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Abstract: This paper proposes a low-complexity small signal model for a 3-leg converter connected
to a balanced three-phase, three-wire weak grid and synchronised to this grid using a PLL
implemented in a synchronous rotating d-q axis. A thorough analysis of the system stability as a
function of the PLL bandwidth and the short circuit ratio (SCR) of the grid is performed based on a
linearised model. By using the proposed model, an improved design process is proposed for the
commonly used dg-PLL that accounts for the potential stability issues which may occur in weak
grids. Using the proposed approach, it is possible to optimise the PLL design to find the fastest PLL
that can operate stably considering the SCR of the grid. In addition, the proposed model is very
simple, resulting in a straightforward design tool that could also be used for online stability
monitoring. The method is validated through simulations and experimental results from a 5kW
laboratory system.

Keywords: phase-locked loop (PLL) stability; small signal analysis; grid-connected converter; weak
grid; PLL bandwidth analysis; short circuit ratio (SCR)

1. Introduction

There has been an increase in the integration of renewable energy sources into the electricity
grid in recent years, motivated by: (i) increasing concerns about the environment; (ii) policies
developed in most countries to promote green energy and increased awareness of climate change;
(iii) the availability of distributed generation resources (i.e., photovoltaic, wind); (iv) the long-term
need to look for alternative power sources to replace fossil fuels and diversify generation, enhancing
availability and resilience in electricity systems. The integration of renewable energy into the grid
requires the use of power electronic interfaces, and consequently, there is an increasing penetration
of converters in modern power systems [1,2]. These inverters are connected to the grid at the point of
common coupling (PCC), and they are usually controlled as current or power sources. To achieve
this, both the frequency and angle of the current injected by the inverter into the grid must be
synchronised with the grid voltage measured at the PCC. This synchronisation stage is usually based
on a phase-locked loop (PLL) [3].

The conventional and simplest PLL design process assumes a simple PLL small signal model
and an ideal grid with negligible impedance, i.e., Z, ~ 0. Based on these assumptions, the parameters
of the PLL controllers are obtained by Linear Time Invariant (LTI) design methods such as those
which use only the desired natural frequency and the damping ratio. However, in weak grids with
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high Z,, stability issues initiated by the PLL dynamics may appear, leading to unstable operating
modes that will ultimately cause the disconnection of the converter due to the operation of
overcurrent or overvoltage protection [4]. Therefore, the PLL design process should be improved to
account for non-negligible grid impedance. In fact, when the grid impedance is high, the PCC voltage
depends on the grid voltage, the grid impedance and the current injected by the inverter into the grid.
As aresult, there is a coupling between the PLL and the grid [5,6]. For this reason, above certain grid
impedance values, a PLL design neglecting the grid impedance produces unstable behaviour leading
to loss of synchronisation. This is a well-known phenomenon that has been addressed by several
publications which aim to provide models that explain the interaction between the PLL and a weak grid.
In [7], a model of a three-phase system in the dq reference frame considering the effects of the
PLL dynamics was proposed. The authors analysed the inverter output impedance and concluded
that a high PLL bandwidth increases the negative real part of the impedance and therefore stability
issues can appear [8]. The model presented in [7] does not consider the coupling terms in the current
feedback control. In [9], the model reported in [7] was improved by considering the coupling terms,
the duty cycle, and the voltage feedback control. It was shown that the PLL bandwidth has an
influence on the inverter output impedance Z,, [9] which behaves as a negative incremental resistor.
It should be noted that the model reported in [9] was evaluated when injecting only active power.
The authors in [10] extended the model proposed in [9] by considering the injection of reactive power
and the effects of a power control loop. Subsequently, in [11] this model was used together with the
generalised Nyquist criterion to study the stability of converters connected to a weak grid with a
focus on the PLL parameters. Experimental results validated the proposed stability analysis. In [12],
the authors proposed an improvement in the design of the current controller parameters for an LCL
( An output filter composed by an inductance, a capacitor and an inductance)-type grid-connected
converter for reducing the negative effects of the PLL bandwidth on the system stability when the
grid is weak. The proposed guideline for the tuning of the current controller was experimentally
validated. [13-15] used the dynamic phasor to derive an average model of a single-phase inverter
feeding into a grid. Based on this model, an output impedance matrix was derived. It was concluded
that the imaginary impedance Z;; [13] is negative for low frequencies because of the presence of the
PLL. The Nyquist criterion was then used to predict the stability of the system with different values
of PLL integral gain. Only the first order phasors were taken into account - the zero order phasors
were not considered leading to a reduction in the model performance. In [16] a single-phase inverter
connected to a weak grid through an LCL filter was studied. Using this system, the output impedance
of the inverter was derived taking into account the effects of the PLL and digital control delays. The
authors proposed an impedance-phase compensation control scheme by increasing the phase margin
of the grid-connected inverter. A similar approach was proposed in [17], where a novel power-
voltage control strategy was proposed based on voltage feedback control of the voltage across the
capacitor of the LCL output filter of the inverter. Reference [17] concluded that the stability of a grid-
tied inverter remains unchanged with increasing PLL bandwidth. Finally, in [18-21] feedforward control
methods were proposed to reduce the impact of the PLL bandwidth on the stability of the system.
These methods all model the output impedance of the converter in the Laplace domain and
analyse its dependence on the PLL parameters. The precision of these types of model is appropriate.
However, they are not always intuitive, and their complexity is high. Additionally, the Nyquist
criterion is the tool normally used to analyse stability issues and therefore a measurement or estimate
the output impedance may be required. An alternative approach is to model the whole system in
which the converter is connected and derive its state space representation, enabling the use of some
of the well-known linear control methods associated with state equations, e.g., eigenvalue analysis,
participation matrix, state feedback, etc. In this context, in [22,23] a single-phase inverter connected
to a weak grid was modelled in the AC frame, and the PLL dynamic response was considered. Since
the model was derived in the AC frame, it is linearised using harmonic linearisation techniques
leading to a linear time-periodic model. Then, the stability of the system was studied by analysing
the eigenvalues of the transition matrix, deriving the stability boundaries. This model requires full
knowledge of the system. In [24], an impedance-conditioning term was proposed for the voltage used
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by the PLL to improve the stability of the system. To verify this approach, a small signal model of the
system in the dq reference frame was developed. However, the scheme was not experimentalyl
validated. A similar scheme was realised in [25], where a model of the inverter in the dg reference
frame was developed to analyse the performance of the proposed current sharing controller. In [26],
the authors modelled an islanded microgrid composed of two inverters with droop control,
considering the PLL design. The accuracy of the proposed model was compared using both
simulation and experimental results, finding a good match. Although [24-26] have developed small
signal models of the system considering the PLL design, the main goal of these works was not to
study the effects of the PLL on the stability of the system. As a result, their use is not straightforward,
and they usually have a high complexity. In this context, [27] proposed a small signal model in the
dq reference frame to study the impact of the short-circuit ratio (SCR) and PLL parameters on a VSC-
HVDC (A voltage source converter (VSC) used by high-voltage direct current (HVDC) applications)
converter. The authors concluded that the PLL parameters, particularly at low SCRs, greatly affect
the stability of the converter. However, the work was not validated experimentally. The PLL
controller gains were changed to evaluate performance, but a rigorous procedure to obtain
appropriate values for these gains was not discussed.

These papers proposed models for studying the stability of the system considering the PLL
design. However, their complexity is relatively high, and they perform stability studies using given
PLL designs. As yet no-one, to the authors” knowledge, has reported a systematic procedure to design
a PLL for use in a weak grid. In addition, no one has reported a comprehensive study of the effects
of the PLL bandwidth on the system stability. Therefore, the contributions of this paper can be
summarised as:

e A low-complexity small signal model is proposed for a grid connected converter controlled in
the dq reference frame and synchronised with a dg-PLL. This model simplifies the design tasks
so that issues such as the PLL bandwidth and the effects produced by a variation of the SCR on
the stability of the system can be considered. (the SCR is used to describe the “weakness” of the grid).

e Based on the proposed model, a systematic PLL design process is proposed which can be used
for balanced, three-phase, three-wire weak grids to ensure system stability.

e  With the proposed PLL design scheme it is possible to find the maximum bandwidth of the PLL
which can be used in the control system for a typical grid-connected power converter, without
affecting the system stability.

e A comprehensive study of the effects of PLL bandwidth on the system stability is performed.
These effects are also studied for different levels of grid weakness. The study presented in this
paper has been verified through simulation and validated through extensive experimental work.

The rest of this paper is organised as follows: in Section 2 the typical dg-PLL design process is
discussed alongside the objectives of the improved design process. Section 3 introduces the proposed
low-complexity small signal model. Section 4 verifies the stability of the proposed design process
using simulation. Finally, Section 5 reports the experimental validation.

2. Enhanced PLL Design Process

2.1. Proposed PLL Design for Weak Grids

The widely adopted method for the design of a dg-PLL is the simple linearised model shown in
Error! Reference source not found.. The closed-loop transfer function can be calculated as in (1),
where the parameters k,p;;, and k;p;, are the proportional and integral gains of the proportional
integral (PI) controller, E,, is the magnitude of the PCC voltage, 6, is the phase angle of the
electrical system, and 6p;; is the estimation of 6, obtained at the PLL output. Equation (1) is a
second order transfer function characterized by a natural frequency w,,; and a damping ratio .
Comparing (1) with a generic second order system, (2) and (3) are obtained. To tune kyp;;, and kip;,,
the transient response of the phase-locked loop is set through the design parameters w,, and (.
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Since this design method uses a simple PLL model, the gains k,p;;, and k;p;; obtained will always
result in the system shown in (1) being stable.

The choice of w,,; and { will determine the dynamics of the PLL. From a general perspective,
PLLs with low bandwidth are required when the grid voltage is unbalanced/distorted (for cancelling
ripple). In contrast, when the three-phase system is clean and balanced, three-phase PLLs can have a
high bandwidth, which results in a very fast transient response, providing fast and clean phase-angle
estimation [28,29]. In this work, the latter case is studied.
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Figure 1. PLL linear model.
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The PLL design process described above assumes an ideal grid with negligible impedance.
However, this is no longer the case when the PLL is used in a weak grid with non-negligible
impedance. For this reason, an enhanced two-stage PLL design process is proposed, and its basic
flow-chart is shown in Figure 2. The first stage is the ideal PLL design discussed above, whose
outputs are the proportional and the integral gains calculated using (2) and (3). In addition, at the
output of the design block, the PLL bandwidth (BW) associated with kjp;;, and k;p;,, is calculated
to characterize the PLL performance in terms of its transient response.

The second stage is the stability analysis block that determines whether the PLL designed in the
previous block will be stable or unstable when used in a weak grid with known parameters. The
stability analysis block is based on the simple state space model of the system in the dq reference
frame proposed in this paper and discussed in Section 3. Both the system studied in this work, and
the proposed small signal model will be discussed in the following sections. It is worth noting that
the PLL design process shown in Figure 2 is flexible and can be used with any other PLL design
procedure [30].

PLL Design Block Stability Analysis Block

k
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Figure 2. Flow-chart of the proposed PLL design scheme to be used in weak grids.

2.2. System under Study
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Figure 3 shows the three-phase three-wire balanced system considered in this paper. This
topology is commonly used in power systems which use distributed generation (DG) units, e.g.,
photovoltaic [31,32]. In some cases, renewable sources are installed in remote locations, far from the
main power grid, requiring long lines to transmit the power. In other cases, renewables are connected
to distribution feeders designed for a relatively low power rating, with transformers characterised by
non-negligible impedance. In the worst case, renewables contribute to the power generation in
autonomous remote grids, typically powered by diesel gensets. In all these cases, the AC grid seen
by the converter is weak. It is therefore important to study the effects of the PLL on the system
stability to prevent the inverter from tripping. It is assumed that the inverter shown in Figure 3 is
connected to a balanced three-phase, three-wire weak grid. In this type of system, it is desirable to
have a PLL with a high bandwidth to ensure a fast-transient response. However, the weakness of the
grid imposes a trade-off between the maximum PLL bandwidth and the stability of the system.
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Figure 3. Current-controlled grid connected three-phase three-wire converter using a dg-PLL.

A weak grid can be defined by the Short Circuit Ratio (SCR) [27,33] shown in (4), where V, is
the line to line RMS (root mean square value) voltage at the PCC, Z; is the grid impedance, and Prqteq
is the nominal power of the inverter. Based on the SCR, a weak grid is conventionally identified by a
short circuit ratio in the range 2 < SCR < 3 [27,33,34], and a very weak grid is when SCR < 2. Some
examples of SCR values in wind power plants connected to weak grids in Australia are discussed in
[35]: (i) Musselroe (SCR =1.74), (ii) Collgar (SCR = 2.65), and Silverton (SCR = 1.24):

2

V.
SCR=—2 (4)
Zg ' P‘rated

3. Linearised State-Space Model

In this section, the proposed low-complexity small signal model for the non-linear system
described in Figure 3 is developed. To achieve this, two dq reference frames are defined. The first one
is named the converter reference frame (CRF, d¢ — q°) and uses the angle estimated by the PLL (6p;;)
from the measured capacitor voltages Ej4,. in Figure 3. The second one is the actual reference frame
(ARF, d* — q%), aligned with the actual angle of the capacitor voltages E,,p.. At steady state, the CRF
is aligned with the ARF. When small signal perturbations are added to the capacitor voltages (E14pc),
CRF and ARF are no longer aligned because of the PLL dynamic response. In this case, the phase
relationship between the frames is given by (5). In this equation, X¢ corresponds to the dg complex
variable in the CRF, X¢ is the dg complex variable in the ARF, and 46 is the difference between the
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angle of the ARF and the one of the CRF (see Figure 3). As shown later in the analysis, this angle
allows the easy inclusion of the PLL dynamic response in the system modelling.

Xc:e—leH.Xa (5)

It should be highlighted that modelling of the system shown in Figure 3 is performed
considering the fact that the power converter is connected to a balanced three-phase, three-wire weak
grid. The proposed PLL design process (Figure 2) can only be used in this type of system because
only the positive sequence is considered in the modelling process. For unbalanced weak grids, both
positive and negative sequence components of voltages and currents will circulate in the system, and
the proposed model which will be derived in this section should be extended to consider this issue.
However, the proposed design scheme shown in Figure 2 constitutes a starting point to understand
the effects of the PLL bandwidth on the stability of the system when the grid is balanced.

3.1. Converter Model in the CRF

3.1.1. Current Control Loop

As shown in Figure 3, the current control is a conventional dq control with PI regulators and
feed-forward terms. The corresponding state equations are given in (6)—(9) (n the CRF):

}/- lcd — I l*dr _ [ lcd (6)

7 1Cq =1 1*; -1 1cq )

Vi = =@p, LIS, + iy + ey [ 76 (8)
Vi = @p LIS + k7, + Ky [ 7, )

Using (6) and (7) in (8) and (9) respectively, the latter two equations can be rewritten as (10) and (11).

Vil = @ LI, + K, (]l*dc - Ilcd)+ ko7 (10)
V'I:lc‘ :a)PLLLIIICd +kp1 (1;;—[1;)"1‘](’_1}/1“([ (11)

Finally, using (6), (7), (10) and (11), the matrix representation of the current control loop of the
converter depicted in Figure 3, in the time domain, is derived. This representation is given by (12)
and (13) (in the CRF).

A A Y | A Y e | (12)
7 0 07/ 0 1){1, 0 -1)7
Vl:di :(k‘.] OJ 71[}1 +[kpl 0] Il:;: +[ _k,ul _wPLLLl] I](id (13)
quL 0 k) 71[',, 0 kpl I]; @p, L _k[)l I]Lq

Equations (14), (15) represent the linearised state-space form of (12) and (13) (see [36,37]). Ifg,
and If,, are the operating points associated to the inverter output current (I 4.), in the “ ¢” reference
frame (see Figure 3); w, is the nominal grid frequency and Awp;; is a small signal frequency

perturbation caused by the PLL algorithm. (More information about the linearisation process is
presented in Appendix A)

Ay, 0 0)[Ay) 1 0\(AILY -1 0 \[AI 14
e |z c |t o |+ . (14)
Ayy, 0 0)Ay), 0 1){ Al 0 -1)laAl,
AV]:,: :[k” oj Ayl:d . k, 0 AII*{ .\ -k, -o,L A]l}[ N -If,L, ro,, (15)
AVW 0 kn Aqu 0 kpl A]lq wnLl _kpl A]lq IliloLl

3.1.2. LC Filter Model
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From Error! Reference source not found., applying Kirchhoff's Voltage Law (KVL) to the
converter side yields (16) (in the ap reference frame). In this equation V, = ¥/, + jV, , (voltage at

the inverter output), 71 =1,, + jI,, (currentat the inverter output) and E, = E  + JE

15
(voltage across the capacitor), where ; represents the complex operator:
I_/::RITI+LI%+EI (16)

Transforming (16) to the converter dq reference frame (see Appendix B), and rearranging yields
(17). Finally, (18) shows the linearised small signal state-space form of (17) [36,37] (see Appendix A):

R, Iy Loy
[’f’} b (Ifd} b [V} i [EJ a7)
Ilq _a)PLL _L_l Ilq 0 L_ qu 0 _L_ Elq
1 1 1
R, LI Lo
[A[fd]_ L [AI;} L, [AV;;} L [AE;}[[;O ]Aw -
e | c ¢ ¢ . PLL
Allq - _& Allq 0 L Aqu 0 _L AElq 114,
’ L L L

Assuming that AVy§ ~ AV, and AVy7 = AV(, [26,36], i.e., the voltage references given by (10)
and (11) are effectively produced by the converter, and substituting (15) in (18), yields (19):

. _ (ﬂ+ kL‘] 0 . kL‘ 0 . Ky 0 A _L 0 .
A].I('d _ L, L, A[lj . L, Alli . L, A}/l:, N L, AEl:, (19)
A]“] 0 Rl kpl AI“] 0 kL‘ Allq 0 k_” Aqu 0 ,1_ AElq
S (et B L
L, L, L L, L,

1

3.1.3. PLL and Converter Models

Considering now the PLL and assuming that an instantaneous frequency deviation Awp;; exists
at the output of the PI controller of the PLL [7,25], (20) can be derived in the time-domain. From this
equation, a small perturbation in AEf, will produce a small perturbation Awp;; at the PLL output.
This perturbation will generate a small rotation A8 between the CRF and the ARF as discussed at
the beginning of this section (see Figure 3). Defining Ag = AEf,, (20) can be written in the matrix
form shown in (21):

dAd ¢
T = A0, =k, AE] + ko [ AES, (20)

[Aé]:(o k‘mMAé)}[o kaLL][AE;,J o1
Ag 0 0 Ag 0 1 AEY,

Finally, combining equations (14), (19) and (21), the overall state-space model of the grid-
connected converter with current control and PLL, derived in the CREF, is given by (22). It should be
pointed out that all the elements in column five of the state matrix are zeros because the state A6
represents the difference between the converter reference frame and the actual reference frame (see
Figure 3 and (5)). Based on that, and taking into account that until now, all the modelling processes
have been performed in the converter reference frame, the state A@ has no effect on the states shown
in (22). Once the actual reference frame is considered in the modelling process, the state A8 has an
effect on more than half of the states of the proposed model, as is shown in (44) where the whole
model of the system is presented.
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) L R 0 ki 0 o knog 21
AL Lo L L, ALy L L Al
A 0 (AR g kg g (Ml g Rap ZLfA . ol 22
Apia | _ L L L, Avia |, L, L || an: AL 7(1 00 0 0 0) Ay
A7y, -1 0 0 0 0 0 Ay, 1 0o 0 0 AES, | AL, 0 1.0 0 0 0)fAy
A6 0 -1 0 0 0 0 A6 0 1 0 0 AEY, AO
Ag 0 0 0 0 0 k,, |\ Ag 0 0 0 Kk, Ag
0 0 0 0 0 o0 0o 0o 0 1

3.2. Converter Model in the ARF

To refer the converter model (22) to the ARF, (5) is used. This equation, as small signal quantities,
is given by (23) (see Appendix A):

Ax§ ([ cos(Ad,) sin(A8,) [ Ax] . —xg4, -sin(A0,)+ x,, -cos(AD,) AD (23)
Ax, “ | =sin(A6,) cos(A6,) Ax, —Xg, €0s(A0,)—x;, -sin(A0,)

In (23), the subscript “0” corresponds to steady state quantities. Note that the angle A8, is zero
in steady-state and therefore, (23) can be rewritten as (24):

Ax§ 1 0)( Ax, a
- il T |iag (24)
Ax, 0 1){Ax, -X5,
Axg Axg are small signal quantities in the CRF. Axj Ax{ are small signal quantities in the ARF.
Xdo»X§o are dependent on the operating point in the ARF. Finally, A@ is the small perturbation in
the angle between the converter and the actual reference frames, that enables the inclusion of the PLL

dynamics in the system model (see Error! Reference source not found.)

Using (24), voltages (AEf,, AET,) and currents (Alf,, Alf,) of the converter model shown in (22)
can be referred to the ARF as shown in (25) and (26):

AE[ ) _(AE +Ef, A0 (25)
AE;, AE! - Ef, A0
Al AL, =18 -AO
A el I (26)
AL AL + 10, A8
In these relationships, Eiy,, Efy, and If4,, Ify, are the currents and voltages at the quiescent
operating point in the ARF (currents are measured at the inverter output, see Figure 3).
Finally, using (25) and (26), and assuming that Alj; ~ Aljg = 0, the small signal model in (22) is

referred to the ARF to derive the model shown in (27). The assumption Alj; ~ Al;¢ = 0 is utilised
because the current references are not affected by small variations in the PLL states [7-9]:

_ _[’i,,ﬁ) 0 kvog B 0 -L o
ALY, L L L L, NG L AL
AL 0 . kL.,. R 0 L2 Ef 0 ALY, _L Aly,
VAR L', L, L, AR Lo|(aEs)  (any =[1 00 0 -I, 0) Az (27)
A7, -1 0 0 0 Ay 0 o g ) arg, ) Lo 10 0 1y, 0 Ay,
Al 0 -1 0o 0 0 0 A0 0 0 A0
Ag 0 0 0 0 =k Efy ki LA O Ky Ag
0 0 0 0 -E!, 0 0 1

3.3. System Equations

In this Section, the remaining equations associated with the system in Figure 3 will be derived.
Note that all the equations are in the ARF illustrated in Figure 3.

3.3.1. Capacitor Equations

From Figure 3, by applying Kirchhoff’s Current Law (KCL) to the capacitor Cj, yields (28) (in
the af reference frame). In this equation, £, = E, + jE, , (voltage across the capacitor),

Tl =1, + jl, (current at the inverter output) and f; =1, + jl, (current grid).
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28
dt ¢ @)

Referring Equation (28) to the actual dg reference frame (ARF), and rearranging it, yields (29)
(see Appendix B)

(E)-( e e e 9)
E¢ ~o, 0 J|Ef 0o 1/c )\ 18 0 -1/¢,)( 1,

Based on (29), the small signal model of the voltage across the capacitor shown in Figure 3 in the
AREF is given by (see Appendix A):

AEY, 0 o, \[AEq 1/c, 0 Al -1/C, 0 ALy,
D + + (30)
AE/, -0, 0 J|AE! 0 1/C )\ AL 0 -1/C, )| a1,
The output of the inverter model shown in (27) is used in (30) to replace Alj; and Alf;, leading
to (31).

Aél} =[ 0 w] AE{}, +[1/Cl 0 ]M +[—€1“qn/C1]Ag+[—1/Cl 0 ]Mﬁd (31)
AE/ o, 0 )| AE/ 0 1/C, ) AL, 18, /1C, 0 —-1/C,){ Al

3.3.2. Grid Equations
From Figure 3, by applying Kirchhoff’s Voltage Law (KVL) to the grid side, yields (32) (in the af

reference frame). In this equation E,=E, + jE,, , [I,=1,, + jl,, and
Ve = Ve + JV,, (gridvoltage):
Ev= R+ 1, 2047, (32)

Referring (32) to the actual dq reference frame, and rearranging it, yields (33) (see Appendix B)

[{%J:[—Rgug Rw,;L J[l{d]Jr[l/OLg 1/oL ][E{’:,]Jr[—l(/)Lg 1(/)L ][ng] (33)
lgq @ e g ng g Elq B g ng

Linearising (33), yields (34) (see Appendix A):
AIZ, -R. /L ® Al 1/L 0 AE/ -1/L 0 AV,

) (R E @ N2 o[k (34)
AL -, -R, /L, AL, 0 /L, AE! 0 -1/L, AV

3.4. Steady State Operating Points

From (27) it is seen that the proposed model requires a steady-state operating point to be
evaluated (considering that the system has a non-linear nature). In particular, the operating point of
(27) is composed of four variables: these are: Efy,, Efyo, I4,, and Ify, (see Error! Reference source
not found.). All of these are defined in the ARF—which is identical to the CRF if steady state
operation is considered (assuming that the system is stable). The variable Ef,;, is equal to zero
because the converter control is oriented to the d axis. Moreover, as discussed above, the variables of
the operating point associated with the current (Ify,, If5,), in the ARF, can be approximated with the
ones in the CRF: Ij;, = Ijg and If;, = I;7. The remaining variable, E7,,, is derived in this section.

The grid impedance (Z,) used in this work is mainly inductive and considering that the grid
voltage has an angle d with respect to the capacitor voltage (see Figure 3), the active power injected
to the grid by the converter, can be expressed as shown (35) [38,39]. In this equation, |E;4,.| and
[Vgancl, are respectively, the peak values of E;4p. and Vg (see Figure 3):
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|E s -sin(5)

: |VgabL'|
o,L,

(35)

p=>.
2

Since the control of the converter shown in Figure 3 is oriented to the d axis (Ef; = 0), it can be
shown that E; = |E;4,.| [40], and therefore the active power given by (35), in the dg reference frame,
can be written as (36):

3 P 3
P = 2 EldIgd = 2 |Elabr

1 (36)

Finally, using (35) and (36), (37) is obtained. In this equation, Ij, is the grid current in the d axis,
w, is the nominal frequency of the system, and L, is the grid inductance:

o L 1°
sin(5) = DnZeled (37)
|V

gabe

Analysing the d axis of (33), in the steady state, yields (38). In this equation, Ig;, and Iy, are
operating points for the current on the grid side (see Error! Reference source not found.). These
operating points must be written as a function of the inverter output currents (If,,, If;,, see Error!
Reference source not found.) as shown in (39) and (40) because the converter model of (27) utilises
these currents:

Efyy = Ry Ly vV, —0, L 1,, (38)
Iclzlo Re(] Eldoa) C ) - 0 Iglqo Im(j'Eladoa)nCI) = Eladoa) C (39)
Ildo I:du’ Ilaqo = Eldaa) C + I;qo (40)

Using (40) in (38), yields (41). In this equation, Vg, is the d component of the grid voltage (Vy45.)
in the ARF, and it can be calculated using the diagram shown in Error! Reference source not found.
as shown (42). In this equation, |Vyqp| is the peak value of the grid voltage, and the angle 0 is given
by (37) (see Error! Reference source not found.). Finally, using (37), (41), and (42) a theoretical
expression for Ef;, can be obtained (43):

Elado = R Ilado - @ L (Ilqa - Eldoa) C )+ ngo (41)
Viro = |V aane| - c05(8) (42)
2
E a _ Rg [ldn - a) L Ilqa \/|VgabL' - C() L ([ldn) (43)
ldo = 2
- a)nCILg
c a

\V
sin(J)

gabc
6 I/< gqo ‘ gabc
. .
> >

Vng{O - ‘V abc COS(5) dC = da

Figure 4. Projection of the grid voltage into the converter dg reference frame.
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3.5. Whole System Model

Using equations (27), (31) and (34), the whole small signal model of the system shown in Figure
3 is obtained. This model is shown in (44) and the required operating point (Efy , Efyo, I{g0, ITq ) is
discussed in Section 3.4. The model can be represented as shown in (45) in the Laplace domain. The
stability of the system can be studied by analysing the eigenvalues of the transition matrix “A”. In
this work, the stability analysis will be performed as a function of the PLL bandwidth and the
weakness of the grid, quantified by the SCR. It is worth noting that if additional outer loops are added
for controlling the converter of Error! Reference source not found., (for instance, active or reactive
power loops), this will lead to an increase in the number of states of the model depicted in (44) and
the system stability can be still studied through the eigenvalues of the extended model. Moreover, it
should be pointed out that although the proposed model (44) was used in this work for studying the
stability of the system as a function of the PLL bandwidth and the SCR of the grid. This model can
also be used to perform other types of stability studies, for example, (i) to improve the design of the
current controller of the system (k,,; and k;; see Error! Reference source not found.) when the grid
is weak, (ii) to improve the design of the power converter, e.g., providing additional information to
calculate the parameters of the second order LC output power filter (An output filter composed by
an inductance and a capacitor), taking into account the weakness level of the grid, (iii) for online
stability monitoring, among others.

Al —(ky /L + R /L) 0 k,/L 0 —E{, /L 0 -1/L 0 0 0 Al 0 0

Al 0 ~(kp/L+RIL) 0 kL Ef L 0 0 -1/L 0 0 AL, 0 0

ATl -1 0 0 0 0 0 0 0 0 0 Aria 0 0

A7, 0 -1 0 0 0 0 0 0 0 Ariy 0 0

a0 | 0 0 0 0 ks 0 ko 0 0 a0 || 0 0 [AV;D] (44)

Ag 0 0 0 0 0 0 1 0 0 Ag 0 0 arg

AE;, /¢, 0 0 0 0 0 o, -1/¢, 0 A 0 0

AL, 0 /¢ 0 0 14,/ C [ 0 0 -1/c, || AEY 0 0

Aly 0 0 0 0 0 0 /L 0 -RJL, o ALy | |-UL, 0

AL 0 0 0 0 0 0 1L, -, R /LA 0 -lL
s-X(s)=4-X(s)+ B -U(s) (45)

4. Stability Analysis and Simulation Results

Using the small signal model (44), the proposed PLL design methodology for weak grids shown
in Figure 2 can be implemented. In (44), the parameters associated with the inverter output filter and
the inverter controllers are kept constant. To study the system stability under different PLL
bandwidths, the gains kjp;;, and k;p;, are modified based on the PLL design requirements wq;
and C (see the method described in Section 2.1). Also, the weakness of the grid, characterized by the
SCR, is modified using different values for the grid impedance (L, see Figure 3). Results obtained
using (44) are first compared with results from simulating the full system in PLECS (a power
electronics simulation package) results to verify the model in an environment where all the
parameters are known. The model is later validated experimentally as discussed in Section 5.

The parameters of the system studied are shown in Table 1. First, ten PLLs with different
bandwidths in the range 10.2 Hz to 102.648 Hz are designed (using the method described in Section
2.1), obtaining the gains listed in Table 2. Notice from this table that the phase margin (P.M.) for each
design is close to P.M. = 65° to allow a fair comparison. Finally, using the stability analysis block
shown in Figure 2, which is based on the study of the eigenvalues of model (44), the stability of these
PLL designs is assessed.

In addition, the small signal model depends on the operating conditions of the inverter, hence
stability will change accordingly. For each of the ten PLL designs, it is possible to calculate the
maximum active power component of the current that the inverter can inject into the weak grid,
before reaching instability, as a function of the PLL bandwidth and the SCR of the grid. The values
of L, used in this work and the SCRs associated with them are shown in Table 3.

Unless otherwise stated, it is assumed in this work that the set point for the reactive power
component of the current supplied by the converter is zero, i.e., Ijg = 0 (see Figure 3),i.e., the current
supplied by the converter corresponds to the active power component.
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Based on this study, it is possible to find the following information about the system stability: (i)
the maximum active power component of the current that the inverter can supply to the grid as a
function of the PLL bandwidth and the SCR of the grid before going into the unstable zone, (ii) the
maximum PLL bandwidth (BW) which can be implemented in the system of Figure 3 as a function
of the grid SCR. Finally, using the proposed PLL design of Figure 2, it is possible to optimise the PLL
design to ensure a fast and stable system operation.

It should be pointed out that the current controller of the inverter shown in Figure 3 was
designed for SCR = 2.5942, and controllers were kept constant for different SCRs. In this case, the
closed-loop bandwidth of the current control loop is 200 Hz. The proportional and the integral gains
are: k,, = 23.5422 and k;; = 10701 (see Figure 3). These PI controller gains are used to evaluate
the model shown in (44). The same controller is used in the simulation work as well as in the
experimental work.

Table 1. System Parameters.

L1 R: C1 R¢ Vg (Line to Line)
23[mH] 02[Q] 10[uF] 0.8[Q] 2302 [V]

Table 2. PLL designs.

kypLL kip,, P.M. (Phase Margin) PLL Bandwidth [Hz]

0.1388025  3.0845 65.5 10.277
0.2710840  12.322 64.7 20.334
0.4176300  27.842 65.6 30.898
0.5432020  49.382 64.7 40.723
0.6963750  77.375 65.6 51.514
0.8334000 111.12 65.5 61.697
0.9735680  152.12 65.5 72.136
11116560  198.51 65.5 82.388
1.24620000 249.24 65.5 92.336
1.38564000 307.92 65.5 102.648

Table 3. SCRs Used in this investigation.

L, (mH) SCR

25.2 2.5942
30.4 2.1652
35.4 1.8577
40.4 1.6265
45.6 1.4463

4.1. Comparison between Model and Simulation Results

To verify the proposed dg-PLL design process shown in Figure 2, in this subsection, a
comparison is made of the results achieved with the proposed model and the full system simulation,
in terms of stability, as a function of the PLL bandwidth and the grid SCR. The full simulation is
implemented in PLECS software, using the non-linear system of Figure 3 and the parameters listed
in Table 1. However, considering that the proposed small signal model is based on an average model
of the inverter, the full simulation model therefore neglects the PWM effects, using controllable
voltage sources to represent the converter.

The proposed small signal model is verified studying the eigenvalues of the transition matrix
(45). The results are generated as follows: all the PLL designs shown in Table 2 are evaluated for each
of the SCRs shown in Table 3.

In each condition, the maximum active power current that the inverter can inject into the weak
grid before the system becomes unstable is calculated with the proposed analytical model and with
the PLECS simulation. Then, theoretical and simulation results are compared. The nominal active
current of the inverter shown in Figure 3 is 18 A. It should be pointed out that to generate Figure 5
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(model results), the linearised model (44) was evaluated for each of the operating points shown in
that figure. It is worth remembering that the operating point of (44) is composed of four variables
(Efao, Efqor 140, and If; ) as discussed in Section 3.4. In particular, Ef;, = 0 considering that the
control of the converter is orientated along the d axis, i.e., I;, = Ijg = 0. Therefore, only the active
power component of the current (I{;,) supplied by the converter into the weak grid is studied. The
rest of the operating points for evaluating (44) are generated as follows, Assume that model (44) is
evaluated around an active current level of 10 A, which means that If;, = I;§ = 104. E{;, is then
calculated according (43). Finally, the stability of the system in that operating point can be studied as
a function of the PLL bandwidth (by modifying kjp;;, and k;p;;) and the SCR of the weak grid. (By
modifying Lg).

Figure 5 shows the maximum active current—as given by simulations and by the proposed
analytical model—that the inverter of Figure 3 can inject into the grid as a function of the PLL
bandwidths described in Table 2 and for the SCRs shown in Table 3. Notice that the match between
the small signal model and the simulation results obtained from a detailed model implemented in
PLECs® (version 4.1.2, Plexim, Zurich, Swiss) and MATLAB® (version R2017b, MathWorks,
Massachusetts, USA) software, is almost perfect. The figure confirms that the proposed small signal
model (44) can effectively represent the effects of the PLL dynamics when the converter operates
connected to a weak grid. Moreover, it is possible to conclude that with a high PLL bandwidth and a
small SCR, the converter is not able to inject the nominal active current into the grid. In fact, in some
conditions, the inverter can supply less than 50% of the rated active current, leading to under-
utilisation of the installed power capacity. The proposed design process, shown in Figure 2, can
effectively prevent incorrect PLL designs. For example, if ta renewable energy system is connected to
a weak grid with a SCR equal to 1.6265, the proposed model shows that the fastest PLL that can be
implemented without affecting the stability and power transfer capability has a bandwidth of about
30 Hz (see Figure 5).

To use the proposed dg-PLL design process, it is necessary to have the following information: (i)
the parameters of the PI current controllers, (ii) the parameters of the converter output filter and (iii)
the weakness of the grid (SCR index). The first two are known because they are characteristics of the
converter, while the SCR can be estimated as discussed in [41,42].

26 94

o Simulation results ’ L4 PLL Bandwidth [Hz]
* Model results SCR

Figure 5. Maximum active current that the converter can be injected into the grid as a function of the
PLL bandwidth and the SCR of the grid —Comparison between PLECs® simulation and the proposed
small signal model (nominal active current = 18 A).

4.2. Eigenvalue Analysis



Energies 2019, 12, 1227 14 of 28

In this section, the eigenvalues of the proposed model (44) are shown as a function of the PLL
bandwidth and the grid SCR. The analysis is performed at rated conditions, with the converter
injecting the rated active power current (18 A) into the weak grid. The results are shown in Error!
Reference source not found., where it is shown that t modes 7 and 8 are heavily affected by the PLL
bandwidth and by the SCR of the grid and are responsible for the instability (the rest of the modes
do not affect the stability of the system). For this reason, the damping ratio of the proposed model
modes as a function of the PLL bandwidth and the SCR of the grid has been calculated. This is
performed for the rated conditions of the non-linear system in Figure 3. Figure 7 shows the damping
ratio of the modes of the proposed model. The damping ratio of modes 7 and 8 are the same for both
modes since they are a complex conjugate pair for the ten PLL bandwidths considered (Table 2) and
the different grid SCRs (Table 3). Figure 7 shows that for all the SCRs, the damping of modes 7 and 8
is an approximately linear function of the PLL bandwidth, with the damping decreasing as the
bandwidth increases. Moreover, the lower the SCR, the sooner the damping crosses the imaginary
axis, bringing the system into instability. For the strongest grid, with SCR = 2.5942, the damping
crosses the imaginary axis with a PLL bandwidth of 72.136 Hz. For the weakest grid, with SCR =
1.4463, the crossing occurs at 30.898 Hz. (See Figure 7). Finally, from Figure 7, it can be concluded
that the other modes of the proposed model (those different from modes 7 and 8) do not affect the
stability of the system.

5000 A3 M
™
4000
3000
2000 Femmmm————————— 1
® + SCR =2.5942 I 2 I
X 1000 _ ] 5 1
; + SCR=2.1652 I — 1, !
1 et N7
T 0 + SCR=1.8577 | P |
S 1000 + SCR = 1.6265 ! T N !
= ~ SCR = 1.4463 ! Ag !
-2000 e o
e /
-3000 R /
Ve 1
i< 1
-4000 - Ay e !
A .
2 . p
-5000 | S ! )
-6000 -5000 -4000 -,3060 -2000 -1000 o/ 1000
e Real axis ;
// /
I/ I
7
/
1000 )\5 Increase in PLL BW II
reeromm, ,
2 500} - 4 A /
g Ao rerpliiiie, 7 l
> 9 wmmesm, T 1
.g Or }\, wt»‘“’ /
s T
£ -500( 8
+ o asritsenes” /
1
-1000} )Lﬁ Increase in PLL BW /
/
A

600 400 200 0 200 400
Real axis

Figure 6. Eigenvalues of the proposed small signal model as a function of PLL bandwidths and SCRs.
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Figure 7. Damping of modes of the proposed small signal model as a function of the PLL bandwidth
and the following short circuit ratios (SCR) of the weak grid: (a) SCR=2.5942; (b) SCR=2.1652; (c)
SCR=1.8577; (d) SCR=1.6265

To explore stability for operating points other than rated, Figure 8 shows the damping ratio of
modes 7 and 8 as a function of the PLL bandwidth and the active current supplied by the converter
into the grid. It should be noted that to generate Figure 8, the linearised model (44) was evaluated for
each operating point depicted in that figure. The figure shows the results for all the SCRs studied in
this work (Table 3). The figure confirms that stability is adversely affected by the amount of the
injected active current, with the damping of the modes decreasing as the current increases. Moreover,
the decrease is steeper as the SCR decreases and as the PLL design bandwidth increases.

Finally, the participation factor analysis discussed in [37] is applied to modes 7 and 8 to
understand their relationship with the state variables of the proposed model. Based on this analysis,
omitted here for brevity, it is concluded that in the case of a high PLL bandwidth and low SCR, the
states A and Ag which are associated with the PLL model in (44) dominate modes 7 and 8, further
confirming that the PLL dynamic is the main cause of instability.
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Figure 8. Cont.
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Figure 8. Damping of modes 7 and 8 of the proposed small signal model as a function of the PLL
bandwidth and the active current injected by the converter into the weak grid, for the following short
circuit ratios (SCR): (a) SCR = 2.5942; (b) SCR = 2.1652; (c) SCR = 1.8577; (d) SCR = 1.6265; (e) SCR =
1.4463

5. Experimental Results

The control system and converter topology of Figure 3 has been implemented in a Triphase
PM15F42C unit (5 kW) [43—45] (configured as a 3-leg converter) as is shown in Figure 9. This unit has
the same output filter parameters as those given in Table 1. Inductances are used to modify the grid
impedance, emulating the SCRs described in Table 3.

TEULLEL Itk

3-leg Power
Converter

Grid
connexion

Figure 9. Experimental system.

The converter is controlled according to the scheme shown in Figure 3. The same PI gains used
in both the simulation and theoretical work described in the previous section are used to control the
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experimental system. The overcurrent protection of the system shown in Figure 9 is set at 20 A
(instantaneous current).

To validate the proposed small signal model (44), PLL bandwidths in the range of approximately
[10-50 Hz] (Table 2) are considered. These values are used because it is the typical bandwidth of PLLs
implemented in a real-life application [28,29,46]. Moreover, all the SCRs shown in Table 3 are
emulated in the experimental rig. First, the maximum active current that the converter can inject into
the grid as a function of the PLL bandwidth and the SCR is experimentally measured and compared
with that predicted by the proposed model. In the experimental tests shown in this section, current
steps of 1A around the quiescent operating points are used. According to the model results described
in Section 4, the experimental converter can supply the nominal active current (18 A) into the grid
without becoming unstable when SCRs of 2.5942 and 2.1652 are used. This occurs for the whole range
of PLL bandwidths, [*10-50 Hz]. Figure 10a shows the nominal active current injected by the inverter
for the worst case, i.e., for a PLL bandwidth of =51.5 Hz. The same trend is shown in Figure 10b where
the SCR of the grid is equal to 2.1652. In this case, the parameters of the PLL implemented in the
converter of Figure 9 are the same parameters used to generate the experimental results shown in
Figure 10a.

SCR =2.5942

Tek previy Noise Filter Off
Lol

L =18[d] : P a)

' PLL BW=51.514Hz

1004 i il

1004 Jo.0ms )& 72004 <10Hfssas )
SCR =2.1652

Tek prevu 7 — Noise Filter Off

Lg=184a . b)

 PLL BW= 51.514Hz
1004 i i i i i i
1004 J200ms J&® r2004 <10Hzf22:20:41

Figure 10. Experimental results: (a) Maximum active current injected by the converter into the grid
for SCR =2.5942 and PLL bandwidth of 51.514 Hz (10 A/div); (b) Same as a) but with SCR =2.1652 (10
A/div).

In Table 4, the predictions from the proposed model are compared with the experimental results
for a grid with an SCR = 1.8577. When a PLL with bandwidth 51.514 Hz is used, the proposed
theoretical model predicts a maximum active current at the converter output of 15.7 A. The maximum
active current that the experimental system can inject to the grid without becoming unstable is 14.5
A. Figure 11b shows that the system is stable when injecting 14.5 A.

Table 4. Comparison between proposed model and experimental system for SCR = 1.8577.

. Maximum Active Current— Maximum Active Current—
PLL Bandwidth [Hz] Proposed Model [A] Experimental Rig [A]
10.277-20.334-30.898-40.723 18 18
51.514 15.7 14.5

When the reference current is changed to 15.5 A (current step of 1 A), the system becomes
unstable, showing a good match with the theoretical prediction. If the PLL bandwidth is reduced
below 40.723 Hz, the instability issue is avoided, and the converter can fully supply the nominal
current to the grid, as shown in Figure 11a.
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Figure 11. Experimental results: (a) Maximum active current injected by the converter into the grid
with a PLL bandwidth of 40.723 Hz (10 A/div); (b) Maximum active current injected with a PLL
bandwidth of 51.514 Hz (10 A/div).

In Table 5, the experimental results are compared with those produced by the theoretical model
for the case of SCR =1.6265, confirming the good match between the model and the experimental work.

Table 5. Comparison between proposed model and experimental system for SCR = 1.6265.

. Maximum Active Current—  Maximum Active Current—

PLL Bandwidth [Hz] Proposed Model [A] Experimental Rig [A]
10.277-20.334-30.898 18 18

40.723 175 16.5

51.514 11.8 10

SCR = 1.6265
Tek prevu . G Noise Filter Off
hg=18ja] T -a)

PLLBW=30.898Hz i

00A 0 100A i i i i .
g :gg: Jeoams O riesa <10 Hef02:23:25
Tek prevy ; . ; - = - - NoiseFilter Off
ha=16.5[4] .  Ig=17.5[4] b);

(hmeft_e;pu: ction
5 activation

'PLL BW= 40.723Hz

& 1004 i H i i i

E 1004 Jf40.0ms ) AT <10HJp203:24

Tek prevy ; ; ; - = - Naise Filter ff
Conhg=10[4] - ioong =114 - C)

;

'PLL BW=51.514Hz ~~ : ~ Gonverter protections

B s H activation
@@ 1004 i i i i )
1004 J20.0ms ) 71404 <10Ho1s257

Figure 12. Experimental results: (a) Maximum active current injected by the converter into the grid
with PLL bandwidth of 30.898 Hz (10 A/div); (b) Maximum active current with PLL bandwidth of
40.723 Hz (10 A/div), (c) Maximum active current with PLL bandwidth of 51.514 Hz (10 A/div).
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Figure 12 shows the experimental current waveforms corresponding to the three limit conditions
shown in Table 5. For the rest of the cases, the converter can inject its nominal active current. The last
case studied uses a SCR of 1.4463, representing a very weak grid. Both model results and
experimental results are shown in Table 6, again confirming that experimental results agree with the
theoretical expectations. For instance, if a PLL with a bandwidth of 51.514 Hz is used in the
experimental system, the active current that the inverter can inject into the weak grid before becoming
unstable is less than the 50% of its nominal current. This case is shown in Figure 13d where the
currents of the experimental rig are presented. To ensure the system stability in nominal conditions,
a PLL with a maximum bandwidth of 20.334 Hz must be used as shown in Figure 13a. Finally, the
current waveforms supplied by the converter when the PLL has a bandwidth of 30.898 Hz, and 40.723
Hz are shown in Figure 13b,c respectively.

In Figure 14 the frequencies estimated by the PLL (i.e., PLL output) for the cases described in
Figure 12b and Figure 13c are shown. From this figure, it is concluded that when a step is applied to
the active current, for both cases, the frequency at the PLL increases rapidly, driving the system to
instability and finally producing the disconnection of the converter from the grid after the operation
of the overcurrent protection. It is, therefore, possible to conclude that the proposed model (44) can
effectively predict the system stability when the PLL bandwidth and the SCR of the weak grid are
taken into account.

Table 6. Comparison between proposed model and experimental system for SCR = 1.4463.

. Maximum Active Current— Maximum Active Current—
PLL Bandwidth [Hz] Proposed Model [A] Experimental Rig [A]

10.277-20.334 18 18

30.898 18 16.5

40.723 13.2 135

51.514 8.7 8.5

SCR =1.4463
Tek prevy R Noise Filter Off Tek prevu — Noise Filter Off

ng=18[a1 T T T a) | e S 16.5[4] L5 =17.5[4] Db)

Converter protections

- PLL BW=20.334Hz - : { [PLLBW=30.898Hz : Aceiitfon

:ggﬁ Jo.0ms J&» o004 <10H234425 ) g :gg: Ja0.0ms ) 7188 <10H231407
Tek prevy ) ) ) = e . NoiseFitter Oft Tek prevu ) ) ) = = . Neise Fitter Oft
15 =13.5[4] 175 =14.5[4] C) oI5 = 8.5[4] I}5 =9.5[4] d)

Converter protections

PLL BW=40.723Hz activation i {PLLBW=51.514Hz

& 1004 i i i i i @ 1004 i i i i i i
1004 Jao.0ms JO_ 71604 <10Hf22:4329 1004 J20.0ms O 71124 <10H221025

Figure 13. Experimental results: (a) Maximum active current injected into the grid with PLL
bandwidth of 20.334 Hz (10 A/div); (b) Maximum active current with PLL bandwidth of 30.898 Hz
(10 A/div); (c) Maximum active current with PLL bandwidth of 40.723 Hz (10 A/div); (d) Maximum
active current with PLL bandwidth of 51.514 Hz (10 A/div).
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Figure 14. Frequency at the PLL output in the cases depicted in Figure 12b and Figure 13¢ (current
step) —Matlab data logging of the experimental waveforms.

The experimental tests presented validate some of the operating points shown in Figure 5. For
completeness, in this section, the experimental validation of the pattern discussed in Section 4.2 and
depicted in Figure 8 is provided. In Section 4.2 it was concluded that the stability of the system is
adversely affected by increasing the active current injected by the converter to the weak grid,
decreasing the SCR, and increasing of the PLL bandwidth. Indeed, from Figure 8, it can be seen that
for a given SCR and PLL BW, the damping of modes 7 and 8 decreases as the active current increases.
Based on that, and considering that the settling time of the system is strongly affected by the damping
of the dominant modes (those which affect the stability, in this case, modes 7 and 8 of the proposed
model), additional experimental tests are now discussed.

In these tests, the transient response (settling time) of the frequency at the PLL output is studied
as a function of (i) the PLL bandwidth, (ii) the SCR of the weak grid, (ii) and for different values of
active current. The SCRs considered are 1.4463, 1.6265, 1.8577 and 2.1652. The PLL bandwidths
studied are 20.334 Hz, 30.898 Hz, 40.723 Hz and 51.514 Hz. Finally, the following active currents were
considered: 14 A, 15 A, 16 A, 17 A and 18 A. The experimental tests were generated as follows: with
the experimental system of Figure 9 working for a given SCR of the grid and for a given PLL
bandwidth, the evolution of the frequency at the PLL output is measured and saved online by the
Triphase data logging system, for the following current steps:

v' Step 1: The reference value I;j in the converter is changed from IJ§ = 14 A to I3 =15A
Step 2: The reference value I;§ in the converter is changed from I/§ =15A to [§=16A

Step 3: The reference value I;§ in the converter is changed from I/§ =16 A to I[§ =17 A
Step 4: The reference value I;5 in the converter is changed from Ij§ = 17 A to I/§ = 18 A

ANRNRN

In all of these current steps, the settling time of the frequency at the PLL output and the
frequency of the oscillations in the transient state of this signal are shown. Based on this information,
and considering that in those steps, the transient behaviour is dominated by modes 7 and 8 as shown
in Figure 6 and Figure 8, it is possible to estimate the experimental damping ratio of modes 7 and 8
performing a comparison with those obtained using the proposed model, for the same operating
point. In Appendix C, the procedure to estimate the damping of the modes from the step-response of
the system is presented. Using this procedure, the experimental damping of modes 7 and 8 are
estimated for the four steps studied and for the operating conditions shown in Figures 15-18. Finally,
these experimentally measured damping factors are compared with those calculated using the
proposed model (44) as shown in Tables 7-10.

It can be seen that the theoretical and experimental damping values of modes 7 and 8 given in
Tables 7-10 are very close. The differences can be explained for the following reasons: (i) some
phenomena present in the actual system were not considered in the modelling process (losses,
switching, etc.), (ii) the procedure to estimate the damping coefficient experimentally assumes (see
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Appendix C) that only the dominant poles affect the transient state, however others poles may have
an effect on the dynamic response of the system. Moreover, when the system is close to instability,
small changes in the operating current may produce relatively large changes in the damping
coefficient, and this makes the experimental estimation difficult. However, the damping coefficients
obtained from the model and the experimental work are very similar, with an error

‘gm@,—gﬂpmma, <0.1 in all the operating range. The error is much lower when the system is

operating with damping coefficients above a given threshold (e.g., 0.25).

Finally, Figure 15 shows the variation and oscillations at the output of the PLL, in the
experimental rig of Figure 9, for the 4 steps studied. From this figure, it can be concluded that the
settling time increases with an increase of the active current I;§ injected by the converter into the
weak grid. The same behaviour is seen when analysing the experimental tests shown in Figure 16,
Figure 17, and Figure 18. Based on the results given in Tables 7-10, this behaviour is because the
damping of modes 7 and 8 decreases with an increase of the active current I;§, bringing the system
closer to the zone of instability, and therefore increasing the settling time. Notice that the 2% settling

time is usually estimated as ¢ = 4/ (g“ a)n) where ¢ is the damping coefficient and @, is the

natural frequency of the dominant poles.

)
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Figure 15. Transient response of frequency at the PLL output for a SCR of 1.4463 and for a PLL BW of
20.334 Hz, in the four steps considered in for the validation —MatLab data logging of the experimental
waveforms.

Table 7. Comparison between the damping of modes 7 and 8 given by the proposed model and the
those found in the experimental system, for a SCR = 1.4463 and PLL bandwidth equal to 20.344 Hz.

Reference Value in the Damping of Modes 7 and Damping of Modes 7 and
Converter [A] 8—Proposed Model 8 —Experimental Rig
(11 (S moder) (& experimentat)
14 0.153 0.176
15 0.146 0.119
16 0.140 0.088
17 0.137 0.050
‘ ‘ 155 = 15A I;§ = 16A Crg=17a ]
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Figure 1. Transient response of frequency at the PLL output for a SCR of 1.6265 and for a PLL BW of
30.898 Hz, in the 4 steps considered in for the validation —Matlab data logging of the experimental

waveforms.

Table 1. Comparison between the damping of modes 7 and 8 given by the proposed model and the
those found in the experimental system, for SCR = 1.6265 and PLL bandwidth equal to 30.898 Hz.

Reference Value in the Damping of Modes 7 and Damping of Modes 7 and
Converter [A] 8—Proposed Model 8 — Experimental Rig
(ha (S moder) (§ cperimentat)
14 0.226 0.232
15 0.220 0.197
16 0.215 0.151
17 0.211 0.105

Figure 17. Transient response of frequency at the PLL output for a SCR of 1.8577 and for a PLL BW
of 40.723 Hz, in the four steps considered in for the validation—Matlab data logging of the

experimental waveforms.

Table 9. Comparison between the damping of modes 7 and 8 given by the proposed model and
the those found in the experimental system, for SCR = 1.8577 and PLL bandwidth equal to 40.723

Hz.

Reference Value in the Damping of Modes 7 and Damping of Modes 7 and
Converter [A] 8—Proposed Model 8 —Experimental Rig
(1) G moer) & expermenar)
14 0.183 0.145
15 0.168 0.118
16 0.153 0.090
17 0.137 0.068
15 = 14A LS =15A I;5 = 16A L§=17A 17§ = 18A
330
Step 2 Step 3
320
310
300 Step 1 SCR = 2.1652 and PLL Bandwidth of 51.514 St€P 4
82 84 86 88 90 92 94 96
Time [s]

Figure 18. Transient response of frequency at the PLL output for a SCR of 2.1652 and for a PLL BW of
51.514 Hz, in the 4 steps considered in for the validation —Matlab data logging of the experimental

waveforms.
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Table 10. Comparison between the damping of modes 7 and 8 given by the proposed model and the
those found in the experimental system, for SCR = 2.1652 and PLL bandwidth equal to 51.514 Hz.

Reference Value in the Damping of Modes 7 and Damping of Modes 7 and
Converter [A] 8 —Proposed Model 8 —Experimental Rig
(1) (S moder) (& experimentat)
14 0.163 0.178
15 0.143 0.140
16 0.123 0.084
17 0.102 0.050

6. Conclusions

A low-complexity small signal model of the system has been proposed which includes the PLL
bandwidth and the weakness of the grid. The proposed model has been extensively verified with
simulations implemented in PLECS and validated experimentally for a wide range of PLL
bandwidths and different SCRs.

A dg-PLL design procedure based on the proposed model has been proposed to ensure the
stability of converters connected to weak grids. The improvement of the proposed design scheme
over the schemes reported in previous studies is the fact that (to the best of our knowledge), this is
the first paper where a systematic procedure to design a PLL to be used in weak grids is proposed.

Experimental results obtained from a 5 kW laboratory scale system confirm that the proposed
model and design process can be effective tools to optimise the system operation in terms of finding
the fastest PLL that can be used in a weak grid with known SCR without affecting the system stability.
The small differences between both model and experimental results can be justified because
phenomena present in the experimental rig (e.g., losses, switching) were not taking into account in
the proposed model or in the assumptions used in the modelling process. (See Section 3)

The fact that the proposed model is simple enables it to be used for online stability monitoring.
In fact, only modes 7 and 8 of the model are affected by the PLL bandwidth and the SCR of the grid.
If an algorithm for monitoring the grid impedance is added, the stability of the system can be
monitored online through the calculation of modes 7 and 8.

The proposed PLL design process is suitable for three-phase three-wire balanced weak grids. Its
extension to consider unbalanced and/or harmonic weak grids is proposed for future work. In
unbalanced weak grids, it is necessary to consider both positive and negative sequence components
of currents and voltages of the system in the modelling process. In harmonic weak grids, it is
necessary to consider the voltages and currents of the main harmonics present in the system in the
modelling process.
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Acronyms and Symbols

ARF Actual Reference Frame
BW Bandwidth

CRF Converter Reference Frame
KCL Kirchhoff’s Current Law
KVL Kirchhoff’s Voltage Law
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LTI Linear Time Invariant

PCC  Point of Common Coupling
PI Proportional Integral

PLL Phase-locked loop

PM Phase Margin

SCR Short Circuit Ratio

Wnge  Natural frequency

¢ Damping ratio
Ifaq Inverter output current in the converter reference frame
Iqu Inverter output current in the actual reference frame

fﬁq Reference values of currents in the converter reference frame
Efaq dg components of the capacitor voltage in the converter reference frame
Equ dgq components of the capacitor voltage in the actual reference frame
dq Grid current in the converter reference frame

g Grid current in the actual reference frame

gcdq dgq components of the grid voltage in the converter reference frame

gdq dg components of the grid voltage in the actual reference frame

If1qq¢  Current in the capacitor (converter reference frame)
I£144  Current in the capacitor (actual reference frame)

Vqu dgq components of the voltage at the converter output (converter reference frame)
Vqu dgq components of the voltage at the converter output (actual reference frame)
Ly Inverter side filter inductor
G Filter capacitor
Ly Inductive component of grid impedance
Ry Resistive component of grid impedance
wpr,  Frequency obtained by the PLL
Wn Nominal frequency of the electrical system
Al Perturbation in the angle between the CRF and the ARF
Be Phase angle of the electrical system
OpLL Estimation of 6, obtained by the PLL
) Angle between Efy, and Vi,
Zg Grid impedance
Appendix A

Let us consider that a time-invariant system is modelled in the state space representation shown
in (Al):

X = f(x,u) (A1)
y=g(x,u)

To linearise (Al), it is necessary to linearise both f and g around an equilibrium point. An

equilibrium point (x,,%,) is that where all the derivatives of (A1) are simultaneously zero. It means
that f(x,,u,) =0.Dueto (Al)is anonlinear system, there may be more than one equilibrium point

[37]. Function f linearised around (x,,u,), yields [37,47]:

f(x,u)= f(xy,uy)+ J_/,x o

) (x_x0)+Jf’”|u:u (0 —uy)+ f(x,u) (A2)

where J, —and J, are the Jacobians of f with respect to the state and input variables

respectively, and fi1 is a remainder that absorbs all the differences that the first order approximation
cannot represent [47]. A similar process can be applied to g, obtaining a linear approximation of it.

Let us define Ax= X—Xx, and Au=u —1u,, and let us consider that the remainder functions
f, and g, are neglected. Based on that, (A1) can be rewritten in terms of Ax and Au as shown
(A3).[37,47]
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A%
Ay

1

AAx + BAu

(A3)
CAx+ DAu

Q

where J 24, J,. £ B, Jos £C and gy £ D. All of them are constant matrices since the

system in time-invariant. Finally, it can be concluded that the linearised form of (A1) corresponds to
the system depicted in (A3).

Appendix B
Let us consider the following system in the af reference frame:

. i
Vs = RIup+1, L F, (Ad)

where I7aﬂ =V, + jV,, f,w =1, + jl, and Eaﬂ =E,+ JE, . Transforming (A4) to a

dq synchronous reference frame, rotating at ¢, (with g = J' o, dt ) yields (A5)

d?aﬂ

|:I7:aﬂ:|eij9g = leaﬂ‘i‘Ll +Eaﬁ e—j&g (AS)
Equation (A5), can be rewritten as:
Vg = RiTag+ 0, 0Lt omioe L F o (A6)
dt
6

Due to €, is time-dependent, the term €’ cannot be included in the derivate. Using the

rule for the derivative of a product, (A7) is obtained.

- - o, - - - jo, 7 -
dlag dap e ™) jo, ddap g d(e ™) cyodlap 05, (A7)
dt dt dt dt dt

Finally, using (A7), the system (A6) can be written fully in the dg reference frame as shown (A8).

d[dq

Vg = R176,5,+Ll +ja)eL1;dq+Edq (A8)

where V' ,, = Vy+ iV, Tag = 1, + jI, and Ea = E, + JE , -Finally, it can be concluded
that the system shown in (A4), in the synchronous dq reference frame (rotating at 6.), corresponds to
that shown in (A8)

Appendix C

Let us consider the following second order system in the Laplace domain:

Gls) =y (A9)
s*+2w,s+ @,

The step response of (A9) (considering that it is an underdamped system) in the time domain is:

y(t)=1—\/1_17€§”"’ sin[(on (\/1—§2)1+9} (A10)

In Equation (A10), the term {@, corresponds to the real part of the poles of Equation (A9) and

w,=0\1-¢ ® (natural frequency damped) is the imaginary component of the poles of (A9), as

shown in Figure Ala. On the other hand, Figure Alb shows the experimental measure of equation
(A10) obtains from the experimental system used in this work. In this figure, t; is the settling time,
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and t; corresponds to the period of @, . Both t; and t; can be measured experimentally in the

transient states and they can be related to the poles of (A9), through Equation (A11), (A12) and (A13).
Finally, measuring t; and t; for each step depicted in Figures 15-18, the experimental damping in
that operating conditions can by obtains using (A11), (A12) and A13.

tq
Pole of (A9) L
I
@ 317 ‘
Xy wmmmm 10) >
@, ¢ 23161
S 315
; =
3 3 314 } |
1 ¢ =cos(d) = i |
‘ 0 3 | |
L |
—l I |
o= o I I
a) co, ol 3 )
53.5 54 54.5 55 55.5
{ Time [s]

Figure Al. (a) pole diagram of Equation (A9), and (b) experimental measure of (A10) from the
experimental system.

o == (A11)

@, =o\1-¢ (A12)

tx—— (A13)
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