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Abstract We prove that every 0O-shifted symplectic structure on a derived Artin
n-stack admits a curved Ao, deformation quantisation. The classical method of quan-
tising smooth varieties via quantisations of affine space does not apply in this setting,
so we develop a new approach. We construct a map from DQ algebroid quantisations
of unshifted symplectic structures on a derived Artin n-stack to power series in de
Rham cohomology, depending only on a choice of Drinfeld associator. This gives
an equivalence between even power series and certain involutive quantisations, which
yield anti-involutive curved A, deformations of the dg category of perfect complexes.
In particular, there is a canonical quantisation associated to every symplectic structure
on such a stack, which agrees for smooth varieties with the Kontsevich—Tamarkin
quantisation for even associators.
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Introduction

For n > 0, existence of quantisations of n-shifted Poisson structures is a formality,
following from the equivalence E,+1 >~ P, of operads. Quantisations of positively
shifted symplectic structures thus follow immediately from the equivalence in [6,27]
between symplectic and non-degenerate Poisson structures. In [25], quantisation for
non-degenerate (— 1)-shifted Poisson structures was established, and we now consider
the n = 0O case, fleshing out the details sketched in [25, §4.3].

Beyond the setting of smooth Deligne—Mumford stacks, unshifted symplectic
structures only arise on objects incorporating both stacky and derived structures, as
non-degeneracy of the symplectic form implies that the cotangent complex must have
both positive and negative terms. Examples of such symplectic derived stacks include
the derived moduli stack of perfect complexes on an algebraic K3 surface, or the
derived moduli stack of locally constant G-torsors on a compact oriented topological
surface, for an algebraic group G equipped with a Killing form on its Lie algebra. In
the latter example, the symplectic structure on the smooth locus is that of [11].

The common feature in the construction of deformation quantisations for manifolds
[7,9,10,18,29] and for smooth algebraic varieties [1,17,31,34] is the reduction (étale)
locally to affine space. For derived Artin stacks, this is not an option, so we develop
a new approach to show that all non-degenerate Poisson structures can be quantised
even if the Hochschild complex is not formal. This works by a similar mechanism to
the quantisation of non-degenerate (—1)-shifted Poisson structures in [25], combined
with formality of the E» operad.

The proof in [27] of the correspondence between n-shifted symplectic and non-
degenerate Poisson structures relied on the existence, for all Poisson structures r, of
a CDGA morphism wu(—, ) from the de Rham algebra to the algebra T 1%1()( ,n) of
shifted polyvectors with differential twisted by . In [25], this idea was extended to
establish the existence of quantisations for (—1)-shifted symplectic structures, with w
being an A-morphism from the de Rham algebra to the ring of differential operators.

In order to adapt these constructions to 0-shifted symplectic structures, we replace
polyvectors or differential operators with the Hochschild complex CC%(X) of a
derived Artin stack X, defined in terms of a resolution by stacky CDGAs (com-
mutative bidifferential bigraded algebras). Since this has an E»-algebra structure, a
choice w of Levi decomposition for the Grothendieck—Teichmiiller group gives it a
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P,-algebra structure. Quantisations A are defined as certain Maurer—Cartan elements
A € CC%(X)[Ah]; these give rise to curved deformations of the dg category of perfect
complexes.

Each quantisation A then defines a morphism pt, (—, A) from the de Rham complex
DR(X) to CC%(X)[h] twisted by A. In more detail, since [A, —] defines a derivation
from Oy to CC%(X)[1], it determines a map Q; — CCRL(X)[A][1] and fiy, (—, A)
is the resulting morphism of CDGAs. This gives rise to a notion of compatibility
between Ep quantisations A and generalised pre-symplectic structures (power series
w of elements of the de Rham complex): we say that w and A are w-compatible if

oA

JA) ~ R —.

M (@, A) Y

Proposition 2.16 shows that every non-degenerate quantisation A of a stacky CDGA

A has a unique w-compatible generalised pre-symplectic structure, thus giving us a
map

OP(A,0)™e . H2(F2DR(A)) x hH>(F'DR(A)) x h?H!(DR(A))[A]

on the space of non-degenerate O-shifted E| quantisations of A.

Moreover, we have spaces QP (A, 0)/ G**! consisting of E1 quantisations of order
k, by which we mean Maurer—Cartan elements in ]_[jzz(FjCC;e(A)/Fj_k_l)hj_l,
for F the good truncation filtration in the Hochschild direction. Via induction on
levels of the filtration, and an analysis of the associated DGLA obstruction theory,
Proposition 2.17 then shows that the resulting map

OP(A,0)™Mee 5 (OP(A, 0)""e/G?) x h*H?*(DR(A))[A]

underlies an equivalence. Thus quantisation reduces to a first order problem.

This first order problem is resolved by introducing a notion of self-duality. In [25],
self-dual quantisations were defined for line bundles .# with an involution . >~ £V
to the Grothendieck—Verdier dual. The analogous notion in our setting is given by
considering anti-involutive associative algebras and categories. Explicitly, when X is
a smooth variety, a self-dual quantisation of O is an associative deformation

(Ox[h], *n)

of Ox with a x_; b = b xp a; the explicit quantisation formula of [18] satisfies this
property. More generally, a self-dual quantisation of X over R leads to a curved Axo-
category with R[[%]-semilinear anti-involution, deforming the dg category of perfect
complexes on X.

Restricting to self-dual quantisations ensures that the first-order obstruction van-
ishes, leading to Theorem 2.20, which shows that the equivalence class of self-dual
quantisations of a given non-degenerate Poisson structure is parametrised by

R*H2(DR(A))[1%],
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and in particular such quantisations always exist. Global versions of these results for
derived Artin N-stacks are summarised in Theorem 3.13.

The structure of the paper is as follows.

In Sect. 1 we recall the description from [27] of commutative bidifferential bigraded
algebras as formal completions of derived N-stacks along derived affines, together
with the complex of polyvectors ISSI(A, 0) on such objects, and the space P(A, 0)
of Poisson structures. We then introduce a quantisation Qﬁal(A, 0) of the complex
of polyvectors, defined in terms of the Hochschild complex, and introduce an anti-
involution of this complex whose fixed points give rise to self-dual quantisations.

Section 2 contains the technical heart of the paper. After introducing generalised
pre-symplectic structures as de Rham power series, and after recalling formality
quasi-isomorphisms for the E, operad associated to Levi decompositions w of the
Grothendieck—Teichmiiller group, we introduce the notion (Definition 2.12) of w-
compatibility between quantisations and generalised pre-symplectic structures. The
main results (Propositions 2.16, 2.17 and Theorem 2.20) then follow, establishing
the existence of quantisations of non-degenerate unshifted Poisson (and hence sym-
plectic) structures on stacky derived affines. Proposition 2.25 shows that for Levi
decompositions corresponding to even associators, constant power series correspond
to Kontsevich—Tamarkin quantisations.

In Sect. 3, these results are translated into the fully global setting of derived Artin
N-stacks (Theorem 3.13). The approach precisely mimics that of [27, §§2,3], by estab-
lishing étale functoriality in an co-category setting and applying descent arguments.
Proposition 3.11 shows how E| quantisations in our sense give rise to curved A
deformations of the dg category of perfect complexes on a derived Artin N-stack.

I would like to thank the anonymous referee for many helpful comments.

1 Quantisation for stacky thickenings of derived affine schemes
1.1 Stacky thickenings of derived affines

We now recall some definitions and lemmas from [27, §3], as summarised in [25,
§3.1]. By default, we will regard the CDGAs in derived algebraic geometry as chain

8 8 ) . . .
complexes ... - A — Ag — ... rather than cochain complexes — this will enable
us to distinguish easily between derived (chain) and stacky (cochain) structures.

Definition 1.1 A stacky CDGA is a chain cochain complex AJ equipped with a com-
mutative product A ® A — A and unit Q — A. Given a chain CDGA R, a stacky
CDGA over R isthen amorphism R — A of stacky CDGAs. We write DGdgCAIg(R)
for the category of stacky CDGAs over R, and DGTdgCAlg(R) for the full subcate-
gory consisting of objects A concentrated in non-negative cochain degrees.

As explained in [27, Remark 3.32], these correspond to the “graded mixed cdgas” of
[6] (but beware that the latter do not have mixed differentials).
When working with chain cochain complexes V;?, we will usually denote the chain

differential by &: V; — V]’.;l, and the cochain differential by d: V; — V;+l.
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Readers interested only in DM (as opposed to Artin) stacks may ignore the stacky part
of the structure and consider only chain CDGAs A, = AY throughout this section.

Example 1.2 We now recall an important example of a class of stacky CDGAs from
[27, Example 3.6]. Given a Lie algebra g of finite rank acting as derivations on a derived
affine scheme Y, we write O ([Y/g]) for the stacky CDGA given by the Chevalley—
Eilenberg double complex

o)L omyeg' Lo ety ..

of g with coefficients in the chain g-module O (Y).

When the action of g on Y is induced by the action of an affine group scheme G
with Lie algebra g, the stacky CDGA can recover the relative de Rham stack [Y/g]
of Y over [Y/G]; explicitly, the stack [Y/g] is the quotient of Y by the action of the
group sheaf B — exp(g ® ker(B — B™4)). Then [27, Example 3.6] gives a formally
étale simplicial resolution of [Y/G] in terms of the functors [Y x G"/ g"“].

Definition 1.3 Say that a morphism U — V of chain cochain complexes is a lev-
elwise quasi-isomorphism if U’ — V' is a quasi-isomorphism for all i € Z. Say
that a morphism of stacky CDGAs is a levelwise quasi-isomorphism if the underlying
morphism of chain cochain complexes is so.

The following is [27, Lemma 3.4]:

Lemma 1.4 There is a cofibrantly generated model structure on stacky CDGAs over
R in which fibrations are surjections and weak equivalences are levelwise quasi-
isomorphisms.

There is a denormalisation functor D from non-negatively graded CDGAS to cosim-
plicial algebras, with left adjoint D* as in [22, Definition 4.20]. Given a cosimplicial
chain CDGA A, D*A is then a stacky CDGA in non-negative cochain degrees. By
[27, Lemma 3.5], D* is a left Quillen functor from the Reedy model structure on
cosimplicial chain CDGAs to the model structure of Lemma 1.4.

Since DA is a pro-nilpotent extension of A?, when H_o(A) = 0 we think of the
simplicial hypersheaf RSpec DA as a stacky derived thickening of the derived affine
scheme RSpec A°.

Definition 1.5 Given achain cochain complex V, define the cochain complex TotV C
Tot 'V by

(Tot V)™ := (@ ‘/iim> o ([]vi.

i<0 i>0

with differential 0 = 8.

The key property of the semi-infinite total complex Tot is that it sends levelwise quasi-
isomorphisms in the chain direction to quasi-isomorphisms; the same is not true in
general of the sum and product total complexes Tot , Tot I of. [33, §5.6]. The functor
Tot is referred to as Tate realisation in [6].
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Definition 1.6 Given a stacky CDGA A and A-modules M, N in chain cochain com-
plexes, we define internal Homs Hom 4 (M, N) by

. i
Hom (M, N); = Hom 45 (M}, N#[[;.]]),

with differentials of := dy o f = f o dy and 6f := Sy o f £ f o 8y, where V,f
denotes the bigraded vector space underlying a chain cochain complex V.
We then define the Hom complex Hom 4 (M, N) by

Hom 4 (M, N) := Tot Homa (M, N).

Note that there is a multiplication Hom A(M,N)® Hom A(N, P) — Hom A(M, P)
(the same is not true for Tot "Hom 4 (M, N) in general).
Writing 9114 = Ql‘/R, we have:

Definition 1.7 A morphism A — B in DG1tdgCAlg(R) is said to be homotopy
formally étale when the map

{Tot o =9 (L2} ®% B}, — {Toto=7(LQL ®% B},

is a pro-quasi-isomorphism (i.e. an essentially levelwise quasi-isomorphism in the
sense of [15, §2.1]), where o =7 denotes the brutal cotruncation

(O.qu)i — M 1 >4,
0 i<gqg.

Combining [27, Proposition 3.13] with [24, Theorem 4.15 and Corollary 6.35],
every strongly quasi-compact derived Artin N-stack over R can be resolved by a
derived DM hypergroupoid (a form of homotopy formally étale cosimplicial diagram)
in DGTdgCAIlg(R).

1.2 Polyvectors

We now fix a chain CDGA R over Q.

Assumption 1.8 Asin [27, §3.3], we now assume that A € DGTdgCAlg(R) has the
following properties:

(1) for any cofibrant replacement A — A in the model structure of Lemma 1.4, the
morphism Q}& — Qk is a levelwise quasi-isomorphism,

(2) the A*-module (Q},‘)# in graded chain complexes is cofibrant (i.e. it has the left
lifting property with respect to all surjections of A*-modules in graded chain
complexes),

(3) there exists N for which the chain complexes (Q}4 ®4 A% are acyclic for all
i>N.
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Of particular interest for us is that these conditions are satisfied when A = D* O (X)
for derived Artin N-hypergroupoids X. The following is adapted from [27, Definition
3.20] along the lines of [25, Definition 1.3], with the introduction of a dummy variable
7 of cohomological degree 0 to assist comparison with quantisation constructions.

Definition 1.9 Define the complex of 0-shifted polyvector fields (or strictly speaking,
multiderivations) on A by

Pol(A, 0) := [ [ Hom, (. A)nP~"[—pl.
p=0

with graded-commutative multiplication (a, b) +— ab on hﬁal(A, 0) following the
usual conventions for symmetric powers.

The Lie bracket on Hom A (SZ1 , A) then extends to give a bracket (the Schouten—
Nijenhuis bracket)

[—, —]: Pol(A, 0) x Pol(A, 0) — Pol(A, 0)[—1],

determined by the property that it is a bi-derivation with respect to the multiplication
operation.

Thus /Pol(A, 0) has the natural structure of a P,-algebra (i.e. a Gerstenhaber alge-
bra), and 1551(A, 0)[1] is a differential graded Lie algebra (DGLA) over R.

Definition 1.10 Define a decreasing filtration F' on Pol(A, 0) by
F'Pol(A,0) := [ [ Hom , (2}, A)n/ =" [ j1:
jzi

this has the properties that Pol(A, 0) = lim, Pol(A, 0)/F!, with [F!, Fi] c Fiti—1,
@+ 8F' c Fi,and (WF))(hFJ) C hFitH].

Observe that this filtration makes F2Pol(A, n)[1] into a pro-nilpotent DGLA.
Definition 1.11 Define the tangent space of polyvectors by
TPol(A, 0) := Pol(A, 0) ® Pol(A, 0)he,

for € of degree 0 with €2 = 0. Then TP/’EI(A, 0)[1] is a DGLA with Lie bracket given
by [u + ve, x + ye] = [u, x] + [u, yle + [v, x]e.

Definition 1.12 Given a Maurer—Cartan element 7 € MC(F 21581(A, 0)[1]), define

T.Pol(A, 0) = 1_[ Hom , (R4, A)rP[—p],
p=0

with derivation (0 £ §) + [, —] (necessarily square-zero by the Maurer—Cartan con-
ditions).
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The product on polyvectors makes this a CDGA, and it inherits the filtration F
from Pol (so, ignoring the differentials, we have F T, Pol(A 0) = hF! Pol(A 0)).

Given 7 € MC(F2P01(A, 0)[1]/F?), we define T, Pol(A, 0)/F? similarly. This
is a CDGA because F' - F/ c Fi*J,

Regarding T, Pol(A 0)[1] as an abelian DGLA observe that MC(T}, Pol(A 0)[1])
is just the fibre of MC(TPol(A O[] — MC(Pol(A 0)[1]) over «.

1.3 The Hochschild complex of a stacky CDGA
Definition 1.13 For an A-module M in chain cochain complexes, we define the coho-

mological Hochschild complex CC%(A, M) over R as we would for dg algebras, but
using the Hom-complexes Hom. Thus CC%(A, M) is the product total complex of a

double complex CC% (A, M) given by
CC(A, M) = Homg (A®*", M),
with Hochschild differential 5: CC"~! — CC" given by
(bf)ay,....an) =aif(az, ..., an)
+Y (=D flar, ..., a1, aiaign, aiva, -, )
+ (=D"f(ar, ..., an-1)an.

There is also a quasi-isomorphic normalised version N.CC%(A, M), given by the
subspaces of functions f with f(ay,...,ai—1,1,a;,...,a,) =0foralli.

We define increasing filtrations F on CC' (A, M) and CC%(A, M) by good trun-
cation in the Hochschild direction, so F), CC' (A, M) C CCy (A M) is the subspace

]_[cc (A, M)[—i] x ker(b: CCh(A, M) — CCPT (A, M))[—p].

We simply write CC% (A) and CC%(A) for CC% (A, A) and CC% (A, A).
Lemma 1.14 There is a natural brace algebra structure on CC%(A) over R, com-
patible with the filtration F. In particular, CC%L(A)[1] is a filtered DGLA over R. On

the associated graded brace algebra grf CC%(A), the Lie bracket and higher braces
vanish, and there is a surjective quasi-isomorphism

grf CCH(A) — Tot (HH}, (A}), 8 £ 6)

of brace algebras, where we set all the braces to be 0 on HH*.
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Proof Asin [32, §3], there is a brace algebra structure on CC%(A), with cup product
- of cohomological degree 0 and brace operations (f, g1, ..., &n) — {fHg1, -, g}
of cohomological degree —n. Writing [ f, g] := { f}H{g} —(—1)9e& S de€&{o}{ £} defines
a Lie bracket of degree —1, making CC,(A)[1] into a DGLA.

Compatibility of b with the bracket then implies that [F), Fy;] C Fp14—1, and
degree considerations also give

Fp‘FqCFerq, {Fp}{Frlv-u,Frn}CFp+r+lfn,

where r = ) r;. Since Fpiri1-n C Fpyp, this ensures that (CC% (A), F) is a filtered
brace algebra; the bracket vanishes on ng , as do the braces for n > 2.

Since F is defined as good truncation in the Hochschild direction, Hochschild
cohomology HH* is automatically a quasi-isomorphic quotient of grf . Any operation
of negative degree necessarily vanishes on this quotient, so the quotient map is a brace
algebra morphism. O

Lemma 1.15 There is an involutive map i: CC%(A)[1] — CC%(A)[1] of DGLAs
given by

()@, ..., ap) = —(—1)Xi<jdegaideeaj _pymm+D/2 pq = qp).

This involution corresponds under the HKR isomorphism to the involution of
Pol(A, 0) which acts on Hom 4 (QZ, A) as scalar multiplication by (— Hr—1,

Proof The first statement is proved inA[4, §2.1], taking the trivial involution on A.
For the second statement, given ¢ € Hom 4 (Q’;, A), the corresponding element f of
CCP(A)is givenby f(a1,...,ap) :=¢(dai A ... Ndap), and then

i(f)ar, ... ap) = —(—1)Zi<jdeadeea ) pwtD2gGq, A .. Aday)
—(=PPED2( )PP (day A ... Aday)
=—(—=Df f(ai,...,ap).

1.4 Quantised 0-shifted polyvectors and quantisations

Definition 1.16 Define the complex of quantised 0-shifted polyvector fields on A by

QPol(A, 0) := [ | FyCCh(ARP.
p>0

Properties of the filtration F from Lemma 1.14 ensure that QIT(;I(A, 0)[1] is a
DGLA.
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Definition 1.17 Define a decreasing filtration F on Qﬁ(;l(A, 0) by the subcomplexes

F'QPol(A, 0) := [ | F;CCx(AR/ .

Jj=i

This ﬁltgation is complete and Hausdorff, with [I*: L 1C Fiti=1 1n particular, this
makes F2QPol(A, 0)[1] into a pro-nilpotent filtered DGLA.

Definition 1.18 Define an E quantisation of A over R to be a Maurer—Cartan element
A € MC(F?QPol(A, 0)).

When A = AY is just a CDGA, this gives a curved Ano-algebra structure A’ on
A[R] with A’/l = A, because /i | A. For more general stacky CDGAs, the stacky
and derived structures interact in a non-trivial way for quantisations, and indeed for
Poisson structures.

Remark 1.19 To strengthen the analogy between this construction and [25], we could
replace N.CC*®(A) with its quasi-isomorphic subcomplex of polydifferential opera-
tors. The filtration F is then quasi-isomorphic to the order filtration for polydifferential
operators, but the latter does not interact so well with the Lie bracket.

If we wished to consider uncurved A.-algebra deformations without inner auto-
morphisms, we would have to replace CC*(A) with its sub-DGLA ker(CC%(A) —
Tot A). The analogue for [25] is the kernel of the map 24 — A given by evaluating
at 1. As in [25, Remark 1.13], this means that the E( analogue of a strict quantisation
is a BV algebra deformation.

Example 1.20 When the stacky CDGA A is bounded in the stacky (cochain) direc-
tion, we may identify CC%(A) with the Hochschild complex of the CDGA Tot 4,
as Hom(A®", A) is then also bounded in the cochain direction, and the functors
Tot , Tot , Tot 1 agree for such double complexes. In particular, this applies to stacky
CDGAs of the form O ([Y/g]) in the notation of Example 1.2.

Given a finite rank Lie algebra g acting on a smooth affine Y over R, the derived
cotangent stack 7*[Y/g] carries a non-degenerate Poisson structure. Explicitly, if
Y = Spec B, this derived formal stack is represented by the stacky CDGA given
by the Chevalley—Eilenberg complex O (T*[Y/g]) := O([Spec Symm gz(cone(g ®r
B — Tg))/g]), and we then have Tot O (T*[Y /g]) = Symmo([y/g]) To(y /gy Withits
natural Poisson structure as a complex of polyvectors.

A quantisation of this Poisson structure is given by the Rees algebra
[ HF; Dot o(ly/g Of the order filtration F on the ring of differential operators,
i.e. the fi-adically complete sub-DGA of Do 0(1y/g]) [7] generated by O([Y/g]) and
first order differential operators divisible by 7. This quantisation satisfies b x; a =
(—1)degadegby o 4 b so will be included in the parametrisation of Theorem 2.20.

Definition 1.21 Given a DGLA L, define the the Maurer—Cartan set by

1
MC(L) := {a)eLl |dw+§[w,w]=0€L2}.
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Following [12], define the Maurer—Cartan space MC(L) (a simplicial set) of a
nilpotent DGLA L by

MC(L), :=MC(L ®g 2°(A")),
where
Q*(A") = Qlto, 11, - . ., tn, 810, 811, - . St/ (Z’i _1, Z‘”i)

is the commutative dg algebra of de Rham polynomial forms on the n-simplex, with
the #; of degree 0.

Definition 1.22 We now define another decreasing filtration G on QISSI(A, 0) by
setting

G QPol(A, 0) := h' QPol(A, 0).

We then set G F? := G' N FP.

Definition 1.23 Define the space QP (A, 0) of E; quantisations of A over R to be
given by the simplicial set

QP(A,0) := l(iEM_C(FZQ}Tgl(A 0)[11/ Fi+2).

1

Also write

OP(A,0)/G* := lim MC(F>QPol(A, O)[11/(F""* + GY)),

s0 QP(A,0) =lim QP(A, 0)/G*.

When R and A = A are concentrated in non-negative homological degrees, we
can interpret QP (A, 0) as a space of deformations of A as an R-linear dg category
up to quasi-equivalence, and in general when A = A and has bounded cohomology,
[2,19] interpret QP (A, 0) as a space of deformations of A as an R-linear dg category
up to derived Morita equivalence.

Since the functor Tot is lax monoidal with respect to tensor products, for stacky
CDGAs we have a natural map CC%(A) — CCf (Tf)t A) (rarely an equivalence), so
E| quantisations give rise to curved Ao, deformations of the CDGA Tot A. We now
give a stronger statement.

Definition 1.24 If A € DG1dgCAlg(R), define the bi-dg category Per(A) as
follows. Objects are A-modules M in chain cochain complexes for which M* is
cofibrant as a graded chain complex over A*, M9 is perfect over A°, and the map
M° ® 40 A¥ — M* is a levelwise quasi-isomorphism. Morphisms are given by the
chain cochain complexes Homa (M, N).
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We then define perdg(A) to have the same objects as Per(A), and morphisms
Hom ,(M, N).

Note that the co-category underlying per,, (A) is the category of perfect modules
featuring in [6, Proposition 2.2.8].

For every M € per;,(A), we have a Tot A-module Tot M, but this need not be
cofibrant or perfect. For instance, given b € ZoZ'A, we may set A, to be the chain
cochain complex Af with cochain differential 34 +b. Since A* = A¥ itliesin Per(A),
but Tot Ap 1s seldom cofibrant.

Proposition 1.25 For A € DGTdgCAlg(R), there is a natural map in the oo-
category of simplicial sets from QP(A, 0) o the space of curved A, deformations
(perg, (A) [], (mD}i=0) of the dg category per g, (A), with A1 m® fori > 3.

Proof For any R-linear bi-dg category B3, we have a Hochschild complex built from
the spaces

CCr@B = ] HomgBxo.x1) ®k ... ®r Bxn—1, %), B(xo, xa)),

X0,...Xn€B

with QP(B, 0) defined analogously. Properties of Tot then give us a natural map
from QP(B,0) to QP (Tot B, 0), which is the space of curved Ay, deformations
((Tot B)[1], {mD};=0) of the dg category Tot B with A*~! | m@ for i > 3; the
Maurer—Cartan conditions ensure that %’ | pm@ | so every such m does lie in the
appropriate piece of the good truncation filtration.

It therefore suffices to show that the map QP(Per(A),0) — QP(A,0) given
by restriction to the object A € Per(A) is a weak equivalence. By the theory of
pro-nilpotent DGLAS, this will follow if CC', (Per(A)) — CC% (A) is a filtered quasi-
isomorphism.

We now observe that for any A-linear bi-dg category B with cofibrant Hom-
bicomplexes, there is a spectral sequence

HH, (A}, HH, (B}) = HHy/(B)).

When Bis homotopy Cartesian in the sense that the map B°® 40 A* — B¥isalevelwise
quasi-isomorphism, we have a quasi-isomorphism (HHQO (B, (B° ®If;0 A*)y), 8) ~
. #
(HHQ# (Bﬁ), 8). We then note that when 82 is Morita equivalent to Ag as a graded
#
category, themap M — HH:0 (B2, (Bg ®IXO M)) is an isomorphism of graded modules
# #

for all Ag-modules M.
Putting these together gives quasi-isomorphisms

gri CCR(A) ~ grf CCR(Per(A)):
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the bi-dg category Per(A) is homotopy Cartesian because its objects are; since Per(A)g
is equivalent to the category of graded projective Ag-modules, it is Morita equivalent
to Ag. Thus QP (Per(A),0) — QP(A,0) is indeed a weak equivalence. O

Remark 1.26 1In [25], we were able to consider E( quantisations not just of the struc-
ture sheaf Oy, but also of line bundles, by constructing a G,,-action on quantised
polyvectors.

Similarly, the methods of this paper can be adapted to study E; quantisations of
any A-linear bi-dg category B for which the map TotA — ng CC% (B) is a quasi-
isomorphism — by analogy, line bundles are A-modules for which the map Tot A —
R@ 4 (M, M) is a quasi-isomorphism. In particular, we can study étale G,,-gerbes
by establishing BG,,-equivariance. One way to do this is to consider QP (Per(A), 0)
as in the proof of Proposition 1.25, since Per(A) admits an action of the Picard 2-group
and hence a BG,,-action.

The resulting action is necessarily trivial modulo G', so comes from pro-unipotent
L o-automorphisms of Qﬁal(A, 0). Since pro-unipotent L,-automorphisms are
exponentials of pro-nilpotent L,-derivations, we will in fact have an action of
BG,, ®z Q, so a notion of quantisation for (G,, ®z Q)-gerbes.

1.5 The centre of a quantisation

Definition 1.27 Define the filtered tangent space to quantised polyvectors by

T QPol(A, 0) := QPol(A,0) & [ | FyCCx(A)APe,

p=0
FIT QPOl(A, 0) := F/ QPol(A,0) ® [ | F,CCx(A)hPe,
p=j

for € of degree 0 with €2 = 0. Then T QPol(A, 0)[1] is a DGLA, with Lie bracket
given by [u + ve, x + ye] = [u, x] + [u, yle + [v, x]e.

Definition 1.28 Given a Maurer—Cartan element A € MC(F2 Qﬁ(A, 0)[1]), define
the centre of (A, A) by

TAQPOI(A, 0) := [ | F,CCR(AIA?,
p>0

with derivation 0 = 8 = b + [A, —] (necessarily square-zero by the Maurer—Cartan
conditions).
This has a filtration

FITA QPol(A, 0) := [ FrCCr(aIn,

p=i
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making Ta QPol(A 0) a filtered brace algebra by Lemma 1.14. Given A €
MC(F? QPol(A 0)/F”) we define Ta QPol(A O)/Fp similarly — this is also a
brace algebra as FP is a brace ideal.

Observe that TAQP(A,0) = m(ﬁzTA le(;l(A, 0)[1]) is just the fibre of
MC(F2T QPol(A, 0)[1]) — MC(F2QPol(A, 0)[1]) over A.

Similarly to Definition 1.22, there are filtrations G on T Qﬁ&l(A 0), Ta QI%](A, 0)
given by powers of 7. Since gri(; Fr-i leal = H]>p ; gr/ ,CC% (A)h/~!, the HKR
isomorphism gives maps

grl; F? QPol(A, 0) — [ | Hom (2}, A)n/~'[i — 1

j=p
gt FPTAQPol(A, 0) — [ Hom, (@)™, Ayn/[i — j1.
Jj=p

which are quasi-isomorphisms by our hypotheses on A (see Assumption 1.8).
For the filtration F of Definition 1.10, we may rewrite these maps as

gri. F? QPol(A, 0) — FP~'Pol(A, O)i',
gri. FPTA QPol(A, 0) — FP~I Ty, Pol(A, O)R',

Where man € MC(F 2lgc;l(A 0)[1]) denotes the image of A under the map
gr. F2QPol(A, 0) — F?Pol(A, 0).

Since the cohomology groups of 77, Po Pol(A, 0) are Poisson cohomology, we will
refer to the cohomology groups of Ta QPol(A 0) as quantised Poisson cohomology.

Definition 1.29 Say that an E| quantisation A = ) j=2 A jhj ~!is non-degenerate if
the map B

AL: Tot™ (@) ®4 A%) — Hom,, (2}, A?)
is a quasi-isomorphism and Tot 1 (Q% ®4 AY) is a perfect complex over A,

Definition 1.30 Define the tangent spaces

T QP(A,0) := limMC(F>T QPol(A, 0)[11/F'*?),

i
with TQP(A, 0)/G¥, defined similarly.

These are simplicial sets over QP (A, 0) (resp. QP(A, 0)/G¥), fibred in simplicial
abelian groups.

Definition 1.31 Define the canonical tangent vector

o = —d,-1: QPol(A,0) — T QPol(A,0)
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byo — o+ ehzg—%. Note that this is a morphism of filtered DGLAsS, so gives a map
o: OP(A,0) - TOP(A,0), with o (A) € Z2(F2Tx QPol(A, 0)).

1.6 Self-dual quantisations

Definition 1.32 Define an involution QPol(A,0) = QPol(A,0) by A*(h) :=
i(A)(—h), for the involution i of Lemma 1.15.

Definition 1.33 Lemma 1.15 ensures that * is a morphism of DGLAs, and we define
the space QP (A, 0)*Y ¢ QP(A,0) of self-dual quantisations to be the fixed points
of the involution . This inherits cofiltrations F and G from QP (A, 0).

In particular, this means that when A = AY is concentrated in degree zero, elements
of QP (A, 0)*? can be represented by associative algebra deformations (A’, ) of A,
with

a*_hb:b*ha.

More generally, when R and A = A are concentrated in non-negative homological
degrees, elements of QP (A, 0)*“ are algebroid quantisations of A equipped with an
anti-involution which is semilinear under the transformation 7 +— —#.

For general stacky CDGAs A, the trivial anti-involution on A extends to the
anti-involution Homa(—, A) on the dg category perg,(A) of perfect complexes,
and similarly to [4], this allows us to extend the involution of Lemma 1.15 to the
Hochschild complex of pery, (A). Applying this to the constructions of Proposition

1.25, QP(A, 0)*? gives rise to curved Ano-deformations Py of pergy(A), equipped
with an anti-involution P_j ~ 75§pp lifting the duality functor Hom4 (—, A).

Remark 1.34 As in Remark 1.26, we may also consider self-duality for G,,-gerbes.
Since the functor sending a gerbe to its opposite is just given by the inversion map on
B>G,,, anti-involutive gerbes are are classified by B% 5, the homotopy fixed points
of the inversion map.

However, as observed in Remark 1.26, the space of quantisations over Bsz is
the pullback of a space over B*(G,, ®z Q). so the space of self-dual quantisations
over B?ji, is constant. This means that to every self-dual quantisation of A there
correspond self-dual quantisations of all 12-gerbes, and in particular of per g, (A) with
duality functor R7Zom(—, .£) for any line bundle .Z. One way to make sense of
this example is that even if . does not have a square root, there is necessarily an
automorphism of the Hochschild complex acting as a square root of ., and thus
intertwining between the respective duality functors.

Lemma 1.35 There are canonical weak equivalences

QP(A,O)Sd/Gzl — QP(A,O)Sd/Gzi_l

QP(A, O)Sd/Gzi+1 — (QP(A, O)Ad/GZI) X (A, O)/G2!+1)

h
(QP(4,0)/G*) (P
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Proof This follows in much the same way as [25, Lemma 4.5]. Lemma 1.15
ensures that the involution * acts trivially on IT(;I(A, 0), since it maps fA?~! to
(=DP~Y(=m)P~L for f e @A(QP, A)hp_l. It therefore acts as multiplication
by (—1)¥ on gr/&lsal(A, 0) = hkgr%lsal(A, 0), giving quasi-isomorphisms

gr’éﬁ” Qﬁ?l(A, 0) keven

k 1 sd
FP QPol(A, 0)% ~
grg 7 OPol(4.0) 0 k odd.

The results then follow from the fibre sequences
OP(A,0/G*! — OP(A, 00! /G* — MC(ai; F> QPol(4, 0)'[2])

coming from obstruction theory for abelian extensions of DGLAs. O

In particular, Lemma 1.35 gives QP(A, 0)°¢/G? ~ QP(A,0)°?/G! ~ P(A,0),
so every unshifted Poisson structure admits an essentially unique first-order self-dual
quantisation.

2 Quantisations and de Rham power series

Recall that we are fixing a chain CDGA R over Q, and a cofibrant stacky CDGA A
over R. We denote the chain differentials on A and R by §, and the cochain differential
on A by a.

2.1 Generalised pre-symplectic structures

We now adapt some definitions from [25, §1.2] and [27, §3.3.2].

Definition 2.1 Define the de Rham complex DR(A) to be the product total complex
of the bicomplex

Tot"4 S Tot"Q! S Tot 02 % ...,
so the total differential is d + 9 £ §.

We define the Hodge filtration F on DR(A) by setting F’DR(A) C DR(A) to
consist of terms Tot HQ’A with i > p. In particular, F”DR(A) = DR(A) for p < 0.

Definition 2.2 When A is a cofibrant stacky CDGA over R, recall that a 0-shifted
pre-symplectic structure w on A/R is an element

w € Z*F’DR(A).
It is called symplectic if w, € Z>Tot HQIZA induces a quasi-isomorphism

wh: Hom, (@}, A% — Tot (@} @4 A"
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and Tot H(Q}A ®4 AYisa perfect complex over AY.

Definition 2.3 Define a decreasing filtration F on DR(A)[/i] by

FPDR(A) := [ [ F”"'DR(A)A'.

i>0
Define a further filtration G by G¥DR(A)[[i] = DR (A)[A].

Definition 2.4 Define the space of generalised 0-shifted pre-symplectic structures on
A/R to be the simplicial set

GPreSp(A,0) := LE M_C(ﬁZDR(A)[[h]][l]/ﬁiH),

1

where we regard the cochain complex DR(A)[1] as a DGLA with trivial bracket. Write
PreSp = GPreSp/G!.

Also write GPreSp(A, 0)/hF = lim, MC((F2DR(A)[A][1]/(G* + F*?), so
GPreSp(A, 0) = 1<i£1k GPreSp(A, 0)/h*.

Set GSp(A,0) C GPreSp(A,0) to consist of the points whose images in
PreSp(A, 0) are symplectic structures — this is a union of path-components.

Remarks 2.5 Note that Definition 2.4 is not the obvious analogue of the definition of
generalised (—1)-shifted pre-symplectic structures from [25, Definition 1.29], which
used the convolution (G * F)?> = F2 4+ G' in place of F? for reasons specific to nega-
tively shifted structures. The only difference lies in the linear term, which is where the
correspondence between generalised symplectic structures and non-degenerate quan-
tisations breaks down anyway — replacing F2 with (G * F)? would not significantly
affect the main results of either paper, nor would eliminating the linear term altogether.

Also note that GPreSp(A, 0) is canonically weakly equivalent to the Dold—Kan
denormalisation of the good truncation complex t =0(F2DR(A) [A]12]) (and similarly
for the various quotients we consider), but the description in terms of MC will simplify
comparisons. In particular, we have

7;GPreSp(A, 0) = H>~/(F?DR(A)) x iH>~ (F'DR(A)) x #*H*~/(DR(A))[A].

2.2 Formality

Definition 2.6 Write GT for the Grothendieck—Teichmiiller group. This is an affine
group scheme over Q, with reductive quotient G,,. Denote the pro-unipotent radical
ker(GT — G,,) by GT!.

Write Levig for the space of Levi decompositions of GT, i.e. sections of GT —
G,,. By the general theory of pro-algebraic groups in characteristic O (cf. [14], [13,
Theorem 3.2], or for instance [21, Corollary 2.14] in general), the space Levigr is
an affine scheme over Q equipped with the structure of a trivial GT!-torsor via the
adjoint action, since the G,,-invariant subgroup of GT! is trivial.
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Drinfeld associators [3,8] form an affine Q-scheme Ass fibred over G,,. It is a
bitorsor for GT (acting on the right) and the graded Grothendieck—Teichmiiller group
GRT acting on the left. Since GRT contains a distinguished copy of G, each element
d of Ass gives rise to a Levi decomposition og: G,, — GT characterised by the
formula & - & = ® - o¢(1). We thus have an isomorphism oy: G,,\Ass — Levigr,
or equivalently Ass! — Levigr, of GT!-torsors.

As explained succinctly in [20], formality of the QQ-linear E; operad is a conse-
quence of the observation that the Grothendieck—Teichmiiller group is a pro-unipotent
extension of G,,. Since GT acts on E7, any Levi decomposition w: G, — GT gives
a weight decomposition (i.e. a G,,;-action) of E, which splits the good truncation
filtration, so gives an equivalence between E, and P,. Since the natural morphism
from the Lie operad to the E; operad is given in each arity by inclusion of the top
weight term for the decreasing filtration, it follows that such an equivalence E> >~ P
automatically respects the natural maps from the Lie operad on each side.

Definition 2.7 Given a Levi decomposition w € Levigr(Q), we denote by p,, the
resulting co-functor from E»-algebrasto P>-algebras over QQ, which respects the under-
lying L,-algebras.

As in [32], brace algebras are naturally E>-algebras, so CC%(A) has an E>-algebra
structure. Moreover, the equivalence between E, and P, necessarily respects the
good truncation filtrations, and the filtered complex (CC%(A), F) is an algebra with
respect to the brace operad filtered by good truncation. This yields a filtered P,-algebra
(pwCC%(A), F) over Awith Fy,- Fy C Fpyq and [Fp, Fy] C Fpiq—1, with a filtered
L o-quasi-isomorphism (p,,CC% (A)[1], F) = (CCL(A)[1], F).

Definition 2.8 For any of the definitions from Sect. 1, we add the subscript w to
indicate that we are replacing (CC%(A), F) with (p,,CC%(A), F) in the construction.

Since these DGLAS are quasi-isomorphic and MC preserves weak equivalences, in
particular we have canonical weak equivalences QP,, (A, 0) QP(A,0). Properties
of the filtration F then ensure that the complexes Ta QPolw (A, 0) are filtered P;-
algebras.

Remark 2.9 Rather than just choosing w € Levigr(Q), a more natural approach might
be to consider the simplicial set RLevigT(R) of all Levi decompositions over R. This
would lead to a space QPrevi(A, 0) over RLevigT(R) with fibre QP (A, 0) over w
and a canonical weak equivalence QP eyi(A, 0) >~ RLevigT(R) x QP(A, 0).

2.3 Compatible quantisations

We will now develop the notion of compatibility between a generalised pre-symplectic
structure and an E| quantisation, generalising the notion of compatibility between O-
shifted pre-symplectic and Poisson structures from [27]. The following definitions are
adapted from [27, Definition 1.16].



Deformation quantisation for unshifted symplectic...

Definition 2.10 Given a stacky CDGA B over A and a derivation
A € MC(Hom (L, B)), define

w(—, A): DR(A) — Tot B
to be the morphism of graded A-algebras given on generators QL by setting

pladf, A) = aA(f),
and then applying Tot (noting that Tot TQA = Tot Qﬁ).

The proof of [27, Lemma 1.17] ensures that this becomes a chain map (and hence
an R-CDGA morphism)

(=, A): DR(A) — (Tot B, (3 £ 8)5 + A).

Definition 2.11 GiV§:n a choice w € Levigr(Q) of Levi decomposition for GT and
A € QP(A,0),/G’ define

pw(—, A): DR(A)[R]/A) — TaQPol,(A,0)/G/

by applying Definition 2.10 to the stacky CDGAs

k
ToQPol(A, 0) := ([ | FipuCCx(AR)/ G
i=0

and the derivation [A, ~—], then taking the limit over all k. Observe that this map
preserves the filtration F'.

Definition 2.12 We say that a generalised pre-symplectic structure w and an E| quan-
tisation A are w-compatible (or a w-compatible pair) if

[pw (@, A)] = [—8,-1(A)] € H (F2Ta QPol,(A, 0)) = H! (F2T, QPol(A, 0)),

where 0 = —0,,-1 is the canonical tangent vector of Definition 1.31.

Definition 2.13 Given a simplicial set Z, an abelian group object A in simplicial sets
over Z, a space X over Z and a morphism s: X — A over Z, define the homotopy
vanishing locus of s over Z to be the homotopy limit of the diagram

X—sA— 7.

Definition 2.14 Define the space QComp,,(A,0) of w-compatible quantised O-
shifted pairs to be the homotopy vanishing locus of

(w —0): GPreSp(A,0) x QPy(A,0) - TQOP,(A,0)
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over QP (A, 0) )
We define a cofiltration on this space by setting QComp,,(A,0)/G/ to be the
homotopy vanishing locus of

(1w — 0): (GPreSp(A,0)/G’) x (QPy(A,0)/G’) — T QPy(A,0)/G/

over QP (A,0)/G/.

When j = 1, note that this recovers the notion of compatible 0-shifted pairs from
[27, §3.3.3].

Definition 2.15 Define QComp,, (A, 0)""¢ < QComp, (A, 0) to consist of w-
compatible quantised pairs (w, A) with A non-degenerate. This is a union of path-
components, and by [27, Lemma 1.22] any pre-symplectic form compatible with a
non-degenerate quantisation is symplectic, so there is a natural projection

QComp,, (A, 0)™"%¢ — GSp(4,0)
as well as the canonical map

Qcompw (A , O)nondeg N pr (A, O)HOHdeg.

2.4 The equivalences
Proposition 2.16 For any Levi decomposition w of GT, the canonical map
0Comp, (A, 0yrondes . 9P, (A, 0)"ONdeE ~ P (A, 0)yrondes
is a weak equivalence. In particular, there is a morphism
OP(A,0)""€ — GSp(A,0)

in the homotopy category of simplicial sets.

Proof We adapt the proof of [27, Proposition 1.26]. For any A € QP, (A, 0), the
homotopy fibre of QComp,, (A, 0)""% gver A is just the homotopy fibre of

(=, A): GPreSp(A, 0) — Ta QPu(A, 0)

over —d,-1(A).

The map py(—, A): DR(A)[A] — Ta QPol, (A, 0) is a morphism of complete
F-filtered R[/]-CDGAs by the proof of [27, Lemma 1.17]. Since the morphism is
R[A]-linear, it maps G* }:"I’DR(A)[[E}] to GKFPT, Qﬁalw (A, 0). Non-degeneracy of
A, modulo F! implies that z,,(—, A) induces quasi-isomorphisms

Tot "QP* Ak [k — p] — Hom , (2%, A)p?~F[k — p]
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on the associated gradeds grkG grg . We therefore have a quasi-isomorphism of bifiltered
complexes, so we have isomorphisms on homotopy groups:

7;GPreSp(A, 0) — 7;TAQP(A, 0)
H2~/ (F?DR(A)[h]) — H>/ (F2Ta QPol(A, 0)).

Proposition 2.17 For any Levi decomposition w of GT, the maps

QPu(A, 0)™ 8/ G) — (QPw(A, 0)""%/G?) x{q 1 o)) (GSP(A, 0)/G)
~ (QPw(A, 0""%/G?) x [ MCODR(AR[L])

2<i<j

coming from Proposition 2.16 are weak equivalences for all j > 2.

Proof The proof of [25, Proposition 1.40] generalises to this setting. We have a com-
mutative diagram

(QComp,,, (A, 0)/GI*t1)(, 7y —— (QComp,,(4,0)/G/) () —— MCWN(w, 7, H2])

l l l

(GPreSp(A, 0)/G/th, ———>  (GPreSp(A,0)/G/)y —— MC(F2~/n/DR(A)[2])

of fibre sequences, with N(w, 7, j) the cocone of the map

F27IDR(A)A) & (F2/Pol(A, O)i/, 8;) — F> I T,Pol(A, 0)h’
given by combining

w(—,7): F*IDR(AR — F*IT,Pol(A, O)h!

with

V(w, ) + 9511 FZ /T Pol(A, )R/ ™! — F27I T, Pol(A, 0)A/.
Here v(w, ) is the tangent map of u(w, —) atw, given by u(w, w +p€) = u(w, 7))+

v(w, 7)(p)e with €2 = 0.
As in [25, Lemma 1.39], on the associated graded piece

grf Pol(A, 0)h/ = Hom , (@4, A)pP+i~1,

the map v(w, 1) is given by pA? (% ow®) 1, while 0-1 = (1—j—p)h.Since 7 isnon-
degenerate, 7% ow* is homotopic to 1, so gr/ (v(w, ) +3;-1) is homotopic to (1— ).
As this is an isomorphism for all j > 2, the map N(w, 7, j) — F2=/DR(A)R/ is
quasi-isomorphism, which inductively gives the required weak equivalences from the
fibre sequences above. O
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Remark 2.18 Taking the limit over all j, Proposition 2.17 gives an equivalence

QP (A, 0" =~ (QP, (A, 0)""*8/G?) x | [ MCDR (AR [1]);

i>2
in particular, this means that there is a canonical map
(QP(A, O)nondeg/GZ) > QP(A, O)nondeg7

dependent on w, corresponding to the distinguished point 0 € MC(A*DR(A) D).

Thus to quantise a non-degenerate O-shifted Poisson structure 7 = ) =2 TTj
(or equivalently, by [27, Corollary 1.38], a O-shifted symplectic structure), it
suffices to lift the power series Y j=2 T jhj ~! to a Maurer—Cartan element of
[1j22(FjCC3(A)/Fj42)h/ ="

Even if 77 is degenerate, a variant of Proposition 2.17 still holds. Because % o w® is
homotopy idempotent, the map gr’} v(w, ) has eigenvalues in the interval [0, p], sowe
justreplace (1 — j) with an operator having eigenvalues in the interval [1 — p—j, 1 —j].
Since this is still a quasi-isomorphism for j > 1, we have

QComp, (A, 0) =~ (QComp,,(4,0)/G?) x [ [MCDR(A)).

i>2
giving a sufficient first-order criterion for degenerate quantisations to exist.

Remark 2.19 Asin Remark 2.9, we could consider the space RLevigT (R) of R-linear
Levi decompositions, and the proof of Proposition 2.17 then gives equivalences

RLevigr(R) x QP(A, 0)"ondee /GJ

— RLevigT(R) x (QP(A, 00"/ G?) x{ 4 01162 (GSP(A,0)/G)

~ RLevigr(R) x (QP(A,0)"¢/G%) x [T MCOR(AA1])

2<i<j
over RLevigT(R).

2.4.1 Self-duality

Theorem 2.20 For any Levi decomposition w of GT, there is a canonical weak equiv-
alence

QP(A, 0)""%e5d ~ P(A,0)""E x MC(R*DR(A)[R*][1]).

In particular, w gives a canonical choice of self-dual quantisation for any non-
degenerate 0-shifted Poisson structure on A.
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Proof Lemma 1.35 implies that we have weak equivalences

OP(A,014/G* — QP(A,0)?/G*!
OP(A, 00 /GH+ — (OP(A, 009 /G*) X?Q’P(A,O)/(;Zi) (OP(A,0)/ G2+,

Combined with Proposition 2.17, the latter gives weak equivalences
QP(A, 0)n0ndeg,sd/ G2i+l — (QP(A, O)nondeg,sd/ GZi) X M_C(hleR(A)[l])
foralli > 0, so

QP(A, O)HOnng,Sd/Gzi-l—l ~ (QP(A, O)nondeg,sd/GZi) X M_C(hZIDR(A)[l])
=~ QP(A, 0"/ GH ! x MC(h*'DR(A)[1]),

and we have seen that s acts triviallyon QP (A, 0)/G! = P(A, 0),s0 QP(A, 0)*¢/G!
~P(A,0). O

Example 2.21 When applied to the polynomial ring A = R[t1, ..., t7] concentrated
in degree 0, Theorem 2.20 implies that the map QP (A, 0)rondeg.sd _ p (4, gynondeg
has simply connected fibres, via vanishing of de Rham cohomology. 2-automorphisms
are given by exp(hiR[A*]) = {r(h) € 1 + hR[k] : r(W)r(—=h) = 1}, with
h%s(h?) € h?R[h*] = h*H°DR(A)[#?] corresponding under Theorem 2.20 to the
2-automorphism exp( [ s(h?)dh).

In detail, for a fixed non-degenerate Poisson structure 7, self-dual quantisations
(A]A], *r) (withinvolution a(%)* := a(—H)) are unique up to involutive isomorphism
(i.e. 0 with 6(a*) = 6(a)*). Those isomorphisms are unique up to involutive inner
automorphism (i.e. conjugation by {a (i) € 1 +hA[R] : a(h)*pa(—h) = 1}) and the
inner automorphism a (%) (regarded as a 2-morphism) is unique up to multiplication
by exp(7i R[1%]).

Remark 2.22 The proof of Theorem 2.20 shows that for a self-dual quantisation of a
non-degenerate 0-shifted Poisson structure, the w-compatible generalised symplectic
structure is determined by its even coefficients. This raises the question of whether the
odd coefficients must be homotopic to 0, as happens in the (—1)-shifted case by [25,
Remark 4.6]. The answer depends on the choice of w, as follows.

The involution i from Lemma 1.15 is not just a DGLA automorphism. If we
write ' := —i(f), then (f - g) = (=1)%e/®Esgl . fTand {fHg1. ..., gm}" =
F(f HEh -, &1} s0 (5)': CR(A)PP — C%(A) makes Ck(A) into an anti-
involutive brace algebra. The opposite brace algebra B°PP is most easily understood in
terms of the associated Byo-algebra, which is a bialgebra structure on the tensor coal-
gebra T'(B[1]): to form B°PP, we just take the opposite comultiplication on T'(B[1]).

We can define an involution of the E; operad similarly, which takes an embedding
[1, k] x I* — I? of k little squares in a big square, and reverses the order of the labels
[1, k] with appropriate signs. This involution comes from an element ¢ € GT which
maps to —1 € G,,. It gives a notion of opposite Ez-algebra, with (—)": C%(A)PP —
C%(A) then giving C%(A) the structure of an anti-involutive £5-algebra.
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Levi decompositions w of GT with w(—1) = ¢ form a torsor Levi’GT for the
subgroup (GT')’ of ¢-invariants in GT!. (To see that Levi’GT is non-empty, first pick
any Levi decomposition wg, and write wo(—1) = tu for u € GT!. Since ¢ and

| Lo
wo(—1) are both of order 2, we have u = ad,(u™"), sou? = ad, (u"2), giving w :=
ad _ 1 0w € Levi’GT.) Under the isomorphism Ass! = Levigr between associators

u

and Levi decompositions, elements of Levigy correspond to even associators.
For any such w € Levig(Q), the oo-functor p,, sends opposite E»-algebras to
opposite P,-algebras, defined by reversing the sign of the Lie bracket. This gives

P (@, A = py(w, —A"),

so w(h) is compatible with A if and only if w(—7%) is compatible with A*, implying
that the odd coefficients of @ must be homotopic to 0 when A is non-degenerate and
self-dual.

For a more explicit description of the generalised symplectic structure w corre-
sponding to a non-degenerate self-dual quantisation A, observe that we then have an
isomorphism

tw(—, A): H*(F?DR(X) x h*DR(X)[#%])
— {v e H (TA(F2QPOl(A, 0)) : v(—h) = v’ (h)},

and that [w] must be the inverse image of [hzg—%].

Remark 2.23 Similarly to Remarks 2.9 and 2.19, we could consider the space
RLeVi’GT(R) of R-linear Levi decompositions with w(—1) = ¢, and the proof of
Theorem 2.20 then combines with Remark 2.22 to give a canonical weak equivalence

RLeVIIGT(R) X QP(A, O)nondeg,sd ~ RLeVltGT(R) % P(A, O)nondeg
xMC(R*DR(X)[A*][1]).

over RLevig(R).

2.5 Comparison with Kontsevich-Tamarkin quantisations

In [17], Kontsevich showed that for a smooth algebraic variety X over a field k£ of
characteristic 0, every Poisson structure r lifts to an algebroid quantisation of X. We
now investigate how this quantisation relates to our quantisations above when 7 is
non-degenerate and X affine; by descent, this comparison will extend to the global
quantisations of the next section. Unlike [18], the approach of [17] does not start from
a specific local quantisation, instead giving a construction dependent on a choice of
explicit quantisation formula over k, which is stated to depend on a choice of Drinfeld
associator with coefficients in k.

Tamarkin’s approach [29] to quantisation is more suited to comparison with our
constructions; although it is formulated for manifolds, it can also be adapted to alge-
braic varieties compatibly with [17], as indicated in [31, Remark 8.2.1]. It relies on the
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choice of a Drinfeld associator (or equivalently on a Levi decomposition w of GT).
As in [16] or [31, proof of Theorem 9.5.1], the key is the existence of a canonical
quasi-isomorphism

¢uw: | [Homa (R, A)[—i] ~ p,CCH(A)

i>0

of filtered P, oo-algebras, lifting the HKR isomorphism.
The quasi-isomorphism gives a k[/]-linear P, -algebra quasi-isomorphism

Pol(A, 0)[A] ~ QPol, (A, 0)

sending the filtration {[ [; Ff’_ihi}p on the left to {I:"P}p, and inclusion of 1551(A, 0)
on the left then gives rise to the quantisation map ¢,,: P(A,0) — QP,(A,0) on
Maurer—Cartan spaces.

This allows us to make a comparison with our constructions:

Lemma 2.24 For A smooth over a field k D Q and w € Levigr(k), the map
dw: P(A,0) - QPy(A,0) from Poisson structures to quantisations, following [31,
Remark 8.2.1 and Theorem 9.5.1], extends to map

Comp(A, 0) - QComp,, (A, 0),
(@, 7) = (0, Pu (7))

from compatible pairs to w-compatible pairs.

Proof Functoriality of p implies that py, (0, ¢y (7)) = ¢y (U(w, 7)), SO Py (77) 1s
w-compatible with a pre-symplectic form @ whenever 7 is compatible with w. O

When w comes from an even associator, we then have:

Proposition 2.25 For a smooth algebra A over a field k > Q and for w € Levigy(k),
the map ¢y, restricts to a map ¢ P(A, 004 — QP (A, 0)?, ie. the Tamarkin
quantisation ¢, (1) of any Poisson structure w on A is self-dual. When w is non-
degenerate, the quantisation ¢, () corresponds under Theorem 2.20 to the constant
de Rham power series w ™.

Proof The global formality quasi-isomorphisms of [31] depend only on a choice
of quasi-isomorphism in the formal case, i.e. replacing A with the pro-algebra
k[ti,...,t4] when A has dimension d. Tamarkin’s approach to quantisation, as
described in [16], relies on showing that the equivalence class of P,-algebra deforma-
tions of Pol(k[?1, ..., 4], 0) invariant under affine transformations is trivial. The same
is true for the equivalence class of anti-involutive P»-algebra deformations, replacing
the deformation complex of [16, §3.4] with its subspace of odd weight.

When w € Levi’GT (k), the involution i of Lemma 1.15 gives an anti-involution
—i on the P;-algebra p,,CC}(A), and the argument above shows that the map ¢,, is
compatible with the involutions, so we have ¢, : Pol(A, 0) [7*] ~ Qﬁ(;lw (A, 0)%,
giving the restriction claimed.
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The map of Lemma 2.24 then restricts to give a morphism Comp(A,0) —
QComp,, (A, O)Sd, and further restriction to non-degenerate elements gives the corre-
spondence between ¢, (7r) and 7~! via Theorem 2.20. O

Remark 2.26 Extending Theorem 2.20 to give existence of quantisations for degen-
erate Poisson structures on more general stacky CDGAs A requires an alternative to
[17]. In [26], this is established for finitely presented chain CDGAs (and hence derived
Deligne-Mumford stacks). Instead of looking at quantisations of k[z1, ..., #4], the
problem is rigidified there by observing that prCk (A) is an involutive ﬁltered defor-
mation of the P,-algebra Pol(A 0) whenever w is even. Calculatlons based on the
method of [27] then show that the co-groupoid of deformations of Pol(A, 0) as an anti-
involutive filtered P,-algebra is contractible, giving the desired quasi-isomorphism
puwCCL(A) = Pol(A, 0).

3 Quantisation for derived stacks

As in [25, §3], in order to pass from stacky CDGAs to derived Artin stacks, we will
exploit étale functoriality using Segal spaces.

3.1 Quantised polyvectors for diagrams

Definition 3.1 Given a small category I, an /-diagram A in DG*dgCAlg(R), and an
A-module M in I-diagrams of chain cochain complexes, define the filtered Hochschild
cochain complex CC% (A, M) to be the equaliser of the obvious diagram

[Jcca), M) =[] CCr(AG), M(j)),
iel fri—>jinl

with the filtration F;yCC%(A, M) defined similarly, for the Hochschild complexes of
Definition 1.13.

We then write CC%(A) := CC%(A, A), which inherits the structure of a brace
algebra from each CC% (A(i), A(D)).

For f: i — j a morphism in /, observe that the HKR maps

gry CC;{‘(A(Z) M (j)) — HOH]A(,)(QA(Z) M (j))

are quasi-isomorphisms whenever A (i) is cofibrant in the model structure of Lemma
1.4. Also note thatif u: I — J is a morphism of small categories and A is a functor
from J to DGTdgCAlg(R) with B = A o u, then we have a natural map CC%(A) —
CCR(B).

In order to ensure that CC% (A, M) has the correct homological properties, we now
consider categories of the form [m] = (0 — 1 — .-+ — m).

Lemma 3.2 If A is an [m]-diagramin DGtdgCAlg(R) which is cofibrant and fibrant
for the injective model structure (i.e. each A(i) is cofibrant in the model structure of
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Lemma 1.4 and the maps A(i) — A(i + 1) are surjective), then gr,I:CC;e (A)is a
model for the derived Hom-complex RHom A (LK, A).

Proof The proof of [27, Lemma 2.2] adapts verbatim to stacky CDGAs to give
Hom 4, (Qﬁ, A) ~ RHom, (LQ]/}, A), from which this result follows immediately
via the HKR isomorphism. O

The constructions in Sect. 1 now all carry over verbatim, generalising from cofibrant
stacky CDGAs to [m]-diagrams of stacky CDGAs which are cofibrant and fibrant for
the injective model structure. In order to identify Q?/ G with P, and for notions such
as non-degeneracy to make sense, we have to assume that for our fibrant cofibrant [m]-
diagram A of stacky CDGAs, each A(j) satisfies Assumption 1.8, so there exists N
for which the chain complexes (Ql1 () ®AG) A()HY) are acyclic for alli > N.

Definition 3.3 Given an [m]-diagram A satisfying the conditions of Lemma 3.2,
define

GPreSp(A, 0) := GPreSp(A(0), 0) = lim GPreSp(A(i), 0),

i€[m]

for the space GPreSp of generalised pre-symplectic structures of Definition 2.4.
Given a choice w € LevigT(Q) of Levi decomposition for GT, define

Uw: GPreSp(A,0) x QPy(A,0) - TQOPy(A,0)

by setting py (w, A)(i) = puy(w(i@), A@G)) € TOP,(A(G),0) fori € [m], and let
QComp,, (A, 0) be the homotopy vanishing locus of

(tw — 0): GPreSp(A, 0) x OPy (A, 0) — T QPu(A,0).

over QP (A, 0).
The following is [27, Lemma 2.3]:

Lemma 3.4 If D = (A — B) is a fibrant cofibrant [1]-diagram in DG*dgCAlg(R)
which is formally étale in the sense that the map

{Toto=9(Q} ®4 B}, — {Toto=1(2% @35 B)},
is a pro-quasi-isomorphism, then the map
Hom , (2], D) — Hom (2}, A),

is a quasi-isomorphism for all k.

Asin [27, §3.4.2], for any of the constructions F based on QP, [27, Definition 2.7]
adapts to give an co-functor

RF: LDGdgCAlg(R)® — LsSet
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with (RF)(A) =~ F(A) for all cofibrant stacky CDGAs A over R, where
DGTdgCAIg(R)® c DG*dgCAlg(R) is the subcategory of homotopy formally
étale morphisms.

Immediate consequences of Propositions 2.16 and 2.17 and Theorem 2.20 are that
for any w € LevigT(Q), the canonical maps

RQCompw(—, O)nondeg N RQPw(—, O)nondeg ~ RQP(—, O)nondeg

ROPu (=, 0)"ME/G) — RQPu (=, 0"/ G?) xp oo o1 o) RGSP(—,0)/G7)

ROPy (—, 0)"M48 5 ~ RP(—, )" x MC(R*DR () [#°](1])

are weak equivalences of co-functors on the full subcategory of LDGdgCAlg(R)%
consisting of objects satisfying the conditions of Assumption 1.8, for all j > 2.

3.2 Hypergroupoids

We now recall the main constructions from [24], as summarised in [27, §2.2].

We require our chain CDGA R over QQ to be concentrated in non-negative chain
degrees, and write dg1 CAlg(R) C dgCAlg(R) for the full subcategory of chain
CDGAs which are concentrated in non-negative chain degrees. We denote the oppo-
site category to dg, CAlg(R) by DGV Affg. Write sDG T Aff for the category of
simplicial diagrams in DG T Aff g. A morphism in DG Aff is said to be a fibration
if it is given by a cofibration in the opposite category dg+CAIg(R).

Definition 3.5 Given Y € s DGTAffg, a DG Artin N-hypergroupoid X over Y is a
morphism X — Y in s DG T Aff g for which:

(1) the matching maps
X —> Myan (X) X Myam (Y) Yin

are fibrations for all m > 0;
(2) the partial matching maps

Xm — MAZ’(X) Xﬁ’[f\m(y) Y
k

are smooth surjections for all m > 1 and k, and are weak equivalences for all
m > N and all k.

A morphism X — Y in sDGTAffg is a trivial DG Artin (resp. DM) N-
hypergroupoid if and only if the matching maps

Xm — Myam (X) X p1,,m(v) Ym

are surjective smooth fibrations for all m, and are weak equivalences for all m > n.
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The following is [24, Theorem 4.15 and Corollary 6.35], as spelt outin [23, Theorem
5.117:

Theorem 3.6 The oco-category of strongly quasi-compact N -geometric derived Artin
stacks over R is given by localising the category of DG Artin N -hypergroupoids over
R at the class of trivial relative DG Artin N-hypergroupoids.

Given a DG Artin N-hypergroupoid X, we denote the associated N-geometric
derived Artin stack by X*.

There is a denormalisation functor D from non-negatively graded CDGAS to cosim-
plicial algebras, with left adjoint D* as in [22, Definition 4.20]. Given a cosimplicial
chain CDGA A, D*A is then a stacky CDGA, with (D*A); =0fori < 0.

3.3 Global quantisations

The following is [27, Corollary 3.14], showing that a DG Artin N-hypergroupoid X

can be recovered from the stacky CDGAs D*O (X Aj); this should be thought of as a
resolution by derived Lie algebroids.

Lemma 3.7 For any simplicial presheaf F on DGAff(R) and any Reedy fibrant
simplicial derived affine X, there is a canonical weak equivalence

holjm map(Spec D D* 0(XA"), F) = map(X, F).
JjeA

Lemma 3.7 and [27, Proposition 3.19] ensure that if a morphism X — Y
of DG Artin N-hypergroupoids becomes an equivalence on hypersheafifying, then
D*0O(Y) — D*O(X) is formally étale in the sense of Lemma 3.4. In particular this
means that the maps 9’ : D*O(XN) — D*O(XNH) and o' : D*O(XAHI) —
D*O (X2 are formally étale. Thus D*O(X2") can be thought of as a DM hyper-
groupoid in stacky CDGAs, and we may make the following definition:

Definition 3.8 Given a DG Artin N-hypergroupoid X over R and any of the construc-
tions F' based on QP, write

F(X) = holim RF(D*0(X2)),
JEA

for RF asin Sect. 3.1.

The proof of [27, Proposition 3.29] shows that if ¥ — X is a trivial DG Artin
hypergroupoid, then the morphism F(X) — F(Y) is an equivalence for any of the
constructions F' = P, Comp, PreSp. Thus the following is well-defined:

Definition 3.9 Given a strongly quasi-compact DG Artin N-stack X over R, define
the spaces QP(X,0), QComp,,(X,0), GSp(X,0) to be the spaces QP(X,0),
Comp,, (X, 0), GSp(X, 0) for any DG Artin N-hypergroupoid X with X o~ x.
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Examples 3.10 Examples of derived stacks X with canonical O-shifted symplectic
structures (elements of GSp(X, 0)/ G') include the derived moduli stack RPerf
of perfect complexes on an algebraic K3 surface S, or the derived moduli stack
RLocg(¥) = map(X, BG) of locally constant G-torsors on a compact oriented
topological surface X, for an algebraic group G equipped with a Killing form on its
Lie algebra. These both follow from [28, §3.1], with the symplectic form in the lat-
ter case coming from the 2-shifted symplectic structure in H*(F2DR(BG)), via the
composition

F?’DR(BG) — F?DR(RLocG (%)) ®g RI'(Z, Q) — F?DR(RLocg (X))[—2]

of pullback along ¥ x RLocg(X) — BG with Poincaré duality.

When ¥ is the 2-sphere, the Killing form gives an equivalence RLocg(X) =~
T*BG, and for any derived Artin stack ), [5] gives a 0-shifted symplectic structure
on the derived cotangent stack 7*%). Example 1.20 generalises to give canonical
quantisations in QP(T*2), 0), defined in terms of differential operators. For explicit

hypergroupoid resolutions of 7% BG, the stacky CDGAs LD* O ((T* BG) Al ) featuring
in our definition of Poisson structures are just given by O (T*[G7 /g/*1]) in the notation
of Example 1.20.

Proposition 3.11 For any strongly quasi-compact DG Artin N-stack X over R,
there is a natural map from QP(X,0) to the space of curved A, deformations
(pergq, (X [7], {m©DY}i=0) of the dg category per g, (X) of perfect Ox-complexes.

This restricts to a map from QP (X, 0)*? to the space of anti-involutive curved Aso
deformations of per ;,(X).

Proof Combining [24, Proposition 5.12] with [27, Lemma 3.9 and Corollary 3.14]

and choosing a derived Artin N-hypergroupoid X representing X, we have

-~ . AJ
per, (X) =~ hol(ln perdg(D* o(X?)).
JjeA

By definition, QP (X, 0) =~ hol(iiljeA QP(D*O (XAj , 0), so the existence of the map
follows from Proposition 1.25. The second statement is an immediate consequence. O

Adapting [25, Definition 2.20] to unshifted structures gives:

Definition 3.12 Given a Poisson structure # € P(X,0), we say that & is non-
degenerate if the induced map

7h: LQY — RHomg, (LQY, Ox)

is a quasi-isomorphism of sheaves on X, and LQ;E is perfect.

Combined with the results above, an immediate consequence of the generalisation
of Propositions 2.16 and 2.17 and Theorem 2.20 in Sect. 3.1 is:
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Theorem 3.13 For any strongly quasi-compact DG Artin N-stack X over R, and any
w € Levigr(Q), there are canonical weak equivalences

QCOmpw (x, O)nondeg — QP (%, O)nondeg ~ OP(X, O)nondeg

QP (X, 0"/ G/ — (QPu (X, 0)""%/G?) x{sq ¢ 0),62) (GSP(X, 0)/GY)

pr (%’ O)nondeg,sd ~ 7)(%’ O)nondeg % M_C(hZDR(.'{) ﬂhz]][l])

This establishes the existence of 0-shifted deformation quantisations as conjectured
in [30, §5.3], bypassing [30, Conjecture 5.3] which would also allow quantisation of
degenerate Poisson structures (but see Remark 2.26).

Remarks 3.14 As in Remark 2.19, instead of choosing one Levi decomposition, we
could work with the space RLevigr(R) of R-linear Levi decompositions, and the
proof of Theorem 3.13 then gives equivalences

RLevigT(R) x QP (X, O)“Oﬂdeg/Gj

— RLevigT(R) X (QP(X, O)HOHdeg/Gz) X?GSp(%,O)/Gz) (GSp(%,0)/GY),
RLevigT(R) x QP (X, O)nondeg,yd

~ RLevigr(R) x P(X, 0)"" x MC(R*DR(X)[#*][1])

over RLevigT(R).

As in Remark 2.22, the power series w-compatible with a quantisation, although
determined by its even coefficients, might have odd coefficients unless w(—1) = .
The reasoning of Remark 2.23 gives a canonical equivalence

RLeviET(R) x QP(X, O)nondeg,sd ~ RLevitGT(R) x P(X, O)nondeg
xMC(R*DR(X)[#*][1])

over RLeVi’GT (R) which does send a quantisation to its family of compatible de Rham
power series.

As in Remark 1.34, self-dual quantisations of ' also give rise to self-dual quanti-
sations of all anti-involutive G,,-gerbes, and in particular of the Picard algebroid with
anti-involution given by RZom ¢, (—, £) for any line bundle .Z.

Finally, applying étale descent to Proposition 2.25 shows that for a smooth DM
stack X, the Kontsevich-Tamarkin quantisation ¢, (r) of any Poisson structure 7 on
X is self-dual whenever w € Levigy (k). When 7 is non-degenerate, the quantisation
¢y () then corresponds under Theorem 3.13 to the constant de Rham power series
x L
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