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Abstract: Caustic methods have been proposed for wavefront design to enable light beams
propagating along curved trajectories, namely accelerating beams. Here we elaborate the
complete construction, remarkable characteristics, and hidden constraints of these methods. It
is found that accelerating beams based on the caustic design have not only a well-known
curved intensity distribution but also a linear phase distribution along the caustic proportional
to the curved length, as if light field indeed moved along the caustic. Moreover, with this
characteristic, further light-ray analyses are implemented to illustrate the constraints of
caustic design in different cases. We expect our work will clarify some confusion on the
effectiveness and applicability of caustic methods, and thus facilitate the design of
accelerating beams for various applications.

© 2018 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Structured light [1] with elaborate design of initial field distribution may possess some
extraordinary properties, such as self-accelerating [2,3], nondiffracting [4], and even carrying
orbital angular momentum [5], which reveals the abundance of a light beam in the space or
space-time [6] domain. In particular, self-accelerating beams are a kind of light beams
propagating along curved trajectories in free space [2,3,7-10], which have been studied
intensively in recent years. This is not only because such beams are fascinating as they
seemingly violate the axiom of light propagation along straight lines, but also they can be
useful in a variety of applications using light beams for energy, substance or information
delivery along arbitrary trajectories, including micro-machining [11], particle-manipulation
[12,13], optical communications [14,15], imaging [16,17], and laser assisted guiding of some
processes such as filamentation [18] and electric discharges [19].

Since the above-mentioned applications take advantage of light beams propagating along
curved trajectories, it is critical to enable the possibility of tailoring accelerating beams with
various propagating trajectories, beyond the parabolic type of the first discovered accelerating
Airy beam in the paraxial regime [2,3]. To this end, caustic methods [20] that associate the
desired propagating trajectory with a caustic, namely the envelope of a family of light rays
[21], have been proposed. This method was first demonstrated with real-space design in the
paraxial regime and achieved on-demand convex propagating trajectories for two-
dimensional (2D) light fields [22]. Later it has been widely extended, from real-space design
to Fourier-space design [23] and even phase-space design [24], from paraxial regime to
nonparaxial regime [25], from convex trajectories to nonconvex trajectories [26,27], from 2D
light fields to 3D light fields [28,29], and from the phase-only modulation to the combined
phase and amplitude modulation [30,31]. Such scheme does greatly extend the available
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propagating trajectories, and therefore there is often a claim in some papers that arbitrary
propagating trajectories are obtainable, which is actually not the case. In this work, we
elaborate the complete construction, remarkable characteristics, and hidden constraints of
accelerating beams that are designed based on caustic methods, which may clarify some
confusion about the applicability of these methods in the design of accelerating beams.

2. Construction and characteristics of accelerating beams from light-ray
perspective

2.1 Light-ray model based on stationary phase approximation
In general, the propagation of a light beam in free space can be characterized based on the

plane-wave (angular spectrum) decomposition. In the case of 2D light field E(x,z) discussed

in this work, (i.e. light field distribution independent of y direction), the angular spectral
integral can be expressed as

E(x,2) = [ A(k,)explilk,x+ (k> ~ k) 2]}k, = [ r(k,)expli¥(k )ldk,. (1)

where k =27/A is the vacuum wave number with A =632.8 nm in this paper, k, is spatial
angular frequency with k& <k corresponding to propagating plane wave;
A(k,) =r(k )exp[i®(k, )] is the angular spectrum in the initial plane z =0, with r(k ) and
(k) representing its amplitude and phase distribution, respectively, and
W(k,)=kx+(k>—k)?z+®(k,) . According to the principle of stationary phase
approximation [32], suppose the phase distribution W(k ) varies much faster than the
amplitude distribution r(k ), the contribution to the above integral mainly comes from the
stationary point of (%, ), namely the point &, satisfying

’ kx ’
\P(kxl)zx_(kz_—klz)l/zz—i_q)(kxl):()' (2)

x1

Note that the light field at different position (x,z) with the same &, value falls into a straight
line. Furthermore, if we take the second-order Taylor expansion of the phase function (k)
in Eq. (1) at the stationary point &k

xm 2

the field distribution can be simplified as

) . o " T
B2 =Y r(k,) [l T J exp{zwkm)ﬂ signl ¥ (k,, )] } 3)
where m is the mth stationary point if more than one stationary point exist, and sign[x] = 1 (if
x is positive) or —1 (if x is negative). The field distribution in Eq. (3) can be intuitively
interpreted as the superposition of the light rays described by Eq. (2) as shown in Fig. 1(a),
with a normal phase evolution W(k,, )=k x+ (k> —k2, )" z+®(k,,) due to the propagation
of the light ray. However, it is noted that there is an additional phase shift in Eq. (3), with a
value of 7/4 or —z/4 depending on the sign of W"(k,) [33], which would have some

significant effects as discussed in the following.
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Fig. 1. Schematic showing the light-ray picture if (a) ‘i’/(k‘)=0 , (b) ‘i’/(k‘)=0 and
¥k )=0,(c) ¥(k)=0, ¥'(k)=0, and ¥"(k ) =0, which correspond to the light
rays emanating randomly, forming a caustic, and focusing, respectively.

2.2 Convex type of caustic beams

Based on the above light-ray analysis, a caustic as shown in Fig. 1(b), can be obtained by
setting the second derivative of W (k) to be zero:

2

| () S ——
1 (kZ _kfl)3/2

z+®"(k,)=0. 4)
This is attributed to the fact that Egs. (2) and (4) can jointly result in a relation x = f(z) after
eliminating the variable k£ ,, and this curve x = f(z) satisfies:
krl k2 dkxl

dk
0 RTINS Pl
(k2 _kfl)l/Z (kZ _kfl)S/Z z dZ ( xl) dZ

ky
S )
(K = k)"

’ _ﬁ:
S@)=—

indicating that each light ray is tangential to this curve and thus forms a caustic x = f(z) as
shown in Fig. 1(b). Since the light field near the caustic is intensive, accelerating beams can
be designed by associating the desired propagating trajectory with a caustic. Once the caustic
x = f(z) is determined, the initial phase distribution ®(k_) can be obtained by solving Egs.

(2) and (5), a caustic method that has been widely used for the design of accelerating beams
propagating along various trajectories [23]. However, the above method requires a one-to-one
correspondence between &k, and z in order to be solvable, which limits the available
caustics to the convex type (including the concave one), namely light beams bending toward
only one direction without bending back as shown in Fig. 1(b).

It is also interesting to find that if we further require the third derivative of W(k,) to be

Z€ro:

3k%k,

W(k,)=———Fr
C R =k)”

z+®"(k,)=0. (6)
It corresponds to the case of focusing, with a focal point (x,z)=(x,,z,) under the phase

distribution ®(k,,) =k, x, —(k* —k})"* z, , as shown in Fig. 1(c).

2.3 Phase distribution along caustic

Although enhanced intensity around a caustic has been recognized for some time [34] and
recently employed for the construction of accelerating beams [20-31], to the best of our
knowledge, the discussion on the phase distribution along the caustic is missing in the
literature, which is actually an important and elegant characteristic as pointed out in this
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work. The phase of the light field on the caustic can be calculated based on the
aforementioned analysis (Appendix A), which is found to be

W(k,) = kx+ (K =) 2+ @) = k- [ I+ () dz. (7)

It is interesting that the phase on the caustic is proportional to the length of the curve, namely
increases linearly along the curve, as if light just propagated exactly along the caustic.
Therefore, design of accelerating beams based on this caustic method will not only enable an
intensive curved main lobe, but also a linear phase distribution along it, an elegant
characteristic that has been neglected before.

To confirm such theoretical analysis, two kinds of common accelerating beams

propagating along a parabola x= f(z)=a-z° ( a is a parameter) and a circle

x=f(z)=%{r’ —=(z—z,)" +x, (r,x,,z, are parameters) are constructed based on the above
caustic method, with the following designed angular spectra in the initial plane

parabola: A(k,) = exp{i[k -artanh (k_/k)—k, ]/4a},

_
1-(k, /Ky’

circle: A(k)= ;exp{i[ik -r-aresin (k /k)—k x, —k* =k z, ]}
VI=(k, k)’

®)

Their propagation dynamics is shown in Fig. 2. As expected, the main lobes of these beams
propagate along the designed trajectories with linearly increased phase accumulation, as if
simple phase accumulation due to curved propagation.

(a) intensity (a.u.) phase/2m phase profile
20 77 2m
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Fig. 2. Intensity and phase distributions as well as phase profiles of the constructed
accelerating beams propagating along (a) a parabola (parameters: x = 0.0222,|kyl < 0.98k ,
hee x and z in unit of um) and (b) a circle (parameters:
r=x, =10um,z, = 9.4,um,|kl| < 0.98k ), based on the caustic method. The caustics are

represented by dashed curves. The phase profiles along these caustics are depicted on the right
in blue lines, matching well with red dashed lines indicating the phase accumulation of an
imaginary light ray propagating along the caustics.
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The above result will facilitate our understanding of the characteristics of accelerating
beams in the perspective of two-ray interference, as illustrated in Fig. 3(a). On the right side
of the caustic, there is no light ray passing by, which corresponds to an area with negligible
intensity, while on the left side of the caustic, the light field at each point can be regarded as
the interference of the two rays passing through this point and tangential to the caustic. The
phase difference ¢, = ¢, — @, of these two rays at this point, e.g. point C in Fig. 3(a) will
determine whether they interfere constructively or destructively, which can be directly
expressed as

Qo =k (L +L~1)~m/2. )

The additional phase difference —7z/2 is attributed to the additional phase shift
sign[¥Y”(k,,
¥ (k

xm

)]- /4 as indicated in Eq. (3). For a light ray before touching the caustic,
)>0 so it has a /4 phase, while after it touches the caustic, ¥”(k,,) <0 so it has a
— /4 phase, namely resulting in a —7/2 phase difference. To justify the above formula, we

have simulated the propagation of a circular beam as shown in Fig. 3(b). By adjusting the
point C for ¢, =0,27,77,207 corresponding to the white label 1, 2, 3, 4 in Fig. 3(b),
respectively, one can see that the point locates exactly at the main lobe, the first side lobe, the
fourth dark lobe, and the tenth side lobe as expected, which confirms the validity of treating
accelerating beams as a two-ray interference based on Eq. (9). Moreover, it is noted that the
main lobe corresponding to ¢,, =0 is not exactly on the caustic but having a small distance

to it. As the point C approaches to point D on the caustic, the two rays no longer interfere
completely constructively because of the —7/2 phase difference.

@Az (b) 30
B 25
20
caustic 515

(] D N
10

P2
5
A -~ 0
» -10 -5 0 5 10
ray2 ray1 X X (um)

Fig. 3. (a) A two-ray interference model for caustic beams, in which the light field at an
arbitrary point C on the left side of the caustic is regarded as the interference of two light rays
(rayl and ray2) tangential to the caustic at point A and point B, respectively. The phase

difference of these two light rays at point C is denoted as ¢, . (b) The intensity distribution of
a circular beam as an instance to demonstrate the relationship between ¢, and the local

intensity (parameters: » =x =z =15 ,um,lkl | < 0.84k ). The caustic is depicted by a dashed
curve and the white dots labeled by 1, 2, 3, 4 correspond to the position of point C in Fig. 3(a)
with ¢, =0,27,77,207 .

2.4 Extending caustic beams to nonconvex type

As mentioned in Section 2.2, only the convex type of caustic beams can be constructed based
on the above caustic method. In order to extend the caustic beams to the nonconvex type, a
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superposition caustic method has been proposed [26,27]. The idea is to construct several
convex (including concave) caustics based on the original caustic method individually, and
then superpose them to form an entire nonconvex trajectory, as illustrated in Fig. 4(a). The
superposition of all the initial angular spectra for each segment can be generally expressed as

AG) =D 4,k = Y7,k )explib, (k, )} (10)

where the index j represents the ordinal of the segments. However, during this superposition,
there is actually a degree of freedom in the relative phase between each angular spectrum.
Intuitively, the relative phase between the two angular spectra should ensure that the two
segments at the joint point has the same phase, namely ¢, = ¢. —¢, =0 as denoted in Fig.
4(a), so that the two segments can joint smoothly, which, however, is actually not the case as
shown in Fig. 4(c). It is found that the two segments form a smooth nonconvex main lobe
only if ¢,, =-7/2 as shown in Figs. 4(b)-4(d), which is also attributed to the additional

phase shift sign[¥”(k,,)]-7/4 as indicated in Eq. (3). In this case, the interference at the

joint point E(F) actually occurs between the light ray tangential to a point right before point E
and the light ray tangential to a point right after point F, so there is a —z/2 phase difference

between them similar to Fig. 3(a). In order to ensure these two light rays to interfere in phase
at the joint point, a phase shift ¢,, =—7/2 should be introduced to the second segment
during the superposition in Eq. (10), which is a key in the design of nonconvex caustic beams,

otherwise a manual uncertain shift of the relative transverse position of the two segments is
required as discussed in [27].

(@)

 —1
=/

(b) @re = -T1/2 (c) Qre=0 (d) @Fe = -TT
intensity phase/2Tm intensity intensity
20

I B

0
15 10 -5 0 5 -15 10 -5 0 5 -15 - 5 - -
X (Hm) X (um) X(um) X (Hm)

Fig. 4. (a) Schematic showing the concept of superposition caustic method, in which two
convex caustics are superposed to form a nonconvex caustic. The phase difference of the two

segments at the joint point is denoted as ¢, . A constructed caustic beam by superposing two

circular beams, with the phase difference ¢, to be (b) —7r/ 2,() 0, and (d) —x . The
caustic is depicted by a dashed curve (parameters: circlel : x = —\12° -z,
circle2 : x =4/12° —(z — 12\/5)z - 12>|le < 0.98k , here x and z in units of um).

3. Restrictions on accelerating beams caustic design

Caustic methods indeed have greatly extended the obtainable propagating trajectories of
constructed accelerating beams to most convex and even nonconvex curves, not limited to the
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original parabolic type of Airy beams, so that there is a claim in some previous works that
arbitrary trajectories is obtainable based on this design without any restriction. However, this
is not the case and we would like to illustrate the restrictions imposed by such caustic
methods in the following.

3.1 Constraint in available convex caustic beams

Firstly, we discuss the limitations of constructing accelerating beams propagating along
convex trajectories based on the caustic method. As mentioned in Section 2, the light-ray
model is based on the stationary phase approximation, which means the above light-ray
analysis including the construction of accelerating beams based on caustic methods works
only if this approximation is justified. This approximation essentially requires enough spatial
frequency ingredients within the integral of Eq. (1), so that the contributions from all these
spatial frequencies except the stationary point are canceled out because of fast phase
oscillation. However, there isn’t such a criterion related to the constructed caustic that can be
used to judge whether the caustic will satisfy the approximation and thus obtainable, at
present.

Note that the caustic beam can be described by the two-ray interference model as shown
in Fig. 3(a). As the point C gradually deviates from the point D on the caustic, the phase
difference between the two rays interfering at point C will increase and forms successively
the main lobe, the first side lobe, the second side lobe, etc. The maximum phase difference
@, corresponds to the point C where the two rays tangential to the start point and the end

point of the caustic, respectively. As this value descends for a caustic, the number of side
lobes in the accelerating beam will decrease accordingly and the main lobe will gradually
break. A specific instance is presented in Fig. 5, where caustics of an arc with different length
corresponding to different ¢,, as demonstrated are constructed. As the value of ¢,, descends
from 507, the original well-defined main lobe gradually breaks and finally almost reduces to
a symmetric intensity distribution when ¢, =0. Therefore, the constraint for an available

curved trajectory of accelerating beams designed by caustic methods can be expressed as
s =k (e +lz—1-)-7/2>>0. (11)

(@)@12=50TT (b) @12=10T {(c) pr2=41  (d) p12=21 () P12=TT (f) @12=0

(L

0
-0 -5 0 5 1010-5 0 5 10-10 -5 0 5 10-10 -5 O 510105 O 510105 0 5 10
x (um) X (um) X (um) X (um)

4

Fig. 5. Intensity distribution of the circular beams as the decrease of ¢, corresponding to a
decreased length of the designed caustic denoted by the two white dots (parameters:
r=x, =z, =15um,|k | < 0.84k,0.61%,0.48k,0.41k,0.35k,0.25k, respectively). The caustic

is depicted by a dashed curve with two rays tangential to its start point and end point.
3.2 Constraint in the available nonconvex caustic beams

As discussed in Section 2.4, accelerating beams propagating along nonconvex trajectories can
be constructed based on the superposition caustic method, which superpose several convex
caustics designed individually to form an entire nonconvex trajectory. However, after
superposition, there will be interference among these convex caustics since the light rays
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forming different segments will intersect as well, as shown in Fig. 6(a), which could break up
the entire nonconvex main lobe in certain circumstances.

This problem can be described from the light-ray perspective as illustrated in Fig. 6(a),
where two segments of convex caustics are connected to form a nonconvex trajectory. One
can see that the ray2 forming the caustic of the second segment unavoidably passes through
the caustic of the first segment and therefore will interfere with the rayl and its neighbouring
rays. The interference between these two rays will be constructive and destructive
alternatively depending on their phase difference A¢, which may break the main lobe into

several pieces. In order to ensure a smooth main lobe along the nonconvex caustic, the phase
difference A¢ should be kept below 7 corresponding to the first position of interfering

destructively, and therefore the constraint can be expressed as

Ap=k-(Lyy +l ~ L) =71 2< T, (12)

where the additional phase —z/2 is introduced in the design of nonconvex caustic as

discussed in Section 2.4. To justify the above formula, we superpose two circular caustics to
form the nonconvex caustic beams as shown in Figs. 6(b) and 6(c). As the radius of the
circular caustic increases, it is noted that the intensity of the main lobe is no longer smooth
along the whole nonconvex trajectory, and the breakup position almost matches the point with
a phase difference Ap =7z as denoted by the end points of the depicted caustic, which

confirms the above constraint for an available smooth nonconvex trajectory of accelerating
beams designed by superposition caustic methods.

Apart from the 2D cases discussed in this work, accelerating beams in 3D space are also
available by associating the propagating trajectories with 3D caustics, which have been
demonstrated recently [24,29]. In the 3D case, the problem of interference or intersection
between light rays tangential to a caustic discussed above can be easily avoided and thus a
smooth main lobe can be obtained without breaking up into pieces, while there also exists
another inherent constraint as discussed in [24].

(a)

AZ  rayt ray2

PA(-P

> 0 ' .
X 201510 5 0 5 80 20 10 0 10

X (um) X (um)

Fig. 6. (a) Schematic showing two-ray interference in the construction of a nonconvex caustic
with a joint point R. Ray2 tangential to the second segment in blue (at tangential point Q) will
pass through the first segment at point P and thus interfere with ray1, the phase difference of
these two rays are denoted as A¢ . Intensity distributions of constructed nonconvex beams

composed of two circular caustics in radius of (b) 15 um (parameters:
cirelel : x = —\15" — 2* circle 2 : x = 15’ —(z=15\3) ~15,|k | < 0.98k , here x and z
in units of pm) and (c) 20 pm (parameters: circlel: x = —/20" —z",

cirele2 : x =+/20° - (z=207/3)’ —20.[k | <098k , here x and z in units of pm),

respectively. The nonconvex caustics are shown in grey curves, with the start and end point
corresponding to Ap =7 .
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4. Conclusion

In summary, we firstly elaborate the Fourier-space light ray model and caustic method for the
design of 2D accelerating beams propagating along both convex and nonconvex trajectories,
respectively. It is found that caustic design enables the constructed light beam to possess not
simply a curved intensity distribution as well-known, but also a linear phase distribution
along the caustic, equivalent to the phase accumulation due to moving along a curved path,
which is an interesting and useful characteristic for the light-ray analysis. From this light-ray
perspective, we further analyze the restrictions of the above caustic design in constructing
different types of accelerating beams and illustrate constraints in each case, including 2D
convex and nonconvex caustic beams. We anticipate that the full analysis of the caustic
method for the design of accelerating beams including its construction, characteristics, and
constraints may clarify, inspire, and thus advance the development of such method, which
will certainly benefit a variety of applications based on accelerating beams.
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Appendix A: Derivation of the phase distribution along the caustic
Based on Egs. (2) and (5), we have

k,

e

z=x=2f"(2)- f(2). (13)

After integrating with k ,, the phase of the angular spectrum mapping to each point on the
caustic can be expressed as
(k)= IZf'(Z) = f(2)dk,, =k,[2"(2) - f(2)] —J.kxld[Zf'(Z) - f(2)]
_K'@l'(2)- f(2)] J'kf (=)-7"G) (14)

NI+ (2P NI+ (2P

Therefore, the phase on the caustic is

Wik, )=k x+(k —k)"z+D(k,)
_KH@ I, kz KO E@-SE)_ ka(z) 7G
I @F S @F JI+[ )P JIHL

= ke 1+ [/ (2)] j% (15)

- kzm—kad{m}
= k[ I+ ()P .
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