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STOCHASTIC DOMINANCE FOR SHIFT-INVARIANT
MEASURES
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ABSTRACT. Let X be the full shift on two symbols. The lexicographic order
induces a partial order known as first-order stochastic dominance on the col-
lection M x of its shift-invariant probability measures. We present a study
of the fine structure of this dominance order, denoted by <, and give criteria
for establishing comparability or incomparability between measures in Mx.
The criteria also give an insight to the complicated combinatorics of orbits in
the shift. As a by-product, we give a direct proof that Sturmian measures are
totally ordered with respect to <.

1. INTRODUCTION

Let X be the full shift {0,1}" on two symbols, and consider M x, the collection
of shift-invariant Borel probability measures on X. If X is equipped with the
lexicographic order, then M x can be equipped with the partial order of first-order
stochastic dominance: if y and v are shift-invariant Borel probability measures on
X, then v (first-order stochastically) dominates p (written p < v), if [, fdu <
fX fdv for all increasing functions f : X — R.

The concept arises in decision theory and decision analysis (see, for example,
[17]). In the setting of this article, first-order stochastic dominance is used to make
precise the notion of one probability measure being larger than another. The study
of this order in such a setting is motivated by interesting questions that arise in
ergodic optimization: the study of the smallest and largest possible ergodic aver-
ages of a given function and of the invariant measures which attain these extrema,
known as minimizing and maximizing measures, respectively. For example, in [3],
B-shifts X (subsets of {0, ..., [B]}" defined as the closure with respect to the prod-
uct topology of the set of sequences arising as a S-expansion) were considered and
the set M, of shift-invariant Borel probability measures was ordered with first-
order stochastic dominance. Then it was natural to ask, for which f > 1, the
corresponding [(-shift has a largest invariant measure, i.e. a measure which domi-
nates all other measures in Mx, or equivalently, a measure that is simultaneously
f-maximizing for every increasing function f : Xg — R. The authors proved that
for 1 < B < 2, the B-shift X3 has a largest shift-invariant measure if and only if the
lexicographically largest element in X3 is the periodic sequence given by repeating
the length-(ap + 1) word (10%~1)P0, for some integers a,p > 1 (a more stringent
restriction is needed for 8 > 2). In that case, the largest shift-invariant measure
on Xg was the unique one supported by the periodic orbit generated by the largest
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element of Xj3. This measure also belongs to the remarkable one parameter family
of Sturmian measures: measures which are supported on orbits whose permutation
under the shift map is a rotation by angle p. Sturmian sequences and measures have
been studied extensively (e.g. [1, 4, 8, 19, 21, 24]), and appear naturally in many
problems in ergodic optimization (e.g. [2, 5, 7, 11, 14, 15, 10]). In [14, 15], second-
order stochastic dominance (also known as majorization) is studied, and Sturmian
measures are shown to simultaneously optimise the integral of all convex functions.

To understand the partially ordered set (M x, <), it is natural to study its fine
structure. In this article, we examine the dominance relations between any two
measures in My and present results which yield dominance, or incomparability,
between them.

Useful reformulations of first-order stochastic dominance are detailed in Lem-
mas 3.1 and 3.2, a simplified version of which is the following. For atomic mea-
sures u,v € My, we have that y < v if and only if u[z,1] < v[z,1], for all
x € supp(u) Usupp(v). This allows to quickly establish dominance relations be-
tween atomic measures supported on periodic orbits of small period. In Theorem
3.4, we consider two atomic measures u, it € Mx and assume g is dominated by f.
We prove that the measure supported on the orbit generated by the concatenation
w* [i (see Definition 2.7) of the two orbits carrying p and (i, dominates p, and is
dominated by fi. This result also gives an insight to the combinatorics of periodic
orbits that are constructed via concatenations.

For example, consider the periodic sequences 110 and 110010 (and the orbits they
generate) and note that using the aforementioned reformulation of dominance, it is
easy to establish that pi110010 < p110. Their concatenation is the orbit generated
by 110 * 110010 = 110110010 and by Theorem 3.4, the measure 110110010 carried
by this orbit dominates 119010 and is dominated by pi119. The three orbits are
illustrated in Figure 1, below.

001011011] |010110110| |011001011 011011001 100101101 101100101 | |101101100 110010110] |110110010

011 101 110

001011 010110 011001 100101 101100 110010

FIGURE 1. Orbits supporting measures 110010 < /110110010 =
H110 * (4110010 = H110

An immediate use of this result is the possibility of establishing the dominance
relation between all Sturmian measures i.e. the Sturmian measure S,, is dominated
by S,, if and only if p; < 2. This is due to the fact that Sturmian (periodic) orbits
are generated by a concatenation procedure analogous to the Farey construction of
rational numbers, see Figure 3, and Proposition 4.3(iv). Hence, for example,

So-<5%-<S%%Sé-<S%-<S%-<S%<S%<S%<Sg<5%<sg
<81 <853 <855 <852 <855 <853 <851=<855<856 <857 <57
7 5 8 3 7 4 5 6 7 8

This result is extended to all Sturmian measures with rotation number ¢ € [0, 1]
and is presented in Corollary 4.4.
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So, when are measures incomparable? In Figure 2, the orbits carrying the mea-
sures 419, (41100, (110100 and 110010 are illustrated. It is not hard to check that these
are pairwise incomparable. Just consider the increasing functions X[10,1)> X[0110,1]*
X[011010,1)> X[010110,1]" and compare their space averages with respect to each of the
measures.

001101 010011 011010 100110 101001 110100

01 10

0011 0110 1001 1100

001011 010110 011001 100101 101100 110010

FIGURE 2. The pairwise incomparable shift-invariant probability
measures (10, (1100, 4110100 and pi10010 of frequency 1/2-

However, proving incomparability between measures directly from the definition
of dominance (or its reformulations) becomes increasingly difficult as the period of
the orbits carrying the corresponding measures gets larger. In this last example,
one may observe that all of these measures have frequency (defined as the measure
of the cylinder set (1)) equal to 1/2. In Lemma 5.1, it is shown that, in fact, any
atomic measures with equal frequency are incomparable. Other results concerning
incomparability between measures can be found in Section 5.

Using the various results on comparability and incomparability of measures (Sec-
tions 3 and 5) one can establish all relations between measures supported on pe-
riodic orbits of small period. For example, there are 71 measures supported on
periodic orbits of period up to 8. The Sturmian measure S;/, is dominated by
16 of thOSG, namely 54/77 53/5, S5/8, Sg/g, S5/7, S3/4, S4/5, S5/6, S6/7, 57/87 Sl,
1111010105 H1110105 M1111010, M11111010 and pi1110110- By symmetry, it dominates
S3/7, S2y55 S3sss S1/35 S2y75 S1/as S1/55 S176s S1/75 S1/85 S0, 1101010005 H1010005
1410100005 410100000 and (110010000, and is incomparable with the remaining 38 mea-
sures.

This complicated structure of the partial order of first-order stochastic dominance
in Mx is illustrated in a Hasse diagram in Figure 4 where all measures supported
on periodic orbits of period up to 7 are compared.

Overview. The article is organised as follows. Section 2 consists of preliminaries
on symbolic dynamics, first-order stochastic dominance, and Sturmian measures.
Sections 3 and 5 present a study on comparability and incomparability between
measures. In Section 4, it is proved that Sturmian measures are totally ordered with
respect to <. In Section 6, we take a closer look at the fine structure of the partially
ordered set (M x, <), give a Hasse diagram for dominance relations between atomic
measures supported on orbits of small period, and prove that (Mx, <) is not a
lattice.

2. PRELIMINARIES

Notation. Let X denote the full shift on two symbols, i.e. {0, 1}. An element of
X will be denoted by © = (2,)52;, where z,, € {0,1} for all n € N.
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Definition 2.1 (Lexicographic order, topology). For z, 2’ € X, we write x < ' if
there exists an N € N with x,, = 2], for 1 <n < N and zn < zy; we write z < 2’ if
x =’ or x < x’. This lexicographic order < is a total order on X. Intervals on X
are defined in the usual way. The shift X is equipped with the product topology; the
(left) shift map o : X — X, defined by (0x), = 2,41 for n € N is then continuous.

Definition 2.2 (Words). Elements of X are called sequences (or infinite words). A
(finite) word is any element of the set | J;,{0,1}", n > 1 (by convention, the unique
element of {0,1}™ is the empty word) and will be written as w = wywsz ... w,. The
length of w denoted by |w|, is n. For each n € N, define 7, : X — {0,1}" by
Tn(X) = 2129 ... Tp. A sequence x € X is called periodic if there exists ¢ € N such
that =, = x,44 for all n € N. The smallest such ¢ is called the period of x, and
mq(x) is called the corresponding periodic word.

Definition 2.3 (Smallest and largest points). Let € X be a periodic sequence of
period g. Define 7 := max{c™(x) : n > 0}, the lexicographically largest point in
the orbit of z, and denote by w,, its corresponding periodic word 7y (x). Similarly,
let 2~ := min{o™(x) : n > 0}, the lexicographically smallest point in the orbit of x.

Definition 2.4 (Cylinder set, invariant measures). Let w be any finite word. De-
fine the cylinder set of w by (w) := {z € X : m,,|(x) = w}, a closed interval in X.
Let M x denote the collection of shift-invariant Borel probability measures on X.

Notation. Let x € X be periodic. Denote by ., the invariant probability measure
in Mx whose support equals {¢"(x),n > 0}. For simplicity, in examples, we
will (almost always) write i, instead of pm- = p,. For example, the measure
supported on the period-3 orbit {0010010...,0100100...,1001001...} will simply
be represented by t19¢-

Definition 2.5 (Measure frequency). Let p € Mx be any shift-invariant Borel
probability measure. Define its frequency to be the probability with which the digit

1 appears, i.e. p(u) := p((1)).
Definition 2.6 (Conjugate). Define the conjugate of a sequence x = (z;)2, € X
by conj(z) = (y;)2, € X, where y; :=1—z;, n € N.

Remark 1. Note that, for x € X, ¢(uz) = 1 — @(lconj(z)) and for a Borel set
AcC Xa Hconj(x) (A) = /Lm(COIl‘](A))

Definition 2.7 (Concatenation). Let z, & € X be periodic sequences with 2+ <
27T. Define the concatenation of x, £, by = * & = Wzw,. If u., uz € Mx are atomic
measures supported on those orbits, denote the concatenation of the two measures
by pz * piz = fawz-

Note that concatanation of orbits can be defined in different ways, for example
by concatenating the corresponding periodic words of the lexicographically smallest
point in each orbit.

2.1. Stochastic dominance.

Definition 2.8. Let u(f) := [ fdu and p,v € Mx. We say that p is dominated
(first-order stochastically) by v (or v dominates p), and write p < v, if u(f) < v(f)
for every increasing' function f: X — R.

1y X — R is increasing if f(z) < f(z') whenever z < z’.
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Some examples of measures ordered by < are, pug < g1, o1 < M1, #10 < 411010
Not all measures are comparable under this dominance relation, for example observe
that [ X100 1ydK10 = 0 < 1/4 = [ Xp100 1101100 and [ xpy 1ydpao = 1/2 > 1/4 =
f X[]Oj]dullOOa i.e. there is no dominance between p19 and 1199, and thus < defines
a partial order on Mx.

Definition 2.9 (Incomparable measures). Let p,v € Mx. If p is not dominated
by v, and v is not dominated by u, we say p and v are incomparable with respect
to first-order stochastic dominance, and write p A v.

The following is a well known characterisation of first-order stochastic dominance
using so-called couplings (see Strassen’s theorem [23], [18]):

Definition 2.10 (Couplings and first-order stochastic dominance). Let p,v € Mx.
A coupling of y and v is a probability measure v on the product space {0, 1} x
{0,1}" such that the marginals of 7y coincide with p and v, i.e. (A x{0,1}Y) = u(A)
and v({0, 1} x A) = v(A) for all Borel sets A C {0, 1}.

Then, two measures u, v € Mx satisfy p < v if and only if they admit a coupling
(i.e. a probability measure on {0, 1} x {0, 1} with marginals p, ) whose support
is contained in the half plane {(z,y) € {0,1} x {0,1} : = <y}

3. ON COMPARABILITY OF MEASURES

In this section, conditions that establish dominance between measures are inves-
tigated. These results are crucial in understanding the fine structure of the partially
ordered set (Mx, <).

Firstly, observe that < is a transitive relation. Simple approximation arguments
(cf. e.g. [16]) give the following reformulations of dominance:

Lemma 3.1. Let u,v € Mx, then the following are equivalent:

(i) p=v,
(i) p(z,1]) <v(z,1] for allx € X,
(iii) plz,1] < vz, 1] for allz € X.

It is also useful to simplify this lemma, for the case of atomic measures.

Lemma 3.2. Let p,v € Mx, and in addition, let 1 be an atomic measure. Then
the following are equivalent:

(i) p=v, -
(ii) p(x, IJ < v(x, l] for all x € supp(p),
(iii) plz,1] < vx,1] for all x € supp(u).

i1) and (4i7) are obvious from the previous lemma. Now it will be
) = (i). For any y € X, and let Z = min{x € supp(u) : z= > y}.

Proof. (i) = (
shown that (i
Then u(y,1] = u(z,1] < v(z,1] < v(y,1]. Similarly (iii) = (i) is shown. O

Remark 2. It is easy to show that Lemma 3.2 also holds if measure v is atomic,
and the assumption that p is atomic is removed. In this case, the equivalence holds
if inequalities in (ii) and (iii) hold for all = € supp(v).

Lemma 3.3. Let € X be periodic and w be its corresponding periodic word (note
that it is mot necessary that w = w,, i.e. that x is lexicographically largest in its
orbit). Then,

(a) If Tw = (1w)™", the lexicographically largest point in its orbit, then pm < pig-
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(b) If 0w = (0w)~, the lexicographically smallest point in its orbit, then ugs < -
Proof. By Lemmas 3.1 and 3.2, it is enough to show
(1) pwlo (@), 1] < prglo’ (), 1]

for all ¢ € {0,...,q — 1}, where ¢ is the period of z. If w = 1 then (1) is trivially
true. Now let w # 1, then ww... < wlwl... and hence

(2) o'(w) < o'(wl) < Tw, forallie{0,...,q— 1}

Let by < ... < by be the atoms of i, where {b;}7_, is a permutation of {0’ (@)},

Then (2) implies
S a—jtl_g-j+1+1 _

3 w b j s = > < Uig b j >

Q ply 1) = 12 L <l )
for all j = 1,...,¢q, which proves (a). The proof of (b) is identical to that of (a) and
is omitted. O

Example. Lemma 3.3 implies that the measures M110010105 411010010 and H11010100
are all dominated by p1101010- Another dominance relation implied is p19100 <
t110010- Note that 10010 is not lexicographically largest in its orbit.

Remark 3. In Lemma 3.3, the condition that 1w (respectively Ow) is lexico-
graphically largest (respectively smallest) in its orbit, is necessary. For example, if
w = 100110 then it is not implied that pigp110 is dominated by p1100110. In fact it
will be shown later that the two measures are incomparable.

The following theorem gives an insight to the structure and combinatorics of
periodic orbits that are constructed via concatenations, in relation to the periodic
orbits they were constructed from.

Theorem 3.4. Consider periodic points x, & € X, with x+ < 2. Then

Proof. Assume without loss of generality that x = 27 and £ = 2T. If x = £ then
the theorem holds trivially. Now, let x # #. If z = 0 or £ = 1, then all relations
dominance relations hold (by Lemma 3.3 or trivially). Now suppose that x # 0 and
T A1

First, it will be shown that if p, < pz, then p; < prges < pz. By Lemma 3.1, it
is enough to show

(4) te [y, 1) < prawa [y, 1) < pafy, 1] for all y € X.

Inequality (4) will be proved in two stages. For the left inequality, by Lemma 3.2,
it is enough to prove the following claim:

Claim 1. Let z() < ... < (9 = z* be the atoms of p, where ¢ is the period of
x. Then,

(5) o2 1) < ppws[z@, 1] foralli=1,...,q.

Proof of Claim. We have that, u,[z®,1] = (¢ —i+1)/q and puz[zD, 1] = §;/¢
where ¢ is the period of 2 and §; denotes the cardinality | - | of the set [z(¥),1] N

—~
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supp(ps), ¢ = 1,...,q. Using Lemma 3.1, the hypothesis implies (¢—i+1)/q < 6; /4
forall i =1,...,¢q, and consequently,

(6)

- —i+1 —i+1)+6 9 - ,
um[x(l),l]:q rr S(q Z+?+ < =2 = pp[2® 1) foralli=1,....q
q q+q q
It will be shown that, by construction of x * Z,
N (g—i4+ 1)+ ,
7 um*im(l),lz—A foralli=1,...,q
(7) [z, 1] i
Let at = by...by = Wy, #* = ¢1...¢; = wz. Then % = ¢1...¢5b1...b,.

Consider the intervals J; = [z, 20+ 4 € {1,...,¢— 1}, J, = [#(9,T]. Define
ki€{2,...,q}, where i € {1,...,q — 1}, to be such that z(?) := by, .. cbgbi . by
and k, := 1. Then {k1,...k,} is a permutation of {1,...,¢}. Now, consider
the point by, ...bgwszb1 ... bg,—1 in the support of fz.z. We claim that the point
br, ... bqwzby ... br,—1 belongs to J;.

Observe that,

(8) 2@ = by bgby .. bg,_1 < bg, ... bgwzby ... g, 1

since W, < Wzw,. Also, by the definition of the points (¥, it is clear that for i < g,

(9) 2D =Dy, . bgby ... b1 < by byb1 ... by = g(+D),

i1t it1—1
Now, since g7 *it1(2()) = g+ > ga=Fit1(z(+1)) it cannot be that () and 20+
have the same first ¢ — k; + 1 digits (because it would contradict that fact that
() < z0+D) Therefore an inequality has to appear in those first ¢ — k; + 1 digits.

This implies
(10) br, ... bqwzby ... by, 1 < by

b1t .bqb]_ .. .bki+171 = m(l-‘rl) < 1

By inequalities (8) and (10), it is derived that there is at least one atom of fiz.z
of the form by, ...bywzb1 ... bg,—1, k; € {2,...,¢} in the interior of each interval
Ji, i€ {1,...,q—1}, and clearly b; ... b,w; is in the interior of J,. Since there is a
total of ¢ of these points that lie in g intervals, there is precisely one of those atoms
of pgss in each J;, i € {1,...,q}.

Now let 201 < ... < 2@ = 2% be the atoms of s and let i € {1,...,q} be
such that supp(ug) N J; # 0 and let j € {1,...,4} be such that £U) € supp(uz) N
[, 20D where clearly, j = j(i). Define nj € {2,...,4} to be such that 20 =
Cny ---C4C1 - - - Cn,_, and ng = 1. Consider the point ¢, .- cqw;c1...¢,,—1 in the
support of piz.z. Then, we claim

(11) 2 < Cnj - CgWzCl - - Cp;—1-

By definition of ) = £((%) by o bgby b1 = 2 < 30) = Cn; - -CGCL---Cny—1-
Now, if ("), < (24)), for some >\ €{1,...,G4—n;+1}, then inequality (11) holds.
Otherwise, (z@ Ja = (W), for all A € {1,...,¢—n; + 1}, but then (11) is implied
by the fact that

(12)
ol it (WD) < o =W, < Wewz = waer ... c5 =00

H(cnj T CqWLCT - Cny 1)
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Now, the inequality w, < wz implies

(13) Cnj - CgWzCl - Cp;—1 < Cnj - CGCL -+ - Cpy—1 = #0) < 20D <1,

Combining (11) and (13) we see that for each point #() that lies in J;, i €
{1,...,q}, there is an atom of pzs that lies in [z®,20)] C [z® 2z(+D). Since
there is a total of ¢ atoms of pz (all of which lie in U!_,J;), and the same number
of atoms of 1.5 of the form ¢, . czwzcr... 1, n € {1,...,¢}, then, using all
the above work,

| supp(piass) N Ji | =1+ |[supp(pz) N Ji| i€ {l,...,q}

Thus,
1+ [supp(us) N Ji|
TxT Jz - ~ , 1€ 17~~»(]
Haoi(Ji) i1 d { }
and so
o L1+ |supp(uz) N | (g —i+ 1)+
1) B & 1 g—1 3 .
A = = = ,1€41,...,q
| 1=> <1 d " { }

=1

which is the required equality in (7), hence Claim 1 is proved.

For the right inequality in (4), the argument is similar. By Lemma 3.2 and
Remark 2, is it enough to prove the following claim:

Claim 2. Let 2V < ... < #@ = &% be the atoms of uz. Then,
(14) pawa 29, 1) < pp29, 1), forall j=1,...,4.
)

Proof of Claim. For each j € {1,...,4}, pz[29),1] = (§—j+1)/G and p, [#)
0j/q where ¢; := }supp(/%) N (@0, 1] | . By hypothesis, pu,[20),
which implies
I
~0) 71 = 22
Ma: x al - T = ~ >~
[ ] q q+q q
It will be shown that, by construction of x * Z,

LAt ER b U]

0 +14+q—j
q+4q
from which inequality (14) follows. Consider the interval [2() 1], where 2 €

Supp(ﬂi)a .7 € {1’ ) qA}
In the proof of (7), it was shown that there is precisely one atom of pi,.; of the
form, by ...bqwzby ... bx—1, k € {1,...,q} in each J;. Since there are Sj atoms of

(15) fraws (29), 7] < forall j =1,...,4q,

Ly 1IN [i(j),i], there are at least Sj and at most Sj + 1 atoms of .z of the form
by .. .bq’wggbl bk, k€ {1, .. .,q}, in [Cf?(j),ﬂ, JjE {1,. .. ,d}

In addition, as seen in inequality (13) for any point #() € supp(us), there is
an atom of fiz«z of the form ¢, cyw,cr . ¢p, 1 < #() . This implies that there

are at least j = uz[0,2)] atoms of iz.; of the form Cn - CqWzCl .- Cpn_1, N €
{1,...,4} which lie in [0,29)), j € {1,...,4} (out of a total of ¢ points of this
form).

Therefore, fig.z[20), 1] < 5j +14gG—jforall j€{1,...,G}, which proves (15),
and thus Claim 2 is proved, which completes the first part of the proof.
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Now it will be shown that if g, < fzsz O fhpxs < Wz, then p, < pz. Assume
that u, A pz. Now, observe that 27 < (z % 2)* < 27, hence:

(16) pa(z o+ 2)7, 1) = 0 < s [(z % 2) T, 1]

and

(17) fova2T, 1] = 0 < pg[2™,1).

Now, since fiz A j13, by Lemma 3.2, there exists some z(?) € supp(pz), ¢ =1,2,...q,
such that g, [z, 1] > ps[z®,1]. Carrying through the exact same argument as in

Claim 1 (with the inequalities in (6) in the other direction), we derive that
(18) Hzx [z(Z)aﬂ > /Lm*fﬂ[x(i)aﬂ > Mg [‘T(Z)vﬂ

for some () € supp(j1,). But this, together with (16) and (17), implies iz A fizss
and pz«z A tz, a contradiction. O

Remark 4. Note that Theorem 3.4 is easily shown to hold if we define the concate-
nation of orbits by concatenating the corresponding periodic words of the lexico-
graphically smallest point in each orbit, i.e. if x % & := my(x™)m;(27), see Definition
2.7 for comparison.

Lemma 3.5. Let x,2 € X be periodic of the same period, with x < & and assume
that their periodic words differ only by one digit. Then, p, < pg.

Proof. Without loss of generality, it can be assumed that the corresponding periodic
words of x, & agree on the first ¢ — 1 digits and disagree on the ¢** digit, i.e. 2; = &;
foralli={1,...,¢g—1} and 4 =0,%, = 1.

Then, xy; =0 < 1=2), forall A € Nand 2,1 ng = Tnyrg for N € {1,...,¢—1},
A € Ng. This implies 0%(x) < 0"(Z) for all x € N, and hence

oo™ (@), 1] = Isupp(ux)f;(ff“(x),ll\ - \Supp(u@)f;(a“(x),ll\

for all k € {0,...,q — 1}. By Lemmas 3.1 and 3.2, the result follows. O

Example. By Lemma 3.5, p1000 < p1100. Then Theorem 3.4 implies pigo0 <
#11001000 =< H1100-

Lemma 3.6. Let x,% € X be periodic. If pp < piz then pieonjz) < Heonj(z)-

Proof. We will argue by contradiction. Assume that ficonj(z) is not dominated by
Heonj(z)- Then, by Lemma 3.1, there exists some y € X such that pieonjez)(y, 1] >
Heonj(z) (Y, 1]. However, by Remark 1 this implies that 13[0,1 —y) > p.[0,1 —y),
hence 1 — pz[l —y,1] > 1 — pg[1 —y,1], and so pz[l — y, 1] < pe[l — y, 1] for some
y € X. This contradicts our assumption that p, < pz, by Lemma 3.1. g

4. STURMIAN SEQUENCES AND MEASURES

The focus of this section will be the remarkable one parameter family of Sturmian
sequences and measures. Their definition and several of their properties will be
recalled here whilst as a corollary of Theorem 3.4, it will be proved that Sturmian
measures are totally ordered with respect to first-order stochastic dominance.

First, consider the semi-conjugacy ¢ : X — [0,1], ¥(z;)52, = D72, & € [0,1],
between the doubling map T : [0,1] — [0,1], T(x) = 2z (mod 1) and the (left)
shift map o0 : X = X, 0(2,)22; = (¢n+1)22.
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Lemma 4.1. There exists precisely one shift-invariant probability measure on M x
whose support is contained in an interval [z, &] such that m([x,Z]) = 1/2 where m
denotes Lebesgue measure on [0, 1].

Proof. See [7, 8]. O

Definition 4.2. Any shift-invariant Borel probability measure in M x is called
Sturmian if its support lies in an interval [z, ], x,Z € X such that m(¢[z, Z]) = 1/2.

100 110
1000 1110
10000 10100 11010 11110
100000 111110
1000000 1001000 1010100 1101010 1110110 1111110
10000000 10100100 11011010 11111110

100000000 100010000 101010100 110101010 111101110 111111110

FIGURE 3. A concatenation procedure that generates the largest
point in the support of a Sturmian measure 5, /,

The following are well known properties of Sturmian sequences and measures.

Proposition 4.3.

(i) For every o € [0,1] there exists a unique Sturmian measure whose frequency
equals p. This measure will be denoted by S,.

(ii) For o€ (0,1) if Ry(t) =t+ o0 (mod 1) and

2@ (t) = {0 if Ry~'(t) € 0,1 - o)

1 otherwise,

then S, is the push forward of Lebesgue measure on [0,1) under the map t
(2 ()7

(iii) If o is irrational, the support of S, is a uniquely ergodic Cantor set. If o
is rational then S, is supported on a single periodic orbit; if 0 = p/q, p,q € N,
p € 10,q — 1], and ged(p, ¢) = 1, and the points in this orbit are s1 < ... < sq, then
the shift o acts as a cyclic permutation:

S; ifi€0,q—
O'(Sl) _ i+p f . [ q p]
Si+p*q Zfle[q_p+17q]v
i.e. it is combinatorially equivalent to the action of Ry ;4(t) :=t+ p/q (mod 1) on
any of its periodic orbits.
(iv) The largest (or smallest) point in the support of a Sturmian measure can be

generated by a concatenation procedure analogous to the Farey construction of ra-
tional numbers (see Figure 3 and e.g. [9, Ch. III]). For n > 1, let §, denote the
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order-n Farey sequence, i.e. the increasing finite sequence consisting of rationals in

[0,1] whose denominator is at most n (0 and 1 are included as ¢ and 1 respec-

tively). If pi/q1 < p2/qz (with p1,p2,q1,q2 € N, ged(p1,q1) = 1 = ged(pa, g2)) are
Farey-consecutive (i.e. they appear as successive terms in some §, ), and s:/q = s‘g"
is the largest point in the support of Sy, /4, (with p,q € N,ged(p,q) = 1), then

+ ot o
Spi+py — Sp2Sp1 -
q1+42 a2 41

If o € [0,1] is irrational, and {0;}$2, is any sequence of rational numbers in [0, 1]
converging to o, then s} (the largest point in the support of S,)) is the limit of s;r
as v — 00.

Proof. Property (i) follows from existence and uniqueness of S, for ¢ € [0,1) (See
[7, 8]). For property (ii), see for example [2, 5, 8, 14, 19]. Property (iii) follows
from (ii), also see [8]. For (iv), the proof is easily adapted from one in [20], see also
[11]. O

Corollary 4.4. Sturmian measures are totally ordered with respect to first-order
stochastic dominance, i.e. if o < ¢, 0,0 € [0,1], then S, < Sy.

Proof. First, it will be shown that Sturmian measures with rational rotation num-
ber are totally ordered. It is clear that Sy < S; (the Dirac measures at 0 and
1 respectively) but by Proposition 4.3, the largest point in the support of a every
Sturmian measure with rational rotation number can be generated using concatena-
tions analogous to the Farey construction of rational numbers. Hence, by Theorem
3.4, if B < B2 (with p1,p2, 1,92 € N, ged(p1,q1) = 1 = ged(p2,q2)) are Farey-
consecutive, then
Spi/ar = Sp1 /a1 * Opa /g = Svatrs < Spy /g, -

q1+a2

Since this construction generates all Sturmian sequences, by Theorem 3.4, S, < S’g
for all o < o', 0,0 € Q.

It is now enough to show that S; < S; for all ¢ < g, 0 € Q, ¢ ¢ Q. Consider
a sequence {p;}22; of rational numbers in [0, 1] such that ¢ < 01 < 02 < ... < s,
converging to ¢ ¢ Q as i — oc.

Sturmian measures with rational rotation number are totally ordered with respect
to <, hence we have that S; < S, < S, < ... < S,,. Then, since ¢ — S, is
continuous (in the vague topology, see [7]),

S‘Qi(xai] :/XX(gc,T]dSQi iHOQ_>/XX(90,T]CZS£3:Sé(xvﬂ
for all x € X. Thus, by Lemma 3.2, S5 < S,, < S35, which completes the proof. [

Remark 5. This corollary can also be proved by utilising the characterisation of
stochastic dominance by couplings. More precisely, one can consider the partial
order <; on the shift {0, 1}, defined by

1T ... <1 Y1Y2...<=>Vn>0 x14+22+...2, <Y1 +yY2+...Yn

for sequences * = x175 ..., y = Y192 - . . € {0, 1} which, in particular, implies that
x < y for the lexicographic order. Using the couplings characterisation, it can be
shown that S,(f) < Sy (f) for o < ¢, for all bounded measurable functions f :
{0,1}N — R which are increasing with respect to <; (which then implies S, < S7).
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The order <; is also studied in [6], where it is shown that the support of each
Sturmian measure S, is totally ordered with respect to <;.

5. ON INCOMPARABILITY OF MEASURES

In this section some incomparability conditions will be presented which can be
used to easily identify incomparable pairs of measures.

Proposition 5.1. Consider atomic measures p,v € Mx with  # v. If u and v
have equal frequency, i.e. if p(u) = @(v), then u A v.

First, a more general result will be proven.

Lemma 5.2. Suppose 1,0 € Mx are atomic measures, with f # v, i < 0. Let
M) < .. < &9 be the atoms of [i where q is the period of the orbit, and let
Ji = [0 208)) i e {1,...,q -1} and J, = D 0. If f: X — R is an
increasing function such that its restriction to (supp(f) U supp(?)) N J; is not a
constant value for at least one value of i € {1,...,q} for which supp(P) N J; # 0,
then il f) < #(f).

Proof. Let §M) < ... < D be the atoms of &, where § is the period of the orbit.
We have the following

af) = / f (@)
= f@EM)aEM, 2@+ .+ f@eD)afaleY 2@) ¢ £(29) a9 1)
q—1
— f(i«(i))ﬂ[j(i)’j(Hl)) + f(i(Q)),ll[fC(q),ﬂ
=
= D r@E)(@E, 1) - a0 1) + f@9)aE9,T)
=1 -
= fEMW)aEM 1+ (F@) — f(@D))at 1]
=1
q—1
< fEMpEM T+ (F(@0D) — (D)oY 1] by Lemma 3.2
- =1
(19) = F@ED)2[2D 20D 4 £(29)p[2@), 1]
=1

It will now be shown that this last expression is strictly smaller than [ f(z)dp(z).
Let a; := | J; Nsupp(?) |, i € {1,...,q}. If i is such that a; = 0, then J; does not
contain any atoms of 7, hence f(2()#(.J;) = 0. If 4 is such that o; # 0, denote the
atoms of (v) that lie in J; by %) < ... < glkitai=1),

Then, since f is increasing,

(20)  fED(T) < FGENPEHEIY) + .+ fRere D) p({ghitesT Y.

By hypothesis f is not constant on (supp(f) U supp(#)) N J; for at least one
value of ¢ € {1,...,¢q}, so for that value of 4, the inequality (20) is strict. Thus by
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inequalities (19) and (20) and since all atoms of # lie in [#(}),T],
q q
0 < D50 < S A = [ fadita) = o)
i=1 J=1
which completes the proof. O

Proof of Lemma 5.1. This will be proved by contradiction. Assume p and v are
comparable, say p < v, without loss of generality. Define f : X — R by f(z) =
Zzozl ,27" and observe that f is increasing. For any atomic measure m € Mx
with atoms (1) < ... < 2@ 2 = {xﬁf)}zzl, where ¢ is the period of the orbit,
the following holds:

/ f@)dm(z) = if(ac%m({x(”}) - ;Z F(a)
i=1 i=1
B
- ()
= 6(2’12(: 1) 2 (;xS)Q—n)

Therefore, u(f) = p(l) = v(1) = v(f). But f is increasing and clearly, its
restriction to (supp(ﬂ) U supp(ﬁ)) N J; is not a constant value for any value of
i €{l,...,q} for which supp(¥) N J; # 0, so Lemma 5.2 implies u(f) < v(f), which
contradicts the assumption. Thus, y and v are incomparable. 0

Lemma 5.3. The following hold:
(i) Let x,2 be periodic. If x+ < 2T and 2~ < x~, then puz A pz.
(ii) Let x € X be periodic, with x # 0,1. Then p, A p1yg-
(iii) Let x,& € X be periodic. If o(ps) < p(pz) and 2+ <zt or 2~ < a~, then
M A
(iv) Let x,& € X be periodic of period q,q respectively, with q < §.
(a) Ifzt < 3T and o' (2%) <at foralli=1,...,G—1, then ps A jiz.
(b) If i~ <ax” and = < o' (27) foralli=1,...,G—1, then p, A jiz.
Proof.
Proof of part (i). By hypothesis, p,[27,1] = 0 < pz[2T,1] and p[z—,1] =1 >
pz[z~,1]. By Lemma 3.1, this implies pi; A fiz.
Proof of part (ii). We have that o*(w,01) < o'(wy) < Wy < Tw,0 for all i =

0,...,q, where ¢ is the period of z. This implies ji,[1w,0,1] = 0 < p7;—45[1w,0,1]
and p, [z, 1] = % > qJ%Q = pirgoole ™, 1] which yields incomparability.
Proof of part (iii). The inequality ¢(puy) < @(uz) implies pg((1)) < pz((1)) ie.

(21) ﬂz[lﬁaﬂ < ﬂi[lﬁaﬂ
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Now 2T < 2T implies

(22) /J'I[x+7T] >0= /‘i[x+’ 1]
and £~ < x~ implies

(23) polz”, 1] =1 > pzlz™, 1]

So (21) together with (22) or (23) prove the claim.

Proof of part (iv). The hypothesis implies u,[z",1] = % > % = pz[z™, 1] and
pz[27,1] = 0 < ¢ = pa[@t, 1], so by Lemma 3.1 the result follows. The proof of
(b) is similar.

(|

6. FINE STRUCTURE

The preceding results in Sections 3 and 5 make it easy to establish dominance
relations between atomic measures supported on periodic orbits of small period.

Proposition 6.1. The dominance relations of measures on Mx supported on pe-
riodic orbits of period up to 7 are as shown in the Hasse diagram in Figure 4.

Proof. There are 41 measures supported on periodic orbits of period up to 7, thus
there are 820 dominance relations between them, out of which 189 are incompara-
bility relations.

Colours are used to indicate which lemma or proposition was used to show each
dominance relation. So, more precisely, green arrows were used to represent Lemma
3.3, orange for Theorem 3.4, blue for Lemma 3.5, black for Lemma 3.6 and red for
Lemma 3.2.

Incomparability relations are all proved easily using Lemmas 5.1, 5.3, and 3.2.
Due to the transitivity of first-order stochastic dominance, the Hasse diagram in
Figure 4 represents all relations between measures supported on periodic orbit of
up to period 7.

|

It is natural to ask if the partially ordered set (Mx, <) is a lattice, i.e. if any
two measures have a first-order stochastically least upper bound and greatest lower
bound. The following theorem shows that this is not the case.

Theorem 6.2. The partially ordered set (Mx, <) is not a lattice.

Proof. Consider the measures p19 and p1100. We will show that these do not have
a least upper bound. Let v € Mx be such that pu1p < v and py100 < v. Then,
0 = 110(00) > v(00) hence v{00) = 0. Now ¢(v) = 1 —v(0) = 1 — v(c{0)) =
1—v({00) U(10)) =1 —v(10) =1 — (v(1) — v(11)) = 1 — o(v) + v(11).

Hence,

1 11 1 11
ov) = + ;( ) > 1+ M1;oo< ) _ 5/8.
But by Lemma 3.2, the incomparable measures of frequency 5/8, 111101010 and
1411011010, dominate both the measures p19, t1100. Consequently, 19 and p1190 do
not have a least upper bound. O
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(rws) (oot ) (pomovs ) [pomoa7 ) o)

FIGURE 4. Hasse diagram of first-order stochastic dominance for
measures supported on periodic orbits of period up to 7. Orbits
that carry measures with equal frequency are displayed on the same
horizontal line, and frequencies decrease from top to bottom.

6/7

5/6

4/5

3/4

57

2/3

3/5

417

12

317

2/5

13

217

1/4

/5

1/6

17

15



16

(1]
2]
(3]

(4]

(5]
(6]
(7
(8]
(9]
[10]
(11]
(12]

[13]
14]

[15]
(16]

(17)
(18]
(19]
20]
(21]
(22]
23]

24]

VASSO ANAGNOSTOPOULOU

REFERENCES

J.-P. Allouche and J. Shallit, Automatic Sequences. Theory, Applications, Generalizations,
Cambridge University Press, Cambridge, 2003.

V. Anagnostopoulou, Sturmian Measures and Stochastic Dominance in Ergodic Optimization,
Ph.D. thesis, Queen Mary University of London, 2009.

V. Anagnostopoulou and O. Jenkinson, Which beta-shifts have a largest invariant measure?,
Jour. Lon. Math. Soc., 79 (2009), 445-464.

J. Berstel and P. Séébold, Sturmian Words, in Algebraic Combinatorics on Words (Ency-
clopaedia of Mathematics and its Applications 90), (M. Lothaire), Cambridge University
Press, (2002), 45-110.

T. Bousch, Le poisson n’a pas d’arétes, Ann. Inst. Henri Poincaré (Proba. et Stat.), 36 (2000),
489-508.

T. Bousch, Une propriété de domination convexe pour les orbites sturmiennes,
Can. Jour. Math.,67 (2015), 90-106.

T. Bousch and J. Mairesse, Asymptotic height optimization for topical IF'S, tetris heaps, and
the finiteness conjecture, Jour. Amer. Math. Soc., 15 (2002), 77-111.

S. Bullett and P. Sentenac, Ordered orbits of the shift, square roots, and the devil’s staircase,
Math. Proc. Camb. Phil. Soc., 115 (1994), 451-481.

G. H. Hardy and E. M. Wright, An Introduction to the Theory of Numbers, 5" edition,
Oxford University Press, 1979.

O. Jenkinson, Conjugacy Rigidity, Cohomological Triviality, and Barycentres of Invariant
Measures, Ph.D. thesis, University of Warwick, 1996.

0. Jenkinson, Frequency locking on the boundary of the barycentre set, Exp. Math., 9 (2000),
309-317.

O. Jenkinson, Maximum hitting frequency and fastest mean return time, Nonlinearity, 18
(2005), 2305-2321.

O. Jenkinson, Ergodic optimization, Discrete & Cont. Dyn. Sys., 15 (2006), 197-224.

O. Jenkinson, Optimization and majorization of invariant measures, Electron. Res. Announc.
Amer. Math. Soc., 13 (2007), 1-12.

O. Jenkinson, A partial order on x2-invariant measures, Math. Res. Lett., 15 (2008), 893-900.
T. Kamae, U. Krengel and G. L. O’Brien, Stochastic inequalities on partially ordered spaces,
Ann. Prob., 5 (1977), 899-912.

H. Levy, Stochastic Dominance: Investment Decision Making under Uncertainty, 3rd edition,
Springer, 2015.

T. Lindvall, On Strassen’s theorem on stochastic domination, Flectron. Commun. Probab.,
4 (1999), 51-59.

M. Morse and G. A. Hedlund, Symbolic dynamics II. Sturmian trajectories, Amer. J. Math.,
62 (1940), 1-42.

K. Petersen, Some Sturmian symbolic dynamics, Available from: http://petersen.web.unc.
edu/some-slides-from-talks/

N. Pytheas Fogg, Substitutions in Dynamics, Arithmetics and Combinatorics, Springer Lec-
ture Notes in Mathematics 1794, 2002.

A. Rényi, Representations of real numbers and their ergodic properties, Acta. Math. Acad.
Sci. Hungar., 8 (1957), 477-493.

V. Strassen, The existence of probability measures with given marginals, Ann. Math. Statist.,
36 (1965), 423-439.

P. Veerman, Symbolic dynamics of order-preserving orbits, Physica D, 29 (1987), 191-201.

E-mail address: v.anagnostopoulou@qmul.ac.uk


http://petersen.web.unc.edu/some-slides-from-talks/
http://petersen.web.unc.edu/some-slides-from-talks/

	1. Introduction
	Overview

	2. Preliminaries
	2.1. Stochastic dominance

	3. On comparability of measures
	Example
	Example

	4. Sturmian sequences and measures
	5. On incomparability of measures
	6. Fine structure
	References

