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Abstract

For the past few decades, the stability criteria for the stochastic differential delay equations (SD-
DEs) have been studied intensively. Most of these criteria can only be applied to delay equations
where their coefficients are either linear or nonlinear but bounded by linear functions. Recently,
the stability criterion for highly nonlinear hybrid stochastic differential equations is investigated
in [Fei, Hu, Mao and Shen, Automatica, 2017]. In this paper, we investigate a class of highly
nonlinear hybrid stochastic integro-differential delay equations (SIDDEs). First, we establish
the stability and boundedness of hybrid stochastic integro-differential delay equations. Then the
delay-dependent criteria of the stability and boundedness of solutions to SIDDEs are studied.
Finally, an illustrative example is provided.

Keywords: stochastic integro-differential delay equation (SIDDE); nonlinear growth condition;
asymptotic stability; Markovian switching; Lyapunov functional

1. Introduction

In many real-world systems, such as science, industry, economics and finance etc., we will
encounter a time delay. The differential delay equations (DDEs) including the functional differ-
ential equations have been used to model such time-delay systems. Since the time-delay often
causes the instability of systems, stability of DDEs has been researched intensively for more
than 50 years. Generally, the stability criteria are classified into the delay-dependent and delay-
independent stability criteria. When the size of delays is incorporated into the delay-dependent
stability criteria, the delay-dependent systems are generally less conservative than the delay-
independent ones which work for any size of delays. There exists a very rich literature in this
area (see, e.g., [10} [T}, (12} [16 20]).

In 1980’s, the stochastic differential delay equations were developed in order to model the
real-world systems which are subject to external noises (see, e.g., [30]). Since then, in the study
of SDDEs the stability has been one of the most important topics (see, e.g., [9} 24 37,
380).
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Since 1990’s, the hybrid SDDEs (called also SDDEs with Markovian switching) were de-
veloped to model the real-world systems where they may experience abrupt changes in their
parameters and structures in addition to uncertainties and time lags. One of the important is-
sues in the study of hybrid SDDEs is the analysis of stability of control systems. Moreover,
the delay-dependent stability criteria have been created by many authors (see, e.g., [26} 27, 28}
29, 391 140, 41}, 2]). To our best knowledge, the existing delay-dependent stability criteria are
mainly provided for the hybrid SDDEs where their coefficients are either linear or nonlinear but
bounded by linear functions (or, satisfy the linear growth condition). Recently, [13][14] initiate
the investigation on the stability of the hybrid highly nonlinear stochastic delay differential equa-
tions. Based on the highly nonlinear hybrid SDDEs (see, e.g., [13} [14]), the stability of highly
nonlinear systems is further explored in [6} [7, (8} 34, [35]]. However, the current states of many
real systems depend on several history states of some time interval. Thus multiple time delay
systems are also discussed (see, e.g., [21}31]]).

On the other hand, a real system depends on not only discrete delays (single or multiple
ones) but also a whole history of states of the system with some lag interval. [4] considers a
nonhomogeneous Volterra integro-differential equation with the solution being a non-Markovian
process. Moreover, the convergence and stability of the linear stochastic integro-differential
delay equations were discussed in [} 15 [15} 25} [17) [18] [32] 33} 136, [3]. With the energy of a
hybrid system accumulated, a stable system might get unstable as it is disturbed by a white
noise. In general, if a stable system has too long lag, then it might get unstable. Our problem
is as follows: In how long lag time, the system can remain stable? To this end, we discuss
an example as follows. Now we consider the stability of the following hybrid highly nonlinear
SIDDE

[ (10X3(0) — 20(X))d1 + (W(X)PdBQ@), ifi= 1,
dx() = { (H(X,)) = SX3(0)dt + (WX)2dB(@),  ifi=2. (1.0

Here fort > 0 X, := {X(t+u) : -7 <u < 0}, (X)) := %f_OTX(t + w)du with h(X;) := X(¢) for
7 = 0, X(¢#) € R is the state of the highly non-linear hybrid system, B(?) is a scalar Brownian
motion, r(¢) is a Markovian chain with the state space S = {1, 2} and its generator I" given by

-1 1
= ( o _8). (1.2)

The above system (1.T)) will switch from one mode to the other according to the probability
law of the Markovian chain. If the time delay 7 = 0.01, the computer simulation shows it is
asymptotically stable (see Figure 4.1 ). If the time-delay is large, say v = 3, the computer
simulation shows that the hybrid SIDDE (I.I)) is unstable (see Figure 4.2 ). In other words,
whether the hybrid SIDDE is stable or not depends on how small or large the time-delay is. On
the other hand, both drift and diffusion coefficients of the hybrid SIDDE affect the stability of
the systems due to highly nonlinear. However, there is no delay dependent criterion which can
be applied to the SIDDE to derive a sufficient bound on the time-delay 7 such that the SIDDE is
stable, although the stability criteria of the highly nonlinear hybrid SDDE have been discussed
in [6] on the single delay. The aim of this paper is to establish the delay dependent criteria for
the highly nonlinear hybrid SIDDE:.

Our main contributions are as follows:
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(a). The hybrid highly nonlinear stochastic integro-differential delay equations first are inves-
tigated, where the coefficients are highly nonlinear on both the current state X(r) and the history
hA(X,) with lag time 7 > 0.

(b). We established the theorem of the stability and boundedness of the solutions to the hybrid
highly nonlinear SIDDESs similar to [13]] where they only investigate the highly nonlinear hybrid
SDDE (see Theorem 2.4 in Section 2 below).

(c). The delay-dependent criteria are established first for the solutions to the hybrid highly
nonlinear SIDDEs in Section 3.

(d). New mathematical techniques are well applied to solve our stability criteria, such as by
constructing an appropriate Lyapunov functional.

2. Notation and Assumptions

Throughout this paper, unless otherwise specified, we use the following notation. If A is a
vector or matrix, its transpose is denoted by AT. If x € R?, then |x] is its Euclidean norm. For
a matrix A, we let |A] = +/trace(ATA) be its trace norm and ||A|| = max{|Ax| : |x| = 1} be the
operator norm. Let R, = [0, c0). Denote by C([-, 0]; RY) the family of continuous functions 7,
from [-7,0] — R¢ with the norm ||5|| = SUP_r<,<o IM(w)]. If A is a subset of Q, denote by I, its
indicator function. Let (Q, F, {¥:}:0, P) be a complete probability space with a filtration {F;};>0
satisfying the usual conditions. Let B(¢) = (By(f),--- , B,,(f))T be an m-dimensional Brownian
motion defined on the probability space. Let r(¢), t > 0, be a right-continuous Markov chain
on the probability space taking values in a finite state space S = {1,2,---, N} with generator

I' = (yij)nxn given by

yiiA + o(A) if i+ j,

where A > 0. Here y;; > 0 is the transition rate from i to jif i # j while y; = — ;. vi;- We

assume that the Markov chain r(-) is independent of the Brownian motion B(-). Let
fC, ) RYxSx R, — RY, gC, ) RYxS xR, —» R
F(h(),+) : C[-T, 0 R) X Sx Ry = RY,  G(h(),+-) : C([-7,0]; RY) x S x Ry — R
be Borel measurable functions, where h(¢) := i f_ OT d(u)du, ¢ € C([-7,0]; RY) with A(p) := $(0)
for 7 = 0. Let the functional X; := {X(# + u) : -7 < u < 0}. Consider a d-dimensional hybrid
highly nonlinear SIDDE with Assumption [2.1]below
dx() =[f(X@), r(®), ) + F(W(X,), (1), Hldt
+ [g(X (@), r(0), 1) + G(W(X,), (1), 1)]d B(7) (2.1)

on ¢t > 0 with initial data
n(t) : -t <1 <0} =neC(-1,0];RY), r(0) =iy €S. (2.2)

The classical conditions for the existence and uniqueness of the global solution are the local
Lipschitz condition and the linear growth condition (see, e.g., [24} [29]]). In this paper, we need
only the local Lipschitz condition. However, we will consider highly nonlinear hybrid SIDDEs
which, in general, do not satisfy the linear growth condition in this paper. Therefore, we im-
pose the polynomial growth condition, instead of the linear growth condition. Let us state these
conditions as an assumption for our aim.

3
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Assumption 2.1. Assume that for any h > 0, there exists a positive constant K, such that

|f(-x’ i’ t) - f()?, i’ t)' \ |g(-x’ i’ t) - g(x’ i’ t)'
VIF(W(@), i, 1) = F((@), i, DI V IG(W(@), i, 1) — G(u($), i, )] < Ky (|x = X + llp — lI)

forall x,%,€ R and ¢, ¢ € C([-7,0]; RY) with |x| V || V ||¢ll V ¢l < h and all (i,1) € S x R,.
Assume moreover that there exist three constants K > 0, q; > 1 and g > 1 such that

Lf(x, i, 0) + F((g), i, 0] < K(1 + |67 + [R(B)I™),
lg(x, i, 1) + G(h(@), i, )] < K(1 + |xI + [()]"*) (2.3)

forall x e R4, (i,1) € Sx Ry, ¢ € C([-7,0]; RY).

We emphasize that we are here interested in highly nonlinear SIDDEs which have either
g1 > 1 or g» > 1. We will refer condition (2.3)) as the polynomial growth condition. It is known
that Assumption 2.1 only guarantees that the SIDDE (2.1) with the initial data (2.2 has a unique
maximal solution, which may explode to infinity at a finite time (see [24]). To avoid such a
possible explosion, we need to impose an additional condition in terms of Lyapunov functions.

For our aim, we now give the following useful lemma.

Lemma 2.2. For nonnegative integers m > k, let the non-negative coefficient quasi-polynomial
U(x) = aplx™ + - + aglxlf, x e RY, where a; > 0,i = k+1,--- ,m— 1, and ay, a,, > 0. Assume
that x(t) : [-T,00) = R? is a continuous function, where x(t) = £(t),t € [-7,0] and T > 0. Then,
for any € > 0, we have

T 0
f eE’U(f x(t+u)du)dt
0 -7
T
< e fu SUE(s))ds + f e U(x(s))ds). VT >0. (2.4)
-7 0

Proof. We first consider the case of 7 > 0. Let U(x) = |x|’,p > 1. For p > 1, by the Holder

inequality with g = %, we obtain
U(% f_OT x(t+ u)du) = ‘% f_OT x(t + u)du‘p < % f_OT |x(t + w)|Pdu.
For p = 1, the inequality above holds still. Therefore, we have
Bre (L [0 e+ wrdu)de = L (7 [7 e\t + wPdidu

=L [0 [T esop(sPdsdu < L [0 [T e e x(s)Pdsdu
e _7; e |x(s)|Pds = e”( f_OT e*SE(s)|Pds + fOT e“lx(s)l”ds).

Thus, we know, for p =0,1,--- ,m,

T 1
ap esl
0 T

0 T
- fx(t + u)du|pdt < e‘”(f e a,lé(s)|Pds +f e“aplx(s)lpds),
-7 -7 0
from which (2.4) holds.
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Next, for the case of T = 0, the claim easily are obtained. Thus the proof is complete. O
Let C>'(RY x S x R,;R,) denote the family of non-negative functions U(x,i,?) defined
on (x,i,7) € RY x S x R, which are continuously twice differentiable in x and once in . For

such a function U(x,i,1), let U, = %—lt/, x = (37’{, e ,%), and U,, = <%)dxd' Let C(RY x

[-7, 0); R ) denote the family of all continuous functions from R? X [T, 00) to R,. We can now
state another assumption.

Assumption 2.3. Let H(x),x € R? be the nonnegative coefficient quasi-polynomial H(-) (see,
Lemma . Assume that there exist the function U € C 2R xS x R, : R,), and nonnegative
constants cg,c1,c2 and g > 2(q; V q2) (where g and q, are the same as in Assumption ([21]))
such that

e <cr, |x?<Ux, i) < HX) (2.5)
JorV(x,i, 1) € RYx S x Rs, and

LU(x,¢,i,0) := U(x,i, 1) + Up(x, i, )(f(x, i, 1) + F(I(@), 1, 1))
N
+ %trace[(g(x’ i’ t) + G(h(¢)’ i’ t))T Uxx(xa i’ t)(g(-x7 ia t) + G(h(¢)a i’ t))T] + Z YijU(x’ j’ t)

j=1
< co — c1Hx) + o H(($)) (2.6)

forall x e R4, (i,1) € Sx Ry, ¢ € C([-7,0]; RY).

In what follows, similar to the discussion in [13]], we have the following theorem which shows
the existence and uniqueness, the stability and boundedness of the global solution to highly non-
linear hybrid SIDDEs. In order to complete the proof of the theorem, we provide the existence
and uniqueness of the maximal solution to SIDDE delegated to Appendix A.

Theorem 2.4. Under Assumptions [2.1and 2.3} the SIDDE (2.1) with initial data (2.2) has the
following assertions:

(i) There is a unique global solution X(t) to the SIDDE onte€ [-T, ).

(ii) The solution X(t) obeys

lim sup E|X()|? < il 2.7
—00 &
and
. 1 [ Co
lim sup — EH(X(s))ds < , (2.8)
- I Jp c1—C2

where € > 0 is the unique root to the equation
c1 =&+ e, (2.9)

(iii) If, in addition, co = O, then the solution has the moment properties that

1
lim sup " log(E|X(1)|9) < —& (2.10)

t—o0

5



and

o0 0
f EH(X(r))dt < (H(X(O)) + f H(n(s))ds); 2.11)
0 €1 —C -T
while it also has the sample (pathwise) properties that
. 1 &
lim sup ” log(IX(®)|) < —— a.s. (2.12)
{—00 6]
and
f H(X(t)dt < o0 as. (2.13)
0

Proof: The whole proof is divided into three steps for three assertions.

Step 1. From Lemma [A73] we know that for the hybrid SIDDE (2.I) with the coefficients
being locally Lipschitz continuous and any given initial data (2.2)), there is a unique maximal
local solution X(¢) for V¢ € [T, o), Where 0, is the explosion time. Let my > 0 be sufficiently
large for my > ||n||. For each integer m > my, define the stopping time 7,, = inf{t € [0,0) :
|X(®)] = m}, where, throughout this paper, inf ) = co. Clearly, 7,, is increasing as m — oo. Set
Teo = lim 7,,, whence 7., < 0 a.s. If we can show that 7, = o a.s., then o, = oo a.s. and

m—o0

claim (i) follows. Next, we will show that 7., = oo a.s. By the generalized It formula (see, e.g.,
[29], Lemma 1.9 on p. 49) and condition (2.6), we can show that, for any m > mg and ¢ > 0,

EUX(tm A1), 1T A D, T A 1) — U(X(0), 7(0),0)

<E f " (co = et H(X(5) + e H(B(X,))ds,
0

from which, together with condition (2:3), we have

T At

ElX(ty, A DY < HX(0)) + cof — ¢ E H(X(s))ds
0
T AL
+oF H((X,))ds.
0
By Lemma[2.2] we derive
T AL T AL

0
E H(WX,))ds < f H(s))ds + E H(X(s))ds,
0 -7 0

which shows

T AL

EX(t, AD)? < Ki + cot — (¢c1 — c2)E H(X(s))ds, (2.14)
0

where K| = H(X(0)) + ¢, f_or H(n(s))ds. Noting that ¢; > c,, we get

EX (1 A D)9 < K + cot.
6



Then we have m?P(t,, < t) < K, + cot. Therefore, letting m — oo in the inequality above, we
os  have P(t. < ) = 0, which shows P(r,, > t) = 1. Due to arbitrariness of r > 0, we must have
P(to = o0) = 1 as required.
Step 2. By the generalized Itd formula, we obtain that for ¢ > 0,

E(eg(’AT'”)H(X(Tm A t))) — H(X(0))
T A\
<E f e“(co —(c; — &) H(X(s5)) + czH(h(XS)))ds
0
o tAT
< —e —(c| - S)Ef e H(X(s))ds
& 0
{ AT
+oF f S H(W(X,))ds. (2.15)
0
However, by Lemma[2.2] we derive
T AL
E f SH(W(X,))ds
0

0 T AL
<e( f e H(n(s)ds + E f ¢ H(X(5))ds),
- 0

T

which, together with (2.9) and (2.15), shows that

E(eE(MT”‘)|X(Tm A t)|q) <Kr+ C_Oeat’
e
where K, = H(X(0)) + cpe®” LOT e H(n(s))ds. Letting m — co we get that
E(e7IX(0]Y) < Kz + e, (2.16)
&

Thus, the desired claim (2.7) holds.
In order to show (2:8)), from (2.14) we know that

T NI

(c1 — )E H(X(s))ds < K + cot.
0
Thus, letting m — oo and using the Fubini theorem, we have

(c1 - )E f H(X(s))ds < K; + cot. 2.17)
0

Dividing both sides in ([2.17) by ¢ and letting r — oo we get the claim (2.8).
Step 3. Now we consider the case when ¢y = 0. From the calculations in the previous steps
with ¢y > 0, we know that they hold also for ¢o = 0. It then follows from (2.16) that

EIX(0)l < Kze™,

which means the required claim (2.10). Moreover, from (2.17), we get

(c1 = Cz)]Ef H(X(s))ds < Ki,
0
7
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which easily shows (2.11)), which implies (2.13).

Finally, by the generalized It6 formula, we get that for any ¢ > 0,
e UX(1), r(1), 1) = UX(0), 7(0),0)
!
= f e [eU(X(5), r(s), s) + LUX(s), X;, r(s), $)ds + M(t),
0

where M(¥) is a local martingale with the initial value M(0) = 0. Due to Assumption @] with
co = 0, we easily get in the same way as in Step 2 that

XD < Ky + M().

Using the non-negative semi-martingale convergence theorem (see, e.g., [22], Theorem 1.45 on
p. 48), we get that

lim sup [egth(t)lq] <o as.

t—oo

Thus, there exists a finite positive random variable £ such that

sup [eS’IX(t)I"] < as.,

0<t<oo

which implies

1
lim sup — log |X(£)| < —& a.s.

t—00

Thus, the claim (2.12)) holds. Hence we complete the proof. O

3. Delay-Dependent Asymptotic Stability of SIDDEs

In this section, we will use the method of Lyapunov functionals to investigate the delay-
dependent asymptotic stability. We define two segments X; := {X(t + s) : =27 < s < 0} and

Foo={r(t+s) : =2t < 5 < 0} for t > 0. For X, and 7, to be well defined for 0 < ¢ < 27, we
set X(s) = n(—7) for s € [-27,—7) and r(s) = ro for s € [-27,0). We construct the Lyapunov
functional as follows
V(Xt’ il’ t) ZU(X(I)7 r(t)v t)
0
vor [ [ [r0+ 0900100 + FRGO). 0P
-7 Jit+s
1
+(1+ 9—)|g(X(V), r(v),v) + G(A(X,), r(v), V)Iz]dvds
)

for t > 0, where U € C*'(R? x S x R,; R, ) such that

lim inf  U(x,t,i)] = oo,
|x]—00 [(t,i)EIR+><S ( )]



and 61, 6, are positive numbers to be determined later while we set

f(x,i,8) = f(x,i,0), g(x,i,s)=g(x1i0)

F((@), 1, s) = F(I($),1,0), G(¢),i,s) = G(h(p),i,0)
for all x € R4, (i,s) € S x [-27, 0),¢ € C([-T, 0], R9). Applying the generalized Itd formula to
U(X(1), r(2), 1), we get

dUX(@®), r(0),1) = (Ur(X(t), (1), 1)
+ U(X(0), r(0), D(f (X (@), r(1), 1) + F((Xy), r(2), 1))
+ %trace[(g(X(t), r(0), 1) + G(h(X,), r(?), )"
X U (X(), (1), )((X (1), r(2), 1) + G(I(X)), (1), 1))]

N
+ D Y UK, j,0)dt + dM(@),
j=1

for t > 0, where M(¥) is a continuous local martingale with M(0) = 0. Denote an indicator
function L;—.(s) = 1,5 € [t — 7,¢], or 0. And define the functional x1j;_.; = {¢(s); ¢(s) =
XLjrq(s) = x,s € [t —7,2],0r 0} for x € R<. Thus, rearranging terms give

dUX(0), r(1),1)
= (Ux(X (0, r(0), DIF (W(X7), (1), 1) = F(MX () L1—20), (1), )]
+ LUX(0), X, (1), 1)) + dM(1),
where the function LU : RY x C([-1,0]; R%) x S x R, — R is defined by
LU, @, i,1) = Ulx, i, 1) + Ug(x, 1, )(f(x, 1, 1) + F(R(XL[1—r1), 1, 1))
N
+ %trace[(g(x, i,1) + G(I(@), i, 1) Unr(x, i, )(g(x, i, 1) + G(I(), i, 1))] + Z viiU(x, j, ).
j=1
(3.1
Moreover, the fundamental theory of calculus shows

0 t
d( f f [T(l + ) F(XOW), r(v),v) + F(K(X,), r(v), v)|?

+(1+ gi)|g(X(v), r(v),v) + G(h(X,), r(v), v)*|dvds)
2
= (t[z(1 + OIFX W), (), v) + F(AX,), r(9), )

1

+ (1 + IR, 1))+ GG, 70, WP

- f [7(1 + )X, 7). v) + F(R(X,), r(v), )P

+(1+ gl)|g(X(v), r(), ) + G(A(X,), r(v), v)P|dv)d.
2

9
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Lemma 3.1. With the notation above, V(X;, 1, t) is an Ito process on t > 0 with its It differential
dV(x;, 7, t) = LV(X;, Ty, H)dt + dM(1),
where M(t) is a continuous local martingale with M(0) = 0 and
LV(X,, 7, 1) = U (X(@), r(0), D[F(A(X,), r(1), 1)

= F(MX® L —r0), (1), 1)]
+ LUX(@), X;, r(0), 1)

+ Ort7(1 + O)IF(X(D), (1), 1) + F(R(X,), r(2), DI
+(1+ 91—2)|g(X<r), (), 1) + G(h(X,), (1), D]

-6, f ) |71+ 621 f (X, (), ) + F(A(X,), (), V)
+(1+ 91—2)|g(X<v>, r(),v) + G(h(X,), r(v), v)|v.

We here note that the expression for the martingale M(¢) in Lemma 3.1 is of no further use for
our analysis, so it is not necessary to give the detailed expression. In what follows, to study
the delay-dependent asymptotic stability of the SIDDE (2.1), we need to impose several new
assumptions.

Assumption 3.2. Assume that there are functions U € C*'(R? x S x R,; R,), the nonnegative
coefficient polynomial U; € C(RY; R.,) (see Lemma , and positive numbers ay,a, and By
(k =1,2,3) such that

a) < @y (3.2)

and

LU(x,¢,i,0) + B1|Ux(x, i, 1)

+B2|f(x’ i’ t) + F(h’(¢)s i9 t)|2 +B3|g(-x’ is t) + G(h’(¢)s i9 t)|2
< -1 Ui(x) + a2Ui (@), (3.3)

forall x e R4, (i,1) € Sx Ry, ¢ € C([-7,0], RY).

Assumption 3.3. Assume that there exists a positive number @ such that
[F(W(xLi—z), i, 1) = F(h($), i, )| < w|x — W)

forall x € R4, (i, 1) € S X [-27, ), ¢ € C([-T,0], RY).

Theorem 3.4. Let Assumptions[2.1} [2.3| B-2]and[3.3| hold. Assume also that

r<supf(B2 )2 A (BB (3.4)

650 @ (1 +6,) @ (1 +1/6,)

Then for any given initial data (2.2)), the solution of the SIDDE (2.1)) has the properties that

f " BUL(X(t)dr < o 3.5)
0 10



and
sup EUX(1), r(1),1) < oo.

0<t<oo

Proof: Fix the initial data n € C([-,0]; RYandry € S arbitrarily. Let ko > 0 be a sufficiently
large integer such that ||77]| := sup_.. ., [7(s)| < ko. For each integer k > ko, define the stopping

time
o =inf{t > 0 : |X(¢)| > k}.

It is easy to see that oy is increasing as k — oo and limy_,., 0% = oo a.s. By the generalized It6

formula we obtain from Lemma 3.1] that

AT
EV(Xf/\(Tk’ 7‘1/\(7'/\" tA O-k) = V(XO’ ?0’ 0) + E f LV(XN 7‘.?7 s)ds
0

(3.6)

for any + > 0 and k > ko. Let 6; = @?/(4B;). By Assumption and Cauchy-Schwartz

inequality, it is easy to see that

UA(X@), r(@), DIF (WX (O Lj1—z.0), (1), 1) = F(U(X,), (1), 1)]

2 0
< AU 1. 0P + - [x0 - [ x4 o]
4,81 T J-1

wz 0
< BIULX@), r(0), D + — f IX() — X(t + s)*ds.
4181T -7
By condition (3.4), we also have
0,7*(1 +6,) <Br and 67(1 + 91) < Bs.
2
It then follows from Lemma[3.1] that
LV(X,, 75, 5) <LUX(s), X(5), 7(5), ) + B1lU(X(s), (s), )
+ Bal f(X(5), 7(5), 5) + F(A(Xy), r(s), )I*
+ Bslg(X(s), r(s), ) + G(A(X,), r(s), )

2 0
+ 4;’7 I T 1X(s5) = X(s + v)[2dv

wZ

4B
1
+ (1 + H—Z)Ig(X(v), r(v),v) + G((X,), r(v), v)|2]dv.
By Assumption [3.2] we then have
LV(Xy, Fy, 8) < —a1 Ui(X(9) + a2 Uy (W(X,))

2 0
+ 41;7 j:T 1X(s) — X(s + v)|*dv
2 S
"I f |71+ Bl X). 7). ¥) + F(X,), r(1). )P
1
# (14 2lgX0, H0) + GO, ). P,

11

| T+ . ) + F). 0 0P

(3.7)



Substituting this into (3.6) implies
EVXinoys Finar t A k) < V(Xo, 70, 0) + [ + I = I3, (3.8)
where

L=E fo [ = a1 U (X(5)) + an U (WX ) dis

ZD'2 tAT) 0
L =—0E E f f 1X(s) — X(s + v)*dvds,
4ﬁ1T

ATk
I = 4/31 f f (1 + 6| f(XW), r(v),v) + F(R(X,), r(v), )P
F(1+ 9_2>|g(X(v>, r(9),v) + G(AOXG), 79, )P dvds.

By Lemma[2.2](ii), we get that

0 tAT
h<a [ v -ak [ 0
-7 0
where @ = @ — @, > 0 by Assumption[3.2] Substituting this into (3.8) yields
ATk
ak f Ui(X(s))ds < Cy + I, — I, (3.9)
0

where C| is a constant defined by

= V(X(0), 7, 0) + a» fo Ui(n(s))ds.

-7

Applying the classical Fatou lemma and let k — o in (3.9) to obtain
!
EyIEf Ui(X(s))ds < Cy + I, — I, (3.10)
0

where

L=" 4ﬁ1 f f 1X(s) — X(s + v)*dvds,

Ef f (1 + 6)|f(X(), r(v), v) + F(A(X,), r(v), vI?

b=
+(1+ e—)lg(X(v), r(v),v) + G(h(X,), r(v), v)| ]dvds. (3.11)
p)

By the well-known Fubini theorem, we have

L= 1B f le(s) X(s + v)|*dvds.

12




For ¢ € [0, 7], we have

B w.Z T 0
L<— f f EIX(5) + EIX(s + v)P)dvdss
2BIT 0 -7

2

T
< —( sup EXOW)).
5 (o BXOF)
For t > t, we have
. 12 ) o2 (! 0 ,
L<—( sup EXO)P)+——— | E [ IX(s) - X(s+v)Pdvds. (3.12)
B N —r<v<r 4,BIT T —r

Noting that, for v € [, 0],
IX(s) = X(s +v)l
= | j: jv(f (X(), r(u), u) + F(W(X.,), r(u), u))du
+ fv :v(g(X(u), r(u), u) + G(W(X,,), r(u), u))dB(u)|.
By using the inequality (a + b)*> < (1 + 6,)a® + (1 + é)b2 for the parameter choice, we get
EIX(s) = X(s + V)
<E f : [T(1 + O\ f (X(w), r(u), u) + F(R(X,), r(u), w)?
+(1+ le)lg(X(u), r(u), u) + G(A(X,.), r(u), w)*du.
Thus we get
0
E I ) 1X(s) = X(s + v)[*dv
<E f f [7(1 + )] F(X (W), ru), u) + F(A(X,), r(u), w)l?
w1+ %>|g<X<u>, r(w), u) + G(h(X,), r(w), w)[* dudv
<E fb f L+ K@, ) 10 + OO, ).
+(1+ 91—2)|g(X(u), r(u), u) + G(h(X,)), r(u), w)1dudv
< 7E f 1+ LK@, ) 10 + OO, ).

1
+ (L + )lgX(w), a0, ) + G((X,), r(w), 1)L

13



Notice also that

% f E f 1X(s) — X(s + v)|*dvds

3 ]Ef fs [r(1 + O f (X (w), r(u), u) + F(I(X,), r(u), w)|?
+(1+ el)lg(X(u), (), u) + G(W(X,), r(u), w)|*1duds.
b

Thus from (3.11) and (3.12) we get
2

b < %( sup EIX()P) + Fs. (3.13)

1 —T<V<T

Together with (3.4), substituting (3.13) into (3.10) yields

13
ak f U1(X(s), 5)ds < C +4B3 sup E[X()]* := C,.
0

—T<V<T

Letting t — oo gives

E f N U (X(s))ds < &
0 a
Similarly, we see from (3.8) that
]EU(X(t AT, F(t ATyt A o-k) <Ci+hL-1.
Letting k — co we get
EUX(®),r(t),t) < Cy < o0,
which shows

sup EUX(¢), r(t), 1) < oo.

0<t<co
Thus the proof is complete. O

Corollary 3.5. Let the conditions of Theorem[3.4|hold. If there moreover exists a pair of positive
constants ¢ and p such that

cx? < Uy(x), VYxeRY,

then for any given initial data (2.2), the solution of the SIDDE satisfies

f ) EIX(1)|Pdt < co. (3.14)
0

That is, the SIDDE (2.1)) is Heo-stable in L.

This corollary follows from Theorem 3.4] obviously. However, it does not follow from (3.14)
that lim,_,., E|X(H)|P = 0.
14
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Theorem 3.6. Let the conditions of Corollary[3.3 hold. If, moreover,
p=22 and (p+qi—-1)V(p+2q —-2)<q,
then the solution of the SIDDE (2.1)) satisfies
tlirzl0 EX(@)P =0
for any initial data (2.2)). That is, the SIDDE (2.1)) is asymptotically stable in L?.

Proof: Fix the initial data (2.2) arbitrarily. For any 0 < 1, < 1, < oo, by the generalized It6
formula, we get

EIX(@)I” - EIX(r)I?

=E f (pIX(t)IP X0 (FX(@), r(8), 1) + F(X,), r(0), 1)

31

+ 12—7|X(t)|p_2|g(X(t), r(0), ) + G((X,), r(0), DI?

p(p—2)
2

+ XX D) T (2(X (@), r(1), 1) + G(A(X,), (1), t))lz)dt,

which, due to Assumption [2.1] implies
[EIX(22)l” — EIX ()|

<E f (PIXOP1F X @), r(D),0) + F(RX,), r(0), )

51

-1
n %IX(I)IP_ZB(X(’)’ r(0), 1) + G(W(X;), r(t), l)|2)dl

<E f (PKIXOP 1+ X + ]

n
+2p(p = DE2XOP[1+ X@OP" + |h(X)"] )dt.
By the inequalities,
IX@OP AT < IX@PH 4+ I
X0~ < 1+ X,
etc., and noting that for any 1 < p < ¢, by the Holder inequality and Theorem 2.4] we get
EIWX)IP < sup EX(t+ ) <(1+ sup E[X(s)|7) < oo,

—7<s5<0 —T<§<00

we can obtain
[EIX ()P -EIX(tD)IP| < C3(12 = 1),
where

Cy = 4pK(1 +2(p - DK)1 + sup EIX(1)|) < co.
—7<t<00
Thus we have E|X(#)|? is uniformly continuous in # on R,. By , there is a sequence {7;}°
in R, such that E|X(#/)|”? — 0, which easily show the claim. Hence the proof is complete. O
15



Proposition 3.7. Let the conditions of Theorem hold. Assume that there are positive con-
stants p and c such that

clxlP < U(x,i,0), Y(x,i,H) e R xS x R,. (3.15)
Moreover assume there exists a function W : R? - R, such that
W(x) =0 ifand only if x =0

and
W(x) < Uy(x),Vx € RY.

Then for any given initial data ([2.2)), the solution X(-) to Eq. ([2-1)) obeys that
lim X(r) =0 as.

1—o0

Proof: Let X() be the solution to Eq. (2:I) with initial data n defined in (2.2). Since the
conditions in Theorem 3.4 hold, by Fubini Theorem, we can show that

Cy = fom EW(X(t))dt < oo,
which implies
fom W(X(@)dt < oo a.s. (3.16)
Set o :=inf{r > 0 : |[X(¢)| = k}. We observe from that
tlirg inf W(X(@)=0 as. (3.17)
Moreover, in the same way as Theorem@ was proved, we can show that

EIX(T AP <C, VT >0,

which implies
KPP <T)<C.

Letting T — oo yields

kPP(oy < 00) < C. (3.18)
We now claim that
tlim WX(@) =0 a.s. (3.19)

In fact, if this is false, then we can find a number £ € (0, 1/4) such that
P(Q) > 4e, (3.20)
where Q| = {limsup, ,,, W(X(7)) > 2&}. Recalling (3.18)), we can find an integer m sufficiently

large for P(0,, < o) < &. This means that
Py)>1-¢. (3.21)
16



where Q, := {IX(¢)] < m for YVt > —7}. By (3.20) and (3.21)) we get
P(Q; N Q) > P(Q) - P(Q) > 3¢, (3.22)

where Qf is the complement of €. Let us now define the stopped process {(t) = X(¢ A o) for
t > —7. Clearly, {(¢) is a bounded Itd process with its differential

d{(1) = e()dt + Y(D)dB(1),

where

@(t) = (f(X(@0), r(®), 1) + F(WX,), (1), D00, (1),
Y(1) = (g(X(0), (1), 1) + G((Xy), (1), 10,07, (1),

where f, g, F, G are defined by (2.1). Recalling the polynomial growth condition (2.3), we know
that ¢() and ¥ (¥) are bounded processes, say

le@I vV (@] < Cs  as. (3.23)

for all # > 0 and some C5 > 0. Moreover, we also observe that |£(7)| < m for all > —7. Define a
sequence of stopping times
p1 =inf{r > 0 : W((¥)) > 2¢},

p2j =inf{t > pyj1 : WD) <&}, j=1,2,---,
paje1 =inf{t 2 prj : W) 2 2¢},  j=1,2,---.
From (3.17) and the definition of Q; and Q,, we have
QN Cloy = oo}ﬂ(m;; {p; < o}).

We also note that for all w € Q; N, and j > 1,

W(Z(p2j-1)) = W({(p2j)) =& and
W((@) =& whente€ [pyji1,p25] (3.24)

Since W(-) is uniformly continuous in the close ball §,, = {x € R? : |x] < m}. We can choose
6 = 6(¢) > 0 small sufficiently for which

W) - Wl <&, €Sy, with |- <. (3.25)

We emphasize that for w € Q; Ny, if [{(02j-1 + u) — {(p2j-1)| < 6 for all u € [0, 4] and some
A >0, then py; — p2j-1 = A. Choose a sufficiently small positive number A and then a sufficiently
large positive integer jy such that

2CIAA +4) < e6” and Cy < £%4jp. (3.26)
By (3.20) and (3.22), we can further choose a sufficiently large number T for
P(ijO <T)>=2e. (3.27)

17



In particular, if p,;, < T, then |{(02,)| < m, and hence p,;, < o, by the definition of {(r). We

hence have
{(t,w)=X(t,w)forall 0 <t < py;, and w € {psj, < T}.

By the Burkholder-Davis-Gundy inequality, we can have that, for 1 < j < j,

E( sup 1(paj-1t AT +1) = Lpaj1 AT)P)

0<t<4

02,1 AT+ 02j-1 AT+
< 2E(2 f lp(s)PPds + 8 f W (s)Pds)

p2j AT p2j AT
<2C3AA + 4),

which, along with (3.26) and the Markov inequality, we can obtain that

P( sup [{(p2jo1s AT +1) = L(pajoy AT)| 2 6) < &

0<t<A

Noting that p,;_; < T if psj, < T, we can derive from (3.27) and the above inequality that

P({p2j, < Ty O { sup I£(paj1 + 1) = Llpaj-1)l < 6))

0<t<A
=P(po2j, < T)
= P({p2jy < THO{ sup K(paj1 +1) = L(paj1)] = 6})
0=t
> Py, <T) - ]P( sup |{(p2j-1 + 1) = L(p2j-1)| = 5)
0<t<A
> &.
This, together with (3.23) , implies easily that
]P({szo <TYN{p2j—p2j-1 2 /1}) > &.

By (3:24) and (3:28), we derive

Jo 2
Cy> Z E(I‘Pz,osn f“’ W(X(t))dt)

P2j-1

[\
M
&=
—
—
3
I
=
)
&
|
s}
L
|
=
SN—

This contradicts the second inequality in (3.26)). Thus (3.19) must hold.
We now claim lim,_,., X(#) = 0 a.s. If this were not true, then

e :=1P(Q3) >0,
18
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130

where Q3 = {limsup,_,, |X(1)] > 0}. On the other hand, by (3.18), we can find a positive integer
my large enough for P(o,, < o) < 0.5¢;. Let Q4 = {07, = oo}. Then

P(Q; N Qy) > P(Q3) - P(QS) > 0.5¢,.

For any w € Q3N Qy4, X(¢, w) is bounded on ¢ € R,. We can then find a sequence {#;} > such that
tj — oo and X(tj, w) — X(w) # 0 as j — oo. This, together with the continuity of W, implies

lim W(X(1}, w)) = W(X(w)) > 0,
]—)00

which show
lim sup W(X(¢, w)) > 0 for all w € Q3 N Qy.

t—o0
But this contradicts (3.19). We therefore must have the assertion lim,_,, X(¢) = 0 a.s. Hence, the
proof is complete. O

4. An Example for SIDDEs

Let us now discuss an example to illustrate our theory.

Example 4.1. Let us consider the SIDDE (I.1)) with the generator (I.2), we consider two case:
7=10.01and 7 = 2 for all # > 0. In case with 7 = 0.01, let the initial data x(u) = 2 + sin(u) for
u € [-0.01,0], r(0) = 2, the sample paths of the Markov chain and the solution of the SIDDE
are shown in Figure 4.1, which indicates that the SIDDE is asymptotically stable. In the case
with 7 = 2, let the initial data x(u) = 2 + sin(u) for u € [-3,0], r(0) = 2, the sample paths of
the Markov chain and the solution of the affine delay SDE (I.1) are plotted in Figure 4.2, which
indicates that the SIDDE is asymptotically unstable. From the example we can see SIDDE (I.1))
is stable or not depends on how long or short the time-delay is.

o F T T T T =]
1.8 -
1.6 A
1.4 B
1.2 B

1.5 B

0.5 -

Figure 4.1: The computer simulation of the sample paths of the Markovian chain and the SIDDE (L)
with 7 = 0.01 using the Euler—Maruyama method with step size 107>

We can see coefficients defined by (1.1) satisfy Assumption with g = 3 and ¢, = 2.
Define U(x, i,t) = |x|° for (x,i,1) € R x S x R.. It is easy to show that

LU(x, ¢,i,1) = 6x°(f(x, i, 1) + F((®), i, 1) + 15x*|g(x, i, 1) + G(F(9), i, 1)
19
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Figure 4.2 : The computer simulation of the sample paths of the Markovian chain and the SIDDE (1.1}
with 7 = 2 using the Euler-Maruyama method with step size 1073.

for (x,i,1) € R xS X R4, ¢ € C([-71,0]; R). Thus we get
LU(x, $,1,1) =6x°(—10x> — 2h(¢)) + 15x* | (p)I*
< 10x° + 2|7(e)|® — 52.5x% + 7.5|h(o)®
and
LU(x,$,2,1) =6x°(=5x> + h(¢)) + 15x* | (p)[*
< 528 + |H(@)|® — 22.5x% + 7.5|h(g) .
Thus, we can obtain
LU(x, ¢, i, 1) <10x° + 2|/A(@)|® — 22.5x° + 7.5|(®)®

=(13 + 10x° + 2|A(@)|° — 1.5x% — 0.5|A()®) — 21(1 + x*) + 8(1 + |A(9)®)
<co = c1(1+x%) + co(1 + |(@)I),

where

0<co= sup (13 + 10x° + 2|R(@)|° — 1.5x% — 0.5|A(@)*} < o0
xeR,peC([-7,0;R)

and H(x) = 1 +x% Duetoc, = 8 < ¢; = 21, we know Assumption holds. Therefore,
Assumption [2.3]is satisfied. From Theorem [2.4] solution of the SIDDE (I.1)) satisfies

sup EIX(1)|° < 0.

—1<1<00

To verify Assumption [3.2] we define

2, 4 o
. X~ + x7, ifi=1,
U(x’”)‘{ 22 4244, ifi=2 @D
20



which shows

. 2440, ifi=1,
Ux(x””)‘{4x+8x3, ifi=2

for (x,7,7) € R X S x R.. By the equation (3.1)), we have

LU(x, ¢, 1,1) =2x + 4x>)(=10x° = 2x) + %Ih(¢)l4(2 +120%) + 2 + 2
< =3x% = 27x* = 38x° + |H()* + 4|(e)[®

and
1
LU(x, ¢,2,1) =(4x + 8x°)(=5x° + x) + E|h(¢)|4(4 +24x%) — 8x% — 8x*
< —4x* —20x* — 3625 + 2|(@)|* + 8.
Moreover
N 4x% + 16x* +16x°,  ifi=1,
IUxtx. .01 = { 1627 + 64x* + 6425, if i =2, “2)
. o [ 11023 + 2R(p)? < 200x° + 8|2, ifi=1,
|f(xv 1, t) + F(h((P), i, t)l - { |5X3 + h(¢)|2 < 50)66 + 2|h(¢)|2, lfl — 2’ (43)
, oo [l ifi=1,
lg(x, i, 1) + G(h(¢), i, 1)| —{ BN ifi=2. 4.4)

Setting 8 = 0.1, 8, = 0.1, B3 = 2, using (#.2)-(@.4), we obtain that

LU, ¢, i, 0) + BilUL(x, i, OF + Bl f(x, iy 1) + F(W(@), i, O + Balg(x, i, D) + G(h(), i, 1)
- —2.6x% — 25.4x* — 16.4x° + 0.8|”(®)* + 3I(P)[* + 4, ifi=1,
T —2.4x% = 13.6x* = 24.6x° + 0.2|W(g)* + 4p)|* + 8|A()IC, ifi=2.
Thus, we get

LU, ¢,i,0) + BIlU(x, i, OF + Bal f(x, i, 1) + F(h(@), i, O + Balg(x, i, 1) + G((g), i, 1)
< —2.4x% - 13.6x* — 16.4x° + 0.8|R(p)1*> + 4 W()I* + 8|A()|°
< —1.6(x* + 5x* + 10x%) + 0.8(7(¢)* + 517e)* + 10/7i(¢p)[®)
< —1.6(x* + 5x* + 10x%) + 0.8(1(e)* + 5|i(e)* + 10/7(¢)[°).

Letting Uy (x) = x> + 5x* + 10x°. Due to @; = 1.6, a, = 0.8, we get condition (3.2). In the case
with T = 0, the conditions in Theorem obviously hold. Thus for each T > 0, the conditions
in Theorem [3.4]hold as well. Noting that @ = 2 and taking 6, = 1, we can obtain a upper bound
of lag time 7 < 0.07. Thus, by Theorem [3.4] we can therefore conclude that the solution of the
SIDDE (I.1)) has the properties that

f m(x2(z) +X*0) + X8(1))dt < 0 a.s. and f ) EX*(1) + X*(@®) + X0(0))dt < oo.
0 0
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Figure 4.3 : The computer simulation of the sample paths of the Markovian chain and the SIDDE (1.1}
with 7 = 0.07 using the Euler—-Maruyama method with step size 1073.

Moreover, as |X(0)? < x2(t) + x*(¢) + x°(r) for any p € [2, 6], we have

f EIX(»)|Pdt < .
0

Recalling ¢ = 3, ¢» = 2 and ¢ = 6, we see that for p = 4, all conditions of Theorem [3.6] are
satisfied and hence we have

lim EX(0)* = 0.
1—o00

We perform a computer simulation with the time-delay 7 = 0.07 for all # > 0 and the initial data
x(u) = 2 + sin(u) for u € [-0.07,0] and r(0) = 2. The sample paths of the Markovian chain and
the solution of the SIDDE (/1.1) are plotted in Figure 4.3. The simulation supports our theoretical
results.

5. Conclusion

In real applications, we are often faced with the stochastic integro-differential delay equa-
tions (SIDDEs). The boundedness and the stability of solutions to SIDDEs are the important
topics. In this paper, we try to give the criteria of the stability and boundedness of the solutions
to the hybrid highly nonlinear SIDDESs. To this end, we investigate the hybrid highly nonlinear
hybrid SIDDEs. In fact, the stability of hybrid SDDEs have been studied for many years, most
of the results in this topic require that the coefficients of equations are linear or nonlinear but
bounded by linear functions. Recently, without the linear growth condition, [6] has established
delay-dependent stability criteria for the highly nonlinear SDDEs by the method of Lyapunov
function. In this paper, we first obtain the stability and boundedness of the hybrid highly nonlin-
ear SIDDE in Section 2. In Section 3, by constructing a Lyapunov functional we further establish
the delay-dependent stability criteria of the highly nonlinear SIDDEs, the H,, stability in L”, and
the asymptotic stability in L”. Moreover, the almost surely asymptotic stability is also discussed.
Finally, an illustrative example is given.
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Besides, it is noteworthy that (i) we give the Assumptions 2.1, 2.3, 3.2 and 3.3 only are
the sufficient conditions which contain a kind of equations with their coefficients satisfying these
assumptions; (ii) the condition (3.4) in Theorem 3.4]only tell us that the highly nonlinear integro-
differential system is stable as long as the system time lag 7 verifies condition (3.4), but it cannot
tell us if the system is stable as condition (3.4) is not verified. Thus, our delay boundary is
conservative, and the less conservative delay boundary might be obtained. Moreover, we believe
that there exist other sufficient conditions such that the concerned systems are stable, which can
be explored further in future.

Appendix
A. The existence and uniqueness of the maximal solution

To show the existence and uniqueness of the global solution to the SIDDE (2.I) with initial
data (2.2), we first provide the following lemmas.

Lemma A.1. Assume that the condition [2.3) with ¢\ = q» = 1 holds, i.e. the coefficients of the
SIDDE (2.1) satisfy the linear growth condition. If X(-) is a solution of the SIDDE (2.1)), then we
have

E( sup |X(t)|2) < (1 +3|Inl*) exp (3K2(3T +4)max{2,1 + ||77||2}T). (A.1)

0<t<T
In particular, X(-) € M0, T1; RY).
Proof: For each integer k > 1, define the stopping time
7w =T Ninf{t € [0, T] : |X(0)]| = k},

which shows 7, T T a.s. Thus X, (1) := X(t A 7y) verifies

Xi(1) =n(0) + fo Lf(Xi(s), 7(s5), 5) + F(R(Xy ), r(5), 5)lds

. fo [g(Xi(5), F(5), $) + G(h(Xe.p), F(5), $)IdB(s),

where X s := {Xi(r) : r € [s — 7, s]}. By condition 23) with ¢; = ¢ = 1 and the definition of
h(¢), we have

[F(Xi(5), 7(s), ) + F(h(Xe.,), 7(s), ) < 3K*(1+ Xi(s) + sup |Xe(r)P),

S—TSr<s

18(Xk(9), 7(5), ) + G(h(Xi. ), 7(5), ) < 3K*(1+|Xe(9)F + sup 1Xe(r)P),

S—T<r<s

where we have used |(Xy5)| < || Xksll = sup [Xi(r)|. Thus, by employing the Holder inequality
S—T<r<s
and the Doob martingale inequality, we get that

E( sup [Xi(s)P) < 3llyll> + 31E fo [fXav), (), v) + F((X,0), r(v), v)PPdy

O<s<t

+ 3IE sup

0<s<t

fo g, r0) ) + G(X ), ). WIABOY)|

!
<3|nl> + 3K*(Bt + H)E f A+ X0 + sup  [Xe(P|P)dv.
0

V=T<r<v
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Noting sup,_,,, X (O < Igll> + SUP(<,<, | X, (r)|]>, we have

t
1+ B( sup [Xi(s)P) < 1+ 3l + 3Kt + 4ymaxi2, 1+ i) | (1+E sup [Xe(r)IP)dv,
0

0<s<t 0<r<v

From the Gronwall inequality, we know

1+ B( sup Xp(s)P) < (1 + 3llyl?) exp (3K2(3t + 4) max(2, 1 + [lpl*}e).

0<s<t

which shows (A-T)) by letting k — co. Thus the proof is complete. O

Lemma A.2. Let Assumption[2.1|\with qi = g» = 1 hold. Then there exists a unique solution X(-)
to the SIDDE and the solution belongs to M0, T1; RY).

Proof: We first give the proof of uniqueness. Let X(-) and X(-) be two solutions of the SID-
DE (2.1) with the initial data (2.2). From Lemma [A.1] we know X(-), X(-) € M?([0, T]; RY).
Moreover, we have

X0 - X = fo [(F(X(5),7(5), ) = F(X(5), 7(5), ) + (F(U(X), r(5), 8) = F(R(X,), r(5), 5)1ds

+ fo [(g(X(5), 7(s), 5) — g(X(5), 7(5), 8)) + (G((X;), 7(5), 5) — G(UX;), 1(5), $)]dB(s).

For each h > 1, define the stopping time 7, = inf{r € [0,T] : |X(?)| V X > h). Obviously,
7, — T as h — oo. By the Holder inequality, the Doob martingale inequality and the local
Lipshcitz condition, we can show as in the proof of Lemma[A-T] that

E( sup 1X(s) = X(9)?) < C(Ky. 1) fo ’E( sup |X(r) — X(r)P)dv. (A.2)

0<s<t 0<r<v

From the Gronwall inequality, we get

IE( sup |X(s) - X(s)|2) =0.
0<s<tAT)

Letting h — oo, we know that X(¢) = X(¢) forall 0 < ¢ < T almost surely. Thus the uniqueness
has been proved.

Next the proof of existence is similar to that of [29, Theorem 3.13, page 89]. Due to page
limit, we omit the details. O

The following assertion shows the existence of unique maximal local solution under the local
Lipschitz condition without the linear growth condition similar to the discussion in [29] Theorem
3.15, page 91].

Lemma A.3. Let Assumption[2.1|hold. Then there exists a unique maximal local solution to the
SIDDE (21) with the initial data (2.2).

Proof: By a truncation procedure, we show our claim. For each integer m > 1, define the
truncation functions
f(x,i,1) if |x|<m,
f(mx/lxl,i,) i |x[>m,
F(h(¢),i,1) it lgll < m,
F(mh(p)/l¢ll,i,0) if  [igll > m,
24
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where x € R? and ¢ € C([, 0]; RY). Similarly, we can define the functions g, (x,i,t) and
G (M(¢),1,1). Due to |h(¢p)| < ||#ll, we can know that the functions f,, F,,, g, and G,, satisfy
Lipschitz condition and the linear growth condition. Hence from Lamma [A.2] there exists a
unique solution X,,(-) in M?([0, TT; R%) to the equation

dXn(1) =[fin(Xn (@), (1), 1) + Fi(W(Xin,0), (1), 1)]dt
+ [8n(Xin(0), (1), 1) + G (A X, 0), (1), )]d B(1) (A.3)
on ¢ > 0 with initial data (2.2). Define the stopping time
Vo =T Ainf{t € [0, T] : |X,,(t)| > m}.

We easily know
Xu(®) = Xt (1) if 0<t<v,, (A4)

which means that v,, is increasing, and v, = lim,,_,« v,,. Define now the process {X(7) : 0 < ¢ <
oo} by
X(t) = Xm(t)v V-1 << Vp,m 2 I,

where vy = 0. In virtue of (A4), we have X(t A v,y) = X,u(t A v,y). Thus from (A3), we get
MﬁAmﬁm@+lf%mamﬂnw+mmaam»mw
+tﬂmmkgxxwxr@xs»+Gmamx¢r@xsndBm>
=mm+£mﬁﬂMﬂmnn+me&n&nws

+£ "[9(X(5), r(5). 5) + G((X,). r(s), 5)IdB(s)

foreach t € [0, T] and m > 1. It is easy to verify that if v, < T, then

lim sup |X(#)| > lim sup X(v;,) = lim sup X,,,(v;,) = oo.

=V m—oo m—oo

Therefore, {X(#) : 0 < t < v} is a maximal local solution. Now we show the uniqueness. To
this end, let {X(f) : 0 < t < ¥} be another maximal local solution. Define ¥,, = ¥« A inf{t €
[[0, ¥oo[[: IX(1)| = m}. We can show that ¥,, — ¥, a.s. and

PX(t) = X() Yt € [0,V A Tml[} =1 Ym > 1.

Letting m — oo, we get
P{X(t) = X(¢) Yt € [[0,Veo A Too[[} = 1.

Next, we need to prove that v, = 7, a.s. Indeed, for almost any w € {vs < 7}, we can obtain

1X(Veo, @) = im [X(V, 0)| = lim | X(Vp, w)| = 00
m—oo m—oo

which contracts the fact that X(¢, w) is continuous on ¢ € [0, 7s(w)). Thus we must have v, > Voo
a.s. Similarly, we can show v, < 7, a.s. Hence we get vo, = ¥ a.s. Thus the proof is complete.
O
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