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Abstract

Duality is one of the most successful ideas in modern science [46] [91]. It is essential in
natural phenomena, particularly, in physics and mathematics [39] [94] [96]. In this thesis,
we consider the canonical duality theory for several classes of optimization problems.

The first problem that we consider is a general sum of fourth-order polynomial mini-
mization problem. This problem arises extensively in engineering and science, including
database analysis, computational biology, sensor network communications, nonconvex
mechanics, and ecology. We first show that this global optimization problem is actually
equivalent to a discretized minimal potential variational problem in large deformation
mechanics. Therefore, a general analytical solution is proposed by using the canonical
duality theory.

The second problem that we consider is a nonconvex quadratic-exponential optimiza-
tion problem. By using the canonical duality theory, the nonconvex primal problem in
n-dimensional space can be converted into a one-dimensional canonical dual problem,
which is either a concave maximization or a convex minimization problem with zero du-
ality gap. Several examples are solved so as to illustrate the applicability of the theory
developed.

The third problem that we consider is quadratic minimization problems subjected to
either box or integer constraints. Results show that these nonconvex problems can be
converted into concave maximization dual problems over convex feasible spaces without
duality gap and the Boolean integer programming problem is actually equivalent to a
critical point problem in continuous space. These dual problems can be solved under
certain conditions. Both existence and uniqueness of the canonical dual solutions are
presented. A canonical duality algorithm is presented and applications are illustrated.

The fourth problem that we consider is a quadratic discrete value selection problem
subjected to inequality constraints. The problem is first transformed into a quadratic 0-1
integer programming problem. The dual problem is thus constructed by using the canon-
ical duality theory. Under appropriate conditions, this dual problem is a maximization
problem of a concave function over a convex continuous space. Theoretical results show
that the canonical duality theory can either provide a global optimization solution, or
an optimal lower bound approximation to this NP-hard problem. Numerical simulation

studies, including some relatively large scale problems, are carried out so as to demon-

il



strate the effectiveness and efficiency of the canonical duality method. An open problem
for understanding NP-hard problems is proposed.

The fifth problem that we consider is a mixed-integer quadratic minimization problem
with fixed cost terms. We show that this well-known NP-hard problem in R?" can be
transformed into a continuous concave maximization dual problem over a convex feasible
subset of R™ with zero duality gap. We also discuss connections between the proposed
canonical duality theory approach and the classical Lagrangian duality approach. The
resulting canonical dual problem can be solved under certain conditions, by traditional
convex programming methods. Conditions for the existence and uniqueness of global
optimal solutions are presented. An application to a decoupled mixed-integer problem is
used to illustrate the derivation of analytic solutions for globally minimizing the objective
function. Numerical examples for both decoupled and general mixed-integral problems
are presented, and an open problem is proposed for future study.

The sixth problem that we consider is a general nonconvex quadratic minimization
problem with nonconvex constraints. By using the canonical dual transformation, the
nonconvex primal problem can be converted into a canonical dual problem (i.e., either
a concave maximization problem with zero duality gap). Illustrative applications to
quadratic minimization with multiple quadratic constraints, box/integer constraints, and
general nonconvex polynomial constraints are discussed, along with insightful connections
to classical Lagrangian duality. Conditions for ensuring the existence and uniqueness of
global optimal solutions are presented. Several numerical examples are solved.

The seventh problem that we consider is a general nonlinear algebraic system. By using
the least square method, the nonlinear system of m quadratic equations in n-dimensional
space is first formulated as a nonconvex optimization problem. We then prove that, by
using the canonical duality theory, this nonconvex problem is equivalent to a concave
maximization problem in R™, which can be solved by well-developed convex optimization
techniques. Both existence and uniqueness of global optimal solutions are discussed, and
several illustrative examples are presented.

The eighth problem that we consider is a general sensor network localization problem.
It is shown that by the canonical duality theory, this nonconvex minimization problem is
equivalent to a concave maximization problem over a convex set in a symmetrical matrix
space, and hence can be solved by combining a perturbation technique with existing
optimization techniques. Applications are illustrated and results show that the proposed

method is potentially a powerful one for large-scale sensor network localization problems.
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CHAPTER 1

Introduction

1.1 Motivation and background

In this thesis, canonical duality theory which was developed from nonconvex analysis
[10] [27] and global optimization [38], is applied to study several interesting nonconvex
optimization problems. Some concepts and basic results on canonical duality theory are

briefly reviewed in this chapter.

1.2 Canonical duality theory: A brief review

The basic idea of the canonical duality theory can be demonstrated by solving the following

general nonconvex problem (the primal problem (P) in short)

XEXa

(P) : min {P(X) = %(X,AX> — (x,f) + W(X)} , (1.1)

where A € R"*" is a given symmetric indefinite matrix, f € R™ is a given vector, (x,x*)
denotes the bilinear form between x and its dual variable x*, W (x) is a general nonconvex
function, and X, C R" is a given feasible space.

The key step in the canonical dual transformation is to choose a nonlinear operator,
E=Ax):X, > & CRP (1.2)

and a canonical function V : &, — R such that the nonconvex functional W(x) can be
recast by adopting a canonical form W (x) = V(A(x)). Thus, the primal problem (P) can

be written in the following canonical form:

(P): min {P(x) =V(A(x)) —U(x)}, (1.3)

xeX,

where U(x) = (x,f) — 3(x, Ax). By the definition introduced in [38], a differentiable



2 Introduction

function V'(€) is said to be a canonical function on its domain &, if the duality mapping
s = VV(§) from &, to its range S, C RP is invertible. Let (£;¢) denote the bilinear form
on R?. Thus, for the given canonical function V' (&), its Legendre conjugate V*(g) can be

defined uniquely by the Legendre transformation

Vi(s) = sta{(§;6) = VI(E) | € €&, (1.4)

where the notation sta{g(&)| & € £,} stands for finding stationary point of g(§) on &,. It

is easy to prove that the following canonical duality relations hold on &, x S,:

s=VV(§) & £=VV() & V() +V(s) = (&) (1.5)

By this one-to-one canonical duality, the nonconvex term W (x) = V(A(x)) in the prob-
lem (P) can be replaced by (A(x);s) — V*(¢) such that the nonconvex function P(x) is

reformulated as the so-called Gao-Strang total complementary function [38]:
2(x,6) = (A(x);6) = V'(s) = U(x). (1.6)

By using this total complementary function, the canonical dual function P4(g) can be

obtained as

Pils) = sta{Z(x,6) | x € &,}
= U™s) —V*(s), (1.7)

where U”(x) is defined by
UA(s) = sta{(A(x);6) = U(x) | x € X,}. (1.8)

In many applications, the geometrical nonlinear operator A(x) is usually a quadratic

function
1
A(X) = §<X7 Dk:X> + <X7 bk>7 (19)

where Dy € R™™ and b, € R", k = 1,--- ,p. Let ¢ = [¢1, -+ ,¢,]". In this case, the

canonical dual function can be written in the following form:

Pi(s) = —5 (F(s), G (S)F(s)) ~ V*(6), (1.10)

where G(s) = A+> 7 _ 6Dy, F(s) =f—>7_, cxby, and GT denotes the Moore-Penrose
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generalized inverse of G,
Let S;- = {¢ € R?| G(s) = 0}. Therefore, the canonical dual problem is proposed as:

(PY) : max{P%s)| s €S}, (1.11)

which is a concave maximization problem over a convex set S, C RP.

Theorem 1.1 ( [38]). Problem (P?) is canonically dual to (P) in the sense that if S is a
critical point of P(s), then

x =G (5)F(q) (1.12)
is a critical point of P(x) and
P(x) = 2(x,5) = P4(3). (1.13)
If S is a solution to (P?), then % is a global minimizer of (P) and

min P(x) = Z(X,§) = max P%(s). (1.14)
XEX, Sest

Conversely, if X is a solution to (P), it must be in the form of (1.12) for critical solution
S of P4(s).

To help explain the theory, we consider a simple nonconvex optimization in R™:

1 1
min I1(x) = §oz(§||x||2 —\)? —x'f, ¥Vx € R", (1.15)

where o, A > 0 are given parameters. The criticality condition VP(x) = 0 leads to a

system of nonlinear algebraic equations in R™:
L2
a(§HXH —A)x =f. (1.16)

Clearly, to solve this system of nonlinear algebraic equations directly is very difficult. Let’s

make use of the canonical dual transformation. To do so, we let € = A(x) = 3 [|x[*~X € R.

Then, the nonconvex function W(x) = sa(5[|x[|> — X)? can be written in canonical form

V(€ = %aéQ. Its Legendre conjugate is given by V*(¢) = %a‘1§2, which is strictly convex.

Thus, the total complementary function for this nonconvex optimization problem is

1 1
=2(x,¢) = (§HXH2 —A)s — §oflg2 —x'f. (1.17)
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Figure 1.1: Graphs of the primal function II(x) (solid line) and its canonical dual function
[14(s) (dotted line).

For a fixed ¢ € R, the criticality condition V4=(x) = 0 leads to
sx —f=0. (1.18)

For each ¢ # 0, equation (1.18) gives x = f/¢ in vector form. Substituting this into the

total complementary function =, the canonical dual function can be easily obtained as

Hd(g) - {E(X,C)’VXE<X, §) = 0}
B S G Xs, Vs #0 (1.19)
= 2§ 2Oé S S, 9 . .

The critical point of this canonical function is obtained by solving the following dual

algebraic equation
1
(a7t + N2 = §fo. (1.20)

For any given parameters a, A and the vector f € R”, this cubic algebraic equation has
at most three roots satisfying ¢; > 0 > ¢ > ¢3, and each of these roots leads to a critical
point of the nonconvex function P(x), i.e., x; = f/g;, i = 1,2,3. By the fact that ¢; €
SF={ceR|¢>0}, it is clear from Theorem 1.1 that x; is a global minimizer of TI(x).
Consider one dimensional problem with a =1, A =2, f = % The primal function and
canonical dual function are shown in Fig. 1.1, where x; = 2.11491 is the global minimizer
of P(x), ¢ = 0.236417 is global maximizer of I1%(s), and II(x;) = —1.02951 = I1%(s;) (See
the two black dots in Fig. 1.1).

1.3 Overview of this thesis

The primal goal of this thesis is to apply this newly developed canonical duality theory
to eight nonconvex problems.

The rest of the thesis is organized as follows. Chapters 2 and 3 are concerned on
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canonical duality theory to unconstrained optimization problems. In Chapter 2, canon-
ical duality theory is applied to study fourth-order polynomials minimization problems.
Chapter 3 is on nonconvex quadratic exponential minimization problem. Chapters 4 to
Chapter 7 are concerned on constrained problems. Chapter 4 is focused on the applica-
tion of canonical duality theory to box and integer constrained problem. Chapter 5 is on
general multi-integer constrained problem. Chapter 6 is on mixed integer programming.
Chapter 7 is on general nonconvex constrained optimization. In Chapter 8, canonical du-
ality theory is applied to algebraic system. Chapter 9 considers a real world application
on sensor network localization. In Chapter 10, we summarize the contributions of the
thesis and make comments on open problems. Some future research problems are also

suggested.

1.4 Notation

The following is a list of notations used in this thesis.
R: Real number.

R™: n-dimensional Euclidean space.

R™™: n x m-dimensional real matrices space.

Z:: Integers.

Z™: n-dimensional integer space.
|S]: Cardinality of the set S.
||x||: Euclidean norm.

{z;}"_,: Column vector (z1,- - ,z,)7.

e: Vector with all its components being 1.

e;: Vector, where its ith component is 1, while the others are all 0.

AT Transpose of the matrix A.

trace(A): Trace of the matrix A.

rank(A): Rank of the matrix A.

diag(A): Diagonal vector of the matrix A.

diag(x): Diagonal matrix with diagonal elements 1, - -+ , x,,.

Ao B: Hadamard product of the matrices A and B, i.e., Ao B = {aijbij};szl.
(A, B): Inner product of the matrices A and B, i.e., (A, B) = trace(AB).
Q@ >~ 0: @ is a positive definite matrix.

@ > 0: () is a positive semidefinite matrix.

f*: Conjugate function of f.

dom f: Domain of the function f.

0 f: Derivative of the function f.

V f: Gradient of the function f.



6 Introduction

V2f: Hessian of the function f.
df: Set of subgradients of the function f.
exp(x): Exponential function e”.

sta{}: finding stationary points of the statement in {}.



CHAPTER 2

Fourth-Order Polynomials Minimization

Problems

2.1 Introduction

This chapter presents a canonical dual approach to solve a general sum of fourth-order
polynomial minimization problem. This problem arises extensively in engineering and
science, including chaotical dynamical systems [39], chemical database analysis [100],
sensor network communications [17] [86], large deformation computational mechanics [35],
and phase transitions of solids [45].

We first show that this global optimization problem is actually equivalent to a dis-
cretized minimal potential variational problem in large deformation mechanics. Therefore,

a general analytical solution can be proposed by using the canonical duality theory.

2.2 Problem Statement

We are interested in solving the following general nonlinear programming problem

m

1
(P): min{P(x)=> We(x)+ 5XTQX —x'f : xeR"}, (2.1)
e=1
where
1 1, . 2
We.(x) = §oze §X Ax+b.x+c | , (2.2)

and A, = AT, Q = QT € R™" are indefinite symmetrical matrixes, f, b, € R" are
given vectors, ¢, € R and a, are given constants. Without loss of generality, we assume

that a, > 0, Ve = 1,...,m. The criticality condition §P(x) = 0 leads to a nonlinear
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equilibrium equation:
N |
Z oze(§xTAeX +blIx+c)(Ax+b)+Qx—f=0 (2.3)
e=1

Direct methods for solving this coupled nonlinear algebraic system is very difficult. Also
equation (2.3) is only a necessary condition for global minimizer of the problem (P). A
general sufficient condition for identifying the global minimizer is a fundamental task in

global optimization.

2.3 Canonical Dual Transformation

Following the standard procedure of the canonical dual transformation, we introduce a

differentiable geometrical operator
E=A():R" = R™, (2.4)

which A(x) = {%XTAkX +blx + ck} is a map from R" into V, C R™. Then, the non-

convex function W (x) can be written in the canonical form

W(x) = V(A(x)), (2.5)
with .
1 2 1 T
V(E) =) jm& =gal(E0f)

is a quadratic function, where a = {ax} € R™, and & o & = {&k&x} € R™ represents the
Hadamard product. Thus, the duality relation

S=V(E) =aok (26)
is invertible for any given & € V,.

Let V¥ be the range of the duality mapping ¢ = dV (§) : V, = V¥ C R™ ie., ¢ € R™
Then, for any given ¢ € V>, the Legendre conjugate VV* can be uniquely defined by

Vi (s) = sta{€’s ~ V(E)} = 3 sop'<}
k=1

So (&,¢) forms a canonical duality pair on V, x V¥ (cf. [38]) and the following canonical
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duality relations hold on V, x V;:
c=0dV(E) & £=0V(s) & &e=V(E)+V() (2.7)

Replacing W (x) = V(A(x)) by A(x)s — V*(s), the generalized complementary function
[44] can be defined by

1
2(x,6) = AX)s—V*(s) + §XTQX —x'f

-

m
1
k=1

1 1
[(éxTAkx +blx + ck) Sk — 504,;193} + EXTQX —xf. (2.8
For a fixed ¢ € V!, the criticality condition dx=(x,¢) = 0 leads to the following canonical
equilibrium equation:

G(s)x — F(s) =0, (2.9)

where F(¢) = f — 371" ibi, G(s) = Q + >, sxAk. Therefore, on the dual feasible
space defined by
S, = {c e R™}, (2.10)

the canonical dual function can be formulated as

Pils) = sta{Z(x,6): x € A,}

m

> (Ckgk - %042193) - %FT(C)GWC)F(c), (2.11)

where G denotes the Moore-Penrose generalized inverse of G, Thus, the canonical dual

problem can be finally proposed as:

2
k=1

(P sta {Pd(g) _ i (ckgk _ %ak1§§> _lpmate)Fe)  se sa} (2.12)

Theorem 2.1 (Complementary-Dual Principle). The problem (P?) is canonically dual to
the primal problem (P) in the sense that if § is a critical point of (P?), then the vector

x =G (Q)F(3) (2.13)

is a critical point of (P) and
P(x) = P(3). (2.14)
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Proof. Suppose that ¢ is a critical point of (P¢). Then, we have

oPi(q)
OS,

where x = GT(a)F (s

).
relation, i.e., ¢, = ak(%

x = GT(Q)F(s)

=cp — o §k+bkx+

XTAx=0,k=1,---,m, (2.15)

The criticality condition (2.15) is actually the canonical duality
xTAx + bl x + ¢;). Thus, we have

m

>a,

m +
1
Qo (5)_(TA]§)_( + bz + Ck> Ak] [f —

Q+2.
This shows that x is a critical point of the primal problem (P).

1
<§>2TAkx + bZ)‘( + ck) bk] .

k=1 k=1

Moreover, in term of X = G*(S)F(S), we have

“ 1 1
Pie) = Y (as - i) - TG @FE
k=1
= Z (Ckfk — 5% %) (f — Z §kbk> (Q + Z g_k;Ak:> (f - Z _k:bk:>
k=1 =1 k=1
= i c‘—loﬁg_2 1 Q—l—ZgA xT f—ig‘b
Bk~ 5Ok Sk 2 kAL KOk
k=1 k=1
i (L7 Aux +bx + 1‘TQ
= —X X X — X —
2o [\2% T o 20"”’? 2
m [ 2 1 /1 2
- Z 3 xTAx+bix+ ck) ax = 5 (ﬁxTAkx +bix+ ck)
k=1 L
1
+§5<TQ5< —xT'f
| 1 S
k=1
= P(x)

This proves the theorem.

Theorem 2.1 presents an analytic solution (2.13) for the critical point of the primal
problem (P).

form proposed in nonconvex variational problems [36].

This solution is actually a special case of the general analytical solution
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2.4 Global Optimality Criteria

In order to identify global extremality properties of the analytical solution (2.13), we need

to introduce a useful feasible space
SH={sceS8.| G(s) = 0}. (2.16)

By the canonical duality theory developed in [38], we have the following results.

Theorem 2.2. Suppose that the vector § is a critical point of the canonical dual function
P3). Let x = GT()F(s).
If s € SF, then S is a global maximizer of P% on S} if and only if the vector X is a

global minimizer of P on R", i.e.,

P(X) = min P(x) < max P%(s) = P%3). (2.17)
xcR™ CGS{Z‘
Proof. By Theorem 2.1, we know that the vector ¢ € S, is a critical point of Problem
(P?) if and only if x = GT(g)F () is a critical point of Problem (P), and

P(x) = E(x,5) = P*(q).

By the fact that the canonical dual function P%(s) is concave on S, the critical point
S € 8t is a global maximizer of P4() over S;. Since (%, ) is a saddle point of the total
complementary function Z(x,¢) on R" x S, i.e., = is convex in x € R" and concave in

a )

s €S, we have

PY5) = max P%(s) = max min Z(x,s) = min max Z(x, )
Sesd Ses xeR™ N
.1 = 1 1
= ){1611[1&% {§XTQX — x4 ; CII?EBZ;;L { <§XTAkX + bZX + Ck) Sk — éal—:gz}}
= min 1XTQX —fTx+ Em: 1oz leA x+blx+c :
xeRn | 2 £apth\ g7 TR TR
— min P(x) = P(X
min P(x) = P(X)
This proves the statement (2.17). O

Theorem 2.2 shows that the extremality condition of the analytical solution (2.13) is
controlled by the critical point of the canonical dual problem, i.e., if ¢ € S, the solution

X(g) is a global minimizer of (P).
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2.5 Numerical Examples

We now present examples to illustrate the applications of the theory proposed in this

chapter.
Example 2.1 Unconstrained two-dimensional polynomial minimization.

2 2 2
. 1 1 1
min {P(wl,xg) = E 5% (é(aklm% + apox3) + ck) —I—i(qlx%—i—qu%)— g fizitx € R2}.
i=1

k=1

On the dual feasible set
S.={s € R? | (1 + S1011 + §2a91)(g2 + S1a12 + G2a22) # 0},

the canonical dual function has the form of

—~~ =

1+ <1011 + §2a21)_1 0 fi
0 (q2 + 1012 + S2a92) 7" fa

Figure 2.1: Graph of P(x) (left) and contour of P(x)(right).

If we let a1 = —04, 12 = 06, a9 = 05, a9y = —03, g1 = —1, G2 = 06, f =
[0.3,-0.2]T, ¢ = [1,2]T, a = [0.2,0.8]T, the graphs and contours of the primal and dual
functions are illustrated in Figures 2.1 and 2.2. In this case, the dual problem has a

unique critical point § = [0.3467,2.4700]7 in the space
S ={c e R’ | (¢ + S1a11 + S2a21) (g2 + S1a12 + S2a22) > 0}
Therefore, by Theorem 2.2, we know that

x = [fi/(q1 + S1a11 + S2a21), f2/ (g2 + Sra12 + S2a22)]" = [3.1146, —2.9842]"
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NEFEPOPFRPDNW

’8)

~3-2-101 2 3
Figure 2.2: Graph of P%(s) (left) and contour of P?(s)(right).
is a global minimization. It’s easy to verify that
P(x) = 0.4075 = P(3).

Example 2.2 Minimization problem of Colville Function.

min P(x) =  100(zy — 23)% + (1 — 21)? + 90(2y — 23)* + (1 — x3)* +
10.1((zg — 1)* + (24 — 1)) + 19.8(29 — 1) (24 — 1)
st.  —10<w;<10,i=1,2,3,4.

This is a well-known test problem for global optimization. On the dual feasible set

S.={ceR?| (1 -¢q)(1—g)#0},

the canonical dual function has the form of

1 1
Plg)= 42— —3 — —¢2
() 400°" 360
T +
2 2 - 2 2
1] 40—¢ 20.2 19.8 40 — ¢
2 2 2 — 2% 2
40 — ¢ 19.8 20.2 40 — ¢,
— 2 2 1 2 1 2
E(x,¢) = 42+ (z2 —ay)61 + (v4 — 25)62 —

400° "~ 360°2
+(2% + 10125 + 23 + 10.127 + 19.87924) — (221 + 402 + 225 + 4024)

By solving the criticality condition VE(x,¢) = 0, we get three critical points:

x!'=1,1,1,1]", ¢'=(0,0),
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x? = [-0.967974,0.947139, —0.969516, 0.951248]7, &2 = [2.03309, 2.03144]7,
x% = [-0.031251,0.165971, —0.0312582, 0.184264]", &3 = [32.999, 32.9916]7,

and ¢! € 8. By Theorem 2.2, we know that x! is global minimizer of P(x). It is easy
to check that P(x') = E(x',s!) = P(s') = 0.

2.6 Conclusion

We have presented a detailed application of the canonical duality theory for solving general
sum of fourth-order polynomial optimization problem. An analytical solution is obtained
by the complementary-dual principle and its extremality property is classified by the du-
ality theory. Results show that by using the canonical dual transformation, the nonconvex
primal problem in R” can be converted into a concave maximization dual problem (P¢_ )

in R™, which can be solved by well-developed convex minimization techniques.



CHAPTER 3

Nonconvex Quadratic-Exponential

Minimization Problem

3.1 Introduction

This chapter presents a set of complete solutions and optimality conditions for a noncon-
vex quadratic-exponential optimization problem. By using the canonical duality theory
reported in Chapter 1, the nonconvex primal problem in n-dimensional space can be con-
verted into an one-dimensional canonical dual problem, which is a concave maximization
problem with zero duality gap. The global extrema of the nonconvex problem can be
identified by the canonical duality theory. Several examples are solved so as to illustrate

the applicability of the theory.

3.2 Problem Statement

The primal problem to be solved is given by

(Pe) min {P(x) = %XTAX —clx+W(x):x€ R”}, (3.1)

where A = AT € R™*" is a given indefinite matrix, c is a given vector in R", the nonconvex

function W (x) is an exponential function with quadratic function exponent:

W(x) = exp <%\Bx\2 _ a) | (3.2)

where B € R™*" is a matrix, > 0 is a positive constants, and |v| denotes the Euclidean
norm of v. The quadratic-exponential function can be used to model a large class of
nonlinear phenomena, such as plant and insect growth [20], finite deformation elasticity

[71], computational bio-chemistry [104], and bio-mechanics [58].

15
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The criticality condition VP(x) = 0 leads to a nonlinear equilibrium equation:
1 2 T
Ax + exp §\Bx| —a | B'Bx=c. (3.3)

Solving this coupled nonlinear algebraic system directly is very difficult. Also equation
(3.3) is only a necessary condition for global minimizer of Problem (P.). Due to the non-
convexity of the target function P(x), Problem (P.) may possess many local minimizers.
A general sufficient condition for identifying the global minimizer is a fundamental task
in global optimization.

We will show that by the use of the canonical dual transformation, the nonlinear cou-
pled algebraic system in R™ can be converted into an algebraic equation in one-dimensional

space. Therefore, a complete set of solutions is obtained.

3.3 Canonical Dual transformation

Following the standard procedure of the canonical dual transformation, we introduce a

differentiable geometrical operator

§:A&%:5&$—a, (3.4)

which is a quadratic map from R” into V, = {{ € R | £ > —a}. Thus, the nonconvex

function W (x) can be written in the canonical form

W(x) = V(A(x)), (3.5)
where V(£) = ¢f is a canonical function on V,, i.e., the duality relation

c=VV(E) =¢ (3.6)

is invertible for any given £ € V, (see the definition of the canonical function introduced
in Chapter 1). It is clear that ¢ > 0.
By letting U(x) = ix” Ax — ¢’x, the primal problem (P.) can be reformulated in the

following canonical form:
(P) min{P(x) =U(x)+ V(A(x)) : x € R"}. (3.7)

Let V¥ = {¢c € R| ¢ > 0} be the range of the duality mapping ¢ = VV(¢) : V, —
Vi C R. So (§,¢) forms a duality pair on V, x V! and the Legendre conjugate V* can be
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uniquely defined by
V(<) =staf{éc = V(§) 1 £ € R} =clogc —g,

where sta{} denotes finding stationary points of the statement in {}. Thus, replacing
W(x) = V(A(x)) by A(x)s — V*(s), the total complementary function (see Chapter 1)
can be defined by

2E(x,9) = Ulx)+AXx)s— V()

1 1
= §XTAX —cfx+ (§]BX]2 —a)s — (slogs — ). (3.8)

For a fixed ¢, the criticality condition V4Z(x,s) = 0 leads to the following canonical
equilibrium equation:
Ax —c+¢B"Bx =0. (3.9)

Clearly, for any given ¢ > 0, if the vector ¢ € Cy(A+¢BT B), i.e., c is in the column space
of (A + ¢BTB), the general solution of equation (3.9) is

x = (A+<B"B)*c, (3.10)

where AT denotes the Moore-Penrose generalized inverse of A. Substituting this result
into the total complementary function =, the canonical dual problem can be formulated

as:
(P4 sta{Pd(g) = —%CT(A +¢BTB)Tc — (slogs —¢) —as : € Sa}, (3.11)
where the dual feasible space is given by
S, ={ceR|¢>0}

Let
Ayq) = A+¢B'B.

Theorem 3.1. If < is a KKT point of (P?), then the vector
x=Aj(<)c

is a critical point of (P.) and P(X) = P4(g).
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Proof. Suppose that ¢ is a KKT point of (P?). Then, we have

1
$>0, VP = §|Bf|2 —logé—a <0 (3.12)
SVPYS) =0. (3.13)

By the fact that ¢ > 0, the complementarity condition (3.13) leads to
1,5 _
§|BX| —logd—a =0,
ie., ¢ =exp (3|Bx[* — a). Thus, we have
- +(= Lo e\
x=A;)c=(A+exp §|Bx| —a|B'B) c

Since VP(x) = 0, therefore X is a critical point of the primal problem (P,).

Moreover, in term of X = A7 (<)c, we have

1
PYS) = —§cTA;(¢)c — (Slogs —3¢) — ag

1

= §§<T(A +¢BTB)x — c'x — (Slogs —¢) — ag
1 1

= §>—<TA>—< —c'x + (5’3’_"2 —a)s — (Slogs —3)
1 1

= éiTAi—cTi—l—f—l—(§|B§(|2—log§_—a)g_
L g, T |

= X AX —c X+ exp §|Bx| —«

= P(x).

This proves the theorem. O

The next section will show that the global extremum of the function P : R” — R only

rely on critical points of the canonical dual function P4(c).

3.4 Global Optimality Criteria

It is known that the criticality condition is only necessary for local minimization of the
nonconvex problem (P.). In order to identify global and local extrema among the critical

points of Problem (P.), we need to introduce a useful feasible space

St={ceS,| Aus) = 0} (3.14)
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Clearly, S;f is an open convex subset of R. By the canonical duality theory, we have the

following result.

Theorem 3.2. Suppose that the vector S is a critical point of the canonical dual function
PUQ). Let x = A7 (S)c. If S € S, then S is a global mazimizer of P? on S, the vector
Z s a global minimizer of P on R™, and
P(z) = min P(x) = max P%(s) = P%(S). (3.15)
rER™ §€S;‘F

Proof. By Theorem 3.1, we know that the vector ¢ € S, is a KKT point of Problem (P¢)
if and only if x = A} (S)c is a critical point of Problem (P,), and

P(x) = E(x,%) = P%(3).

By the fact that the canonical dual function P4(c) is concave on S, (which can be easily
proved by V2P4(c) < 0 V¢ € 8), the critical point ¢ € S is a global maximizer of
Pi(s) over S, and (%,<) is a saddle point of the total complementary function Z(x,¢)

on R" x 8 i.e., Z is convex in x € R" and concave in ¢ € S;. Thus, we have

PYS) = max P%¢) = max min Z(x,¢) = min max Z(x, )
ceSs ceST xeRn x€R™ cesF
1 1

= )1(16111[3 {ixTAx —c'x + 22;{ {(§|Bx|2 —a)s — (slogs — g)}}

= min 1XTAX—ch—l—maX S+ (1|Bx|2 —logs — a)s
x€Rn | 2 cest 2

— min P
e

This proves the statement (3.15). O

This theorem shows that the extremality condition of the primal problem is controlled
by the critical points of the canonical dual problem, i.e., if ¢ € S}, the vector (<) is a
global minimizer of (P.).

In a special case when A is a diagonal matrix and B is an identity matrix, we have

A$(<)={ ! } (3.16)

a; +¢

In this case,
n

Pd(C) = —%Z i — (clogs —¢) — as. (3.17)

a; +¢
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The criticality condition VP4(¢) = 0 gives the canonical dual algebraic equation:
1 ~ C;
(i

For the given a, {¢;}, and {a;} such that a; < ay < ..., < a,, this dual algebraic equation

2
) —logg—a=0. (3.18)

(3.18) can be solved completely within each interval —a; 1 < ¢ < —a; such that a; < a;41
(i=1,2-n).

3.5 Numerical Examples

We now list a few examples to illustrate the applications of the theory presented above.

3.5.1 One-dimensional nonconvex minimization
First of all, let us consider one dimensional concave minimization problem:

L

1
min {P(x) = 503" —cz + exp <§x2 — 2) T € R}. (3.19)

In this case,
Se={ceR|¢>0, a+¢+#0}.

The dual function is

Pi) = —%CQ/(G +¢) —clogs —s. (3.20)

If we choose ¢ = 0.5, and a = —2, the dual solution ¢; = 2.21 is a unique global
maximizer of P4 on §f = {¢c € R, | a+¢ > 0}. It gives the global minimizer z; = 2.36.
It is easy to check that P(z;) = —4.56 = P%(s;). The graph of P(x) and P%(s) are shown
in Figures 3.1-3.2.

3.5.2 Two-dimensional nonconvex minimization

Consider
1 1
min {P(xl,@) = §(a1xf + apx3) — €171 — CoTy + exp <§(x% +13) — 2> S ]RZ}.
The dual feasible set is given by

Se={ceR*| ¢>0, (a1 +¢)(az+5)#0}



3.5 Numerical Examples 21

O

_3\-2/4 1 2
-2

-4

-6
Figure 3.1: Graph of P(x) for one dimensional problem which has global minimizer z; =
2.36.
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-10tL
Figure 3.2: Graph of P?(c) for one dimensional problem which is concave on ¢ > 2 and
has global maximizer ¢; = 2.21.

The canonical dual function has the form of

PUs) = —=[e1, ¢ [ a11+< 1 ] [ “ ] —clogs —s. (3.21)

az2+¢

Case I. a; <0, ay < 0. We let ¢ = [0.1,-0.3]T, a; = —1, ay = —1.2. The canonical

dual problem has three critical points
G =134¢S ={ceR? ¢> 12},
and
G =0.94,¢3 = 0.14.

By Theorem 3.2, we know that x; = [¢1/(a1+¢1), ¢2/ (a2 +<1)]" = [0.29, —2.12]7 is a global
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minimizer. It is easy to verify that
P(x;) = P(g) = —2.07

(see Figures 3.3-3.4).

N

-2 -1.5 -1 -0.5 0 0.5 1

Figure 3.3: Graphs of P(x) and its contour for two dimensional problem(Case I).

N

0. 1.5
- 1,

-2F

-3t

g4t
Figure 3.4: Graph of P%(s) for two dimensional problem(Case I).

Case II. a; <0, as > 0. We choose ¢ = [0.1, —0.3]7, a; = —1, as = 0.6. In this case,

we have
G =105€S8 ={ceR? ¢>1},
and
G = 0.95,¢3 = 0.15.
Thus, x; =[2.02, —0.18]7 € R? is a global minimizer. It is easy to verify that
P(x;) = P%(q) = —1.23

(see Figures 3.5-3.6).
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Figure 3.5: Graphs of P(z) and its contour for two dimensional problem(Case II).
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Figure 3.6: Graph of P?(s) for two dimensional problem(Case IT).
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w a1 N ] = 6]

3.5.3 Two-dimensional general nonconvex minimization

Let A be a diagonal matrix and let B be a 3 x 2 matrix. The primal problem is

1 1
min {P(xl, To) = E(ale + a9x3) — 171 — CoTy + exp (§|Bx|2 - 4) C X € RQ}.

c1 ¢
Suppose that BTB = o Then, on the dual feasible set, we have
Co1  C22
aj +¢sc @
Sa=3c¢cR? ¢>0,ceCy ! 1 12 ,
SC21 Qg + SCa2

The canonical dual function has the form of

-1
1

ai; +gc c
Pd(§> _ _5[61702] 1 T 6C11 GC12

[ ! ] —¢logs — 3s. (3.22)
Co

SCa1 a2 + SCa2
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-1 -1
Let ¢ = [0.5,—0.5]", ay = =2, a3, =12, B= | —1 —2 |. The critical points of the
2 1
canonical dual problem inside S, is ¢; = 0.94, where

SH={ceR|] ¢>0.28}.

By Theorem 3.2, we know that x; =[2.03, —1.47]" € R? is a global minimizer. It is easy
to verify that

P(x1) = P%¢) = —3.65

(see Figures 3.7-3.8).

-2 -1 0 1 2

Figure 3.7: Graphs of P(x) and its contour for two dimensional general problem.

- 025-.0.5/0/75 1 1.25 1.5 1.75
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-6
Figure 3.8: Graph of P4(c) for two dimensional general problem.

Comparing Fig. 3.7 with Fig. 3.8, we can see clearly that the graph of the primal
function is very flat, indicating a very slow convergent rate of any numerical method used
for solving this problem directly. On the contrary, the dual problem with only one variable
can be solved very easily to obtain all extreme points and the largest dual solution ¢; leads

to the global minimizer of the primal problem.
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3.6 Conclusions

In this chapter, we have presented an application of the canonical duality theory to the
nonconvex optimization problem (P,). Generally speaking, the nonconvex quadratic form
with an exponential objective function can be used to model many nonconvex systems. By
using the canonical dual transformation, the nonconvex primal problem in n-dimensional
space can be converted into a one-dimensional canonical dual problem, which can be
solved completely. The global extrema can be identified by Theorem 3.2. As indicated
in [38], for any given nonconvex problem, as long as the geometrical operator can be
chosen properly and the canonical duality pairs can be identified correctly, the canonical

dual transformation can be used to formulate perfect duality pair.






CHAPTER 4

Box and Integer Constrained Problem

4.1 Introduction

This chapter applies the canonical duality theory for solving quadratic minimization prob-
lems subjected to either box or integer constraints. Results show that these nonconvex
problems can be converted into concave maximization of dual problems over convex fea-
sible spaces without duality gap. Furthermore, the Boolean integer programming prob-
lem [25] is actually equivalent to a critical point problem in continuous space. These
dual problems can be solved under certain conditions and an analytic solution for integer
programming problem is obtained. Both existence and uniqueness of the canonical dual

solutions are presented.

4.2 Problem Statement

Let us consider the following constrained nonconvex quadratic minimization problem:
) 1
(P): min {P(x) = §<X, Ox) — (x,f) | x € Xa} : (4.1)

where Q = QT € R™" is a given indefinite matrix, f is a given vector in R", X, C R" is
a feasible space, and (x, %) represents a bilinear form on R"” x R". For box constrained

problem, X, is defined by
Xy={xeR"| —1<x, <1, Vi=1,...,n}. (4.2)

Problem (P) is probably the most simple global optimization problem, which appears in
many applications [32]. Replacing the inequality constraints in &, by equality constraints

r;==41(i=1,2,...,n), Problem (P) is reduced to the well-known integer programming:
1
(Pip) :  min {P(x) = §<X, Qx) — (x,f) | xe€ 3Xa} , (4.3)

27
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where the feasible set 0X, denotes the boundary of A, i.e.,
0X, = {xeR" xe{-1,1}"}. (4.4)

Due to the nonconvexity of the quadratic function P(x), quadratic minimization problems
with either box or integer constraints are known to be NP-hard [72] [75] [76].

4.3 Canonical Dual Transformation

Following the standard procedure of the canonical dual transformation, we rewrite the
inequality constraints —1 < x; <1, i =1,...,n, in X, in the canonical form: x o x < e,
where the notation s ot := [s1t1, saf, . . ., sntn]T denotes the Hadamard product for any

two vectors s,t € R". We introduce the geometrical operator

E={¢ e} =Ax) = %[XTQX,XOX]T ‘R" = & =R'"™, (4.5)
and let
fe ife<ie
Vig) = { +o00 otherwise. (4.6)

Then the box constrained problem (P) can be reformulated as the following unconstrained

canonical form:

min{II(x) = V(A(x)) — (x,f) | x € R"}. (4.7)
Let 0f(x) denote the set of subgradient of the function f at the point x, i.e.,
0f(z) = {ulf(x) +u"(y —x) < f(y)}.

By the fact that V(&) is convex and lower semi-continuous on &£, the canonical dual

variable £&* can be defined as:
£ cove)={1,0} €& =R"" (4.8)

Let (&;&") denote the bilinear form on £ x £*, the so-called complementary function
V¥#(€*) can be defined by the Fenchel transformation:

VHE) = sup{(&; &) —V(€)} = { s(e,;o) ifA>0€eR",

Eee +00 otherwise.

Since both V(&) and V¥#(£*) are proper convex functions over their effective domains
E.={6={¢€ €| €<ie}and & ={¢ = {l,0} € £&| o > 0}, respectively, the
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following canonical duality relations hold on &, x £ :
£eavE) & €eiViE) o V(E+VHE)=(&E). (4.9)

Replacing V(A(x)) in the canonical primal problem (4.7) by V(A(x)) = (A(x);&") —
V#(€*). Then the total complementary function Z(x, ) : R x R® — R associated with
the problem (P) can be defined as:

(A(x); €7 — VE(&") — (x.) (4.10)
%<X, G(o)x) — %(e,@ ~(x,f) st o€R, (4.11)

E(x,0) =

where R" := {o € R"| ¢ > 0}. For a fixed o € R, the criticality condition V4 =(x, o) =
0 leads to
G(o)x =f. (4.12)

Clearly, if the matrix G(o) is invertible on S,, the primal variable X can be uniquely
defined by x = G*(o)f.

On the other hand, for a given matrix ) and o € R”, if the vector f is in the column
space C,(G(0)) of the matrix G(o), i.e., a linear space spanned by the columns of G(¢o),

the generalized solution X of the canonical equilibrium equation (4.12) is given by
x=GT(o)f,

where GT (o) denotes the Moore-Penrose generalized inverse of G(o). Substituting this
generalized solution into the total complementary function = and let S, be a generalized

canonical dual feasible space defined by
S, ={o €eR"| o > 0}, (4.13)
the generalized canonical dual function P, : §; — R can be formulated as
Pio) = sta{Z(x,0)| x € R"}

1, 1
= —5(GH(O)f.f) — S{e.a). (4.14)

Therefore, the generalized canonical dual problem (P?) can be formulated as
1 . 1
(P9): maxq P(o) = —§<G (o)f, f) — §<e,0') | oS, (4.15)

Similarly, the canonical dual problem for the integer programming problem (P;,) can be
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formulated as
Py s {Pilo) = J(@ @D - Je.o) | o #0110

Then we have the following result.

Theorem 4.1 (Complementary-Dual Principle). Problem (P?) is canonically dual to (P)
in the sense that if & € S, is a feasible solution of (PY), then the vector

x(o) = GT(a)f (4.17)
is a feasible solution of Problem (P) and

P(x) = P9(a). (4.18)

Moreover, if & # 0 is a critical point of (P9), then x € 0X, is a KKT point of (Pip).

Proof. By introducing a Lagrange multiplier € € R" := {e € R"| € < 0} to relax the
inequality condition & > 0 in §;, the Lagrangian L : §; x R® — R associated with
Problem (P9) is

L(o,e) = P/(o) — (€,0). (4.19)

It is easy to prove that the criticality condition Vg L(&, €) = 0 leads to

€=VPi(5) = %(x(a—) 0%(6) —e) = £(%(5)) — %e (4.20)

and the KKT conditions
0<eo L ex) <0, (4.21)

where x = GT(o)f, and & L € denotes the complementarity condition, i.e.,
_ L, _ :
€x) Lo < é(a:i—l)ai:(), Vi=1,...,n.

This shows that if & is a KKT point of the problem (P9), then x = G*(a)f is a KKT
point of the primal problem (P).

By the complementarity condition in (4.21) and x = G*(&)f, we have

Pi(e) — %(G+(a-)f,f>—(G*(a)f,ﬂ—%(e,a)

1 1
= §<)_<7 Q)_(> - <}_(7f> + §<)_(O}_(— e76-> = P(}_()
Moreover, if & # 0, the complementarity condition €(X) L & in (4.21) leads to

€(X) = 3(Xxox —e) =0, i.e., VP(&) = 0. This shows that if & # 0 is a critical
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point of PY(o), the associated vector xX(6) = GT(o)f € {—1,1}" is a KKT point of the

integer programming problem (P;,). O

Corollary 4.1. If & # 0 is a critical point of P9(o), then the vector x = GT(a)f €

{—1,1}" is a feasible solution to the integer programming problem (Py,).

Proof. By the criticality condition PY(6,0) = (VPI(a),0) = 0Vo # 0 € R", where
dPI9(o,0) denotes the derivative of PY at & in the direction o, we have the canonical

complementarity equation

(x(6)ox(6) —e,0) =0 Vo € R", (4.22)
where x = GT(a)f. Therefore, under the condition & # 0, the canonical solution
x = G (o)f is a feasible solution of (P;,). O

For the given indefinite matrix Q, the inequality constraint o # 0 is essential for the
canonical dual integer programming problem (7). But this condition, as well as the
condition o € C(G(a)) in S can also be relaxed by perturbation methods.

4.4 Global Optimality Criteria

In this section, we shall present global optimality conditions for the nonconvex problems
(P) and (P;,). We let
S; ={o €5, G(o) = 0}, (4.23)

and consider the following canonical dual problem:

1 1
(P)): max{Pg(a') = —§(G+(0')f7 f) — E(e, o)| o€ S;} : (4.24)
Theorem 4.2. For any given matriz Q) € R™™" and a vector f € R", the canonical dual
problem (Pg*) has at least one KKT point & € S; and the following weak duality relation
holds

min P(x) > max P(o) = P/(&). (4.25)

x€Xq ocss

If the KKT point 6 € S is a critical point of PY(a), then the vector x = G*(a)f
is a global minimizer to the primal problem (P) and the following strong duality relation
holds

P(x) = min P(x) = max PY(o) = PI(a). (4.26)

x€Xq ocst
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Proof. Since S is a closed convex set, for any given o € S such that x = G*(o)f, the

Hessian matrix of P%(o)
V2PY(o) = —Diag (x(0)) G* (o) Diag (x(a)) (4.27)

is negative semi-definite on S;”. Thus, the canonical dual function PY(o) is concave on
S, By the fact that, for any given o0 > 0 € R",

lim PY(ao) = —o0, (4.28)

a—0o0

we know that the canonical dual function P9(o) is coercive on the closed convex set ;.

Therefore, the canonical dual problem (P?

max

) has at least one maximizer & € S by the
theory of convex analysis [28] [80]. Since the total complementary function =(x, o) is a

saddle function on R"™ x S; , we have

min P(x) = min max Z(x,0) > max min Z(x, o) = max PI(o).
XEX, x€R™ gest ocs; xER™ oess
This leads to the weak duality relation (4.25).
By Theorem 4.1 we know that if the vector & € S, is a critical point of the canonical
dual function (P9), then x = GT(a)f is a KKT point of Problem (P) and

P(X) = E(%,5) = P9(&). (4.29)

Since the geometrical operator A(x) defined in (4.5) is a (pure) quadratic operator, the

quadratic function
1
G.(x,0) = §<X, G(o)x) (4.30)

is a convex function of x € R” for any given o € S; . Therefore, the total complementary
function = : R™ x Sng — R is a saddle function which is convex in x € R™ and concave in
o € S, Thus, we have (4.26). O

Corollary 4.2. Suppose that & € S; 1s a critical point of the canonical dual problem
(P;) and x = G*(o)f.

If G(6) = 0, then X is a unique global minimizer of Problem (P).

Ife € 8 and & # 0, then X is a global minimizer of the integer programming problem

(Pip)-

Theorem 4.2 shows that a vector x = G*(&)f is a global minimizer of Problem (P) if
o is a KKT point of (P,").

We will illustrate the advantage of using canonical duality theory through following
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example.

Example 1. For a given vector f € R", we consider the following constrained convex
mazximization problem:
max{[jx +fl[z : [[x[[ec <1}, (4.31)

which is equivalent to the following concave quadratic minimization problem
. L7 T : T
min P(X):_§X x—xf : |5 <1, Vi=1,...,n, x'x<r¢, (4.32)

where v > n to ensure that the additional quadratic constraint x'x < r in the feasible
space X, = {x € R*"| —1 <2, <1, Vi=1,...,n, x'x <r} is never active. It is
known that for high dimensional nonconvexr constrained optimization problems, to check
which constraints are active is fundamentally difficult.

If we let n = 2, r = 100, and f = (1,1)T, the optimal solution is x = (1,1)T with
objective value P(X) = —3. To illustrate the difficulty of applying the classical Lagrangian
duality theory directly to (4.32), we first introduce Lagrange multipliers (oq,09,03,04)7 €
Ri to relax the linear box constraints —1 < x; < 1, © = 1,2, and o5 > 0 to relax the

quadratic constraint %XTX < 50. The Lagrangian associated with (4.32) is
2

1 1
L(x,o) = —5(96%—#903) — (14 22)+ E loi(x; — 1) — oypa(x; + 1)] + 505 (27 + 23 — 100) ,
i=1

with the lagrangian dual function given by

P*(o) = min L(x, o).

x€R?

when o5 < 1, we get P*(o) = —oo. When o5 = 1, we obtain maxgso{P*(o) : 05 =1} =
—52 at the solution oy = (1,1,0,0,1). Finally, for any given o € S, = {o € R}| 05 > 1},

the Lagrangian dual function can be obtained as

P*(o) = — ! )[(1—al+ag)2+(1—ag+a4)2}—Zai—5oa5.

2(0'5 —1
It 1s easy to check that the solution to the Lagrangian dual problem
sup{P*(o): o €S,} = =52,

realized as ¢ — o, = (1,1,0,0,1)T. Hence, the optimal dual value is given by P*(o) =

—52, and there exists a duality gap between the primal and the Lagrangian dual problem,
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1.€.,

P(x) = min P(x) = —3 > —52 = max P*(o) = P*(0,).

x€X, a’eRi

To close this duality gap, we rewrite the constraints in the canonical form g(x) =

A(x) < d with

L 1 i
Be if i ]' O ia=1.2, B = Zfz ] =12
0  otherwise, 0 ifi#7,

and d = 0.5(1,1,100)T. Then, on the canonical dual feasible space Sf={oc R | o; +
o3 —1>0, i=1,2} the canonical dual problem (Pf) is

1 1 1 1
max{Pg(a):—— ( + > — —(01 4+ 03) — 5003 : O'ES;’}.

2\o1+o03—1 o9 +o03—1 2
(4.33)
The optimal solution for this concave mazimization problem is & = (2,2,0)T with the
optimal value qu(&) = —3. Observed that a3 = 0 reflects the fact that the quadratic

constraint x'x < r is inactive. Since & € S;r 1s a critical point of qu(o'), therefore,
the vector x = G'(a)f = (1,1)7 is a global minimizer of the primal problem with zero

duality gap.

Remark 1. This example shows the difficulty of directly applying the classical Lagrangian
duality for solving nonconvex minimization problem with linear (including both box and
integer) constraints. The classical Lagrangian duality theory was originally developed
for linearly constrained convex problems in analytical mechanics, where the Lagrange
multipliers and the linear constraints possess certain perfect duality. The primal problem
in above example has both linear and nonlinear (quadratic) constraints, the Lagrange
multipliers o;, ¢ = 1,2,3,4 are dual to the linear constraints, while o5 is dual to the
quadratic constraints. Since the linear and nonlinear constraints are different geometrical
measures, their corresponding dual variables, i.e., the Lagrange multipliers o;, 1 = 1, 2, 3, 4,
and o are in different metric spaces with different (physical) units. Therefore, the classical
Lagrangian dual problem in this case does not make physical sense. The weak Lagrangian

duality theory leads to various duality gaps.

4.5 Existence and Uniqueness Conditions

The weak duality theorem (4.25) shows that the canonical dual problem (P4

max

) provides
a lower bound for the box/integer constrained problems. In order to study existence and

uniqueness of the canonical dual problems, we introduce a singular hyper-surface defined
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by
G, = {o € R"| det G(o) = 0}. (4.34)

Then, we have the following theorem.

Theorem 4.3 (Existence and Uniqueness Criterion). Suppose that for a given symmetric
matriz Q and a vector £ such that Sf # 0 and G, C S;. If for any given o, € G, and
oecS;,

lim PY(o, + ao) = —o0, (4.35)

a—0t

then the canonical dual problem (P;) has a unique critical point & € S andx = G™(&)f
is a global minimizer to the primal problem (P). If & # 0, then X is a global minimizer

to the integer programming problem (P;,).

Proof. 1f G, C S, then S is a closed convex subset of R}. Since P? : S — R is
concave, if (4.35) holds, the canonical dual function PY(e) is coercive on the open convex

set S;F. Therefore, the canonical dual problem (P9) has a unique maximizer & € S?. O

Clearly, if @ > 0, the quadratic objective function P(x) is convex and the solution to
the box constrained primal problem (P) could be a stationary point in the box A,. If
() < 0, the primal function P(x) is concave and its global minimizer X must be located on
the boundary of the feasible space X,. In this case, the box constrained problem (P) is
identical to the integer constrained problem (7P;,), and both of them are considered to be
NP-hard. However, by the fact that G, C S; and for any given f € R”, the dual feasible
space S} # (), the canonical dual problem (Pg

max

) could be much easier to solve.
In the case that @@ = Diag (q) is a diagonal matrix with q = {¢;} € R" being its

diagonal elements, the canonical dual function P4(X) has a simple form

Plo) = — Zn: (Q(QC——T—U) + %a) . (4.36)

=1

The criticality condition P%(o) = 0 leads to the dual solutions
o, =—q L |c|, Yi=1,2,... n. (4.37)

Clearly, for any given q € R", if ¢; # 0 Vi = 1,...,n, the condition (4.35) holds.
Therefore, by Theorems 4.2 and 4.3, we have the following result.

Corollary 4.3. For any given diagonal matriz () = Diag (q) and a vector f € R™ such
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that ¢; #0 Yi=1,...,n, it holds that

X = {|C—Z|} is a global minimizer of if A = {—q; + |c;|} > 0;
G

{ ¢ } { is a local minimizer if A = {—q; — |¢;|} > 0,
X =

el is a local mazimizer of if A = {—q; — |¢;|} <O.

4.6 Perturbations and Analytical Solutions

For any given indefinite symmetrical matrix () € R™*", there exists a parametrical vector
a € R™ such that @ + Diag («) is either positive definite or negative definite. By the
fact that x o x = e, the integer programming problem (7;,) is identical to the following

perturbed problem
(P,) : min {Pa(x) = %(x, (Q + Diag (a))x) — (x,f) —d, | x € 82@} , (4.38)

where d, = 1(e, a).

Clearly, if we choose @ € R" such that @, = @ + Diag (a) < 0, the primal function
P,(x) is strictly concave and its global minimizers must be located on the boundary 0X,.
In this case, the condition G, (o) = @ + Diag (a + o) = 0 implies o > 0. Therefore, on
the perturbed dual feasible space

SH={o e R"| G,(o) = 0}, (4.39)
the perturbed canonical dual problem is
L, . 1 "
(PJ): max< P(o) = —§<Ga (o)f, f) — §<e,0'> —dy o €S, p. (4.40)

Since the inequality constraint o # 0 is relaxed by the a-concave perturbation ) +

Diag () < 0, this perturbed canonical dual problem is easier than (7).

Theorem 4.4 (Analytic Solution to Integer Programming Problem (P;,)). For a given
a € R" such that det Q. # 0. Then the problem (P2) is canonically dual to the integer

programming (Py,) in the sense that if @ = {5;}" is a solution to (P2), then the vector

x = {Z;}" defined by .
%(5) = { G~ 0 } (4.41)

|ci — il

is a feasible solution to (P,), and P(X) = P(&).
If Q. = 0, the dual problem (PY%) has at most one solution &, which is a global
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mazimizer of P4(a), the vector X(&) is a unique global minimizer of (Pi,), and

Py(X)= min P,(x) = Pl(o) = Pi(a). 4.42

o(X) i o(x) = max Fy(o) = F;(0) (4.42)

Proof. The first part of the theorem can be proved easily by the complementary-dual

principle. If Q, = 0, then P%(o) is strictly concave and the canonical dual problem (P%)
is equivalent to

max {Pl(o) | o € R"}, (4.43)

which has at most one solution & over R". By the canonical duality theory, the feasible
solution x(&) is a global minimizer of (P;,).
O

Theorem 4.4 shows that for convex perturbation @), > 0, the canonical dual problem
(P2) is a unconstrained concave maximization problem (4.43). Therefore, if the primal
problem has a unique global minimizer, it can be obtained by solving the convex pertur-
bation canonical dual problem (4.43). However, for certain given () and f, this problem
may have no critical solution.

Combining Theorems 4.2 and 4.4, the condition for the existence of unique solution is

given in the following theorem.

Theorem 4.5 (Unique Analytic Solution). For a given matriz Q@ = {g;;} € R™" and
a vector f = {¢;} € R, let a = {a;} € R™ be a parametrical vector such that either
Q + Diag () = 0 or Q + Diag (o) < 0. If

leil > ) |aidyy + gyl Vi=1,...,n, (4.44)
7j=1

where 6;; = 1 ift = j, 0 if i # j is Kronecker delta, then the integer programming problem

(Pip) has a unique global minimizer x = {Z;}" given by

= 1 lf Cc; > 27:1}0(,523 + qij], <4.45)
-1 if ¢ < — Zj:l ]aiéij + qU’
Proof. By the criticality condition VP(&) = 0, we have
(GL(a)f) o (GL(a)f) =e, (4.46)

or in the component form (G (&)f)7 = 1. Thus, we have G (&)f = t, where t = {£1}".
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This leads to the linear equation ot =f — a ot — Qt, or equivalently,
oc=Ff—-aot—Qt)ot.

If condition (4.44) holds and let t = x = {Z;}", where Z; is defined by (4.45), then we have
& > 0. This leads to G, (&) = 0 since @ + Diag (a) > 0. By Corollary 4.2 we know that
x = G (a)f = {z;}" given by (4.45) is a global minimizer to the integer minimization
problem (P;,).

On the other hand, if @ + Diag () < 0 and the condition (4.44) holds, the dual
problem (P¢) has a unique critical point & = G,X. Therefore, the vector defined by
(4.45) must be a unique solution of (P;,). O

Theorem 4.5 shows that the existence of a unique analytical solution depends mainly
on the given input f. If f is very small or even zero (for example, max-cut problems), the

primal problem (7P;,) is usually NP-hard and has more than one global minimizer.

4.7 Numerical Examples

Example 4.1. One-dimensional Concave Minimization. First of all, let us consider

one dimensional concave minimization problem:
. 1,
min § P(x) = 54" —cz | —1<z<1;. (4.47)

Clearly, if ¢ < 0, the global minimizer of P(x) has to be one of boundary points 7 = +1.
Since g # 0, the canonical dual function P¥(c) = P9(0) is
Plo) = —%c2/(q +0)— %0. (4.48)
The criticality condition 6 P4(c) = 3¢*/(¢+0)?— 3 = 0 has two roots: 712 = —g=+|c|, and
T12 = £c/|c| are two KKT points of (P;,). By Theorem 4.5 we know that 51 = —g+|c| >
—q > 0 is a unique global maximizer of P on S ={c € R |0 >0, ¢+ 0o > 0}.
The canonical dual function P4(¢) for this example is a nonconvex/nonsmooth func-
tion
Pl(o) = —%q_laQ —|le—al, (4.49)
which has at most two critical points: o; = q if ¢ > g and 79 = —q if ¢ < —q.
If we choose ¢ = 0.5, ¢ = —1, the dual solution &; = 1.5 of Problem (P?) gives the
global minimizer #; = ¢/(q+ ;) = 1. It is easy to check that P(7;) = —1 = P%(5,). The
graphs of P(x) and P%(o) are shown in Fig. 4.1 (a).
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(a) P(x) and P4(0) (b)P(z) and P¢(0o)

Figure 4.1: Graphs of P(z) and its dual functions for Example 4.1 with ¢ = 0.5

The graphs of P(x) and P%(c) are shown in Fig. 4.1 (b). As we can see, the graph
of P%(o) is nonconvex/nonsmooth and has two critical points: ; = —1 and &, = 1. By
the analytical solution of (4.41), we have 7; = 1 and Zy = —1. It is easy to verify that
P(z,) = P45,) = —1 and P(Z) = P4(5;) = 0.

2 - ] ;|_E
_2 —_— 725
i / A
(a) P(z) and P4(o) (b)P(x) and P%(0)

Figure 4.2: Graphs of P(z) and its dual functions for Example 4.1 with ¢ = 1.5

If we choose ¢ = 1.5, ¢ = —1, the canonical dual problem (P?) has two critical
points: g1 = 2.5 and 65 = —0.5. By the fact that 61 € S, 1 = ¢/(¢+71) = 1 is a global
minimizer and P(Z;) = —2 = P%(5,). In this case, the canonical dual problem (P%) has
only one critical point & = —1 which is a global minimizer of P¢(c). By Theorem 4.4, we

know that # = 1 is a global minimizer of (P;,) and P(z) = —2 = P%(5).

Example 4.2. Two-dimensional Nonconvex Programming Problem. We now
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consider the following quadratic programming within a convex set:

. 1
min P(I’l, LL’Q) = é(qlaﬁ + QQI% + 2q3551:v2) — C1T1 — CaX2 (450)

st —1<z; <1, i=1,2 (4.51)
The canonical dual function has the form of

1

Pg(01,02) = —5[ 1702]

q1 + o1 qs
qs3 Q2 + 09

[ “ ] — %(01 + 09). (4.52)

Co

Three cases to be considered.
Case I. ¢ < 0, ¢ < 0, and g3 = 0. In this case, P(x) is concave. If we let
f =1001,-03]", ¢ = —05, g = —0.6, the dual function P(o) = P%o) has four

critical points:
o, =1[0.6,09" o5 =1[04,0.3]", a3=1[04,09", o4=1[06,0.3]".

Since
o, =1[0.6,09" € Sf ={o €R?| 0, >05, 09> 0.6},

by Theorem 4.4, x; = [c1/(q1 + 01),¢2/(ga + 02)]" = [1.0,—1.0]" is a global minimizer,

and
P(x,) = PY(e) = —0.95.
See Fig. 4.3.
0.5
0
-0.5
1 -0.5 0 0.5 1

Figure 4.3: Graph of the concave function P(xy,z2) and its contour for Example 4.2 (I)

Case II. ¢; <0, g2 > 0, and g3 = 0. In this case, P(x) is a saddle function. If we let
f=1[0.1,-0.3]F, ¢ = —0.5, ¢ = 0.3, the dual function P?¢ has four critical points

o, =1[0.6,0.0]", o,=1[04,0.0", o3=1[04,-06]", o,=1[0.6,-0.6]".
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Since oy € S = {0 € R?| 0, > 0.5, 09 > 0} is a KKT point, by Theorem 4.4, we know
that x; = [1.0, —1.0]” € X, is a global minimizer. It is easy to verify that

P(x;) = P%o,) = —0.5.

See Fig. 4.4.

-1

-1 0.5 0 0.5 1
Figure 4.4: Graph of the saddle function P(z1,z3) and its contour for Example 4.2 (II)

Case III. General matrix Q € R?*? with integer solutions.
Let f = [1,-2]T, ¢t = 2., ¢ = —1, ¢z = —3. In this case, the eigenvalues of Q
are {—4.54138,1.54138}. This implies that the primal problem is nonconvex. The dual

problem has four critical points
o1 =4,6", 02=106,2]", 03=100,0", o4=1[-2,-4]",
from which, we have
x; = [-1, 1", xo=[1,1), x3=[1,-1]", x4=[-1,1]".

on the four corners of the box X, = {x € R?| — 1<z, <1, —1 <z < 1}. Since

o1 € S}, we know that x; € X, is a global minimizer (see Fig. 4.5), and

a

P(Xl) =-55< P(Xg) =-35< P(X3) =—-15< P(X4) =4.5.

Case IV. General matrix ) € R?*? with mixed solutions.

We choose ¢1 = —4, ¢qo = 10, g3 = —2, the eigenvalues of @ are {10.3,—4.3},
i.e. the primal problem is nonconvex. If we let f = [=8,10]7, the dual solution is
o = [104,0]7 € SF. Since oy = 0, the constraint —1 < x, < 1 is inactive. The

corresponding primal solution x = [—1.0,0.8]7 is not on the corner of the feasible set X,
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—

-1

-1 0.5 0 0.5 1
Figure 4.5: Graph of the saddle function P(xy,x2) and its contour for Example 4.2 (III)

(see Fig. 4.6), but we still have P(x) = —1.3 = P%(a).

~1.0Fk 4
10 -05 00 05 1.0

Figure 4.6: Graph of the function P(z,x2) and its contour for Example 4.2 (IV)

Example 4.3. High Dimensional Integer Programming Problem

We now let n = 10 and randomly choose ) and f as given below:

-6 2 -1 -3 1 1 -3 -3 0 -1
2 -0 -1 2 1 0O 2 1 -3 —4
-1 -1 -5 0 3 -1 1 0 -1 -4
2 o -6 1 1 1 =2 0 O
1 3 1 -7 0 -4 -1 -1 2
1 0o -1 1 0 -6 -2 1 3 -1
2 1 1 -4 -2 -8 -1 0 O
1 o -2 -1 1 -1 -3 0 O
o -3 -1 0o -1 3 0 0 -7 -4
-1 -4 -4 0 2 -1 0 0 -4 —6
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f = [—9.49,6.14,9.13,0.0525, —2.54, 6.69, 0.847, —8.36, 6.31, —2.69] .

To use the direct enumeration method to solve this problem, it is required 2!° times of
enumerations. However, by using the canonical dual problem, it takes few iterations to

obtain the global maximizer:
o = 2[12.2,16.0,12.0,6.0,8.8,6.3,7.6,10.2,8.7,8.7]".
The global minimizer of the primal problem (P) is then
x=[-1,1,1,-1,-1,1,—-1,-1,1,1]"

and PY(o) = —119.1 = P(x).

4.8 Conclusions

We have presented a detailed application of the canonical duality theory to solving box
and integer constrained quadratic optimization problems. By using the canonical dual
transformation, several canonical dual problems and their perturbations are proposed.

Since the canonical dual problem (PY,.) is a smooth concave maximization problem [19]

max
over convex feasible spaces, it is not difficult to solve for certain given Q and f. Existence
and uniqueness criteria are established. If Q and f satisfy certain appropriate conditions,
the unique analytical solution can be obtained.

Theorem 4.4 is particularly useful, which shows that for any given Q and f, the
discrete integer constrained problem (P;,) is equivalent to the continuous unconstrained
canonical dual problem (P?). For convex-perturbation Q + Diag (a) = 0, if the concave

maximization problem

(P}): max{P(o)| o € R"} (4.53)

has a critical solution, the discrete problem (P;,) can be solved uniquely. Otherwise, the

nonsmooth problem (P#) provides a lower bound for the box constrained problem (P).






CHAPTER 5

Discrete Value Selection Problem

5.1 Introduction

Many decision making problems, such as portfolio selection, capital budgeting, production
planning, resource allocation, and computer networks can often be formulated as quadratic
programming problems with discrete variables. See for examples, [8] [21] [31] [62]. In some
engineering applications, the variables of these optimization problems are not allowed to
have arbitrary values. Instead, some or all of the variables must be selected from a set
of integers or discrete values [99]. For examples, structural members may have to be
selected from selections available in standard sizes, their thicknesses are required to be
selected from the commercially available ones, the number of bolts for a connection must
be an integer, the number of reinforcing bars in a concrete structure must be an integer.
However, these integer programming problems are computationally highly demanding.

Several survey articles on nonlinear optimization problems with discrete variables have
been published [66] [83] [95]. Furthermore, some popular methods have been proposed,
which include branch and bound methods [15] [18] [52], branch and cut method [63] [93],
a hybrid method that combines a branch-and-bound method with a dynamic program-
ming technique [68], sequential linear programming, rounding-off techniques, cutting plane
techniques [11] [77], heuristic techniques, penalty function approach and sequential linear
programming. The relaxation method has also been proposed, leading to second order
cone programming (SOC) [47]. More recently, simulated annealing [54] [59] [69] and
genetic algorithms [57] have been proposed.

In this chapter, our goal is to solve a general quadratic programming problem with its
decision variables taking values from discrete sets [30]. The elements from these discrete
sets are not required to be binary or uniformly distributed. An effective numerical method

is developed based on the canonical duality theory.

45
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5.2 Problem Statement

The discrete programming problem to be addressed is given below:

1

(P.) Minimize P(x)= §XTQX —c'x (5.1)
subject to g(x) = Ax —b <0, (5.2)
X:[.Tl,l'g,"',l'n]T, xieUhi:l;"'?na

where @ = {¢;;} € R™™ is an n x n symmetric matrix, A = {a;;} € R™" isan m x n
matrix with rank(A) =m < n, c = [c1, -+ ,¢,)]7 € R" and b = [by,--+ ,b,|T € R™ are

given vectors. Here, for each i =1,--- | n,

U, = {Ui,l, T :ui,Ki}a

where, u; ;,j7 =1,--- , K;, are given real numbers. In this chapter, we let K =" | K.
Problem (P,) arises in many real-world applications, such as the pipe network optimi-
sation problems in water distribution systems, where the choices of pipelines are discrete
values. Such problems have been studied extensively [101]. Due to the constraint of
discrete values, this problem is considered to be NP-hard. In this chapter, we will show
that the canonical duality theory will provide a lower bound approach to this challeng-
ing problem. Furthermore, the global optimal solution could be obtained under certain

conditions.

5.3 Equivalent Transformation

In order to convert the discrete value problem (P,) into the standard 0-1 programming

problem, we introduce the following transformation,

K;
Ti = Zumym’, =1 ,n, (53)
j=1
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where, for each ¢ = 1,--- ,n, u;; € U;, j = 1,---, K;. Then, the discrete programming

problem (P,) can be written as the following 0-1 programming problem:

C 1
(P,)  Minimize P(y) = §yTBy —h'ly (5.4)
subject to g(y) = Dy —b <0, (5.5)
K;
Yy —1=0i=1-n, (5.6)
j=1
yi,jE{O,l},’izl,...,n;j217-",Ki7 (57)
where
T K
Y =W, Yk s Ynl sy Unk,] € R,
h = [Clul,h L, CQQULKy, 5 CpUnd, ucnun,Kn]T € RK?
Q1,1U%,1 o q1iUiaULk, c Qial1Un K,
KxK
B = q1,1u1,K1u1,1 ce. qlvluiKl e P c R X ,
| dnilUn K U11 T T Qn,nui,Kn
11Uy v 11Uk, AQialp K,
D = : .. : .. : c RmXK
Am1U11 - GmiUl Ky, - Omaln K,

Theorem 5.1. Problem (Py) is equivalent to Problem (P,).

Proof. For any i = 1,2,--- ,n, it is clear that constraints (5.6) and (5.7) are equivalent
to the existence of only one j € {1,---, K;}, such that y; ; = 1 while y; ; = 0 for all other

j. Thus, from the definition of y, the conclusion follows readily. O

Problem (P,) is a standard 0-1 quadratic programming problem with both equality

and inequality constraints. In order to use the canonical duality theory for solving this
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NP-hard problem, we need to reform the integer constraint in the canonical form. Let

1 - 10 - 0 --- 0
0 - 01 ««+- 1 ««+ 0 --- 0

H: . . . . . . . . . . ERHXK
0 00 - 0 1 1

and, for any integer N, let
ey =[1,---,1,--,1,--- 71]T€]RN.

By the fact that the solution to the quadratic equation y;(y; — 1) = 0 must be either 0
or 1, the integer constrained problem (7,) can be reformulated to the following quadratic

programming problem:

1
(P)  Minimize P(y)= -y’ By —h'y

5 (5.8)

subject to g(y) = Dy —b <0, (5.9)

Hy —e, =0, (5.10)

yo(y—eg)=0, (5.11)

where the notation s ot := [s1ty, sato, . . ., sKtK]T denotes the Hadamard product for any

two vectors s, t € RX.

5.4 Canonical Dual Transformation
Now we apply the canonical duality theory to integer programming problem presented in
Section 5.2. Let

1

Uly)=—P(y)=h"y — §yTBy,

and define

¢ = Ay)=[(Dy—b)",(Hy —e,)", (yo(y —ex))"]"
= [(&)",(8)", (p)"]" € R

where A is the so-called geometric operator. Let

0 ife<0,6=0,p=0,

+00 otherwise.

W(g) = {
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Let ¢ = [(o)T, (7)T, (u)T] € S = R™™ K be the canonical dual variable corresponding
to€& € Z ={(6,p) : € <0, =0,p = 0}. Then, the Fenchel super-conjugate of the
function W (§) is defined by

W) = sup{€'c—W(E): €€ 2}

0 ifoe>0
= . (5.12)
+o00  otherwise.

Let
G(p) = B + 2Diag (p), (5.13)
and
F(s)=h—-D"c — H't + p. (5.14)
Then, the total complementary function can be obtained as:

Ey,s) = (Ay).s)—Wis)—Uly)
1

= inBy —h"y + 0" (Dy —b)
+7" (Hy —en) + p' (y o (y — ex))
1
= EyTG(u)y ~F(¢)y —o'b - 17e,.
The critical condition Vy=(y,s) = 0 leads to
G(p)y =F(s). (5.15)
Let
S,={s=(o,7,n) €S=R™E: >0, u+#0}. (5.16)

Therefore, the canonical dual problem can be formulated as follows:
1
(P?)  Maximize {Pd(g) = —EFT(C)GJ’_(M)F(C) —o’b — TTen} :
subject to ¢ € §,.

Theorem 5.2 (Complementary-Dual Principle). Problem (P%) is a canonically dual to
Problem (P) in the sense that if ¢ = (&, 7, ) is a KKT solution of Problem (P?), then

the vector

y(§) = GT(R)F(<) (5.17)



50 Discrete Value Selection Problem
is a KKT solution of Problem (P) and
P(y) = P*(s).

Proof. By introducing the Lagrange multiplier vectors € < 0 € R™, and p € R¥ to
relax the inequality constraints & > 0 and p # 0, respectively, the Lagrangian function

associated with the dual function P%(o, T, p) becomes

L(O’, T, W, €, P) = Pd<ay T, /J,) — ETO' — pT[,l,
Then, in terms of y = G*(u)F(o, 7, u) the KKT conditions of the dual problem become

aL(o-7 T7 I‘l'? 67 67 p)

= Dy—-b—-e=0,
oo
oL 0
(0-77-7“767 7p) — Hy—en:O’
or
aL 0-7T7I'l'76767p
( 5 ) _ yo(y—ex)—p=0,
o
o >0, GSO,UTE = 0,

p#0, p = 0.

They can be written as:

Dy < b, (5.18)
Hy —e, =0, (5.19)

yo(y —ex) =0, (5.20)

o>0, o' (Dy—b)=0, (5.21)
pw#0, yo(y—eg)=0. (5.22)

This proves that if (&,7, ) is a KKT solution of (P9), then (5.18)-(5.20) are the so-
called primal feasibility conditions, while (5.21)-(5.22) are the so-called dual feasibility

conditions. Therefore, the vector
y(@.7.n) =G (R)F(o, 7, [t)

is a KKT solution of Problem (P).
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Again, by the complementary conditions and (5.17), we have

1

Ple,7,p) = —§F(6', 7. 0) G(p)"F(o,7,n) —a'b—7"e,
- %yTBy —h'y +o"(Dy —b)+ 7" (Hy —e,) + " (Yo (¥ — ex))
= %‘TBy —h'y = P(y).
Therefore, the theorem is proved. o

Remark 5.1. Since the inequality constraint g # 0 in the canonical dual problem (P%)
produces a nonconvex feasible set, this constraint can be replaced by either p < 0 or
p > 0. Since the condition g < 0 is corresponding to y o (y — ex) > 0, this leads to a
nonconvex open feasible set for the primal problem, it is reasonable to let g > 0. In this
case, the KKT condition (5.22) should be replaced by

p>0, yo(y—eg) <0, u'lyo(y—ex)=0. (5.23)

Therefore, as long as p # 0 is satisfied, the complementarity condition in (5.23) leads to
the integer condition y o (y — ex) = 0.

5.5 Global Optimality Criteria

To continue, let the feasible space ) of Problem (P) and the dual feasible space Z be
defined by

Y={yeR": Dy <b Hy=e,yo(y—ex) <0}
and
Se={s=(o,7,pu) €S :0>0,u >0},
respectively. Furthermore, we introduce a subset of the dual feasible space:
Sti={s=(o,7,n) €S,: G(n) = 0}. (5.24)

We have the following theorem.

Theorem 5.3. Assume that s = (&, 7, i) is a KKT point of P4(s) andy = GT()F(3).
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If € 8, then 'y is a global minimizer of P(y) and § is a global mazimizer of P(s) with

P(y) = min P(y) = max P%(s) = P%(3). (5.25)

yey Sest
Proof The canonical dual function P%(g) is concave on S;. Therefore, a KKT point
S = (o,7,i) € S} must be a global maximizer of P¥(s) on S}. For any given ¢ € S,
the complementary function Z(y, ) is convex in y and concave in (o, T, ut), the critical

point (y,¢) is a saddle point of the complementary function. More specifically, we have

PYS)= max P%Gs)
(O, T,)eST
= max minZ(y, ) = min max =(y, ¢
Sest yey () yeY geSs (y:s)
1
= min max {—YTG(H)Y —(h—-D'e —H't4+ p)'y —0"b - TTen}
yey ges | 2

1
= min max {—yTBy ~hly +o"(Dy —b) + 7 (Hy —e,) + p' [y o (y — eK)]}
yeY gest 2

1 o
= minmax{-y’ By — hTy + ¢T¢}.
min cesf?{Qy y y+s &}

Note that

max{W*(s)} =0
Sess

and

max{W (&)} = 0.

ez

Thus, it follows from (5.26) that

1
Pd(é) = min max{—yTBy —hly +¢7¢ - Wﬁ(c)}
yey gest 2
1
= min{-y" By — h'y} + max{¢"¢ — W¥(¢)}
yey "2 sesst
Loy T
- “y"By —h
I;lelg}{zy y y}

— min P(y).
glelg(Y)

This completes the proof. a

Remark 5.2. By the fact that the inequality g # 0 in Problem (P?) is replaced by the

unilateral inequality g > 0 in the convex feasible set S, the canonical dual function
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P4(s) may have no KKT point in the (semi) open convex domain S;. If we let
Sf={s=(o,7,p) €S : p>0}
then on this closed convex domain, the concave maximization problem
(PY) max{Ps)| ¢ €S} (5.26)

has at least one solution ¢ = (&, 7, ). If the corresponding y = GT()F(S) is feasible,
then y is a global minimizer of the primal problem (P). Otherwise, the value P(y)
provides a lower bound to the primal problem (7). This is one of the main advantages

of the canonical duality theory.

5.6 Numerical Examples

All data and computational results presented in this section are produced within Matlab
environment. For proper display, all the elements of a matrix are rounded to two decimals.
Example 5.1. 5-dimensional problem.
Consider Problem (P,) with x = [xy,--- ,z5]7 , while x; € {2,3,5},i=1,--- 5,

[ 343 0.60 0.39 0.10 0.60

0.60 2.76 0.32 0.65 0.49
Q=039 032 2.07 059 0.39 |,
0.10 0.65 0.59 2.62 0.30
| 0.60 0.49 0.39 0.30 3.34

c = [38.97, —24.17,40.39, —9.65, 13.20] ",

094 0.23 0.04 0.65 0.74
0.96 0.35 0.17 0.45 0.19
0.58 0.82 0.65 0.55 0.69
0.06 0.02 0.73 0.30 0.18

b = [11.49,9.32, 14.43,5.66]".

Under the transformation (5.3), this problem is transformed into the 0-1 programming



H4 Discrete Value Selection Problem

Problem (P), where

Yy = [yl,l» Y1,2,Y1,3,"* ,Y5,1,Y5,1, y5,3]T S R157

13.71 20.56 34.27 240 3.61 6.01 1.58 237 395 039 058 097 238 3.57 595
20.56 30.84 51.41 3.61 5.41 9.01 237 355 592 058 0.88 146  3.57 536  8.93
34.27 51.41 85.68 6.01 9.01 15.02 395 592 9.87 097 146 243 5,95 8.93 14.88
2.40  3.61 6.01 11.05 16.57 27.61 1.27 1.91 3.18 261 3.91 6.52 1.95 2.93  4.88
3.61 5.41 9.01 16.57 24.85 4142 191 2.86 477 391 587 9.78 293 4.39 7.32
6.01 9.01 15.02 27.61 4142 69.03 3.18 477 796 6.52 9.78 16.31 4.88 7.32  12.20
1.58 237  3.95 1.27 1.91 3.18 8.27 1240 20.67 237  3.55 5.92 1.57 236  3.93
B = 2.37  3.55 5.92 1.91 2.86 477 1240 18.60 31.00 3.55 5.33 889 236 3.53 5.90
3.95 592 9.87 318 477 796 20.67 31.00 51.67 592 886 14.81 3.93 590 9.83
0.39 558 097 261 3.91 6.52 237 355 592 10.50 15.74 26.24 1.20 1.80  3.00
0.58 0.88 146 391 587 9.78 355 533 889 1574 2362 3936 1.80 270 4.50
0.97 1.46 243  6.52 9.78 16.31 592 889 14.81 26.24 39.36 65.60 3.00 4.50 7.51
2.38 3.57 5.95 1.95 2.93 4.88 1.57 236  3.93 1.20 1.80 3.00 13.35 20.02 33.37
3.57 536 893 293 4.39 7.32 236 3.54  5.90 1.80 2.70 4.50 20.02 30.04 50.06
595 893 14.88 483 7.32 1220 3.93 590 983 3.00 450 7.51 33.37 50.06 83.43

h = [77.95,116.92,194.87, —48.34, —72.51, —120.85,80.78, 121.17
201.96, —19.29, —28.94, —48.23,26.39, 39.59, 65.99] 7,

1.88 2.83 4.71 0.47 0.70 1.17 0.09 0.12 0.22 1.30 1.94 3.24 1.49 2.23 3.72
1.91 2.87 4.78 0.71 1.06 1.77 0.34 0.51 0.85 0.90 1.35 2.25 0.38 0.57 0.94
1.15 1.72 2.88 1.64 2.46 4.11 1.30 1.95 3.25 1.09 1.64 2.74 1.37 2.06 3.43
0.12 0.18 0.30 0.03 0.05 0.08 1.46 2.20 3.66 0.59 0.89 1.48 0.37 0.55 0.92

1 0 0 0 0
H = 0 1 0 c R5><15
0 0 0 0 1 1

The canonical dual problem can be stated as follows:

(P?)  Maximize P%(g) = —%F(C)TGJF(/,L)F(g) —o'b—1"e;

subject to ¢ = (o, 7, ) € R*™™5 ¢ >0,u >0,

where F(¢) and G(p) are as defined by (5.13) and (5.14), respectively.

By solving this dual problem with the sequential quadratic programming method in
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the optimization Toolbox within the Matlab environment, we obtain

and

(o

S

= [0,0,0,0]",
= [73.90,—106.70,111.95, —59.27, —0.01]7,

39.34,22.07, 12.49, 33.56, 3.01, 76.14, 61.00, 35.52
18.78,1.47,41.96,0.001, 0.001, 0.006]” .

It is clear that ¢ = (&, 7, 1) € 8. Thus, from Theorem 5.3,

<

= (B +2Diag (u))*(h— D' — H'7 + )
= [0,0,1,1,0,0,0,0,1,1,0,0,1,0,0]"

is the global minimizer of Problem (P) with P4(g) = —227.87 = P(y). The solution to

the original primal problem can be calculated by using the transformation

to give

with P(X) = —227.87.
Example 5.2. 10-dimensional problem.
Consider Problem (P,), with x = [z, -+ ,210)7, while z; € {1,2,4,7,9}, i =1,---, 10,

[ 6.17
0.62
0.46
0.37
0.56
0.66
0.67
0.85
0.57

| 0.44

0.62 0.46 0.37 0.56 0.66 0.67 0.85 0.57 0.44 |
5.63 0.29 0.56 0.79 0.29 043 0.69 0.49 0.39
0.29 581 0.55 0.22 0.55 0.36 0.27 0.51 0.91
0.56 0.55 6.10 0.28 0.42 044 0.34 0.75 0.44
0.79 0.22 0.28 4.75 0.40 0.55 0.42 049 0.44
0.29 0.55 042 040 5.71 0.32 0.57 0.65 0.70
043 036 044 0.55 0.32 5.27 0.56 0.37 0.85
0.69 0.27 0.34 042 0.57 0.56 591 0.15 0.62
049 051 0.75 049 0.65 0.37 0.15 4.51 0.46
039 091 044 044 0.70 0.85 0.62 046 5.73

K;
'fi = Zui,jgi7j7 1= 17 2a 3a 47 57
j=1

x=[52,5,2,2]"
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f =[0.89,0.03,0.49,0.17,0.98,0.71,0.50,0.47,0.06, 0.68]

[ 0.04 0.82 0.97 0.83 0.83 0.42 0.02 0.20 0.05 0.94 ]
0.07 0.72 0.65 0.08 0.80 0.66 098 049 0.74 0.42
A=1052 015 0.80 0.13 0.06 0.63 0.17 0.34 0.27 0.98 |,
0.10 0.66 0.45 0.17 040 0.29 0.11 095 042 0.30
| 0.82 0.52 0.43 0.39 0.53 0.43 0.37 0.92 0.55 0.70

b = [33.76, 37.07, 26.75, 25.46, 37.36]" .

By solving the canonical dual problem of Problem (P,), we obtain

= [0,0,0,0,0]",
7 = [-19.99,-20.12, —18.13, —18.37, —14.32,
—17.13, —18.46, —19.73, —17.65, —16.55]",
and
o = [9.51,0.97,21.93,53.36,74.34,9.95,0.21,20.53, 51.01, 71.35

8.68,0.77,19.68, 48.03, 66.94, 8.30, 1.77, 21.91, 52.13, 72.27
6.40,1.54,17.39,41.19, 57.04, 7.57, 1.98, 21.10, 49.77, 68.90
9.15,0.16, 18.79, 46.72, 65.34, 9.82, 0.09, 19.90, 49.63, 69.45
8.76,0.13, 17.92, 44.60, 62.39, 6.26, 4.03, 24.60, 55.48, 76.04]”,

It is clear that ¢ = (&, 7, 1) € S. Therefore,

y =[1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,
1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0]"

is the global minimizer of the problem (P) with P4(g) = 45.54 = P(y). The solution to

the original primal problem is
x=[1,1,1,1,1,1,1,1,1,1]"

with P(x) = 45.54.
Example 5.3. Relatively large size problems.
Consider Problem (P,) with n = 20, 50, 100, 200 and 300. Let these five problems be
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referred to as Problem (1), - - -, Problem (5), respectively. Their coefficients are generated
randomly with uniform distribution. For each problem, ¢;; € (0,1), a;; € (0,1), for
i=1,---,n;j=1,---,n,and ¢; € (0,1), x; € {1,2,3,4,5}, for i = 1,---n. Without
loss of generality, we ensure that the constructed @) is a symmetric matrix. Otherwise,
we let Q) = Q+TQT Furthermore, let @) be such that it is diagonally dominated. For each
z;, its lower bound is [; = 1, and its upper bound is u; = 5. Let [ = [ly,---,l,]T and
u = [ug, -+ ,u,]’. The right-hand sides of the linear constraints are chosen such that the
feasibility of the test problem is satisfied. More specifically, we set b = > ;aijly +0.5 -
(225 aiju; — X5 aily).

We then construct the canonical problem of each of the five problems. It is solved
by using the sequential quadratic programming method with active set strategy from the
Optimization Toolbox within the Matlab environment. The specifications of the personal
notebook computer used are: Window 7 Enterprise, Intel(R), Core(TM)(2.50 GHZ). Table
5.1 presents the numerical results, where m is the number of linear constraints in Problem

(Pa).

Table 5.1: Numerical results for large scale integer programming problems
n m CPU Time (Seconds)

20 5 1.77
50 5 6.23
100 5 26.05
200 5 136.29
300 5 408.59

From Table 5.1, we see that the algorithm based on the canonical dual method can
solve large scale problems with reasonable computational time. Furthermore, for each
of the five problems, the solution obtained is a global optimal solution. For the case of
n = 300, the equivalent problem in the form of Problem (P;) has 1500 variables. For such

21500

a problem, there are possible combinations.

5.7 Conclusion

We have presented a canonical duality approach to solving a general quadratic discrete
value selection problem with linear constraints. Our results show that this NP-hard
problem can be converted into a continuous concave dual maximization problem over a
convex space without duality gap. For certain given data, if this canonical dual has KKT
point in the dual feasible space S, the problem can be solved by using well-developed
convex optimization methods. Several examples, including some relatively large scale

ones, were solved effectively by using the method proposed.






CHAPTER 6

Fix Charge Problem

This chapter presents a canonical dual approach for solving a mixed-integer quadratic
minimization problem with fixed cost terms [65]. We show that this well-known NP-hard
problem in R?" can be transformed into a continuous concave maximization dual problem
over a convex feasible subset of R"” with zero duality gap. We also discuss connections
between the proposed canonical duality theory approach and the classical Lagrangian
duality approach. The resulting canonical dual problem can be solved, under certain
conditions, by traditional convex programming methods. It turns out that an analyti-
cal solution for the mixed integer programming problem is obtained. Conditions for the
existence and uniqueness of global optimal solutions are presented. An application to a
decoupled mixed-integer problem is used to illustrate the derivation of analytic solutions
for both globally minimizing and maximizing the objective function. Numerical exam-
ples for both decoupled and general mixed-integral problems are presented, and an open

problem is proposed for future study.

6.1 Problem Statement

In this chapter, we address the following quadratic, mixed-integer fixed-charge problem
[7] [53]: )
(P,): min {P(x, v) = axTAX +cfx+flv | (x,v) € Xv} (6.1)

where A € R"*" is a given (generally indefinite) symmetric matrix, ¢, f € R™ are given
vectors, the binary variable vector v € {0, 1}" represents fixed-cost variables, and the

feasible space X, is defined by
X, ={(x,v) e R" x{0,1}"| —v<x<v} (6.2)

Problem (P,) arises in mathematical economics, facility location, and lot-sizing appli-
cation contexts [2] [12] [48], where the constraints of the form x € [—v,v] with v € {0,1}"

being referred to as fixed-charge constraints [73]. These types of constraints have received

99
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a great deal of attention in the integer programming [26] literature , and many different
types of valid inequalities have been developed to deal with this structure [9] [51]. Since
we do not assume that the matrix A is positive semidefinite, the problem remains NP-
hard, even with all the fixed-cost variables v; (i = 1,...,n) fixed to one [55] [72] [75] [87].
In order to numerically solve the latter continuous, box constrained quadratic program,
many effective methods have been developed [3] [4] [32] [33] [34] [49] [88] [89] [90]. Nat-
urally, the problem becomes even more challenging with the addition of the fixed-charge

feature.

6.2 Canonical Dual Transformation

In order to formulate a canonical dual problem that exhibits a zero duality gap, the key
step is to rewrite the variable box constraints —v < x < v, v € {0,1}" in the (relaxed)
quadratic form:

xox<v,vo(v—e) <0, (6.3)

where e = {1}" is an n-vector of all ones and the notation x o v := [z,v1, Tovy,. . ., Tpv,]T
denotes the Hadamard product for any two vectors x,v € R™. Accordingly, consider the

following (continuous relaxation) reformulation of the primal problem (P,):
1
(P,) min{P(x,v)= §XTAX +c'x+f'v: xox<v,vo(v—e)<0}. (64)

Introducing a nonlinear transformation (i.e., the so-called geometrical mapping):
€(x) XOX —V 5
y =A(x,v) = = e R*,
£(x) vVov—vV

{0 if y <0 € R

+00 otherwise
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o
and let y* = ( € R?" be the vector of dual variables associated with the corre-
T

sponding restrictions y < 0. The sup-Fenchel conjugate of V(y) can be defined by

Viy*) = sup {{y,y") —V¥)}
ye 2n
= sup sup {€ o+ T — V(e &)}
EcR™ £eRn

{() ife >0cR" T>0¢cR",

+00  otherwise.

By the theory of convex analysis, the following extended canonical duality relations hold:
y'edVly) & yedVily) & V(y)+Viy)=y"y" (6.5)
or equivalently:

€e<0 & 0>0 & €o=0, (6.6)
E<0 & 7>0 & ¢'r=0. (6.7)

Observe that the complementarity condition £€"7 = 77(vov —v) = 0, VY7 > 0 in (6.7)
leads to the integrality condition vov —v = 0.
Letting U(x) = —3x" Ax—c'x—f"v, the relaxed primal problem (P,) can be written

in the following unconstrained canonical form:
(P.) : min{Il(x,v) =V(A(x,v)) = U(x,v) | x€R" veR"}. (6.8)
Firstly, we replace V(A(x,v)) in (6.8) by the Fenchel-Young equality
V(A(x,v)) = Ax,v)Ty"(o,7) = VEi(y*(o,T)).
Then the total complementary function
E(x,v,0,7):R" X R" xR" x R" - RU{—00}
associated with Problem (P.) can be defined as given below:

E(x,v,0,7) = Ax,v)Ty' (e, 7) - Viy'(o, 7)) - Ux,V)

1
= QXTG(O')X +c'x + v Diag (T)v — (6 + 7 — £)Tv — Vi(y* (o, T)),
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where

G(o) = A + 2Diag (o), (6.9)

and the notation Diag (o) stands for a diagonal matrix with o;, ¢ = 1,...,n, being its
diagonal elements. From this complementary function, we obtain the canonical dual
function I1¢ : R® x R* — RU {—o0} as:

Plo, 1) =sta{Z(x,v,0,7) | x € R", v € R"} = Uo,7) — V¥(o,T), (6.10)
where U” (o, T) is the A-conjugate transformation defined by
UMo, 1) = sta{A(x,v)Ty* (o, 7) = U(x,v)| x e R",v € R"}. (6.11)
Accordingly, introducing a dual feasible space
S;={(o,7)eR"xR"| >0, 7>0, ceCu(G(o))}, (6.12)

where C,(G) denotes the column space of G (i.e., a vector space spanned by the columns

of the matrix G), the canonical dual function can be formulated as

n

Plo,7)=UNo,T) = —%CTG+(0')C - iz %(O’i +7— i) Y(o,T) €S, (6.13)

i=1 '
where GT denotes the Moore-Penrose generalized inverse of G. Denoting

n

1 1 1
Plo,7) = —§CTG+<0‘)C ~ 1 Z —(oi+m—f:) 1 S —R, (6.14)
Ti
i=1

the proposed dual to (P,) is then stated as follows:

n

(P*) . max {Pd(a,T) = —%CTG+(O')C — i; %(ai +7i—fi)?| (o,7) € Sﬁ} .

(6.15)

For any given n-vectors t = {¢;}" and s = {s;}", we denote t @ s = {t;/s;}".

Theorem 6.1 (Complementary-Dual Principle). Problem (P*¥) is canonically (i.e., per-
fectly) dual to the primal problem (P,) in the sense that if (6,7) € Sy is a KKT point of
(P*), then the vector (X,v) defined by

x=-G%(a)c, (6.16)

1
v=slet+r-Hor (6.17)



6.2 Canonical Dual Transformation 63

is a local optimal solution to the primal problem (P,), and

P(x,v) =

[1]

(x,v,6,7) = PY(&,7). (6.18)

Proof. By introducing Lagrange multipliers (€,£) € R™ x R™ associated with the re-
spective inequalities in (6.12) (where R™ is the nonpositive orthant of R"), the Lagrangian
©:8; x R® x R" — R for Problem (P¥) is given by

O(o,7,€,&) = Plo,7) —e'a —¢'T. (6.19)
It is easy to prove that the criticality conditions
VoO(o,7,6,€) =0, VrO(F,7,6,€) =0

lead to
e =VgPie,7)=x(6)ox(6) —v(6,T), (6.20)
£ =V PYo,7)=v(e,7)ov(e,T)—v(a,7T), (6.21)

and the accompanying KK'T conditions, which include

0<& L e<O0, (6.22)
0<7 L £<0, (6.23)
where %(6) = —G*(&)c, and v(6,7) = 5(6 + 7 — f) @ 7. By the strict inequality

condition 7 > 0, the complementarity condition 77 (v ov —v) = 0 in (6.23 ) leads to the

integrality condition (v ov —v) = 0. This shows that if (&,7) is a KKT point of the

problem (P*%), then (%, V) is a local optimal solution to the discrete primal problem (7P,).
By using (6.16) and (6.17), we have:

1
Pl(e,7) = §CTG+<5')C —c'G*(6)c — 2v!' Diag (7)v + v! Diag (7)v
= —x"Ax+x'Diag (@)x+c'x—vi(g+T7—f)+7(Vov)
= Z(x,v,6,7)=PXV)+6 (XoX—V)+ 7 (Vov —V)
= P(x,V)

due to the complementarity conditions (6.22) and (6.23). This proves the theorem. O

Remark 6.1. Theorem 6.1 shows that by the canonical duality theory, the NP-hard dis-
crete primal problem (P,) is actually equivalent to a continuous dual problem (P*) with

zero duality gap. If G(&) is invertible, then the KKT point (&,7T) of the canonical dual
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problem (P*) is a critical point of the canonical dual function P4(o,T).

6.3 Global Optimality Criteria

Theorem 6.1 shows that any KKT point of the canonical dual problem (P?) leads to a
KKT point of the continuously reformulated primal problem (P,). In this section, we
present global optimality conditions for the nonconvex problem (P,). We first introduce

a useful feasible space:
Sﬁ+ ={(o, 7)) eR"XR"| >0, 7>0, G(o) >0} (6.24)

By the triality theory developed in [38], we have the following results, where y* = (o, 7).

Theorem 6.2. Suppose that the vector y* = (&,T) € S;’ 1s a critical point of the dual
function Pd(a 7). Let (x,v) = (-GT(o)c, (e +7—f)0oT).
If y* € S}, then y* is a global maximizer of P on S;“ The vector (X,V) is a global

minimizer ofP on X,, and

P(x,v) = min P(x,v)= max P%eo,7)=P%e,7). (6.25)
(x,v)EXy (O, T)es
Proof. By Theorem 6.1, we know that if the vector y* is a critical point of the problem
(P*), then the vector (X, V) defined by (6.16) and (6.17) is a local optimal solution to the
problem (P,), and
P(x,v) =

[1]

(x,v,&,7) = Pla,7).

By the fact that the canonical dual function P?(y*) is concave on Sﬁ+ , the critical point
v e Sﬁ+ is a global maximizer of P(y*) over Sﬁ*, and (X,v,y*) is a saddle point of the
total complementary function Z(x, v,y*) on R** x 8, i.e., = is convex in (x,v) € R*" =
R™ x R™ and concave in y* € Sﬁ+ . Thus, by the (right) saddle min-max duality theory
(see [38]), we have

PYy*) = max P? = max min Z=(x,v,y*)= min max Z(x,v,y"
(¥") o (y*) T, e (x,v,¥7) e S5 (x,v,y7)
= min {P(x,v)+ max {A(X,U)Ty*—vﬁ(y*))}}
(x,v)€R2" (o, T)es)

= min P(x,v) = P(x,V)

(x,0)EX,
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due to the fact that

V(A(x,v)) = sup {A(x,0)"y" — Vi(y")}
y*eS’i+
0 if (x,v) € A,
+00 otherwise.

This proves the statement (6.25).

Theorem 6.2 shows that, under the stated conditions, the nonconvex quadratic mixed-
integer minimization problem (P,) is canonically dual to the following concave maximiza-

tion problem:
(P%): max{P%o,7) : (o,7) €S }. (6.26)

Since P4(o, T) is a continuous concave function over a convex feasible space S;f, if (o7, T) €
Sﬁ+ is a critical point of P¥(o,7), it must be a global maximizer of the problem (Pﬁr), and
the vector (x,v) = (—~GT(&)c, (6 +7 —f) © 7) is a global minimizer of the problem
(P,). By the fact that for a fixed o, the criticality condition V4+P%(o,T) = 0 leads to
T = |o — f| > 0 € R™. Substituting this into P¥(o,T), we have

1 n

Pi(o) = —§CTG+(U)C — Z(ai — )", (6.27)

where (t;)* = max{t;,0}. Furthermore, let d(t)" = {d;(¢;)T}" € R™, where

1 ift; >0
5i(t)* = : i=1-.m, (6.28)
0 ift; < 0,
and
St={ceR" >0, og#f, G(o)=0}. (6.29)

Then, the canonical dual problem (P%) can be written in the following simple form:
(PY): max{P%o): o€S8}. (6.30)

Theorem 6.3 (Analytic solution to (P,)). For given A € R andc, f e R", ifo € S

is a critical point of P9(o), then the vector
(%,v) = (=G™(o)c, &(a —1)") (6.31)

is a global minimizer of (P,).
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This theorem can be proved easily by using Theorem 6.2. In the next section, we will
study certain existence and uniqueness conditions for the canonical dual problem to have

a critical point in S

6.4 Existence and Uniqueness Criteria

Definition 6.1. A function f : R® — R is said to be coercive if for every sequence
{z"} C R™ for which ||z"|| — oo it must be the case that f(z) — 0o as well.

Let
OSH ={o €8/ : detG(o)=0}. (6.32)

Then, we have the following theorem:

Theorem 6.4 (Existence and Uniqueness Criteria). For a given matriz A € R™™ and

vectors ¢, £ € R", if for any given o € S,

[

lim ¢’[G(o, + ao)]tc =00 and lim ¢’ [G(o, + ao)]Tc >0, Vo, € dS), (6.33)

a—0T a—o0

then the canonical dual problem (P{) has at least one critical point & € S and the vector
(x,v) = (-G*(a)c, 8(c — 1))
is a global optimizer of the primal problem (P,). Moreover, if

ci#O, 51—]‘}7&0, Vizl,...,n, (634)

then the vector (X,V) is a unique global minimizer of (P,).

Proof. By the fact that, on S}, we have

0G* (o) 0G(o)
i S _G+ G+
- "5 D o),
the Hessian of the quadratic form —3c¢”G*(o)c is:
Hi2(0) = {—4xi(0')G;;-(0')xj(a')}, (6.35)
where x(0) = —G*(0)c. Therefore, the Hessian matrix of the dual objective function P?

1s:

Hyy2 + Hope H,,
H(a,f)=V2Pd(a,T):( o e )
TO T2
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where

1
H,,» = Diag {—2—},
Ti

H,. = H., =Diag {(‘7@2—?}’
H,» = Diag {—%}
It is clear that
Hiy2(0) 20, Hypa(T) <0, H2(o,7) =0, V(o,7) €S, (6.36)
Hip2(0) = 0, Hyp2(T) =0, Hr2(o,7) =0, V(o,T)ES, . (6.37)

For any given non-zero vector w = (s,t) € R?*", we have

n 2
w! H(o,7)w = s’ Hy,2(0)s + Z - (si —t; i fi) : (6.38)

Thus

V2P o, 1) =0 if (o,7) €S/,

VPl o, T) =0 if (o,7) €S, .

Therefore, P4(o, ) is concave on Sﬁ+ , convex on S, and PY(o) is concave on S, From

the conditions in (6.33), we have, for any oy € S,

lim PY(o,+ ao) = —oco, Vo € S/, (6.39)
a—0t

and
lim PY(o,+ao) =—o00, Vo €S). (6.40)
a—r00

(6.39) and (6.40) show that the canonical dual function PY(o) is concave and coercive on
the convex set SF. Therefore, by the theory of convex analysis [80], we know that the
canonical dual problem (PY) has at least one critical point & € S;. Because for convex
problem, critical points are always global optimizer [1], so & is a global maximizer of
P9(o) over Sf. By Theorem 6.2, the corresponding vector (X,v) is a global optimizer
of the primal problem (P,). Moreover, if the conditions in (6.34) hold, then Hy,2(o) <
0; He(o,7) <0, V(o,7) € S, and the Hessian V2P(o,7) < 0, ie., PYo,T) is
strictly concave on S;". Therefore, (P?) has a unique critical point in S;, which implies

that (P{) has a unique critical point in S and that the primal problem has a unique
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global minimizer. a

6.5 Application to Decoupled Problem

We now apply the theory presented in this chapter to a decoupled system. For simplicity,
let A = Diag (a) be a diagonal matrix with a = {a;} € R" being its diagonal elements.

Now, consider the following extremal problem:

max {P(x, v) = i (%ai:v? + ¢z + fivi) } (6.41)

i=1
st. —v; <z <v, v, €{0,1},i=1,... n. (6.42)

For this decoupled problem, the canonical dual function has a simple form given by

1< c? (0; + 7 — fi)?
Pd R ? ’ v ! . 4
(U’T) 2 ZZI <ai + 20i + 27’1‘ (6 3)

By Theorem 6.2, if the critical point (s, 7T) € 8ﬁ+ , then the corresponding primal

solution is:
(w0, 0) = (=g 542 ) Wi =1, (6.44)

_ai+20i’ 27;

The global extrema of the primal problem can be determined by the following theorem:

Theorem 6.5. For any given a,c,f € R", if ¢; # 0,

1 1
— 5[@2 — |Cl|] >0, and fz — E[CLZ — |C7,|] > O,VZ = 1," -, n, (645)

then the canonical dual function P% has a unique critical point
1 , 1 ,
(o lell ¥i=1,m fi= Sl = lell.Yi=1,...,n) (6.46)

which is a global mazimizer of P%(o,T) on Sﬁ+, and

&

(x4, vy) = ({—Hﬂ' =1, 7n},e> (6.47)

is a global minimizer of P(x,v) on X,,.
On the other hand, if ¢; # 0,

1 1
min {_§(ai + c,)} <0, min {f, — —(a; & c,)} <0, (6.48)

7::17' 5 :1""1 2
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then the canonical dual function P? has a unique critical point
. 1 _
(o), T) = <4_nl[11n {_i(ai + cz)} , IIHH {fl (al + cl)}) SO (6.49)
which is a global minimizer of P*(o,T) on S, and
G .
(x5, Vy) = ({m,zzl,--- ,n}, e> (6.50)
&)
is a global maximizer of P(x,v) on X,,.
6.6 Numerical Examples
6.6.1 Two-dimensional decoupled problem
Let a1 = =3, a0 =2, ¢; =5, co = =8, fi = —2, and fy = 2. The canonical dual function
P? has a total of nine critical points (o, 7)x, k = 1,...,9, and the corresponding results

are listed below:

(o,7)1 = (4,3,2,5), (x,v); = (=1,1,1,1),  Pi=—-135;
(o,7)2 = (2,3,0,5), (x,v)2 = (0,1,0,1), P{ =90,
(o,7)s = (4,-2,2,0), (x,v)3 = (—1,0,1,0), P =_45;
(0,7)a=(=1,3,-3,5), (x,v)s = (1,1,1,1), Pl = —3.5;
(o,7)5 = (2,-2,0,0), (x,v)s = (0,0,0,0), Pd = 0;

(o, 7)6 = (4, 5,2, —3), (x,v)e = (—1,—1,1,1), P¢=25;
(0, 7)7=(-1,-2,-3,0),  (x,v)7=(1, 0, 1,0), P =55,
(o,7)s = (2, =5, 0 —3), (x,v)s = (0,—-1,0,1),  Pi=T;

(0, 7)o = (=1,-5,-3,-3), (x,v)g=(1,-1,1,1),  P¢=125.

By the fact that (o, 7); € S;F, we can tell that (x,v); is a global minimizer of P(x, V).

6.6.2 General nonconvex problem

Let n =10 and let c, f and A be chosen randomly as follows:
c={16,—-13,—12, 18, —11,7,11,16, —4, 18},

f = {11,5,13,18,6,4, —16,16, —20, —3}",
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1099 91 9 4159
2 57 3 2107 28 2
7T 26 6 2 2 6175
5 52 9 6 3 9 5 7 8
A 291 9 8109 4 45
8§ 21 9 7 3 7314
4 28 2 2 6 6 2 4 2
4 7 710 2 5 7 5 6 3
36 9101 8 6 5 9 5
T T2 7T 7T 3 7786

By solving the canonical dual problem (PY), we obtain the global maximizer
o =1[6.9,6.9,6.3,9.8,3.9,2.9,15.995,11.5,116,8.0]",

and

7 =[17.9,11.9,19.3,27.8,9.9,6.9,0.005, 27.5,8.4,5.0] .

The global minimizer of the primal problem (P) is then given by
x =[-1.0,1.0,1.0,1.0,1.0, —1.0,0, —1.0,0, —1.0]%,

and
v=1[1,1,1,1,1,1,0,1,0,1]7,

with PY(a,7) = —181 = P(x,V).

6.7 Conclusions

We have studied in this chapter an application of canonical duality theory to solve the
mixed-integer quadratic optimization problem (P,) and its co-problem (P;). Using an
appropriate quadratic mapping y = A(x,v) = (xox —v, vov —v), the given nonconvex
mixed-integer primal problem was converted into a canonical dual problem in continuous
space, and its relationship with the classical Lagrangian duality under a similar trans-
formation was revealed. Theorem 6.2 shows that the canonical dual problem (P*) is a
concave maximization over the convex dual feasible space S;“ and the co-dual (P’) is a
convex minimization problem on &;. Therefore, both problems can be solved via convex
programming optimization methods. Theorem 6.3 shows that the mixed-integer program-
ming problem in R?" is canonically dual to a simplified concave maximization problem

(P9) over a convex feasible set S C R”, which can be solved by well-developed convex
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minimization techniques. Certain existence and uniqueness conditions related to critical
points belonging to a derived dual feasible space for yielding a zero duality gap were
established in Theorem 6.4.






CHAPTER 7

Nonconvex Constrained Optimization

This chapter presents a canonical duality theory for solving a general nonconvex quadratic
minimization problem with nonconvex constraints. By using the canonical dual transfor-
mation, the nonconvex primal problem can be converted into a canonical dual problem
(i.e., either a concave maximization or a convex minimization problem with zero duality
gap). The global extremum of the nonconvex problem can be identified by the triality
theory associated with the canonical duality theory. Illustrative applications to quadratic
minimization with multiple quadratic constraints, box/integer constraints, and general
nonconvex polynomial constraints are discussed, along with insightful connections to clas-
sical Lagrangian duality. Criteria for the existence and uniqueness of optimal solutions

are presented. Several numerical examples are provided.

7.1 Introduction

We are interested in solving the following general constrained nonlinear programming
problem:

(P): min {P(x) = %XTAX —x'f . x€ A}, (7.1)

where A = {A;;} € R"*" is an indefinite symmetric matrix, f € R” is a given vector, the
feasible space X, C R" is defined as

X, = {x€ X, gx)<deRm, (7.2)

where g(x) = {ga(x)} : &, — R™ is a given vector-valued differentiable (not necessary
convex) function, &, is a convex open set in R”, and d € R™ is a given vector.

The problem (P) involves minimizing a nonconvex quadratic function over a nonconvex
feasible space. By introducing a Lagrangian multiplier vector o € R} = {o € R™| o > 0}
to relax the inequality constraints in X}, the classical Lagrangian L : &, x R — R is
given by

L(x,0)= %XTAX —x'f + 0" (g(x) — d). (7.3)

73
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If all the components of g(x) are convex functions, and A > 0, i.e., positive semidef-
inite (PSD), then Problem (P) has a convex quadratic objective function and convex
constraints, and the Lagrangian is a saddle function, i.e., L(x, o) is convex in the pri-
mal variables x, concave (linear) in the dual variables (Lagrange multipliers) o, and the
Lagrangian dual problem can be easily defined by the Fenchel-Moreau-Rockafellar trans-
formation

P*(o) = inf L(x,0), (7.4)

XEX,
where, under certain constraint qualifications that insure the existence of a Karush-Kuhn-

Tucker (KKT) solution [14], we have the following strong min-max duality relation:

inf P(x) = sup P*(o). (7.5)
XEXy O R
In this case, the problem can be solved easily by any well-developed convex programming
technique.
However, due to the assumed nonconvexity of Problem (P), the Lagrangian L(x, o) is
no longer a saddle function and the Fenchel-Young inequality leads to only the following

weak duality relation in general:

inf P(x) > sup P*(o). (7.6)
XEXG, O R
The slack 8 = inf P(x) — sup P*(o) in the inequality (7.6) is called the duality gap in
global optimization. Very often, we have § = fo00. This duality gap shows that the well-
developed Fenchel-Moreau-Rockafellar duality theory can be used only for solving convex
minimization problems. Also, due to the nonconvexity of the objective function and/or
constraints, the problem may have multiple local solutions. The identification of a global
minimizer has been a fundamentally challenging task in global optimization.
In the next section, we will show how to use the canonical dual transformation to
convert the nonconvex constrained problem into a canonical dual problem, in order to

derive related global optimality conditions.

7.2 Canonical Dual Transformation
For convenience, we introduce an indicator function of the feasible set X.:

W(e) = { 0 ifesd (7.7)

+o00  otherwise
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and let )
Ux)=x"f - §XTAX.

Then the primal problem (P) can be written in the following unconstrained form:
min{P(x) =W(gx)) - U(x): x€ A,}. (7.8)

By the Fenchel transformation, the conjugate function W#(o) of W (e€) can be defined by

Wﬂ(a') = sup {e'a —W(e)} =

EcR™

d” ifo >0
{ 7 no= (7.9)

400 otherwise,

which is convex and l.s.c. (lower semi-continuous) on R™. From convex analysis [80], the

following relations hold for (€,0) € R™ x R™:
occIW(e) & eciWi o) & W(e)+Who)=¢€o.

Replacing W (g(x)) in II(x) by the Fenchel-Young equality W (g(x)) = g’ (x)o — W#(o),
the extended Lagrangian =, : X, x R™ — RU {oo} associated with Problem (7.8) can be

given as:

E(x,0) =g’ (x)o — W¥ o) — U(x). (7.10)

Clearly, we have Z,(x,0) = L(x,0), V(x,0) € X, x R,
Since g(x) is a nonconvex function, following the standard procedure of the canonical

dual transformation, we assume that there exists a geometrical operator
E=1{=Ax): &, CR" = & CR™P, (7.11)

and a canonical function V : €, — R™ such that the nonconvex constraint g(x) can be

written in the canonical form:

g(x) = V(A(x)), (7.12)
and the duality mapping
s={ VY =VV() = Va(€) 1 &y — EF C RPX™ (7.13)
085

is invertible. We note that the geometric variable § = {5} is an m x p, matrix, while
its canonical dual variable ¢ = {¢?} is a p, X m matrix. For the constrained problem (7P)
considered in this chapter, the dimension p, of the geometrical variable £ = {£§} depends

on each given constraint g,(x) < d,, a =1,...,m. Let I, = {B8] 8 € {1,...,pa}} be an
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index set and let
(&) = {Z&ggg} L E X E S R"
Bela

denote the partial bilinear form on the product space &, x €. Thus, the Legendre conju-
gate V* : £ — R™ of V can be defined by

Vi(s) = sta{(&;6) = V(§) : £ €&},

where the notation sta{*} denotes computing the stationary points of {*}. By the assump-
tion that the duality relation (7.13) is invertible (i.e., canonical), the Legendre conjugate

V*(s) is uniquely defined on £ and the inverse duality relation can be written as:

E=VV*(s) = {agf) } : (7.14)

It is easy to verify that the following equivalent relations hold on &, x &
s =VV(§) = £=VV() & (§¢) =V(§) +V(s). (7.15)
Noting that (7.12) and (7.15) are used to replace g(x) in (7.10), we obtain
V(AKX)) = (Ax);6) = V7(9).
Define the generalized total complementary function = : &, x R x £; — R as:
E(x,0,6) = o [(A(x);6) — V*(s) —d] + %XTAX —x'f, (7.16)

where o € R7 is the dual variable vector associated with g(x) < d € R™. Through this

total complementary function, the canonical dual function is defined by
Plo,¢) =sta{Z(x,0,¢) : x€X,}=U"o,6) —al (V*(s) +d), (7.17)

where U” (o, 6) is the parametric A-conjugate function of the quadratic function U(x) =

—3x7Ax + x"f defined by the following conjugate transformation [37]:
UMe,s) =sta{eT (A(x);s) —U(x) : x € A,}. (7.18)

Let S C R x &7 be a canonical dual feasible space on which the canonical dual
function P%(o,¢) is well defined. Then, the canonical dual problem can be posed as

follows:
(P : max{P%o,s) : (o,¢) <€ Si}. (7.19)
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Theorem 7.1 (Complementary-Dual Principle). Problem (P?) is canonically dual to the
primal problem (P) in the sense that if (X,6,8) is a critical point of =(x,0,) over
(x,0,6) € X, x RT x &, then % is a KKT point of (P), (&,5) is a KKT point of (P?),
and

P(x) = Z(x,5,5) = PY(7,3). (7.20)

Proof. 1f (X,&,<) is a critical point of =, then we have the following criticality conditions
ViE(X,5,6) = 0" (M(x);8) + Ax —f =0, (7.21)

AX) — VV*(&) =0, (7.22)

<
N
[1
®)
NI
Qi

I

where Ai(x) = VA(x) denotes the derivative of A, along with the conditions
0<o 1 ((MR):S) ~V*(e)—d) <0, (7.23)

where the notation L represents the complementarity or orthogonality condition. Since
(&€,6) is a canonical duality pair on &, x £, the criticality condition (7.22) is equivalent
to¢ = V‘SV(A(X)) = 0V (&£(x))/0€. Substituting this into (7.21) and using the chain rule
to deduce Vg(x) = (A¢(X); VgV(A()’())% we have

Ax —f+67Vg(x) = V. L(X,6) = 0.

This is the criticality condition of the primal problem (P). By the Legendre equality
(A(x);8) — V*(S) = V(A(X)), the condition (7.23) can be written as:

0<ol(gx)—d) <0

This shows that x is a KKT point of the primal problem (P). From the complementarity

condition (7.23), we have

[1]

(x,0,8) = P(x).

On the other hand, by the definition of the canonical dual function, if (x,,¢) is a KKT
point, the criticality condition (7.21) leads to

UN&,3) = 6" (A(%):8) — U(%).
Therefore, (%, ,5) = P4(a,5) and (7,¢) is a KKT point of the dual problem (P4). O

This theorem shows that there is no duality gap between the primal problem and its
canonical dual. In order to identify the global minimizer, we need to study the convexity

of the generalized complementary function Z(x,o,¢). Without losing much generality,
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we introduce the following assumptions:

(A1) the geometrical operator A(x) : R" — &, is twice differentiable; and

(A2) the canonical function V' : £, — R™ is convex.

By Assumptions (A1) and (A2), we know that the conjugate function V*(g) : £ — R™
is also convex, and for any given (o,¢) € Sk, the generalized complementary function
E(x,0,¢) is twice differentiable on x. Let G4(x, o,s) = V2Z(x, 0, ) denote the Hessian

matrix of Z(x, o0, ¢) and let
S ={(a,6) €S| Gulx,0,6) =0, Vx € X} (7.24)

be a subset of Sy. We have the following theorem.

Theorem 7.2 (Global Optimality Condition). Suppose that Assumptions (A1) and (A2)
hold and that (X,&,5) is a critical point of Z(x,0,¢). If (7,5) € S, then (7,5) is a

global mazimizer of P on S, and x is a global minimizer of P on Xy, i.e.,

P(x) = min P(x) = max P%o,s)=P%&F,3). (7.25)

xeX), (a,g)es,j
Proof. By the convexity of V(&), its Legendre conjugate V* : £ — R™ is also convex.
Thus, for any given o € R, the linear combination o?V*(s) : £ — R is convex
and the generalized complementary function Z(x, o,) is concave in . By considering
o € RT as a Lagrange multiplier for the inequality constraint in &, the complementary
function =(x, o, <) can be viewed as a concave (linear) function of o € R} for any given

(x,6) € X, x E. Therefore, for any given x € R", we have

max max =(x,o0,¢) = max L(x,0) =

OcRT Ge&s O €RT %) otherwise .

{ P(x) ifxe X,

Moreover, if (o,¢) € S, then Z(x,0,¢) is convex in x € X, and concave in ¢ for any

given o € R". Therefore, if (X,7,¢) is a critical point of =, we have

0 P o = _ S(%.6.c
mnin P(x) L (x,0,6) =E(x,0,%)
= max minZ(x,0,¢) = max P%o,s).
(0.Q)eS; x€Xa (0.8)eSH
By Theorem 7.1, we have (7.25). O

This theorem provides a sufficient condition for a global minimizer of the nonconvex

primal problem. In many applications, the geometrical mapping A(x) : X, — &, is usually
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a quadratic operator
1
A(x) = {ﬁxTng + xTcg} ' R" — &, C R™<Pe (7.26)

where B = {Bjj;} = {Bjjs} € R, C§ = {Cf5} € R", and the range &, depends on

both B and Cj. In this case, the generalized complementary function has the form:

1
E(X’ o, C) = §XTGGL(0-7 C)X - UT(V* (C> + d) - XTF(U7 C)? (727)
where .
Galo,6) =A+) ) 0,B] (7.28)
a=1 B€l,

is the Hessian matrix of Z(x, o, ), which does not depend on x, and

m

Fo,¢)=f—-> Y 0.Cjsl. (7.29)

a=1 Bel,

The criticality condition (7.21) in this case is a linear equation of x, i.e.,
G.(o,¢)x =F(o,9). (7.30)

Clearly, for a given (o,¢), if F(o,¢) is in the column space of G,(o,s), denoted by
Col(G,), the solution of the equation (7.30) can be written in the form:

x =Gl o,¢)F(o,9), (7.31)

where G is the Moore-Penrose generalized inverse of G,. Thus, the canonical dual

feasible space Sy can be defined as:
Sy ={(0,¢5) e RT x &| F(o,¢) € Cu(G,)}, (7.32)
and the canonical dual function P? can be formulated as:
Pllo,s) = —%F(a‘, $)'GHo,¢)F(o,s) — o (V*(s) +d). (7.33)
Since A(x) is a quadratic operator, its derivative is an affine operator

Ai(x) = VA(x) = x"Bj + C3.
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The complementary operator A.(x) of A; is defined by
1 Tp«a
Ac(x) = A(x) — Mi(x)x = —5X Bjx. (7.34)

Thus, the complementary gap function can be defined as:

1 1
G(x,0,6) = ol {—A.(x);¢) + §XTAX = §XTGa(0', S)X. (7.35)

This gap function plays an important role in nonconvex analysis and global optimization.
Clearly, G(x,0,6) > 0Vx € X, if G,(0,¢) = 0. Let

S ={(o,s) € S, | Gu(o,¢) = 0}, (7.36)

Theorem 7.3. Suppose that A(x) is a quadratic operator defined by (7.26) and Assump-
tion (A2) holds.

If (6,5) € Sy, is a critical point of (P?), then x = G} (5,5)F(4,5) is a KKT point of
(P) and P(x) = P%(&,3).

If the critical point (6,5) € SF, then (&,3) is a global mazimizer of P*(o,s) on S,

the vector X is a global minimizer of P(x) on X, and

P(X) = min P(x) = max P%o,s)= P%a,3). (7.37)
XGXk (U,C)GS;

Proof. If (,5) € Sy is a critical point of (P?), we have
dgPY(e,5) = 6" (A(X) = VV*(S)) =0, (7.38)

0<& L dgPYe,5) = (AX);5) —V*(5) —d <0, (7.39)

where x = G (a,¢)F(0,¢). Equation (7.38) asserts that if 7, # 0, then the correspond-
ing £,(X) = Ap(X) = V V*(S). By the fact that (A(X),S) is a canonical duality pair on
E. x &, from the equivalent relations in (7.15), we have (A(X);S) — V*(S) = V(A(X)) =
g(x). Therefore, the complementarity condition in (7.39) leads to 7,(ga(X) — do) = 0. If
0o # 0, we have the criticality condition g,(X) — d, = 0. This shows that if (&,<) is a
critical point of P(a,¢), the vector x = G} (7,5)F(a,5) is a KKT point of (P).

O
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7.3 Quadratic Constrained Problems

We begin by considering the following nonconvex quadratic minimization problem with

quadratic inequality constraints, denoted by (P,).

(7.40)

min { P(x) = ix"Ax — x"f}
(Pq): 1. Tpa T«
st. 5x' B +x'C* < dy, a=1,...,m,

where B = {Bj}} = {B§} e RV, C* = {Cf} e R Va=1,--- ,m,andd = {d,} €
R™ is a vector. Due to the nonconvex cost function and nonconvex inequality constraints,
this problem is known to be NP-hard.
Since the constraint g(x) is a vector-valued quadratic function defined on X, = R™,
we simply let
g(x) =A(x) = {%XTBQX + XTC“} :R" = R™. (7.41)
Compared with (7.26), we have p, = 1 and the canonical function V(§) = £ is a self-
mapping. Therefore, the canonical dual variable ¢ = VV(§) = I is an identity matrix

in R™ and V*(s) = sta{(&;¢) — & & € R™} = 0. In this case, the generalized

complementary function (7.27) has a very simple form:

1

E,(x,0) = éxTGq(a')x —x"F (o) — o’d, (7.42)

where . .
Gylo)=A+ Z 0,B* and F,(o)=f-— Z 0,C%. (7.43)

a=1 a=1

Therefore, on the dual feasible space
8, = {o € RY| F,(0) € CalG,)}, (7.44)

the canonical dual function qu can be formulated as
1
Pllo) = —§Fq(0')TG;(0')Fq(0') —o'd. (7.45)

In this case, the complementary gap function has a simple form:

G(x,o) = %XTGq(O')X, (7.46)

which is nonnegative on R™ if G,(o) = 0. Let

ST ={o €8, Gylo) =0}, S; ={o €8] Gyo)<0}. (7.47)
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Then the canonical dual problem for this quadratic constrained problem is given by

dy . d .
(Py): max{P;(c): oS/} (7.48)
And we have the following result.

Theorem 7.4. The problem (PY) is canonically dual to the primal problem (Pg) in the
sense that for each critical point & € Sg of (PY), the vector X = Gf (6)F (&) is a KKT
point of (P,) and P(x) = P%(&).

Particularly, if the critical point & € S, then & is a global mazimizer of (Pg). The

vector X is a global minimizer of (P,), and

. _ d( -\ _ pd(=
P(x) = min P(x) = orpezg Pj(o) = P;(a). (7.49)
IfGy(&) > 0, then & is the unique global mazimizer of (P{) and the vector x = G (6 )Fy(&)

is the unique global minimizer of (P,).

Theorem 7.4 shows that the Hessian matrix of the complementary gap function G(x, o)
provides sufficient and uniqueness conditions for globally minimizing the quadratic con-
strained problem (P,). In order to study the existence theory, we need to introduce the
following sets:

08, ={o € R"| detG,(o) =0}, (7.50)

ISF ={o €S, detGy(o)=0}. (7.51)

Theorem 7.5. Suppose that for given matrices A, {B®}, {C*} and vectors f, d, there

exists at least one og € S such that Gy(o) = 0 and

lim  Pl(o) = —o0. (7.52)
loll = oo
oc S;r

Then, the canonical dual problem (PJ) has at least one KKT point & € 8. If & € S} is
also a critical point of Pj(a), then x = G (0)F,(a) is a global minimizer for the primal
problem (P,).

Moreover, if 0S, C R, there exists at least one og € S such that Gy(o¢) = 0, and

lim  PJ(o) = —o0, (7.53)
o — dS;
oc S[f

then the canonical dual problem (Pg) has a unique global marimizer ¢ € S and X =

Gq_l(&)Fq(&) is a unique global minimizer for the primal problem (P,).
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Proof. By the fact that the feasible space S;f is a semi-closed convex set whose boundary
08, is a hyper surface in R™, if there exists a ¢ such that G,(0¢) = 0, then S/ is not
empty. Since the canonical dual function Pj(a) is continuous and concave on S, which
is finite on dS;, if the condition (7.52) holds, then P¢(o) has at least one maximizer on
S;.

Moreover, if S, C RT, then S C R7?. If there exists a o such that Gy(ag) = 0,
then S is non-empty and has at least one interior point. Under the conditions (7.52)
and (7.53), the canonical dual function P/(e) is strictly concave and coercive on the open
convex set S\ dS;". Therefore, the canonical dual problem (P,) has a unique maximizer
& € S} that is a critical point of PY(o). O

Theorem 7.5 shows that under conditions (7.52) and (7.53), the canonical dual function

Pg (o) has a unique maximizer & on the open feasible space
St ={0 €8, Gy(o) - 0}. (7.54)

In this case, the matrix G,(o) is invertible on Sqi and the canonical dual function P;l can

be written as: .
Pl(o) = —§Fq(a)TG;1(a)Fq(a) —o'd. (7.55)

Particularly, if m = 1 and C = 0, Problem (P,) has only one quadratic constraint

g(x) = ix" Bx < d. Therefore, the canonical dual function has only one variable:

1
P(o) = —EfT(A +0B)'f —ad, (7.56)

q

and the criticality condition Vqu(U) = 0 leads to a nonlinear algebraic equation
1
5fT(A +0B)'B(A +0B)"'f =4, (7.57)

which can be solved easily to obtain all dual solutions. Moreover, if B = [ is an identity

matrix in R, then the constraint x” Bx = 1||x||?> < d is an n-dimensional sphere.

7.4 Nonconvex Polynomial Constrained Problems

We now assume that g(x) is a general fourth order polynomial constraint given by

1 5(1 ?
g(x) = {Z 5D (ixTng +x"Cj — Eg) } <d, (7.58)

BEla



84 Nonconvexr Constrained Optimization

where B = {Bj};} € R™" and C§j = {Cf3} € R" are given as before, I, is a (finite)
index set that depends on each index a = 1,...,m, and {D}} and {E§} are two given
second order tensors. We assume that D? >0, Va € {1,...,m}, B € L,.

By introducing a geometrical measure
(0% 1 [0 (0% n

where the range of &, depends on the tensors {B3} and {Cj}, the canonical function

V(E) = {Z S Eg)z} £ R

Bela

is a quadratic function. Thus, the canonical duality relation
c=VV() ={D(&—ES)}: E— &L

is a linear mapping, where the range of &; depends on the tensors {D/} and {E$}. The

Legendre conjugate V* can be defined uniquely as:

Vi(s) = {Z (ﬁ(cﬁ)z + Eg‘gg) } . (7.59)

BEla

Substituting this into (7.33), the canonical dual function has the following form:

Pllo,s) = —%F(a, §)'GlH(o,¢)F(a,s) — Emj > (ora (ﬁ(gg)z + E§<l + da)) ,

a=1 Bel,

(7.60)

which is concave on the dual feasible space

Cc

S ={(o,5) eRT x E| F(0o,s) € Cu(Ga), Ga(o,s) =0} (7.61)

Remark 7.1. It is again insightful to view the connection between the canonical dual

(7.60) and the classical Lagrangian dual. In this case, we have

L(x,0) = %XTAX —x'f+ o’ (g(x) —d). (7.62)

Clearly, without introducing the canonical dual pair (£, ¢), the Fenchel-Moreau-Rockafellar
dual P*(o) = infxex, L(x,0) cannot be defined explicitly due to the high order nonlin-

earity of the constraint g(x) < d. However, by using the canonical dual transformation
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& = A(x) and the chain rule, the necessary condition VyL(x,0) = 0, leads to
Ax— £+ ) (oasl(Bix+C5)) = 0. (7.63)
a=1 Bel,
This is the canonical equilibrium equation G,(o,¢)x = F(o,¢), where

OV (A(x))
0¢

is as defined above. If G,(o, <) is invertible for (o, ¢) € Sy as defined in (7.32), it follows
from (7.63) that x uniquely satisfies x = G, '(o,¢)F(o,s). Furthermore, by (7.63), we

S (7.64)

get

1 T _1 T 1 - BT R T e
—x"Ax = 5% f—§ZZaaga[x Bgx +x" Cf]. (7.65)

2
a=1 gel,

Substituting for 1x” Ax in (7.62) using (7.65), and then applying the optimality condition
x = G, (0,5)F(0,¢), the Lagrangian dual function reduces precisely to P%(o,s) defined
in (7.60) under the global optimality condition (o,¢) € S;. Note that V¢=E(x,0,6) =0
produces the inverse of the identity (7.64) under the relevant case when o® # 0, Va =

1,...,m, thus validating the foregoing derivation.

We now present some special cases.

7.4.1 Quadratic minimization with one nonconvex polynomial

constraint

We first assume that the primal problem has only one nonconvex constraint

1/1 ?
g(x) = 3 <§XTBX +x'c— n) <d, (7.66)

where B is an n X n matrix, ¢ € R" is a vector, and n > 0 is a constant. In this case,
m = |I,| =1, and
Gu(0,6) = A+ 0sB, F(o,5) =f—occ.

The canonical dual function is

Po,¢) = —%FT(U, )G (0,6)F(0,5) — 0 <%§2 +ns + d) . (7.67)
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7.4.2 Combined quadratic and nonconvex polynomial constraints

We now consider the problem with the following two constraints:

1
g (x) = =x"B'x +x"C! < dy,

2
1/1 ’
g2(x) = 5 <§XTB2X +x7'C? — 77) < ds.

In this case, m = 2, I, = {1}, for a = 1,2, and the geometrical operator
1 a T o n 2
£E=AKx) = §XBX+XC R" - R
is a 2-vector. The canonical function V(&) is a vector-valued function

V() = {6 16—}

The canonical dual variable is ¢ = VV/(&) = [1,& — ). Since ¢; = 1, we let ¢ = «.

Thus, the canonical dual function has only three variables (o1, 03,5) € R3, i.e.,

1 1
P oy, 09,5) = —§F(01, 02,6) G (01,02,5)F(01,02,<) — 01dy — 02 (§<2 + 15 + d2) :
(7.68)

where

Go(01,09,6) = A+ 0B + 096B?, F(0y,09,6) =f — 0,C! — 556C%

7.5 Numerical Examples

Example 7.1 In 2-D space, let

a_( 3 05 B 1 0 o £ L)
0.5 —2.0 0 05 1.5

Clearly, the matrix A is indefinite, and B is positive definite. Setting d = 2, the graph
of the primal function P(x) = 3x” Ax — x'f is a saddle surface (see Fig. 7.1), and the
boundary of the feasible set X, = {x € R*| ix"Bx < d} is an ellipse (see Fig. 7.1). In

this case, the canonical dual function (7.56) can be formulated as:

—1
1 340 0.5 1
Plo)=—=(1 15 — 20,
1) 2( )< 0.5 —2+o.5a> (1.5)
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which has four critical points (see Fig. 7.2):
01 =95.08> 09 =3.06> 03 =—-246 > 04 = —3.68.

Since G,(71) = 0, it yields that x; = (—0.05,2.83)7 is a global minimizer located on the
boundary of X;. We have

P(x;) = —12.25 = P4(5,).

Figure 7.1:  Graph of P(x) (left); contours of P(x) and boundary of X} (right) for
Example 7.1

20

10

-10

L=

-6 -4 -2 0 2 4 6 8

Figure 7.2: Graph of P4(o).

Example 7.2 In 2-D space, let B be an identity matrix, ¢ = 0, and A a diagonal
matrix with a;; = 0.6,a15 = ag; = 0, and age = —0.5. Setting f = [0.2,-0.1]T, d = 1,
and n = 1.5, the constraint g(x) < d is an annulus (see Fig. 7.3 (right)). Solving the dual
problem, we get

o = 0.3829201, and ¢ = 1.4142136.

The primal solution

X =

0.1752033
—2.4078477



88 Nonconvexr Constrained Optimization

is located on the boundary of the feasible set &) (see Fig. 7.3) and we have

P(x) = —1.7160493 = P%(7,%).

'3’3-2-10 12 3

Figure 7.3:  Graph of P(x) (left); contours of P(x) and boundary of X} (right) for
Example 7.2.

Example 7.3 Let A be a 2 x 2 diagonal matrix, where ay; = —0.4, a;2 = ag; = 0,
and ag = 0.6. Setting f = [0.3,—-0.15]7, B! = B> =1, C! = C?> = 0, d; = 2,
dy = 1.2, and n = 1.7, the graph of the objective function P(xy,z5) is a saddle surface

(Fig. 7.4 (left)), the constraint g,(z1,z2) = 3(21 4+ 23) < 2 is a disk of radius 2, while

9o, 32) = 3 (5(aF +23) — 1.7)2 < 1.2 represents an annulus (see Fig. 7.4 (right)).
Solving the dual problem, we get
o1 = 0.5503198, 69 =0, and ¢ = 0.3159349.

The primal solution is therefore

_ 1.9957445
X = ,
—0.1303985

which is located on the boundary g;(z1,Z2) = 0, and

P(X) = —1.4097812 = P%(51, 52, %).

7.6 Conclusions

We have presented a detailed application of the canonical duality theory to the general

differentiable nonconvex optimization problem. This problem arises in many real-world



7.6 Conclusions 89

3
3-2-101 2 3
(b

)

Figure 7.4: (a) Graph of P(x); (b) Contours of P(x), constraints g; (21, z2) < d; (disk with
radius R < 2, dashed circle), and go(x1,22) < dp (annulus with radius 0.55 < R < 2.55)
for Example 7.3.

0
-1
-2
-3

applications. Using the canonical dual transformation, a unified canonical dual problem
was formulated with zero duality gap, which can be solved by well-developed nonlinear
optimization methods. The global optimizer can be identified by the triality theory.
Insightful connections of this canonical duality with the classical Lagrangian duality have
also been presented for two special cases.

Generally speaking, optimal solutions for constrained nonconvex minimization prob-
lems are usually KKT points located on the boundary of the feasible sets. Due to the
lack of global optimality criteria, it is very difficult for direct methods and the classical
Lagrangian relaxations to find global minimizers [82]. However, by the canonical duality
theory, these KKT points can be determined by the critical points of the canonical dual
problems. The triality theory can be used to develop effective algorithms for solving these

problems.






CHAPTER 8

Nonlinear Systems of Equations

8.1 Problem Statement

We are interested in solving the following general nonlinear system of m quadratic equa-
tions:

(Po): Q(x)=A(x)+ Bx—c=0, (8.1)

where x = {z;} € R" is an unknown vector, ¢ = {¢*} € R™ is a given data, B = {b¢} €
R™™ is a matrix such that Bx = {)_,bx;} is a vector in R™, and A : R* - R™ is a

quadratic operator defined by

Ax) =x"Ax = Z inAfjxj, a=1,...,m, (8.2)
i
in which, A = {Ag;} € R™™" is a given three-order tensor.

Problem (Py) arises extensively in many complex systems of engineering science, data
mining, chemistry, biomedicine, information theory, network communications, and ecology
[32] [60] [61] [98]. The system is called under determined if n > m, and over determined if
n < m. In either case, problem (Py) possesses very high computation complexity, O(n™),
due to several numerical issues [56] [23].

By using the least square method, Problem (P;) can be relaxed as the following

unconstrained optimization problem ((P) for short):
1
(P): min {P(x) = §HA(X) +Bx—c|*: x€ R"} : (8.3)

where ||y|| represents the Euclidian norm of y.

Lemma 8.1. If X is a solution to (Py), then X must be a solution to (P). On the other

hand, if (Py) has no solution, then Problem (P) provides at least one optimal solution to

Problem (Py).

Proof. The necessary condition VP(x) = 0 for the unconstrained minimization problem

91
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(P) leads to the following equilibrium equation
(2A% + B)"(A(x) + Bx —c) = 0. (8.4)
Clearly, if X is a solution to (Py), i.e.,
A(X) +Bx —c =0, (8.5)

then X must be a critical point of P(x). By the fact P(X) = 0, we know that x is a
(global) minimizer of P(x). On the other hand, if the problem (P) has no solution, then
E(x) = A(x) + Bx — x # 0. Since the polynomial P(x) = ||[E(x)||* > 0 Vx € R"
is bounded below and coercive, i.e., limy_,, P(x) = 00, the unconstrained minimization

problem (P) has at least one solution X. O

In the linear case that A(x) = 0 and n > m, Problem (P) is convex and the optimality

condition leads to a linear equation
BTBx = B”ec. (8.6)

Clearly, this linear equation has at least one solution if B”c is in the column space of
BT B. Tt has a unique solution if rank B = m < n.

Generally speaking, the target function P : R™ — R is a fourth-order polynomial:

P(x) = W(x) + %XTBTBX — TA(x) — T (Bx) + d, (8.7)

where W (x) = $A(x)TA(x) + (Bx)"A(x) and d = 1c’'c, Problem (P) may have multiple
local extremal solutions. The standard techniques for solving nonconvex problems are
mainly Newton type iteration methods [49] [50]. It was shown that the solutions to
nonconvex minimization problems are difficult to be captured by Newton type direct
approaches [42] [43]. From the criticality condition (8.4), we know that if X solves the
linear equation

2A% + B =0, (8.8)

it is also a critical point of P(x). However, due to the fact that P(x) = 1[|[sBTA™'B +
c||? > 0, this critical point is neither a solution to (P), nor a solution to (Py). Actually,
due to the lack of global optimality conditions, many nonconvex minimization problems

in global optimization are considered as NP-hard [31] [72] [92].
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8.2 Canonical Dual Transformation

Following the standard procedure of the canonical dual transformation, we introduce a

quadratic geometrical measure
€ =Ax)=x"Ax € R™ (8.9)

Thus, the nonconvex function W(x) = A(x)TA(x) + (Bx)"A(x) can be written in the

canonical form

W(x) = V(A(x),x), (8.10)
where V(€,x) = 1¢7¢ + (Bx)T¢, i.e., the duality relation

_ oV (&,x)

o€ =£+ BxeR™ (8.11)

is invertible for any given € € R™. Thus, (£, ¢) forms a canonical duality pair on R™ x R™

(see [38]) and the Legendre conjugate V* can be uniquely defined by
1
V' (6.x) = staf€’s — V(Ex): € € R} = L(s ~ Bx)", (8.12)

where sta{} denotes finding the stationary point of the statement in {}.
Replacing W (x) = V(A(x),x) by A(x)s — V*(s, %), the total complementary function

can be defined as:

1
E(x,6) = AX)Te—V*(s,x)+ §XTBTBX —cA(x) — "(Bx) +d
1

1
= éxTG(c)x —xTF(g) — §§T§ +d,

where

G(s)=2(s—c)'A = {22 ¢ —c” } e R (8.13)

F(g)=(c—¢)'B= {i(ca — §Q)Bf‘} € R™ (8.14)

a=1
For a fixed ¢, the criticality condition V4Z(x,s) = 0 leads to the following canonical
equilibrium equation:

G(s)x = F(s). (8.15)

On the canonical dual feasible space S, C R™ defined by

S, ={s e R™}, (8.16)
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the solution of the canonical equilibrium equation can be uniquely determined as x =
G (¢)F(s). Substituting this result into the total complementary function Z, the canon-

ical dual problem can be finally formulated as:

(PY) : sta {Pd(c) = —%F(Q)TG+(§)F(§) - %CTC +d: g€ Sa} . (8.17)

Theorem 8.1 (Complementary-Dual Principle). If § is a critical point of (P?), then the
vector

x=G"(Q)F(3) (8.18)
is a critical point of (P) and P(x) = P%(g).
Proof. Suppose that § is a critical point of (P?). Then,
VP 5) =x(3)"Ax(3) + Bx(5) — ¢ =0, (8.19)

where x = GT(S)F(5). Therefore, ¢ = x' Ax + Bx = A(X) + Bx.
On the other hand,

P(x) = %A()‘()TA(X) + (Bx)TA(x) + %}‘(TBTBX —c'Ax) - T(Bx) + %cTc
= %(A(x) + Bx)? — ¢ A(x) — c(Bx) + %CTC
Thus,
_ L T A+ \T
x = (€= A ((c~<) B)
is a critical point of the primal problem (P).
Moreover, in terms of x = G1(5)F(S), we have
d(= | Ry SR i
Pic) = 5P GOF(E) -5 c+d
= %XT(Q(C —c))’Ax —x"((c—3)'B) — %CTC + ECTC
= ¢'A(R) — =¢Tc+ (Bx)T¢ — c"A(x) — ' (Bx) + %CTC
= %_TE —cTA(x) — ' (Bx) + %cTc
_ %A(X)TA(X) +(BR)TAR) + ~(BR)T(B%) — TAX) — ¢"(B%) + %CTC
= P(x)

This proves the theorem. O
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This theorem shows that the problem (P¢) is canonically dual to the primal problem
(P) in the sense that P(x) = P%(g) at each critical point.

8.3 Global Optimality Criteria

It is known that the criticality condition is only necessary for local minimization of the
nonconvex problem (P). In order to identify global extrema among the critical points of

Problem (P), we need to introduce one useful feasible spaces
SH={seS8.| G(s) = 0}. (8.20)

Thus, we have the following result.

Theorem 8.2. Suppose that the vector § is a critical point of the canonical dual function
PY3). Let x = GT(Q)F(5). If s € SF, then § is a global maximizer of P4(s) on 8. The

vector X is a global minimizer of P(x) on R", and

P(X) = min P(x) = max P%(s) = P(3). (8.21)
xER™ CES(;"
Proof. By Theorem 8.1, we know that the vector ¢ € S, is a critical point of Problem
(P?) if and only if x = G*(5)F(S) is a critical point of Problem (P), and

P(x) = £(%,3) = P*(3).

By the fact that the canonical dual function P?(s) is concave on S, the critical point

S € S8 is a global maximizer of P%(g) over S;, and (X,§) is a saddle point of the total

a )

complementary function Z(x,¢) on R" x S, i.e., Z is convex in x € R™ and concave in

a ?

¢ € 8. Thus, by the saddle min-max duality theory (see [38]), we have

PY3) = max P%(s) = max min Z(x,s) = min max Z(x, )
CES;' ge‘g;- x€eR™ x€eR™ CGSJ
1 1
= min{—c"A(x) — c’(Bx) + =c’c + max{A(x)"¢ + (Bx)Ts — =¢"c}}
xeR™ 2 Gest 2
1 1
= m]iRn{—cTA(x) —c!(Bx) + 5cTc + 5((A(Sc) + Bx)'(A(%) + Bx))}
XER™
1 1 1
= Hl]iRn{§A(X)TA(X) + (Bx)TA(x) + §(BX)T(BX) —cf'A(x) — !(Bx) + §CTC}
XER™
= Inin P(x) = P(x).

This proves the statement (8.21).
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This theorem shows that the extremality criteria of the primal problem are controlled
by the critical points of the canonical dual problem, i.e., if § € S, the vector X(g) is a

global minimizer of (P).

Remark 8.1 (Perturbed Primal and Dual Problems). Generally speaking, the solutions
to the nonlinear problem (P,) are not unique and the associated optimization problem
(P) may have multiple global minima. In order to solve Problem (P) more efficiently by

the canonical duality theory, we introduce the following perturbed problem
(Pe): min{P.(x)=P(x)+€ex: xeR"}, (8.22)

where € > 0 € R" is a given perturbation vector. By the triality theory, the perturbed

canonical dual problem is

(Pl ma{ P26) =~ FV GT QR -~ yes + s e ST (523)

where
F(s)=(c—¢)'B—€e= {Z(ca —<¢Y)B — ei} e R". (8.24)
a=1
It is easy to prove that the canonical dual function P4(s) is concave on S;. Therefore, for
a given perturbation vector € € R", if the canonical dual feasible space S, is not empty,

this perturbed canonical dual problem can be solved to yield a unique solution.

8.4 Numerical Examples

We now list a few examples to illustrate the applicability of the theory presented in this
chapter. In order to find the global minimizer, we need to add a perturbation term.

Example 8.1 We first consider a two dimension problem with only one equation
(m=1):

All A12
A12 A22

i

Q(x) = [y, 25]"

+[b1,b2]T [ = ] —c=0.

T2 T2

Clearly, this equation has infinite number of solutions. The perturbed primal problem is

a nonconvex minimization problem in R?:

All A12
A12 A22

x

min ¢ P.(x) = % ([xl,xQ]T

X2
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On the dual feasible space
S, = {s e R},

the canonical dual problem has the form of

1 1 1
PHS) = =5 F() G F(s) = 5% + 3¢,

where
2(s —c)An 2(s — c)Ap

G(g) a 2(§ — C)Alg 2(§ — C)A22

, Fo(s) = [ EC—§)b1 ] — €.

If we choose AH = 05, A22 = 03, A12 = 02, b1 = 2, b2 = —].7 Cc = 02, € = [02,02]T,
the dual problem has three critical points (see Figure 8.2):

Gz = —5.68 <G =0.12<g =0.28.

Since ¢ € S

+ we know that x; = [—4.80,0.60]” is a global minimizer; while X, =

[—2.49,7.54]7 is a local minimizer, and x3 = [—3.62,4.14]7 is a local maximizer (see
Figure 8.1). We have

P.(%1) = —0.84 = PY(q)) < P.(%;) = 1.01 = P%(&) < P.(x3) = 17.40 = P%(&).

0 NN P
7 -6 -5 -4 -3 -2 -1

Figure 8.1: Graph of P.(x) (left); contours of P,(x) (right) for Example 8.1

By the fact that
P(x;) = 0.00305261 < P(x2) = 0.00313757,

both X; and Xy are perturbed solutions to the original problem (Pp) and it is easy to
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20

,20 .

Figure 8.2: Graph of P%(s) for example 8.1.

verify that
Q(x1) = 0.0781359, Q(x2) = —0.07921557.

Since P(x3) = 17.2917, the local maximizer X3 is a perturbed solution to the linear

equation (8.8) and

0.0340092
zAX3+B:[ ]

0.0340092

Example 8.2 Let n = 3, m = 2 such that the primal problem is

1
min {Pg(x) = 5((XTA1X +B'x — ")+ (x"A'x+ B'x — "))+ €'x: x€ R3} ,

where
AL Al Al Al AL, Al
Al = A%l A%2 A%?, :AZZ /@2 Ag2 A%:s )
Ay A Ay A3 A%, A%
Bl - [bi b%? bil’)]v B2 - [bfv b%? bg]
Let

G(Cl, §2) = 2((§1 — Cl)Al + (gg — 02)A2) c RZ’)XS7
Fs,6) = (' —a)B' + (¢ —@)B* —e € R".

On the dual feasible space

Sa = {(s1,%2) € R?| det G(q1, ) # 0},
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the perturbed canonical dual function has the form of

1 1 1
PHci,0) = — =F(s1,9) GM(q, @) Fs, ) — =(sf + ) + =(c] + &3).
2 2 2

Assume that

0.1 0 0 0.8 0 0
A= 0 07 0 |,4%=| 0 04 0 |,
0 0 06 0 0 03

B'=1[0.4,0.9,0.8)", B*=1[0.9,0.7,0.6]",

ct =08, ¢ =0.6, € =[0.05,0.05,0.05]".

The perturbed canonical dual problem has a unique solution ¢ = [0.8212,0.6295]” on S;",
which leads to the global minimizer x = [—1.65299, —1.68412, —1.962245]. It is easy to
check that P.(x) = —0.2642 = P%(c). The graph of P%(x) and its contours are shown in
Figure 8.3.

Figure 8.3: Graph of P4(s) (left); contours of P%(s) (right) for Example 8.2.

By the fact that
P(x) = 0.000756,

we know that X is a perturbed solution to the original problem (Py) and it is easy to
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verify that
_ 0.0224805
- 2]

0.0317292

8.5 Conclusions

We have presented a detailed application of the canonical duality theory to the gen-
eral nonlinear systems of quadratic equations. Using the canonical dual transformation,
the canonical dual problem was formulated with zero duality gap. Furthermore, the n-
dimensional nonconvex problem (P) can be reformulated as an m(m < n)-dimensional

concave maximization dual problem (P¢) on S

a )

which can be solved by well-developed
optimization techniques. Generally speaking, for given data and the perturbation vec-
tor € € R", the perturbed canonical dual problem (P?) has at most one solution in
S . Detailed study on the existence and uniqueness of the canonical dual solutions is an
interesting future research topic.

For general higher order nonlinear systems, as long as the geometrical operator A is
chosen properly, the canonical dual transformation method can be used to establish useful

theoretical results.



CHAPTER 9

Sensor Network Localization

9.1 Introduction

Sensor network localization [16], [24], [64], [79], [103] is an important problem in commu-
nication and information theory, and hence it has attracted an increasing attention. The
information collected through a sensor network can be interpreted and relayed far more
effectively if it is known where the information is coming from and where it needs to be
sent. Therefore, it is often very useful to know the positions of the sensor nodes in a
network. Wireless sensor network consists of a large number of wireless sensors located in
a geographical area with the ability to communicate with their neighbors within a limited
radio range. Sensors collect the local environmental information, such as temperature or
humidity, and can communicate with each other. Wireless sensor network is applicable
to a range of monitoring applications in civil and military scenarios, such as geographical
monitoring, smart homes, industrial control and traffic monitoring. There is an urgent
need to develop robust and efficient algorithms that can identify sensor positions in a
network by using only the measurements of the mutual distances of the wireless sensors
from their neighbors, which is called neighboring distance measurements. The advance
of wireless communication technology has made the sensor network a low-cost and highly
efficient method for environmental observations.

Sensor network localization can also be formulated as an optimization problem by
least square method. However, this optimization is nonconvex, and hence its global op-
timal solutions are difficult to find. Several approximation methods have been developed
for solving this difficult optimization problem [74] [78] [97], [105]. The semi-definite pro-
gramming (SDP) and second-order cone programming (SOCP) relaxation are two of the
most polular methods studied recently. The basic idea of SDP relaxation is to think
of the quadratic terms as new variables subject to linear matrix inequality. The SOCP

relaxation is developed in a similar way.

101
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9.2 Problem Statement

We use the least square method for the formulation of a new optimization problem.
Consider a general sensor network localization problem, where the sensor locations are to

be determined by solving the system of polynomial equations [6] [22]:

(Po) : [ — x5l| = dij, (i,7) € Aq, (9.1)
HXZ' — akH = €k, (Z, k) S Ae. (92)
Here, the vectors a,, k = 1,--- ,m, are specified anchors, where

d
i — % = | D (g — 29)?

a=1
denotes the Euclidian distance between locations x; and x; € RY, i = 1,--- ,n;j =
1,---,n, and
Ag = {(,j) € [n] x[n] ] ||xi —x;|| =dij, i<j, d;; are given distances},
A. = {(i,k) € [n] x [m] | ||x; —ax|| = ewx, e are given distances},

where [N] = {1,--- , N} for any integer N.

For a small number of sensors, it might be possible to compute sensor locations by
solving equations (9.1)-(9.2). However, solving this algebraic system can be very expensive
computationally when the number of sensors is large.

By the least squares method, the sensor network localization problem (P;) can be

reformulated as a fourth-order polynomial optimization problem stated below:

. 1 1
(P1) : min PX)= > §wz~j(llxi—le|2—d?j)2+ > §qm(llxz~—akll2—e?k)2
(i,5)€Aq (i,k)eAe

where X = [11,29, -+ ,2,] = {28} € R™" is a matrix with each column z; being a
position in RY, w;, g > 0 are given weights. Obviously, X are true sensor locations if and
only if the optimal value is zero. This nonconvex optimization problem appears extensively
in mathematical physics [45], computational biology [102], numerical algebra [81] as well
as finite element analysis of structural mechanics [84].

The sensor network localization problem can also be viewed as a variant of Graph Re-
alization problem, or a distance geometry problem [6], which has been studied extensively
in computational biology, Euclidean ball packing, molecular confirmation and wireless net-

work communication. In general, the sensor network localization problem is considered
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to be NP-hard even for the simplest case d = 1 [70] [85]. Therefore, many approximation
method have been proposed for solving this nonconvex global optimization problem ap-
proximately. The semi-definite programming (SD)) and second order cone programming
(SOCP) relaxation are two of the popular methods studied recently [5] [6] [13] [97] [98].
In the following, we shall see that by using the canonical duality theory, this nonconvex
minimization problem is equivalent to a concave maximization dual problem over a convex

set, which can be solved by well-developed optimization techniques.

9.3 Canonical Dual Transformation

In order to use the canonical dual transformation, we transfer variables from matrix to

vector, and let

y = [zh---ad-zl - 29" € R™ : Locations of sensors (variables),
W = [wy- Wi Wy Wy € R™ : Weights for the optimization problem (P;),

Q = [qi1 Qun - Gui Qum)’ € R™ : Weights for the optimization problem (P;),

d d
a = [Z(a?)Q, e ,Z(af‘n)Q]T : Sums of squares of anchors,
a=1 a=1
d = [ ---d&, ---d> ---d>]" € R™: Squares of distances between sensors,
e = [ef---é -2 -2 T € R"™ : Squares of distances between sensors and anchors.

Then, Problem (P;) can be written in a vector form given below.

] 1 2
(P): min P(y) = Z 5 Wi (yTDz‘jy - d?j)
(i»j)eAd

d 2
1 o
+ > ik (yTEiky — 24y + > (a5)’ - e?k) :

(i,k)€Ae a=1
where y € R" E;;, € R"" i5 a diagonal matrix defined by

0O 0 O
0 0 O

with I;;, € R¥? being the identity matrix corresponding to sensor i and anchor k, so that
the (1,1) entry of I, coincides with the (i, k) entry of Ej,. Similarly, D;; is an nd x nd
matrix defined by
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0 0 0 0 0
0 Iy 0 —I; 0

Dy=10 0 0 0 o],
0 —I; 0 I; 0
(0 0 0 0 0

with I;;,1;;, 1;;,1;; € R being the identity matrices, so that the (1,1) entry of I;; coincides

with the (7,7) entry of the matrix D;;. For I,;, I

Ji

&i=Ni(y) = y' Dyy,
€k = Aik(}’) = yTEiky - 2145&’7

where A;; and A, are, respectively, geometrical operators from R" into
Eo = {E€R™[&; >0, & =0ifi = j}
and
E = {eeR™| ¢y >0}

By introducing quadratic functions V;; : & — R and Vj;, : & — R such that

Vii(&ij) = %wij(fij—dfj)Q

and
) d
Vie(er) = §Qik(€ik + ;(a?k)Q —en)’.

Problem (P) can then be reformulated in the canonical form given below:

(P): mingI(y) = > Vi(Ay())+ D Vie(Au(y))| y € R™
(i,5)€Aq (i,k)EAe

ij» 1ji, they are defined similarly. Let

(9.3)
(9.4)

(9.5)

Note that the function V;;(&;;) and Vi (e) are both convex. Their duality relations

are given, respectively, by

Sij = sz‘j(fz'j) = wij(@;j - d?j)? (4,7) € Aa,

(9.7)
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and

d
ok = VVik(ew) = qnlen + Y _(a%)* —eh), (i.k) € A, (9.8)

a=1

where ¢;; and o;; are dual variables. Let Sg be the range of the duality mapping ¢;; =
VVi;(&;), and let S, be the range of the duality mapping o, = VV;;,(;x). Then, for any
given ¢ € §q and o € S, the Legendre conjugate V7 and Vjj can be uniquely defined by

* 1 —
Viay) = sta{&la,; — Vij(&y) | &5 € Va} = éwijlgm + dfsij, (i) € Aqg

and

d

Vilow) = sta{0hou — Vie(0) | &k € Ve} = %k nt (e = (a3))ou, (i k) € A,
a=1

where sta{} denotes finding the stationary point of the statement within {}. Clearly,

(&,6) and (€, 0) form a canonical duality pair (see [38]). The following canonical duality
relations hold on both £&; x S; and &, x S,

Gi = VVi(&;) & & =VVila) & &= Vii(&;) + Viis), (9.9)
o = VViler) & ex=VVilow) S epou = Virlen) + Vis(ow),  (9.10)

respectively.
Replacing Wj(/\ij(}’)) by Az’j(}’)T%‘ - V*'<§ij) and V%k(Aik(Y)) by Aik(Y)TUik - V;Z(Uik),

ij
the generalized complementary function is given by

2(y,6,0) = D> (Mes = Vi) + Y (Ma(y)sie — Viilsn))

(4,4)€EAq (i,k)e€A,
L _
= > (67D — (Gug'sh + ds)
(ivj)eAd
1 d
+ Z Eiy — 2A3y)oi — (2qi7€10-’i2k5+(6?k‘_Z(a’?]ﬂ)2>aik>>
(i,k)EAe a=1
1 T T 1 —IN\T 1 —IN\T
= ¥ Glso)y —F (o)y = (W) (co¢) = 5(Q7) (g 00)

—dfs +alo —elo,

where s ot := [s1t1, Satg, - - - ,sntn]T denotes the Hadamard product of any two vectors s,
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t e R”,
m m m m T
F(o) = Z 2a,01 - - - Z 2ag01k e Z 20,0 - - - Z Qagank , (9.11)
k=1 k=1 k=1 k=1
G(s,0) = 2(Diag (Fi(s)) + Diag (F2(0)) + Gs()), (9.12)
with

Z?Zl S1i + lezn Si1

St Yy St
Fl (C) = )
Z?:l Sni + Zzlzn Sin

| > i i Sim
> +>

Z?:l 01k
Z?:l O1k

Z?:l Onk

L Z;cnzl Onk |

—§11[11 —§1n11n

_gnllnl U _gnn[nn

For a fixed ¢ € S; and o € S, the criticality condition Vy=(y,s,0) = 0 leads to the

following canonical equilibrium equation:
G(s,0)y — F(o) =0. (9.13)

Thus, on the dual feasible space defined by S; x S, the canonical dual function can
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be formulated as:

Plc,0) = sta{E(y.<.0)|y € Y}

= JF(0)'G (s, 0)F (o) — S(W ) (s oq)
_%(QI)T(G oo)-d's+a’c—e'o,

where

m m m m T
F(o) = [Z 20,01 - - - Z 200 - - Z 2050 - - - Z Qagank] : (9.14)
k=1 k=1 k=1 k=1

GT(s, o) denotes the generalized inverse of G(s, o), and

1 1 1 11"
w1l = |[—...
|:w11 Win Wn1 wnn:| ,
1 1 1 117
Q! = [____]
qdi1 dim dn1 Anm

Therefore, the canonical dual problem can be written in the form given below:
(P : sta{Ps,0) s €Ss,0€8.}.

We have following theorems:

Theorem 9.1. Problem (P%) is a canonical dual of the primal problem (P) in the sense
that if (S, &) is a critical point of (P?), then

y =G"(s,0)F(a) (9.15)
is a critical point of (P) and
P(y) = P, a). (9.16)

Theorem 9.1 shows that the nonconvex primal problem (P) is equivalent to its canon-
ical dual problem (P?) with zero duality gap, and the solution of (P) can be analytically
expressed in the form of (9.15). The extremality of this analytical solution will be dis-
cussed in the next section.

For further discussion on extremality properties of the analytical solution (9.15), we
introduce the following feasible space

SH={(s,0) €SixS.| G(s,0) = 0}. (9.17)

a
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We have the following results.

Theorem 9.2. Suppose that (S,6) is a critical point of the canonical dual function
Pis,o) andy = GT(s5,0)F(5). Let (5,0) € SF. Then, y is a global minimizer of
P(y) on R™ if and only if (S, &) is a global mazimizer of P%(,5) on S

o, e,

P(y) = min P(y) & max P, o) = PYs,a). (9.18)
y€ERnd (S,0)eSs
Theorem 9.2 shows that the extremality condition of the analytical solution (9.15)
is controlled by the critical point of the canonical dual function. If the primal problem
has a global minimal solution, then S; # () and the primal problem is equivalent to the

canonical dual problem

(P ) max{Ps,o)| (s,0) €S/} (9.19)

9.4 Numerical simulations

9.4.1 18 sensors network localization problem

We now consider sensor network localization problem with 18 sensors. In this case, we have
Problem (P;) with d = 2. Define y = [z1,2%,--- 2L, 22]T € R?", and let w;; = ¢ = 1 in
Problem (P;). Here, we do not consider noise.

The 18 sensors {x; = [#},27] : @ = 1,---,18} are randomly generated in the unit
square [-0.5, 0.5] x [-0.5, 0.5]. The four anchors (a;, as, as, a4) are placed at the positions
(£0.45,40.45). The distances d = {d;;}, i = 1,---,18; j = 1,--- 18, and e = {e;},

t=1,---,18 k=1,---,4, are computed as follows:

dij = ||lzi — =3, e = ll=7 — axl]

We now assume that the locations of the 18 sensors are unknown. They are to be deter-
mined by the approach proposed in the chapter. The sequential quadratic programming
approximation with active set strategy in the optimization toolbox within the Matlab
environment is used to solve the canonical dual problem.

By Theorem 9.2, we obtain y = [X;,- -+ , %57 with x; = [x},%?]T,i =1,---,18, which
is a global minimizer of P(y),

Furthermore, we have
II(y) = 1.30 x 107 ~ 3.03 x 107 = 11%(5, &).

This problem is also solved by the standard semi-definite programming (SDP) method.
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Figure 9.1: Sensor network with 18 sensors by the canonical dual method.
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Figure 9.2: Sensor network with 18 sensors by the standard SDP method.

The RMSD obtained using the canonical dual method is 4.61 x 1077, while the RMSD
obtained using the standard SDP method is 4.45 x 10~°, where RMSD is the Root Mean

Square Distance defined by

which is to measure the accuracy of the computed locations.

1 — )
MSD = (- %, — %Xi]|)2,
RMSD = (73 Ik = %>

The computed results by the canonical dual method and the standard SDP method

are plotted in Fig. 9.1 and Fig. 9.2, respectively. The true sensor locations (denoted by

circles) and the computed locations (denoted by stars) are connected by solid lines. Our
program is implemented in the MATLAB environment, where SEDUMI [67] is used as

the SDP solver.
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From the results obtained, we see that, when there is no noise and the sensor size is
not too large, both the canonical dual method and SDP method are very effective method
for finding sensor locations. In particular, for the canonical dual method, all the stars are

exactly located inside circles.

9.4.2 A 20-sensor-network localization problem with distance

errors

A network of 20 uniform randomly distributed unknown points is generated in the square
area [0, 1] x [0,1]. We assume

If ||z; — ;|| < radio range, a distance (with noise) is given between z; and z;,

If ||x; — ;|| > radio range, no distance is given between x; and x;.

4 anchors are located in (0,0), (0,1), (1,0) and (1,1). The distances between the nodes are
calculated. If the distance between two nodes is within the specified radio range of 0.4,
the distance is included in the edge set for solving the problem after adding a random

error to it in the following manner:
di; = di;|1 + N(0,+/0.001))

where czij is the actual distance between the 2 nodes, and N(0,+/0.001) is a random
variable.

The computed results obtained by the canonical dual method and the standard SDP
method are plotted in Fig. 9.3 and Fig. 9.4, respectively. The true sensor locations
(denoted by circles) and the computed locations (denoted by stars) are connected by

solid lines.

9.4.3 A 200-sensor-network localization problem with distance

errors

A network of 200 uniform randomly distributed unknown points is generated in the square
area [0, 1] x [0, 1]. 4 anchors are located in (0,0), (0,1), (1,0) and (1,1). For all sensors, the
radio range = 0.2. The distance, including a random error, is generated in the following

manner:
di; = dij|1 + N(0,0.01)]

The computed results obtained by the canonical dual method and the standard SDP
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Figure 9.4: Sensor network with 20 sensors solved by the standard SDP method.

method are plotted in Fig. 9.5 and Fig. 9.6, respectively.

Careful examination of the results obtained for the cases involving 20 sensors and 200
sensors, we observe that when noise is taken into consideration, the canonical dual method
gives rise to much better solutions. In particular, if the level of noise or the sensor size
is large, the standard SDP is usually having difficulty to find the exact sensor positions.
See Figure 9.3 and Figure 9.5.

9.5 Conclusions

We have presented an effective computational method based on the canonical duality
theory for solving large scale sensor network localization problems. The form of the

analytical solution is obtained by using the complementary-duality principle, yielding a
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Figure 9.6: Sensor network with 200 sensors solved by the standard SDP method.

concave maximization dual problem, which can be solved by any nonlinear optimization

technique. From the numerical studies, it is seen that large scale sensor network localiza-

tion problems can be solved by the method proposed, yielding global solutions.



CHAPTER 10

Summary and future research directions

10.1 Main contributions of this thesis

We have presented a detailed application of the canonical duality theory for solving general
sum of fourth-order polynomial optimization problem. An analytical solution is obtained
by the complementary-dual principle and its extremality property is classified by the trial-
ity theory. Results show that by using the canonical dual transformation, the nonconvex
primal problem in R" can be converted into a concave maximization dual problem (P4, )
in R, which can be solved by well-developed convex minimization techniques .

Generally speaking, the nonconvex quadratic form with an exponential objective func-
tion can be used to model many nonconvex systems. By using the canonical dual trans-
formation, the nonconvex primal problem in n-dimensional space can be converted into
a one-dimensional canonical dual problem. As indicated in [38], for any given nonconvex
problem, as long as the geometrical operator A(z) can be chosen properly and the canoni-
cal duality pairs can be identified correctly, the canonical dual transformation can be used
to formulate perfect dual problems. In global optimization, extensive applications of the
canonical duality theory have been given to the problems including concave minimiza-
tion with inequality constraints, polynomial minimization, nonconvex minimization with
box constraints, quadratic minimization with general nonconvex constraints, nonconvex
fractional programming, and integer programming.

We have presented a detailed application of the canonical duality theory for solving
box and integer constrained quadratic optimization problems (P) and (P;,). By using the
canonical dual transformation, several canonical dual problems and their perturbations
are proposed.

For any given Q and f, the discrete integer constrained problem (7P;,) is equivalent
to the continuous unconstrained canonical dual problem (P%). For convex-perturbation

Q + Diag () > 0, if the concave maximization problem

(P}): max{Pl(o)| o € R"}. (10.1)
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has a critical solution, the discrete problem (P;,) can be solved uniquely. Otherwise, the
nonsmooth problem (P?) provides a lower bound for box constrained problem (7).

The canonical duality theory was originally developed for general complex systems
[38] [44], which has been successfully applied for solving a class of nonconvex/nonsmooth
variational /boundary value problems [36]. Complete sets of solutions to a class of well-
known problems in finite deformation mechanics and phase transitions of solids have been
obtained [42]. Recent applications in finite dimensional systems have shown that this
theory is potentially useful for solving both continuous and discrete global optimization
problems [29] [40] [41].

As indicated in [38], the key step in the canonical dual transformation is to choose the
(nonlinear) geometrical operator A(x). Different forms of A(x) may lead to different (but
equivalent) canonical dual problems.

To see this, instead of the vector-valued (pure) quadratic geometrical operator A(x) =
H{x"Qx,x ox} for integer programming, we simply let A(x) be a matrix-valued geomet-
rical operator:

£ =Ax) = %XXT :R" — & =R"", (10.2)
Then, both the primal problems (P) and (P;,) can be written in the following unified

canonical form

min{II(x) = V(A(x)) — (x, )| x € R"}, (10.3)

where the canonical function V : &€ — R U {400} is defined by

0 if&Eeé,
V(€)= (Q: &) + 10.4
© = (@8 {OO ee (104
For box constrained problem, the effective domain &, of V' (§) is defined by
E,={tEcle=¢" €-0,2,<1Vie{l,...,n}, € rank-one }. (10.5)

While for integer constrained problem, the inequality 2&; < 1 in &, should be replaced
by equality. The bilinear form (&;£") : £ x £* — R is defined by

(&:€7) = trace(67€) = > &8 (10.6)
i=1 j=1

2 and let € = ixx to relax

£=¢7, €0, and rank-one conditions in &,, the Fenchel sup-conjugate of the canonical

Using o € R" to relax the inequality condition §; <
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function V' (€) can be obtained as:

Vi(gT) = Séup{<£;€*> —V(&)} = sup{(&§ € —Q)}
€€

Ees,
ap e @~ 3 e )
= 5%, (& — — ) 50i(x; —
eré)" 2 =1 2
_ [ Yeo) iees
—+00 otherwise,
where
& ={§ €& =R"" & =Q+Diag (9), 0 €RL}. (10.7)

Therefore, in term of o, the standard total complementary function is

2(x,£7) = (A(x);€7) = V(&) — (x. ).

Since the geometrical operator A(x) = %

at x in the direction of x is JA(%,x) = Ay(X)x = xxT, where A;(X) = VA(X) denotes the

derivative of A(x) at X. Its complementary operator is defined as A.(x) = A(x) — Ay(x) =

xx! is a pure quadratic function of x, its variation

—%XXT , where A, Ay, A. are denoted as A, T, N, respectively. By A;, the canonical
equilibrium condition
(A(R)x; ) = (x,F) Vx € R”

leads to the analytical solution form x = G~!(o)f. By A., the complementary gap

function is given by

Cup(,€) = (A2 €)= 5 6x": Q + Ding () = 1 (x, Glo)x).

Clearly, the sufficient condition G,,(x,0) > 0 Vx € R for global minimizer of the primal

problem leads to the semi-positive definite condition G(o) = 0. Therefore, we have

min P(x) = max P%(o).

xEXq ocsf
Thus, we have shown again that the equivalent (or the same) canonical dual problem can
be obtained by using different quadratic geometrical operator A(x).

In finite deformation theory and differential geometry, the pure quadratic geometrical
measure & = A(x) is similar to the Cauchy-Riemann type metric tensor, which has been
used extensively in the canonical duality theory [38]. In semi-definite optimization, the
bilinear form (&;&") is denoted by & e £&*. Therefore, in a very special case of f = 0,

the canonical primal problem (10.3) for integer programming can be written (in term of
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X =2¢ =xxT) as :
1
(Pme) : min EQ eX, st. X>0, X; =1, X=XT X rank-one. (10.8)

If both the symmetrical and rank-one constraints are ignored, this problem is exactly
a semi-definite programming problem. However, we must emphasize that for quadratic
integer programming problems, these two conditions imply that X = xx’ and hence
can not be ignored. Otherwise, Problem (10.8) will have n x n unknowns, and the dual
variable of X should be also a tensor X* € R"*", instead of a vector in R™. Therefore,
by introducing Lagrange multiplier o € R" to relax the equality and rank-one conditions,

we have

(PL ) max{—%(e,0'> | G(o) = 0, o # 0}, (10.9)

which is clearly a special case of the canonical dual problem (P2, ).

we know that the vector f plays a fundamental role for ensuring unique solution of
the nonconvex quadratic programming problems. From the view point of systems theory,
f represents input (or source) and x denotes the output (or state). If there is no input,
the system either has trivial solution (x = 0) or more than one solution. The reason for
multi-solutions is due to the symmetry of the systems. The input usually destroys certain

symmetry and leads to the possibility of unique solution.

10.2 Future research directions

The canonical duality theory was originally developed for general complex systems [38]. It
has been successfully applied to some nonconvex optimization problems. It is mathemat-
ically challenging and practically significant to develop efficient and effective numerical
methods based on the use of canonical theory, to finding global solutions of discrete op-
timization problems and nonconvex optimization problems.

The a-perturbed problem (P,) is actually a quadratic perturbation for solving general
Euclidean distance geometry problems in network optimization. However, how to choose
the perturbation vector a is fundamentally important and deserves further investigation.

Also if the dual feasible space S; contains no KKT point, the primal problem could
be NP-hard. In this case, the canonical dual problem (P*) can be used to provide an
optimal lower bound approach to the NP-hard primal problems. Finding conditions for
Q),c, A, b such that S} has no KKT point is an open problem which is fundamentally

important for understanding NP-hard problems.
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