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Abstract

A theoretical and phenomenological consideration is given to higher order, strong field effects in electron/laser inter-
actions. A consistent strong field theory is the Furry interaction picture of intense field quantum field theory. In this
theory, fermions are embedded in the strong laser field and the Volkov wavefunction solutions that result, are exact
with respect to the strong field. When these Volkov fermions interact with individual photons from other sources,
the transition probability is enhanced in a series of resonances when the kinematics allow the virtual fermion to go
on-shell. An experiment is proposed in which, for the first time, resonances could be used to generate high energy
photons from relativistic electrons at rates orders of magnitude in excess of usual mechanisms.

1. Introduction

The production of high energy photons from elec-
trons interacting with an external field is highly sought
after in a number of applications. In a free-electron
laser, electrons interact with the magnetic field of
an undulator to radiate x-rays either incoherently or
coherently [1]. The interaction of a high intensity laser
with relativistic electron produces gamma beams which
can interact with each other in a gamma collider [2].

Inverse Compton scattering provides the usual mech-
anism for the production of high energy photons with
an intense laser and relativistic electrons. The analysis
of the interaction is often via classical electrodynamics
[3]. However, the interaction can also be treated using
quantum field theory [4]. The quantum analysis is
advantageous since it takes into account quantum
recoil, spin coupling to the external field, and self
energy effects [5].

A consistent quantum framework for the electron -
strong laser interaction is the Furry interaction picture
[6] within intense field quantum field theory (IFQFT).
This treats the laser as a background field and calculates
the exact wavefunction for the electron embedded in
the external field [7]. In this framework, the high
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(a) One vertex HICS process.
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(b) Two vertex SCS process.
Figure 1: Feynman diagrams for 1st and 2nd order strong field
processes

intensity Compton scattering (HICS) which produces
high energy photons from the electron-laser interaction,
is a first order term in the Furry picture perturbation
series (figure 1a).

The HICS process was successfully tested in the
collision of 46.6 GeV electrons with a terawatt laser
focussed to ≈ 1018 W/cm2. Transition rates matched
expectations, showing a stepped Compton edge for the
onset of multiphoton effects. A predicted mass shift
for the electron rest mass was indeterminate due to
statistics and the limited laser intensity [8].

IFQFT predicts a series of novel behaviours; that the
quantum vacuum in the presence of a strong electro-
magnetic field can be polarized, is birefringent, enables
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photon scattering and exhibits an energy-level structure
[9]. Thus, second and higher order terms in the IFQFT
perturbation series can be resonant due to transitions
between induced vacuum energy levels [10, 11, 12].

In this paper, the formula leading to the second order
resonant Compton scattering will be reviewed (section
2). Resonance widths and locations will be calculated
with the aid of the self-energy (section 3). The labora-
tory set up required to produce the expected higher rate
of high energy photon productions is sketched in section
4. Natural units, c = ~ = 1 are assumed.

2. Compton scattering in strong background fields

In the Furry picture, the external field,Ae is separated
from the quantised gauge field at Lagrangian level. For
electrons, the resulting Dirac equation is minimally cou-
pled to the external field (equation 1). The interaction of
the bound electron and photon field operators is handled
in the usual perturbation theory [13]

LQED = ψ̄(i/∂ −m)ψ − 1

4
(Fµν)2 − eψ̄( /A+ /A

e
)ψ

=⇒
(
i/∂ − e /Ae −m

)
ψFP = 0 (1)

The minimally coupled Dirac equation can be solved
exactly when the external field is a plane wave. For an
electron of momentum pµ = (ε, ~p), mass m and spin r
embedded in a plane wave electromagnetic field of po-
tential Aexµ and momentum kµ = (ω,~k), and with nor-
malisation np and Dirac spinor urp, the Volkov solution
is,

ΨFP
prx = np Epx upr e

−ip·x, np =

√
m

2ε(2π)3
(2)

Epx ≡
[
1− /A

e
x/k

2(k·p)

]
e
−i
∫ k·x 2eAeξ·p−e

2Ae 2
ξ

2k·p dξ

When the external field is provided by a periodic laser
field, the Volkov solution can be expanded in a Fourier
series of modes corresponding to momentum contribu-
tions nk

ΨFP
prx =

∞∑
n=−∞

∫ π

−π

dφ

2π
np Epφ upr e

−i(p+nk)·x (3)

Volkov solutions are quantised via their properties of
orthogonality and completeness [14, 15]. The usual S-
matrix theory then allows the matrix element MSCS

f i of
the second order stimulated Compton scattering (SCS)
to be written down with the aid of the Feynman diagram
(figure 1b),

MSCS
f i =

∫
dx dy Ψ̄FP

fry Āfy G
FP
yx Aix ΨFP

isx (4)

where GFP
yx =

∫
dp

(2π)4
Epy

/p+m

p2 −m2 + iε
Ēpx

The resonant behaviour of the SCS transition proba-
bility is related to the pole structure of the propagator,
GFP

yx . In order to gauge the effect on the tree level pro-
cess, Furry picture loops need to be examined.

3. Propagator poles and resonance widths

The normal Compton transition rate becomes very
large as scattered photon energy tends to zero. This IR
divergence arises from the denominator of the propaga-
tor, which reaches zero when the photon energy van-
ishes. Similarly, the SCS process intermediate parti-
cle has contributions from the external field, and its be-
haviour is governed by the pole condition,

(qi + ki + nk)2 = m2(1 + a20), a0 =
e| ~Ae|
m

(5)

qi = pi +
a20m

2

2 k · pi
k, n ∈ Z

There are a range of conditions that lead to a
propagator pole, for each of the external field photon
modes n. These pole contributions are interpreted
as transitions between energy levels in analogy to
transitions between energy levels in an atom.

The physical mechanism for these energy levels
induced in the vacuum by the strong external field, is
thought to be the virtual charges. These virtual charges
fluctuate in limits set by Heisenberg uncertainty, and
form dipoles which screen electrons to give them their
observable charge. The virtual charges respond to a
strong external field, preferencing certain momentum
states of propagator particles.

The Furry picture, in effect, renders the quantum
vacuum a dispersive medium, so that the one vertex
HICS process can be considered a decay. Decays imply
a lifetime, which appears in the propagator as a line
width, Γ of the induced energy levels.

By the optical theorem, the line width is given by the
imaginary part of the Furry picture electron self energy
which is equivalent to twice the HICS transition rate
[16]

IΣFP
p ≡ iΓ = 2WHICS (6)
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Figure 2: Experimental schematic for the production of vacuum
resonances. Angles of the incoming (θi) and scattered (θf ) pho-
tons are defined with respect to the direction of the strong laser

The resonance width can be included in the propaga-
tor via the LSZ formula [17],

GFP
yx =

∫
dp

(2π)4
Epy

/p+m

p2 −m2 + iΓ + iε
Ēpx (7)

The propagator poles are thus rendered as resonances.
At resonance, the SCS transition rate increases to a
value determined by its resonance width, trace and
phase. An estimation of that increase proceeds from
consideration of a real experiment.

4. Experimental schema

Compton scattering in a strong background field can
be created by colliding a relativistic electron bunch
(γ ≡ εp/m, β =

√
1− γ−2) head-on with a strong

laser, typically optical (λ =1 µm) and focussed to an
intensity of order 1019 W/cm2 (a0 & 1). Initial state
photons can be provided by a tunable optical laser
whose photon energy ωi, and angle of incidence θi can
be varied (figure 2).

The resonant condition can be achieved by tuning the
probe photon. Figure 3 shows the relationship between
probe photon energy (as a ratio of strong laser photon
energy) versus probe angle, obtained from the pole con-
dition,

cos θi ≈
1 + β + (1 + β)2nω/ωi + a20/2γ

2

β(1 + β)− a20/2γ2
(8)
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Figure 3: Resonant probe angle vs photon energy ratio for rela-
tivstic γ electrons.
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Figure 4: Radiated photon energy vs radiation angle at resonance.

The resonance condition, combined with the conser-
vation of energy-momentum, gives the distribution of
the radiated photons at resonance (equation 9). Com-
pared to the one vertex HICS process, a more energetic
radiation peak centered around the forward direction of
the relativistic electron results (figure 4)

ωf =
(n+ 1)ω γ(1 + β)

γ(1+β cos θf)+

[
n

ω

m
+

a20
2γ(1+β)

]
(1- cos θf)+

ωi

m
[1- cos(θi+θf)]

(9)

The advantage of the SCS process comes from the
enhanced rate of high energy photons at resonance. The
precise value is obtained only in the full calculation of
the transition rate [12]. However an approximate value
can be obtained, by examining the likely numerical
value of the resonance width.

Given that the external field is circularly polarised,
the resonance width can be written approximately in
terms of the QED coupling constant α, the external field
intensity a0, and the scalar product of field momentum
and virtual electron momentum ρ ≡ 2k ·p [18],

Γ ≈ 0.29αρ a1.860 (10)

The SCS tree level propagator denominator at reso-
nance, with resonance width included, is,
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1/ [2qi ·ki + 2nk ·(pi + ki) + i Γ] (11)

The first two terms in equation 11 are of the same
order as ρ, so the increase in the SCS transition rate,
which contains the square of the propagator, at reso-
nance is given by a factor (Γ/ρ)2. Finally, since the two
vertex SCS process is a factor of α smaller than the one
vertex HICS process, to a first estimation, the resonant
SCS transition rate is about three orders of magnitude
greater than the HICS transition rate when the strong
field intensity a0 ≈ 1.

The actual number of radiated photons is limited by
the width of the resonance and the experimental con-
ditions. Nevertheless, the mechanism described here,
if found by experiment, promises high energy photons
produced at rates, orders of magnitude in excess of con-
ventional methods.

5. Conclusion

A consistent quantum approach to the production of
high energy photons from the interaction of relativistic
electrons with an ultra-intense laser was outlined. The
Furry picture, in which the interaction with the strong
field is solved exactly, was used. In this framework, the
conventional inverse Compton scattering process is in
fact one vertex photon radiation.

When the theory is extended to second order, by the
two vertex Compton scattering in a strong field, new
features emerge. The quantum vacuum takes on an
energy level structure, and resonant transitions between
these energy levels can be induced with a tuned probe
laser.

Physically, the quantum vacuum consists of virtual
charges which respond to the strong field and pref-
erence certain momentum states. The probability for
virtual particles to propagate at resonance is enhanced.

The pole structure of IFQFT is more complicated
than regular QFT, and requires a re-examination of
regularisation and renormalisation procedures. The
strong field couples to the self energy and the running
of the coupling constant is modified. The pursuit of
IFQFT theory promises fascinating new insights.

The vacuum resonances described here apply more
generally. With tuning, vacuum polarisation, vacuum
birefringence, photon scattering and spontaneous pair
production can all be enhanced.

Practically, tuning of these vacuum resonances,
promises the production of high energy photons at
largely enhanced rates. Indeed, relative simple, dedi-
cated experiments can be designed with today’s tech-
nology to find these reonances. As such, these vacuum
resonances represent a new test of our quantum field
theories, as well as promising beneficial applications.
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Gleichung. Zeitschrift für Physik, 94:250–260, 1935.

[8] C. Bamber et al. Studies of nonlinear QED in collisions of 46.6
GeV electrons with intense laser pulses. Phys Rev D, 60:092004,
1999.

[9] Ya.B. Zeldovich. The quasienergy of a quantum mechanical
system subjected to a periodic action. Sov Phys JETP, 24:1006–
1008, 1967.

[10] V.P. Oleinik. Resonance effects in the field of an intense laser
ray II. Sov. Phys. JETP, 26(6):1132–1138, 1968.

[11] J. Bös, W. Brock, H. Mitter, and Th. Schott. Resonances and
intensity-dependent shift of the Møller cross section in a strong
laser field. J Phys A, 12(5):715–730, 1979.

[12] A. Hartin. Second order processes in an intense electromag-
netic field. PhD thesis, University of London, 2006, arxiv:hep-
ph/1701.02906.

[13] J.M. Jauch and F. Rohrlich. The Theory of Photons and Elec-
trons. Springer-Verlag, Berlin, 1976.

[14] M. Boca and V. Florescu. The completeness of Volkov spinors.
Rom. Phys J, 55:511–525, 2010.

[15] P. Filipowicz. Relativistic electron in a quantised plane wave. J
Phys A, 18:1675–1685, 1985.

[16] V.I. Ritus. Radiative corrections in Quantum Electrodynam-
ics with intense field and their analytic properties. Ann Phys,
69:555–582, 1972.
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