udz

In elliptic micro-channels, it is convenient to use elliptic cylinder coordinates to

facilitate the solution process. Then, the momentum equation becomes
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2 2 2
0 L; +2 1/!2 :c—d—p(coshzn—cos2 l//). (2.78)
on~ Oy~ udz

This equation can be solved by using the separation of variables method. In order
to overcome the difficulty caused by metric coefficient, a binomial series is used
to approximate the metric coefficient. Some constants are found by applying the

orthogonality principles.

After lengthy derivation, the velocity distribution is found. In the limit of Kn — 0,

the velocity distribution reduces to its continuum flow solution:

2
u =—g—#% cosh 27, +mcos(@/)cosh(%])—cosh(277)—cos(2t//) (2.79)

The mean velocity is then found by integration of the velocity on the cross-

. L . D,
section. The Poiseuille number is then defined by PoD, = £ .

where D, is the

hydraulic diameter and # denotes the mean velocity. It can be demonstrated that

the limit of PoD, as b/a — 1corresponding to circular tubes is:

lim PoD, = 8
bla—l 2—0
1+

. (2.80)
8Kn

o
The accuracy of the proposed simple model was found to be within 3 % of the

exact values.

In [52], Ebert and Sparrow analysed the velocity and pressure drop characteristics
of the moderately rarefied gas flow in rectangular and annular ducts. The density
level is such that a velocity slip may occur on the duct wall. For rectangular ducts,
the momentum equation takes the form (2.77) where u is the axial velocity

distribution, and p is the static pressure.
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For annular ducts, the governing equations are similar to those in [35] but for

steady case, the momentum equation reduces to

lﬁ(ra_wj:ld_l?, 2.81)
ror\_ or) udz

It is found that the effect of slip is to flatten the velocity distribution for a
continuum flow. Furthermore, the axial pressure gradient is diminished under the
slip flow conditions. The effect of compressibility on the axial pressure drop was
also investigated. It was found that compressibility increases the pressure drop
primarily through an increase in viscous shear rather than through an increase in

momentum flux.

Ebert and Sparrow [52] also suggested a method of solution. In rectangular ducts,

a solution for the velocity distribution may be proposed as

0

w
=) y;(&)cos(a;n), (2.82)
in which the ¢, are a set of eigenvalues, and the y, are a set of &-dependent

functions. This form of solution has to satisfy the boundary conditions. On the

other hand, in annular ducts, a direct solution yields

(17 /44)(~dp/dz)
K (1-7,) (1+2Kn)[ (1= 7,)Kn—tn(7,)]
7 Ln(y,)—(l—y,z)Kn

=1-y; +2(1—7/,)Kn

(2.83)

b

where
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To solve the equation supplemented by boundary condition, single Fourier series
proposed by Ebert and Sparrow does not converge with second-order boundary
condition. Therefore, Aubert and Colin proposed a new form based on the double

Fourier series, namely

» %
W * (x*, y*) = Z A;N; cos(goi %) cos(y; y*) +%Kn2 . (2.84)

i,j=1

2.5.2 Direct Solution

In [74], Arkilic et al. studied slip flow in micro-channels. The effect of the
boundary slip on the velocity is investigated and compared with the measured
flow results. It is found that the no-slip solution of the Navier-Stokes equations
fails to adequately model the momentum transferred from the fluid to the channels
wall and therefore under-estimates the mass flow for a given inlet and outlet
pressures. However, by including a slip flow boundary condition on the wall,
which is derived from a momentum balance, we can accurately model the mass

flow pressure relationship.

They assumed that the flow is steady and isothermal, the pressure drop
associated with the inlet and outlet contraction/expansion can be ignored, and that
the fluid pressure is solely a function of z, i.e. P = P(z). Based on the assumptions,
the constant viscosity momentum equation (Navier-Stokes equation) in the z-

direction 1s
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Ou 6uL__18_p+Ma0£82u

U—+ py——= —. 2.85
p@z p@yH y 0z Re H o’ (285)

The non-dimensional slip velocity boundary condition on the wall is
uW:2—FK du/c| ‘ (2.86)

c F "dy/H

After integrating the momentum equation above, the result is obtained as follows

u:_ﬂd_’”(l_@z +42_FKnj. (2.87)
8yMa,L dx F

By comparing the analytical solution with experimental results, the authors of [74]
concluded that although the outlet Knudsen number, Kn, is within the flow
regime usually characterized as transitional flow, the results of the slip model with

a specular reflection coefficient F'=1, seem to fit the data nicely.

In [71], Aubert and Colin proposed an analytical model of steady gaseous flow
through rectangular micro-ducts with second-order boundary conditions. The
influence of the second-order terms and the geometric parameters is analysed. It is
shown that the mass flow rate is underestimated when the second-order terms are
not taken into account and these terms become more significant when the cross

section of the micro-duct tends to a square cross section.

The field equations are formulated by the following assumptions:
1. The flow is steady, laminar, and isothermal, and the gas is ideal.
ii. The transverse velocities are negligible compared with the axial velocity W.

iii. The duct is long: A<<L and b<<L.
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iv. The flow is locally fully developed, i.e. the density p and the pressure P are
constant within a cross section. The axial distribution of the velocity is due to

the axial pressure and density gradients.

Under these assumptions, the steady compressible gaseous flow in a cross section
of the rectangular micro-duct is governed by the conservation equations for mass

and momentum, namely

*

oW oW oW

=0and —+a —-=-1,
oz oy ox
52
where x" =2, )" =2 w = , Wozid_P . P=pRT
b b W, uodz

The boundary conditions are as follows

* 2 *
Ly LS o) U Y (2.88)
v o, 27 I W
* 2 *
| =-27%0an ) k| 29V 1] (289)
vl o, ox . ox” |
The solution is found in the form
. = x* 9 ,
W (x*, y*) = Z A; N, cos| ¢, — cos(l//jy *) +ZKn , (2.90)
ij=1 a
where ¢, and y; are respectively the solution of
7_
1—2Knmy/i tanl///.—%anl//f. 0 and 2.91)
o . . .
2— )
1—2Knm¢itanﬂ—21(n2gpf =0. (2.92)
o a 4

v
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In order to determine the terms 4, the solution (2.90) is substituted into the

momentum equation and yields

4si . iny
i 21 2 Sln((ﬂ,/a)Slnl//J +2 %, Kn
0+ o, 2(2-0,)
y sin(g,/a)cosy, +cos(g0i/a)sinl//j
?; v;
X[Pcos(gz),./a)sm(@/a)} AR
a o, v, 4(2—GV)
-1
x{cosz " {L COS((Di/a)sln(g”i/a)]Fcosz(wi/a)[1+w:l}J _
a ? v,

To show the existence of the exact solution in [71], mass flow rate simulations
from the rectangular second order model are compared with experimental data.
There are two types of inaccuracy in the experiments: the inaccuracies in the mass
flow measurement and the inaccuracies in the measurement of the section
dimensions (depth and wide). Considering only an inaccuracy in the depth, good
agreement is found between the experimental data of Shih et al. [111] and this

second order model with o, =1, for a channel with 1.145 pm in depth, 4.8%

lower than the 1.2 pm depth given by the authors. Concerning the data of Arkilic
[74] the agreement is found if the depth is changed from 1.33 to 1.31 pum, which
corresponds to a difference of 1.5%. So, a decrease of the depth of 0.02 pm has

the same importance as an increase for o, of 10%. Although there is a problem in

comparing the different models with experimental data which lies in the difficulty

in determining o, independently from the model itself, a good correlation

between a first order model or a second order model and experiments can be

obtained by fitting the coefficiento, .
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In the existing exact solutions for Poiseuille flow through ducts, as Couette flow,
the Poiseuille number makes a lot more sense in laminar tube flow,
2z, D

PO=C,Re, =—=%
i

=16. This classic laminar flow solution is in good

agreement with experiment.

2.5.3 Integral Transform Technique

Morini and Spiga (1998) considered slip flow in Rectangular micro-channels. The

Navier Stokes equations reduce to equation (2.77) with Z—p =—u . This equation,
4

combined with the boundary conditions, can be solved by the integral transform

method, resorting to the following kernel:
sino, y
Z,.(x,y)=N,, [,Bm cos f3, x4 j(é‘ coso,y+ j , (2.93)
Kn Kn

where the eigenvalues £, and o, are obtained by the transcendental equation

2/3 20 Kn
tanf L =—-"—— tano L =—"1——.
IBn x K 1 n="y KnZé‘ﬂZ _1

The inversion formula provides the velocity distribution

v(x,y) = Z No Ao (,8 cos 3, x+snﬂ j(ﬁ C0SO,y I;f”yj (2.94)
o B, + 0, n
where
N o =2| KBt ok )w(L +2Kn) N (2.95)
n,m y Kn Kn b .

1-cos L
4, =| sinp,z, + 1208 Pule | i 5 4200y (2.96)
Knp y Kno

m n
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The results show that for different aspect ratios (S =0.25and £ =1) and Kn=0.1,

in square duct, the fluid velocity experiences a slow and gradual increase from the
walls to the center; in slip conditions the jump at the wall is well evident and the
velocity distribution is more uniform over the cross section. In rectangular duct,
there is a strong increase near the walls and an extended central core with high
velocity. As the Knudsen number increases, the velocity profile becomes more
flattered. In circular duct, the shear stress decreases rapidly as the Knudsen
number increases, as expected since the slug flow condition is well approximated
when the Knudsen number is large. It is noted that the corner stress increases as

the Knudsen number increases up to 0.1, then decreases.

2.6 Numerical Studies in the Field

In general, it is very difficult to solve a fluid dynamics problem analytically to
yield exact solutions. Thus one usually need to solve a flow problem numerically.
The subject which concerns the numerical solutions of fluid dynamics problems is

computational fluid dynamics.

Various numerical methods such as the finite difference method, the finite
element method and the boundary element method have been used for solving
flow problems approximately. Among these methods, the finite element method is

the most widely used method.

Solving a fluid dynamic problem using the finite element method usually involves

the following steps [107]:

1. Variational formulation to transform the partial differential equations to integral

equations;
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2. Numerical approximation of the variational problem to transform the integral

equations to algebraic or ordinary differential equations;

3. Solve the algebraic or ordinary differential equations by iterations and time

stepping.

As an example, In [100], Arulanandam and Li studied the liquid transport in
rectangular micro-channels by electro osmotic pumping. Consider a rectangular
micro-channel of width 2, height 2H and length L. There are two models which
can be applied, electrical double layer (EDL) and velocity distribution in
rectangular micro-channels. The first model leads to the non-dimensional Poisson
Boltzmann equation:

o' oy

P + o =(xD, )2 sinh(t//*), (2.97)

where « is the Debye-Huckle parameter and D, is the hydraulic diameter.

This equation is a non-linear two-dimensional partial differential equation that
must be solved numerically subject to the non-dimensional boundary condition

given by

0= on ym0=2", (2.98)

* * * W
= on =—=Z.
v =¢ y D,

A numerical finite difference scheme is used in [100] to discretise the governing
differential equation, and the resulting system of algebraic equations is solved
using the Gauss Seidel iterative technique with successive over relaxation
employed to improve the convergence time. Since the electrical potential field in

the EDL varies greatly within a small distance of the channel walls, variable grid
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spacing was employed to ensure that as the surface was approached, the grid

spacing was refined enough to capture the sharp gradient. Once the electrical

potential distribution w (y",z") has been found, the net charge density at any

point in the channel can be found by using p, = —2n_ze sinh [_kz_i"l//J .

b

For the second model, by assuming that the flow is steady, two dimensional and
fully developed, the velocity components can be described by: u = u(y,z), v=0
and w = 0. The Navier-Stokes equations in dimensionless form with electrical

force per unit volume F = p,E_reduce to

* *
o’u” du
S tom T

> e ME; sinh(y"), (2.99)

u « EL . . . D .
where u*=—, E_=—"—and M is a new dimensionless group, which is a ratio of

X

2n,zel D;

the electrical to frictional forces per unit volume, given by M = UL
7

This equation is a 2D linear partial differential equation that can be solved
numerically using a finite difference scheme, once a solution for " (y",z") has

been obtained. The performance of an electro-osmotic pumping system can be

characterized using the volumetric flow rate

Qvnl = 4

S ey

[ u(y,2)dydz, (2.100)

and the average velocity

Qs _ Lot (2.101)




The results of the study show the significance of geometry effects on the electro-
osmotic force, namely the EOF is enhanced as the aspect ratio of the channel

varies away from 1:1. It was also found that the increase in D, leads to the

increase in the volumetric flow rate but has little impact on the average velocity.
Variations in zeta potential and concentration affect the flow rates significantly
due to their impact on the formation of the double layer. Finally, while the
volumetric flow rate was shown to vary linearly with the applied voltage field,
there are upper limits to the electrical field strength because of the potential

increase in the temperature of the fluid which has not been included in this model.
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Chapter 3

Unsteady Slip Flow in Rectangular
Microchannels

3.1 General

In recent years, one of the important scientific research focuses worldwide has been
on the study of behavior of materials at micro and nanoscales [22, 24]. Advancement
from the research community in this area have led to the development of many
biological and engineering devices and systems which involve fluid flow through
micro-channels, referred to as microflows [1, 6, 5, 7, 22, 24]. Typical examples
include fuel cell devices, drug delivery systems [16], biological sensing and energy
conversion devices [11]. As the behavior of fluid flow in these systems determines
the functional characteristics of the systems, the study of microflows is attracting
more and more attention from the science and engineering communities in order to
derive a better understanding of the mechanism of microflows and consequently

better devices and systems [4, 22, 24].

The governing field equations for the flow of incompressible Newtonian fluids are
the incompressible continuity equation, the Navier-Stokes equations, and a set of
boundary conditions. Traditionally the no-slip boundary condition is used, namely the
fluid velocity relative to the solid is assumed to be zero on the fluid-solid interface

[29]. However, evidence of slip of a fluid on a solid surface have been reported [25].
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Recent experiments in micrometer scale and molecular dynamic simulations have
shown that the flow of fluids in microsystems is granular and slip can occur on the
fluid-solid interface [3, 4, 31, 40, 45]. Hence for the study of microflow, it is
important to take into account the boundary slip of fluids on the fluid solid interfaces.

Over the last couple of decades, many investigations have been made to study various
flow problems of Newtonian and non-Newtonian fluids with the no slip boundary
condition or a slip boundary condition [5, 8, 10, 20, 21, 24, 27, 28, 43, 44]. Exact and
numerical solutions to many flow problems of Newtonian fluids under the no-slip
assumption have been obtained and are available in the literature [29, 36-38], but very
few exact solutions for the slip case are available in the literature. Steady-state slip
solutions for the transient flow through circular microtubes and circular micro

annuals have been derived and discussed in the papers [4, 35, 39].

For micro-channels with rectangular cross section, a no-slip solution has been
obtained [52, 74, 75, 83, 97]. For the slip case steady state solution has also been
obtained [37, 71, 77, 80, 82]. However, so far no exact solution has been derived for
the transient flow of fluids through rectangular channel under pulsatile pressure. As
many micro-systems and devices have mico-channels of rectangular cross section, it
is important to derive exact solutions for the behavior of transient flow through

rectangular micro channels with slip boundary.

Motivated by the previous work, we study the transient flow of an incompressible

Newtonian liquid through a rectangular micro-channel with a slip boundary. The rest
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of the study is organized as follows. In the following section, we first define the
problem and then present its mathematical formulation. In section 3.3, we solve the
underlying boundary value problem to derive the exact solution for the velocity field
and show that the solution includes some existing known solutions as special cases.
In section 3.4, we interpret the exact solutions for some special cases. In section 3.5,
an analysis is carried out to study the influence of the slip parameter on the flow

behavior. Finally, a conclusion is given in section 3.6

3.2 Problem Description and Mathematical Formulation

Consider the transient flow of incompressible Newtonian liquid through a rectangular
channel of cross-section dimension a x b with the z-axes being in the axial direction
as shown in figure 3.1. The field equations governing the flow include the continuity
equation and the Navier—Stokes equations. As the flow is symmetric about the xz-

plane and the yz-plane and fully developed, there is no cross-sectional flow and the

velocity components in the x and y directions vanish, namely v = (v V,,V ) =(0,0,

x1 Vy1 ¥z
u)

2a

.
‘ z
.
P
.
.

Figure 3.1: The flow channel and the coordinate system used
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Thus, from the continuity equation (2.21) and the Navier-Stokes equation (2.31), u

must satisfy the following equation:

ou ou) ou 190
el —+— _Au_Le (3.1)
p\oX° oy ot poz

Since a wide range of functions can be expressed in terms of Fourier series, in this

work, we consider the fluid flow driven by the pressure field with a pressure gradient

? that can be expressed by the Fourier series

z

%=a0+i[an cos(nat)+b, sin(net) . 3.2)
n=1

To completely define the problem, the field equations must be supplemented by the
boundary condition. In this work, we use the Navier slip boundary condition. That is,

on the solid fluid interface x =+a and y=+b, the axial fluid velocity, relative to the
solid surface, is proportional to the shear stress on the interface. Let the unit outward
normal vector of the surface S of the fluid be n =(n,n,,n,), and the positive

tangential direction be t = (t,,t,,t,). Also let the fluid velocity in the tangential

direction be u,, and the velocity of the solid surface in the tangential direction be u, .

As shown in [4], the Navier —type boundary condition for Newtonian fluids can be

written as

f(O'jinjti)
P :

(Ui Uy )ti == (3.3)

The negative sign in the above equations is to indicate that the direction of the surface

traction force exerted on the fluid by the solid surface is opposite to the tangential
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velocity of fluid relative to the solid surface. Now for our problem in the (x, Y, z)

system, v =(0,0,u), v, =(0,0,0). For the surface x=a,n=(1,0,0) and t=(0,0,1),

and so u, —u.t, =v,t,=u and f =0, = yg—u and consequently (3.3) for the surface
X

X = a takes the following form:
u(a,y ) =2 a,y.). (3.4
OX
On the surface x=—a,n=(-10,0) and t=(0,0,1), and so u, —uyt, =v, t, =u and
f=—0,=—u Z—u and consequently (3.3) on the surface takes the following form:
X
u-ay.) =X ay. . (35)
OX
Similarly, the boundary condition on the surface y=+b are
_ou
u(x,xb,t) = +£5(x,ib,t) . (3.6)

It should be addressed here that for /=0, conditions (3.4) — (3.6) reduces to the no-

slip boundary condition; while, for ¢ — oo, equations (3.4) and (3.5) give the surface

traction conditions for perfectly smooth surfaces, i.e, o, (*a,y,t)=0,, (x,b,t)=0.
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3.3 Exact Solutions for the Transient Velocity and Stress Field

To solve equation (3.1), first we use complex number to express the above Fourier

series by exponential functions, namely

ap Re(Zc e'”‘”t] (3.7)

inowt

where ¢, =a, —b,i and " =cos(nwt)+isin(nawt).

From the linear property of equation (3.1), we have u = Z::o Re(un) , Where

u, is defined by

2 2
u(o u2n N 0 u2n oy, _ Co ginet (38)
P\ OX oy o p
Let
u,=f(xy)e"™, (3.9)
then we have
2 2
AP0 0N ) g =G (3.10)
plLox® oy p

For n>1, it can be proved that the above governing equation for f, (x, y) admits

solution of the form

C,
inpw’

f,=U,(xy)+V,(xy)- (3.11)
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with U, (x,y) and V,(x,y) being defined respectively by the following two

boundary value problems:

2 2
0, 0Ua jNopy g, (3.12)
OX oy y7,
oU oU
BVP1 L(0,y)=0, L(x,0)=0, 3.13
(BVPL)y —+(0.y) o *¥0) (3.13)
ou c ouU
U (a, (—(a,y)=—", U_(x,b)+/—=2(x,b)=0, 3.14
(@)= (ay) - 2 (X,b)+ ey (x.b) (3.14)
62\/; 62\{; _ na)pvn =0 , (315)
OX oy Y7,
oV oV,

BVP2 (0,y)=0, L(x,0)=0, 3.16
(BVP2)) ZH(0y)=0. H(x0) (316)
oV oV C

V (a, (—"(a,y)=0, V (x,b)+/—(x,b)=—. 3.17

Thus, the problem becomes simple and the remaining work for finding f, is to solve

the two BVPs.

We first solve (BVP1) to obtain U, (X,y) by the separation of variables. For this

purpose, let
U, =XX)Y(y). (3.18)
Then from (3.12) and the homogeneous boundary conditions in (3.13) and (3.14), we
have
Y"+AY =0, Y'(0)=0, Y(b)+¢Y'(b)=0, (3.19)
X"—(i”’%mezo, X'(0) =0. (3.20)
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It can be proved that non-trivial solutions exist only for A =v°>0. From the
ordinary differential equations, we have

Y =C, cos(\/z y)+C2 sin(\/z y), (3.21)

X =D, cosh(y x)+D,sinh(yx), (3.22)

where y = /}L+inL :
U

The boundary conditions (3.19), and (3.20), require thatC, =D, =0; while the
boundary condition (3.19)3 implies

cot(ﬁb)zéﬁ or cot(bv)=ruv . (3.23)

10 | | -
I . / I
\ “ ! ‘1 \“\ “\ i\
ll‘\\ J/ k\l\\ l“\ \\ \\\ l‘\“\\
y 0 ){ \\\ \\\ \ ~ \ N \\\\ N
\\ \ N\ \\ \ \\
\\ \\ \ \‘\ \ \
\‘ \t | \‘ w‘ ““
i \ l \ ‘ | \
-3 | | | o
| i ‘ V= é L
| | | ——y=cot(bv)
_ 1 O ‘ | | | | il L i |
0 2 4 6 8 10
L

Figure 3.2: Diagram showing graphic solution of eq (3.23)
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As shown graphically in figure 3.2, equation (3.23) has infinite number of solutions

v, L,,0;,...0eing the value of the intersections of the graphs y=/v and
y:cot(bu). Consequently there exist an infinite number of corresponding
eigenvalues and eigenfunctions as follows

Ay =}, ®,=cos(\[Z,y), m=123.-. (3.24)

Thus, the solution of (BVP1) can be written as

U, = i A, cosh (7, x)cos(v,, ¥), (3.25)
=1
where y, = [V} Lilpe (3.26)
7

To meet the nonhomogeneous boundary condition for U, i.e (3.14)4, it requires

0 ] - C
2. [ cosh ¢ h =—i— 3.27
m:ll:cos (7nm a)+ ynm sin (7nm a)] A1m COS(Um y) ! npa) ( )

The eigen functions @ =cos(v, y), (m=12,3.---) are orthogonal on [0,b] with

b
I(I)m@ndyzo for nzm and
0

_ (3.28)
2bu,, +sin(2bv,))

4p

b b
M, =£CDmCDm dy :I[cosz(um y)dy =

m

Toshow {®,} are orthogonal set, let Y, =® _ =cos(uv,y) and Y, =®_ =cos(v,y).

As Y, and Y, are solutions of (3.19), we have
Y"+AY, =0 (3.29)

Y +AY =0 (3.30)
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Multiplying (3.29) by Y_ and (3.30) by Y, then adding them together yield

YY" +AYY =YY" "-AYY =0,

which gives

(A= 20) [, Yooy = [ VY, dy— Y, ,"d

11
=1
—
o
A —
3-<‘
Ve
o
N
:-<
Ve
o
N—
—<
—
o
N—
|
-<
o
—<

Hence , for 1 # 4 _, IOanYmdy :jobq)n(y)d)m(y)dy =0.

Thus, the coefficients of A can be determined by

A, =-i % ]jcos v, y)dy

npoM,, [ cosh(y,,a)+7,,sinh(y,,a

4c, sin(bu, )
npa)[Zbu +sin(2bv,, ) |[ cosh (@7, )+ £ 7om Sinh(ay,, ) |

Similarly, the solution V, of the (BVP2) is

V. = i B, €0sh (7, ¥)€os (D, X),

m=1
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where o», are the roots of the equation

cot(av)=10,
and
Vom = Unf+in/';a)'
Y7
I\ﬁmm = ICOSZ (Ijm X) dx = 2aUm +ST(2aUm)’
0 4Um
om = 1 C, J,COS U X)dx

npoM, . [ cosh(7,,b)+(7,,sinh(7,,b)]q

4c,sin(ao,)

- npo| 2ap, +sin(2ap, ) ][ cosh (b, ) + £ 7y, sinh (b7,,) |

Substituting (3.25) and (3.32) into (3.11) yields the solution

u, (X, y,t)= '””"{ o +ZI:A1m cosh (7,,mX) €S (y, ¥)

m=1

+B,, cosh (¥, y)cos(o, x)]}

For n =0, proceeding as for findingu, (x, y,t), we obtain

Up (X, y,t) =

- (x +y?)+ mZZ[AM cosh (74nX)c0s (v, Y)

+ By €08 (7, ¥) €08 (D, %),

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

where y,. and 7, are as defined in (3.28) and (3.34) withn =0, i.e., »,,=v,, and

77Om :Um’ A\)m and BOm

are determined as follows.
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4uM, [cosh(av, )+ (v, sinh(av,)]

b
J‘ (a®+y®+2af)cos(v,y)dy

0

_C{(az+2a£)sin(bu )+b25|n(bum)+[bcos( )sm(bu)ﬂ (3.39)

D

A)m:

m

p[ 2bv,, +sin(2bv, ) ][ cosh (av, ) + £ v, sinh (av, ) ]

By, = 0
" 4uM Tcosh (b, )+ (5, sinh(bo,

n)]
—c{(b2+2b£)sin(az7)+asm(am) (acos( m)_s"‘(_aﬁm)ﬂ (340)
(

(x +b? +2b£)cos(u X ) dx

O ey

Un

1| 2ap, +sin(2ap, ) || cosh (b, )+ ¢, sinh (bo, )|

Hence collecting all solutions of the subproblems, we have

u(x, y’t):j—o(xz+y2)+ =, —a, sin(nwt)+b, cos(naet)
1

M Nwp

+2Re {einwtiill:A]m cosh (#,mX)cos(v,, y)+ B, cosh(7,, y)cos(D, X):l}

(3.41)

where v,, and o,, are determined respectively by (3.23), and (3.33); »,, and 7, are
defined by (3.26) and (3.34) respectively, A,, and B,, are defined by (3.39) and

(3.40),and A, and B, (m,n>1) are defined by (3.31) and (3.36) respectively.

Now we determine the exact solutions of the flow rate and the stress field. From the
axial velocity solution (3.41), the flow rate can be determined by

QO = 4] Jux v, dxdy =Qu+3°Q, | (3.42)
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where Q, and Q, are respectively, the flow rate corresponding to the constant

component and the nth harmonic component of the pressure gradient and

o0

Q, =i[a3b+ab3]+4ReZ{Msinh(a%m)sin(bUm)

3 m=! m“m
# tL7on (3.43)
Bow v N
—2om_ginh(b ,
+70m5m sinh ( yOm)sm(aum)}
_ 4ab| —a, sin(nat)+b, cos(nat) |
" Nwp
ol A . B
+4Re{e Z{—msmh(aynm)sm(bum)+%smh(bynm)sm(aum)}}
m=1 nmUm ynmUm
(3.44)

The stress in the fluid is related to the velocity field by the following constitutive
equations:
o=—pl+2ud , (3.45)

while the rate of the deformation tensor is related to the velocity vector by

d :%(Vv+(Vv)T) , (3.46)

where o = (aij) andd= (dij) denote respectively, the second order stress tensor and

the rate of the deformation tensor, | is an identity matrix. Asv = (0, 0, u(x,y,t) ), we
have
0 0 ou [ ox

0 0 ouloy | . (3.47)
oulox ouloy 0

d-1

From the above formula and using (3.19), we obtain d,, =d,, =d,, =d,, =0 and

vy
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a 138 inot .
d,==2x+=) Re{e" M |A_ y.sinh(y x)cos(uv,y
2u 2% { Zl[ (Frmx)co5( en) (3.48)
— By, 0, COsh ( 7, Y)sin ( 5,) ]},
a 1& inot o .
d,=—2y+=) Rete"™ » | -A v, cosh(y,x)sin(v,y
+ By 7 SINN( 7o ¥ ) COS( Umx)]}.
Hence from the constitutive equation (3.43), we obtain
O-xx = O-yy = Uzz = _p = q(t)z + pO (t)’ O-xy = O’ O-xz = 2/’ldxz’ Gyz = 2/leyz ' (350)

where q(t) is the pressure gradient ? while p,(t) is arbitrary and can be chosen to
z

meet certain pressure condition.

3.4 Interpretation of Solutions for some Special Cases

With the exact solutions obtained in the previous sections, the solutions for a general
pressure field given by (3.2) is the superposition of the solution due to the constant
pressure gradient and the solutions due to the sine and cosine wave form pressure
gradients. Without loss of generality, we consider here two different cases of driving
pressure fields in this discussion. The first case is for a pressure field with a constant
pressure gradient, while the second one is for pressure field with a sine wave form
pressure gradient. For convenience in the discussion, we introduce the following

dimensionless variables:

X=Xy =Y D (3.51)
a b
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. op
341Casel: —=
ase 1: —=a,

For this case, ¢, =a,and c, =0for all n>1. The constant pressure gradient means

that the pressure gradient does not depend on time. The shear stress in the fluid is
independent of the slip length 7. From (3.41), (3.43), (3.49) and (3.50), we obtain the

following normalized velocity, normalized flow rate and shear stressed

u(xy)= a4§2 u=x"> +(gy*)2 N a‘:gz Rei[ﬂbm cosh (av, x")cos(bu,, y")
0 m=:

+By,, cosh (bo,, y")cos (ap, x)] (3.52)

Q= S Q =1+52+L‘:Rei[i;‘sinh(aum)sin(bum)
aeat ol vp
(3.53)

+B_—°;"sinh(b5m)sin(a5m)}

Un

O zﬁoﬂ = x*+$Reg[A“m psinth (,ax”)cos( bu, y') (3.54)
— By, cosh( 5, by")sin( ap, x)}

om~m

*

o, :éaﬂ :gy*+$Reg[—Aom v, cosh( v, ax")sin( by, y")

+By, 0y sinh (b, y*)cos( az, x)]

0om*~m

(3.55)

As pressure gradient does not depend on time, the normalized velocity, normalized
flow rate and shear stress are influenced by slip length ¢ only, which is implicitly

contained in v, and o, .
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3.4.2 Case 2: %:blsin(a)t)

The pressure gradient is sinusoidal with amplitudeb, . For this case a, =0, ¢, =—hi,

c,=0 for Vnx2.

From (3.41), we have

u(x,y") :%u = cos(Zﬂt*)+%Regeiz”‘* [Alm cosh (ay;,x") cos(bv,, y")

+B,, cosh (b7, y~)cos(ab, X)]

(3.56)
Let
1/2
7lm=(uri+i&j :=a1m+iﬂ1m’
)7
where
2 1/4 2 1/4
o, =| vt +| 22 cos(e—mj,ﬂlm = vt +| 22 sin m]
U 2 u
0, :arctan( pa;J

HUp,

then

cosh(ay,, ) = cosh(aa,, )cos(ap,, ) +isinh(aa,, )sin(as,, ).

sinh (@y,, ) =sinh(aay, )cos(ap,, ) +icosh(aa,, )sin(as,, ).
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Using (3.31) and (3.36), through a lengthy derivation, we obtain

u” = cos(2xt" )+ i[dsm cos(2zt")-d,,sin (Zzt*)] (3.57)
1

where

cos(ap,, )+ (ay, sinh(aa, )cos(af,, )— (3, cosh(aa,, )sin(af,, ),

d,, =cosh(aa,, )
d,, =sinh(aa,, )sin(ag,, )+ (e, cosh(aa,, )sin(ap,, )+ (f,, sinh (aa,,, )cos(as,,

( ),

A cos(bumy*)[d cosh (aa, X" )cos(ap,,x")+d,, sinh (ac, X’ )sin(aﬂlmx*)}

+B, cos(aUmx*)[ 1m €0h (baz,,,y")cos (b, y" ) +d,, sinh (b, y" )sm(bﬂlmy*)],

d, =A, cos(bumy*)[dlm smh(aalmx )sin(af,,x")—d,, cosh(ag;,x’ )cos(aﬂlmx*)}

+B; cos(aﬁmx*)[ inh (ba,,y" )sin(b/,,y") - d,, cosh (ba,,y" )cos(bﬂlmy*)]

. 4sin(bv,) b .
An = [ 2bv,, +sin(2bv,, ) ](d7, +d;,) Aim_pa) An (Gin = anl)
. 4sin(ag, ) -

Blm_ [2a5m+sin(2a )]( Blm_ Blm (dlm dZmI)

For convenience in discussion, transform (3.57) into the following form
u” :cos(27zt*)+2u:1 cos(27zt*+¢m), (3.58)
m=1

where u_ and ¢, are respectively the amplitude and phase angles of the normalized

velocity defined by

* 1/2 d
u = [djm + dfm} , ¢ = arctan(d‘““J : (3.59)

3m
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The flow rate is

4abb, cos(2xt” o .
Q- b cos 27 )+42Ree'2’“[ An_sinh(ay,, )sin(bo, )
yo o m=1 7/1m m

(3.60)

B
+—1"sinh(by, )sin(ao_)|.
3 sinh (b, )sm(aum)}

Using real arithmetic, through lengthly calculation, we obtain the normalized flow
rate

Q=—r° Q1=Cos(27rt*)+bl'l():b)gRe[eim[ - sinh (a7, )sin (bo, )

b1(4ab) 7lm m
Blm i 7 i D.
+ — smh(bylm)sm(aum)ﬂ (3.61)
= cos(2at" )+ 2 2 Re(Q

abb, 1=

where

Qm I27rt ( Aim Slnh(aj/lm)sm(bl) ) Blﬂ Sinh(b?lm )sin(aﬁm)j,
71m m 7lmUm

4c, sin(bv,,)

B = 200, i (200, ) [ 008 (2730 ) £ 73 ST (3730) ]
and
) 4¢,sin(av,)
L pa)[Zau +sin(2ap, ) |[ cosh (b7, ) + £ 74, sinh (b7, ) |
As

cosh(ay,, ) = cosh(aa,, )cos(ap,, ) +isinh(ac,, )sin(as,, ).
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sinh(ay,, ) =sinh(aa,, )cos(ap,, ) +icosh(aa,, )sin(as,, ).

1/2
. PO .
where y,, = [Uri +i22 ] =a +if,,
7

we have

Yim Sinh(a7,, ) =y +1f3,, ) [ Sinh (aa, )cos(ap,, ) +icosh(aa,, )sin(ag,, )|
=| &, sinh(aa,, )cos(ag,, ) - B, cosh(aa,, )sin(ag,, ) ]
+i[ B, sinh (aay, )cos(ap,, ) + o, cosh(aa, )sin(ag,, ) |-
Therefore

cosh(ay,, )+ £ 7, sinh(ay,, ) = cosh(aa,,, Jcos(af,, ) +isinh (aa,, )sin(as,, )
+£([alm sinh (aa,, )cos(a,, ) - B, cosh (aa,,, )sin (a4, ) |
+i[ B, sinh (aa, )cos(ag,, ) +a, cosh(aalm)sin(aﬂlm)])
= [cosh (aay, )cos(ap,, )+ f[alm sinh (aa,, )cos(af,, ) -

B COSh (act,, )sin (a8, ) ||

[smh(aalm)sm(aﬂlm +/[ B, sinh(aay, )cos(ag,, )+

)
a,,, cosh (aay, )sin(ag,,) ]

=d,, +id,,
On the other hand,
A, 4c, sin(bv,,) 1
Vil pa)[Zbu +sin(20v, ) |[dy, +id,, ] (@ +1B8 )0y
~ —4b; sin(bu,, )
B pa)[ZbUm +sin(2bu,, ):'[dlmalm ~ Uy ]+ 1 (@0l + Bininy)
_ —4b, sin(bv,))

= o[ 2bu, sin(2boy) [0y vid] O N
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and

. —4b, sin(bo,,
yf:lr;m sinh (a7 = POV, [Zbum +3n (2(bz)m ))][dSm +id,, ]
x| sinh (aay,, )cos(ag,, ) +icosh(aa,, )sin(as,, )]

(a,+ib,)
[dsy, +id,, ]

(a,+ib,)
RACERETTN
=M[(a2d3m +b,d,, ) +i(b,dy, 2, ) ]
_ p(ds,, +idg,,)

(43 +din ]

[d3m - id4m]

where
~ —4b; sin(bu,, )
b= pou, | 2bu, +sin(2bv,) ]’

a, =sinh(aa,, Jcos(ap,, ).

b, =cosh(aa,, )sin(as,,),
dsm = azdsm +b2d4m'
d6m = b2d3m _azd4m'

Hence

isinh(aylm)sin(bum) :M

- AR

and

B, .. .
—"sinh(by,, )sin(ap, ) = —=——=—=-
71mPnm ( 1 ) ( ) I:d3m+ 4m]
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Since e'?* = cos(2xt*)+isin(2zt*), then

Re(Q,) =Re| e?* {isinh(aylm)sin(bum)+_8%sinh(b77lm )sin(aﬁm)ﬂ

L Y1mPm V1mPn
=Re _(cos(27zt*)+i sin(27zt*))( Py (dg +idg, )+ By gy, +i d_em)ﬂ

=Re :(COS(Zﬂt *)+i sin(27zt*))(( Pdey + P, Aoy ) +i( Py, + JGm))J
=d,, cos(2zt*)—d,, sin(27t™*),

where

d7m = p1d5m + 5ld5m’

d8m = pldﬁm + ﬁld

6m*

Finally we have
« PO S
=cos(2zt )]+—— ) Re
Q" =cos(2xt") abblmz_l (Qn)

= cos(2ﬂt*)+%z (d,, cos(272t*) —dg, sin (27t *))

m=1

1,005 ) 2254 sin(2nt+
_{1+ abbl;dm}cos(z t') { bg%dsm}'”(z t*)

=Q;, cos(27t" ) cos(6) - Q;, sin (27t *)sin (6)
=Q, cos(2zt" +0),

where



Thus we have

ofizge] (mse]] e

is the amplitude of the flow rate, and

I (Cexy |
0=t ( abblmi j

As the pressure gradient depends on time, the normalized velocity, normalized flow

rate and shear stress are influenced by the slip length and time.

Figures 3.3 and 3.4 show the 3D and 2D velocity profiles on the cross-section at

various instants of time.
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veloeity T7

t*=0 t*=0.125 1*=0.250

-0.1-
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-0+
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-0+
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S

t*=0.5 t*=0.75 t*=1

Figure 3.3: 3D graphs showing the axial velocity profiles on the cross-section of the
channel at various instants of time: (a) t* =0, (b) t* = 0.125, (c) t* = 0.25,
(d)t*=0.5, (e) t*=0.75, (f) t* = 1.0.
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Figure 3.4: 2D graphs showing the axial velocity along the x-axis and y-axis at
various instants of time: dot line t* = 0; dash line t* = 0.125, dash dot line
t*=0.250, solid line t*=0.5, long dash line t*=0.75, long dash dot line t*=1.0.

Figures 3.3 and 3.4 show that the profiles along x-axis and y-axis are similar due to
choosing a = b =1. The profiles for t*=0 and t*=1 are similar. They are also
similar to the profile for t*=0.5 with having opposite in sign. The axial velocity at

t*=0.75is similar to t*=0.250 with having opposite in sign.
3.5 Investigation of the Influence of Slip Parameter

In this section, we discuss the influences of the slip length on velocity, flow rate and

stresses in the fluid.

Case 1: ?zao. For this case, ¢, =a,and ¢, =0forall n>1.
z
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To demonstrate the influence of the slip length in the flow behaviour, we analyze the
solutions graphically in figures 3.5 — 3.6 which show the 3D and 2D velocity profiles
on the cross-section of the channel for various different values of /. Figure 3.7 shows

the influence of the slip length 7 on the flow rate Q

velacity — U

02

1=01

[
02y
04
0695
X

Figure 3.5: 3D graphs showing the axial velocity profiles on the cross-section of the

Axial Velocity - o*

channel for various different value of 7: (@) ¢ =0.1; (b) ¢/ =0.5;(c) / =

14 —
- .
ST N
1.2 P S S
PR TNy

1 Iy RN

1.0 S D
Ji Y

1 A AL

o  ip0 i
s A
s Ry
0.6 R By
fjrl'r '.\\\

0.4 ! N

s A
0.2 I;'l "\

o e 0 0’5 [

x-Axis
(a)

Aial Velocity -Uo*

(b)

Figure 3.6: 2D graphs showing the axial velocity profiles along the x- axis and y- axis

for different ¢ values (a) along the x — axis; (b) along the y - axis.
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Flow Rate -Q*

0 02 04 06 08 1
Slip length

Figure 3.7: Variation of flow rate with slip length 7.

Figure 3.8 shows the influence of the geometry (a x b ) of the cross-section on the

flow rate for two different ¢ value.

25—

X

0.5+ o ]=0.01
< 1=0.1

0 0.2 0.4 0.6 0.8 1
b/a

Figure 3.8: Flow rate of fluid through channel with the same cross-section area size
but different ratios of width to depth (a/b) for two different slip length. In the

diagram, ab = a¢ = constant but & = b/a take different values: & =1, 0.75, 0.5, 0.25,
0.1.
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It can be concluded from figures 3.6 — 3.8 that the flow rate is linear in slip length
and the axial velocity increases when the slip length increases. For constant (ab) and

different fraction b/a, the flow rates have similar profile for different slip length 7.

Case 2: %:blsin(a;t). For this case a, =0, ¢, =-bji,c,=0 for vn>2.
z

Figures 3.9 — 3.10 shows the influence of slip length ¢ on the velocity profile and

flow rate.
/{.‘j:i_ “'\.“\\_.\.
(a) (b) )
Figure 3.9: Influence of slip length on velocity profile at various instants of time
(@) t* =0, (b) t* = 0.125, (c) t* = 0.25, ¢ =0.01; ------- (=10.1;

. (=050; .. (=0.75.
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Figure 3.10: Influence of slip length on flow rate at various instants of time
(@) t* =0, (b) t* = 0.125, (c) t* = 0.25, (d) t* = 0.5, (e) t*=0.75, (f) t*=1.0

Figure 3.11 shows the influence of ¢ on the transient solution Q_ under different

frequencies w = a u/ pa® with five different o values: &= 0.005 , & =0.025 ,

=0.06 , o= 0.08, = 0.10.

Figure 3.12 shows the influence of the geometry (axb) of the cross-section on the

flow rate for different slip length / under the same cross-sectional area size.

80



Amplitude Q*m

0.4 ——a=0.025 ||
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Figure 3.11: Influence of ¢ on the transient solution Q, under different frequencies
o = a u/ pa® with five different o values: -0- & =0.005, -x- a = 0.025, -+-« = 0.06,
*-2=0.08,-.- a=0.1.
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Figure 3.12: Flow rate of fluid through channel with the same cross-sectional area
size but different ratios of width to depth (a/b) for two different slip lengths (a) ¢ =
0.01, (b) ¢ =0.1.

Remark 3.1. For t* = 0, the axial velocity has similar profile with t* = 1, as ™" =1
is constant on the velocity equation (3.54) so that the curves coincide (figure 3.4).
The profiles are similar on figure 3.4 (a) and (b) as the width (a) is the same as the
depth (b). When (ab) is constant but with different width shown by the
fractione =b/a, the flow rates appear like parabolic (figure 3.10 and 3.12). It shows
that the flow rates are influenced not only by the slip length, but also by the
fractione =b/a. The figure 3.10 shows that for similar width and depth, the flow
rates seem to be parabolic for different ¢ and t*. For t*=0 and t*=1, the flow rates
are similar. The axial velocity also changes significantly when t* and ¢ change
(figure 3.9). The amplitudes of the flow rate initially increase significantly as the slip
length ¢ increases but tend to a constant when ¢ becomes sufficiently large for

various « values (figure 3.11).
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3. 6 Concluding Remarks

In this chapter, we derive exact solutions for the transient flow of an incompressible
Newtonian fluid through a rectangular micro-channel with a Navier slip boundary.
From the analytical expressions of the velocity and flow rate solutions, we investigate
the influence of the slip parameter ¢ and the geometry of the cross-section on the

flow rate of fluid through the channel. The investigation shows that

(i) For flow through rectangular micro-channels with constant pressure gradient, the
axial velocity increases faster in the center of the cross section than other area as the
slip length increases; while for the flows driven by the wave form pressure gradient,

the velocity changes significantly as the slip length increases.

(if) For flow driven by a constant pressure gradient, the flow rate is linear, and for
different values of & = b/a with constant ab, the flow rate is parabolic. While for the
flows driven by the wave form pressure gradient, the flow rates are parabolic for

different slip length.

(iii) The amplitudes of flow rate initially increase significantly as the slip length ¢
increases but tend to a constant when ¢ becomes sufficiently large for various «

values. This profile is similar to the case shown in [4]
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Chapter 4
Unsteady Slip Flow in Elliptic Microchannels

4.1 General

Micro-channels are the fundamental part of microfluidic systems. In addition to
connecting different devices, micro-channels are also utilized as biochemical
reaction chambers, in infrared detectors, in diode lasers, in miniature gas
chromatographs, or as heat exchangers for cooling computer chips. Understanding
the flow characteristics of micro-channel flows is very important in determining

pressure distribution, heat transfer, and transport properties of the flow.

The elliptic cross-section is one useful channel shape that may be produced by
micro-fabrication. Elliptic micro-channels have potential practical application in
Micro-Electro-Mechanical Systems (MEMS). Ghosh et al. [104] studied an
unsteady flow of an incompressible viscous fluid with embedded small inert
spherical particles contained in a tube of elliptic cross-section due to a periodic
pressure gradient acting along the length of the tube. Haslam & Zamir [103]
considered a long tube of elliptic cross section as an idealization of the geometry
of a compressed blood vessel. An exact solution of the governing equations for
the pulsatile flow in a tube of elliptic cross section involves Mathieu functions
which are considerably more difficult to evaluate than the Bessel functions in the
case of a circular cross section. Hsu et al. [102] studied theoretically the
electrokinetic flow of an electrolyte solution through an elliptical micro-channel
and simulate the flow of fluid in veins. Hsu et al. [102] described the

electrokinetic flow of an electrolyte solution in an elliptical micro-channel
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covered by an ion-penetrable and charged membrane layer theoretically. Steady
slip flow in elliptic micro-channels has been examined and a detailed theoretical
analysis has been performed. A solution is obtained in elliptic cylindrical
coordinates by using the method of separation of variables [36]. For the non-slip
case, Bahrami et al. [97] investigated analytical solutions for various types of

cross-sections and compared f Re i for selected cross sections. Chakraborty [75]

studied some methods for the analysis of fluid flows through micro-channels. A
variational method is applied to solve the problem of flow through a channel of

elliptical cross section.

As pressure gradient is defined in the form of (3.7), if n = 0 then Z—p =c, =a,. For

z
this case, the solution has been found by Duan & Muzychka [36]. Therefore, in
this chapter, we will focus only on unsteady slip flows for the wave pressure

gradient, namelyn # 0.

The major aim of this chapter is to develop and study analytical solutions for the
unsteady slip flows in elliptic micro-channels. The rest of this chapter is organized
as follows. In the following section, we first review the Mathieu equation, the
modified Mathieu equations and their solution. In section 4.3, we formulate the
underlying boundary value problem in elliptic cylindrical coordinates. Then in
section 4.4, we derive the exact solutions for the velocity and stress fields. It will
be shown that the solution processes involve the solution of the modified Mathieu
equation and that the solution obtained includes some existing known solutions as
special cases. In section 4.5, we carry out some numerical investigations to study
the velocity profile and the flow behavior. Finally, a conclusion is given in section

4.6.

85



4.2 The Mathieu Equations and Solution

Solving field problems in domain with elliptical geometries requires the
computation of Mathieu and modified Mathieu functions. These are the
eigensolutions of the wave equation in elliptical coordinates. Mathieu functions
were introduced in 1868 when Mathieu determined the vibrational modes of a
stretched membrane having an elliptical boundary [110]. The two dimensional

wave equation

o'V oV
J’_

o o +kV =0 4.1

was transformed to the elliptic cylindrical coordinates and then split up into two
ordinary differential equations. If q% =+ kh with h being the semi interfocal

distance, and @ being an arbitrary separation constant, the split equations take the

form

2

DU | (a-2gcos2z)u=0 (4.2)
zZ

d’u

F—(a—chosh ZZ)u =0, 4.3)
Z

where the parameters a and ¢ are real with ¢ > 0.

Eq. (4.2) is called the Mathieu equation and Eq. (4.3) is termed the modified
Mathieu equation. The appropriate solutions of equation (4.2) are called
(ordinary) Mathieu functions, being periodic in z with period nm or 2n. For
periodicity, a must take special values called characteristic numbers. The
corresponding solutions of (4.3) for the same value of ¢ as in (4.2) are called

modified Mathieu functions.
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This Mathieu equation (4.2) has periodic solution of the first kind in the form
u=C, ce,, (Z,q)+ C, se,, (Z,q) 4.4)

where ce,, (z,q) and se,, (z,q) are Mathieu functions with period 7, defined by

ce,, (z,q)= iAéf”) cos(2rz) , 4.5)
r=0
se,, (z.q)= > B sin(2rz), (4.6)
r=0

corresponding to characteristic numbers a = a,, and a = b,, respectively for n =0,
1, 2, .... The a,,and b,, are respectively characteristic numbers of the Mathieu
functions ce,, (z,q) and se,, (z,q), and depend on ¢; while 45" and B}" are
functions of ¢. Since ce,,(z,q) and se,,(z,9) do not correspond to the same

value of a, their linear combination (4.4) does not express the general solution of
the Mathieu equation. Either ce,, (z,¢) or se,,(z,q) may be used if a series of
such terms satisfies the boundary conditions. If neither satisfy the boundary

conditions, one must introduce Mathieu functions of the second kind which are

non-periodic [105].

The other Mathieu functions are

0

cey, (2,9) =D A" cos(2r+1)z , A4.7)
r=0
e (2:0) = Y B sin(2r +1)z, (4.8)
r=0

which correspond to characteristic number a =a,,,,, a =b,,,, respectively, n =0,

n+l

1,2, ... and have period 27 .

Obviously, the Mathieu functions are given in series form. For example, for n =0,

the Mathieu function corresponding to characteristic number a, is given by
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cey(z,q)= A, + A, cos2z+ A, cos4z+... . (4.9)

Writing Mathieu function in the series form is to calculate the function
approximately or numerically. Thus formula for finding characteristic numbers

a,,and b, , and the coefficients 4 and B are required, which are available in [110]

and one also given in appendix. A numerical procedure based on the formula has

been established for the solution of our problems.

The functions ce,, (z,q) and se, (z,q) are orthogonal, namely
2z .. .
J.O ce,(z,q)se,(z,q)dz=0, m and p positive integers.
I02”cem (Z,q)cep (Z,q)deO, (m:tp), and (4.10)
J?ﬁ se, (z,q)sep (Z,q)dz =0, (m # p) .
If we write iz for z on the Mathieu equation (4.2), it becomes

d’u
dz*

—(a—2gcosh2z)u=0, 4.11)

which is called the Modified Mathieu equation. For the values of a corresponding

to ce, (z, q) and se, (z, q) , the solution of (4.11) are derived by substituting iz for

z in the solution of the Mathieu equations [110], namely

Ce (2.) = cey, (i7.0) = 3 42" cosh (2r2) (4.12)
r=0
Ses,r () = =i 63,5 (iz,q) = 3 B2 sinh (2r+2) 2 (4.13)
r=0

which have characteristic numbers a =a,,, b=05,,,, and period 7i. 4 and B are

functions of g.
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The other modified Mathieu functions are

Ce,,. (z,q9)=ce,,, (iz.q) ZAgfj;“ cosh(2r+1)z (4.14)

Se,,..(z,q) =i se,,, (iz,q) ZBéffl”) sin(2r+1)z (4.15)

which have characteristic numbers a =a,,,,,a =>,,,, and period 27i. These are

n+l
defined to be modified Mathieu functions of the first kind of integral order for

g > 0. Similar procedures are used to calculate the coefficients of 4 and B on the

modified Mathieu functions.

4.3 Formulation of Governing Equations in Elliptic Cylindrical

Coordinates

Consider the unsteady Navier-Stokes equation (3.8) in rectangular coordinates

derived in section 3.3:

ola ) a p (4.16)

c,=a,—bi,n+0.

n

/u {azun +%] au _C_neina)t

In elliptic micro-channels, it is convenient to use elliptic cylindrical coordinates

(Moon & Spencer, 1971).

We let the orthogonal coordinates be (ul,uz,zf), rectangular coordinates be

(xl,x2 ,x3)= (x, y,z), and elliptic cylindrical coordinates be (77,1//,2). Then we

have the following coordinate transformation

x =c coshn cosy
y=csinhgsiny; 0<n<w0,0<y <27 (4.17)

z=z;, —0<z<+w0,
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To understand the elliptic coordinate system, we get from the coordinate

transformation (4.17) that

2 2
X
2 2. T2 y =1
c“coshnp c¢”sinh” 7
x2 2
Y -1

c’cos’y  csinfy

(4.18)

Thus 77 =7, gives a family of confocal ellipses for different 7, values; while

w =y, gives a family of confocal hyperbolas with the same foci, as shown in

figure 4.1. The two families of curves intersect orthogonally, and each intersection

defines a point with coordinates x =c cosh7 cosy and y =c sinhgsiny .

_ =x/2
n = const \ l/l//

v =40
ﬂ

w=3r/2

Figure 4.1: Elliptic cylindrical coordinate system

From (4.17), we have

n

7

90

a—x:csinhn cosy; a_y: c cosh7 siny;
0 on

8_x: —c cosh7 siny; 2:csinhﬂ cosy.
0 oy

(4.19)



The metric coefficients are defined by [36]
ox' ’ ox* ’ ox’ ’
&=l = Tt =—| t| =
ou' ou' ou'

(afs)2 =g, (dul)2 +2, (du2)2 +g5 (du3)2.

and the distance is

Therefore we have
g,, =c’sinh’ 77 cos® w + ¢ cosh® 7 sin®
= ¢’ sinh® 77(1 —sin’ l//) +c’ (1 +sinh® 77)sin2 v
=c’ (sinh2 n+sin’ 1//)
=c’ (cosh2 n—1+1-cos 1//)
=c’ (cosh2 n —cos’ l//),

g, =(—c coshz sin l//)2 +(csinh 77 cosy )2
=c?cosh’77sin” i +¢*sinh® 7 cos®
=c’cosh’77sin” iy +¢’ (cosh2 n- 1) cos’ y
=c’cosh’7 (sin2 W +cos’ 1//) —c*cos’
=c (cosh2 n —cos’ w)
=g,

=040+ (62] 1,
0z

g&= (gn-g2z-g33) =c* (COSh2 n—cos’ (//)2 ,

so that

1/2

g =c (cosh2 n —cos’ l//) .
The Laplacian of v in elliptic cylinder coordinates is defined by [36]

1/2 3 1/2 aV 1 2 3
Viv=g z@u’ ; (u U ,u)z(n,t,y,z).

i=1 g” al/l
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4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)



Thus
Vzv_ l 1/2 gl/Z av +2 i@
Cz(COShzf]—COSZl// g 877 61// 2y 81// 0z\ gy Oz
s E )
c’ (cosh2 n —cos’ w oy oy

+§( (coshzn cos z//)aZD

) 1 O, v oy
CZ(COShZU—COSZI//) on* oy’ 82 '

(4.28)

: : L ov
In rectangular coordinates, as there is no swirling flow, we have — =0 . Thus the

oz
momentum equation (4.16) written in elliptic cylindrical coordinates is
2 2
e e (4.29)
c (cosh 1 —cos z//) on” oy u ot u

The velocity distribution must satisfy the slip boundary condition on the walls.
The local slip velocity is proportional to the local velocity gradient normal to the
wall. In elliptic cylindrical coordinates, the boundary conditions (Duan and
Muzychka, 2007), assuming a one quarter basic cell, are

. 1 ov B

(i) —— ﬂ(n fj—o
V& OV "2 ,
ov

1
0.r) =0,
(ii1) \/g—nﬁﬂ( l//)

. { 0 1+5b/
(iv) V+—_v(770;l//):0; 770:1n—az§
V& on 1—(b/a)
a b

C =

coshz, sinhz,’
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2-0

where /1is slip length. The slip length is defined by /=1 in [36], where 1

is the molecular mean free path and o denotes the tangential momentum
accommodation coefficient, which has values that typically lie between 0.87 and 1
[101]. It should be addressed here that for ¢/ =0, conditions (4.32) reduces to the

no-slip boundary condition.

Figure 4.2: An elliptic duct

4.4 Solution of Velocity and Stress Fields

Welet v, = f,.e";  f, = f. (7.w), so that

2 2

6772 8772 ’

azv 62 inwt

—5= —f’z’e , (4.31)
oy~ Oy

aév; =inwf, " .

Substituting (4.31) into the momentum equation (4.29) yields
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inwt 2 2 [
2 Ze 2 ‘ f; + g f; - f, e = Lo ger, (4.32)
c (cosh n —cos l//) on” oy H H

which gives

1 (fffn +82ﬁ]_in0)ﬂf _G (4.33)
u H

cZ(coshzn—coszw) on’® oy’ "

For n#0, let fnng(q,g//)— S , then we have

inwp
o>f, oW, f, oW,

, = . 4.34
on® on° oy’ oy’ (434
The momentum equation now becomes
2 2 .
: 21 : 6VIZH+6W; _zna)p(Wﬂ_.c_njzc_", (4.35)
c (cosh 1 —cos ;y) on- oy Y7 inwp ) U
or
2 2 .
— [aWz”+Mz”]—’"“)pVVn=0- (436)
¢ (cosh 17— cos (,y) on- oy u
To solve this equation, we let W, (n,y) = F,(n)G, (v ), then
2 2F 2 2
2L, 2L ls @37)
on on oy oy

Because cosh’ 7 = %(1 +cosh2ry); cos’y = %(1 +cos2y ), we have from (4.36)

that

2 G Oh, p 0G| P o (433
¢®(cosh2np—cos2y)\ " on* " oy’ w T

or

2 2 . 2
G, ° Fz” +F, 0 G; _ nepe (cosh277—cos2z//)Fn G,=0. (439
on oy 2u

Dividing both sides of the above equation by F, G, , we have
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O’F, 0°G,
on’ oy’ B inwpc® (

F + G o cosh277—cos21//)=0,
which gives
(o) (&)
6}7{2 + 6(1;:2 = inc;zcz cosh 277—1"22)—’002 cos 2y
or
(57) (o)
aTTZZ—iqn cosh 27 = _5Tl/:2_l.qn cos2y =k,
where g, = naz)'z ¢ . Hence we obtain
62F; —(k+ig, cosh2n)F, =0,
on
0°G,

5 +(k+ig, cos2y)G, =0,
v

where £ is separator constant.

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

Remark 4.1. The number £ refers to the characteristic number as derived in (4.42)

and can be chosen as a function ofg, .

Let —2p =igq, , then equations (4.43) and (4.44) become

2
E;i” —(k=2pcosh2n)F, =0,
oG, +(k—2pcos2y )G, =0
oy’ o

which admit solutions

Fn (77): Al ceZn (lﬂ,p)+B1 seZn (”7>p)
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Gn (l//) = AZ ceZn (l//’ p) + BZ SeZn (l//’ p) (448)

where ce,, (in,p) , se, (v,p) ., se,(in,p) and ce,, (v,p) are Mathicu

functions of the first kind.

By using boundary conditions 4.30(1) and 4.30(iii), we get B, =0 and B, =0.
As the characteristic number £ is a function of g, , there exist an infinite number of

k, so that the solution has the following general form

I/ert(n’l//):ZAmn CeZm (”7,]7) Ce2m (l//’p) (449)
m=0
where
ce,, (v, p) Z AP™ cos (2ry) and (4.50)
ce,, (in,p) Z A2 cosh(2rn). (4.51)

The coefficients 4" are found through a recurrence relation which depend on

the order of the function, 2m, and on the parameter p.

Now from (4.51), we have
8677 (062m (in,p) ) (Z AP™ cosh 2r77)j

=320 AC™ sinh 2rn).
2r

r=l1

(4.52)

In order to overcome the difficulty in calculating the metric coefficient, we use a

binomial series to approximate the metric coefficient and take the first three terms:

1+x +Z (a=2)...(a—n+1)
n=0 n!

n

x"; —l<x<l. (4.53)

The metric coefficient at 7 =77, may now be written as:
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1 1
2 2 1/2
E&xn c(cosh 1, —€OS 1//)
1

2
cos
¢ coshn, [1 - COSth/:]
0

jl 3 (4.54)

1+ 1 cos’ +§ cos’
2 cosh’ 7, 8cosh'n,
c coshr, '

1 cos’ y 3 cos’ w
2 cosh’ 7, 8 cosh*n,
c coshr,

1 cos’ i 3 cos*
2 cosh’ 170 8 cosh*n, (4.55)

2
where g(l//)=1+l cos 21// 3_cos 4l’// c=—2
2 cosh™ i, 8 cosh 7, cosh,

By differentiating (4.49) with respect to 7, we have

%—VZ’(%, )= Amncezm w,p Z2r AP s1nh(2r770)

Because f, =W, (n,y)— , and v, = f, ¢"”, we have

C .
=\w n inwt
V, = n . e
mmwp

(z Amn cezm (l?], p) Cezm ((//’ p) _c_nj einwt

m=0 inwp

(4.56)
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Thus, from the superposition principle, we have

V()= 2 Re(v,)

L (4.57)
c .
— R A s _ n inwt .
nzz;mz:(:) e|:[ mn CeZm (”7:17) ceZm (lf//’p) ina)pje :|
By differentiating v with respect to 77, we have
S—V = i i Re [(Amncezm (w.p) i 2r A2 sinh (2r77)] e’”“”}
77 n=1 m=0 r=1 (458)
=2 2 Re[(4,,ce, (v.p) f (1)) |
n=1 m=0
where f(77)= in A" sinh(2rn).
r=1
Applying boundary condition 4.30(iv), namely
¢ 0 1+b/
V(770>'//J)+ _V(770>l//at)=0a nozln—‘r—az; (459)
Jeu o1 1-(b/a)
we have
z Z Re |:(Amn CeZm (i770’ p) Ce2m (l//’ p) _c_”J ei’w’t j|
n=1 m=0 lna)p (460)
1 e o
+;g(w)ZZRe[(Amcezm (w.p)f (m,))e" =0,
n=1 m=0
that is
Z Z Re |:(Amn ceZm (l/jﬂ p) |:ce2m (iUO’ p)
e (4.61)

e[ ]

a inwp

For the above equation, to hold for any instant of time ¢, we require that
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n=1 m=0

£l

n=1 ma)p

iiRe[[A ce,, (v, p){cem("770’1’)+§g(‘//)f(770)m

(4.62)

A solution for 4 may be obtained by means of a Fourier Expansion.

mn

Multiplying both sides with ce,,, (v, p), by orthogonality properties, we have

2z
frd 2 et
A — 0

mn 2z

[ R ce0.0) s 1 2)+ L0 )|

(4.63)

Obviously, the boundary condition 4.30(ii) is automatically satisfied.

The mean velocity is found by integration of Eq. (4.54) across the cross-section of

the duct, namely

. TTVC (COShZﬂ cos l//)d?]dl//
Vz—jvdAz 90
A 2

fT c? (cosh2 n—cos’ w)dndw (4.64)
00

Now we determine the exact solutions of the stress field. The stress in the field is
related to the velocity field by the constitutive equations (3.43). The rate of

deformation tensor related to the velocity vector is shown by formula (3.45). As

v=(0,0, v(y , v, t)), we obtain
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ou

0 0 —
on
d=il o o XM (4.65)
2 oy
ou Ou
on Oy

From the above formula and using (3.43), (3.44) and (4.53), we have
(4.66)

Hence
o,, = 0 (4.67)

d,, =d.=-p=q0)z+p,(1),0,, =

where ¢(¢) is the pressure gradient, while p,(¢) is arbitrary and can be chosen to

meet certain pressure condition, and

0, =2ud,. = #s—v = yiiRe[(AmnceQm (v.p)f(n))e" ], (4.68)
v ii e[ (4.ce,, (in.p) h(w))e™ |, (4.69)

where
)=>_-2r A" sinh(2ry’)  (4.70)

r=1

Z 2r A" sinh (2r77),

r=l1
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4.5 Numerical Investigations

We have already shown the analytical solutions for #» # 0 which correspond to

wave form pressure gradient. We choose ¢, =a, —bi=-5i, and ¢, =0 forn > 1,

then

% = Re(clei“’t) =5sin(4).
For the case of wave pressure gradient, the velocity depends on time ¢ and the slip
length ¢ . The solution has been derived from the Navier-Stokes equations in
elliptic cylindrical coordinates. The velocity solution has to be arranged into series
in ¢ in order to present the profile. As consequence, a smooth velocity profile is

not visible.

To demonstrate the velocity profile of the wave pressure gradient, we take
a=0.1,b=0.05pp=21,0=4, u=10,/=0.1,
so that we have
7o = 1nL/a2 = 0.549306446
1- (b / a)
and
q =-0.066 1.

We calculate the velocity profiles at various instants of time in the range of

0<w<27m, 0<77<0.549 for the elliptic cylindrical coordinates. Using Maple

v.10 , the results are displayed in figures 4.4.
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Figure 4.3: Pressure gradient driving the flow of the fluid

Calculation of the Mathieu equation and the modified Mathieu equation were
based on the formula explained in section 4.2. We apply ¢ =-0.066 i as small as
required, fluid density p=21, slip length /=0.1 , fluid viscosity x#=10,
frequency w =4, and ellipticity of the tube £=0.5. The velocity profiles at the
instants of times =0, 0.131, 0.393, 0.785, 0.92, 1.178 corresponding to

ot =0°,45°,90°,180°,225°, 270° during a full wave cycle are displayed in figure

4.4, When ‘;—pzo and increases, the velocity decreases (decelerated flow) as ¢
zZ

. . d, ..
increases; while when P <9 , the velocity increases (accelerated flow) as ¢
zZ

increases. For =0 and ¢ = 0.785, Z’—p =0 so that they have similar profile.
A
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Figure 4.4: Velocity profiles at various instants of times during a full wave cycle
(a) =0, (b) t=10.131, (c) t=0.393,(d) r=0.785, (e) t=0.92, (f) t = 1. 178.

To demonstrate the influence of the slip on length in the flow behaviour, we
analyze the solutions graphically in figures 4.5 which show the 3D velocity

profiles on the cross-section of the channel for various different values of ¢ and ¢.
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Figure 4.5: 3D graphs showing the axial velocity profiles on the cross-section of
the channel for various different value of ¢ and ¢: (a) ¢ =10,7=0;(b) ¢ =10, t=
0.393;(c) £ = 10,¢=1.178;(d) £ =100,2=0; (e) ¢ =100, ¢=0.393; (f) ¢ =
100, t=1.178; (g) ¢ =1000, = 0; (h) ¢ =1000, t=0.393; (i) ¢ = 1000, t =
1.178.

The velocity profiles show that for # = 0, the velocity increases when the slip

length increases. For # = 0.393 and ¢ = 1.178, the axial velocity changes

ap

y4

ap

, the profiles are similar but in the opposite
(=1.178 dz

t=0.393

significantly. As

directions.

To demonstrate the influence of pressure gradient on the flow and the stress
behaviour, we show the solutions graphically in figures 4.6 which show the 3D
stress field profiles on the cross-section of the channel for various instants of time

L.
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Figure 4.6: 3D graphs showing the stress field O . profiles on the cross-section

of the channel for various instants of time ¢ (a) #=0; (b) t=0.131; (¢) #=0.393;
(d) £=10.785; (e) t=0.92; (f) ¢t =1.178.

4.6 Concluding Remarks

This chapter expressed analytical solutions of unsteady fluid flow through elliptic
micro-channels with boundary slip. The Navier-Stokes equation in rectangular

coordinates is converted to the equation in elliptic cylindrical coordinates. The
.. . et 2-—

boundary conditions are formulated as in [36] but with s1mp11fy1ngﬂ,—o- =/.
o

Forn # 0, the analytical solution is derived in this chapter by using Fourier series
expansion. To demonstrate the analytical solution for the case of wave form
pressure gradient, we convert the Mathieu and the modified Mathieu function into

series of ¢g. The velocity profile is determined for full wave cycle for/=0.1 in
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figure 4.4. When the pressure gradient increases, the velocity increases

(accelerated flow); while when the pressure gradient decreases, the velocity

decreases (decelerated flow). For r = 0 and ¢ = 0.785, Z—p =0 so that they have
A

similar profile but with the opposite direction. For ¢ = 0, the axial velocity
increases when the slip length increases. For £ = 0.393 and ¢ = 1.178, the profiles
are similar but in the opposite directions. The stresses on the 77 -plane along the z
direction show that the profiles are similar for %20 and %SO but in the

opposite directions.
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Chapter 5

Summary and Further Research

5.1 Summary

In this thesis, we study the analytical solutions of unsteady slip flows in
rectangular and elliptical micro-channels. Based on previous work in the field, we
have derived some important results. The main results achieved are in two aspects

which are summarized below.
(1) Analytical results for unsteady slip flow in rectangular micro-channels

(i) The governing equations for the problem have been formulated and
established based on the Navier-Stokes equations and the continuity equation in
rectangular coordinates. By assuming that the flow is symmetric about the xz-
plane and the yz- plane and is fully developed, the field equations for velocity
field have reduced to a second order time-dependent partial differential equations
in rectangular coordinates. The complete set of boundary conditions based on the

Navier slip model has also been developed.

(ii)) The governing partial differential equations subject to the slip boundary
conditions have been solved successfully to yield the velocity field solutions. The
basic method is to express the pressure gradient by the Fourier series and obtain
the solution by using the superposition principle, that is, if U, is the solution for

0

op/oz=ce™, then the complete solution for 8p/6z=Re(znZOCnei“’“‘) is
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u= Z::o Re(un ) . Then the solution is found by the separation of variables. Based

on the velocity solutions, the complete set of solutions for the flow rate and the

stress fields have also been obtained.

(iii) Based on the mathematical model constructed and the solutions obtained, a
number of investigations have been carried out to study the dynamic flow
phenomena and the influence of the slip parameter on the flow behaviour. It has

been found that:

a. For the flow through rectangular micro-channels with constant pressure
gradient, the axial velocity increases faster in the center of the cross section than
other area when the slip length increases; while for the flows driven by the wave
pressure gradient, the velocity changes significantly when the slip length

increases.

b. For the flow driven by a constant pressure gradient, the flow rate is linear, and
for different values of e=b/a, the flow rate is parabolic. While for the flows driven
by the wave form pressure gradient, the flow rates are parabolic for different slip

length.

c. The amplitudes of flow rate initially increase significantly as the slip length
increases but tend to a constant when the slip length becomes sufficiently large for

various a values.
(2) Analytical results for unsteady slip flow in elliptical micro-channels

(i) The governing equations for the problem, including the Navier-Stokes
equations and the continuity equation, have been formulated in elliptic cylindrical
coordinates. The complete set of boundary conditions based on the Navier slip
model in elliptical cross section has also been developed. In order to calculate the
Mathieu and the modified Mathieu functions as a part of solution and to display

the solutions, these functions are converted to the series of a and Q.
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(i) Using methods similar to that used for the study of rectangular micro-
channels, the complete set of solutions for the velocity and the stress fields have
been derived. The solution process involves splitting of the partial differential
equation into the Mathieu equation and the modified Mathieu equation, and part
of the solutions are expressed in terms of the Mathieu functions and the modified
Mathieu functions. To demonstrate the results, the coefficients of the Mathieu
functions and the modified Mathieu functions have been converted to the series of
the function parameters a and ¢, and a numerical procedure is applied to

determine the coefficients.

(iii) Based on the mathematical model constructed and the solutions obtained, an
investigation has been carried out to study the influence of the slip parameter on
the flow behavior in elliptic micro-channels. It has been found that, as the
pressure gradient increases, the velocity increases (accelerated flow); while as the

pressure gradient decreases, the velocity decreases (decelerated flow). The

profiles are similar for t = 0 and t = 0.785, as %:0 but in the opposite
z

directions. For t = 0, the axial velocity increases when the slip length increases.
For t =0.393 and t = 1.178, the profiles are similar but in the opposite directions.

The stresses on the 77 -plane along the z direction show that the profiles are similar

for 3_}) >0 and dp <0 but in the opposite directions.

z dz

5.2 Further Research

In this project, we use Fourier series expansion to develop and investigate
analytical solutions for unsteady slip flows in rectangular and elliptical micro-
channels. Although some important results have been obtained, there are still
problems for further research. In elliptic micro-channels, the form of the solution

obtained is complicated and thus it is useful to search for solutions of simpler
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form. Further work is still needed to study the influence of boundary slip on the
velocity profile, the flow rate and the stress field. Analytical solution of unsteady
slip flows for non-Newtonian fluids in elliptic micro-channels is still a challenge.
Study of unsteady slip flows for Newtonian or non-Newtonian fluids in other
cross sections such as triangular, trapezoidal, semi-circle, circular sector is another

challenge.
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Appendix

To demonstrate the solutions which have been found in chapter 4, we require
some formulas to calculate the Mathieu functions and the modified Mathieu

functions as in Ref [110].

A.1 Formula for a

We designate the characteristic numbers for cem(z,q) and sem(z,q) by a,, and

b, r espectively. Following the results in [110], we have

1, 7 4, 29 68687 0
=——0q +—Qq" — + +0 .
% 2 a 128 a 2304 a 18874368 a (q )

1, 1, 1 , 11
=1-0-=-q°"+—Qq - -
. q 8 q 64 a 1536 q 36864 a
49 55 7 265 8 9
+ - - +0 .
589824 a 9437184 a 113246208 a (q )

The characteristic number a, can be found by replacing —q for g in b,.

1 5 289 21391
b,=4-—q°+ ‘- ®+ 1+0(q").
? 12 q 13824 a 79626240 a 458647142400 a (q )

5 . 763 . 1002401 1669068401 , o(¢®)

a=4+—q° - + —
2 12 f 13824 q 79626240 f 458647142400 q

1 1 13 5
b,=9+—q*-—q°+ ‘4 °
’ 16 q 64 a 20480 d 16384 q

- q + q
23592960 104857600

The characteristic number a, can be found by replacing —q for g in b,.
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1 317 10049
b, =16 +—q° + ‘4 *+0(q%). A6
! 30 q 864000 q 1728000 a (q ) (A.6)
1 433 5701
a,=16+—q° + ‘- *+0(q%). A7
! 30 a 864000 a 1728000 a (q ) (A7)
1 11 1 37
b, =25+—q°+ ‘- S+ *+0(q’). A8
° 48 a 774144 a 147456 a 891813888 a (q ) (A8)
The characteristic number a,can be found by replacing —q for g in b;.
1 187 5861633
b, =36+—0q°+ - *+0(q® A9
° 70 f 43904000 a 92935987200000 a (q ) (A9)
1 187 6743617
a, =36+—0q° + e *+0(q° A.10
® 70 a 43904000 a 92935987200000 a (q ) ( )
When m > 7, the following formula is used.
2
a b =m*+ 1 q° + Sm :7 4
2(m?-1) 32(m*-1) (m* -4)
9m* +58m? + 29 6
+ - q +...
64(m* 1)’ (m? —4)(m*-9)
(A.11)

These formula may be used to calculate a when q is sufficiently small and of

either sign. For equal accuracy, q may increase as m increases. For m> 7, it must
not be inferred that a, =b,. As |q—>0,a, —>b,, but for |g|>0,(a,-b,)=0,

although it is very small near q = 0.

A.2 Coefficients Formula
In the equation (4.2), if y is substituted by each series (4.5) — (4.8) in turn, and the

coefficients for cos2rz, cos(2r+1)z, sin(2r+1)z, sin(2r+2)z are equated

to zero forr =0, 1, 2,..., the following recurrence relations are obtained [110]:
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aA, ~ A, =0

for ce,, (z,9) (a—4)A,—q(A,+2A))=0 (A.12)
(a_4r2)A2r_q(A2r+2+2A2r—2)=0;r22
. (a-1-a)A-0A =0 13
> CeZn+1(Z’q) [a_(zr""l)z}Azm_Q(Azrw+2A2r—1)20;er (A13)
(a-1+q)B,—gB, =0
o SeZ”+1(Z’q) |:a_(2r+1)2:|BZr+1_q(BZr+3+BZr—l)ZO;er (A14)
. (a—4)B,—0B, =0 Al
or s€;,.2(2.9) (a—4r?)B,, —q(B,,.,+B, ,)=0;r>2 (AL5)

For simplicity the superscripts 2n, 2n+1, 2n+2 for A and B have been omitted.

Normalization of ce, (z,q) and se,(z,q)are:

Z[ASZ”)T +2[ (f“)}z =1 form =2n, and (A.16)

1= i[AéfZI”T -5 (B ] =i[8§fi§”]2 for m = 2n+1 (A.17)

r=0 r=0 r=0

A.3 Calculation of A

If q is sufficiently small, the formula for a given in (A.1) — (A.10) may be used.

Suppose we have to find the coefficients of the series for the function ce,, (z,q).
We commence with finding a,,, n=0,1, 2,...by using the formula of a.

Writing vy =A /A V,=ATA NV, =ATA,... .V, , =A TA, , v, =A,, A,
VoV, = A LA, VWY, = AT A,,... and v, = A | Ay =a/q from the first formula.
Dividing the second formula by A, and making these substitutions, gives

(4-a)V, +q(vpv, +2)=0 (A.18)
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S0 —vozéq/{l—i(a—qu)}

(A.19)

In the same way, from the equation (A.12)3, we get
(4r* —a)v,_, +q(Vy vy, +1) =0, (A.20)
—V,, , = (q/4r2)/[1—(]/4r2)(a—qv2r )] r>2. (A.21)

which may be regarded as an alternative form of the recurrence relation.

To simplify calculation, we use a reasonable approximation and neglect qur/4r2
due to the term |qv,,|/4r® <1, and thus we have
v, ,=(a/ar*)/[1-a/ar’ |;r=2, (A.22)

provided r is large enough. Otherwise we use formula (A.21).

Since the values of v, have been found, we may calculate A, after finding A,

using the Normalization formula:

1=2A+ AN +A +A +.... (A.23)

Dividing by A? on both sides, we have
YN =2+N/N+N [N+~ +... (A.24)
50 YN =2+(A/A) +(AJA) +(A/A) +... (A.25)

To have positive root, we use formula
YA =2 (A A +(AJA) +(ASA) +... (A.26)

where

Az/pbzvovAA/Abzvzvo'As/Ao:V4V2V’-~- (A.27)

Finally, putting all A, on the series of function ce,,(z,q), we have

ce,, (2,0)= A + A" cos2z + A" cosdz + A" cosbz +... (A.28)
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A.4 Solution of the Mathieu Equation when g is negative

imaginary

In the condition that q takes the form —is where s being real and positive, in

numerical work, it is preferable to work with g=+is and then obtain the solution

for gq=-is by writing (%7;— z) for z. The value of a is real or complex depending
on conditions. For g moderate, the series for a_, b, in (Al.1) are convergent, and
may be used for computation. The series for a,,,b,, are proceeded in powers
ofg?, while those for a,,,,b,,,, are proceeded in power of q. Hence a,,, b, are
real, but a, ., b,,., are complex. Whens > s;, with s, depending upon n and the

function, a,,, b,, are complex.
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