
Constructive Interference Beamforming for
Cooperative Dual-Hop MIMO Relay Systems

(Invited Paper)

Ang Li and Christos Masouros
Dept. of Electronic and Electrical Eng., University College London, London, UK

Email: {ang.li.14, c.masouros}@ucl.ac.uk

Abstract—In this paper, we consider the downlink transmis-
sion for a dual-hop amplify-and-forward (AF) multiple-antenna
relay systems, where we propose beamforming techniques for
interference exploitation on a symbol level. Based on the con-
structive interference (CI), we firstly propose a joint source/relay
precoding, where the precoding matrices at the source and the
output signals at the relay are jointly optimized. To alleviate
the high computational costs and circumvent the difficulty of
practical implementation of the joint design, we further propose
a low-complexity decoupled approach, where a closed-form linear
precoding method is first employed at the source, and we then
optimize the beamforming matrix at the relay for interference
exploitation. It is revealed by numerical results that the pro-
posed approaches that exploit the instantaneous interference can
achieve an improved performance over the conventional case with
a linear approach.

Index Terms—Cooperative systems, dual-hop AF relay, MIMO,
constructive interference, optimization.

I. INTRODUCTION

Due to the significant multiplexing gain and diversity gain,
multiple-input multiple-output (MIMO) techniques have been
widely employed to support the exponential growth in both the
wireless devices and the wireless data traffic [1]-[3]. Among
MIMO techniques, relaying and cooperative multi-antenna
systems have emerged as key advocates due to the promising
potential to improve the system capacity and increase reliable
coverage, especially when the direct links between the base
station (BS) and the users experience deep fading [4]. Moti-
vated by these benefits, extensive research efforts have been
devoted to the cooperative relay systems [5]-[9]. Specifically,
the designs of amplify-and-forward (AF) and decode-and-
forward (DF) relaying have been well studied for the system
consisting of one source and one destination through one relay
in [5]-[7], where the capacity bounds are theoretically studied
in [5] for the non-regenerative MIMO relay systems. The
rate and error performance have been studied in [6][7] for
the relay-assisted cooperative systems. Multiple relays have
been considered in [8][9], where the capacity scaling law
is analyzed in [8], while a relay selection method has been
introduced in [9] for additional diversity benefits.

In addition, precoding designs have also been widely stud-
ied for the relay-aided communication systems [10]-[16].
In [10][11], the authors consider the maximization of the
system capacity, where [10] considers both the case with a
direct link and the case without a direct link, while in [11]

three distinct scenarios are considered with respect to the
availability of channel state information (CSI) at the relay. [12]
considers the maximum signal-to-interference-plus-noise ratio
(MSINR) criterion, where it is shown that the optimality is
achieved when the equivalent source-relay-destination channel
is diagonalized into sub-channels. Joint source/relay precoding
has been considered in [13][14], where in [13] the precoding
method has been designed for a MIMO two-way relay systems
based on mean-squared-error (MSE) criterion, while [14]
studies the case with limited feedback for the dual-hop MIMO
relay systems, and focuses on the selection process for the
successive interference cancellation (SIC) at the receiver. The
study of limited feedback has been extended to the case of
multiuser in [15], where a linear precoding scheme is consid-
ered at the relay and the upper bound on the rate loss due to the
quantization is characterized. The maximization of the energy
efficiency in a multiuser MIMO relay system is considered
in [16]. Nevertheless, all the above precoding designs may
be sub-optimal as they ignore the fact that interference can
be exploited on an instantaneous basis [18]-[25]. It is shown
that on the symbol level, the instantaneous interference can be
classified into constructive and destructive [18], and downlink
optimization-based transmission techniques have further been
proposed such that all the interference is manipulated to be
constructive. Such interference exploitation methods have not
been well studied for the relay-aided cooperative communica-
tion systems.

Therefore in this paper, we consider the symbol-level pre-
coding techniques for the multiple-antenna cooperative dual-
hop AF relay systems for interference exploitation. We first
focus on a joint source/relay precoding technique, where the
optimization problem is constructed based on the geometry
of the modulation constellations to exploit the constructive
interference. Noting that the formulated optimization is bi-
convex, we propose an alternating optimization process to
iteratively update the precoding matrices at the BS and the
relay, where the proposed alternating approach is guaranteed
to converge. Nevertheless, this joint approach is computation-
ally expensive and moreover requires additional information
exchange between the BS and relay. Accordingly, we further
propose a decoupled precoding design, where for simplicity
the BS designs its precoding matrix following the closed-form
zero-forcing (ZF) or regularized ZF (RZF) [26] approach, and
the relay subsequently designs its precoding matrix based on
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the CI formulation. It is shown by numerical results that both
of the proposed joint and decoupled approach can achieve
an improved performance over the conventional closed-form
precoding at the relay, while the decoupled method achieves
a similar performance to the complicated joint scheme, which
favours its usefulness in practical cooperative systems.

The rest of this paper is organized as follows: Section II
gives a brief introduction of the system model, and Section
III includes the detailed description of the proposed joint
and decoupled precoding methods. The numerical results are
shown in Section IV, and Section V concludes our paper.
Notations: a, a, and A denote scalar, vector and matrix,

respectively. (·)−1 and (·)H denote inverse and conjugate
transposition of a matrix, respectively. |·| denotes the mod-
ulus, and ‖·‖ denotes the Frobenius norm, respectively. Cn×n
represents an n× n matrix in the complex set, and I denotes
the identity matrix.

II. SYSTEM MODEL

We consider a cooperative MIMO broadcast system with an
AF relay in the downlink, as shown in Fig. 1. The BS with
Nt antennas communicates with a total number of K single-
antenna users through a dedicated relay, where we assume
that there are no available direct links between the BS and
the users due to the severe pathloss and shadowing effect.
The relay employs a total number of NR antennas, and we
assume NR ≤ Nt to facilitate precoding at the BS [17]. In the
following, we focus on the extreme case where K = NR,
while in the case where K > NR a user scheduling is
required prior to transmission. We denote the channel matrix
between the BS and the relay as Hsr ∈ CNR×Nt , and the
channel between the relay and the users as Hrd ∈ CK×NR ,
respectively. Without loss of generality, we employ an uncor-
related flat-fading Rayleigh channel in this paper. We express
the data symbol vector as s = [s1, s2, · · · , sK ]

T that is
from a normalized PSK modulation, while the interference
exploitation introduced in this paper trivially extends to QAM
modulations [22]. In Phase I, the symbols are multiplexed by a
source precoding matrix Fs ∈ CNt×K and then transmitted to
the relay. Accordingly, we express the received signal vector
at the relay as

yr = HsrFss+ nr, (1)

where yr ∈ CNRF×1 denotes the received signal vector, and
nr ∼ CN

(
0, σ2

r · I
)

represents the noise vector at the relay.
As a symbol-level constructive interference beamforming is
considered in this paper, for coherence a symbol-level power
constraint in enforced on Fs that satisfies

‖Fss‖ ≤ Ps, (2)

where Ps denotes the maximum transmit power available at
the BS. In Phase II, the relay employs a transmit beamforming

Fig. 1: Block diagram of dual-hop MIMO relay systems

technique and forward the received signal at Phase I to the
users, expressed as

rd = Hrdxr + nd

= HrdFryr + nd

= HrdFr (HsrFss+ nr) + nd,

(3)

where rd denotes the received signals for the users, and nd ∼
CN

(
0, σ2

d · I
)

represents the corresponding noise vector at the
user side. In Phase II, the power constraint on the relay is
expressed as

‖Fryr‖ ≤ Pr,

⇒‖Fr (HsrFss+ nr)‖ ≤ Pr

(4)

where Pr denotes the maximum transmit power for the relay.

III. PROPOSED TRANSMIT BEAMFORMING FOR
INTERFERENCE EXPLOITATION

In this section, we propose the joint source/relay and low-
complexity decoupled precoding methods for the considered
cooperative systems based on the formulation of CI. CI is
defined as the interference that pushes the received signals
away from the detection thresholds [18]-[22]. The exploitation
of CI was firstly introduced in [18] to improve the performance
of the ZF precoding, and was more recently extended to the
optimization-based approaches for PSK modulations in [19]
as well as QAM modulations in [22]. It is demonstrated
that, as long as the resulting interfered signal is located in
the constructive region of the modulation constellation, this
increases the distance between the received signal and the
detection thresholds, and an improved performance can be
obtained. In what follows, we present the joint and decoupled
source/relay precoding designs based on CI.

A. Joint Source/Relay Design

Before we construct the optimization problem for the joint
source/relay design, we first obtain the CI formulation based
on the geometry of the modulation constellations, where we
employ one quarter of a normalized QPSK modulation as the
example, depicted in Fig. 2. As can be observed, as long as the
node B that represents the noiseless received signal lies in the
constructive region, its Euclidean distance to both detection
thresholds is increased. Specific to our problem in this paper,
we denote

→
OA = tsk,

→
OB = hk

rdFryr = λksk, (5)

where we have decomposed Hrd into

Hrd =
[(
h1
rd

)T
,
(
h2
rd

)T
, · · · ,

(
hK
rd

)T ]T
. (6)



Fig. 2: CI and constructive region for QPSK

In (5), t is a real variable that represents how far the construc-
tive region is pushed away from the detection thresholds, as
shown in Fig. 2, and sk is the data symbol for the k-th user.
OB denotes the noiseless received signal at user k, and λk is
an introduced complex variable that represents the effect of
interference. Based on Fig. 2 and the CI formulation in [19],
we obtain that to have node ‘B’ in the constructive region is
equivalent to

tan θAB ≤ tan θt

⇒|CB|
|AC|

≤ tan θt

⇒ |= (λk)|
< (λk)− t

≤ tan θt

⇒ [< (λk)− t] tan θt ≥ |= (λk)| ,

(7)

where we note that |sk| = 1, ∀k ∈ K, K = {1, 2, · · · ,K}.
The angle threshold can be obtained as θt = π/M forM-PSK
modulations based on the geometry.

Accordingly, we construct the joint source/relay optimiza-
tion problem that maximizes t such that the constructive region
is pushed as far away as possible, given by

P1 : max
Fs,Fr

t

s.t. hk
rdFr (HsrFss+ nr) = λksk, ∀k ∈ K

[< (λk)− t] tan θt ≥ |= (λk)| , ∀k ∈ K
‖Fss‖ ≤ Ps

‖Fr (HsrFss+ nr)‖ ≤ Pr

(8)

P1 in its current form is not convex due to the multiplication
of the variables. Nevertheless, we note that P1 is bi-convex,
i.e. it is convex with respect to Fs when Fr is fixed and vice
verse, which motivates the use of an alternating optimization
approach, described in the following.

When Fs is fixed, based on P1 the optimization problem
to obtain Fr can be transformed into

P2 : max
Fr

t

s.t. hk
rdFr (HsrFss+ nr) = λksk, ∀k ∈ K

[< (λk)− t] tan θt ≥ |= (λk)| , ∀k ∈ K
‖Fr (HsrFss+ nr)‖ ≤ Pr

(9)

which is a convex optimization and can be efficiently solved
via optimization tools such as CVX [27].

When Fr is fixed, the optimization on Fs can be trans-
formed based on P1 into

P3 : max
Fs

t

s.t. hk
rdFr (HsrFss+ nr) = λksk, ∀k ∈ K

[< (λk)− t] tan θt ≥ |= (λk)| , ∀k ∈ K
‖Fss‖ ≤ Ps

‖Fr (HsrFss+ nr)‖ ≤ Pr

(10)

which is also convex and can be efficiently solved as there
is only one variable Fs. Based on the above, an alternating
optimization algorithm can be constructed to alternately update
Fs and Fr, given in Algorithm 1, where Nmax denotes
the maximum iteration number, δ denotes the convergence
accuracy, and δth is the accuracy threshold.

Algorithm 1 Alternating Optimization of P1 for the Joint
Source/Relay Precoding

input : Hsr, Hrd, s, Nmax, δth
output : F∗s , F∗r
n = 0;
Initialize F0

s, set F0
r = 0;

while n ≤ Nmax and δ ≥ δth do
Obtain F

(n)
r by solving P2 with F

(n)
s fixed;

Obtain F
(n+1)
s by solving P3 with F

(n)
r fixed;

δ =
∥∥∥F(n+1)

s − F
(n)
s

∥∥∥, or δ =
∥∥∥F(n+1)

r − F
(n)
r

∥∥∥;
n = n+ 1;

end while
Output F∗s = F

(n)
s , F∗r = F

(n)
r .

Convergence: In Algorithm 1, we observe that both sub-
problems P2 and P3 share the same objective function that
is to maximize t, and both sub-problems are convex and opti-
mally solved. Therefore, the proposed alternating optimization
is guaranteed to converge [28], which will also be validated via
numerical results where it is shown that Algorithm 1 converges
within several iterations.
Remark: While the proposed joint source/relay beamform-

ing can be optimally solved, this technique has the following
drawbacks. Firstly, it requires information exchange between
the BS and the relay as both channel knowledge Hsr and Hrd

is required. Moreover, due to the nature of alternating opti-
mization, the resulting problem is computationally inefficient.
Both of the above make it difficult for the joint beamforming
to be implemented in practical systems, which motivates us



to propose the following decoupled approach. Moreover, it
is shown in Section IV that the low-complexity decoupled
precoding design achieves a similar performance to the joint
source/relay precoding method.

B. Low-Complexity Decoupled Design

We proceed to introduce the low-complexity decoupled
design, where the BS designs its precoding matrix solely
dependent on the channel between BS and the relay, while
the relay designs its precoding matrix based on the received
signals and the channel between the relay and users. To be
more specific, in Phase I for simplicity the BS employs a
closed-form ZF or RZF precoding approach [26], given by

FZF
s =

1

f
·HH

sr

(
HsrH

H
sr

)−1
FRZF

s =
1

f
·HH

sr

(
HsrH

H
sr +Kσ2

r · I
)−1

,
(11)

where f is the power scaling factor that satisfies (2). Sub-
sequently, in Phase II with the obtained signal vector yr as
shown in (1), the optimization on the precoding matrix Fr at
the relay can be expressed as

P4 : max
Fr

t

s.t. hk
rdFryr = λksk, ∀k ∈ K

[< (λk)− t] tan θt ≥ |= (λk)| , ∀k ∈ K
‖Fryr‖ ≤ Pr

(12)

which is convex and can be solved accordingly. We summarize
the decoupled approach in Algorithm 2.

Algorithm 2 Low-Complexity Decoupled Approach for the
Source/Relay Precoding

input : Hsr, Hrd, s
output : F∗s , F∗r
Obtain Fs based on (11) for ZF or RZF approach;
Obtain yr based on (1);
Obtain Fr by solving P4 with the obtained yr;
Output F∗s = Fs, F∗r = Fr.

IV. NUMERICAL RESULTS

In this section the numerical results based on Monte Carlo
simulations are presented to evaluate the performance of the
proposed precoding techniques. Throughout the simulations,
we assume that QPSK modulation is employed, and the
number of antennas at the relay is NR = 4. There is a
total number of K = 4 users in the cooperative system. For
simplicity we assume Ps = Pr = 1, σ2

r = σ2
d = σ2, and the

transmit SNR at the BS is accordingly defined as ρ = 1/σ2.
For comparison, we also depict the schemes where the relay
employs the closed-form ZF or RZF precoding to show the
gains for interference exploitation.

In Fig. 3, the convergence of the proposed joint scheme
in Algorithm 1 is validated, where the accuracy threshold is
δth = 10−3. As can be observed, the proposed alternating
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Fig. 3: Convergence validation, δ v.s. number of iterations n,
Nt = 4, NR = 4, K = 4, δth = 10−3

0 5 10 15 20 25 30

ρ (dB)

10
-4

10
-3

10
-2

10
-1

10
0

B
E

R

ZF at BS+Relay

RZF at BS, ZF at Relay

ZF at BS, RZF at Relay

RZF at BS+Relay

ZF at BS, CI at Relay

Joint CI

Fig. 4: BER v.s. transmit SNR, Nt = 4, NR = 4, K = 4,
QPSK

optimization algorithm is shown to be convergent within in
n = 7 iterations.

In Fig. 4, we compare the bit error rate (BER) perfor-
mance of the proposed interference exploitation techniques
with conventional closed-form ZF/RZF precoding techniques,
where the closed-form relay precoding approaches follow (11)
with the scaling factor satisfying the relay power constraint in
(4). As expected, the proposed symbol-level precoding that
exploits the constructive interference is more superior than
the closed-form ZF/RZF precoding approach, while generally
it is observed that employing RZF instead of ZF precoding
can further improve the BER performance.

In Fig. 5, we present the BER result of different schemes
with a larger number of antennas Nt = 6 at the BS. Compared
to the extreme case shown in Fig. 4, it is observed that
when Nt is larger the performance is dominated by the
precoding method employed at the relay, while the precoding
scheme employed at the BS only has a marginal effect on the
BER result. It is not surprising to observe that the proposed
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Fig. 5: BER v.s. transmit SNR, Nt = 6, NR = 4, K = 4,
QPSK

techniques still achieve an improved performance.

V. CONCLUSION

In this paper, we study the downlink precoding techniques
for a dual-hop AF relay assisted cooperative communication
system. We propose both a joint source/relay precoding ap-
proach and a low-complexity decoupled precoding method
by exploiting the symbol-level constructive interference. Both
proposed techniques are shown to be advantageous over the
conventional ZF or MMSE schemes. Moreover, compared to
the joint approach that requires an alternating optimization
process, the proposed decoupled scheme is shown to be
low-complexity and able to achieve a similar performance,
which favours its usefulness in practical wireless cooperative
systems.
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