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Abstract: The critical effect of micro level defects should be examined at macro level to better 

understand the fracture behaviors of engineering materials. This study investigates the 

branching and deflecting behavior of a macro (main) crack in presence of multiple number of 

micro-cracks at the vicinity of the crack tip. For this purpose, a non-local continuum theory, 

known as Peridynamics (PD), is utilized based on the original set of bond-based PD equations. 

The main advantage of using PD is its characteristic superiorities on the modelling of dynamical 

fracture. Various example problems with inclined-linear and/or curvilinear micro-crack clusters 

are solved through the implantation of different numerical models to better understand the 

micro-crack toughening mechanisms. After validating the PD implementation with a 

benchmark case, several combinations of multiple micro-cracks with various locations are 

considered. To capture complex forms of crack branches, the positions of micro-cracks are 

designated to follow an encircling and spreading patterns at the vicinity of the main-crack tip. 

Hence, more internal energy is dissipated through the generation of new crack surfaces such 

that the main-crack deflects along a more twisting path. It has been observed that depending on 

the amount of dissipated energy, the propagation speed of main-crack alters. Also, it has been 

demonstrated that encircling potential crack propagation regions with micro-cracks provides an 

augmented toughness to the brittle materials. Overall, the efficiency and robustness of the PD 

theory are revealed for simulating crack propagation in brittle materials. 

Keywords: Peridynamics, micro cracks, interactions of cracks, material toughness, crack 

propagation, crack curving and branching. 
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1 Introduction 

Most of the today’s engineering structures including civil, marine, and aerospace 

applications suffer from the initiation and propagation of defects and/or cracks either at 

micro/macro level. This type of phenomena leads to the failure of the structural components 

and thus may break down the operational excellence of the sub-structural systems in many 

incidents. For instance, brittle materials such as concrete, ceramics, and rocks endow with some 

superior mechanical properties like hardness, wear resistance, and oxidation resistance. On the 

other hand, their unfavourable features, like low-toughness and high-brittleness, considerably 

limit their engineering applications. Therefore, investigating and enhancing the fracture 

toughness of the brittle materials have been a noteworthy subject for various researchers [1-3]. 

The micro-cracks and/or voids may have already been existing in brittle materials. 

Otherwise, these defects can be easily formed due to high stress concentrations. Therefore, this 

kind of micro-defects are inevitable in the brittle materials [4]. Nevertheless, several studies [5, 

6] indicated that the presence of micro-cracks may increase the material toughness, which is 

referred as the phenomenon of “micro-crack toughening”. Besides, in the presence of a main-

crack, the crack propagation behavior is significantly influenced by the parameters such as 

density, location and orientation of micro-cracks, since the stress intensity of the main-crack 

alters correspondingly [3, 7-9]. However, non-uniform distribution of micro-defects may lead 

to complex mechanical behavior, which cannot be readily predicted with the use of classical 

fracture mechanics. For example, various classical approaches have been used to investigate 

only the uniform distribution of micro-cracks over the last few decades [10-14]. 

In analytical approaches, the effects of micro-defects are defined by degrading elastic 

constants based on homogenization methodologies [15, 16]. To define the mechanical behavior 

of the damaged region, these homogenization techniques utilize the characteristic features of 

micro-defects such as orientation, density, and shape of the defect cluster [6, 17]. Some 

modified versions of the finite element method (FEM) such as element-erosion, cohesive-zone, 

and extended-FEM (X-FEM) models have been used as numerical approaches for modelling 

crack propagation. The crack propagation path is restricted to the element boundaries for the 

element-erosion and the cohesive-zone techniques, which leads to obtain inaccurate results 

[18]. On the other hand, the XFEM method can model the arbitrary crack propagation without 

re-meshing process [19-24]. However, the tuning between input and output fracture energy is 

required for performing accurate XFEM analysis of dynamic brittle fractures [18, 25]. Also, 

there are some other drawbacks encountered in the XFEM crack modelling such as dependency 
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to the level set methods, inefficiency for predicting crack nucleation and initiation, and 

requirement of external techniques for simulating crack branching [25]. Thus, a more robust 

and capable approach is required for determining the mechanical behavior of materials in terms 

of being capable of predicting crack nucleation, propagation, and interactions. These 

shortcomings of classical numerical approaches are circumvented with the introduction of 

Peridynamics (PD) [26] which naturally satisfies all necessities for modelling, nucleating, and 

propagating cracks in a continuum. 

PD is a non-local form of classical continuum mechanics (CCM), where the divergence of 

stress term is calculated through integro-differential equations defined as the integration of the 

force densities acting between material points (particles) over an internal length parameter, 

known as the horizon of each particle. Since spatial derivatives of stress quantities are 

eliminated in this way, the PD equations become valid even at the discontinuous regions of the 

continuum [27]. The initial version of the PD theory is called as bond-based PD theory [26] 

where the Poisson's ratio is restricted to the values of ¼ and ⅓ in three- and two-dimensional 

structures, respectively. This limitation is eliminated by the introduction of the state-based PD 

theory [28], which is a generalization of the bond-based PD theory. Various research studies 

have been conducted to demonstrate the efficiency and robustness of the PD theory as well as 

its mechanics-related applications to different class of materials. For example, a convergence 

study was made between PD force densities and forces of the classical elasticity [29]. Also, 

fiber-reinforced composite materials under thermal and mechanical loadings were investigated 

with employing PD theory [30]. Moreover, a novel PD model was proposed [31] for anisotropic 

materials. Besides, couplings of PD and FEM methods were applied for failure prediction [32, 

33]. In addition, the fracture characteristics of polycrystalline and multiscale materials were 

analyzed by using PD theory [34, 35]. Furthermore, heat conduction and thermo-mechanics 

issues were studied within the framework of PD theory [36, 37]. More recently, a PD plasticity 

model was presented based on von Mises yield criteria and isotropic hardening [38]. Overall, 

the comprehensive details of the theory and its detailed literature survey can be found in the 

recent book of Madenci and Oterkus [39]. 

In this study, we investigate various PD implementations for simulating branching and 

deflecting propagation of a main-crack in the presence of multiple inclined-linear and/or 

curvilinear micro-cracks in brittle materials. Up until now, the interactions of cracks have been 

widely investigated for the uniform micro-crack-patterns involving limited number of cracks 

[6, 9, 11]. To the best of authors knowledge, although the fundamental mechanisms of this 
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aspect have been discussed, the studies related to more complex crack patterns with numerous 

micro-defects is not widely available in the current literature [10]. Most recently, Vazic et al. 

[40] presented a PD model for crack propagation and interactions between a main-crack and a 

parallel micro-crack cluster. Nevertheless, the positioning patterns of micro-cracks were placed 

well-ordered, which were selected as parallel to the main-crack [40]. We have extended these 

cases based on bond-based PD models to simulate the mechanical behavior of arbitrary micro-

crack patterns having various orientation with respect to the main-crack, which has been done 

for the first time in the literature. Considering the importance of materials design on 

amplification and shielding effect, this study presents viable cases for the understanding of 

material toughness of brittle materials involving micro-cracks with varying positions and 

orientations. The main novelty of the current study is to propose a new schematic of micro-

crack distribution around the main-crack tip by using PD theory. According to the results, it has 

been observed that the greatest shielding effect can be achieved through allocating a crescent-

like micro-crack distribution behind the main-crack tip. Hence it leads to a significant increase 

in the material toughness. This paper is organized as follows. The bond-based PD theory is 

briefly described in Section 2. Then, the numerical implementation of the theory and results are 

presented in Section 3. Finally, some concluding remarks are drawn in Section 4. 

2 The formulation of Peridynamic theory 

The CCM theory cannot deal with cracks since its governing equations are partial 

differential equations (PDEs), which are indefinite at the discontinuities. In order to overcome 

this problem, mechanics of continuous and discontinuous media are unified within a set of PD 

equations by replacing the PDEs with integral equations [27]. Hence, the PD equations are valid 

everywhere in a body regardless of discontinuities [34]. PD theory was first introduced by 

Silling [27]. The fundamental assumption of the theory is that the force between the two 

particles is only a function of the positions of these particles and their relative displacement. 

This initial stage of the PD theory was called "bond-based PD theory", after a generalized 

version, i.e., “state-based PD theory”, was revealed by Silling et al. [28]. 

Consider that any two particles of the material are interacting with each other, such as 

particles at x  and x  locations. At initial undeformed case, the relative position vector (with 

respect to the x ) between the particles is  ξ x x , which is also called as reference-bond. 

After the deformation, the displacement vectors of the particles x  and x  are defined as  , tu x  

and  ,tu x , respectively. The difference between these two displacement vectors provides the 
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change in the length of the reference-bond, which can be stated as    , ,t t η u x u x  (Figure 

1). Therefore, the current relative position vector, ξ η , defines the deformed-bond between 

the particles [26, 39]. The bond-stretch between the particles can be expressed as: 

s
 


ξ η ξ

ξ
 (1) 

 

Figure 1 Kinematics of two material particles 

According to the bond-based PD theory, the idea of bond interaction between any two 

particles can be considered as an elastic spring (linear or nonlinear) for elastic materials. Hence, 

the energy in a bond due to the relative displacement vector η  only through the scalar distance 

is defined as a scalar micro-potential function, w  (Figure 4): 

  21
,  

2
w c sη ξ ξ  (2) 

where c  represents the bond-constant. 

The bond-force, f , can be derived from this scalar valued micro-potential (Figure 2) as 

[26, 27, 39]: 

     , , ,           ,
w
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where f  is a scalar-valued function of the bond-constant, c , and the bond-stretch, s , is 

defined as: 

 ,  f c s ξ η ξ  (4) 
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Figure 2 Bond-based PD force function 

Herein, it is assumed that these interactions between any two particles in a material are 

restricted to an internal length parameter,  , called horizon-radius (Figure 3). In other words, 

a particle cannot establish a bond with another particle beyond this horizon (expressed as H ) 

as [26]: 

       , 0             ξ f ξ η η  (5) 

 

Figure 3 Interactions of a material particle with the particles in its horizon 

The micro-potential, w , given in Eq. (2) is a micro-elastic based potential energy of a bond 

in a continuum. As is defined, a particle has bond-interactions as many as the number of 

particles in its horizon, H . Integration of these potential energies on a particle is expressed as 

strain-energy-density, W , and can be obtained by summing the half of the micro-potentials, w

, in each bond [26, 39] (Figure 4), as: 
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Figure 4 Schematics of PD particles in the undeformed and deformed states 

Based on the bond-based PD theory, the bond-constant, c , can be obtained in terms of 

elastic modulus, E , thickness, h , and horizon-radius,  , by equating the strain energy 

densities of the PD and CCM theories for a uniform expansion loading condition in a media as 

[26, 39]: 

3

9

  

E
c

h 
  (for two-dimensional structures) (7) 

The bond-based PD theory establishes the equation of motion of a particle as [26]: 

        , , , , ,
H

t t t dV t      u x f u x u x x x b x  (8) 

where  , tb x ,  , tu x ,  , represents the body force, acceleration, and density of particle 

located at x , respectively. In Eq. (8), the symbol dV   denotes the infinitesimally small volume 

of material points located at position x . In order to solve the Eq. (8), the continuum can be 

discretized into material-points (with finite volumes) at the initial undeformed case. If the 

displacement of material point k  at time step n  is expressed as 
n

ku , and the integral is replaced 

by a finite sum in the discretized form, the equation of motion takes the final form as: 
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where N  is the number of material-points inside the horizon coverage of the material point kx

, and jV  represents the volume of the material point jx  [26, 40]. Also, in the same manner, the 

strain-energy-density, kW , of material point k  at time step n  could be discretized as: 
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n n

k kj j

j

W w V


   (10) 

A linear-elastic brittle-material behavior can be observed from the plotted relationship 

between bond-force, f , and bond-stretch, s , in Figure 5. Otherwise stated, when the bond-

stretch, s , exceeds the critical-stretch value, 0s , the bond interaction between the material-

points vanish (Figure 4). As is seen, introducing failure is quite simple in PD. Herewith, both 

crack initiation and propagation can be modelled readily without needing any initial defects 

[26, 39]. 

 

Figure 5 Model for bond failure 

For defining this failure formation, a history-dependent scalar-valued failure-function can 

be written as a factor of the scalar bond-force expression (Eq.4): 

   ,   ,f c s t ξ η ξ ξ  (11) 

where  ,t ξ  is a step function that defines the failure of each interaction as: 

 
  01 if    ,     for all    0

,
0 otherwise

s t s t t
t
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 


ξ
ξ  (12) 

Due to the bond elimination, a local damage parameter can be defined based on the 

weighted ratio of the number of the eliminated bonds to the total initial bonds of the related 

material point as [26, 32]: 
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3 Numerical examples 

In this section, the results of interactions between a main-crack and multiple micro-cracks 

in a brittle material are presented by utilizing bond-based peridynamic model. First of all, a 

benchmark problem solved by Vazic et al. [40] is revisited herein to compare and validate the 

accuracy of the presented PD implementation for interaction micro-cracks with a main-crack. 

Then six different case studies are designed and analyzed by including multiple micro-cracks 

with various type of orientations and positions. The main aim of these cases is to demonstrate 

the deflecting behavior of main-cracks in the presence of micro-cracks having inclined-linear 

and/or curvilinear patterns. 

As shown in Figure 6, a pre-cracked Poly (methyl-methacrylate) square-plate with the size 

of 250 50 mmL L    is subjected to a constant velocity of v 5 m/s  at the bottom and top 

edges of the plate. This load represents a displacement-controlled tensile-load and kept constant 

throughout the PD simulation. The length of the main-crack is 25 mmmL   and the properties 

of the Poly material, i.e., acrylic glass, is given in Table 1. Note that actual Poisson's ratio of 

the acrylic glass is a slightly higher than the Poisson’s ratio corresponding to bond-based PD 

assumptions. However, since this small variation has a negligible influence on the speed or 

propagation of cracks for dynamic fracture problems [41], the value of / 3    can be safely 

used in the following PD analysis. 

 

Figure 6 Problem setup 

v

v

L

L

L
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Ma crackin-
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Table 1 Material properties of Poly (methyl methacrylate) 

Density 

ρ 

Young's modulus 

E 

Poisson ratio 

ν 

Fracture energy 

G0 

1200 [kg/m3] 2940 [MPa] 0.38 602 [J/m2] 

Spatial discretization of the model is generated with a single layer of  500 500 1   

material-points by using meshless scheme. According to the discretization, the grid size is 

specified as 410 mx    and the horizon-radius is defined as 3.015 x   . Moreover, the time 

step size is determined as 
84 10 st    , which is less than the stable-time-step size [26], and 

the critical-stretch value is determined as 
0 0.030857s   [40]. To be able to apply the velocity 

boundary conditions on the edges of the plate, virtual material points are generated with the 

total depth of   [39] and added on these boundaries as depicted in Figure 7. 

 

Figure 7 Discretization of PD model 

3.1 Benchmark problem 

In the benchmark case, two micro-cracks with the size of 2l  are placed as symmetric and 

parallel with respect to the main-crack as shown in Figure 8. The length parameter, l , is defined 

by the size of plate edge as /100l L . For the purpose of results comparison with the reference 

[40], a horizontal position parameter, d , is defined according to the main-crack tip as depicted 

in Figure 8. Note that the vertical positions of the micro-cracks are fixed to the value of 

1.25h l . The crack patterns for varying values of 2 , 0, 2d l l   are presented in Figure 9, 

which demonstrates that our results are very analogous to the crack patterns observed in the 
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reference [40]. Hence, these benchmark results clearly confirm that our bond-based PD 

implementation is suitable to predict the response of a main-crack in the presence of micro-

cracks. 

 

Figure 8 Geometric and parametric details of the benchmark case 

 
 d/l = −2 d/l = 0 d/l = 2 

Figure 9 Crack propagations with damage ( ) percentages for h/l = 1.25 and related d/l 

values of the benchmark case at time step 1000 

3.2 Plate with only a main-crack 

In the first place, a case having only the main-crack (Figure 10) is analyzed to determine 

the propagation behavior without micro-cracks, and to find out the time step at which the 

complete failure is observed. In the rest of the study, this time step is chosen as a reference step 

to better understand and evaluate the toughening effects in the presence of various micro-crack 

formations. 

Herein, the crack propagates along the main-crack axis as plotted in Figure 11a. Although 

some side-crack branches occur after half of the propagation path, the velocity field intensities 

d h
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of their tips are not enough to propagate them further (Figure 11b). As a result, it is obtained 

that the crack starts to propagate approximately at the 500th time step and it reaches to the right-

edge almost at the 1700th time step and the complete breakage is realized. 

 

Figure 10 Geometric details of the plate with only a main-crack 

  
 (a)   (b) 

Figure 11 Plate with only a main-crack at time step 1700: (a) plots of crack propagation with 

damage ( ) percentage; (b) velocity field (m/s) 

3.3 Plate with bifurcated micro-cracks 

In this case, the positioning of the micro-crack cluster is designated to deflect the main-

crack from one to the other for more energy dissipation. As depicted in Figure 12, bifurcated 

micro-cracks are employed to facilitate the branch initiations. Consequently, although the first 

bifurcated micro-crack located at 2.5 mm away from the crack tip does not initiate branching, 

the next one, i.e., located near to the last quarter of the plate, is able to trigger the crack 

branching (Figure 13a). This bifurcation point is located just before the side-crack branching 
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region of the previous case (plate with only a main-crack). Besides, after the first branching, 

several further side-crack branches occur due to the subsequent micro-cracks. Moreover, the 

explicit high-velocity values at the rightmost side-crack tips indicate that there may be a further 

propagation (Figure 13b). Ultimately, there is not any delay in the complete breakage time of 

the plate despite the occurrence of many branching.  

 

Figure 12 General view and magnified details of micro-cracks in the plate with bifurcated 

micro-cracks 

  
 (a)   (b) 

Figure 13 Plate with bifurcated micro-cracks at time step 1700: (a) plots of crack propagation 

with damage ( ) percentage; (b) velocity field (m/s) 

3.4 Plate with linearly inclined micro-cracks 

Herein, the following arrangements have been added in this case in comparison to the case 

of the plate with bifurcated micro-cracks: inclined micro-cracks employed, the number of 

micro-cracks increased, and the micro-crack cluster slightly shifted to the right (Figure 14). 

Accordingly, the branching occurs when the crack propagation come across with the micro-

70
o

20o

2.2 1.2 4
 mm

1.7 
mm

0.8 mm0.5 
mm

1.1 
mm 2 

mm

1.7 mm

1.2 
mm

4.2
 mm

1.22 5.
 mm

Ma crackin- Micro-cracks

100%

95%

90%

85%

80%

75%

70%

65%

60%

55%

50%

45%

40%

35%

30%

25%

20%

15%

10%

5%

0%

77.28

73.41

69.55

65.69

61.82

57.96

54.09

50.23

46.37

42.50

38.64

34.78

30.91

27.05

23.18

19.32

15.46

11.59

7.73

3.86

0.00



Page 14 of 29 

 

crack cluster, as expected. Then, it follows the path oriented by the cluster (Figure 15a). 

Moreover, an intensive interaction between micro-cracks is observed with multiple branching 

of micro-cracks involved in the crack propagation. The energy dissipation in these interactions 

can be recognized from the velocity field values given in Figure 15b. As a result of these 

interactions, a multi-fragmented fracture arises. However, although the interactions and the 

crack-surfaces are significantly increased, the design is insufficient to provide a delay at the 

complete breakage time of the plate. On the other hand, in this case, the occurred crack-surfaces 

are considerably more than the previous cases. 

 

Figure 14 General view and magnified details of micro-cracks in the plate with linearly 

inclined micro-cracks 

  
 (a)   (b) 

Figure 15 Plate with linearly inclined micro-cracks at time step 1700: (a) plots of crack 

propagation with damage ( ) percentage; (b) velocity field (m/s) 
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3.5 Plate with curvilinear and furcated micro-cracks 

In this case, only a furcated micro-crack with five arms, and a curvilinear crack are located 

at the vicinity of the main-crack tip in contrast to the previous cases where numerous micro-

cracks are employed (Figure 16). The main aim of this example is to initiate two or more crack 

branches in a point as close as possible to the main-crack tip. Although the expected branching 

cannot be initiated by the furcated micro-crack, the branching starts almost at the same point as 

in the bifurcated crack case (Section 3.3) and then two side-crack branches arise as can be seen 

from Figure 17a. Moreover, the intense velocity values at the side-crack tips indicate that there 

may be a further propagation (Figure 17b). Hence, there is not any delay in the complete 

breakage time. 

 

Figure 16 General view and magnified details of micro-cracks in the plate with curvilinear 

and furcated micro-cracks 

  
 (a)   (b) 

Figure 17 Plate with curvilinear and furcated micro-cracks at time step 1700: (a) plots of crack 

propagation with damage ( ) percentage; (b) velocity field (m/s) 
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3.6 Plate with 45° orbited micro-cracks 

In this case study, the micro-cracks are placed in orbits, centered on the main-crack tip, 

with the form of a 45° circle slice. The significant difference between this case and the previous 

cases is such that the micro-cracks are oriented perpendicular to the crack propagation as 

depicted in Figure 18. As especially observed in case of the plate with inclined micro-cracks 

(Section 3.4), the micro-cracks near to the right-edge accelerate the propagation and results in 

the overall failure of the plate. Therefore, we designed the formation of the micro-crack cluster 

to be concentrated on the main-crack tip vicinity. 

As can be seen from Figure 19a, the crack branching occurs when the crack propagation 

comes across with the micro-crack cluster and follows the path oriented by the cluster until the 

third orbit. Then, the propagation continues with a mean 10° of angle as shown in Figure 19c. 

Moreover, the velocity intensities on the side-crack branches indicate the ongoing propagation 

(Figure 19b). In this case, a delay at the complete breakage time is achieved by the shortening 

total crack path size about 0.9%. This behavior of the crack deflection demonstrates that the 

orbital allocation of the micro-crack cluster increases the toughness of the material as such the 

main-crack cannot reach to the right edge of the plate. Overall, this phenomenon is known as 

material-toughening behavior and herein overserved utilizing bond-based PD implementation. 

 

Figure 18 General view and magnified details of micro-cracks in the plate with 45° orbited 

micro-cracks 
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 (a)   (b) 

 
(c) 

Figure 19 Plate with 45° orbited micro-cracks at time step 1700: (a) plots of crack propagation 

with damage ( ) percentage; (b) velocity field (m/s); (c) mean inclination angle of 

the major crack branch 

3.7 Plate with 80° orbited micro-cracks 

To investigate the material-toughening behavior further, the following arrangements have 

been made in comparison with the previous case: one more orbit added, and the angle of circle 

slice enlarged to 80° as presented in Figure 20. Accordingly, the branching occurs when the 

crack propagation come across with the micro-crack cluster, as expected. Then, it follows the 

path oriented by the cluster until the fifth orbit as shown in Figure 21a. After that, the 

propagation continues with a mean 11° angle (Figure 21c). Moreover, four side-cracks arise in 

the last quarter of the plate and the velocity intensities on the side-crack branches indicate the 

ongoing propagation (Figure 21b). Consequently, in this case, a longer delay at the complete 

breakage time is achieved as compared to one in the previous example (plate with 45° orbited 

micro-cracks). Herein, the total crack path size is shortened about 4.5% of its size, which is five 

times greater than the previous case. Thus, the orbit angle of the micro-crack cluster has a 

significant influence on the material-toughening behavior. Hence, it can be inferred that the 

larger the orbit angle of the micro-cracks is, the tougher the material will become.   
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Figure 20 General view and magnified details of micro-cracks in the plate with 80° orbited 

micro-cracks 
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(c) 

Figure 21 Plate with 80° orbited micro-cracks at time step 1700: (a) plots of crack propagation 

with damage ( ) percentage; (b) velocity field (m/s); (c) mean inclination angle of 

the major crack branch 
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herein is to reduce the strain energy density at the main-crack tip by encircling it with micro-

cracks. As shown in Figure 23a, the branching occurs when the crack propagation come across 

with the micro-crack cluster and the propagation continues with a mean 13° angle (Figure 23c). 

Moreover, four side-crack branches arise in the last quarter of the plate. Besides, the velocity 

intensities on the side-crack branches indicate the ongoing crack propagation as can be inferred 

from the red contours presented in Figure 23b. To better understand the physical crack 

propagation and its evaluation in time, we also provide the percentage of damage occurrence 

and associated velocity field for different time steps in Figure 24. According to the result 

contours given in Figure 23-24, a delay at the complete breakage time is achieved even further 

in this case, as compared to the former two cases (Sections 3.6 and 3.7). In addition, the total 

size of the crack path is shortened about 7.7% of its distance, which is almost nine and two 

times greater than those observed in Sections 3.6 and 3.7, respectively. Hence, among all 

numerical examples, the most effective branching and toughening occur in this case. Overall, 

the crescent-like distribution of micro-cracks around the crack tip may be considered as the 

most material toughening design for materials of the future.  

 

Figure 22 General view and magnified details of micro-cracks in the plate with a cluster of 

crescent-like micro-cracks 
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Figure 23 Plate with a cluster of crescent-like micro-cracks at time step 1700: (a) plots of 

crack propagation with damage ( ) percentage; (b) velocity field (m/s); (c) mean 

inclination angle of the major crack branch 
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Figure 24 Plate with a cluster of crescent-like micro-cracks at various time steps: (a) plots of 

crack propagations with damage ( ) percentage; (b) velocity fields (m/s) 

4 Summary of the micro-crack toughening mechanisms 
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thereby toughening increment was obtained. Hence, the amplification and shielding effects 

arise depending on the distribution, orientation and spacing of micro-cracks [42]. 

As detailed in Section 3, various types of micro-crack sizes and orientations are included 

in the vicinity of the main crack. These micro-crack clusters resulted in different toughening 

mechanisms for enhanced material design. Herein, we will concisely elaborate on the effects of 

the inclusion of micro-cracks for providing material toughness through performing quantitative 

analysis. For this purpose, x-coordinate of the propagating main crack, namely moving crack 

tips, were measured from the center of the plate, i.e., the initial position of the main crack tip 

before the load is applied. This measurement is made for seven different cases including the 

case without micro-crack at time steps of 1, 500, 700, 1000, and from 1300 to 2000 with 

increments of 100 time steps. 

The variations of these x-coordinates are plotted versus the time steps in Figure 25. For a 

fixed time step value, e.g., 1400th step, the positions of the crack can be compared between each 

specific micro-crack cases. According to this comparison, the more the x-coordinate is, the less 

toughened the material will be. Stated otherwise, the higher the speed of the main crack is, the 

quicker the failure will be. When the average crack propagation velocities between the 500th 

and 1600th time steps are calculated as listed in Table 2, the toughening behavior of each case 

can be observed more explicitly. In Table 2, the velocity of the propagating crack tip reaches 

its maximum value for the case without any micro-crack, whereas the speed of the main crack 

takes on the minimum value when the crescent-like micro-cracks are allocated in the vicinity 

of the main crack. Moreover, the case with curvilinear and furcated micro-cracks produced the 

higher crack propagation speed than the cases crack with 45° and 80° orbited micro-cracks 

(Table 2). In contrast, the presence the curvilinear and furcated micro-cracks in the plate domain 

slowed down the speed of the main crack propagation as compared to the presence of the 

bifurcated micro-cracks and/or linearly inclined micro-cracks (Table 2). 
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Figure 25 The x-coordinates of the propagating main crack tip for all cases versus changing 

time steps 

 

Table 2 Average velocity of the propagating main crack tip between the 500th and 1600th 

time steps for all cases 

 
x-coordinates at 

the 500th 

time step 

(mm) 

x-coordinates at 

the 1600th 

time step 

(mm) 

Avg. Velocity 

between these 

time steps 

(mm/time step) 

Without micro-cracks 0,403 24,897 0,0223 

With Bifurcated micro-cracks 0,403 24,696 0,0221 

With Linearly Inclined micro-cracks 0,405 24,180 0,0216 

With Curvilinear and Furcated micro-cracks 0,499 22,921 0,0204 

With 45° Orbited micro-cracks 0,404 22,210 0,0198 

With 80° Orbited micro-cracks 0,404 21,098 0,0188 

With A Cluster of Crescent-Like micro-cracks 0,096 20,284 0,0184 

 

In Figure 25, the dramatic changes in the crack tip positions are noticeably observed 

between the 1000th and 1700th time steps, thus we select the time steps of 1400, 1600, and 1700 

for plotting damage contours in Figure 26. These damage contours confirm the main outcomes 

of the previous section, as such the x-coordinates of the main crack are 20.079 mm and 14.908 

mm at the time step of 1400 for the cases without micro-crack and with crescent-like micro-

cracks, respectively. According to the decreasing sequence of x-coordinates from the first 

(without micro-crack) to the last (with crescent-like micro-cracks) cases at the 1400th time step, 

the toughness of the material is increased in the presence of each specific micro-crack pattern 

0

5

10

15

20

25

0
0
0
0

0
1
0
0

0
2
0
0

0
3
0
0

0
4
0
0

0
5
0
0

0
6
0
0

0
7
0
0

0
8
0
0

0
9
0
0

1
0
0
0

1
1
0
0

1
2
0
0

1
3
0
0

1
4
0
0

1
5
0
0

1
6
0
0

1
7
0
0

1
8
0
0

1
9
0
0

2
0
0
0

T
h
e
 

 
 o

f 
cr

ar
c
k
 t

ip
 (

m
m

)
x

-
c
o
o
rd

in
at

e

Number of time step

Without micro-cracks

With  bifurcated micro-cracks
With linearly inclined micro-cracks

With  curvilinear and furcated micro-cracks

With  m45° orbited icro-cracks

With 80  m° orbited icro-cracks

With a cluster of crescent-like micro-cracks



Page 24 of 29 

 

with the same sequence. Besides, the same material toughing phenomenon is also observed for 

time steps of 1600 and 1700, as depicted in Figure 26. Overall, these results exhibit the PD 

computational models developed in this study can be extensively utilized to quantify different 

toughening mechanism predefined by micro-crack patterns. 
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Figure 26 The x-coordinates of the propagating main crack tip of all cases at 1400th, 1600th, 

and 1700th time steps. 
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5 Concluding remarks 

In this study, the former investigation made by Vazic et al. [40] is enhanced by considering 

more complex micro-crack patterns. With the utilization of bond-based Peridynamic model, the 

effects of inclined-linear and/or curvilinear micro-crack patterns on dynamic crack propagation 

are presented for the first time in the literature. It could be deducted from the numerical results 

that if the branching is initiated as close as possible to the crack tip, the energy dissipation 

increases, and in turn the complete breakage time could be delayed. Also, increasing the 

furcation number contributes more energy dissipation. Additionally, the orientation of micro-

cracks is very crucial in design of materials in the presence of pre-defined micro-cracks. In the 

cases of perpendicularity between main- and micro-cracks the branching and energy dissipation 

are more effective. As this perpendicularity diminishes and becomes parallel, the main-crack 

speed boosts. The presented results demonstrate the remarkable capability of Peridynamics in 

predicting complex fracture patterns formed by a wide range of micro-cracks. With PD theory’s 

capability, the proposed computational models serve to as robust designs of microstructurally 

toughened new brittle materials. The future directions of this study may include the application 

of the present idea to the computational design of ductile materials. 

6 Data availability 

The raw/processed data required to reproduce these findings cannot be shared at this time 

as the data also form part of an ongoing study. 
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