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Abstract: In this paper, we discuss modified three level implicit difference methods of order two in
time and four in space for the numerical solution of two and three dimensional telegraphic equation with
Robin boundary conditions. Ghost points are introduced to obtain fourth order approximations for
boundary conditions. Matrix stability analysis is carried out to prove stability of the method for
telegraphic equations in two and three dimensions with Neumann boundary conditions. Numerical
experiments are carried out and the results are found to be better when compared with the results obtained
by other existing methods.

Keywords: matrix stability, Neumann boundary conditions, Numerov type approximation, Robin
boundary conditions, telegraphic equation, unconditionally stable

1. Introduction

Telegraphic equation describes an electrical signal travelling along a transmission cable. Besides, it has
many applications in various other fields of sciences. It is being encountered in the field of mathematical
modeling of random walk of animals [1]. Problem of solving telegraphic equation continually arises in the
study and development of Magnetic Resonance Imaging (MRI) technique which is used in clinical
diagnosis [2]. Hence, solving telegraphic equation is of major interest. In recent past, several techniques
[3]-[16] are discovered to solve telegraphic equation in one, two and three dimensions. Dehghan and
Mohebbi in [3] proposed an implicit collocation method for the solution of two-dimensional linear
hyperbolic equation with Dirichlet boundary conditions. In [4], authors use variational multiscale
element-free Galerkin method for solving various partial differential equations. Dehghan et al in [5]-[7],
respectively discuss methods based on dual reciprocity integral equation method, Chebyshev tau method
and He’s variational iteration method for solving telegraph equation. Authors in [8], [12] discussed
algorithms based on B-spline differential quadrature method to solve two dimensional hyperbolic
telegraph equation. In [9], a combination of meshless local weak and strong (MLWS) forms is applied to
solve two dimensional telegraphic equation. In [13], the author obtained unconditionally stable alternating
direction implicit (ADI) methods for the solution of multi-dimensional telegraphic equations. It must be
noted that major emphasis is given to the solution of problems with Dirichlet boundary conditions and
hence Von Neumann stability analysis is usually carried out to verify the stability of the methods which
does not bring into account the effect of boundary conditions. Very recently, Singh et al [16] proposed
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stable schemes of 0 (k? + k?h? + h*) and O(k* + k*h?) for the solution of one dimensional telegraphic
equation subject to Neumann boundary conditions and employed matrix stability method to test the
stability of the proposed schemes. Matrix stability method analysis is more general stability analysis and
can be applied to variable coefficient problem also while Von Neumann stability can usually be applied
only to constant coefficient case. We, in this paper discuss methods of O(k? + k?h? + h*) for solving
telegraphic equation in two and three dimensions subject to appropriate initial and Robin boundary
conditions. The proposed methods are three level implicit difference methods which are based on
Numerov type approximations proposed in [14] and [15]. We discuss in detail the stability of the
proposed methods by matrix stability method for solving telegraphic equation with Neumann boundary
conditions. The methods are shown to be solvable by reducing each of them to two level problem. We
further convert these methods into ADI methods suitable to facilitate the computation. The organization
of the paper is as follows:

Section 2 is divided into three subsections. First subsection contains details of approximation for two
dimensional problem and high order approximations for boundary conditions. Next two subsections carry
details of stability analysis of the proposed method and corresponding ADI method. Likewise, section 3
also comprises of three subsections carrying details of approximation for three dimensional problem and
high order approximations for boundary conditions; stability analysis of the proposed method; and ADI
method. In section 4, we present numerical experiments to demonstrate the efficiency and accuracy of the
modified methods. Finally, concluding remarks are given in section 5.

2. Two dimensional telegraphic equation
2.1. Numerical Method

In this section, we consider the following two-dimensional telegraphic equation
Upe + 20U + BPU = Uyy +Uyy + [0, y,8),0<x,y < 1Lt >0 (2.1.1)
subject to the initial conditions

u(x,y,0) = ¢, y),u(x,y,0) =¢(x,y),0<x,y <1 (2.1.2)

and the Robin boundary conditions

a;u(0,y,t)+bu,(0,y,t) = hy(y,£),0<y<1,t >0 (2.1.3)
au(l,y,t)+bu,(1,y,t) = hy(y,t),0<y<1,t >0 (2.1.4)
azu(x,0,t)+bsu, (x,0,t) = h3(x,t),0<x<1,t>0 (2.1.5)
asu(x, 1,6)+bsuy,(x,1,t) = hy(x,1),0<x<1,t >0 (2.1.6)

where a > 0,8 = 0 are constants and the functions hq, hy, h3, h, and the forcing function f(x,y,t) are
assumed to be sufficiently smooth to maintain the order of accuracy of the difference method discussed.
In boundary conditions (2.1.3)-(2.1.6) a;'s and b;'s are scalars. Consider the domain {(x,y,t)|0 < x,y <
1,t > 0} which is discretized uniformly into N subintervals along x and y directions with spacing
of h > 0 such that Nh = 1 and J subintervals in time direction with spacing of k > 0, where N and J are
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positive integers. Then, the discretized domain is Q = {(x;, ¥, t;)|0 < ,m < N,0 < j < J}. The grid
point (xl, Vs tj) = (lh,mh, jk) is denoted by (I, m, j) and the approximate solution of (2.1.1) at the grid
point (I, m, j) is denoted by Ul],.m‘ Letp = % > 0 be the grid ratio parameter.

A Numerov type approximation [14] with accuracy of 0(k? + k?h? + h*) for the solution of (2.1.1) for
[,m=1(1)N — 1,0 < j <] may be written as

. . a . . b .
SR U] + V@YU + 5= (83 + 83) a8 U + U + (5 = 2) (62 + 63)U )

pZ

. 1 )
- zd,?dﬁUl]’m + E(a,% +62)62U/,

k% . . . . .
=175 (itam + flam + fimer + fim-1 + 8fim) + O(k* + k*h? + k") (2.1.7)

where a = a?k?, b = f?k? and &, and p; are central and averaging operators with respect to time
direction respectively. Similarly, operators with respect to spatial directions are defined.

In case, where all b;'s = 0, we obtain Dirichlet boundary conditions and so the given problem can be
easily solved by using approximation (2.1.7) whereas in case where not all b;'s = 0, we introduce ghost
points. We will discuss in detail the case when none of b;’s are equal to zero. We extend the spatial
domain by introducing two ghost points outside both x and y domains at each time level and assume that
the method (2.1.7) holds on the extended domain Q' = {(x}, ym,t))| -1 <[ m<N+1,0<j <]} We
derive approximations at ghost points in such a way that accuracy of the method is not degraded. For

deriving an explicit approximation for U i where m = 0(1)N, we make use of Taylor’s expansion

1im
about the grid point (0, m, j), which provides us
vl - U’

. hZ .
-1m _ 4yj ]
2h - UxO,m + z UxxxO,m

+0(h*) (2.1.8)

Making use of (2.1.1) and (2.1.3) we get

. . . . . . h a U
] — ] ] 2 ] _ ] -y ] — Im "1"om
UxxxO,m = Witeom + 2Cm)lto,m +B Wiom wlyyo,m fxO.m’ where Wigm = < by )

Ignoring the fourth order truncation error term, we obtain a fourth order approximation for U i 1m from
(2.1.8) as

. . . h2 . . .
] —717] ] ] ] 2 ] ] ]
Ul n=Ul, —2h [wlo’m + ?(wltm,m + 201 ), + BRw),, — o)~ xo_m)] (2.1.9)

Similarly, to obtain fourth order approximation at (N + 1,m, j), for m = 0(1)N we make use of Taylor’s
expansion about the grid point (N, m, j), which provides us

J J
UN+1,m - UN—l,m _ Uj n h_ZUj

2h vm 2 Uoenm + 0(h%) (2.1.10)



Making use of (2.1.1) and (2.1.4) we get

. . . . . . h a U
j J J 2,00 _ _ £ i _ [ Pem~%Y%m
Uxxnm = W2 m + Zawth’m +5 W2 m ~ ©2)ynm fo’m, where W2y = < ” )

Ignoring the fourth order truncation error term, we obtain a fourth order approximation for U 1{, +1,m from
(2.1.10) as

2 .
:U} ]

h . . .
J J J J
U S im ¥ 2h [szm (@2l 2002y + B2y = @2 me)] (2.1.11)

N+1m

Similarly, approximations at points (I,—1,j) and ([, N+ 1,j) for [ = 0(1)N are obtained. Next, we

derive an approximation for U’ 1-1-
Taylor’s expansion about grid point (0,0, j) provides us

Uljl Ull -1 i
( + UJJ/O,O) + ( xxx0,0 +3U xxyo 0 + 3U3£yy0 yyyo 0) + 0(h4) (2112)

Making use of (2.1.3), (2.1.5) and (2.1.1) and ignoring the fourth order truncation error term we obtain

fourth order approximation for U J 1-1 88

Jj J Jj J
Uly_1=Uj—2h [(‘)10,0 T w3p,
hZ
J
= 6 (wlttOO + 2a“‘)ltoo + 'B 0)100 + 2(J‘)lyyoo xoo + w3tt00 + 20“"3t00
+ BPwsl + 203,00~ fy’o,o)] (2.1.13)

i h j—a Uj i hal-a Uj
] 1o 1%0,0 ] 30 3%0,0
where w;y, = <b—1>,a)3010 = <T

Similarly, approximations at other ghost points (N +1,N + 1,j),(—=1,N + 1,j) and (N + 1,—1,j) are
obtained. Finally, eliminating approximations at all the ghost points from above obtained approximations
and (2.1.7) on extended domain @', we obtain a method of O(k? + k?h? + h*) for the telegraphic
equation (2.1.1) with Robin boundary conditions, which maintains the block tri-diagonal structure of the
coefficient matrices.

2.2. Stability Analysis

In this section we discuss the matrix stability analysis of the proposed method subject to Neumann
boundary conditions, that is, the case when all a;'s are zero and none of b;’s are zero. Without loss of
generality, we may take each b; = 1, such that

ux(oyyrt) = hl(yft);ux(ln%t) = hZ(yrt) 0 < y < 1It >0 (221)



uy (x,0,t) = hg(x, ), uy(x,1,t) = hy(x, ) 0 < x < 1,t >0 (2.2.2)

High order approximations for Neumann boundary conditions are obtained from the previous section. In
order to obtain an unconditionally stable method, suitable for obtaining ADI method, we follow the ideas
given by Chawla [17] and rewrite the method (2.1.7) in the modified form for [,m = 0(1)N as

. 1 .
[1+A,62] [(A0 + A 8D)S2U], +a (1 + Ea,%) Ques)U],,

2
P b ;
- [?5,355 +(p2— ) (62 + 03) - b] .
Kz . . . . .
+ 35 Fhim + filim + fimer + fimon + 8fim) + O(k* + k*h% + k1Y) (223)
where, Ay = (1 +nb?), A, = 1—12(1 — 12yp?).

where 1 and y are free parameters to be determined. The additional terms are of high order and do not
affect the accuracy of the method. Now, when the scheme (2.2.3) is expanded for [,m = 0(1)N, we get
ghost points which are being eliminated by using the derived high order approximations we obtained in
Section 2.1. For stability, we consider the homogeneous part of the thus obtained equation, which in
matrix form together with Neumann boundary conditions can be written as

ZU XU +YUITl =C (224)
where,
—1+\/—+ bz \/— 2 1+\/— bZ
Z = (S ) Ay + (L )ypP Ay + T A+ (4 YD) A+ B As + YDA,
b—-2-2nb? 1 -
X = (5) A 201+ b?ypP A =2 (g + vt ) Ay = S s + (0 279D A,
—1_\/_+ bz \/— 2 1—\/— bZ
r= ( T )‘Al + (L+nb2)ypPAy == As + (Tf + V2p4) Ay + - As +yp*As,
1 - 1 i
' — 0 0 2 2 0
[A A 0‘| 2 L )
c/ql = I KR ., I’A = .. ,A, — - . . ’
[ A 2A’ AJ 0 1 0 % 4 %
0 A A’ 1
0 0 E 0 1 2
l i : |
A4 -A 0 E -E 0
-A 2A -A —-E 2E -E
CAZ = . . . ’cﬂg — . -, -, i
| —-A 2A —AJ l —E 2E —EJ
0 A A 0 ~E E



1t 0
s 1 01 [-2B 2B 0 z 21 L
|1 10 1 | | 2B —4B 2B | z Tt o3
E=]| [, A, =1 [,B = ,
[ 1 10 1J [ 2B —4B ZBJ 14 1
0 1 5 0 2B -2B . 24
2 2
-B 0 0 —4B -2B 0
0 —-2B 0 —2B -8B -2B
‘-’AS = ,cﬂ(, = )
[ 0 —2B OJ [ -2B -8B -2B
0 0 -B 0 —4B -2B

C is the column vector corresponding to the boundary conditions,

U = [U({,on,o U,{,‘OU({JUI{1 ...U,{,l ...... U({NU{‘N U,{,’N]'. The matrix cAqis strictly diagonally
dominant real-symmetric matrix with all main diagonal entries positive, so all the eigen values of A4 are
real and positive. Also the eigenvalues of the matrices A;,i = 2(1) 6 are real and non-negative. Thus it
can be seen that all the eigen values of the matrix Z are positive and hence the matrix Z is invertible.
Now, the equation (2.2.4) can be rewritten as

v+t -Zx : -z v Z71¢c
. | = I I o (2.2.5)
v I : 0 U1 0
uitt _ v/ [~zx : -z7ly Z ¢
Writing = V]+13 = V]’ = Da . = Gs we get
v vi-1 I : 0 0
Vitl =pVi+ G (2.2.6)

Hence, the three-time level problem has now reduced to two time level problem. Thus, the proposed
method is solvable.

Now, if 4; =eig(A; ~'e4;),j = 2.3,...6, then

b— 2 — 2nb? 1 2nb?

(=52) ~ 20+ mbtypta =2 (15 + 70" Aw — g As 07 - 20D
1 ++a + nb? Vayp? 1++a b2
(T">+ (1 +nb2)yp2 Ay, + 19 A3, + <w+y2p4 La; + 7o As; +yp?Ag;

and

1 —+a + nb? Vayp? 1-+a b?
( 7 >+(1+"b2)”p2’12i_ 12 Aa+ (Tqgg H VPt ) de T As, + YDA
1 ++/a + nb? Vayp? 1++a b2
( 7 >+(1+"b2)”°2’12i+ va ’13i+< Tag t YY) e+ Ty As, + PP



are the eigen values of Z~1X and Z~1Y respectively, having the common set of corresponding linearly
independent eigen vectors. Now, the eigen values of the matrix D are given by the eigen values of the

matrix
[_1M _oN] (2.2.7)

where —M, —N, 1 and 0 are the i" eigen values of —Z~1X, —Z~1Y, I and 0 respectively corresponding
to i*" eigen vector common to all the matrices —Z~1X, —Z~1Y, I and 0. If A is an eigen value of D then
the characteristic equation of (2.2.7) is

A%? + MA + N = 0. (2.2.8)
Using the transformation A = g , the characteristic equation (2.2.8) reduces to
1-M+N)z2+2(1-N)z+(1+M+N)=0.

The necessary and sufficient condition for |A| < 1 is that

1-M+N)>0,(1-N)>0,(1+M+N) > 0.

Now,
(1+ M+ N)
_ 12+ P,
<%> + (@ +nb)yp?a;; + \/_ p Ay + <%a + V2p4>/14i + 771_b22’15i +vp? e,
> 0.
Further,
(1-N)
2va 2\/_/.l 2Vayp? L
_ 12 T1aatnt 17 s
<M> + (1 +nb2)yp2a,, + */—”’ Ay, + <1 ;’4){—+ 2 4) Agy + 1”2 As; +Yp?2e;
> 0.
Now,
(1-M+N)

—b + 4 + 4nb? 4 4nb?
(—12 L ) +4(1+nb2)ypPAy, + (g + 4Y70*) Aay + g As; — PP (1 — 411,

~ (1+a+nb? Va 1++a b2
(Tn>+(1+nb2)ypzﬂzi YL 1, + (wwzw Zag + Ty s +¥p?Ae




64n — 1)(1 — 8nb)? 4 4nb?
<( n—1)( nb) )—pz(l—4)/)A6L.+(m+4y2p4)l4l+ VA As; +4(1 +nb®)yp*ay;

_ 192n
1+ +Va+nb? 1+ nb?
<#>+(1+nb2)ypzlzi */—”’ Ay, + < 14){—+ 2 4>A4L+ T2, +vphs,

>0

for n 2=y > —. Hence, |A| <1 for 2y > - and we conclude that for all choices of h, k the

proposed method is unconditionally stable. In the smnlar manner, stability can be achieved in Robin

boundary case.

2.3. Alternating Direction Implicit Method

The structure of the matrices in equation (2.2.3) is block tri-diagonal type which cannot be solved directly
for Ul]’. m- S0, in order to facilitate the computation, we split equation (2.2.3) into two equations to obtain
tri-diagonal matrices which can be easily handled. Ignoring the truncation error term, the method (2.2.3)
in two-step ADI form can be written as

[1+44,62)U}m = B (2.3.1)
. 1 ,
[ + A162162U],, + \/5(1 + E(S,%) ued U/, = Upm (2.3.2)

. : : _ [P® s252 2_Db\(s2 52 joo kg
where Uj,, i1s an intermediate value, B, = [? 856y + (p - E) (62 + (Sy) - b] Um~+ E(fl+1,m +

fl]_ 1m+ fl]m at fl,jm—l +8 fl]m) For each fixed [, equation (2.3.1) can be written in matrix form as

[1-24; 4 10 Yix ] [ B, — AUf,
| 4 1-24;, 4 || Ui, | B,
o= : [(2.3.3)
A 1-24, A |UZ‘.N_2| | By
4, 1-2aluiy] 1By — 4005
and for each fixed m, equation (2.3.2) can be written in matrix form as
[ 5 a
Ao — 24, + SVa A+ va
6 12 it
Va 5vVa Va Lm
A1+E AO_2A1+T A1+E I U]+1 I
a 5va a |U]Jr1
A1+£ A0—2A1+£ A1+£ N-2m
12 6 1z |[gir |
Ja 5va -1,m
Aty Ao = 241 +—]|
* \/_ ]
Ufm = Lim <A1 + 3 Ui
U;,m - LZ,m
= : (2.3.4)
UI’\‘I—Z,m —Ly- 2,m
, Va
Un-1m = Lnv-1m — <A1 + ER) U]H




where,L; , = —2A1(Ulj+1'm + Uzj—1,m
Va

Ulj__ll,m)(Al—E)—,l=1,2,...N—1. We first solve (2.3.3) for U{jm and the intermediate

approximations for boundary required for solving Uy, are obtained from (2.3.4). Then equation (2.3.4) is

. . 5\/_ i—
) = 2o — 24U}, + U/t (40— 24, = 22) + (/) +

solved for obtaining the required solution. Clearly, both these equations carry tri-diagonal matrices and
hence can be easily solved by tri-diagonal solver.

3. Three dimensional telegraphic equation
3.1. Numerical Method

In this section, we consider the following three-dimensional telegraphic equation
Upe + 20U + B2U = Uyy + Uyy + Uy + f(6,9,2,1),0<x,y,2< 1, >0 (3.1.1)
subject to the initial conditions

u(x,y,z,0) = ¢p(x,y,2),us(x,y,2,0) =9(x,y,2),0<x,y,z< 1 (3.1.2)

and the Robin boundary conditions

cu(0,y,z,t)+d1u,(0,y,z,t) = g:1(y,2,t),0<y,z<1,t >0 (3.1.3)
cu(l,y, z, t)+du,(1,y,2,t) = g,(y,2,t),0<y,z<1,t >0 (3.1.4)
c3u(x,0,z,t)+dsu, (x,0,2,t) = g3(x,2,1),0<x,z<1,t >0 (3.1.5)
cau(x, 1,z,6)+dyuy,(x,1,2,t) = gu(x,2,1),0<x,z<1,t >0 (3.1.6)
csu(x,y,0,t)+dsu,(x,v,0,t) = gs(x,y,t),0<x,y<1,t>0 (3.1.7)
ceu(x,y, 1, t)+deu,(x,v,1,t) = go(x,y,t),0<x,y <1,t >0 (3.1.8)

The functions g;,i = 1(1)6 and the forcing function f(x,y, z, t) are assumed to be sufficiently smooth to
maintain the order of accuracy of the difference method discussed. In boundary conditions (3.1.3)-
(3.1.8) ¢;'s and d;’s are scalars. The domain {(x,y,z,t)|0 < x,y,z < 1,t > 0} is discretized uniformly
into N subintervals along x, y and z directions with spacing of h > 0 such that Nh = 1 and ] subintervals
in time direction with spacing of k > 0, where N and J are positive integers such that the discretized
domain is @ = {(x}, Ym, Zn, ;)]0 < ,m,n < N,0 <j <J}. For ,m,n = 0(1)N and 0 < j <], the grid
point (xl,ym,zn, tj) = (lh,mh,nh, jk) is denoted by (I,m,n,j). The grid spacing along x, y and z
directions are chosen to be equal.

A Numerov type approximation [15] with accuracy of 0(k? + k?h? + h*) for the solution of (3.1.1) for
[,Lmn=1(1)N — 1,0 < j <] may be written as



S2U7  +a(u8,)U’ va

Imn tmn 75 (0% + 65 + 82) 246) Uy , + U]

ILmn

Lmn Lmmn

b . 2 .
+ (5= 17) (08 + 83 + 82U — 2 (8265 + 6307 + 52620

1 .

+ 15 (8% + 85 + 62) 62U/
k2 . . . . . . .

= E(flil,m,n + flj—l,m,n + fl,]m+1,n + fl,]m—l,n + fl,]m,n+1 + fl,]m,n—l + 6fl]m)

+ 0(k* + k*h? + k?h*) (3.1.9

As discussed in section 2.1, in this section also we will give details of the case when none of d;'s are zero.
Since, if any of the d;'s are zero, then in that case we have Dirichlet boundary condition to deal with and
no extra effort is required. So, for the derivation of approximations for boundary conditions when all
d; # 0, we extend the spatial domain by introducing two ghost points outside each of x,y and z domains
at each time level and assume that the method (3.1.9) holds on the extended domain
@' ={(x), Ym Zn,tj)| =1 <, m,n <N+ 1,0 <j <J}. We derive approximations at ghost points in
such a way that accuracy of the method is not degraded. For deriving an explicit approximation for
U’

~1.mn»> We make use of Taylor’s expansion about the grid point (0, m,n, j), which provides us

J g 2
Ul,m,n U—l,m,n _ Uj + h_Uj
2h - Yx0,mn 6 xxx0,mmn

+0(h") (3.1.10)

Using (3.1.1) and (3.1.3), we get

J — ] J 2 J | | _fl
Uxxxo,m,n - Gltto,m,n + 2O(CTltO,m,n + 'B Ulo,m,n Ulyyo,m,n Glzzo,m,n x0,mn
j j
j _ I1mn—C1Y0mn
where 03 omn = <—d1 .
Ignoring the fourth order truncation error term, we obtain a fourth order approximation for U’ 1mn a8
J —17J
U—1,m,n - Ul,m,n
_ J
2h [01 omn
hz . . . . . .
- J J 2 ] | | _ fJ
+ 6 (0-1 tto,mn +2a0, to,mn +B%0, omn — 91yyomn ~ %1zzomn fxo,m,n)] (3.1.11)

Similarly, the approximations at (N + 1,m,n,j),(l,—1,n,j),(,LN + 1,n,j),(,m,—1,j),(,m,N + 1,j)
for [, m,n = 0(1)N are obtained.

Now, we derive an approximation for UZ 1-1n With n=0(1)N. Taylor’s expansion about grid point
(0,0,n, j) provides us

10



j J
U1,1,n - U—l,—l,n
2h

U’ J
( x0,0, n y0,0,n) + ( xxx0,0,n + 3Uxxy0 on + 3nyyO on + UyyyO,O,n)
+ 0(h*) (3.1.12)

Making use of (3.1.3), (3.1.5) and (3.1.1) and ignoring the fourth order truncation error term we obtain

fourth order approximation for U’ 1-1n as

Jj J
U—l -1n Ulln

_ Jj
2h [Uloon + 030,0,n

h2 . ) ) ) ) )
° J J 2, J J R | J j
+ 6 (UlttO,O,n + 2O“Tlto,o,n +B O10,0n + 2‘leyo,o,n 01220,0m — Jx0,0n + 03tt0,0,n

Jj 2 Jj Jj
+ 2003450, T B 030071 + 203xx00n 932z on fy0,0,n)] (3.1.13)

j Jj j j
; —c U ; g3l —csU
J o = [9rn""00n i _ [%30n"%%0n
where T100m = < % ' 0300m = % .

Similarly, approximations at all other such points with ghost points along any two directions and interior
point along third direction are obtained. Finally, approximations at points with ghost points occurring
simultaneously along all three x, y and z directions are obtained. For example,

J — )
Uli-1-1=Ui1a

_ j Jj
2h [010 0,0 + 03 0,0,0 + 050,0,0

- J Jj 2 J J Jj
+ 6 (Ultto 0,0 + 2O“Tltooo +B 010,00 + Zalyy ,0,0 + 20122 0,0 x000+03tt ,0,0
2 Jj J _ J
+ 2a03t0 00 T8 030 00 T 2032000 T 29322000 = fyomo t Tstro00 T 20"05:*,0,0,0

2 J j j j
+B 950,0,0 + 2O-5xx0,0,0 + 20-53/310,0,0 - Z0,0,0)] (3.1.14)

6 : J J j j
where, o) = 9100=1Y000 g = 930,0~=3Y0,00 o = 9s8,0=¢5U3 00
> Y10,0,0 — d, 193000 — ds ) 50'0'0 = —d5

Finally, eliminating all the approximations at ghost points and (3.1.9) which is assumed to hold on
extended domain ®’, we obtain a method of O(k? + k?h? + h*) for the telegraphic equation (3.1.1) with
Robin boundary conditions.

3.2. Stability Analysis

In this section, we discuss the stability of the proposed method when applied to (3.1.1) subject to
Neumann boundary conditions, i.e., when all a;'s are zero and all b;s = 1.

11



In order to obtain an unconditionally stable method, we rewrite (3.1.9) in modified form for [,m,n =
0(1)N as

[1+A4,62][1+ A,6Z] {[AO + A1 621620} 0 + \/E( + —52) (zmat)Ulmn}

2
- [%(5,35; + 6252 + 5262) + (pz _E) (82 + 62 + 62) — b] .

k2 . ) . . . ) .
] ] ] ] ] ] ]
+ 12 (fl+1,m,n + fl—l,m,n + fl,m+1,n + fl,m—l,n + fl,m,n+1 + fl,m,n—l + 6fl,m,n)
+ O(k* + k*h? + k2h*) (3.2.1)

where, Ay = (1 +1nb?), A, =1—12(1 —12yp?), n and y are free parameters to be determined. The

additional terms are of high order and do not affect the accuracy of the method. For stability, we consider
the homogeneous part of the method (3.2.1) which in matrix form together with Neumann boundary
conditions can be written as

ZU + XU + YUl =C (3.2.2)
where,
nb? 6 yp? 2.2, 4
13 (1 ++Va)Byg 4+ 4317 + (¥3p®)Bay + 44(328 + B3 + B1g) + nb*y“p*By;
nb YP y*p* Vayp?
+ (327+B12)+ > (B23 + Byg+ Byy) + 144 (B2g + B13)
\/—
+ e Bzg,
12
2 2nb? 2yp?
X = _EBM —mB —2(y3p®)By4 — 144 (B2g + B13 + B1g) — 2nb%y?*p*By,
2nb*yp® 2y*p* p?
- T(Bn + Bq) — T(BZ3 + B9+ Byy) +— (Bzz + B35 + B3y) + (p?

b
- ﬁ)(Bno + B35 + B3;),
2

1 nb? Yp
Y=ﬁ(1—\/a)318+144317+()’ p )Bz4+144(328+313+319)+77b y?p*B

nb?yp® y*p* Vayp?

+ (Bz7 + B1z) + 1 (B23 + Byg + Byy) — 144 (B2g + B13)

12
\/a 2.,4
_vay'p B,
12
where
5A;, A 0
A, 104, A ]
Bll - | . . pi = 2l3l4l5l7l8l9710
A; 10A4; A,
| o A 5A
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[A —A 0
I—cﬂl 2A4; —A,;
BZi = ‘. :i = 2,3,4’,7,8,9,
[ ~A; 2A; —A;
0 —Aj A
-1 I
Ea‘li 0 0
0 A O
BBi = ,i =245
0 A; O
0 0 Ecﬂi_
50 A 0] [SE E 0]
[A 10A A | | E 10E E |
T I T |
[ A 10A AJ [ E 10E EJ
0 A 5A 0 E 5E
14 0 0
—10B -2B 0 2
—-2B -20B -2B 0 A O
c/lg = :‘AIO = )
l —2B -20B —ZBJ 0 A 0
0 —-2B —-10B 0 0 24

matrices A;, i = 1,2, ...6, A4, B, E are as defined in Section 2.2 and C is the column vector corresponding
to the boundary conditions,

U =[U3400U7 00+ UnooUs10Ui 10~ Un 1o UdonUion ~Unon = UsnnUinn —Uny ] Matrix
Bg is strictly diagonally dominant real symmetric matrix with all main diagonal entries positive, so all
the eigen values of Bqg are real and positive [20] and hence invertible. The eigenvalues of the matrices
B4 and B,; are real and non-negative. Thus all the eigen values of the matrix Z are positive and hence
Z is invertible. Now, equation (3.2.2) can be rewritten as

v+t -Z7x : -z v Z71c
o | = I (3.2.3)
v I : 0 vi-1 0
uitt _ v/ [~zx : -z7ly Z ¢
Writing = V]+13 = V]’ = Da = Gs we get
v vi-1 I : 0 0
Vit =pVi + G (3.2.4)

13



Hence, similar to two dimensional case, we obtain that the difference method is solvable.

Hence, if/lmji=eig(318_13mj),m =1,23,j =2.3,...10,i = 1(1)(N + 1)? and

bZ 2
/1171 + P + (/128: + 13 + A19;) + by ?p* Az + %(/1271' +

144
Va \/—
)»12;) +IZ (/1231 + A29i + A140) + 133: (A2g; + 4430) + p A23i,
123 (1 \/_) +1 122 /1171 + (°p) A + (/128: + A13i + A19;) + b2y ptagy + (/1271

\/_
A12i) + X2 (/1231 + Az9i + A14i) — yp

(A28i + A13i) — ay Lk Az3i

-2 2nb? 2nb2yp2
R=—>- 17]44 M7 = 2(r°pO) A — D0 (s + Arzi + Arog) — 27b7y2p* Agg; — 22 12yp (Az7; +
A12i) — i T A20i + A1ai)s

Then g and % are the eigen values of Z~1Xand Z~'Y respectively, having the common set of

corresponding linearly independent eigen vectors. Now, the eigen values of the matrix D are given by the
eigen values of the matrix

= N (3.2.5)

1 0

where —M, —N, 1 and 0 are the i‘" eigenvalues of —Z~1X, —Z~1¥, I and O respectively corresponding
to it" eigenvector common to all these matrices. If A is an eigenvalue of D then the characteristic
equation of matrix (3.2.5) is

A>+MA+N=0 (3.2.6)
Using the transformation A = g , the characteristic equation (3.2.6) reduces to
1-M+N)2z?+21-N)z+(1+M+N)=0
The necessary and sufficient condition for | A | <1 is that
(1I-M+N)>0,(1-N)>0,(1+M+N)>0
Now, as in two dimensional case by rearranging the terms it can be shown that
(1+4+M+N)>0,(1-N)>0and (1 —M+N)>0

forn = é, y = % and we conclude that for all choices of h, k the proposed method is unconditionally

stable. In the similar manner, stability can be achieved in Robin boundary case.

3.3. Alternating Direction Implicit Method
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The structure of the matrices in equation (3.2.1) is block tri-diagonal type which cannot be solved directly
for U/

Lmmn-
obtain tri-diagonal matrices which can be easily handled. Ignoring the truncation error term, the method

(3.2.1) in three-step ADI form can be written as

So, in order to facilitate the computation, we split equation (3.2.1) into three equations to

[1+ A1862]U]3mn = Bn (3.3.1)
[14 4162V mn = Ulmn (3.3.2)
. 1 .
(Ao + A162)82U},  +a (1 + ﬁa,g) QueSIUL = Ui (33.3)
2 b . k2 ,
where, Bo = |5 (8267 + 6262 + 6262) + (p? — 13) (62 + 62 + 62) = b| U} + = (s +

J J J J J J
fevmn t fimein Y fimein  fimnar t fimn-a t 6fl,m,n) and
Ul mn and Uf'y, , are intermediate values.

For fixed [, m, equation (3.3.1) can be written in matrix form as

[1-24, 4 1M Uima | [ By — A1Ujn 0
| 4, 1-24, 4, || Uiz | B,
: | =| : [(3.3.4)
A 1-24; Ay ||[Ulmw—2| | By
4, 1=2a|Uiy_t]  1Buoi— AU
For fixed [, n, equation (3.3.2) can be written in matrix form as
[1-24, 4 1M Vizn 7 [ Uitn —A1Uion ]
| 4 1-24, 4 || Uian | | Ufsn |
- (3.3.5)
Ay 1-24; Ay ||Uin-zn | UiN-2n |
A1 1- 2A1 lUZN—l,nJ lUl*,I*v—l.n - AlUl*.N,mJ
and for fixed m, n, equation (3.3.3) can be written in matrix form as
[ 5vVa Va
Ay — 24, +— A +—
6 12 yitt
\/a 5\/5 \/a [ 1mn ]
—_ — _ S j+1
A+ 12 Ag — 241 + 3 A+ 12 UZJ,m,n |
a S5va a |UjJrl
A 4 Yo Ay — 24, + SVa A+ va N-2mn
12 6 12 ||gi |
N-1mmn
A +\/5 A 24, + SVa
1712 0 176
* \/E j
Ul,m,n - Ll,m,n - (Al + ﬁ U(;,::,n
U;,m,n - LZ,m,n
= : (3.3.6)

*
UN—Z,m,n - LN—Z,m,n

B

_Ultl—l,m,n - LN—l,m,n - (Al + E N,m,n_
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where, Limm = =281V n + ULy ) = 20A0 = 240000, + UL (40— 24, = 22) +
(Ulj-l-_ll,m,n + Ulj—_ll,m,n (A1 - g) —1=12,..N — 1.We first solve (3.3.4) for U, , and the intermediate

approximations for boundary required for solving (3.3.4) are obtained from (3.3.5), then equation (3.3.5)
is solved and the required approximations for boundary are obtained from (3.3.6). Finally, equation
(3.3.6) is solved for obtaining the required solution. Each of the system involved in these equations has
tri-diagonal structure and hence can be easily solved using tri-diagonal solver.

4. Numerical Experiments

In this section we will apply the proposed methods to various test problems. In each of the example, we
compute root mean square (RMS) error, L, error or Relative (Rel.) error by using the formulae

TN olui—U;?
N+1

TN olui—U; 2

i oluil?

RMS error= , L error= max;|u; — U;|, Rel. error=

where u; and U; denote analytical and numerical solutions respectively. Order of convergence of
the method is calculated by using the formula

where ey, and ey, are L, errors for grid sizes hy and h;, respectively.

Example 1. Consider the following two dimensional telegraphic equation

Upe + 2Up + U = Uyy + Uy, — 27TV

subject to initial conditions
u(x,y,0) = e*, u(x,y,0) = —e**Y,0<x,y <1
and the boundary conditions

u(0,y,t) =e? Lu(l,y,t) =etVt0<y<1,t>0
uy(x,0,6) =e* fu(x,1,t) =e**L0<x <1t >0

The analytical solution of this example is u(x,y,t) = e**¥~t. RMS and L., errors are computed with
k =0.01,h = 0.1 in Table 1. Comparison is done with the L., errors obtained in [8]. Clearly, results
obtained with the proposed method are much better than the results obtained in [8]. We also compute
errors with and k = 0.001,h~ = 0.05 and register our results in Table 2. L, and relative errors are
compared with the errors obtained in [8] and [9]. It can be seen that the proposed method produces much
better results.
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Table 1: Errors calculated for Example 1 withk=0.01,h=0.1,7=.5,y =1/3

t(sec) Proposed Method Mittal and
Bhatia[ 8]
RMS error L, error CPU Time L, error
(in sec)
1 1.12016e-05 2.4904e-05 1.22 2.9996e-02
2 6.8015e-07 2.4001e-06 2.71 3.9711e-03
3 1.3001e-06 2.6090e-06 4.16 2.2178e-03
5 9.5245e-08 2.4211e-07 6.97 2.0618e-05
7 6.2980e-09 1.8679e-08 10.11 3.0052e-05
10 1.4571e-09 3.0008e-09 14.45 2.5354e-06
Table 2: Errors calculated for Example 1 with k = 0.001,h = 0.05,7 =.5,y = 1/3
t(sec) Proposed Method Mittal and Bhatia[8] Dehghan and
Ghesmati[9]
RMS error L, error Rel. error L, error Rel. error Rel. error
5 6.1700e-07  1.9132e-06 3.2256e-07 9.5129e-03  8.4225e-05 8.014e-05
1 5.4281e-07  1.2010e-06 4.6904e-07 7.4749¢-03  1.2906e-04 2.020e-04
2 4.0111e-08  1.7234e-07 9.4998e-08 1.0361e-03  3.0957e-05 9.791e-05
3 5.4191e-08  1.3982e-07 3.5020e-07 5.7859¢e-04  9.1555e-05 7.029¢-04

Example 2. Consider the following telegraphic equation
Upe + 2Up + U = Uyy + Uy + 2m2e~tsin(mx) sin(my)
subject to initial conditions
u(x,y,0) = sin(mx)sin(my), u;(x,y,0) = —sin(nmx)sin(ry),0 < x,y < 1
and the boundary conditions

u(0,y,t) = me tsin(my),u(l,y,t) =0,0<y < 1,t >0
u(x,0,t) = 0,u,(x,1,t) = —me 'sin(mx),0 < x < 1,t > 0
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The analytical solution of this example is u(x,y,t) = e tsin(nx) sin(y). We compute RMS and L.,
errors with k = 0.01,h = 0.1, n = .5,y = 1 at various time levels in Table 3. Our results are found to be
better when compared with the results obtained by Mittal and Bhatia in [8]. Graphs of analytical and
numerical solution with k = 0.01,h = 0.05,7 = .5,y = 1 att = 5 are given in Figure 1. Moreover, we

compute RMS and L, errors at t = 1 for % =32 and n =1,y = 0.5 in Table 4 and show that the

proposed method is fourth order convergent.

Table 3: Errors calculated for Example 2 withk=0.01, h=0.1,7=.5,y =1

t(sec) Proposed Method Mittal and
Bhatia[ 8]
RMS error L, error CPU Time L, error
(in sec)
1 1.1923e-03 2.6000e-03 1.28 3.6006e-03
2 2.5043e-04 5.2501e-04 2.99 5.7068e-03
3 1.4985¢-04 2.7854¢-04 4.24 1.2479¢-03
5 2.4200e-05 6.1759¢-05 7.14 2.1003e-04
10 1.4729¢-08 4.5999¢-08 14.63 1.4083e-06

18
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Figure 1: Graphs of analytical and numerical solution of Example 2att = 5

3
Table 4: Errors calculated for Example 2 at t = 1 for 2= 3.2,,n=1y=0.5

h RMS error L., error CPU Time Order
(in sec)
1/8 2.0001e-04 3.1638e-04 0.04
1/16 1.1289¢-05 2.1534e-05 0.09 3.90
1/32 1.0712e-05 1.3046e-06 0.41 4.02
1/64 9.7456e-07 1.0011e-06 1.01 3.74

Example 3. Consider the following telegraphic equation fora = 1,8 =1

Upe + 2auy + fu

= U+ Uy + (A +x+y+0)2A+2a(1+x+y+1)
+B2(L+x+y+t)log(l+x+y+1t))
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subject to initial conditions

u(x,y,0) =log(1+x+y),u(x,y,0) = x,y<1

—,0<
1+x+y

and the boundary conditions

u(0,y,t) =log(1+y+t),u,(1,y,t) = ,0<y<1t>0

2+y+t

u,(x,0,t) = ,ulog,t) =log2+x+1),0<x<1,t>0

1+x+t

The analytical solution of this example is u(x,y,t) =log(1l + x + y 4+ t). We tabulate errors for this
example in Table 5 for k = 0.001,h = 0.05,7 =.1,y = 1/3 at various time levels and compare our
results with results obtained in [8] and [9]. The results obtained by the proposed method are found to be

much better. Moreover, we compute RMS and L., errors at t = 1 for % =32andn=.1,y=1/3 in
Table 6 and show that the proposed method is fourth order convergent. It is evident from the tables that

whether the chosen grid sizes are big or small, the proposed methods produce accurate results.

Table 5: Errors calculated for Example 3 with k = 0.001,h =0.05,7 =.1,y = 1/3

Proposed Method Mittal and Bhatia [8] Dehghan and

Ghesmati[9]
RMS error L, error Rel. error L, error Rel. error Rel. error
1.7004e-08 3.3510e-08 1.5689¢-08 2.4738e-03 1.1088e-03 7.939e-05
1.2752e-08 2.1329¢-08 1.0012e-08 3.3082e-03 1.3266e-03 9.098e-05
4.4320e-09 7.1962¢-09 3.1980e-09 1.1380e-03 3.1954e-04 8.705e-04
8.2202e-10 1.6545e-09 5.0203e-10 4.3577e-04 1.3024e-04 9.931e-04
1.0062e-09 1.7215e-09 6.1867e-10 5.4141e-04 1.4435e-05 4.703e-03
2.3210e-10 3.7920e-10 1.0587e-10 3.4812e-04 8.4225e-05 7.302e-03
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Table 6: Errors calculated for Example 3 at t = 1 for hi =3.2

2

h RMS error L, error CPU Time Order
(in sec)
1/4 5.1103e-04 8.4595¢e-04 0.06 -
1/8 4.1699¢-05 6.3657e-05 0.08 3.65
1/16 2.3321e-06 3.3209e-06 0.32 4.07
1/32 1.4978e-07 2.1032¢-07 1.19 3.98

Example 4. Consider the following telegraphic equation for « = 10,5 =5
Upe + 2au; + AU = Uyy + Uyy + (2 — 2a + BZ)e 2! cosh(x) sinh(y)
subject to initial conditions
u(x,y,0) = cosh(x) sinh(y), u;(x,y,0) = =2 cosh(x) sinh(y),0 <x,y <1
and the boundary conditions

3u(0,y,t) + 2u,(0,y,t) = 3e 2tsinh(y),0 <y <1,t >0
u,(1,y,t) = e 2t sinh(1) sinh(y),0 <y < 1,t >0
u(x,0,t) = 0,u(x,1,t) = e 2t cosh(x)sinh(1),0 < x < 1,t > 0

The analytical solution of this example is u(x,y,t) = e~2¢ cosh(x) sinh(y). In Table 7, RMS and L,
errors are obtained at t =1 for 1 =1,y = 0.5 It can be seen that the method behaves as fourth order

method for a fixed ratio % = 3.2. Graphs of analytical as well as numerical solution at t = 1 for h =

1/16 are shown in Figure 2. It is evident from the graphs that the numerical solution agrees with the
analytical solution.
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Table 7: Errors calculated for Example 4 at ¢ = 1 for % =3.2,1=1,y=0.5

h RMS error L, error CPU Time Order
(in sec)
1/8 6.1001e-05 1.1080e-04 0.06
1/16 5.1892e-06 5.6001e-06 0.08 4.44
1/32 1.4627e-07 3.0200e-07 0.33 4.02
1/64 5.0912e-09 1.1002e-08 1.19 4.96
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Figure 2: Graphs of analytical and numerical solution of Example 4 att = 1

Example 5. Consider the following three dimensional telegraphic equation for « = 10,5 =5

Upe + 200U + B2U = Uyy + Uyy + Uy, + (1 — 4 + B?)e ™! cosh(x) sinh(y) cosh(z),0 < x,y,z < 1,¢t
>0

subject to initial conditions
u(x,y,z,0) = cosh(x) sinh(y) cosh(z),u;(x,y,z,0) = —2 cosh(x) sinh(y) cosh(z) ,0 < x,y,z< 1

and the boundary conditions
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3u(0,y,z,t)+2u,(0,v,z,t) = 3e %t sinh(y) cosh(z),0<y,z<1,t >0
u(1,y,z,t) = e 2t cosh(1) sinh(y) cosh(z),0 < y,z< 1,t > 0
u(x,0,2,t) =0,0<x,z<1,t >0
u(x,1,z,t) = e ?* cosh(x) sinh(1) cosh(z),0 < x,z < 1,t > 0
u(x,y,0,t)+u,(x,y,0,t) = e ?t cosh(x) sinh(y),0 < x,y < 1,t >0
u(x,y,1,t) = e"?t cosh(x) sinh(y) cosh(1),0 < x,y < 1,t >0

The analytical solution of this example is u(x, y,t) = e 2 cosh(x) sinh(y) cosh(z). RMS, L., errors and
CPU time are shown in Table 8 for k < h?, n = 1/3,y = 1/3 at t = 1. Order of convergence has also
been calculated in the table. It is observed from the table that the order of convergence of the method is
four.

Table 8: Errors calculated for Example Satt =1 for% =3.2,n=1/3,y=1/3

h RMS error L., error CPU Time Order
(in sec)
1/4 2.2502e-03 3.4900e-03 1.50 -
1/8 1.1725e-04 2.2555e-04 2.02 3.84
1/16 8.4909¢e-06 1.5097e-05 75.18 3.73
1/32 5.0472e-07 1.0074e-06 2452 3.99

5. Concluding Remarks

In this paper, we started with methods of 0(k? + k2h? + h*) proposed in [14] and [15] for the solution
of telegraphic equation with Dirichlet boundary conditions. We modified the methods appropriately for
the solution of telegraphic equation subject to Robin boundary conditions by obtaining fourth order
approximations at the Robin boundaries and obtained respective ADI methods. For both two and three
dimensional problems subject to Neumann boundary conditions, the proposed ADI methods are shown to
be unconditionally stable by using matrix stability method. The parameters introduced in the process of
proving the stability are obtained to be independent of the grid sizes whereas parameters introduced in
methods discussed in [13], [14] and [15] depend upon the grid sizes. Various numerical experiments are
carried out in order to show the efficiency and accuracy of the proposed methods. It is seen that the
proposed methods behave well with both small and large grid sizes. Moreover, the methods behave as
fourth order methods for k o« h?.

6. Acknowledgments

The authors would like to thank the referees for the helpful suggestions which greatly improved the
quality of the paper.

23



References

[1] Codling EA, Plank MJ and Benhamou S, “Random walk models in biology”. J R Soc Interface,
2008; 5: 813-834.

[2] Yang, Tan, McMillian, Gullapalli, Desai, “Design and control of a 1-DOF MRI compatible
pneumatically actuated robot with long transmission lines”. IEEE ASME Trans Mechatron, 2011;
16(6): 1040-1048.

[3] Dehghan M, Mohebbi A, “High order implicit collocation method for the solution of two-
dimensional linear hyperbolic equation”. Numer Methods Partial Differ Equ, 2009; 25: 232-243.

[4] Dehgahn M, Abbaszadeh M, “Variational multiscale element-free Galerkin method combined
with the moving Kriging interpolation for solving some partial differential equations with
discontinuous solutions”, Comp Appl Math, 2017; doi.org/10.1007/s40314-017-0546-6: 1-17.

[5] Dehghan M, Ghesmati A, “Solution of the second-order one-dimensional hyperbolic telegraph
equation by using the dual reciprocity boundary integral equation (DRBIE) method”, Engng Anal
Boundary Elem, 2010; 34: 51-59.

[6] Dehgahn M, Abbaszadeh M, “Numerical solution of hyperbolic telegraph equation using the
Chebyshev tau method”, Numer Methods Partial Differ Equ, 2010; 26(1): 239-252.

[71 Dehghan M, Yousefi S A, Lotfi A, “The use of He's variational iteration method for solving the
telegraph and fractional telegraph equations”, Int J Numer Meth Biomed Engng, 2011; 27: 219-
231.

[8] Mittal RC, Bhatia R, “A numerical study of two dimensional hyperbolic telegraph equation by B-
spline differential quadrature method”. Applied Math and Comput, 2014; 244: 976-997.

[9] Dehghan M, Ghesmati A, “Combination of meshless local weak and strong (MLWS) forms to
solve the two dimensional hyperbolic telegraph equation”. Engg Anal Boundary Ele, 2010; 34:
324-336.

[10] Dehghan M, Salehi R, “A method vtbased on meshless approach for the numerical solution of the
two-space dimensional hyperbolic telegraph equation”, Math Methods Appl Sci, 2012; 35(10):
1220-1233.

[11] Ding H, Zhang Y, “A new fourth-order compact finite difference scheme for the two-dimensional
second order hyperbolic equation”, ] Comput Appl Math, 2009; 230(2): 626-632.

[12] Jiwari R, Pandit S, Mittal RC, “A differential quadrature algorithm to solve the two dimensional
linear hyperbolic telegraph equation with Dirichlet and Neumann boundary conditions”, Appl
Math Comput, 2012; 218(13): 7279-7294.

[13] Mohanty RK, “New unconditionally stable difference schemes for the solution of multi-
dimensional telegraphic equations”. Int J Comp Math, 2009; 86(12): 2061-2071.

[14] Mohanty RK, Singh S, “A new high order approximation for the solution of two-dimensional
quasi-linear hyperbolic equations”. Adv Math Phys, 2011; 2011: ID: 420608.

[15] Mohanty RK, Singh S, Singh S, “A new high order space derivative discretization for 3D quasi-
linear hyperbolic partial differential equations”. Appl Math Comput, 2014; 232: 529-541.

[16] Singh S, Singh S, Arora R, “New highly accurate stable schemes for the solution of telegraphic
equation with Neumann boundary conditions”. Neural, Parallel, Sci Comput, 2016; 24: 1-14.

24



[17] Chawla MM, “Superstable two-step methods for the numerical integration of general second
order initial value problem”. J] Comput Appl Math, 1985; 12: 217-220.

[18] Smith GD, “Numerical Solution of Partial Differential Equations: Finite Difference Methods”.
Oxford University Press, ond ed, Oxford; 1978.

[19] Wilkinson JH, “The Algebraic Eigenvalue Problem”. Oxford University Press, Oxford: 1965.

[20] Varga, Richard S, Reinhard N, "On symmetric ultrametric matrices." Numer Linear
Algebra, 1993: 193-199.

25



