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GROWTH OF SOLUTIONS OF HIGHER ORDER LINEAR
DIFFERENTIAL EQUATIONS

ABDALLAH EL FARISSI AND BENHARRAT BELAIDI

ABSTRACT. This paper is devoted to studying the growth of solutions
of the higher order nonhomogeneous linear differential equation

PO+ A f50 4+ Aof (D1 () + AL (2) ") f

+ (Do (2) + 40 (2) 2P) f = F (k> 2),
where P (z), @ (z) are nonconstant polynomials such that deg P =
deg@ = n and A;(z) (j=0,1,...,k—1), F(z) are entire functions
with max{p(4;) (j=0,1,...k—1),p(D;) (=0,1)} < n. We also
investigate the relationship between small functions and the solutions of
the above equation.

1. INTRODUCTION AND STATEMENT OF RESULTS

Throughout this paper, we assume that the reader is familiar with the fun-
damental results and the standard notations of the Nevanlinna value dis-
tribution theory and the basic notions of the Wiman-Valiron as well (see
[12, 13, 15]). In addition, we will use A (f) (A2 (f)) and A (f) (A2 (f)) to
denote respectively the exponents (hyper-exponents) of convergence of the
zero-sequence and the sequence of distinct zeros of f, p(f) to denote the
order of growth of a meromorphic function f and ps (f) to denote the hyper-
order of f. A meromorphic function ¢ (z) is called a small function with
respect to f(z) if T'(r,p) = o(T (r, f)) as r — 400 except possibly a set
of r of finite linear measure, where T (r, f) is the Nevanlinna characteristic
function of f. If f is of infinite order and ¢ is of finite order, then clearly
that ¢ (2) is a small function with respect to f (z). We also define

_ log N (r, ﬁ)
A(f — ) = limsup
r—400 10g r

and

_ log log N (r, ﬁ)
%o (f - ¢) = limsup
r——+00 log r

for any meromorphic function ¢ (z) .
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For the second order linear differential equation

(1.1) ff+ef +B(2) f=0,

where B (z) is an entire function, it is well-known that each solution f
of equation (1.1) is an entire function, and that if fi, fo are two linearly
independent solutions of (1.1), then by [8], there is at least one of fi, fo of
infinite order. Hence, "most” solutions of (1.1) will have infinite order. But
equation (1.1) with B(z) = —(1 + e~ *) possesses a solution f(z) = e of
finite order.

A natural question arises: What conditions on B(z) will guarantee

that every solution f # 0 of (1.1) has infinite order? Many authors, Frei
[9], Ozawa [16], Amemiya-Ozawa [1] and Gundersen [10], Langley [14] have
studied this problem. They proved that when B(z) is a nonconstant polyno-
mial or B(z) is a transcendental entire function with order p(B) # 1, then
every solution f # 0 of (1.1) has infinite order.
In 2002, Z. X. Chen [6] considered the question: What conditions on B(z)
when p(B) = 1 will guarantee that every nontrivial solution of (1.1) has
infinite order? He proved the following results, which improved results of
Frei, Amemiya-Ozawa, Ozawa, Langley and Gundersen.

Theorem 1.1. ([6]) Let A;(2)(#0) (j =0,1) and D; (2) (j =0,1) be en-
tire functions with max {p (4;) (j=0,1),p(D;) (j=0,1)} <1, and let
a,b be complex constants that satisfy ab # 0 and arga # argb or a = cb
(0 < ¢ < 1). Then every solution f #Z 0 of the equation

(12) D)+ A ) e) £+ (Do) + Ao (2) ) £ =0
15 of infinite order.
Setting D; =0 (j = 0,1) in Theorem 1.1, we obtain the following result.

Theorem 1.2. Let A; (2) (#0) (j =0, 1) be entire functions with max{p (4;) :
j = 0,1} < 1, and let a,b be complex constants that satisfy ab # 0 and
arga # argb or a = ¢b (0 <c<1). Then every solution f % 0 of the
equation

(1.3) FrAr(z) e f + Ay (2) e f =0

15 of infinite order.

Theorem 1.3. ([6]) Let A;(2)(#0) (j =0,1) be entire functions with
p(A;) <1 (j=0,1), and let a,b be complex constants that satisfy ab # 0

and a = cb (¢ > 1). Then every solution f Z 0 of equation (1.3) is of infinite
order.
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Very recently in [18], H. Y. Xu and T. B. Cao have investigated the
growth of solutions of some higher order nonhomogeneous linear differential
equations and have obtained the following result.

n

n
Theorem 1.4. ([18]) Let P(z) = Zalz and Q(z) = >_b;z" be non-
i=0
constant polynomials where a;, b; (z = 0,1,....,n) are complex numbers,
anbn (an, —by) # 0. Suppose that h; (z) (2 < i < k: 1) are polynomials of
degree no more n — 1 in z, A;(2) # 0 (j = 0,1) and H (z) Z 0 are en-
tire functions with max{p (4;) (j =0,1),p(H)} <n, and ¢ (2) is an entire
function of finite order. Then every nontrivial solution f of the equation

(14) fO 4 hy O 4 b b + A (2) PO 4 Ay (2) 9P f = H

satisfies p(f) = AN(f) = A(f) = A(f —¢) = o0 and p2(f) = X (f) =
A2 (f) =22 (f =) <.

Remark 1. In the original statement of Theorem 1.4 (see [18]), the condition
H # 0 must be added. Indeed, if H = 0, then the conclusions of Theorem
1.4 are false. For example the equation f — f" —2e* f' — e f = 0 possesses
the solution f(z) = e with p(f) = oo and A (f) = 0.

It is natural to ask whether the polynomials hy_1 (2), ..., ha (2) in (1.4)
can be replaced by entire functions of orders that are less than n. The main
purpose of this paper is to study the growth and the oscillation of solutions
of the linear differential equation

(1.5) FE oA, R L A+ (Dl (z) + A1 (2) 6P(z)) 7
+(Do(2) + 40 (2)9®) f = F (k>2).

We obtain the following results.

Theorem 1.5. Let P (z) = Zalz and Q (z) = Y_b;2* be nonconstant poly-
i=0

nomials where a;, b; (1 =0, 1, ...,n) are complex numbers, apby, (a, — by) #

0. Suppose that Aj(z) (j = 0,1,...,l~c —1), Aj(2) £0 (j = 0,1), D;(»)

(7 =0,1) and F (2) are entire functions with max{p (4;) (7 =0,1,....,k —

1),p(Dj) (j =0,1),p(F)} <n and let ¢ (z) #Z 0 be an entire function of

finite order. Then every solution f % 0 of equation (1.5) satisfies

(1.6) Af=@)=p(f) =00, Xa(f =) =p2(f) <n.
Furthermore if F' # 0, then every solution f of equation (1.5) satisfies

(1.7) AH =X =A(f-¢)=p(f) =00
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and

(1.8) X (f) =X (f)=X(f—¢)=p(f) <n

Remark 2. The proof of Theorem 1.5 in which every solution f of equation
(1.5) has infinite order is quite different from that in the proof of Theorem
1.4 (see [18]). The main ingredient in the proof is Lemma 2.9.

Remark 3. In [18], H. Y. Xu and T. B. Cao studied equation (1.5) and ob-
tained the same result as in Theorem 1.5 but under restriction that the com-
plex constants ay, by, satisfy a,b, # 0, anb, <0and A4, (2) (j =2,....k —1)
are polynomials of degree no more n — 1 in z.

Setting D; =0 (j = 0,1) in Theorem 1.5, we obtain the following corollary.

n n
Corollary 1.6. Let P(2) = Y a;2' and Q(z) = >_b;z" be nonconstant
i=0 i=0
polynomials where a;, b; (1 = 0,1,...,n) are complex numbers, apby, (a, — by) #
0. Suppose that Aj(z) (j=0,1,...k—1), Aj(2) #0 (j =0,1) and F ()
are entire functions with max{p (4;) (j =0,1,....k —1),p(F)} <n and let
© (2) Z 0 be an entire function of finite order. Then every solution f #Z 0 of
the equation

(1.9) fW 4+ A fED b AofT 4 Ay (2) PB4 Ag (2) Q) f
=F (k>2)

satisfies (1.6). Furthermore if F' # 0, then every solution f of equation
(1.9) satisfies (1.7) and (1.8).

Remark 4. If p(F) > n, then equation (1.5) can possesses solution of finite
order. For instance the equation

f/// _ f// i (e_zn _ eznl) f/ n eznf _ ezn
satisfies p (F') = p (¢*") = n and has a finite order solution f(z) = 1.

Theorem 1.7. Let P (2),Q(2), A;(2) (j =0,1,..,k—1),D; () (=0,1)
and ¢ (z) satisfy the additional hypotheses of Theorem 1.5, and let F (z) be
an entire function such that p (F) = n. Then every solution f of equation
(1.5) satisfies (1.7) and (1.8) with at most one finite order solution fy. For
the exceptional solution fo we have, if p (F) > n, then p(fo) = p(F) and if
p(F) = n, then p(fo) < n.

Corollary 1.8. Let P(z), Q(z), A;(2) (j=0,1), Dj(z) (j=0,1) and
¢ (2) satisfy the additional hypotheses of Theorem 1.5, and let F (z) be an
entire function. Then the following statements hold:
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(i) If p (F') < n, then every solution f #Z 0 of the equation
(110) /" + (D1 (2) + A1 (2) €"@) '+ (Do (2) + A (2) Q@) f = F

has infinite order and satisfies (1.6). Furthermore if F # 0, then every
solution f of equation (1.10) satisfies (1.7) and (1.8).

(i) If p(F') = n, then every solution f of equation (1.10) has infinite or-
der and satisfies (1.7) and (1.8), with at most one finite order solution fj
satisfying p (fo) < n.

(i) If p (F) > n, then every solution f of equation (1.10) has infinite or-
der and satisfies (1.7) and (1.8), with at most one finite order solution f
satisfying p (fo) = p (F).

2. PRELIMINARY LEMMAS

Our proofs depend mainly upon the following lemmas. Before starting
these lemmas, we recall the concept of the logarithmic density of subsets
of (1,400). For E C (1,+00), we define the logarithmic measure of a set E

by
Im (E) = /1 T xe (1) dt,

t

where x g is the characteristic function of E. The upper logarithmic density
and the lower logarithmic density of £ are defined by

— Im(EN|1
log dens (E) = lim sup m( Lr])
r—+oo log r
and ,
Enil
log dens (E) = lim inf m(En| ’TD.
— r—-+00 log r

Lemma 2.1. ([11]) Let f be a transcendental meromorphic function of finite
order p, let T' = {(k1,j1) , (k2,J2) s .-y (km, Jm)} denote a finite set of distinct
pairs of integers that satisfy k; > j; =20 fori=1,...,m and let ¢ > 0 be a
given constant. Then, there exists a set Fy C [0,27) that has linear measure
zero, such that if ¢ € [0,2m) — Eq, then there is a constant Ry = Ry (¢) > 1
such that for all z satisfying argz =1 and |z| > Ry and for all (k,j) € T,
we have

f¥ (2)
e
Lemma 2.2. ([6]) Let P (z) = apz2"+...4ao, (an, = a+1i8 # 0) be a polyno-
mial with degree n > 1 and A (z) (# 0) be an entire function with p (A) < n.

(2.1) < |Z|(k—j)(9—1+€) .
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Set f(z) = A(2)eP®), 2z =re? §(P,0) = acosnb — Bsinnf. Then for any
given € > 0, there exists a set Es C [0,27) that has linear measure zero,
such that if 6 € [0,2m)\ (E2 U E3), where E5 = {0 € [0,2m) : 6 (P,0) =0}
is a finite set, then for sufficiently large |z| = r, we have

(i) If § (P,0) > 0, then

(2.2) exp{(1—¢)d(P,0)r"} < |f(2)| <exp{(1+4+¢)d(P,0)r"}.

(ii) If § (P,0) < 0, then

(2.3) exp{(1+¢e)d(P,0)r"} <[f(2)| <exp{(1—¢)d(P,0)r"}.
Lemma 2.3. ([5]) Let Ag, Ay, ..., Ax_1, F' # 0 be finite order meromorphic
functions. If f is a meromorphic solution with p (f) = 400 of the equation
(2.4) FB) 4 A Y 4+ A f + Aof = F,

then X (f) = A () = p(f) = +oo.

Lemma 2.4. ([2]) Let Ag, Ay, ..., Ax_1, F' # 0 be finite order meromorphic
functions. If f is a meromorphic solution with p(f) = oo and ps (f) = p

of equation (2.4), then X(f) = A(f) = p(f) = o0 and Xa (f) = A2 (f) =
p2 (f) = p.

Lemma 2.5. ([3]) Let P(z) = Zazz and Q (z) = S_b;2* be nonconstant

i=0
polynomials where a;, b; (i =0, 1, ...,n) are complex numbers, anb, # 0 such
that arg a, # argb, or a, = cb, (0 < c < 1). We denote index sets by
Al - {07 P} ’

Ay = {0,P,Q,2P,P+Q}.

(1) If H; ( € A1) and Hg # 0 are all meromorphic functions of orders that

are less than n, setting ¥y (z) = > H; (2) e/, then ¥y (2) + Hge® # 0.
JEA

(13) If Hj (j € A2) and Hag # 0 are all meromorphic functions of orders that

are less than n, setting Vs (z) = > H; (2)el, then Wy (2) + Hage®@ # 0.
]6 2

n .
Lemma 2.6. ([4]) Let P (z) = Za%z and Q (z) = > b;z" be nonconstant
i=0
polynomials where a;, b; (i =0, 1, ...,m) are complex numbers, a,b, # 0 such
that a, = cby, (¢ > 1). We denote 'mdea: set by

A3 ={0,Q}.
If Hj (j € As) and Hp # 0 are all meromorphic functions of orders that are

less than n, setting 3 (2) = Y. H; (2) ¢, then V3 (2) + Hpe # 0.
]6 3
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Lemma 2.7. ([7]) Let f (z) be a transcendental entire function. Then there
is a set By C (1,400) that has finite logarithmic measure, such that for all
z with |z| =r ¢ [0,1] U Ey at which |f (2)| = M (r, ), we have

(2.5)

' /() <2r® (seN).

76 ()

Lemma 2.8. ([17]) Let f (z) and g (2) be two nonconstant entire functions
with p(g) < p(f) < 400. Given 0 <4e < p(f)—p(g) and 0 < < %, there
exists a set E5 with logdens (E5) > 0 such that

9(2)

7 (Z) < exp {_rp(f)—%}

for all z such that |z| = r € E5 is sufficiently large and that |f (2)| >
1
M (r, f) vy ()"

(2.6)

Lemma 2.9. Let P(z) = Y a;z* and Q (z) = >_b;z" be nonconstant poly-
i=0 i=0
nomials where a;, b; (i =0,1,...,n) are complex numbers, a,by, (a, — b,) #
0. Suppose that A;(z) (j =0,1,...,k—1), A;(2) #0 (j =0,1) and Dj (z)
(7 =0,1) are entire functions with max{p (4;) (j =0,1,...,k=1),p(D;) (j =
0,1)} < n. We denote
Ly = f® 4+ A 1 fOD ot Ao f" 4 (D (2) + i (2) "D f

/

(2.7) + (DO (2) + Ao (2) eQ(Z)) f.
If f # 0 is a finite order entire function, then we have

p(Lg) =max {p(f),n} .
Proof. Let f # 0 be a finite order entire function. First, if f (2) = C # 0,
then
L= (Do (2) + Ao (2) eQ(z)) C.
Hence p (L¢) = n and Lemma 2.9 holds.
We suppose f # C. Then, by (2.7), we have p (L) < max{n,p(f)}.

(1) If p(f) = p < n, then p(Ly) < n. Suppose that p(L¢) < n. By (2.7), we
have

PO 4 A1 f Ot Ao+ (D1 () + A () €7D

+ (DO (z) + Ap (2) eQ(z)) f—L;=0
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has the form of
(2.8) Uy (z)+ HqeP® = f®) 4 A,y f&=D 4+ Aof" + Dy (2) f
+Do (2) f — Ly + Ay (2) f eP'® + 4 (2) fe2) = 0

!

or
(2.9) W3 (2)+Hpe"® = 04 Ay fED g+ Ao f"+ Dy (2) f+Do (2) f
—Lj+ Ag (2) fe9F) + A (2) f PP =0

and from (2.8) and (2.9) we obtain a contradiction by Lemma 2.5 (i) or
Lemma 2.6. Then p(Ls) = n.

(#) If p(f) = p = n, then p(Ly) < p(f). Suppose that p(Ly) < p(f). We
can rewrite (2.7) as

Ly _ f(k) y flk=1) y !
7 f + A1 7 + ...+ A 7
+Dy (2) + Ag (2) 93,

We divide the proof on three cases.

1

(2.10)

+ (D1 (z) + A1 (2) eP(Z)) f7/

Case 1. Suppose first that arga,, # argb,,. Set
max {p(4;) (j = 0,1,k —1),p(D;) (j = 0,1)} = B < n.

Then, for any given ¢ (O < e < min (n - B, w>), we have for suf-
ficiently large r

D, ()] < exp (P4} (= 0,1),
(2.11) |A ( )| < exg{{rﬁﬁ-&% (j =0,1,

By Lemma 2.8, we know that there exists a set E5 with logdens (F5) > 0
such that

(2.12) |— < exp rp<f>—25} <1

for all z such that |z2| = r € Ej is sufficiently large and that [f (2)] >

M (r, f) vy (r)(s_% . Also, by Lemma 2.1, for the above e, there exists a set
Ey C [0,27) that has linear measure zero, such that if § € [0,27) — Ey, then
there is a constant R; = Rj (f) > 1 such that for all z satisfying argz = 60
and |z| > Ry, we have

9 (2)
f(z)

(2.13) < 2P (i=1,..k).
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By Lemma 2.2, there exists a ray argz = 0 € [0,27) \E1 U Es U E3, E3 =
{0 € [0,27) : 6 (P(2),0) = 0 or §(Q(z),0) = 0} C [0,27), By U Ey having
linear measure zero, F3 being a finite set, such that

d(P(2),0) <0, §(Q(2),0) >0
and for any given e (O < & < min (n B, M)), by (2.11), (2.13),

we have for sufficiently large |z| = r

(2.14) ‘Aer(Z)

> exp{(1—¢)0(Q(2),0)r"},

1

(k) (k1)
f—+Ak 1f +...+A2f—+Do(z)

f f f
F) fE=1)
f f

< phlo=14e) L p(h=1)(p=1+4e) oy {TW}
T {Tﬂ+s} +exp {7ﬁ+6}

< Erk(p—1+e) exp {T*BJFE} ,

(2.15)

< + | Ag—1|

4o | Ay

f7 1Dy (2)]

(2.16) (D1 (2) + 41 (2) 7)) f7

N

o—lte (eXp {(1—¢)d(P(2),0)r"} + exp {Tﬂ+e})
Tp—l—i—e (1 + exp {T,6+s}) .

and (2.14)-(2.16), we have

d(Q(2),0)r"} < ‘Aer(z) < Krk=199) oxp {Tgﬁ}’

where K > 0 is some real constant. This is a contradiction by £ 4+ & < n.
Hence p(Ly) = p(f).

Case 2. Suppose now a,, = ¢b, (0 < ¢ < 1). Then for any ray argz = 6, we
have

VAN

By (2.10), (2.12

~_

exp{(l—¢

d(P(2),0) =cd(Q(z),0).

Then, by Lemma 2.2, for any given € (0 < ¢ < min(5+=%,n—0, M))

Y

2(1+
there exist E; C [0,27) (j = 1,2,3) such that E;, E5 having linear measure
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zero and F3 being a finite set, where E1, Fs and FE3 are defined as in the
Case 1 respectively. We take the ray argz = 6 € [0,27) \E1 U Ey U E3 such

that 6 (Q(z),0) > 0 and for sufficiently large |z| = r, we have (2.14), (2.15)
and

(2.17) (Dl (2) + A1 (2) @P(z)) J;‘
<7 exp {177 )+ exp{(1+9) 60 (Q(2),0) ™).
Thus by (2.10), (2.12), (2.14), (2.15) and (2.17) we obtain
exp{(1 —¢)d(Q(z),0)r"}
< ‘Aer(Z)

(2.18)kr* P~ 1) exp {Tﬁ+g}
4pp—lte (eXp {rﬁ+e} +exp{(1+¢)cd (Q(z),0) Tn}) +1

<(k+1) pl(p—1+e) exp {TﬂJrE} + rP 1 exp {(1+4+¢)ed (Q(2),0)r™} + 1.

By5(0<s<m1n( (11+c)7 5,M>),We have as 7 — 400
rk(p—1+e) exp {rﬁ+€}
(2:19) 2950097 "
PP exp {(1+ &) o (Q(2),0) ™)
(2:20) o {(1-93(QG).0m "
(2.21) ! 0
oxp (1 2)0(Q(2).0) )

By (2.18)-(2.21), we get 1 < 0. This is a contradiction. Hence p (Lf) = p(f).

Case 3. Finally, we suppose a,, = cb, (¢ > 1). We can rewrite (2.7) as
f® A f Q=) S
= St A ---+A27+(Do(z)+,40(z)e )7
+D; (2) + A1 (2) el
By Lemma 2.7, there is a set E4 C (1,400) that has finite logarithmic

measure such that for all z with |z| = r ¢ [0,1] U E4 at which |f (2)| =
M (r, ), we have

1

f
(2.22) =
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(2.23)

2(c+1)”
that there exists a set E5 with logdens (E5) > 0 such that

Ly
(2.24) 5

for all z such that |z2| = r € Ej is sufficiently large and that |f (2)] >

M (r, f) vy (7“)6_% . Since £y C (1,400) has finite logarithmic measure and

Es5 satisfies log dens(E5) > 0, we have log dens(Es — ([0,1] U Ey)) > 0. By

(2.23) and (2.24), we have for sufficiently large |z| = r

Ll | Le S
fr

By Lemma 2.8, for ¢ <O < e < min(552 n—B,W)) , we know

< exp {_Tp(f)—%} <1

(2.25)

7 < 2rexp {—rp(f)_zg} < 2r.
For any ray arg z = 6, we have

5 (P(2),0) = ¢6 (Q(2),0) .
By Lemma 2.2, there exists a ray argz = 0 € [0,27) \E1 U Es U E3, E3 =
{6 € 10,27) : 6 (P(2),0) =0 or 0 (Q(z),0) =0} C [0,27), E1 U Ey having
linear measure zero, F3 being a finite set, such that

5(P(2),0) = ¢6(Q(2),6) > 0
and by (2.11), (2.13) and (2.23) for sufficiently large |z| = r, we have

(2.26) 16| > exp {(1 - £) 0 (Q(2),0) "}
(2.27) (Do (2) + Ag (2) eQ<z>) fi
< 2rexp {TBJrs} + 2rexp{(1+¢)d(Q(2),0)r"},
(k) (k—=1) "
(2.28) ff—,+A _1fT+---+A2%+D1
(k) (k—=1) "
< ]{((i)) fT +Ak—1f 7 + - +A2f7 + | D1
(k) (k—1) "
< ]{((i)) (ff + [Ag—1] ! 7 + -+ |Ag] fT ) + | D1




140 A. EL FARISSI AND B. BELAIDI

< 20 (k= 1) P01 exp {174 ) e {174
< kP14 oxpy {Tma} '
By (2.22), (2.25) and (2.26)-(2.28), we have
(2.29) exp{(1 —¢)cd (Q(2),0)r"}
< ‘ AP
< 2krFle= 1)+ oxpy {T5+5} + 2r exp {rﬁJrE}
+2rexp{(1+¢)d(Q(2),0)r"} +2r
2(k+1) pE(p=T4e)+1 oy {T,Bﬂ}
+2rexp{(1+¢)d(Q(2),0)r"} + 2r.

By ¢ (O <e< min(2(ccjrll),n — B, w)) we have as r — 400

k:(p 1+e)+1 exp {rﬂ—i—s}

(2:30) e (19 (Q).0)r]

2rexp{(14+¢)6(Q(z),0)r"}
(2:31) oxp (1) b (Q(=),0) )
(2.32) 2r

exp {(1—2)cd (Q2).0)r")

By (2.29)-(2.32), we get 1 < 0. This is a contradiction. Hence p(Ls) =
p(f)- O

By using Wiman-Valiron theory [13] (see also [18]), we easily obtain the
following result which we omit the proof.

Lemma 2.10. Let Ay (2),...,Ax_1(2), F (2) be entire functions of finite
order. If f is a solution of the equation

(2.33) FO A () fE D 4 4 A R)f 4+ A (2) f =F,

then pa (f) < max {IO (AO) yeees P (Ak—l) ' P (F)} :
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3. Proof of Theorem 1.5

Assume that f # 0 is a solution of equation (1.5). We prove that f is
of infinite order. We suppose the contrary p (f) < co. By Lemma 2.9, we
have n < p(Ly) = p(F) < n and this is a contradiction. Hence, every
solution of equation (1.5) is of infinite order and by Lemma 2.10, we have
p2 (f) < n. Suppose that ¢ (z) # 0 is an entire function of finite order. Set
g=f—, then f =g+ ¢ and by p(¢) < co we have p(f) = p(g) = oo and
p2 (f) = p2 (g9) < n. Thus, g is a solution of the equation

gW + A_1gt Y+ L+ Agg” <D1 + Alep(z)) g+ (DO + Aer(Z)) g=H,
where
H=F— (W4 A4, 0%V + 450"+ (D1 + Are”) @ + (Do + Ape?) ).

By ¢ (2) # 0 and p(¢) < oo we have H # 0. Since p (H) < oo, then by
Lemma 2.3 and Lemma 2.4, we get

MNf=@0)=p(f—0)=p(f)=00, Xa(f —¢)=p2(f—¥) = p2(f) <.

Furthermore if F' # 0, then by f is an infinite order solution of equation
(1.5), Lemma 2.3 and Lemma 2.4, we have

A=A =X ~-¢)=p(f) =0
X (f) =X (f) =X (f—¢)=p2(f) <n.

Y

4. Proof of Theorem 1.7

Assume that fy is a solution of (1.5) with p (fy) = p < oo. If f1 is another
finite order solution of (1.5), then p (f1 — fo) < oo, and f1 — fo is a solution
of the corresponding homogeneous equation of (1.5), but p(f1 — fo) = oo
from Theorem 1.5 , this is a contradiction. Hence (1.5) has at most one
finite order solution fy and all other solutions f; of (1.5) are of infinite order
and satisfy (1.7) and (1.8). If p (F') > n, suppose there exists fp a solution
of (1.5) with p(fo) < oo, then, we have p(fy) > n and by Lemma 2.9 we
get p(L¢) = p(fo) = ( ). Suppose that p(F) = n, if there exists fy a
solution of (1.5) with p(fo) < oo, then p(fy) < n. Indeed, if we suppose
that p (fo) > n, then by Lemma 2.9 we get p(Ls) = p(fo) = p(F) > n and
this is a contradiction.

5. Proof of Corollary 1.8
By using Theorem 1.5 and Theorem 1.7, we obtain Corollary 1.8.
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