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Abstract

In this thesis, we study Parisian excursions, which are defined as excursions of Brownian
motion above or below a pre-determined barrier, exceeding a certain time length. Employing
a new method, a recursion formula for the densities of single barrier and double barrier Parisian
stopping times are computed. This new approach allows us to obtain a semi-closed form
solution for the density of the one-sided stopping times, and does not require any numerical
inversions of Laplace transforms. Further, it is backed by an intuitive argument which is
premised on the recursive nature of the excursions and the strong Markov property of the
Brownian motion. The same method is also employed in our computation of the two-sided and
the double barrier Parisian stopping times. In turn, the resultant densities are used to price
Parisian options. In particular, we provide numerical expressions for down-and-in Parisian
calls. Additionally, we study the tail of the distribution of the two-sided Parisian stopping
time. Based on the asymptotic properties of its distribution, we propose an approximation
for the option prices, alleviating the heavy computational load arising from the recursions.
Finally, we use the infinitesimal generator to obtain several results on other variations of
Parisian excursions. Specifically, apart from the length, we are interested in the number of
excursions and the maximum height achieved during an excursion. Using the same generator,
we derive the joint Laplace transform of the occupation times of the Brownian motion above

and below zero, but only starting the clock each time after a certain length.
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Chapter 1
Introduction

Parisian options were first introduced by Chesney, Jeanblanc and Yor [14]. They are path
dependent options whose payoff depends not only on the final value of the underlying asset,
but also on the path trajectory of the underlying above or below a predetermined barrier L.
For example, the owner of a Parisian down-and-out call loses the option when the underlying
asset price S reaches the level L and remains constantly below this level for a time interval
longer than D, while for a Parisian down-and-in call, the same event gives the owner the
right to exercise the option. Parisian options are a kind of barrier option. However, it has
the advantage of not being as easily manipulated by an influential agent as a simple barrier

option, and thus is a guarantee against easy arbitrage.

No explicit pricing formula is known for this type of option. Previous literature has largely
focused on using Laplace transforms to price Parisian options. In Chesney et al. [14], Dassios
and Wu [21], and Shroder [43], the problem is reduced to finding the Laplace transform of the
Parisian stopping time, which is the first time the length of the excursion reaches level D. In
[14], the Laplace transform of the stopping time was obtained using the Brownian meander
and Azema martingale while Dassios and Wu [21] introduced a perturbed Brownian motion
and a semi-Markov model to obtain the Laplace transform. In both of these, an explicit form
of the Laplace transform of the distribution of the Parisian stopping time and consequently
that of the option price is found. Other methods of pricing Parisian options include the
PDE method, studied by Haber, Schénbucher and Wilmott [30], pricing by simulation, as in
Anderluh [5] and Bernard and Boyle [8], and a combinatorial approach in Costabile [16]. Zhu
and Chen [45] provided an analytic solution that involves a double integral, using a coordinate

transform.



There exist also other types of Parisian options. Cumulative Parisian options, which are
related to the total excursion time above (or below) a barrier, are studied in [14], while double-
sided Parisian options are introduced in Dassios and Wu [19] and Anderluh and Weide [6].
Parisian option pricing under a jump diffusion model has been studied by Albrecher [3], and
Chesney and Gauthier [13] looked at American Parisian options. Edokko options, which are
generalisations of Parisian options, are introduced in Fujita and Miura [27]. Further, other
types of path-dependent options such as a-percentile options have been explored in Miura

[38], Akahori [2] and Dassios [17].

Several papers have also studied techniques to numerically invert the Laplace transforms of
the option prices. Labart and Lelong [34, 35] used an inversion formula based on the Abate
and Whitt [1] method. Bernard, Courtois and Quittard-Pinon [9] obtained numerical prices
by approximating the Laplace transforms using a linear combination of fractional functions.
This resulted in an approximate solution rather than an exact one, albeit to a high degree
of accuracy. In this thesis, we propose a different method to obtain the option price without
numerically inverting its Laplace transform. Instead, we work directly with the Laplace
transform of the stopping time and simply use it to obtain a recursive formula for the density.
We always know that a recursive formula for the density function exists and is discontinuous in
D because if t is the first time the length of the excursion reaches D, and kD <t < (k+1)D,
the excursion must start at t — D which is between (k—1)D <t— D < kD, and there cannot
be any excursions greater than length D before this. Hence, the density for the stopping time
where ¢ is between kD < t < (k + 1)D can be computed from the density of the previous
step. Furthermore, to find the density for kD <t < (k+ 1)D, we will see later that we only
need to compute a finite sum of k terms, allowing for a simple and fast procedure. For small
time intervals, we give a direct and intuitive probabilistic proof of the formula for the density
function. For larger time steps, we write the density function as a recursive equation which
can be solved numerically. Furthermore, we also show how the prices of Parisian options can

be computed from the density of the Parisian stopping time.

Two-sided Parisian options are options which are knocked in or out when the underlying
asset spends D amount of time consecutively either above or below a single barrier. While
the same intuitive argument does not work for the two-sided case, we can obtain a recursion
for the density of the two-sided Parisian stopping time. The formula is very similar to that

of the one-sided case. However, when we study the tails of the two distributions, we find that



the two-sided stopping time has an exponential tail, while the one-sided stopping time has a
heavier tail. This fact allows us to present an alternative method for pricing the option which
is faster than computing the recursions. Moreover, we extend the method to also price double
barrier Parisian options. Double barrier Parisian options are introduced in Dassios and Wu
[19] and Anderluh and Weide [6], and the Laplace transforms for the price of these options
are obtained. We derive the prices of double barrier Parisian options without numerically

inverting its Laplace transform.

Besides the lengths of excursions, we also look at the heights of Parisian excursions. This
has been studied in Gauthier [28] and Pitman and Yor [41], and is also related to Brownian
excursion areas studied in Louchard [36, 37] and Perman and Wellner [39]. In particular, we
obtain the Laplace transform of the stopping time which is the first time the Brownian motion
makes an excursion above the barrier of a certain length, and hits a second barrier during
the excursion. In the context of options, this will ensure that the stock price does not stay
around the barrier during the excursion of interest and is thus less easily manipulated. In the
Parisian default framework, as studied in Broeders and Chen [11] and Chen and Suchanecki
[12], this ensures that companies are given not just a grace period but also some leeway on
capital shortfall. Furthermore, Albrecher and Lautscham [4] generalised the classical ruin
concept to a concept of bankruptcy under which the probability of bankruptcy increases the

more negative the surplus becomes.

A generalisation of this framework leads us to consider the counting process of Parisian
excursions. This has not been studied in the literature, but it is closely related to the Brownian
local time, as seen in Karatzas and Shreve [32], Louchard [36] and Pitman and Yor [40].
Although not done in this thesis, this can have applications in mathematical finance, for
example it can be used to price a bond that pays off a continuous payment whenever the
price of a share is below a certain level for a certain period of time. This kind of bond can be
used as insurance for the firm. We present two methods, the first one more rudimentary where
we obtain the Laplace transform of the number of Parisian excursions. The second method
uses the perturbed Brownian motion introduced in Dassios and Wu [21] and the piecewise
deterministic semi-Markov model as detailed in Davis [22]. We extend further to derive the
Laplace transform of the Parisian stopping time for the Brownian meander and also the joint
Laplace transform of the Parisian occupation time above and below a barrier, which is the

occupation times, but with a qualifying period for each excursion. The Brownian meander



has been studied extensively, for example in Durrett and Inglehart [23, 24] and Hooghiemstra
[29], the maximum, first entrance times and occupation time distributions of the Brownian
meander are derived, while in Imhof [31], some joint densities involving the value and time of
the maximum over a fixed time interval for the Brownian motion and Brownian meander are

obtained.

This thesis is organised as follows:

Chapter 2 states an important result for the density of the Parisian stopping time. A re-
cursive formula is derived for the density and we provide both an intuitive argument as well
as a formal proof of this result. Furthermore, we propose a new procedure for pricing Parisian

options and an algorithm for pricing one-sided Parisian options is also given.

Chapter 3 extends the results of the above to the two-sided case. We compare the tails
of the one and two-sided Parisian stopping time distributions and the exact formula for the

asymptotic behaviour of the two-sided case is derived.

Chapter 4 generalises to the case of double barrier Parisian stopping times. The procedure

for pricing double barrier Parisian options is given in the chapter.

Chapter 5 derives the Laplace transform of a new stopping time, which is the first time
the Brownian motion makes an excursion of a certain length and also achieves a minimum
height during the excursion. We use a semi-Markov model to prove this result, and the same

model will also be used in the next few chapters.

Chapter 6 provides some results on the counting process of Parisian excursions up to an
exponential time. In particular, we look at the Laplace transform of the number of excursions
of a certain length above or below a barrier, the joint distribution of the number of excursions
above and below the barrier, and the joint distribution of the number of excursions above the

barrier of different lengths.

Chapter 7 further explores the counting process using the piecewise deterministic semi-Markov
model. We obtain the Laplace transforms of some stopping times related to more than one

Parisian type excursions.



Chapter 8 looks at the Parisian stopping time for the Brownian meander and its Laplace

transform is obtained.

Chapter 9 extends the framework to explore Parisian occupation times with a qualifying
period. We obtain the joint Laplace transform of the cumulative occupation time of the

Brownian motion above and below the barrier but we only start the clock each time after a

qualifying period.

Chapter 10 concludes this thesis.



Chapter 2
One-sided Parisian Options

Parisian options are options whose payoff depends on the path trajectory of the underlying
asset above or below a barrier. For instance, a Parisian down-and-in call is a call option that
gets knocked in when the underlying stays below a barrier for D amount of time consecu-
tively. This is illustrated in the following picture, where the option is knocked in at 7 p,.
The mathematical definition of 7 , will be given in the next section but we use it here for
illustrative purposes. It is the stopping time which is the first time the underlying process

goes below barrier L, for L > 0 and stays below for a period longer than D.
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Figure 2.1: Hlustration of a Parisian Down-and-in Call

In order to price Parisian options, we need to find the distribution of the Parisian stopping
time. Here, we propose a new method to numerically obtain the density of the Parisian
stopping time. This comes in the form of a recursion formula, and thus we note that the

procedure is more efficient for long window length relative to the time to maturity. In this



chapter, we look at the one-sided case, where we are only interested in excursions either above
or below the barrier. The Laplace transform of the density is obtained in Chesney, Jeanblanc
and Yor [14] using the Azema martingale and in Dassios and Wu [21] using a semi-Markov
model. We show how this Laplace transform can be analytically inverted into a recursion.
The advantage of this method is that the recursions are easy to program as the resulting
formula only involves a finite sum and does not require a numerical inversion of the Laplace
transform. We then propose a new algorithm for pricing Parisian options. This chapter is

mostly based on Dassios and Lim [18], which was published earlier this year.

2.1 Definitions

We will use the same definitions for the excursions as in Chesney et al [14]. Let S be the under-
lying asset following a geometric Brownian motion, and Q denote the risk neutral probability

measure. The dynamics for S under Q is
dSt = St(’r‘dt + O'th)7 SQ =X (21)

where W, is a standard Brownian motion under @, and r and o positive constants. We also

introduce the notations
m:l(r—U—Q), b:lln(é), k:lln(E)
o 2 o x o x
so that the asset price S; = ze™+W) For L > 0, we define
git = sup{s < t|Ss = L}, dit = inf{s > t|Ss = L}

with the usual convention that sup®) = 0 and inf ) = co. The trajectory of S between gf}t
and dit is the excursion which straddles time ¢. We are interested here in ¢ — gf}t, which is

the age of the excursion at time ¢. For D > 0, we now define

mip(S) = if{t > 015> (t —g7,) > D}
TL:D(S) = inf{t > 0[1s,<r(t — gf,t) > D}.



Hence, 7/ ,(S) is the first time that the length of the excursion of process S above the barrier

L reaches level D, while 7/ ,(S) corresponds to the excursion below level L. We also introduce
the following notation for the stopping times where we refer to the standard Brownian motion
W instead of S. Furthermore, without loss of generality since any time ¢ of interest can be

expressed in units of the window length D, we let D = 1 from now on and drop its notation.

n0 = inf{t > 0[lwss(t — giy) > 1}
77 = inf{t > 0|Lw<(t — gih) > 1}

We denote by Cé(x,T) the price of a Parisian down-and-in call with initial underlying price
x, maturity T, and parameters K, L, D, r fixed. The owner of a Parisian down-and-in option
receives the payoff only if there is an excursion below the level L which is of length greater
than D. This will be the case if 7, (S) < T. We have the price formula

CHx,T) = Eg [e’rTl{TL_(S)ST} (zeomT+Wr) _ K)*] :

We introduce a new probability measure P, which makes Z; = W; +mt a standard Brownian

motion under P. Applying Girsanov’s Theorem, we have
—(r+1m?2 m o +
Cx,T) = Ep [e (r+3 )Tl{beST}e 7T (27T — K) } :
To simplify things, we also let
“CHx,T) = e(r+%m2)TCf(as, T).

We denote by F; = 0(Zs,s < t) the natural filtration of the Brownian motion (Z;,t > 0).

Then 7, is an F;-stopping time, and by the strong Markov property of Brownian motion

*C;i(l',T> — EP |:1{T{;§T}E'P [emZT (ZE@UZT _ K>+ |‘/—_-TI;]}

w-2__)*
e m o ]- - :-j,

We will first look at the stopping times 7, and 7,7. We want to obtain the density functions

for these two random variables. We denote by f, (¢) the density function of 7, and f;"(¢) the

10



density function of 7'

2.2 Density of the one-sided Parisian stopping time

In this section, we present the recursive formula for the density function of 7,”. First, we give
the intuitive proof for the first two steps of the recursion. This results in explicit formulas
for when the time frame we are interested in is only at most twice that of the window length.
We then provide a more formal proof which will give a recursive equation for all values of .
We present the proof for the excursions below the barrier, 7, and the result for 7, follows

due to the symmetry of Brownian motion.

Theorem 2.1 For b <0, the density function of 7, can be written as a recursion as follows:

i
L

)= (=) Lt —1), forn<t<n+1,n=12 . (2.2)
0

>
I

fort > 1, where Li(t) is defined recursively as follows:

Loft) = e, fort>0 (2.3)

ds, fort>Fk+1 (2.4)

beat) = [ Lte-9

and

2.2.1 Intuitive Proof for 1 <t < 3

We look at the case b = 0, where we start at the barrier, Sy = L. We denote by T, the first
hitting time of level x of a standard Brownian motion, and recall the notation g, as the last
time the Brownian motion is at 0 before time ¢. We want to find the density of 7, , which
is the first time the excursion reaches length 1. The density of 7, vanishes for ¢ < 1. For
1 <t < 2, the excursion must start at 0 <t —1 < 1. Now, we modify the problem slightly
and find instead P(7, — 1 € dt), the probability density for ¢ being the start of the excursion
greater than length 1. For 0 <t < 1, we condition the value of the Brownian motion at time

1. At time 1, the probability that the start of an excursion of length 1 occurred at time ¢ is

11



equal to the probability that ¢ is the time of the last exit time ¢;, that the Brownian motion
travelled to = between time t to time 1, and that the Brownian motion does not hit 0 before
a further time period ¢, such that the total time spent above 0 is 1. The required probability

is obtained by integrating over x.

P(ry —1edt) = / P(g € dt, Wy € dx, T, > t)dx
0

= P(g € dt)/ P(W, € dx|gy = t)P(T, > t)dz
0
where we condition on the value of the Brownian motion at time 1. The distribution of ¢;
follows the arcsine law (see Chung [15]), and is

1
P(g, € dt) = ————dt.

™ty —1

We note that W;|g; = t has the same distribution as a Brownian meander of excursion length
1 — ¢ and has density (see [15])

P(W1 < d.%‘gl = t) = ﬁeﬂlﬂ dx.

Thus, we have

_a?
e 2ududx

1 1 [ =z 22 *  x
Piry —ledt) = —————dt- gy
(7o ) = 2/0 1t /t o]

1 1

= — /1 tdt

Vi1 —t2
1
= dt.

27r\/g

We denote this by Lg(t). For 0 < t < 1, Lo(t) is the probability that t is the start of one

excursion greater than length 1. For 1 < t < 2, however, there can be up to 2 excursions,

and since we are only interested in the first excursion greater than length 1, we subtract the
probability that there are indeed 2 excursions. We denote by L;(t) the probability density
of ¢ being the start of two excursions greater than length 1, for 1 < ¢ < 2. We break this
probability up into 3 parts, the probability that the Brownian motion makes a first excursion
of length 1, Lo(s — 1), that it travelled to x at time s, hits 0 again at time u, s < u < t, and

that starting at 0 at time u, it will make a second excursion of length 1 at time ¢, Lo(t — u).

12



The required probability is then obtained by integrating over all s, z and wu.

Lit) = [ Lo(s — 1) /OOO P(W, € dzlgs = s — 1) /tP(Tw € du)Lo(t — u)

22

t (o] 22 t T 1
= L 3—1/ xe‘?/ — ¢ 20w ————dudsdx
/1 ol ) 0 s /2m(u—s)3 2T/t —u
t 1 Vt-—
_ /Lo(s—l)——s ds
1

2nt—s+1

= /jLo(f—S)i\/m

ds

N 27 S

where we condition on the start of the first excursion greater than length 1 s — 1, the value of
the Brownian motion at the end of this excursion Wy, and the first time the Brownian motion
comes back to zero again after that u. Moreover, Ly(t—u) is the probability that ¢ is the start
of an excursion with length larger than 1, given that we start from 0 at u. For 2 <t < 3, the
density of 75 is Lo(t — 1) — L1(t — 1). The same argument follows by induction for ¢t > 3 and

we obtain the recursion.

2.2.2 General case (b <0)

Below we give the formal proof for the recursive formula of the theorem for time ¢ > 1.

Proof. For simplicity, we define the following function.
22
U(z) =1+ 2V2me= N(z)

where AV (z) denotes the standard normal distribution function. The Laplace transform h(f)

of a function h(t) on the positive real line is defined by
L(R(t)) = h(B) = / e Pyt
0
For b <0, the Laplace transform of the density f, (¢) of the stopping time (with D = 1) is
Iy (B) = 57

Chesney et al. [14] obtained this using the Azema martingale, while Dassios and Wu [21]

derived the same result using a semi-Markov model which we will be using later. Instead of

13



inverting this numerically, we find a direct formula for f, (¢) by writing the above equation

as a renewal equation, which can then be solved recursively. First, we rewrite WU (1/20) as

%5%(@) - —+2\f/ % dz
-5 (/%)
- \/E 7 /f ) )
o [ ([ [ )
- \/; 6/ 6;/2
:2\f< w—/ o )

So we have
i) ¢ e 2:6)
b 27 (1 s I edls) |
_ erb .
_ . 62 (2\/_/ i ) . (2.7)
We denote

A eV'2Pb 1 ee e_ﬁsd k
L = . 2.8
=57 (v | 5m) 2
Since jll(ﬁ) — 0 as 8 — oo, and f/k(ﬁ) is continuous and decreasing in (3, there exists 5* > 0

such that the above expansion from line (2.6) to (2.7) is valid for all 8 > §*. Furthermore,

we have the following Laplace inversions

Jo L % 2.9
2\/mp N 27‘(’\/_6 (2:9)

B 1 oo p—Bs Vi—1
L 1 <2\/7T_/8/1\ 283/2d8) = 2—m1{t>1}. (210)

14



Equation (2.9) can be checked by integrating

eV 0 2B — b iymm e~V o0 2B+ Y e
e 2 dt + — e % dt
2y 25 0 27(\/% 2y 25 0 271’\/%
- 2y7B
i : . _ bk2Bt
where both integrals are evaluated using a change of variable x = Tand the second term

turns out to be zero. The LHS of (2.10) is the product of two functions whose inversion is

known, so by taking their convolution we get

£t ( ! /OO e ds) = /t ! L 1 ds
2/TB )i 2532 o 2myE— 52532 71

B [ Vi— s}t Vi1
2mty/s |, 27t

{t>1}-

Hence, taking the Laplace inversion of equation (2.8), we obtain that Ly is the &k convolution
of (2.10), and Ly is the expression obtained in (2.9). Finally, we note that for n <t <n+1,
Ly (t) is zero for k > n, so we only need a finite sum up to n, where the series expansion is
valid for g > *. =

2.2.3 General case (b > 0)

We let T), be the first hitting time of a standard Brownian motion of level b. For b > 0, we
are only concerned with the case where T, < D. Without loss of generality, we take D = 1.
If T, > 1, the Parisian stopping time 7,- = 1 since we are already below the barrier, and the

problem simplifies.

Theorem 2.2 For f, (t,T}, < 1) the probability density function of 7, on the set {1, < 1},

S
—

T, <1) =Y (=1DF Lyt —1), forn<t<n+1,n=12 . (2.11)
0

e
i

15



fort >0, where Li(t) is defined recursively as follows:

Lo(t) 1 S S VY Y (2.12)
= [ t —€ t — _— .
0 {0<t<1} 277\/1_5 {t>1}7T\/z :
t—k
vs—1
Ly (t) = / Li(t—s) i ds, fort>k+1. (2.13)
1 s
Furthermore,
flj_(t,Tb < 1) = f__b(t,T,b < 1) (214)
Proof. In this case, we have
E G_BT;(t)l{de}} = F |:6_5(Tb+7'0_)1{Tb<1}:|
1

= F [6_5Tb1{Tb<1}} W

E [e=fTv1 oo ,—fs k
= ¢ # Z (—1)" [e <y ! / © __ds) .
—~ 2y/7f3 2B J; 2832

As in the previous case, there exists some S* such that the series expansion is valid for § > §*

since Ly(3) — 0 as 3 — oo and Ly () is continuous and decreasing in 3. We have

E [e P11, 1] Lo 21
Lo(t) = L7} : =1 / T d
o(t) ( N sty | e

1

b b2 1
+1 / e 2
{e>1} 0o V2mrs3 21/t — s

1 2 1 2 t—1
= lyoc<ny 6_1;7 + 1{t>1}—€_37/\/' (—b _)

ds

2/t T/t t

and L, for Kk = 1,2, ... is the same as the previous case. m
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2.3 Pricing one-sided Parisian Options

2.3.1 Down-and-in Parisian call

We look in particular at the case of a down-and-in call option. Let S be the underlying asset

price as in (2.1), L the barrier level, and m, b, [ defined as in section 2.1.

2
m:l(r—a—), b:lln(é), l{::lln(g).
o 2 o x o T

We denote by Z(.) the probability density function of a standard normal random variable, and
N,(.,.) the joint cumulative function for a pair of bivariate standard normal random variables

with correlation coefficient p. We present the following pricing formula for *C&(x,T).

Theorem 2.3 The price of a down-and-in Parisian call option on the underlying S with

barrier L < x (ie. b < 0) and maturity time T > 1, is given by
T
*CHx,T) =V 27r/ fy () (xp(0 + m, hy, b, p, t) — Kp(m, by, b, p,t)) dt (2.15)
0

where f, (t) is the density function of the Parisian stopping time with barrier b as in Theorem
2.1, and we define the function

By, bopt) = e TN (Z(—x)/\/ (—‘” ‘y> — pZ(y)N <_‘x—py)

1 —=p? 1—p?
—r (N(=2) = Ny(=,9))) (2.16)
and
hy = \/%(k:—b—(ajtm)(ljtT—t)) (2.17)
/ _ 1 . —m .
B = gy (kb m(L 4 T 1) (2.18)
P (2.19)

VI+T -t

Proof. As in the previous section, we change to a measure P under which Z; is a standard

Brownian motion. Furthermore, since 7,” is an JF; stopping time, by the strong Markov

17



property of Brownian motion, we have
*Cld(l',T> — EP |:1{Tb_§T}E |:€mZT (iL‘eUZT _ K)+ ’FTb—:H
w-2__)*

> 1 B
= Ep |1, - / e (2% — K)' —————e T ) dy
P {bST} —o0 ( ) 27T(T—7'b_)

It is easy to see that 7, and ZT; are independent (see Chesney et al. [14] for more detail).
We denote the density functions of 7, and Z,- by f, (t) and v(z) respectively. The density
of Z - is associated to the Brownian meander and for window length D = 1 is (see Yor [44]
for more detail)

(z—b)2
2 1{z<b}d2~

v(dz) = P(ZTb— €dz)=(b—2z)e”
So we have

1

(y—=2)°
*Cl(z,T) = / / / e (zeY — K)" —————e 2T dydt
(2,7) £y (t e " s y

/ o . 1 _w=2?
= / fb / / b - Z 2 Y (QUG v— K) me 2A(T-1) ddedt

We are interested to evaluate the double integral with respect to y and z.

(-2 _ (y=2)?

—K)(b—2)e” 2 e 2T-0dzdy

27r\/T / /
— / / T+ () — 2o O gZZTZ)tQ)dZdy
27r\/T

(z—b)2 (y==2)

—_— Ke™ (b —2z)em 2z e 2T- t>dzd
QW\/T—t/—oo/k ( ) v

We look at the first integral on the RHS. The integrand can be written as the joint density

function of a bivariate normal distribution.

\/—1 / | / ety — e e 4z
rT——— e —z)e 2 e 2T-Yqaz
20T —t J oo Jk Y
{(0+m)2(1+T—t)+2b(U+m)} 1
= zexp
2 2T —t

[ oo { g e -
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exp {2(3/ —b+(c+m)(1+T—=1))(z—(b+ (c +m))) } dody

2(T — t)
::xwp{w+myﬂ+T—ﬂ+%@+nw}
2
2#\/1—7 / o /hb (0 +m)) exp {_UQ ;(fp_m;z—{)— v } dudv (2.20)

where we have used the transformation u = yf(bJr(\j;“ J?E?Tﬁt) and v =z — (b+ (o0 +m)), hs,
hj and p as defined in (2.3) - (2.5). Now, we have the following result for (U, V') bivariate
normal with mean 0, variance 1, and correlation coefficient p.
U+m) (u272puv+v2)

2= dudv

%wﬂtf_lb/

—(o+m)—pu

N // o 1_Pw+p“)62(u+wdudw
hy

where we used the transformation v — pu = w+/1 — p?2. Now applying integration by parts,

we obtain

00 —(otm)—pu 00 —(otm)—pu
v / [emttant] STy P T e

ue 2
—00 21 hy

A /1 — ((a+m)2+2p<a+m)u+u2>
2(1-p2) du

~(otm)—pu')’ _
/ e %26 +1—P2 ) (—1 _p_p2) du}

—(o4+m)—phy,

)+_ i [ g,

*(0+m) pu
+_“_”2 A b gy

y- 7 1- / e —1((o+m)?+2p(o+m)u+tu?) (

Here, we apply another transformation v = ut/—p to the first integral above. This gives us

o e~ 2R gy 4 pZ (hy) N <_(0 e phb)
27 ) hpt(otm)p 1 — p2
1—p2

- _Z(_(0+m))/\/<_(0+m>p_hb>—{—pZ(hb)N(_(a—i_m)_phb)-

V1i-p? 1—p?
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So we have

1 o) e u? — 2puv + v?
21/ 1 = p? /—oo /hb e (U+m)>eXp{_ 2(1 — p?) }dudv
= Z(—(c+m))N <_<U +—1m_)i)2_ hb) — pZ (hy) N <_(U +1m_)p—2phb>

—(c+m) N(=(c +m)) = N,(=(c +m), hy)) .

Substituting this back into (2.18), we obtain x (o + m, hy, b, p,t). Doing the same for the
second integral, we get xz) (o + m, hy, b, p,t) — K (m, hj,b,p,t).

Theorem 2.4 The price of a down-and-in Parisian call option on the underlying S with

barrier L > x (ie. b > 0) and maturity time T > 1, is given by
‘Ci{a,T) = w6(o+m) — K(m) (2.21)

T
+V2r / fr (4 Ty < 1) (z0(o +m, by, b, p, 1)) — Kab(m, by, b, p,t)) dt
0

where f, (t,T, < 1) is the density function of the Parisian stopping time with barrier b in
Theorem 2.2, and ¢, hy, hy, p defined as in Theorem 2.3, and we also used the function

o? k—aT
bz) = (N(b—x) N (b—;p, \/j_‘f >)
22T tabe k—2b— T
(e R (VL S o P
VT \/T
Proof. For b > 0, we split into the case when T, > 1 and T}, < 1.
(-2 __)2
* vd o m P + 1 Y Tb,
C’i (xyT) = EP 1{Tb>1}1{7—b_ST} /_Ooe Y (I‘e Yy _ K) W_Tb_)e (T—7y) dy
(y—2__)?
h m 4 + 1 T T—T:-)—
+EP 1{Tb<1}1{TbST}/ e (.Te v — K) me ( b) dy
oo ;

For z < b, the law of Z; on the set {7} > 1} is

P(Z1 EdZ,Tb> 1) = P(Z1 EdZ)—P(Zl EdZ,Tb< 1)
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1 ( 22 _(z2b)2) J
= —— e 2 —¢ 2 2
V2T

where the second term is due to the reflection about b. Since we start below the barrier,

7, = 1if T, > 1. So we have

B (y—ZT_)2
> 1 T
E 1 1, - / e™ (xe®Y — K + E——— G P |
P | HTo>1}H{r, <1} . ( ) o (T — TI;) Y
[ Xy o 1 _w=2?
= Ep 1{Tb>1}]—{1§T} /_oo e Y (we Yy _ K)+ me 2(T—-1) dy]

K) e 2T-1)

1 b /°° w-22 1 (
_— e (xe’Y — e
\/27T(T— 1) /oo k ( V 27T

= z¢(oc+m)— Ko(m)

22 _(z—2b)?
z —e 2 dzdy

where the last step involves writing the integrand as the density function of a pair of bivariate
normal random variables as before to obtain a joint cumulative distribution function. On the

set {1}, < 1}, ZTE is again independent of 7, , so we have

(w-7__)?
00 1 b

Er |1 1, - / e™ (2 — K)© ———=—e 2T ) d
P {T,<1} {m, <T'} oo ( ) 27T(T - TI;) !

T o & 1 (y—2)2
= (T, < Dv(dz / ™ (ze®Y — K)T ——— e 2T dydt
/0 /_oofb< < o) [ e ) y

T
= \/%/ [y 6Ty < 1) (z¢p(0 + m, by, b, p,t)) — Kip(m, hy, b, p,t)) dt
0

where the proof is as before. m

2.3.2 Down-and-out Parisian call

A Parisian down-and-out call can be priced using the prices for the down-and-in calls with
the same barrier, strike price and initial asset price. We let Cpg(z,T") denote the price of a

vanilla call option with initial asset price x, maturity 7', and strike price K. Then

CBs(x,T) = EQ [eirT(ST - K>+} .
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We also denote C¢(x,T) as the price of a down-and-out call with the same parameters. We
have for L < x (b < 0),
Clz,T) = Eq [e—rT(sT ~K)*1 {mn}
= EQ |: ST - } [ ST - ) 1{7—*<T}:|
= Cps(a,T) = e 02 ((Cl(@, T) = 2g(0 +m) — Ko(m)).

This parity relationship allows us to price the down-and-out Parisian calls.

For L > x (b > 0), we only need to consider the case when T}, < 1, since when T, > 1,

7, = 1 and the option is knocked out. Hence, the price of the option is

Ci(x,T) = Eg [‘E#T(ST - K>+1{’Tb_>T}1{Tb<1}i|
Liz,<iy(Sr — K)*e™™] — Eg [1{Tb<1}1{7,;<T}(5T = K)*@"”T}

Eq [
[Lr,<11Eo [(Sr— K)te | Fr] ] — e~ (T (*CH(x,T) — x¢p(c +m) — Kp(m))
[1(7,<1yCps(L, T —T1)] — e~ (rH3mA)T (*Cl(x,T) — z¢(o +m) — Kp(m))

= b

Q
:EQ

1
b 1,2
_ 5 Cps(L, T — t)dt — 03T (*C(2, T) — 26(0 + m) — K :
/0 st Opsl Jdt —e ("Ci(@,T) — xd(o +m) — K¢(m))

2.3.3 Up-and-in Parisian call
For an up-and-in Parisian call, we have the following pricing formulae:

Theorem 2.5 The price of an up-and-in Parisian call on the underlying S with barrier L > x

(ie. b > 0) and maturity time T > 1, is given by
T
Ci(x,T) = \/27r/ fif @) (x(—(o +m), hy, b, —p, t) — Kip(—m, hy, b, —p,t))dt  (2.23)
0

where f," (t) is the density function of the Parisian stopping time with barrier b as in Theorem
2.1, hy, hj, and p are defined as in Theorem 2.3, and N,(z,y) = P(X > z,Y > y) is the

survival function of the bivariate normal random variables X andY with correlation coefficient

p.

Theorem 2.6 The price of an up-and-in Parisian call on the underlying S with barrier L < x
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(ie. b < 0) and maturity time T > 1, is given by

*CHx,T) = x¢'(c+m)— K¢'(m) (2.24)

T
0

where fiF (t;T, < 1) is the density function of 7,” conditioned on the set T, < 1 as in Theorem

2.2, and 1, hy, hy, and p are as in the previous theorem. Furthermore, the function ¢'(x) is
defined as

J@) = 7 <Np (b— v %) _ e (—b— v i\ﬁ“ﬂ’))) . (2.25)

2.3.4 Up-and-out Parisian call

We denote by C the price of a up-and-out Parisian call. As in above for down-and-out call
options, the Parisian up-and-out calls can be priced using parity relationships. For b > 0, we
have

C%(2,T) = Cps(z,T) — C¥x,T)

and for b <0,

! b b2 1,2
Cx,T) = e 2 Cpg(L, T —t)dt — e T+a™)T (*C% (2, T) — zd' (6 + m) — K¢'(m)).
daT) = [ e (LT (Cw.T) = 6/(0 + m) = Ko/(m)

2.3.5 Put-call parities

Furthermore, we can obtain the prices of the one-sided Parisian put options by using some
put-call parity relations. We denote by P4(x, T, K, L) the price of a down-and-out Parisian
put with initial asset price So = x, maturity T, strike price K and barrier L and so on.

Quoting the results obtained in Labart and Lelong [34] Section 5, we have

1,11
Pix,T,K,L) = chg(%,T,??)
Pz, T,K,L) = xKOg(%,T,??
PYz,T,K,L) = a:KCf(%,T,??
Pz, T,K,L) = xKC}(E,T,?,Z).



2.4 Numerical Results

The following table shows the density and cumulative function for b = 0 at intervals of 0.5,

computed using a time step of A = 0.001.

Table 2.1: Density f, (t) for 0 <t <10

C W R [t ) R

1.5 0.225192 0.224967 | 6.0 0.032951 0.596578
2.0 0.159195 0.318230 | 6.5 0.029312 0.612044
2.5 0.115597 0.385764 | 7.0 0.026296 0.625858
3.0 0.089488 0.436448 | 7.5 0.023763 0.638296
3.5 0.071858 0.476398 | 8.0 0.021613 0.649571
4.0 0.059334 0.508918 | 8.5 0.019768 0.659854
4.5 0.050062 0.536056 | 9.0 0.018171 0.669282
5.0 0.042972 0.559146 | 9.5 0.016778 0.677967
5.5 0.037410 0.579104 | 10.0 0.015554 0.686003

The following graph shows the distribution function Fy(¢) plotted against ¢, for 0 < ¢ < 50.

0.8

0.6
Il

FO
0.4

0.0
|

Figure 2.2: Graph of Fy(t) vs ¢ for 0 <t < 50

Below is a table of the prices of Parisian down-and-in calls. Using the same parameters
as in Bernard, Courtois and Quittard-Pinon [9], 0 = 0.2, r = 0.05, T'= 1 year, K = 95, and
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L = 90, we obtain the same results up to 2 decimal places at different window lengths D and

initial stock price Sp.

Table 2.2: Price of Parisian Down-and-in call
So D =1month D =2months D =3 months D =4 months

80 2.599144 1.917126 1.325256 0.894224
82 2.915856 1.951244 1.278959 0.833757
84 3.024509 1.850371 1.158805 0.732982
86 2.862540 1.630234 0.983769 0.605966
88 2.466282 1.337957 0.783991 0.471268
90 1.969965 1.034182 0.589757 0.345171
92 1.558517 0.798889 0.445765 0.255106
94 1.223695 0.610794 0.332570 0.185555
96 0.957872 0.465487 0.247251 0.134427
98 0.747613 0.353669 0.183210 0.097016
100 0.581894 0.267937 0.135329 0.069763

The table below gives a comparison of the CPU times for our algorithm and that using the
Laplace inversion technique in [34], computed using the above parameters and Sy = 90. Due
to the increasing number of recursions required, the computation times increase rapidly as
the window length decreases. As we can see in the table below, our algorithm is very efficient
for long window lengths relative to the time to maturity. For window lengths of 2 months and
above, the CPU time required for this algorithm is less than a second. However, for window

length of 1 month, our algorithm is slower because of the large number of recursions.

Table 2.3: Computation times (s)

D Recursion formula Laplace inversion
1 month 2.56 1.06
2 months 0.98 1.24
3 months 0.70 1.48
4 months 0.58 1.66
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2.A Appendix to Chapter 2

The code is written in R. First we compute the density f, () for different values of ¢, using n
number of steps and h for the size of each time step. Using the numerical values of f, (¢), we
can do a numerical integration and use Theorem 2.3 to obtain the price of the down-and-in
Parisian call. We note that since we have chosen the window length D as the unit of time, all
parameters (r, o) are correspondingly normalised depending on the window length. Below is
the code for pricing a down-and-in Parisian call option using the parameters o = 0.2, r = 0.05,
T =1 year, K =95, and L = 90, number of time steps n = 1000, D = 3 months, and initial
price Sy = 92.

# load package

library(mnormt)

#parameters
n <- 1000

t <-4

r <- 0.05
sigma <- 0.2
S0 <- 92

L <- 90

K <- 95

t<-t-1

h<-1/n

r<-r/(t+1)
sigma<-sigma/sqrt(t+1)
b<- 1/sigma*log(L/S0)
m<- 1/sigmax*(r-sigma”2/2)

f<-mat.or.vec(t*n,1) #vector of densities for tau

L1<-1/sqrt(pi*(1: (t*n)-0.5)*h) *exp(-b~2/(2*%(1: (t*n)-0.5)*h))
L2<-mat.or.vec(t*n,1) #vector of Lk’s
x<-sqrt (((1:(t*n)-0.5)*h))/(pi*(1+((1: (t*n)-0.5)*h)))
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f<-L1

for(i in 1:(t-1)) {

y<-convolve(L1[((i-1)*n+1): ((t-1)*n)],rev(x[1: ((t-i)*n)]),type = "open")
L2[(i*n+1): (t*n)]<-y[1:((t-1i)*n)]*h

f<-f+L2%(-1/2)"1

L1<-L2

L2<-mat.or.vec(t*n,1)

3

f<-f/(2*sqrt(pi)) #we obtain the density for \tau_b~-.

rho<-1/sqrt (1+((t*n) : 1-0.5) *h)

c1<-S0*exp (((sigma+m) 2% (1+((t*n) :1-0.5)*h) +2*b* (sigma+m)) /2)

c2<-K*exp ((m~2% (1+((t*n) : 1-0.5) *h) +2*b*m) /2)

k1<-1/sqrt (1+((t*n):1-0.5)*h) *(1/sigma*log(K/SO)-b-(sigma+m)* (1+((t*n) :1-0.5)*h))
11<-rep(-(sigma+m) ,times=(t*n))

k2<-1/sqrt (1+((t*n) :1-0.5) *h) * (1/sigma*log(K/S0)-b-m* (1+((t*n) :1-0.5) *h))
12<-rep(-m, times=(t*n))

mnorml<-mat.or.vec(t*n,1) #cdf of bivariate normal computed at (1,k)
for(i in 1:(t*n)) {

varcov<-matrix(c(1,rho[i] ,rho[i],1),2,2)

mnorml [i]<-pmnorm(c(11[i],k1[i]),c(0,0),varcov)

}

mnorml<-pnorm(1l1)-mnormi

mnorm2<-mat.or.vec(t*n,1) #cdf of bivariate normal computed at (1’,k’)
for(i in 1:(t*n)) {

varcov<-matrix(c(1,rhol[i],rholi],1),2,2)

mnorm?2 [i]<-pmnorm(c(12[i],k2[i]),c(0,0),varcov)

}
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mnorm2<-pnorm(12)-mnorm?2

g<-cl*(dnorm(11) *pnorm( (11*rho-k1)/sqrt(1-rho~2))
-rho*dnorm(k1)*pnorm((1l1-rho*kl)/sqrt(1-rho~2))
-(sigma+m)*mnorml)-c2* (dnorm(12) *pnorm( (12*rho-k2) /sqrt(1-rho~2))
—-rho*dnorm(k2) *pnorm((12-rho*k2) /sqrt (1-rho~2) ) -m*mnorm?2)

q<-sqrt (2*pi) *q

price<-fixYqg*h*exp (- (r+0.5*xm~2) * (t+1))
For L >z (b > 0), there is an extra term for 7, > 1. The code for b > 0 is

# load package

library(mnormt)

#parameters
n <- 1000

t <-4

r <- 0.05
sigma <- 0.2
S0 <- 80

L <- 90

K <- 95

t<-t-1

h<-1/n

r<-r/(t+1)
sigma<-sigma/sqrt(t+1)
b<- 1/sigmaxlog(L/S0)

m<- 1/sigmax(r-sigma”2/2)
k<- 1/sigma*log(K/S0)

f<-mat.or.vec(t*n,1) #vector of densities for tau
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Li<-mat.or.vec(t*n,1) #vector of Lk starting at LO

L1[1:n]<-1/sqrt(pi*(1:n-0.5)*h)*exp(-b~2/(2%(1:n-0.5)*h))

L1[(n+1) : (t*n)]1<-2/sqrt ((pi*((n+1) : (t*n)-0.5)*h))*
pnorm(-b*sqrt(1-1/(((n+1) : (t*n)-0.5)*h)))*
exp(-b~2/(2x(((n+1) : (t*n)-0.5)*h)))

L2<-mat.or.vec(t*n,1) #vector of Lk’s

x<-sqrt (((1: (t*n)-0.5)*h))/(pi*(1+((1: (t*n)-0.5)*h)))

f<-L1

for(i in 1:(t-1)) {

y<-convolve(L1[((i-1)*n+1): ((t-1)*n)],rev(x[1: ((t-i)*n)]),type = "open")
L2[(i*n+1) : (t*n)]<-y[1: ((t-1)*n)]*h

f<-f+L2*%(-1/2)"1

L1<-L2

L2<-mat.or.vec(t*n,1)

by

f<-f/(2*sqrt(pi))

rho<-1/sqrt (1+((t*n) : 1-0.5) *h)

c1<-S0*exp (((sigma+m) 2% (1+((t*n) :1-0.5)*h) +2*b* (sigma+m)) /2)

c2<-K*exp ((m~2*% (1+((t*n) : 1-0.5) *h) +2*b*m) /2)

k1<-1/sqrt(1+((t*n) :1-0.5)*h) *(1/sigma*log(K/S0)-b-(sigma+m)* (1+((t*n) :1-0.5)*h))
11<-rep(-(sigma+m) ,times=(t*n))

k2<-1/sqrt (1+((t*n) :1-0.5) *h) * (1/sigma*xlog(K/S0)-b-m* (1+((t*n) :1-0.5) *h))
12<-rep(-m,times=(t*n))

mnorml<-mat.or.vec(t*n,1) #cdf of bivariate normal computed at (1,k)
for(i in 1:(t*n)) {

varcov<-matrix(c(1,rho[i] ,rho[i],1),2,2)

mnorm1 [i]<-pmnorm(c(11[i],k1[i]),c(0,0),varcov)

by
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mnorml<-pnorm(1l1)-mnormi

mnorm2<-mat.or.vec(t*n,1) #cdf of bivariate normal computed at (1’,k’)
for(i in 1:(t*n)) {

varcov<-matrix(c(1,rhol[i],rho[i],1),2,2)

mnorm2 [i]<-pmnorm(c(12[i],k2[i]),c(0,0),varcov)

}

mnorm2<-pnorm(12)-mnorm?2

g<-cl*(dnorm(11) *pnorm( (11*rho-k1)/sqrt(1-rho~2))
-rho*dnorm(k1)*pnorm((1l1-rho*kl)/sqrt(1-rho~2))
-(sigma+m)*mnorml)-c2* (dnorm(12) *pnorm( (12*rho-k2) /sqrt(1-rho~2))
—-rho*dnorm(k2) *pnorm( (12-rho*k2) /sqrt (1-rho~2) ) -m*mnorm?2)

q<-sqrt (2*pi) *q

price<-f%x%qg*h

rhot<-1/sqrt (t+1)
varcov<-matrix(c(1,rhot,rhot,1),2,2)
phil<-exp((sigma+m) “2*(t+1)/2)* (pnorm(b-(sigma+m))

—-pmnorm(c (b-(sigma+m) , (k- (sigma+m)*(t+1))/sqrt(t+1)),c(0,0) ,varcov))-

exp ((sigma+m) “2% (t+1)/2+4*b* (sigma+m)/2)* ((pnorm(-b-(sigma+m))

-pmnorm(c (-b-(sigma+m) , (k-2*b-(sigma+m) * (t+1))/sqrt(t+1)),c(0,0),varcov)))
phi2<-exp(m~2*(t+1)/2)* (pnorm(b-m)

—pmnorm(c (b-m, (k-m*(t+1))/sqrt(t+1)),c(0,0),varcov))-

exp (m~2x (t+1) /2+4*xb*m/2) * ((pnorm(-b-m)

—pmnorm(c(-b-m, (k-2%b-m* (t+1)) /sqrt(t+1)),c(0,0) ,varcov)))

price<-price+30*phil-K*phi2

price<-pricexexp(-(r+0.5*m"2)*(t+1))
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Chapter 3
Two-sided Parisian Options

Two-sided Parisian options get knocked in or out when the underlying either stays D amount
of time above or below the barrier, whichever comes first. The stopping time 7, p is the first
time the underlying process either stays above or below the barrier L for a period longer than

length D, and is defined using the two one-sided Parisian stopping times,
TLD = TE:D VAN T;D.

The knock in mechanism is illustrated in the following graph. The min-in Parisian call is
knocked in at time 77, p, where the underlying has in this case spent D amount of time above

the barrier.

Example: Path trajectory of underlying 5.t
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=R "
: . 1I|I|r1l11|ll‘|"lli
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b 3 I? 't‘ﬂl
22| M J k h g
7 1_"_ Il- o [y i #Hlklﬂtllllwg‘rﬁ' h ulr IA'L.II 18 h" ll "I'. ]
T Al T T A TNy AW !
o vy J\‘ x-jL W L ’]'prﬁ ¥ lﬁ‘ﬂ* ¥
& lf (
o |
. |
[m)] | : 1 , ; .
T o0 0.2 04  TLD 06 0.8 1
D Time

Figure 3.1: Ilustration of a Parisian min-in call

To simplify notation, we take both the window lengths to be equal to 1, so for barrier b,
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we have

Tb:T;/\T,;.

The two-sided Parisian options were first introduced in Dassios and Wu [21]. The Laplace
transform of its pricing formula was given in their paper. We extend our results from the
previous chapter to the case of two-sided Parisian options. Here, we discover some interesting
results about the tails of the distributions of the one and two-sided Parisian stopping times.
We assume that the underlying asset follows a geometric Brownian motion, with dynamics
as in (2.1). Denoting by C!™"(x,T) the price of a Parisian min-in call option with initial
underlying price x, maturity 7" and parameters K, L, D and r fixed, we have the pricing

formula
*C«Zrmn(x7 T) _ EP []—{TbST}emZT (erZT _ K)Jr] ]

3.1 Density of the two-sided Parisian stopping time

In this section, we give an analytical formula for the density of the two-sided Parisian stopping

time. The formula is very similar to that for the one-sided stopping time.

Theorem 3.1 For fy(t) the probability density function of Ty,

—_

Fo®) =" (=) Lt — 1), forn<t<n4+1,n=12 . (3.1)
0

3

i

fort > 1, where Li(t) is defined recursively as follows:

L) = ——  fort>0 (3.2)

T/t
Lin(t) = / Lat —5) Y2

ds, fort>k+1. (3.3)

Proof. The Laplace transform of the density of 7y is (see Dassios and Wu [21])

A 1

fO(/B): @(\/ﬁ)_eﬁm'
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We have
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/ 63d3+( h _68 006—58 )
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_55
“Vit5)
Bs
- ilesm 253/2‘“)‘

folB) = -
0 = /7B < 1 100 268—52 d3>

- Tl (r/ 2577 )

k=0

So

and as above, there exists a §* such that this is valid for all § > [*. Hence we have the

recursive solution. m

Remark 3.2 The only difference between the one-sided and two-sided Parisian stopping time

densities is that there is a factor of 2 in the formula for the one-sided stopping time.

Similarly for b > 0, we have the following recursive solution for the density of 7, on the set
{Tb < 1}

Theorem 3.3 For b > 0, we denote f,(t, T, < 1) the probability density function of the
two-sided stopping time T, on the set {T, < 1}. We have

i
L

Lt T, <1) =Y (=1)FLyt—1), forn<t<n+1,n=12,.. (3.5)
0

B
Il
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fort >0, where Li(t) is defined recursively as follows:

Lo(t) = 1{0<t§1}ie*5+1{t>1}ie*51\f (—b E) (3.6)
/'t Tt t
Lo(t) = /t_kLk(t—s)\/:—lds, fort>k+1. (3.7)
1
Proof. We have
Ele ™ ney] = B[P0 ]

1
el g - i

0 E|: — BT, b]_ e —Bs k
o -8 k {Ty <1}
= ¢ Z /_Wﬂ ( /—/ 23/2 > )

= E[e_

We have

Lo(t) = £ (E [e_ij:_ﬁmd}])

b2 b b2 1
lioci<ny / Trs?’ ,—_ SdS + 1{t>1} —27“3 . ,—t —

<2 2 2 2 o2 2
=1 T —d 1 T —d
{0<t<1y /f 27T ta? — b2 7+ My /b T 27re tx? — b2 v
t

> 1 1 1 1
=1 ——dy+1 N d
”“Sl}/bg wor V- “>”/ N m !

2 b2 ©° 1 z2
=1 ——e 2 e 2dxr+1 —e 2t/
=Vt / Noz et ﬁm

b2

1 2 t—1
1{0<t<1}7€ 2+ 1y \/—6 QtN 5

and we have that L, for k = 1,2, ... is the same as the previous case.

(SIS

SIS

_xzZ
e 2tdx

For b < 0, we have
fb(t,Tb < 1) = f,b(t,T,b < 1)

due to the symmetry of the standard Brownian motion. m
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3.2 Tail distributions of the two-sided Parisian stopping
time

In this section, we prove that the two-sided stopping time 79 has an exponential tail, unlike
that for the one-sided stopping time 7;". We present some numerical results and graphs to see
what happens when t — oo. Furthermore, we compare this to the one-sided stopping time

Ty » Which has a heavier tail as we will see.

Theorem 3.4 We denote Fy(t) as the tail of the distribution of the two-sided Parisian stop-

ping time with barrier 0, 19. It has an exponential tail. Ast — oo, we have
Fo(t) ~ Cﬁ*e_ﬁ*t (38)

for some constant Cg- and B* > 0 such that —3* is the unique solution of the equation

Le BS e‘ﬁ
| 3.9
o V5 39
and
Cge =277, (3.10)
Proof. First, we have
#(8) = 1
R TR e
1
8 (o s +5)

1
1+ fol 1 — e P)—mdv

o0 B'u 1 d
- / et b U= Mgin g,
0

= F (e_BXT)

where X7 is a subordinator (Lévy process) with Lévy measure o L 5577 for v < 1 at an indepen-
dent exponential time 7' ~ Ezp(1). Hence, we observe an interesting connection between the
distributions of the Parisian stopping time and that of the Lévy process Xp. This suggests
possibilities for further study. The first step above follows from (3.4) and the second step can
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be derived as below:

1 s 1 1 v s 1
/o (1—e )203/2dv = /0 /o Pe du2v3/2dv
1 5 I
= /0 Be /u 5032 dvdu
! 1
= pe Pt (— — 1) du
[
1 6_68 e_ﬂ
= j (/ ds + —> -1
0o Vs B

Next, we define two new discrete random variables T and 7"

P(T=kh) = e ™1 —e™ k=0,1,..
P(T =kh) = e D1 M) k=1,2, ...

We note that T is the upper bound for 7" and T is its lower bound. Hence, we have that
P(T <t) < P(T <t) < P(T <t), and thus

P(X7>1z) < P(Xr >z) < P(Xr > x)

since X; is a subordinator and hence increasing. Our aim is to show that as h — 0, both

P(X7 > x) and P(Xr > x) converges to the same limit which is then equal to P(X7 > x).

Now we have N
E (e—BXT) _ Ze—kh(l _ 6—h>e—khf01(1—e—ﬂv)2v+/2dv
k=0

and
o

B (o) = 3 e by — et R
k=1

We look first at £ (e=#*T). We define the function g, () as

—h [H1—e By —L _dy
n(B) = e Mo U=,
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Then

&) 1 —Bv >
Ze—kh(l B efh)e_khfo (=) gmdv _ Z e (1 —e™) (f]h(ﬁ))k
— k=0
B 1—eh
1 —gn(B)eh

Now, we denote by L(x) the tail distribution P(X7 > z), and f(ﬂ) its Laplace transform. So

we have

fg - TR
/BA
_ o—h lfgﬁh(ﬁ)
1= gn(B)e"
L(6) (1= gn(B)e ™) = e ffw )

Inverting the Laplace transform on both sides, we have

L(z) — /OI L(z — y)dGh(y)e™" = e "G (2).

Let 8* be such that —f3* is the solution to the equation

1
1
—751} =
1+/0(1 ) oo = 0.

We note that this equation has a unique negative solution, because the expression on the left
hand side of this equation is decreasing for negative 8. Furthermore, as § — 0, the expression

approaches 1, and as § — —o0, the expression approaches —oo. Next, we define T (x) as
L(z)e?® = T" ().

Then we have

L (x) / o —y)e T EAG(Y) = e "Gulx)

e Bz _ T —
0
L'(x)— | L'(z—y)e’¥dGuly) = e " *Gh(x).
0
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By the key renewal theorem (see Feller [26]), we have that as © — oo,

Jo e e VG (y)dy

L'(z) —» 20—
@) = T yemudGy (y)
e_h (1 _ e—hfol(l—eﬁ*v)?ué/Q d’U>
- —B* 35 9n(B)

1 .y
e " (1 _ e )2v§/2dv>

1 o o

We denote this by C,. When h — 0, we get

1 * 1
_— Jo =€) sz dv
% 1 * 1
—ﬁ fO 66 ”mdv
—1
- B 1 e 1 B* B
-5 (fo el Jmdv — eg—*) -5

= 277,

Likewise, we denote by I(z) the tail distribution P(X7 > x), and ?(5) its Laplace transform.

Similarly, we can compute

I3 = ;
1—gn(8)
_ s
1 — gn(B)e "
i09) (1- gu(@)e ™) = =22,

Inverting the Laplace transform, we have

and we define [ (z) as
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Then we have .
I'(z) - / Uz —y)e”VdGhly) = " "Gy (2).
0
By the key renewal theorem,
. > 5*y@ d
la) = ot
0o Y€ n(y)

1 *v 1
1—e —h [y (1—€8 )T/de

=+ (B fy e#vgbedv) M 0T

We denote this by C'),. When h — 0, we get
Qh — 267'8
Finally, we note that since we have

TP( Xz > 7)< PTP(Xp > 1) <ePTP(Xp > 1)

=k

L (z) < e Fy(x) <1'(z)

and as h — 0, L' () and I (z) converges to the same limit as 2 — oo, we have that e®"* Fy(z)

also converges to this limit as x — oo. We thus have the result
Fy(t) = 2e7 P e P
ast—o00. N

Remark 3.5 We can compute 3* numerically to be 0.854 and Cg- = 2e=7" to be 0.851.

3.3 Numerical Results

The table below presents the survival function for both 7, and 7, , computed using a time
step of h = 0.001 with R.
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Table 3.1: One and two-sided survival functions for 0 < ¢ < 10

t

Fy(t)

Fy (1)

t

Fy(t)

Fo (t)

1.5
2.0
2.5
3.0
3.5
4.0
4.5
2.0
2.5

0.555931
0.369469
0.242144
0.159600
0.105503
0.070093
0.046893
0.031679
0.021687

0.775033
0.681770
0.614236
0.563552
0.523602
0.491082
0.463944
0.440854
0.420896

6.0
6.5
7.0
7.5
8.0
8.5
9.0
9.5
10.0

0.015114
0.010779
0.007910
0.006003
0.004726
0.003866
0.003278
0.002872
0.002586

0.403422
0.387956
0.374142
0.361704
0.350429
0.340146
0.330718
0.322033
0.313997

We can see that the two-sided survival function goes to 0 much faster than the one-sided

case.

The following graph compares the density functions of the one and two-sided case.

The

red line represents fo(t) while the black line f; (¢), plotted against time. This graph suggests
that f, () has a heavier tail.

Figure 3.2:
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40 50

Graph of fy(t) and f; (t) vs ¢ for 0 < ¢ < 50

The following graph depicts the tails Fy(t) (black) and the approximation Cge™?"t (red).
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Figure 3.3: Graph of Fy(t) and Cge™? vs t for 0 <t < 20

From Figure 3.2, we can see that the tail of the one-sided case is heavier than that of
the two-sided case, and Figure 3.3 suggests that the approximation is rather good for the

two-sided case. The following graph plots Fy, () against In (¢).

In(Fbar) vs In(t) for t up to 50

=]
S ] © o ooo

In(Fbar)
-1.0

-15
Il

Figure 3.4: Graph of In(F (t)) vs In(¢) for 0 < ¢ < 50
Remark 3.6 The above graph has a slope of 0.5, thus suggesting that the one-sided stopping
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time has a power tail with exponent 0.5. This has, however, not been proved mathematically

and thus provides another possibility for future research.

Remark 3.7 Based on the asymptotics in Theorem 3.4, we propose a new method of obtaining
the density of the two-sided stopping time when b = 0. From the recursions in Theorem 3.1,
we can compute the closed form formulas for the density fo(t) for 1 <t < 4. Fort > 4, we

approximate the density with the asymptotics. We have from Theorem 3.1

Ly(t) = —=, fort>D0.

Li(t) = /1tL1(t—s)

= [paretan (=) - 2 vt m)}

Lo(t) — /lt_le(t—s) =

1 [ Vt—s—1 Vi—s—1
= — ds — ds
2 J; t—s Vs(t — s)

1 _
= —2[2arctan(\/t—s—1)—2 t—s—lil
T

1 S 2 arctan <‘ /m)
—— | 2arctan —
t—s—1

Vit

t—1

t—2

2m 4 arctan ==
2 w2/t ’
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Hence, we have an approximation for the density:

(

ﬁ forl <t <2
B %—% for2 <t <3
folt) = ﬁ—%—%tan_lm+ﬁitan_l\/¥+%\/t——2 for3<t<4 '
2%~ (t+1) fort >4

\

where * = 0.854.

3.4 Pricing two-sided Parisian Options

3.4.1 Min-call-in Parisian call

A min-call-in Parisian call is a call option that gets knocked in, as the name suggests, when
either the underlying makes an excursion above the barrier or an excursion below the barrier
of a certain length. Here, we price a min-call-in Parisian call with the same window length

D =1 above and below the barrier.

Theorem 3.8 The price of a two-sided Parisian-in option on the underlying S with barrier

L and maturity time T > 1, s

O (@, T) = ad(o+m) — Ko(m)
T
+\/§/ fb<t7 T, < 1) (wa(a +m, h’b7 b? Py t) + w(_(a + m)a hba —b, —-p t)
0
—-K (Qﬂ(—m, h;w _ba -0 t) + w(ma h‘;ﬁ ba P, t))) dt (311)
where fy(t; Ty, < 1) is the density function of the two-sided Parisian stopping time with barrier

b as in Theorem 3.3, and ¢(x), Y(x,y,b,p,t), hy, hy, and p are defined as before.

Proof. We denote by F; = 0(Zs,s < t) the natural filtration of the Brownian motion
(Zy,t > 0). Then 7, is an Fy-stopping time, and by the strong Markov property of Brownian

motion

@ T) = Bp |LgenB [0 (e — K| |

= FEp

/ ey (e — )T ! S g
1., e (re®Y — o 2T-my)
{mp<T} - 27T(T — Tb) Yy
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00 m o + 1 —(y7Z7b>2
- E’P 1{Tb>1}1{7b§T} /_006 4 (276 ¥ — K) m€ 2T =) dy
°° N 1 _ w=25,)?
+E7> 1{Tb<1}1{Tb<T}/ e™ (.YZBUy —K) — ¢ 2(T-7) dy .
B a —00 27T(T — Tb)
If T, > 1, 7, =1, so we have
| > n 1 Jy_ZTde
Er |1 1, e (ze? — K)" ——¢ 20-7)
P | Ln>1yLn<r) /OO ( ) S y
_ = my oy + 1 (Qy(TZ 1>2d
= Ep | Ln>iylocrn 7006 (ze”’ — K) me Y
b 0o 2 . o2
;/ / ™y _K)efé?(!T—)l) 1 (622 — e~ 2o 2b) )dzdy
V2m(T — 1) J-se Jik V2T
= x¢(c +m)— Kop(m).
For T, <1, Z,, is independent of 7,, so we have
< > n 1 _ (y=2p)?
Ep 1{Tb§1}1{TbST} /Oo e (l’e v— K) me 2T =) dy

// LTy < 1o (dz)/ooemy(xeay—K)Jrﬁ

_w=2)
e 2Tt dydt

—z <b z) 1 _w=2)?
= (t; Ty, < 1 (e — K)——————=—¢ 2T-Hdydzdt
/ / / fult: Ty ( ) 2n (T — 1) Y
b = b>2 1 _w=2)?
(t; T " (xe®Y — K)—————¢ 2T-0dydzdt
/ / / St Ty ( ) =D Y
- \/E/ / / Jolt: Ty (5 — K)—— e~ 4% dydzat
2 0 —0 JEk 2 27T\/T—t
T b 00
T b — 2z (b-2)? 1 _ (w—2b+2)?
+4/= T, <1 2 e"(re?” — K)———=€ 209 dydzdt
\/7/ / / fb( ’ ) ( )27r\/T—t Y
—z (b— )2 1 _(y—2)?
= (t; Ty < 1 M (xe®Y — K)————¢ 2T-9 dydzdt
\/>/ / / St Th ( o T Y
b— —z 1 _ -2
+\g/ / / BT, < 1)25 25 e (zem — K) e~ dydzt
0 —oc0 Jk
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T
+\/§ / folt: Ty < V)(@ib(—(0 + m), ha, b, —p,t) — Kib(—m, hiy. b, —p, ))dt
0

since we have

f / / / T, < 1) 2 e gy _ oy L S U dydzdt
b(t; Th
2T —
b— 2z 1-2>2 1 _ (y=2b+2)?
= \/j/ / / fo(t; Ty < 1)e®letm Z_Ze™ 5 gelotm =20 ____—____ o™ 2= dydzdt
2 2T —t
b z 1 (y+ Z>2
_ \/*/ / fb t T, < 1) 2b(c+m) < 5 z (b ) (a+m)y27r\/T_e 2AT=0) dydzdt
k—2b —

and
mye g;Z)z — 2z
27r\/T—/ / w7 (b - 2)e”
_ mPiTon 2botm) e (y+ b= (c+m)(1+T—1))?
- - il /“bb )
(G =ty (b o m) (1 T = )z = (b o+ m)
PST—n/a+1-0' 7P 2T — 1)

_ u2+2pu'u+’v2

+ (o +m))e > dudv

(o4+m)2(1+T—t)—2b(c+m)
— €Te 2

1 o+m oo(
—_— —v
27'('\/ 1— p2 /—oo /hb

= e Ty~ (o +m), hy, b, —p, t)

where expression (3.13) is obtained from (3.12) by a manipulation of the exponents, and
y+(b=(o+m)(A+T—1))

i and

from expression (3.13) to (3.14) we have used the transformation u =
v=z—(b—(c+m)). =

3.4.2 Min-call-out Parisian Call
For the knock-out call with the same parameters, we have
Cimm(LT) = Lo [1{Tb>t}<ST — K)+€_TT]
= Fo [l{Tb<l}(ST - K)+€_TT} — Eg [1{Tb<1}1{Tb§T}(ST — K)+6_TT]

! b _? min — m) — m
N /0 \/27rt3€ 2 Cps(L, T — t)dt — (C7"" (2, T) — (x¢(0 +m) — Kp(m))) .
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3.4.3 Numerical results

The following table gives the prices of the two-sided Parisian option for different values of
initial asset price Sy and window length D, for parameters K = 95, L = 90, T = 1 year,
r =0.05 and o = 0.2.

Table 3.2: Price of Parisian min-in call
So D=1week D =2weeks D =1month D =2 months

80  2.817708 2.809610 2.660829 2.123282
82  3.471103 3.430688 3.145066 2.482966
84  4.203278 4.101558 3.737759 3.096815
86  5.050461 4.978642 4.724678 4.261088
88  6.935228 6.639547 6.589191 6.342500
90  6.897115 6.895460 6.891562 6.872088
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Chapter 4
Double-barrier Parisian options

In this chapter, we look at double-barrier Parisian options, where the option gets knocked in
or knocked out when the stock price goes either above the upper barrier or below the lower
barrier for a certain period of time. This is illustrated below, where the option gets knocked
in at TLLf p- We define the new stopping time TLLIQ p» Which is the first time the underlying
process either spends D amount of time consecutively above the barrier Ly, or D amount of

time consecutively below the barrier L;, and we have for L; < Lo,

Ly _ __— +
oD = Tr.p NTLy D

The knock in mechanism is illustrated below, where the option gets knocked in at TLLf D, 11

this case having spent D amount of time below the barrier L;.

Example: Path trajectory of underlying S.t

L] HHJ"‘-'A‘ J ‘kw HII\N‘LH fJJ‘\U'!\V%N\ ﬁ

g - \wf'wl : | fy N
| AT WA /
L MWMMM rqf

e

5.t

|.1 L
] L.

0 0.2 0.4 0.6 08 TZp 1
—
Time D

Figure 4.1: Hlustration of a Parisian Double-barrier min-in call
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Taking the window lengths to be equal to 1, we have for b; < bs,

by _ _— +
Tp, = Tp, A Thy -

4.1 Density of the double-barrier Parisian stopping time

We can also price double barrier Parisian options using the same method as before. We have
the following definition for the double barrier Parisian stopping time. In order to price double-
barrier Parisian options, we first find the density of the double-barrier Parisian stopping time
7'512. We split into the case when the long excursion occurs above the upper barrier and when

it occurs below the lower barrier. For the first case, we have the following recursion.

Theorem 4.1 Let fg’f(t,Tng < 7, ) denote the probability density function of T on the set
T < 7.. Then for by <0 < by, we have

—_

<) =3 (1) (Lk(t 1) = Lt — 1)) . forn<t<n+l,n=12,..
0

3

i

(4.1)
fort > 1, where Li(t) and Li(t) are defined recursively as follows:

1 1 5
Lo(t) = e 2 +47T\/¥e i, fort >0 (4.2)

ik VS — 1 (by—b1)?
Ly (t) = / Li(t—s) < 5 (1+eb2(sb1§>
1

21ms
bQ — b2 _ (b1 =b9)? bg — b1
———e¢ s N | ——— ds 4.3
~ 1 9 1 %
Lo(t) = e 2 — e 2, fort>0 (4.4)

4/t A/t

t—k 5
T = —1 _(ba—by)
Lea) = [ Lute-s) (Gt (1= )

1

bg — b2 _ (b1-b9)? bg — b1
+—"—e 5 N|———m——— ds 4.5
V27 s3/2 ( s(s — 1))) (4:5)

fort>k+1.
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Proof. We have the following Laplace transform for 7'512 (see Anderluh and Weide [6] Theorem
3.2):

e~ V2Bbiy ( /26) — eV2Bhiyy (_ /26)
V2=t | /—25)2 — eVIB(b1—b2) s (—@)2
! (emwlm)/z n e—mwlm)m)

eV2B(ba—b1)/2\y ( /2‘/@) 4 eV2B(b1-02) /2y (_\/%)
1 (em<b1+b2>/2 _ e—m<b1+b2)/z>

© eV2B(ba—b1)/2\p (V2B) — evZi=0/20 (—\/25)

E(e_BT:fl N 7) _
{'rb2<'rb1}

(4.6)

From the one-sided case, we have the following equalities
e—ﬁéem(bz—bl)ﬂq} ( /_25> _ VBB(e-b1)/ ( n 2\/7/\/ )

—  V2B(b2—b1)/29 / € ﬁs )
2\/ 233/2

\/g 1-2 m\/%ex;dx>>
a3 500)
- e (wm [ )

So combining the two, we have for the denominator in the first term of (4.6)
eﬁ% (em@*bl)/w <\/25) T eV 2y (—\/35) )

VZBb2—b1) /24 €7 15) 4 oVt 20 e
2 /T 83/2 N 83/2
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Furthermore, we have

eﬁéemwlbz)/zgj <_ /—25) _ Vb))

— e\/ﬁ(51*b2)/2

e B
B
e B
B

0

)



1 > s
_ V2B(ba—b1)/2 V2B(b1—b2) -
S [ sy 550

The first term can thus be written as an infinite series summation as below:
L (emwlmw n efmmbg)/z)

eV2B(b2=b0)/2Q ({/2) + eV2Br1-b2)/2 (—/2]3)
e—h1 (era)wbz)/z Te F(bl+b2>/2>

AN s 6\/7 B(b2—b1)/
00 ,85 k
—1)k d V2B (b1—b2) / ¢
o (s [ gt e [

s eV28b1 + e—V2Bby

k
_ _ V2B (b1—b2) e
- e 2 ([ e [ )

We note again that the series summation is valid because the term in the brackets is a contin-

uous and decreasing function of 3, hence there exists a §* such that the series is convergent
for all 5 > *. Similarly, the second term in equation (4.6) can be written as an infinite series

summation

1 e\/ﬁ(bﬁ-bﬂ/? _ e_\/ﬁ(bl+b2)/2
2

eV —b)/2Y (\/2B) — eV2Bi—b2)/20 (= \/2P)
e51 (em<b1+b2>/2 _ €—m<b1+b2>/z)

AVLS e\/ﬁ(b2*bl)/2
X i( " / VEB(b1—b) L /OO )
— ds —e — ——=ds
2\/ 253/2 2B )1 2s%/2

rbl_e—rb2°° 658

1 00 e—ﬁs k
_ — § . _V2B(bi—b2)
‘ 1 <2\/_ / 233/2 s ‘ QW \/1 253/2 ds) .

To show that the series expansion is valid, we have that

eﬁs

2\/ / 233/2

eﬁs GBS

2\/ / 233/2 - 2\/ / 283/2

28(b1—b2)

— e
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and the right hand side is continuous and decreasing in 3, so there exists a $* such that the

expansion is valid for all § > *. We also have the following explicit Laplace inversions:

1 t—1
—1 o
(2‘/ ' 253/2) = Tont Lis1y (4.7)
£t eV2B(b1—b2) / ¢ 58 = = 16_%
2\/ 83/2 27t
b2 - bl b2 — bl
- 1 4.8
T ant ( \/t——1)> wn (48)
\/7171 1 b2 .
= e 2 .9
1 b3
—1 _22
= e 2 4.10
( 471.\/% ( )

where (4.7) has been proved before and (4.8) can be derived as follows. It is the convolution

of the following two functions

E_l (e\/ﬁ(h—bz);) _ 1 e_(blgfz)Q
2/ 21/t

o© ,—fBs 1
-1 € B
L (/1 555/ ds) = Spn

So we can work out

1 (V2011 e 53
2\/_ 33/2
t 1 _(731*’32)2 1
= 1{t>1}/ — ¢ 209 ds
1

1 / Tl L ey
- (& 8 S
=1 onys2(t — 5)32
b&% —.I’(bg — bl) 22
= 1{t>1} 3/2@ 2 dzx
—00 27 (t&?Q - (bl - b2>2)
bl;_blz b1 —bo
1 b2 — bl V=1 —x(bg — bl)
= {t>1} 2 —
ot (te? — (by — bp)2) e | oo 2mty/ta? — (b — by)?

V=1 _t1-0)? by — 1 -y
= Ly e = )6 2dy

2t bt 27t 2¢/ty — (by — by)?
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_ 4 Vi—1 —(bzl(;b?iz by — by —('”552)2 > _%d
- el 27t c B v/ 27rt3/26 by by ¢ Y
tt—1)
Vra— b2 _ _ _
_ 1{t>1} t— 16_ (b21(tf%)) _ bz bl o (b 252)2./\/. . b2 bl ‘
27t V2mt3/2 Vit — 1)

Inverting the two terms in (4.6) and writing them as convolutions, we get the result. m

Remark 4.2 We can check that when by = by, we get the same result as for the two-sided

case for b= by = by.

We have a similar result for when the long excursion below the lower barrier is reached first,

and we state here without proof.

Theorem 4.3 Let f;’f (t,m, < 7';;) denote the probability density function of Té’f on the set

7~ < 1", Then
b1 bo

—_

frry <) =S (DN (=) + Lt = 1)), forn<t<n+ln=12..
0

B
Il

(4.11)
fort > 1, where Ly(t) and Ly(t) are defined as above.

Theorem 4.4 For by < by <0, we have for T, < 1,

Rt <7 Ty <) =3 (D! (Lt =) = Lt = 1)), forn<t<n+1ln=12..
0

3
—

i

(4.12)
fort > 1, where Ly(t) and Ly(t) are defined recursively as before, but Lo(t) and Lo(t) are now
different:

1 b7 1 b3
Lo(t) = 1 —e 2t + e 2t
0( ) {o=t<1y (47r\/2_f 47r\/2_f )
1 b7 bovt — 1 by — b
+1lsny (—e‘ﬁ/\/( 2 + = )
47T\/¥ \/% \/%\/t —1

1 e_(%Q;ibl)zN (bg\/t —1 _ b2 — bl )
vt i Vi1

1 v t—1
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t—k / 2
—1 (bg—b1)
Lin(t) = / Ly(t — s) < g (1 +e 2D )
1

27s

bQ — b2 _(b1—by)? bQ — bl
a0 (‘ﬁ)) - e

1

1 1 8
Lo(t) = 1p<i<n (me i ”)
+1lsny (Le—ﬁ/\f (bz\/m + by — by )
AT/t Vit Vivt—1
1 Q—W'/\/’<bm/t_—1_ by — by )
AT/t Vi Vivt—1

1 5 t—1
" oni N <—b2 T)) (4.15)
t—k — by b2
Lin(t) = / Ly(t — ) < 28_ ! (1 _ )
1

s

bg — b2 _(bl—b2>2 b2 - bl
4= e N[ — ds 4.16
\/271'53/2 ( S(S-l))) ( )

Jort>k+1. And for 7, < Tl;;, we have

_|_

—_

Rt < T, < 1) =Y (—1)F (Lk(t 1)+ Ly(t — 1)) . forn<t<n+ln=12,..
0

S

B
Il

(4.17)

Proof. For b; < by < 0, the Laplace transform of the stopping time on the set TbJ; < T, and
sz <1is

_57—”2
E (6 " 1{Tb+2<7;1}1{Tb2<1}>
—B(Toy+73, _
= E(e T2t b2)1{70+<r;1_b2}1{:r’b2<1})
— BTy, _
= E (6 BTbQ 1{sz<1}> E (e by —bo 1{7_6’»<7_b_1_b2})

and
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E (eiﬁTgl—lvl 4o - )
{7} <Tb1 b2}
eV2B(b1—b2) _|_ 1

e ﬁS e ﬁS k
— e~ V2B(b1—b2)
= e Z (2\/_/ 83/2d8+€ 1—b2 2\/—/ 943/2 )

B(b1—b e
—’—6_'8 ef( 1 2) — ]_ Z(- ( / dS o em(bl b2
4\/7’(’6 o AVLS 2g3/2
Hence,

V2B(b1—b2)
_ _ e +

~ 1 T e\/ﬁ(bl_bQ)_
Bt = £ (B (1)

1>.

4V/7B

Now, we have the following Laplace inversions.

) o1 eV2B(b1—b2)
- - b
L E (e 21{Tb2<1}> N

4VrB

Wl

)

2
b3

1

t
—b b2 1 (by—b1)?
= 1{0<t<1}/ 2 e h ¢ %) ds + 1y
0

2ms3 AT/t — s
where the integrals can be evaluated as below.

3 1 _ (ba—b7)?

b
2s (t—s)
1{0<t<1}/ \/ﬁ 47T\/m6 2(—9) (s

2 2
7 1 —x 22 _(ba—by)%x
= 1{0§t<1}/ e e 2t=-b3) oy

—oo 2N 2T /22t — b%
_(bp—b)%y

e e 2td) gy

> 1
os Ji 572
fost<t) B Am/2my/yt — b

—F—€ 2t(x +b2) 2t

oo 1 (b —b1)? (127;’%)
=1 = Jdx
{0st<t} /0 2w/ 27t

B p-bp? [ 1 47%7(13—%£52:3%1353)
= lyo<icrye 2te 2 / e ¢ dx
o 2wV 2wt
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1
—by _b
e 2s

\/ 2783 A7\t — s

e Ps

33/2

e

)k.

_ (bg—b7)?
2(t—s) s




1 _572 _(b27b1)2 o) 1 _|_ M —L<$— (bg—bl)bQ)Q B
= 1{0<t<1}26 2t @ 2t 2t z e
0

27r\/ 27Tt
(ba—b1)bs

+/oo 1—_6_2%@_(172—;1)172) o L (2(by—
0 2w/ 27t

1 7& _ (bo— bp)? o 1
= 1{0<t<1}2€ te 2t 0+ 271_— ,2—7”(:6

1 b3
_ 1
1{0§t<1}4ﬁ\/]—5€ 2.,

Similarly, we compute the integral for ¢ > 1

1 _ (ba—b1)?

1
1{t>1}/ 2 2 e~ 20=s) (s
0 \/27r53 4/t — s

ezt

i 1 bon/t — 1 by — b
1{t>1}( N(2 2 1 )+€_

A\ Vi VT

From the previous section, we also have that

1 b3

1
L1 E( Ry | ) — 1 =1 = o7
< € {Tb2<1} 4\/@ {OStS1}47T\/¥6

Combining all the above, we get the result. =

Theorem 4.5 Using the symmetry of Brownian motion, we have for 0 < by < by,

b — —-b _
fbf(taTl;g < Tbl)Tb1 < 1) - f le(t’beQ < 7—+b 7T b1 < 1)

b — —b _
fbf(thb1<7—l;gva1<1) = szl(t’Tj—bl<7-vab1<1)

bl)bz)dm)

2

,%e%(Q(bgfbl)bz)dy

+ 1y

(2b5—b1)?
2t

1

)

%(2(172—171)172)(13j

boV/T—1  by—b

A/t

2/t

“

1 2
6_%/\/’ <—b2

Vit

ViVt -1

t—1
r .

(4.18)
(4.19)

Proof. The results are due to the symmetry of Brownian motion. The positive barriers can

be reflected to give the same result as in the case with negative barriers.

4.2 Pricing a double barrier Parisian in call

A double barrier Parisian in call is a call option that gets knocked in at 7

Ly < Sy < Lay, ie. by <0 < by, we have the following pricing formula:
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2 1f7'b2 < T. For

such an option with the same parameters as above, lower barrier L, upper barrier Lo with
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Theorem 4.6 The price of a double barrier Parisian in call with barriers Ly < Sy < Lo is

T

*Ozdouble(x’T) - / f (t Tbl < 7—b )(ZL’@Z)(O’-{—’H’L, hbubl’p) t) - K¢(m’ hgl’b17p7 t))dt (420)
0
/ f (t, 7 < 7 ) (@p(—(0 +m), hy,, by, —p,t) — Kep(—m, hy,, by, —p,t))dL,

where Y (x,y,b, p,t), hy, by, and p are defined as before.

Proof. As above, the price under the measure P is

*Cidouble<x, T)
= Ep [lipeme™ (ze””T — K)7]
= Ep [lip<m Ep [€™77 (2”7 — K)'|F.]]
= Bp [1{TST}1{Tb§<n}}EP [T (we™ T — K)*Iﬁ]]

+E7> |:1{T<T}1{7'7 <T+}E7> [emZT (‘/EGUZT - K)+|]:T]]

*©z— bg _w=2?  -pn? Lk
= 2(t, ) < T ) ——— / (e — K)e™e 2T-tHe~ dydzdt
2T by

bl by — 2 @22 _(-b?

+/0 fb (t, 7, <Tb2 o \/_/ / xe® — K)e™e 2T-0e” 2 dydzdt
T by poo by — (=2b242)2  (s_p)2

= / fb (t, 7 <73, o \/—/ / Z e” — K)e™e” e dydzdt
by — 2 =22 (2

/ F(t T, <T) o \/—/ / v — K)emye_;(lT*t) e T dydzdt

= / flfg(tﬂ—bt < Tb;)(‘rw<_(o-+m>7hb2ab2a_p>t> _Kw(_ma hggvb%_pvt))dt

/ (1, < 1) (@b, By, by, put) — Kap(m, 1, b, oy ),

where we have made use of the calculations in Theorem 2.3. =

Theorem 4.7 The price of a double barrier Parisian in call with barriers Ly < Lo < Sy is

*Cdouble(x’ T)
= a¢/(0 +m) — K¢'(m)

/ 2(t sz < 7y Ty < 1)(x0(=(0 4+ m), hy,, ba, —p, t) — Kap(—=m, hy,, ba, —p, t))dt
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/ 2(t, 1, < 7y Toy < 1)(x9(0 +m, by, by, p,t) — Kb(m, by, by, p,t))dt.

For barriers So < Ly < L, the price is

*Cdouble<x T)
= xz¢(c+m)— Ko(m)

[ A < T < @0 ) =) = K b~

/ 2(t, 1y, <70 Ty < 1)(z0(0 +m, by, by, p,t) — K(m, by, by, p,t))dt

where Y(z,y,b, p,t), &'(x), ¢(x), hy, p are all defined as before.

4.3 Double barrier Parisian out call

(4.21)

)t

(4.22)

The price of the double barrier Parisian out call with the underlying price starting in between

the two barriers L; < Sy < Ly is
Cdouble (2 T) = Cpg(x, T) — Cfble(x, T).

For L, < Ly < Sy, the price of the double barrier Parisian out call is

—by
V2mt3

1
CgOUble(ZL’,T) — /
0

and for Sy < Ly < Lo,

by
27t

1
C;iouble<m’ T) — /
0

o7

e % CBS(LQ,T t)dt — (CidO”ble(x, T)— (x¢' (o +m) — Kc;S’(m)))

6_§CBS(L1, T —t)dt — (Czdouwe(x? T) = (vl +m) — K¢(m))) '



Chapter 5
Length and height of excursions

In this chapter, we are interested in finding the Laplace transform of the Parisian stopping
time conditioned on a certain height. In particular, we define a new one-sided stopping time,
which is the first time the Brownian motion makes an excursion of length at least D above
zero, and during this excursion also hits a second barrier L > 0. This means that the last
excursion is of length D if the Brownian motion has already hit L during the excursion, or
the excursion is longer than length D and the stopping time is achieved when the Brownian
motion hits L. This can be applied to Parisian options where the option gets knocked in or
out after the underlying stays above the barrier for a period of time and also hits a second
barrier above the first. The motivation for this is to ensure that the underlying does not only
stay around the barrier throughout the excursion, hence is less easily manipulated. This is the
same as the stopping time which is the first time the Brownian motion makes an excursion of
length at least D below zero, and during this excursion also hits a second barrier below the
first. This can be applied to calculating default probabilities, and it gives the company some
capital allowance on top of a grace period. It is closely related to the concept of bankruptcy
introduced in Albrecher and Lautscham [4], where the probability of bankruptcy increases the
more negative the surplus becomes. Here, we define a new stopping time, which is the first
time the Brownian motion makes an excursion of length at least D below zero, and during
this excursion also reaches a second barrier L < 0. We use the perturbed Brownian motion

in [21] to find the Laplace transform of this stopping time.
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5.1 Definitions

Let W = (W;)i>0 be a standard Brownian motion starting at 0 and L be the level of the
second barrier (the first barrier is set to 0 without loss of generality). The excursions are

defined as in Section 2.1:

g1y = sup{s < t[W, = L}, dY, = inf{s > t|W, = L}
gor = sup{s < t[W, = 0}, dy, = inf{s > ¢|W, = 0}
gg/V = max (ggft’ggf/t)

with the usual convention that sup® = 0 and inf () = co. The trajectory of W between g}"
and d}V is the excursion which straddles time t. We are interested here in t — g}"', which is the
age of the excursion at time ¢, as well as W, and W,, the maximum and minimum heights

achieved during the excursion at time ¢,

W, = max W,
gtV <u<t

W, = min W,.
g/" <u<t

For D > 0 and L > 0, we now define the stopping times

o
=
I

inf{t > 0|1{Wt>0,Wt>L}(t - QXV) > D}
' (W) = nf{t > 01w, <ow,< 13t —g{") > D}.

Hence, 75(W) is the first time that the age of the excursion of the Brownian motion W
above zero reaches level D and W hits L in the current excursion, while 7,%(W) is the first
time that the age of the excursion of W below zero reaches level D and W hits —L in the
current excursion. We introduce the perturbed Brownian motion, a new process Xt(e), e > 0.
This process was used in Dassios and Wu [21] to find the Laplace transform of the Parisian

stopping time. Define a sequence of stopping times

(50 — 0
o, = inf{t > 0,|W; = —¢}
Ope1 = inf{t > o,|W; =0}
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where n = 0,1, .... Now define X\ as

Xt(e) = Wy+e if 0,<t<o,
Xt(g) = Wt Zf On S t < 5n+1.

We can see that Xt(e) is a process which starts from e but has the same behaviour as the
related Brownian motion and each time it hits the barrier 0 it will have a jump towards the

opposite side of the barrier with size e.

5.2 Semi-Markov model

We follow the notation as in [21]. We define the three-state semi-Markov process Zt(ﬁ) by

it X9 > L
if0< X9 <L, gre> gos
if0< X <L, gou> grs
if X9 < 0.

7 =

[ R N R

We also define Vt(e) =t — g4, the time spent in the current state. Then (Zt(g), 1/;(6)) is a Markov

process, and Zt(e) is a semi-Markov process with state space {1,2,3,4}, where 1 stands for

the state when the process Xt(e) is above the barrier L, 4 corresponds to the state below the
(o)

barrier 0, and 2 and 3 represent the states when X, is in between 0 and L, given it comes

in through L or 0 respectively. The transition probabilities A;;(u) for Zt(e) satisfy:

P2 = Gi #4129 =i,V =) = Ay(u)At+ o(At)
Pz =ilZ) =iV =) = 13 Aj(w)At+ o(At)
7]

for i = 1,2, 3,4. Define:

Mo

i) = eXp{ /OZAU }

i#]
pi() = Nig(p) Pilp).
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In particular, we have the transition densities (see Karatzas and Shreve [32] pp. 99-100):

€ &2

€ t — e 2t
p12( ) \/W
p;l(t) = PL—e(TL < TO;TL - dt) = Pe(TO < TL;T() - dt)

o

Z 2nL + € _@nr+o?
e 2t

(&
S V2nt?
p§4(t) = PL_E(T() <Tp;T, € dt) = PE(TL <TyTy € dt)

o0

2nL + L — € 7(2nL+L—6)2
-y e

S V2t
pgl(t) = PE(TL < TO;TL < dt) = PL_g(TO <Tp; T, € dt)

o0

2nL 4+ L —€ _@nrtr—o?
> MLt

S V2t
p§4(t) = (To <Tp; Ty € dt) = PLfe(TL <TyTy € dt)
i 2nL+e (an27+>2
= 7

7'('

n=—oo

ps(t) = e 2

where P. denotes the probability measure corresponding to a Brownian motion starting at e.
We also define the probabilities p;k;(t) as the probability of starting in state ¢ and going to
state j at time t for the first time, but regardless of whether it has been to any other states.
We have

pou(t) = pa(t) = e

p;i(t) - p;fl(t): \/% B

We denote by Pdk (t) the probability of starting in state i, and having been to state j but
not to state £ at time ¢. We have

Pty = PTy>t,Tp <t)=P(Ty >1t) — P(Ty > t, T, > t)

- () ) E ) (2 )

n=—oo
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5.3 Laplace transform of the Parisian stopping time

conditioned on a given height

In this section, we proceed to find the Laplace transform of the Parisian stopping time condi-

tioned on a given height, as described above. We only look at the case above the barrier, but

the stopping time for the case below the barrier follows by symmetry. We have 75 = DL.

Theorem 5.1 For D >0, L > 0, we have the following Laplace transform for 7%.

. 1+ an 0o (2\/7TB—D€,BD —V2B(2n+1)L Af ( (2n+1)L \/ZB_D> ((2n2+$>L>2>

E(e Pb) = )
(e77"p) = U(\V26D) + >0 (2\/7r5—DeﬁDeﬂﬁ2nLN <% B \/2B_D> e )
(5.1)

Proof. First, we let Ay denote the event that the first time the excursion above 0 reaches
length D and achieves a maximum of L during the excursion happens during the k" excursion.
Given Ay, 75 is made up of k — 1 excursions above 0 either with length less than D or with
length greater than D but does not hit the barrier L, and k excursions below 0 of any length,
plus the last excursion with length at least D, and hits the barrier L. Denoting each of these
excursions above 0 by U;" and below 0 by U;", i = 1, ..., k, we have

B(e ), 4y)

NE

E(e P )

k=1

_g(U+ + + - -
E(e BUY +.. AU +U+UT +..4U, ); Ap).

[
WE

b
Il

1

Furthermore, on the event Ay, the U} for i = 1,...,k — 1 have distribution p3S(t) for t < D
and p§,(t) for t > D. U; for i = 1, ..., k have distribution pi;(t), and they are all independent

of each other. So we have

00 D 00 k—1 o k
B(e XDy = %" ( / e p3i(t)dt + / e Ppl(t )dt) ( / e Pipis(t )dt)
0 0

o D
(er)+ [Tt pna)
D
Iy e om0yt (PP (D) + [ e P ps (0t

L (U e Pt + [ e ps,(0)dt) f; ePtpfa(t)dt

—
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and the following calculations

/ lpig()dt = eV (5.2)
0
D , D o € )
— Bt _xe — Bt J
pas(t)dt = / e e 2tdt
J 0 e
= L [T VOB cngmt L (Ut VIBL ot
2 o V2mt3 2 o V2mt3

1 & 2 22 1 & 2 L2
= —e¢ 2'86/ \/je_2dx+—e_me/ \/ie_2dx
2 e +y2BD VT 2 VD VT

_ VI (\/M_D - \/%) VPN (—\/w_D - %) (5:3)
OO e Btoe (Dl — = —V/2B(2nL+L—e¢) <M — /92 D)
/D p31( ) nz_oo (6 N \/5 v
_em@nL—i—L—e)N (_k\/ﬁ[/—é — 25D>) (54)
Sy o 00 JTBnL (QnL—l—e /5 D)
/D e " ps(t) n_Z_OO (6 N NG p
VBB pr (_ 2”5% € 26D)> (5.5)

e PPPEN(D) = AP (2/\/ <%> —1
. f: (QN (an§€> 142N (%) - 1)) . (5.6)

n=—oo

By construction,

X9 25y, for all t.

As we saw in [21], since Xt(e) — W, almost surely for all ¢, by taking the limit ¢ — 0, the
quantities defined based on X(© converge to those based on W. Furthermore, e b < 1

almost surely, thus dominated convergence theorem applies to get the result for W,
B <€fa?§<w>) — lmE (e—ﬁ?gwn)

e—0
e (e PPPYD) + [ e )
= 11m

01— (fo e~ Pyt (t)dt + fgo e—ﬁtp§4(t)dt> fooo e~ Pipgs(t)dt

(5.7)
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Therefore, plugging in the above calculations in equations (5.2) - (5.6) into equation (5.7) and
applying L’Hopital’s rule, we obtain the result in equation (5.1). m
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Chapter 6

The counting process of Parisian

excursions

In this chapter, we study the distribution of the number of excursions away from 0 made
by the Brownian motion. As 0 is a regular point of the Brownian motion (see Bertoin [10],
Karatzas and Shreve [32]), the process makes infinitely many excursions away from 0. How-
ever, it can only make finitely many excursions whose length exceeds D in a finite time.
Hence, it is only meaningful to study the number of excursions of duration greater than D.
The counting process of excursions is related to the Brownian local time, and this gives us

some motivation for studying them.

Here, we study the number of excursions indexed by an exponential time, and obtain some
common distributions. We also find some connections with the Brownian local time. We
modify slightly the Parisian stopping time. The new stopping time is defined as the first time
the Brownian motion returns to the origin after having completed an excursion in excess of
length D. This is different from the previously defined Parisian stopping time, which is the
first time the length of an excursion reaches length D. We use the strong Markov property

of Brownian motion to obtain the distribution of the number of excursions.

6.1 Definition

Let W = (W;);>0 be a standard Brownian motion starting at 0 as before, and we define g}”

and d}" as in Section 2.1. The intervals (g;",d}") are the excursion intervals of W which
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straddles time ¢, each of length (d}' — g/V). Taking all excursion intervals before time ¢, they

form a countable union of disjoint open sets,

I={J. 4"

a€A

and each of these intervals contains a number t,(w). For Dy, Dy > 0, define the stopping

times

(W) = mf{d" >0 Lw-o(dy’ — ") > D1}
(W) = f{d" > 0| Lw,<qp(d}’ — g;") > Dy}

70 (W) = inf{d)" > 0] D1 < Lywsop(dy — g)") < Do}
(W) = inf{d)" > 0| D < Lw,<1(d)” = g,") < Da}.

So we have the following interpretations: ?]51 (W) is the first time W completes an excursion

of duration greater than D; above 0, 7, (W) is the first time W completes an excursion of
duration greater than Dy below 0, for Dy < D, %&)1 DQ)(W) is the first time W completes
an excursion of duration between D; and D, above 0, and urs Dz)(W) is the first time W

completes an excursion of duration between D; and Dy below 0.

We are interested in the number of excursions made by S; before time ¢, so we define the

following

N W) = #{(V.d")er|o<d¥ <t,S,>0,dV — gV > D}

NP2W) = #{(g) . d))el|0<d) <t,5,<0,dy — g > Dy}

—D;

NPYP2(W) = NJY(W) + NP2 ().

Hence, N? 1(VV) is the number of excursions made by the process W above 0 of length D,
N ? 2(W) is the number of excursions made by the process W below 0 of length Ds, and
NPP2(W) is the total number of excursions above 0 of length Dy and below 0 of length D,.

We also define the stopping times

W) = inf{t > 0| N, (W) =n}
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(W) = f{t > 0| NP2(W) = n}

where %gT(W) = 0. By the strong Markov property of Brownian motion, 775" (W) is the sum

of n independent 7p, (W)’s.

6.2 The modified Parisian stopping time

Here, we look at the stopping time which is the first time the Brownian motion completes
an excursion of length D; above or below zero. This is different from that in the literature,
which looks at the first time the length of the excursion reaches D;. Here we only look at the

excursions above zero but we have the same result for excursions below zero by symmetry.

Theorem 6.1 For a standard Brownian motion Wy with Wy, = 0, we have the following

E(6_5%$1(W)) _ e iy ( \ 25D1) —2y/mpD, (6.1)

e~ P01V (\/25Dy)

~n+ . . ~ )
and Tp, 1s the sum of n independent Tp,’s, so

result:

E(e Py _ e DU (V26D,) —2vaBDL (6.2)
e=#P1¥ (\/25Dy)
We also have
—B75, (W)
B (Mg wyen ov)
B V' Dse PP (\/2BDy) — 2¢/7BD1 D, (63
VDae= 01V (\/2BDy) + +/Die=PP2V (\/28D,) — 2¢/7BD, D, ’
—B75, (W)
Ee ™2 i wy<rp, wiy)
- vV Dle_BDQ\II (\/ Q/BDQ) — 2\/7TBD1D2 (6 4)
\V Dge_ﬂDl‘P (\/ 25D1) —+ 4/ D16_6D2‘P (\/25D2) — 2\/7TBD1D2’ .
and
E(e PTbron Mg )
€ {7, by (W)<FH, (W)}
- V D2€_’8D1‘I’ (\/ 25D1) — D1€_BD2\IJ (\/ QﬁDQ) (6 5)

VDse P00 (/25Dy)
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—B75, (W)
Ee ™02 Vs wyest, o )

_ VD"V (2BD;) — 2V/7FD\ Dy (6.6)

VDae 5P (\/28D)

Proof. These results are obtained using the same method as that in Dassios and Wu [21].
The difference is that in [21], the stopping time is the time when the length of the excursion
first reached Dy, but here, it is the time when the Brownian motion first makes an excursion
above zero of length Dy, and comes back down to 0. We proceed as in [21]. Here, we denote by

%gl(X (9) the stopping time as above, but defined based on the perturbed Brownian motion
X,

We define the two-state semi-Markov process Zt(e) by

2 if X9 <0,

We also define Vt(e) =t — g4, the time spent in the current state. Then (Zt(g), 1/;(6)) is a Markov
process, and Zt(e) is a semi-Markov process with state space 1,2, where 1 stands for the state
when the process X°

probabilities A;;(u) for Z\ satisfy:

is above 0, and 2 is the state when the process is below 0. The transition

P<Z1E(+At_j7@7é]|z —ZV =u) = Nj(u)At+ o(At)

P(Z05 =012 =i Vi) =) = 1= A(u)At + o(A1)
i#£]

for i = 1,2, 3,4. Define:

Piln) = exp{ [T }

i#j
pij(p) = A (N)PZ(N)

In particular, we have the following transition probabilities:

p(t) = ph(t) =
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t
Po(t) = P5(t) = / Poo(s)ds = 1 — PG,

Now, we let Aé- denote the event that the first excursion above 0 longer than D; occurs during

the i'" excursion above 0, and the first excursion below 0 longer than D, occurs during the

4" excursion below 0. Then we have

—a1 7 (X(©)—anFp_ (X(©
E(e™™ D, (X)) —a27p, ( )1{%$1(X(5>)<‘?52(X<6))}>

WE

- —a7h (X (D) —aaFy (X(©) ‘ :
ZE(e 17p, (X1)—anTp, ( )1{;;1()((5))@52()((6))}|Aj)P(Aj)'
j=i

=1

Next, we observe that %gl comprises of 7 — 1 full excursions above 0 with length less than Dy,
1 — 1 full excursions below 0 with length less than D, and one last excursion above 0 with
length at least D;. Similarly, 7, comprises of and additional j — 4 full excursions above 0 of
any length, j — ¢ full excursions below 0 of length less than D,, and one last excursion below
0 of length at least Dy. We denote by U, as the length of the kth excursion above 0, and
U, as the length of the k" excursion below 0. U, i, satisfies the conditions: U, < D, for
kE=1,..,t =1, Uy <Dyfork=1,...,5—1,U; > Dy and Uy ; > D,y. So we have

70417'D X( >) ag‘rD2(X( ))1

El(e

( (7, (x@) <, (x| C)
(e Oél(zk ! (Ur ke +Ua k)+U11) a2 Y] (Ur x+Us ) |O)
i1 o .
/D1 —(a1+a2)s pl?( ) ) (/ 6—(a1+a2 s p12($) )
0 P (Dy) Dy Pfg(Dl

i1 o
/D2 a1+a2 p21( ) ) (/ agspe )
0 P5,(Dy) | 0 2

/D2 —aos p21( ) ds)]_z (/OO e—ags p21 )
0 P5,(Dy) Ds Py ( D2

P(Aé) = PfQ(Dl)i_1P2€1(D2)j_1pf2(Dl)Pfl(D2)-

Il
&

(
(
(

Hence we have

ot (X —ai= (X
E(e 1Tp, (X)) —aq Dy (xte )1{TD1( ())<,7.52(X(5))})
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00 i—1 00
Y| [ i) ([T ey en)
j=i Dy

D2 i—1 00 j—t
( ety ois) ([T e pnos)
D2 Jj—t ]
( s )d) ( / e-%;l(s)ds).
Do

Taking ay = 0 and a1 = 3, we have

_55
_gzt (x© f pia(s)ds
E(@ B7p, (X )1 . - ): )
{75, (X)<7p (X))} D B —Bs€
7 2 1 - fo LemPepi,y(s)ds fo Psps,(s)ds

(6.7)

We also have

/°° By (s)ds = e_mw( ¢ _m) Ww( - W) (6.8)

VD1
Dy
/O e oty (s)ds = e—mw( 2D, — ¢;_1)+emw( V28D, — — ) 9)
Do
/ e P ph (s)ds = e_me/\/'( 26D —
0

v Dy
\/;_2)+emej\/'( V28D, — \/;_2>610)

B

We let € — 0. By construction,

a.s.

Xt(e) — W, for all ¢.

The stopping time defined based on X (9 converge to those based on W (see [21]). Further-

: Bt (X(© .
more, since e 75, (X1 {75, (X©)<7p (X))} < 1 almost surely, dominated convergence theorem

applies and we have

-7t (W) IERT —B7t (x(9)
E <6 Dy 1{7~_g1 (W)<7~'52 (W)}) = 11_1)% FE <6 Dy 1{7:51 (X(s))<7"—52 (X(e))})
= lim fl;? e~ pia(s)ds
D € :
01— 7 eBapiy(s)ds Jo * e Peps,(s)ds

Now, substituting the above calculations (6.8) - (6.10) into equation (6.7) and using L’Hopital’s
rule, we obtain the result (6.3). (6.1) can be obtained by taking Dy — 0o, and the other three
results can be derived in the same way. m
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6.3 Laplace transform of the number of Parisian excur-

sions

In this section, we present some probability results on the number of Parisian excursions

above and below zero.

Theorem 6.2 Let T be exponentially distributed, with parameter 3. For a standard Brownian

motion Wy with Wy = 0, we have the following:

(6.11)

—BD1 .
N?(wweeomemc(e v (v25D) wmwl)

e=PP1¥ (\/25Dy)

P(N~ (W>:7’L): (e—ﬁDnI!(\/m) _QW)WL <1_€_BD1\P(\/W) _2m>
T e_ﬁDlg’ (\/m) 6_/8D1\II (\/m) .
(6.12)

Proof. For n =0,1,2, ..., we have:

_D1

P(N;' (W)=n) = / N Be M P(NY (W) = n)dt

_ / pe (P(EREOW) < ) = PESTVHOV) <)) di
= Ele BTDl(W)) E(e B<"+1>+(W)>

= (E(e*B%Dl (W)))n _ (E(efﬁfgl (W)))nﬂ

and the result follows from (6.1). =

As D — 0, we have the following representation for the Brownian local time.

Theorem 6.3 (P. Lévy (1948)) The local time at the origin of the Brownian motion W
satisfies
lim ,/” )= L(0)  a.s.. (6.13)
D—0
Proof. See Karatzas and Shreve [32] (Theorem 2.21). =

We also have the distribution for L4 (0).

L(0) ~ Exp(2y/28). (6.14)
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It is easy to check that if we take D; — 0 in equation (6.9), N? (W) converges in distribution
to L#(0).

Theorem 6.4 We have the following joint probability for the number of excursions above and
below zero. For Dy, Dy > 0, we have

7’L1+7’Lg

mewwznhN@moznﬁz( )mwwmwwwrwmm—mw» (6.15)

no

formy =0,1,2,..., ns =0,1,2, ..., where

_pxt
n(p) = E (6 ’ DI(W)l{fa(m«,;Q(w)})
vV D2€_5D1\I’ (\/2ﬁD1) — 2\/7T6D1D2

= \/D_26*5D1@ (\/Qﬁ—Dl) 4 \/D_lefﬁDg\Ij (\/Qﬁ—Dg) _ 2\/m (6.16)
(8) = E (e_ﬁ%BQ(W)l{@(vv)aD (W)})
_ VDie PP2J (\/QﬁDg) — 2y/78D1 D, 6.17)

\/D_26*5D1\If (\/ 2ﬁD1) + \/D_lefﬁDQ\Ij (\/ 2BD2) — 2\/7T5D1D2

Proof. We denote 755 (W) as the first time the process completes n; excursions above
0 of length greater than D; and my excursions below 0 of length greater than Ds, in any
~n1,n2

order. Then 755 (W) is the sum of n; independent copies of %gl(W)l{% Wy<is (w)} and
1 2

ny independent copies of 75 (W)1 {75, (W)<ip, (W)}

Since there are ("1;;"2) number of ways to order the excursions, we have that the proba-
bility that there are exactly m; excursions above 0 of length at least D; and ny excursions
below 0 of length at least D is the probability that 77 7]32 (W) happens before time ¢, minus
the probability that the next time there is an excursion above 0 of length D; or below 0 of
length Dy happens before time ¢. Also, because of the strong Markov property, the stopping

times are all independent of each other. So we have

P(N7 (W) = n1, N22(W) = ny)

_ / Be PPN (W) = ny, NP2(W) = no)dt
_ / et (("1 + ”2) PR (W) < 1)
0 n2 ’
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forny =0,1,2,...and no =0,1,2,.... m

Next, we look at the joint probability of excursions above 0, but of different lengths.

Theorem 6.5 For D; < Ds, the joint probability of the number of excursions above 0 longer
than D1 and the number of excursions above 0 longer than Dy is

ni

P(NE (W) = ny, N2 <W>=n2>:( )m(@)%%(@)m (1= h(8)—hs(B))  (6.18)

N9

forn; =0,1,2,..., no =0,1,2,...,ny, where

—BFh w
h(B) = E(e Mburn! )1{5—+ (W<, (W)})

(D1,D3)

VDae " (VIFDY) — /Die P2 (v/25D3)

= 6.19
V/Da2e=#D10 (\/28Dy) (6.19)
_pB5t
ho(B) = E(e™” DQ(W)1{%,;2(W)<%(+DLD2>(W)})
- vV Dge_ﬂDl\Ij (\/251)1) - 2\/7TBD1D2 (6 20)

VDae- P10 (y/25Dy)

—D ——=D> —=(D1,D32) ——D>

Then we proceed in the same way as above, with the two stopping times of interest now
being 7, (W) and 7, (W). We want the probability of having n; excursions above 0
of length at least Dy, and out of these n; excursions, ny of them being longer than Ds.

Hence, this is the probability of having n, of 7, (W)1 W) y and 1y — na of
2

<7l (W)
(D1,D2)

~+ . . . a7

T(Dl,Dg)(M/)1{’?&)1’D2)(W)<7~’$2(W)} occurring before time ¢, minus off the probability that the

next time an excursion above 0 of length at least Dy or between D; and Dy will happen
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before time t. Furthermore, there are (Z;) number of ways to order the excursions, and by
the strong Markov property, the stopping times are all independent. Hence, we derive the

result. m
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Chapter 7

Counting the excursions using a

piecewise deterministic model

In this chapter, we look again at the counting process introduced in the previous chapter,
this time from another point of view. Here, we define a piecewise deterministic semi-Markov
process with a special state once the excursion reaches a certain length, and use the infinites-
imal generator to find the Laplace transform of the first time the process makes n excursions
above or below zero. We also obtain the joint distribution of 77, and N;f(W), which we will
define later, is the number of excursions made by the Brownian motion above 0 longer than
length D before it hits level L.

7.1 Laplace transform of the first time there are n ex-

cursions above 0

Here, we find the Laplace transform of the first time the Brownian motion makes n excursions
above 0 of length D. This is however different from the previous section as we now stop when

we reach length D in the n* excursion.

7.1.1 Definitions

We denote N, D(W) and NP (W) as the number of excursions above and below 0 up to time

t respectively, similar to above, but each excursion is counted once it reaches length D. We

I0)



have the following definitions:

—*Dl

N7W) = #{(g¥,d")eT|0<g¥ <t— D, W,>0,d" —g" > D}
N:P2(W) = #{(gV,dV)eT|0< gV <t— Dy, W, <0,dY —g?¥ > Dy}

—D;

NP2 W) = NY(W) + NP2(W)

where [ is the union of open sets of excursion intervals as defined in Section 6.1. We also

define the stopping times

—x* D1

TBT(W) = inf{t>0| N, (W)
(W) = inf{t >0 | NP2(W)

n}
n}

for n = 1,2,... and Tg‘f = 0. We are interested in this section to compute the Laplace

transform of 757 ().

7.1.2 Semi-Markov model

We again use the perturbed Brownian motion defined in Chapter 5, which is a Brownian
motion which makes a jump of size € towards the opposite side of the barrier every time it
hits 0, and denote this new process by X = (Xt(e))tzo. We now introduce the piecewise
deterministic semi-Markov process Z;, this time with an additional state 1* for the case when

the process has spent more than D amount of time above 0,

1 #fX9>0t—g <D
Z9=3 1 ifX9>0,t-g>D .
2 if X9 <0

Whenever the Brownian motion is below 0, Zt(e) is in state 2, and when the Brownian motion
is above 0, Zt(e) is either in state 1 or 1* when the Brownian motion is above 0, depending on
whether the current excursion has exceeded length D. We also define Vt(e) =t — g, the time
spent by Xt(g) in the current state. Then (Zt(g), V;(G)) is a Markov process and Zf) is thus a

3-state semi-Markov process. The transition probabilities \;;(u) for Zt(e) satisty:

P2, = Gi #5128 =i,V =u) = Mj(u)At + o(At)
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P(Zt(i)At = i’sz(e) =1, V;:(E) = = 1- Z)\” JAt + o(At)

i#j

for © = 1,2, 3,4. Define:

Py(p) = eXp{ /OZAU }

i#]
pii() = Nig(u)Pip).

In particular, transition from state 1 to 2 is the first hitting time of € for the Brownian motion
and occurs up to time D. If the Brownian motion stays in state 1 up to time D, then transition
occurs from state 1 to 1* at time D. The transition probability from state 1* to 2 is the first
hitting time of € given that it does not occur before time D. Hence, we have the following

expressions for the transition probabilities:

2
. e % if0<t<D
pia(t) = { 2t

0 t>D
P (t) = Py(D) = 2N<¢5> —1 ift=D
0 otherwise
. X .
pi*z(t) = 27rt36 2t pr(D) - 271‘1536 2t QN(\;ﬁ)_l if ¢ > D
0 otherwise
€ 2
€ (t _ ey
Py (t) e

Furthermore, p{.; = p5;« = 0. The transition intensities \;; are

Pf(t) = e fO JAu Aij(v)dv

N0 - B

We also define ]%Z(ﬂ) and ]523(5) in order to simplify notation.
Py = [ rsas
R d
Py = [ e
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7.1.3 Results

+.
L

Theorem 7.1 We have the following Laplace transform for the stopping time 1y

E(eiBTngr) _ 1 <\I/(\/2BD) — 2\/7T5D) - . (7.1)

v(V23D) \ " w(\23D)

Proof. To simplify notation, we denote N, = N:Dl (X)) the counting process as defined

above but this time based on the process X(© rather than W. We consider the infinitesimal
generator for the process (Zt@,ﬁz, V;(E)). Consider a function which is smooth enough and of

the form
FNLVE, 2 8) = £ (VL V1)

where f;, i = 1,2, 3,4 are functions from R? to R. The generator A is defined as the operator
such that .
SOV 200 ~ [ APV, 29, 5ds
0

is a martingale. Hence we solve Af = 0 subject to certain conditions to obtain martingales
of the form f (N;, Vt(e) , Zt(e), t) to which we can apply the optional stopping theorem to obtain

the Laplace transform we are interested in. More precisely, we have

Af(nut) = I ) o, 0.0) — i)

e (W) (fraln + 1,d,8) — fu(n,d, b)) =0 (7.2)
Afa(n,u,t) = % + % + Xo1(u)(f1(n,0,t) — fa(n,u,t)) =0 (7.3)
Afi-(n,u,t) = ag;* + ag;* + A2 (W) (fo(n, 0,8) — fie(n,u,t)) = 0. (7.4)

We assume f; has the form
fi (n7 U, t) = engl (u)e—ﬁt

where 0 < 0 < 1, 8 > 0 are constants. Since we are only interested in the excursion in state 1
for 0 < V) < D, and in state 1* for V,') > D, so we solve (7.2) for 0 < u < D and (7.4) for
u > D subject to the conditions ¢, (D) = ¢1+(D) and lim, . g;(u) = 0 for i = 1*,2. We get

gi(u) = / e~ SR () 1) (5)g5(0) + 011+ (8) g1+ (D) — i1+ (s)g1(D))ds

u

temh BN, (DY 0 <y < D (7.5)
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(u) = / e~ BN (5)dsgy (0) (7.6)

gi+(u) = / e JuBthmNdv ) () dsgy(0),  u > D. (7.7)

Taking u = D in (7.7) and v = 0 in (7.5) and (7.6), we have

0) = e PPPy(D)gi(D) + Pizga(0) + e P Py(D)gr- (D) — e P Piy(D) g1 (D)
0) = ]526191 (0)
71(D) = g1+(D) = P{ey9(0).
Solving for 6, we have o
=Pk
e PP PL, (D) Piy Psy

Hence, we obtain the martingale
Mt _ eﬁigi(%(e))e—ﬁt

for « = 1,1%,2. We apply the optional stopping theorem to M, with the stopping time
THH(X) At to get
E(MTnJr

B

xoynt) = E(Mo). (7.8)

Since the function g;(u) is continuous, it is bounded on [0, D], and so gl(Vt(e)) is bounded
by a constant K on [0, D] for all w. Furthermore, go(u) and g1+ (u) are both continuous and
decreasing in u, so gg(V,;(E)) is bounded by some constant for all u and gl*(‘/;(e)) is bounded
by some constant for u > D, for all w. Hence dominated convergence applies and we have

lim E(MTg+(xe)At) = E<MTg+(Xe))

t—00

— B %g,.(D))

_ ( 1— P Py, ) Pf*zpilm(O)E(6_673+(X(6))).

e—ﬁDPfQ(D)Pf*ngl

Since

E(Mo) = 91(0)7
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we have

E(efﬁTng(Xﬁ)) — 1 _ e_BDPﬁ(P)]?f*zpfl
Pl 1= PPy

We let € — 0. By construction,
Xt(G) 22 W, for all t.

The stopping time defined based on Xt(e) also converge to those of the Brownian motion
W, almost surely (see [21]). Furthermore, e™7 < 1 almost surely, and thus dominated

convergence theorem applies to get the result for W,

E(e‘BTS+(W)) = lim E(e_ﬁTg+(Xt(e)))
e—0
— lim — 1 _ efﬁDpfz(p)f)fﬁPfl
=0 PLo Py 1 — P3P

1 (wzﬁ—m—ww—p)“
v(v23D) \ w(v25D) |

where we have used the calculations in (6.8) - (6.10), and this completes the proof. m

Remark 7.2 We can check that when n = 1, we get the result for the one-sided Parisian
stopping time as obtained in [14] and [21].
7.2 Number of excursions before hitting L

In this section, we are interested to count the number of excursions above zero that are of
length at least D, before the process hits level L. We denote by T (W) the first hitting time

of the Brownian motion of level L

Ty (W) = inf {t > O[W, = L}.
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7.2.1 Semi-Markov model

(€)

We use the same perturbed Brownian motion X, and for the piecewise deterministic Markov

process Z;, we have one more state for when the process is above L.

1 it X9 > 1

2 f0<X9 <L t—g <D
2 #f0<X9<Lt—g>D
3 if X\9 <0

Zs =

Then Zt(e) is in state 3 whenever the Brownian motion is below 0, and in state 1 when it is
above L. It is either in state 2 or 2* depending on whether the current excursion has exceeded
length D. We define V,') = ¢ — g, to be the time spent in the current state. (Z\,V,) is a
Markov process, and Zt(e) is thus a 4-state semi-Markov process. The transition probabilities
Aij(u) for 79 satisty:

P(Z)n = ji #4127 =i, V) =u) = N\j(u)At + o(At)
P2\ =iz =iV =u) = 1= Nj(w)At +o(At)
i#£]

for i = 1,2,2% 3. We define:

Py(w) = exp{— /O“Zwodv}

i#]
pii(p) = Aij(p) Pi(p).

In particular, we have that pS, (¢) is the probability of hitting L at time ¢t < D before hitting 0,
pS3(t) is the probability of hitting 0 at time ¢t < D before hitting L, and pS,. is the probability
of the process staying between 0 and L up to time D. p5.,(t) is the probability of hitting L
at time t > D and p5.5(t) is the probability of hitting 0 at time ¢ > D, given the process
stays between 0 and L up to time D. These probabilities are (see Karatzas and Shreve [32]
(Chapter 2)):

(2nL+L—e)?

{ P(Ty € dt, Ty < Ty) = Y00 Ibiloce= ™55 i g <t < D

poi(t) =
2 0 otherwise
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_ (2nL+e)?
2

. P(Ty € dt, Ty <Ty) =0 _ 2nltece if0<t<D
p23(t) — 27t3 )
0 otherwise
) P(Ty>tTy >t) =32 (2/\/ (%He) 142N (%) _ 1)
Pooe(t) =
0
P.(Tyedt,To<TL) _ oo onLte —CnLta® .
Poes(t) = BD) = e vart € O (D) it?>D
0 otherwise
P(Tpedt,TL<Th) __ 00 LAl —c —@nLiL-o? )
ps(t) = P5(D) = am € T BD ift>D
0 otherwise
) € &2
() = e 2.
P32 5 f3

Pe(t) = e fO J#L 1] ’U)d’u
pi‘(t)
Nii(t) = Pje Ok

We also define f’;(ﬁ) and pfj(ﬁ) in order to simplify notation.
e _ > —ﬁs €
R D
Py = [ e

7.2.2 Results

ift>D

otherwise

We have the following theorem for the joint Laplace transform of the number of excursions

of length D and the first hitting time of level L.

Theorem 7.3 For0 <60 <1, >0, we have

> ((1-0)f(v29D, %) + 20y/7FDe" )

E <9ﬁ;€(W)€*5TL(W)) _ n>0,0dd

> ((1 —0)f(v2BD, 55) + 29\/—W5Defmw> + 20/7BD

n>0,even
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where

flz,y) =e P(z,y) + eO(—x,y) (7.10)
and ®(x,y) is .
Oz, y) = V2raN(z —y) +e 7. (7.11)

Proof. We consider the infinitesimal generator for the process (Z; © V;(E)). Consider a function

which is smooth enough and of the form
FINEVED, 209 4) = 0 (NG V9 8)

where f;, i = 1,2,3, 4 are functions from R? to R. The generator A is defined as the operation
such that

f(Ntvv(E ! /'Af NZ,K(E),Z§€),s)ds

is a martingale. Hence we solve Af = 0 subject to certain conditions to obtain martingales
of the form f(N;, V9, Z\9 t). We have

Afi(n,u,t) = %ﬁl +%f1 + Aa(w)(fo(n, 0,8) — fi(n,u,t)) =0 (7.12)
dfs  0fs

Afaln ) = S L () (fi,0,6) — foln, )
+>‘23( )(f?)(naovt) - f2(n7uat))
Fhoo- (W) (for (R 4+ 1, D, t) — fo(n, D,t)) =0 (7.13)
Ofax | Ofor

Af2*<n7u7t) = 7_'_ ou /\2*1( )(fl(nv()?t)_fZ*(n:uvt))
+Aox3(u)(f3(n,0,t) — for(n,u,t)) =0 (7.14)

Afs(n,u,t) = %Jf' + ‘Zf?’ + Aa2 (W) (fo(n, 0, 1) — fa(n,u,t)) = 0. (7.15)

We assume f; has the form
fi(n,u,t) = 0"gi(u)e ™

where 0 < 6 < 1, § > 0 are constants. Since we are only interested in the length of the
excursion in state 2, we solve (7.13) for 0 < u < D and (7.14) for u > D subject to the
conditions go(D) = g¢o+(D) and lim, o gi(u) = 0 for i = 1,2*,3. We are not interested in
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what happens in state 1, so we can ignore the first equation. We get

D
D s
gg(u) — g2(D)€— Lo (B4221(v)+X23(v))dv +/ e L2 (84221 (v)+X23(v))dv ()\21(8)91(0)

u

—|—>\23<S)93<0) + Agox (8)992*(1)) — Moo (S)gg(D)) dS, O<u<D (716)
gor(u) = / e Ju B A1 (0)FAaes DAY (3 ()91 (0) + Agesgs(0))ds, w>D  (7.17)

u

gs(u) = / e JuBHAs2(dv ) o (6) g, (0)ds. (7.18)
Taking v = D in (7.17) and v = 0 in (7.16) and (7.18), we have

920) = P§91(0) + Ps5y94(0) + 0P5(D)go-(D)
go-(D) = Ps.191(0) + Ps5.595(0)

93(0) = Pj392(0).
Solving the three equations with go(D) = g2+ (D), we get
(1- ]5§2p263 - ‘9]526(D>p§2‘f)2€*3)93<0> = (pyfzpfl + ]5§2P2€(D)9]52€*1)g1(0).
We apply the optional stopping theorem to the martingale
My = 0% gi (Ve

for i = 1,2,2*,3 and the stopping time 7% (X(9). Since T1(X(®)) is finite almost surely, we
have
E(Mr, (x©n) = E(Mo). (7.19)

Since go(u) is continuous on the closed set [0, D], we have gg(Vt(e)) is bounded by a constant

(6))

on [0, D]. Furthermore, go.(u) and g3(u) are continuous and decreasing, hence go«(V;") and

gg(\/;(g)) are bounded. So dominated convergence applies and on the left hand side we have

lim E<MTL(X<€))/\t) = E(MTL(X(6>))

t—o00

~reD € €
= B(OV X eBTLX D g ().

84



Since
E(My) = g3(0),

we have Pe (T p P
B0V X =BT (X)) _ £ i’ff(P?ﬁl 08 (D)F5) (7.20)
1 — P5,Ps; — 0P5(D) Py, Ps.y

We let € — 0. By construction,
X© 225 W, for all t.

The stopping time defined based on Xt(g) also converge to those of the Brownian motion W,
almost surely. Furthermore, e PTLX) < 1 almost surely, and thus dominated convergence

applies to get the result for W;. We get

B0V W) =BT (W))

— lim E(QW*T]; (X(e))e—ﬁTL(X“)))
e—0

i PP + OPS(D)Pyy)
01— P, Pyy — 0F5(D) P, Ps.q
> ((1 —6)f(V2BD, L) + 29\/—7TﬁD€_an>

n>0,odd

> ((1 —60)f(V2BD, L) + 29\/—W6De*m"L> +20/73D

n>0,even

where we have used the calculations in (5.2) - (5.6) and (6.8) - (6.10), and this completes the
proof. m

Remark 7.4 It is easy to check that when 0 = 1, we obtain the Laplace transform of the first

hitting time of the Brownian motion,

E(e PTe)) — o~VIPL,
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Chapter 8

Parisian excursions for the Brownian

meander

In this chapter, we are interested to find the Parisian stopping time associated with the
Brownian meander, which is Brownian motion conditioned to be positive. In particular we
want to find the first time the Brownian meander makes an excursion above the level L > 0
and spends at least length D above the level. Some previous studies done on the Brownian
meander include Durrett and Inglehart [23, 24], Imhof [31] and Yor [44].

8.1 Parisian stopping time for Brownian meander

We use the same method as the previous chapter to obtain the Laplace transform of the

Parisian stopping time for the Brownian meander.

8.1.1 Definitions

The excursions are defined as before.

gry = sup{s < t{|{W, =L}, dy, = inf {s > t|W, = L}
g0y = sup{s < t|W, =0}, d¥, = inf {s > t|W, = 0}
leV = max (Qg,/t’ggf;)

with the usual convention that sup() = 0 and inf ) = co. The trajectory of W between gm

and d?{t is the excursion about L which straddles time t. We are interested in the stopping
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time 7,7, as defined in Chapter 2, the first time we have an excursion above L of length
D. However, now the Brownian motion is conditioned to stay positive throughout the whole
excursion. We denote by W* = (IW}");> this meander process. Then we define the Parisian

stopping time based on this process,

T p(W") =inf{t > 0| W; > L,t — g, < D}.

8.1.2 Semi-Markov model

(¢)

Now, we introduce the doubly perturbed Brownian motion Y, € > 0, defined as follows.

Define a sequence of stopping times

50 - 0
o, = inf{t>9,|W,=—¢€}
Opy1 = inf{t > o,|W, =0}

where n = 0,1, .... Now define the process Xt(e) as
X9 = Wi+e if d,<t<oy,
Xt(e) = Wt Zf On S t < (5n+1-

This process is the perturbed Brownian motion used in the previous chapters. Now, we define

another sequence of stopping times with respect to the process Xt(e) and the barrier L:

G = 0
M = inf{t>(|X© =L}
Cop1 = Inf{t>n|X =L — e}

where n = 0,1, .... Then we introduce a new process Yt(e) defined as
V9 = X94¢ (.<t<mn,
Yt(e) = Xt(E) N << Cotr.

This is a process which starts at ¢ and behaves like a Brownian motion except that each time

it hits the barrier 0 or L it will jump towards the opposite side of the barrier with size e.
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(€)

The piecewise deterministic semi-Markov process Z,’ has three states. We do not take into

account the state when W; < 0 because we condition W; to be positive throughout. Zt(g) is

defined as
1 if v, > L

Z9={ 2 if0<V9 <L, gk>g
3 if0<YY <L, gk<g

We define Vt(e) =t — ¢, to be the time spent in the current state. Then (Zt(g), \/;(6)) is a Markov
process, and Zt(e) is a 3-state semi-Markov process. The transition probabilities \;;(u) for Zt(e)
satisfy:

P(Zn=5i# |27 =i vf =u) = Ay(w)At+o(At)

P29 =i|z0 =i,V =u) = 1= M)At +o(At)
i#j

for © = 1,2, 3. Define:

i) = eXp{ /OZAZJ }

i#£]
pij() = Nij(w)Pip)-
In particular, we have

€ 2

ot = e 2t
pl?( ) \/W
p;l(t) = PL—E(TL S dt|TL < TO

Z nL+e (2nL21+e)2 L
\/2 t3 L—e¢

.  (2n+ 1)L —€ _(@n+nr—o? L
pa(t) = P(T,edt|T, <To)= Y %e W
n=—oo m

These transition probabilities are obtained by noting that p$,(¢) is the probability of hitting
L at time ¢ from L + €, p§,(t) is the probability of hitting L at time ¢ starting at e, without
hitting 0 before, and p§, (¢) is the probability of hitting L at time ¢ starting at L — ¢, without

hitting 0 before. The transition intensities A;; are

Pe(t) = e fO e l] ’U)d’l}

)
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~—

pi;(t

~—

As before, we also define ]513 (B) and ]513 (8) in order to simplify notation:

Py = [ e
N D
Py = [ e wos

8.1.3 Results

We have the following Laplace transform for the Parisian stopping time of the Brownian

meander.

Theorem 8.1 The Laplace transform of the Parisian stopping time for the Brownian mean-

der s

24/ QBLe_mL\/%—DG_ﬁD

" IR+ (1 - e VP VIN (VD) + e P - 1)

E (e—ﬂqﬁ[,(vv*))

Proof. We consider a function that is smooth enough and of the form
f(vt(6)7 Zt(e)a t) - th(5> <Vt(6)v t)a

where f;, i = 1,2, 3,4 are functions from R? to R. The generator A is defined as the operator
such that
t
FV9, 24, 1) - / APV, 209 5)ds
0

is a martingale. Hence we solve Af = 0 subject to certain conditions to obtain martingales

of the form f (‘/;(e), Zt(e), t). More precisely, we have

of  of

.Afl(u, t) = 8t + % + )\12(’&) (fQ(O, t) — f1 (u, t)) =0 (82)
Afo(u,t) = % + % + o1 (w)(f1(0,¢) — fao(u,t)) =0 (8.3)
Afsnt) = 2B 00w (0.0) ~ R ) = 0 5.4
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We assume f;(u,t) has the form
filu,t) = gi(u)e™™

where 5 > 0 is a constant. Since we are only interested in the length of the excursion in state
1, we solve (8.2) for 0 < u < D and (8.3), (8.4) subject to the conditions lim, . ¢;(u) = 0

for i = 2,3. We get

D
gi(u) = gl(D)e_ff(’BHm(s))du'/ e JiBH 2@)dv\ o (6)ds gy (0)

u

92(u) — / e~ f;(ﬂ+)\21(v))dv)\21(S)dsgl(O)

93<U,) — / e~ S (5+>\31(v))dv)\31 (8)d891 (O)
Taking u = 0, we have

91(0) = a(D)Pf
92(0) = P5g:(0)
93(0) = p§191(0)~

o

Solving the three equations, we get

L= Pl

= By

We apply the optional stopping theorem to the martingale

for i = 1,2, 3 and the stopping time TZD(Y(G))):

E(M_ v@yn) = E(Mo).

(D)e™"P + Py Py192(0)

9:(0).

(8.8)

As before, g;(u) is continuous on the closed set [0, D], hence gl(Vt(e)) is bounded by some

constant for V' € [0, D]. Also, we have that go(u) and g3(u) are continuous and decreasing,

Slo) gg(‘/;(e)) and gg(V,;(e)) are bounded by some constant for all Vt(e). So dominated convergence
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applies and on the left hand side we have

lim E(MT;D(Y@)M) = E(M.+ y@))

t—o00 L,p(

Bt (v
— B gy (D))

and since

E(Mo) = 93(0)7

we have o
_ P?fle(D)e_ﬁD

~

E(e 00 ) -
1 — PPy,

We let € — 0. By construction,

y(e) 22y W for all t.

© also converge to that of the Brownian motion W,

The stopping time defined based on Y,
almost surely (see [21]). Furthermore, e P ) < 1 almost surely, and thus dominated
convergence applies to get the result for W*. We get

E(e ?eoW)) = lim B(e .00

e—0

_ pyy PR PED)eP
<V 1= PhLP;,

2\/ QﬂLeimL\/%—D€iﬁD

2v/20e- 23k 4 (1 = e2V30) (2y 2N (V2BD) + ype P = 1)’

where we have used the calculations in equations (5.2) - (5.6) and (6.8) - (6.10), and this

completes the proof. m
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Chapter 9

Parisian occupation time - Occupation

time with a qualifying period

An extension of the framework used in the previous two chapters results in formulas for the
joint Laplace transform of the occupation time above and below 0 of a Brownian motion, but
with a qualifying period for each excursion. Here, we compute the occupation time above and
below 0, but we only start the clock after an excursion has reached a certain length. This
result can be used to price bonds where continuous payments are made whenever the price of

the underlying has stayed below a certain level for a period of time.

9.1 The semi-Markov model

As before, we use the semi-perturbed Brownian motion Xt(e) and define the piecewise deter-

ministic semi-Markov process Z\° by

1 X9 >0t—g <D
1 i X9 >0 t—g > D
2 X9 <0,t—g <Dy
2* if X9 <0,t—g > D,

We also define V9 = ¢ — g,, the time spent by X' in the current state. Then (Z\9,V,
t t t t

)

is a Markov process. Zt(€ is thus a semi-Markov process. The process transitions to state 1*

when it has spent D; amount of time in state 1, and transitions to state 2* when it has spent
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D, amount of time in state 2. The transition probabilities \;;(u) for Zt(e) satisfy:

P(Zn, = i # §|12 —th(e —w) = Ay(w)At+ o(A)
P(Zly =12 =iV =) = 1= Aj(w)At +o(Ab)
i#j

for i = 1, 1%, 2,2*. Define:

Pij(p) = eXp{_/OMZ)\ij(U)dU}

1#£]
pij() = Aij(u)Pi(p).

Now for i = 1,2, we define the occupation times Z; as

t
ZH (X)) = / 150 cieyds:
0

To simplify notation, we will refer to this as Z} and use the notation Z;(W) for the corre-
sponding occupation time of the Brownian motion. First, we find the joint Laplace transform

of Z} and Z?%. As before, the transition probabilities satisfy:

€2
Pt = \/;Te*ﬁ it0<t<D
2 t > D;
) P12D1_2/\/'< ) -1 ift=D,
H otherwise
_& 1 .
Plea(t) = v27rt3 * 1512(D1) ite> D
otherwise
() = \/W 7 f0<t< Dy
t> Dy
ng*(t> _ 21D2 —2N<\/—>—1 lft:DZ
otherwise
1 .
pyi(t) = v27rt3 P21 D) it ¢ > Dy
otherwise
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and we have the transition intensities A;;

pfj (t) = e f()t )\ij(’U)d’v
7i6<t> = e Jo X jozi Aij (v)dv
pi;(t)
)\i' t — _] )
0 = B

We also define ]523(5) and ]523(5) in order to simplify notation:

Pe(8) = / ey (5)ds

D;
By6) = [ etrsas
0

9.2 Laplace transform for the joint Parisian occupation

times

Theorem 9.1 We have the following representation for the Laplace transform of the occupa-

tion times Z} and Z?

E (/00 6—ﬂt€_alz’ﬁl(w)B_OQZE(W)dt> — SD(O{]_’ 0427 /8) (91)
0 Sol(aha%B),

where ¢ and ¢’ are defined as below.

1 1 D>
o(r,y,2) = 7 <N(\/22D2) —N(—\/22D1)> + W@ N(=v/2(y + 2)Dy)
! eDNf(— T+ z
+me N(—+v/2(x + 2z)Dy) (9.2)
O (r,y,2) = Vz <N(\/22D2) — N(—\/22D1)> + VY + 2eVP2N(—/2(y + 2)Dy)
vV + 2e" PN (—=+/2(z + 2)Dy). (9.3)

Proof. We consider a function of the form

fV 20,28, 2) = f oV, 20 Z)
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where f;, i = 1,2, 3,4 are functions from R? to R. The generator A is defined as the operator
such that
F V9,209, 2}, 2} - / Af(s, V19,29 7L 7%)ds

is a martingale. In this case, we have

Afz = afl afl "‘Z)‘w fj t 0, Z ) 2 )_ fi(t,u,zl,ZQ)) (9'4)

+ N (w) (fix (t D,,z 22) — fi(t, D;, 24, 2%)) =0

0 fir 812 | Ofi
Afie = =5+ 1L+%;M )(fi(t,0,2%, 2%) — filt,u, 2", 2%)) = 0. (9.5)

To obtain martingales fz, (t, Vt(e), Z}l, Z2), we solve Af = 0 subject to certain conditions. We
assume f;(¢, V', Z}, Z?) takes the form

t
fi(t7 ‘/15(6)7 Ztlv Zt2) _ / e—ﬁse—mzsle—fmzfds 4 e—ﬂte—nge—anggia/;(ﬁ))
0

where 3, oy and ay are positive constants. Substituting this in equations (9.4) and (9.5) and

then equating to 0, we have

— (B4 ) Nij()gi(w) = 14+ Xij(w)g;(0) + Xi= (u) (gi- (D) — gi(Dy)) (9.6)

J#i J#i

and

Gie(w) = (B+ i+ Xivj () gie (u) = 14+ Xiej(w) (9.7)
JF#* JF#*

We solve (9.6) for 0 < u < D; and (9.7) for u > D; subject to the conditions g¢;(D;) = g;+(D;)
and lim, o g+ (u) = 0 for i = 1,2. We get

D;
gi(u) = / e Ju (B2 g (V) v (Z Aij(5)g;(0) + 1> ds

J#
e ST A g (DY 0 < u < D (9.8)
g (u) = / e~ f;(5+a¢+2j7ﬁi 5 ( (Z )\Z ] gj ) ds u > Z)Z (99)
“ J#
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Taking u = 0 in (9.8) and v = D; in (9.9), we get

g:(0) = > g;(0)P5(8) + ; (1—6 PP(D;) = B ) + e PP (Dy)gi(Ds)

J#i J#i
g (Di) = ;e TrOPPL (B + ai)g;(0) + g (1 - Ze PP (B + m)) :
Solving the two equations, we have
>~ 95(0) (P5(8) + e P PE(Di) Py (6 + @)
J#i

—i—; (1—6_6D1P6 Z )

J#i

—l——l e PP PE(D,) (1 — Z (Bt+ai)Di pe (B—i-ozi)) .

B+ it

We then can solve for g;(0). In the two-state case,

_ h(ﬂa o, a?)
91(0) = . — . N ~ -
L~ (P(B) + emPrPE(D)Pioy(5 + ) ) (P51(8) + e2P2 P5(Do) Py (B + )
where

M8 ar,02) = (PalB)+ e Pi(Dy) Pyl + an) ) (% (1 -2 P(Ds) - Pa(8))

+ 6_’3D2p§(D2)(1 _ e(’BJ”’Q)DQP;*I(/B + ag)))

B+ ay
+5 (1= P(D) - Pil®))

P P RD)( — PP (8 4 ),

Now, we use the martingale

t
fi(t7 ‘/;(6), Zt17 Zt2) — / e—ﬂse—ange—azZSQdS + e—ﬁte—qul azZth (V(G)) (910)
0
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for © = 1,2. We also have that
B(fi(t,i, 2}, 2})) = E(£(0,0,0,0)) = g1(0)

holds for all £ > 0. When ¢t — oo, the second term in (9.10) becomes 0 and we have

E (/ e'BtemZileo‘ZZtht> = ¢1(0).
0

Now we let € — 0. By construction,

a.s

Xt(g) — W, for all t.

As in [21], since Xt(e) converges to W; almost surely for all ¢, the quantities defined based
on X also converge to those of the Brownian motion W almost surely. Furthermore,
I e~ Pte—onZig=oaZ gt < %3 almost surely, and thus dominated convergence theorem applies
to get the result for W,

E (/Oo eﬁtealzg(W)eang(W)dt)
0

o0
= limF e PtemonZi gm0} 1y
e—0 0

. h(B. a1, a0)

= 1m = — — = — —
01— (Po(B) + e P P Pro(B + o)) (P(B) + e2P2 PS(Dy) Py (8 + a2)
@(041,04275)
80'(0417042,5)’

where ¢ and ¢’ are as defined in equations (9.2) and (9.3). =

Remark 9.2 When as =0 and Dy = 0, we can simplify to get

> —pBt fathl(W) — 1
E(/o © e dt) VBB +ar)

same as the result for the occupation time above 0 without a qualifying period.
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Chapter 10
Conclusion

In conclusion, there are several main results in this thesis. Firstly, we derive an analytical
formula for the density of the one-sided Parisian stopping time. This is in the form of a
recursion and it provides an alternative way to price Parisian options which is easy to pro-
gram and fast to compute for long window lengths relative to the maturity time. We extend
this result to obtain the density of the two-sided Parisian stopping time and also the double
barrier Parisian stopping time. For the two-sided stopping time, we give an asymptotic result
for the tail of the distribution.

Furthermore, we study the counting process of Parisian excursions, which are excursions
that exceed a certain length. We obtain the Laplace transforms of some distributions re-
lated to the number of excursions. These results can be applied to mathematical finance,
for example we can price an option which pays off an amount proportional to the number
of times the stock price stays above a certain level for a period of time. Finally, we use
the perturbed Brownian motion and the piecewise deterministic semi-Markov framework to
derive several other interesting results. In particular, we obtain the Laplace transform of the
Parisian stopping time conditioned on a given height. This can be used to price options which
get knocked in not only when the share price stays above a barrier for a certain period of
time, but also it must hit another barrier above the first one. We also obtain the Laplace
transform of the Parisian stopping time for a Brownian meander. Finally, we derive the joint

Laplace transform of the occupation times above and below zero, but with a qualifying period.

Further research can be done to find the Parisian stopping time for other kinds of processes,
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such as the Bessel process or the Ornstein Uhlenbeck process. One can also explore further
into stopping times involving both the height and length of the excursion, as some of these
cannot be derived using the current framework. It will also be good to look into applying
some of these results to mathematical finance, such as option pricing or calculating the prob-
ability of default. An example would be a bond which pays off a continuous amount whenever
the price of an underlying asset falls below a certain barrier for a certain period of time, or
the probability of default for a firm that is liable to default only if the price of its share has
dropped below a certain level and stayed below the level for a period of time, during which

it also goes below a second barrier.
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