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Abstract—This work explores the statistical model for a 5G
and beyond (5GB) multi-carrier signal candidate; spectrally
efficient frequency division multiplexing (SEFDM), in which the
orthogonality between its subcarriers is intentionally violated
compared to conventional orthogonal frequency division multi-
plexing (OFDM). A mathematical model describing the statistical
characteristics of inter-carrier interference (ICI) is derived and
verified through system model simulations. Results show that the
ICI is of normal distribution, whose variance is dependent on
both the level of bandwidth compression and on the signal level.
Models developed are used to derive the error bounds of SEFDM
signals in Gaussian noise channels, as well as the upper bound
of SEFDM spectral efficiency.

I. INTRODUCTION

Future cellular networks promise to deliver a gigabit expe-
rience for mobile users and machines. To meet this promise,
the limited-spectrum utilisation is to be improved [1]. One
contribution in this direction was the development of spectrally
efficient frequency division multiplexing (SEFDM), which was
first proposed in 2003 [2].

SEFDM is a multi-carrier system that achieves a spectral
efficiency gain through packing the subcarriers closer together
by compromising the orthogonality of orthogonal frequency
division multiplexing (OFDM). The multi-stream faster than
Nyquist (FTN) technique proposed in [3], is SEFDM’s time
domain counterpart and has similar spectral efficiency gains. A
survey of SEFDM work and research is reported in CSNDSP
2018 conference [4].

Significant spectral efficiency gains with error performance
of SEFDM being reasonably close to OFDM, were demon-
strated in experimental SEFDM test beds for wireless [5],
optical/mm-wave [6], VLC [7], very high speed optical sys-
tems [8] [9] and the downlink for Internet of Things (IoT)
networks [10].

Spectral efficiency upper-bound and capacity are key perfor-
mance metrics to evaluate the benefits of SEFDM and find the
scenarios where SEFDM will be beneficial in comparison to
OFDM. The capacity of SEFDM with different pulse shapings
has been demonstrated in [11] from a theoretical view point,
without considering the practicality of the systems used. This
work extends the work reported in [9], where the capacity
of SEFDM has been derived, showing that SEFDM capacity
depends on the interference level between its subcarriers.

To the best of our knowledge, this paper for the first time
provides a thorough insight into the statistical nature of inter-

carrier interference (ICI) for SEFDM, which is required to
calculate the spectral efficiency upper-bound.

II. SEFDM WAVEFORM

SEFDM is a multi-carrier modulation technique, where sym-
bols are generated similarly to OFDM by means of modified
inverese fast Fourier transmform (IFFT) structures [6]. Let
z ∈ CN×1, be the complex baseband symbols to be modulated
by N subcarriers of SEFDM signal, then the discrete SEFDM-
modulated signal can be expressed as [12]

x =
1√
Q

N−1∑
n=0

zn exp

(
j2πα

qn

Q

)
, 0≤q≤Q− 1 (1)

where α ∈ (0, 1] is the compression factor, Q ≥ N is the total
number of samples and 1/

√
Q is employed for normalization

purposes.
If the number of subcarriers for the case of OFDM (α = 1)

is given by No, then, due to spacing compression in SEFDM,
more subcarriers will occupy the same bandwidth. The relation
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Fig. 1: The frequency spectrum of (a) OFDM (α = 1), No =
16 (b) SEFDM (α = 0.8), N = 20.



is given by N = bNo/αc, where b.c denotes the floor
operation. Fig. 1. shows a frequency spectrum of rectangular
pulses with α = 0.8, No = 16 and N = 20. Resultantly, the
data rate increases by a factor of (1−α)/α× 100%, which is
25% for this case.

If the SEFDM signal in (1) were to be transmitted over
an additive white Gaussian noise (AWGN) channel (w), with
zero mean and variance σ2

n = N0/2, where N0 is the noise
power spectral density, the SEFDM-received signal y can be
presented by

y = x + w. (2)

Fig. 2 shows the SEFDM system transceiver block diagram.
At the receiver front end, an FFT is used as a matched filter
to demodulate the signal affected by the channel and contami-
nated by interference, resulting from the non-orthogonal nature
of the SEFDM signal. The estimated SEFDM symbol (ẑ) can
be expressed as [12]

ẑ = Λz + w, (3)

where Λ is the correlation matrix of size N ×N , with a diag-
onal of ones and non-diagonal elements (Λm,n) representing
the correlation between two subcarries m and n given by [12]

Λ(m,n) = exp(jπα(m− n))×

exp(
−jπα(m− n)

Q
)

 sinc(α(m− n))

sinc
(
α(m−n)

Q

)
 . (4)

For a detailed mathematical treatment readers are referred
to [12]. The next section studies the statistical nature of the
SEFDM ICI given in (4).

III. THE STATISTICAL CHARACTERISTICS OF ICI IN
SEFDM

As the main focus of this work is the ICI within the
SEFDM symbol, two assumptions are made: i) zero inter-
symbol interference (ISI) between adjacent SEFDM symbols
due to the existence of long guard-band or cyclic prefix; ii)
the channel is noiseless (i.e. w = 0 in (3)).

It is noteworthy that the ICI term (Λ) on its own, given in
(4), is deterministic for a given set of system parameters. In
(3), this term is multiplied by the transmitted symbol z, which
belongs to a random variable set Z, thus, the resultant ẑ will
belong to a random variable set too. According to the central
limit theorem, if the number of interfering signals is high (i.e.
relatively high N ), then, the interference can be approximated
to a Gaussian process. Consequently, ICI can be modelled
by a Gaussian process characterised by its first and second
moments, which are the mean and variance, respectively.

In the following, the symbol zn modulating the nth subcar-
rier belongs to a QPSK random variable set Z = {1 + j, 1−
j,−1 + j,−1 − j} of mean µz = 0. Multiplying the random
variable Z by a constant value Λ in (3), results in multiplying
the mean of Z by that constant. Hence, the ICI mean will be
µI = 0.

The ICI variance σ2
I,n caused by interference on the nth

subcarrier from all other subcarriers is [13]

σ2
I,n =

N−1∑
m=0,m6=n

σ2
m,z × |Λm,n|2, (5)

where σ2
m,z is the variance of the data symbols z. Conse-

quently, the total ICI variance within one SEFDM symbol is
equal to

σ2
I =

N−1∑
n=0

σ2
I,n. (6)

For normalization purposes, if the total variance is divided by
the transmitted signal power (N×σ2

z ), then the scalar quantity
σ̃I presents the normalized variance function. Therefore, if the
signal is transmitted with power P , then, the total interference
in this case will be (P × σ̃I ) Watt.

The accuracy of the proposed ICI statistical model can
be examined by simulating the system of Fig. 2 and then
plotting the probability density function (PDF) of the received
symbols ẑ in (3) without noise (i.e. w = 0) and P = 1 Watt
(σ2
I = σ̃2

I ). Fig. 3(a) shows the histogram of <{ẑ} for the
case of QPSK symbols transmission, where N = 128 and
α = 0.8. Expectedly, this has a normal distribution and using
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Fig. 2: Transceiver block diagram.
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(a) PDF of ICI, α = 0.8, N = 128, zero noise.
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Fig. 3: ICI statistical model examination.

the MATLAB’s distribution fitting tool, the mean and variance
are 0 and 0.2422, respectively. Furthermore, the effects of α
and N on the variance σ2

I are tested individually, by fixing one
of them at a time as shown in Fig. 3(b) and (c). The simulated
and theoretical results using the derived equations (5) and (6)
match. Clearly, N doesn’t play a major role on the value of
σ2
I (i.e. 10% in the worst case), unlike the effect of α (above

90%), because the ICI mainly comes from the neighbouring
subcarriers on both sides of a given subcarrier.

To sum up the results of σ2
I , Fig. 4 shows the variance for

α ∈ [0.5, 1) and N ∈ {16, 32, 64, 128, 256, 512, 1024}. Fig. 4
will be used in the next sections to calculate the error bounds
and the upper bounds for spectral efficiency of SEFDM signals.

IV. PROBABILITY OF ERROR BOUNDARIES

The probability distribution function (PDF) of the combined
AWGN and ICI impairments will also be Gaussian. The mean
and variance of this Gaussian PDF is the summation of AWGN
and ICI means and variances [13]. For instance, refer to Fig. 3
(a) and given the white noise mean is zero, while the variance
is set to be constant (σ2

n = 0.2), the total variance of Fig. 5
is σ2

t = 0.4423 and this is approximately the summation of
σ2
n = 0.2, σ2

I = 0.2422.
When a matched filter is used at the receiver front end,

which is presented by an FFT in Fig. 2, the theoretical
probability of error (Pe) value for QPSK-OFDM is given by
[14]

Pe = Q

(√
2Eb
N0

)
, (7)

where Eb/N0 is the ratio of energy per bit over the noise
spectral density and Q(.) is the tail distribution function [14].

However, for α < 1, the probability of error is higher,
because the total variance of the received signal increases due
to ICI as shown before. Therefore, the Pe for this specific case
becomes

Pe = Q

(√
2Eb

N0 + 2Eb × σ̃2
I

)
. (8)

Clearly (8) turns into (7) when α = 1 as σ̃2
I = 0. To

prove the validity of (8), Pe is simulated for the system in
Fig. 2 and compared to the theoretical results for Q-PSK
symbols transmission and N = 128 in Fig. 6. The following
can be observed from the results: i) the theoretical prediction
(diamonds marks) matches the simulation results (stars marks);
ii) an error floor appears in SEFDM. This is because, as
shown in (8), the interference level increases by increasing
the signal power. Thus, unlike white noise, the ICI variance
is signal dependent; iii) the error floor increases by increasing
the compression level of SEFDM signals. To mitigate the ICI
effect, a more sophisticated and complex receiver is required;
such as a sphere decoder [8] or a turbo equaliser for the case
of coded systems [15] [16]. The ideal scenario is to remove the
interference completely in (8), then, the error rate of SEFDM
will be identical to OFDM. The next section calculates the
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Fig. 4: The ICI variance for different α and N .
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Fig. 5: PDF of the received signal with α = 0.8, N = 128
and σ2

n = 0.2.

spectral efficiency upper bound for SEFDM with and without
ICI cancellation.

V. SEFDM SPECTRAL EFFICIENCY UPPER BOUND

Conceptually, the capacity of a communication system has
to be calculated at the front end of its detector, which for the
case of SEFDM is at the input of the M-PSK demapper. For
instance, consider an OFDM signal with a transmission rate
equal to the Nyquist rate (i.e. Rs = 2B sample/sec), where
Rs is the sample rate and B is the channel bandwidth. The

−5 −3 −1 1 3 5 7 9 11 13 15
10−3

10−2

10−1

100

Eb/N0 [dB]

P e α=1
α=0.9
α=0.8
α=0.7
α=0.6
α=0.5

Fig. 6: Pe vs. Eb/N0 for QPSK-SEFDM signals, N = 128.

channel capacity (C), based on Shannon’s original paper [17],
in bits per use is

C =
1

2
log2

[
1 +

P

(N0/2)×B

]
bits per use, (9)

where P is the transmitted power level. As mentioned before in
section II, SEFDM uses more subcarriers compared to OFDM
within the same channel bandwidth due to the compression of
the subcarriers (i.e. N > No). However, for a fair comparison,
the total transmitted power for OFDM and SEFDM must
be equal. Therefore, the power per subcarrier for SEFDM is
reduced by a factor N/No [11].
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Fig. 7: η vs. SNR for QPSK-SEFDM signals, N = 128, without/with ICI cancellation.

The multiplication of (9) by the number of times the channel
is used per unit time gives the capacity in bit/s [17]. This
factor is equal to the ratio of: number of samples transmitted
within time T to this time duration T . Owing to the increase in
the number of subcarriers in SEFDM, the number of samples
transmitted in T seconds is equal to (Rs×T/α) samples, thus,
the system capacity is

C =
B

α
log2

[
1 +

P

(N0/2)×B + P × σ̃2
I

]
bit/s, (10)

where the interference of SEFDM appears here as P × σ2
I .

The spectral efficiency (η) in (bit/s/Hz) is found by dividing
the capacity of (10) by the channel bandwidth

η =
1

α
log2

[
1 +

P

(N0/2)×B + P × σ̃2
I

]
bit/s/Hz. (11)

In Fig. 7(a), η is plotted versus signal to noise ratio (SNR =
P/((N0/2)B) without ICI cancellation. The results can be
divided into two regions: i) low SNR region, where the noise
is dominant and SEFDM spectral efficiency is higher than that
of OFDM; ii) high SNR region, where the ICI is dominant and
it limits the spectral efficiency of SEFDM, with no advantage
of transmitting with higher SNR.

This information is important when considering the utility of
SEFDM. For instance, powerful channel coding; such as turbo
coding and LDPC, allow reliable information transmission
with low SNR. Thus, SEFDM in such a case is more efficient
when compared to OFDM.

Conversely, by considering the ideal case of 100% ICI
elimination in (11), the achievable η becomes as shown in
Fig. 7(b). Clearly, the capacity advantage of SEFDM is higher
with ICI cancellation, especially in high SNR regions.

VI. CONCLUSIONS

In this work and for the first time, a thorough study of
the statistical distribution of ICI in SEFDM is presented.
Thereafter, the statistical model is used to calculate the error
lower bound and capacity for SEFDM signals. The results
indicate that the potential upper-bound of SEFDM spectral
efficiency is higher than that of OFDM, at the expense of more
complex receivers.
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