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Abstract—This paper proposes and explores a
novel channel estimation scheme for non-orthogonal
multi-carrier signals and systems; spectrally efficient
frequency division multiplexing (SEFDM), in which
higher spectral efficiency is achieved by violating
the orthogonality of its subcarriers. The proposed
scheme is distinguished by its simplicity, low compu-
tational complexity, high accuracy and performance
independent of the number of subcarriers and com-
pression factor. The presented results demonstrate
the efficacy of the proposed scheme by comparing
its complexity and performance to other estimation
schemes.

I. INTRODUCTION

Improving the spectral efficiency is a key chal-
lenge in the design of wireless communication
systems and a major consideration in 5th gen-
eration systems and beyond [1], [2]. Many tech-
niques were proposed for the purpose of improv-
ing spectral efficiency relative to that of the well
known orthogonal frequency division multiplex-
ing (OFDM). SEFDM was originally proposed in
2003 [3] and the idea behind it is to pack more
subcarriers than OFDM in a given bandwidth. De-
spite of the non-orthogonality, techniques gener-
ally used in wireless systems, such as channel cod-
ing, equalisation and detection have been applied
to SEFDM. Indeed, significant spectral efficiency
gains were demonstrated in experimental SEFDM
test beds for wireless [4], optical/mm-wave [5],
VLC system [6] [7], very high speed optical [8]
and the downlink for Internet of Things (IoT)
networks [9].

The non-orthogonality nature of SEFDM sig-
nals further complicates the channel estimation
problem. Two time domain channel estimation
schemes for SEFDM systems were proposed in
[10] and another one in [6]. These schemes show
acceptable performance, however, their complex-
ity limits their practical utilisation because they
require matrix inversions. To estimate the channel
in the frequency domain, the work in [8] divides
the transmitted block into orthogonal and non-
orthogonal multiplexing regions. The orthogonal
region is used specifically for channel estimation
based on least squares (LS) [8]. However, this

scheme suffers from the disadvantage of inter-
polation, that increases the estimation complexity
and reduces its accuracy, as the frequencies of
subcarriers in OFDM region are not the same
as SEFDM region [8]. Recently, a joint itera-
tive channel estimation and equalisation scheme
in the frequency domain is proposed for single-
carrier non-orthogonal faster-than-Nyquist (FTN)
systems, where a trace (trellis) operation is used
to minimize the estimation error [11]. Although
the estimation accuracy is enhanced gradually in
each iteration, the complexity and delay due to
the estimator iterative nature limit the scheme
practicality.

In this paper, we exploit the compressed subcar-
riers feature of SEFDM systems to design a novel
frequency domain channel estimation scheme.The
proposed scheme demonstrates substantial perfor-
mance and computational complexity gains over
other existing schemes.

II. SEFDM SIGNALS OVER MULTIPATH
CHANNELS

SEFDM is a multi-carrier modulation tech-
nique, where symbols are generated similarly to
OFDM by means of modified IFFT structures [4].
Let z ∈ CN×1 be a complex QAM baseband sym-
bol of duration Ts, to be modulated by SEFDM in
a multicarrier multiplexing manner, then the kth

SEFDM-modulated symbol is presented as [4]

xk(t) =

N−1∑
n=0

zk,n exp(2πjnα∆f(t− kT )), (1)

where N denotes the number of subcarriers, zk,n
is the QAM symbol modulated by the nth subcar-
rier, T = N × Ts is the SEFDM signal duration
and ∆f = 1/T is the orthogonal frequency
spacing between subcarriers. α ∈ (0, 1] is the
compression factor, which indicates bandwidth
savings of ((1 − α)/α) × 100% when compared
to OFDM (α = 1).
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Fig. 1: Transceiver block diagram.

If the signal in (1) were to be transmitted over a
frequency-selective multipath channel of L paths,
the received signal can be expressed as

yk(t) =
∑
L

γlxk(t− τl) + wk(t), (2)

where γl, τl are the complex amplitude and delay
of the lth path, respectively. wk is the additive
white Gaussian noise (AWGN), with zero mean
and variance σ2

n = N0/2, where N0 is the noise
power spectral density.

At the receiver, the estimated symbol at the
nth subcarrier ẑk,n affected by the channel and
contaminated by interference resulting from the
non-orthogonal nature of the SEFDM signal can
be expressed as

ẑk,n = yk(t) exp(−2πjnα∆ft)

=
∑
L

γl[

N−1∑
m=0

zk,mΛ(m,n)

× exp(−2πjmα∆f(kT + τl))]

=

N−1∑
m=0

zk,mhk,mΛ(m,n),

(3)

where hk,m =
∑

L γl exp(−2πjmα∆f(kT +τl))
is the multipath channel frequency response (CFR)
acting on the mth subcarrier of the kth SEFDM
symbol and Λ(m,n) is the cross correlation be-
tween the subcarriers m and n given by [12]

Λ(m,n) = exp(jπα(m−n))sinc(α(m−n)). (4)

A high level transceiver design is shown in Fig.
1 to give a general idea about CFR estimation for
SEFDM signals over a multipath channel. In this
work, a cyclic prefix of sufficient length is added
to validate the assumption of null inter-symbol
interference (ISI) between adjacent SEFDM sym-
bols.

It is convenient to describe the transceiver pro-
cess in the digital domain through a linear model.
A demodulated SEFDM symbol ẑk from (3) can
be expressed in a matrix form as

ẑk = ΛHkzk + wk, (5)

where ẑk, zk and wk are CN×1 vectors of the kth

demodulated, transmitted baseband symbols and

the white noise, respectively. Hk ∈ CN×N is a
diagonal matrix, where its diagonal element Hn,n

is the CFR coefficient on the nth subcarrier of the
SEFDM signal and Λ ∈ CN×N is the subcarriers
correlation matrix, whose elements are given in
(4).

The dual distortion of SEFDM signals intro-
duced by the inter-carrier interference (ICI) and
multipath channel effects compounds the difficulty
and reduces the accuracy of channel estimation,
relative to those of OFDM systems where Λ is
an identity matrix. In the following, frequency
domain channel estimation schemes for SEFDM
are described.

III. FREQUENCY DOMAIN CHANNEL
ESTIMATION SCHEMES

Let p ∈ CN×1 be the pilot symbol with the
same characteristics of z. Then, following (5), the
demodulated pilot can will be represented by

p̂ = Λh� p + w, (6)

where � denotes an element-wise multiplication
and h is the diagonal of H.

The three schemes considered in this paper are
introduced below. Scheme I is based on the time
domain channel estimation scheme of [10], but
in the frequency domain. Scheme II is similar to
the estimation scheme of the optical experimental
work of [8], whilst scheme III presents the new
channel estimation scheme proposed in this paper.

A. Scheme I: Interpolated Partial Channel Esti-
mation (PCE)

PCE is based on the observation that there
are subsets within the SEFDM subcarriers that
can be mutually orthogonal. For α = b/c where
b, c ∈ Z, b < c, N > c, there are dN/ce
mutually orthogonal subcarriers (|Λm,n| = 0) for
α(m − n) ∈ Z, where d.e is the ceiling function
[10]. Thus, the pilot is sent only over the mutually
orthogonal subcarriers while the rest of the sub-
carriers are set to zero during pilot transmission.
This type of arrangement overcomes the SEFDM
ill-conditioning problem [10], as the condition
number of its correlation matrix Λ increases by
reducing α and/or increasing N .



Algorithm 1 Scheme I: PCE
Input: (N,p, p̂, c)
Output: CFR (ĥ)

for i = 0 : N − 1 do {Receiver}
if α× i ∈ Z then {LS}

ĥi = p̂i/pi
end if

end for
for i = 1 : bN/cc do

ϑ(i) = ĥ(p(i×c))−ĥ(p((i−1)×c))
f(p(i×c))−f(p((i−1)×c)) {Slope be-

tween two pilots}
end for
for i = 1 : bN/cc do {Linear interpolation}

po = p((i− 1)× c), ĥo = ĥ(po)
for j = (i− 1)× c+ 1 : (i× c)− 1 do

ĥj = ϑ(i)× (f(j)− f(po)) + ĥo
end for

end for

The first step to estimate the channel via PCE
is LS estimation. Thereafter, the CFRs over the
rest (N −dN/ce) subcarriers are interpolated. For
simplicity, linear interpolation is used. Algorithm
1 summarises the PCE algorithm for CFR estima-
tion, where f(p) is the frequency of the subcarrier
modulated by the pilot p and b.c denotes the floor
operation.

B. Scheme II: OFDM Pilots with Interpolation

Another way to solve the SEFDM ill-
conditioning problem is using an OFDM pilot, as
in [8]. SEFDM packs more subcarriers in the same
bandwidth relative to OFDM. Thus, for the OFDM
pilot, in order to occupy the same bandwidth as
SEFDM, the number of subcarriers of the OFDM
pilot (Np) for a specific (α) is given by

Np = dα×Ne, (7)

where the transmitted OFDM pilot can be pre-
sented as

p(t) =

Np−1∑
n=0

(pn exp(2πjn∆ft). (8)

For α = b/c where b, c ∈ Z, b < c, N > c, there
are dN/ce subcarriers out of Np with an integer
multiple of (α∆f). Hence, the CFRs on these
subcarriers can be found directly by LS estimation.
Thereafter, the CFRs on the rest (N −dN/ce) are
obtained through interpolation. Algorithm 2 sum-
marises scheme II algorithm for CFR estimation.

C. Scheme III: OFDM Pilots without Interpola-
tion

The previous method of OFDM pilot utiliza-
tion shows the advantage of solving the SEFDM

Algorithm 2 Scheme II: OFDM Pilots with Inter-
polation

Input: (N,Np,p, p̂, α)
Output: CFR (ĥ)

for i = 0 : Np − 1 do {LS}
r̂n = p̂n/pn

end for
for i = 0 : N − 1 do

if i/c ∈ Z then
ĥi = r̂(i× α) {No interpolation}

else
g = bα× ic {Linear interpolation}
ĥi = r̂(g) + r̂(g+1)−r̂(g)

f(g+1)−f(g) (f(i)− f(g))
end if

end for

ill-conditioning problem. However, the required
frequency-domain interpolation results in increas-
ing the estimation scheme complexity and a de-
pendency on α.

To overcome the interpolation drawback, the
main aim of the proposed scheme is to have
an OFDM pilot symbol that occupies the same
bandwidth of the SEFDM information symbols
in (1), with the same number of subcarriers N
and frequency separation. These requirements, if
satisfied, result in estimating the channel directly
via LS without interpolation as given below

ĥ = p̂./p, (9)

where ./ denotes an element-wise division. Hence,
to maintain the orthogonality of the pilot with a
subcarreirs separation ∆f = α/T , the OFDM
pilot symbol duration (Tp) increases by a factor
of (1/α), such as Tp = T/α.

To have a better understanding, Fig. 2 compares
an OFDM pilot of duration Tp, with an SEFDM
information symbol of duration T for the case of
α = 0.8. This figure presents the real part of the
first three subcarriers {fn = 0,∆f, 2∆f} in (1).
Clearly, unlike SEFDM, the OFDM pilot has to
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Fig. 2: The real part of xk(t) in the time domain
for fn = 0,∆f, 2∆f with α = 0.8.
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Fig. 3: Channel frequency responses for channels 1 & 2.

maintain an integer number of cycles to preserve
its orthogonality. Therefore, to complete a cycle,
extra samples to cover the T (1 − α)/α overhead
are needed, resulting in an extended pilot symbol
period.

The added redundancy of this scheme compared
to others depends on how frequent the pilot is
sent. For instance, if the pilot is sent every G
information symbols, then, the added redundancy
is ((1 − α)/(G + 1)) × 100%. In the following
discussion, and for the purpose of illustrating the
utility of this new channel estimation scheme,
two scenarios for slow varying or static channels,
where a pilot symbol is sent ahead of information
symbols, are presented. For fast varying channels,
the same technique may be applied but with more
frequent pilot transmission, in line with other
mobile system practices.

IV. PERFORMANCE & COMPLEXITY ANALYSIS

Numerical simulations of the system of Fig.
1 are considered here for two channel scenarios.
Channel 1 is the static channel in [13], which has
been used before in [10] for SEFDM system with
impulse response given by

h(t) = 0.8765δ(t)− 0.2279δ(t− Tq)+

0.1315δ(t− 5Tq)− 0.4032e
iπ
2 δ(t− 7Tq), (10)

where δ(.) is the Dirac delta function and Tq =
T/Q is the sample time-duration in seconds and
Q = 2N is the number of time samples per
SEFDM symbol.

Channel 2 is a quasi static Rayleigh channel that
does not significantly change within an SEFDM
symbol transmission but is time variant over the
duration of the transmission of few symbols. Ta-
ble. I summarises simulation parameters of chan-
nel 2, while Fig. 3 illustrates the CFRs for static
channel 1 and a snapshot of channel 2 at a given
time instant.

TABLE I: Channel 2 simulation parameters.
Parameter Value
Number of delay taps 8
Maximum delay (τ ) 0.2T < τ < 0.5T

Based on (6), Fig. 1 and the algorithms dis-
cussed above, the received pilot symbol p̂ is used
to calculate the estimated CFR ĥ. Thence, ĥ is
used to equalise the channel effects on the SEFDM
information symbols via a joint equalisation and
detection method similar to that implemented in
[14]. Details of the joint equalisation and detection
method are not included as the main focus of
this paper is on CFR estimation. In this work, the
mean square error (MSE) is used to evaluate the
performance of the schemes considered. The MSE
is given by

MSE = E{[ĥ− h]H[ĥ− h]}, (11)

where E[·] is the expectation operator and (·)H is
the Hermitian operator.

The simulation results of Fig. 4 show the MSE
versus the energy per bit to noise ratio (Eb/N0) in
dB for the three CFR estimation schemes and the
two channels explored in this paper (top figures
for channel 1 and bottom for channel 2). The
comparison is held for three different (4-QAM
mapped) pilot sizes (N = 16, 128, 1024) and two
compression factors (i.e. α = 0.8, 0.67).

The main conclusions that can be drawn from
the results of Fig. 4 are: First, the performance of
the first two schemes is enhanced by increasing
N , and is a function of α and the flatness of
the CFR. Second, due to the interpolation imple-
mented in the first two schemes, they outperform
the third scheme for the case of channel 1 with
N = 128, 1024. This is because the AWGN noise
is assumed to have zero mean, thus, interpolation
helps in reducing the noise effect leading to a more
accurate channel estimation. Finally, the advantage
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Fig. 4: MSE results for the three estimation schemes over channel 1 & channel 2, for different values
of N and α.



TABLE II: Computational complexities (in terms of number of complex operations) for the three
channel estimation schemes.

Multiplications Additions
Scheme I N + dN/ce − 1 2(N − 1)
Scheme II 2(N − dN/ce) + dN × ce − 1 4(N − dN/ce)− 1
Scheme III N 0

of scheme III can be seen from its enhanced
performance that is independent of N,α and the
channel condition.

Besides performance, complexity is another
prime factor to consider. The total number of
operations for the three schemes discussed above
are counted using Algorithm 1, 2 and equation (9).
Table II summarises the complexity of all schemes
in terms of the number of complex additions and
multiplications. Clearly, scheme III has the lowest
complexity.

We emphasize here that the complexities of
scheme I and II depend on α unlike scheme III.
Thus, the performance and complexity of scheme
III make its implementation practical.

V. CONCLUSIONS

In this work, we devise a robust frequency-
domain channel estimation scheme for SEFDM
signals, where the transmitted block is divided
into orthogonal and non-orthogonal multiplexing
regions. Specifically, the pilot is sent over orthog-
onally spaced subcarriers as an OFDM symbol,
while information symbols are sent over SEFDM;
both using the same number of subcarriers and
the same subcarrier spacing. Therefore, this new
scheme does not require channel interpolation
and results in accurate channel estimation, at the
expense of slightly increased pilot duration over-
head. The MSE results demonstrate that this new
scheme maintains an accurate estimation of the
channel regardless of the compression factor of
SEFDM, the number of subcarriers and channel
state. In addition, substantial reduction in compu-
tational complexity and implementation simplicity
are achieved compared to other schemes.
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